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Forecasting quantum observables: A compressed sensing approach with performance guarantees
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Data-driven extrapolation methods aim to extend the dynamics of quantum observables from measurements,
but they often lack guarantees on prediction accuracy. We introduce a framework based on atomic norm
minimization that can certify whether the spectral model learned by a forecasting algorithm—i.e., Bohr fre-
quencies and amplitudes—is consistent with unitary quantum time evolution. Certification holds when the
dynamics are governed by a small number of well-separated Bohr frequencies. We validate the approach on
multiple forecasting algorithms applied to spin-chain Hamiltonians with 8–20 sites. Comparing with exact
diagonalization, certified models yield an average forecasting error below 0.1 (observable range [−1, 1]) in 97%
of cases and below 0.05 in 91%–99% of cases. Even in the presence of noise, certified models remain robust at
the 0.1 error threshold.
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Introduction. Quantum spin Hamiltonians are natural test
beds for near-term quantum devices because their local inter-
action structure maps directly onto existing qubit connectivity
[1]. Recent experiments have already probed dynamics with
more than 100 qubits and circuit depths of several hundred
two-qubit gates [2,3]. However, the time window for reliable
quantum time evolution (TE) remains limited: Gate errors
accumulate rapidly [4], and error mitigation is effective only
for short times, as its cost grows exponentially [2].

To overcome this limitation, a growing body of work seeks
to infer long-time quantum dynamics from early, low-noise
measurements [5–8]. These data-driven approaches exploit
the fact that expectation values can be expressed as the sum of
harmonics, enabling extrapolation that is independent of the
system size and qubit connectivity. Methods such as ESPRIT
and DMD leverage this structure and have shown that they
can extrapolate observables well beyond the measured time
window [5,7].

Despite their empirical success, existing forecasting meth-
ods cannot certify that the extrapolated observables are
consistent with the underlying dynamics, i.e., whether the
spectral model captures the Bohr frequencies and ampli-
tudes that govern the unitary time evolution. In this work,
rather than proposing a forecasting algorithm and assess-
ing its accuracy empirically, we ask a more fundamental
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question: whether a proposed spectral model captures the
underlying unitary quantum time evolution dynamics. Ad-
dressing this gap requires moving beyond forecasting alone
and introducing a systematic framework for validating candi-
date models.

In this Letter, we introduce such a framework using tools
from atomic norm minimization (ANM) [9,10], a compressed
sensing approach for sparse spectral recovery with rigorous
theoretical guarantees [9,11]. In particular, we exploit the
dual characterization of ANM to construct a certification test:
Given early-time measurement data and a candidate spectral
model, we certify whether that model is compatible with the
underlying spectral structure implied by the data. This certi-
fication provides a consistency check for reliable forecasting,
where correct certification is guaranteed by ANM when the
Bohr frequencies are sparse and sufficiently separated, and
early-time measurements are low noise (i.e., the time window
where it is possible to obtain reliable measurements from
quantum devices and apply error mitigation effectively). Im-
portantly, the certification framework is independent of the
forecasting algorithms, and it can be used to validate candidate
models obtained by different forecasting methods, including
existing methods in the literature (e.g., Refs. [5,7]).

The main contributions of this work are as follows:
(1) We introduce a certification framework based on ANM

that tests the consistency of candidate time evolution models
used for forecasting quantum observables (see the “Certifi-
cation via atomic norm minimization: Certification pipeline”
section).

(2) We validate the framework on spin-chain time evo-
lutions with 8–20 spin sites, using multiple forecasting
algorithms on both noiseless and noisy data (see the “Experi-
ments” section).
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FIG. 1. Amplitudes R(c( f )) for TE under H = ∑n
i=1 σ z

i σ z
i+1 +∑n

i=1 σ x
i , with n = 8 qubits, two initial states, and periodic boundary

conditions (site n + 1 = 1). The imaginary part of c( f ) is zero for
both cases.

Problem statement. Consider a quantum system with n
qubits (sites) that evolves according to a time-independent
Hamiltonian H ∈ C2n×2n

. Let |ψ (0)〉 ∈ C2n
be an initial state

vector. The quantum time evolution of the state vector is given
by |ψ (τk )〉 = e−iHτk |ψ (0)〉, where τk = �(k − 1) is a discrete
time, � > 0, and k ∈ [m] := {1, . . . , m}, with m the total
number of time steps. The kth measurement of an observable
O ∈ C2n×2n

is given by

yk := 〈ψ (τk )|O|ψ (τk )〉 =
∑
f ∈�

c( f )ei2π f τk , (1)

where c( f ) ∈ C and f ∈ � ⊂ [− 1
2 , 1

2 ] is a Bohr frequency,
i.e., normalized difference of the eigenvalues of H .

The set � contains only the frequencies with nonzero am-
plitude, which depend on the spectral information of H , the
initial state |ψ (0)〉, and observable O. Note that � is generally
unknown for large systems since we cannot compute the spec-
tral information of H . Figure 1 shows the amplitudes R(c( f ))
for all f ∈ � for a transverse field Ising model (TFIM) Hamil-
tonian with two initial states and the same observable. Note
that the number of nonzero amplitudes varies, with panel (a)
having fewer and more spread out frequencies than panel (b).
Also, note that the spectrum is symmetric since observables
are real valued.

The TE forecasting problem we consider is the following.
For m given measurements y := (y1, . . . , ym) ∈ [−1, 1]m and
tolerance ε � 0, find a sequence xk with k ∈ [m′] such that

1

m′

m′∑
k=1

|xk − 〈ψ (τm+k )|O|ψ (τm+k )〉| � ε. (2)

That is, the goal is to predict the m′ future values of the time
series based on the m available measurements.

Certification via atomic norm minimization. In this section,
we briefly review ANM (see the “Certification via atomic
norm minimization: Atomic norm minimization” section) and
describe how it can be used to certify the frequencies and am-
plitudes recovered by any spectral estimation algorithm (see
the “Certification via atomic norm minimization: Certification
pipeline” section).

Certification via atomic norm minimization: Atomic norm
minimization. ANM aims to minimize the atomic norm:
‖y‖A := inf{t � 0 : y ∈ t · conv(A)}, where A is a collec-

tion of “atoms” (vectors) and conv(A) its convex hull. The
atomic norm can be seen as the continuous analog of the
	1 norm, since A may contain an uncountable set of atoms
corresponding to all possible continuous-frequency sinusoidal
components.

For our TE forecasting problem, A contains vectors of the
form

a( f ) := (ei2π f τ1 , . . . , ei2π f τm ), (3)

where f ∈ [− 1
2 , 1

2 ], and the ANM finds the sparsest combina-
tion of these continuous atoms that match the measurements
vector y. In some cases, this representation is unique, enabling
exact recovery of the true frequencies and amplitudes under-
lying y. For the representation to be unique, two conditions
must be met: The signal is sparse (i.e., consisting of few
frequencies with respect to the number of data points m) and
the frequencies are sufficiently separated (i.e., | fi − f j | � 4

m
for all fi, f j ∈ � with i �= j); see details in Theorem 1.2 of
Ref. [11] and Theorem 1.1 of Ref. [12].

In practice, we can solve the ANM with atoms of the form
in Eq. (3) via a semidefinite program (SDP):

minimize
T,t>0

1

2m
Tr(T ) + 1

2
t s.t.

[
T y
y∗ t

]

 0, (4)

where T ∈ Cm×m is a Hermitian Toeplitz matrix that admits
a decomposition T = ∑

f ∈F w( f )a( f )a( f )∗ (see Lemma 2.2

of Ref. [12]), where w( f ) > 0 and F ⊂ [− 1
2 , 1

2 ] denotes the
support set of active frequencies. In brief, the constraint in
Eq. (4) ensures that the matrix is positive semidefinite and that
y lies in the subspace spanned by vectors a( f ). The objective
promotes low-rank T , thus enforcing sparsity in the frequency
domain. Once the optimal T is found, the frequencies can be
recovered from T using Prony’s method [13].

Crucially, the correctness of these recovered frequencies
can be certified by solving the associated dual problem:

maximize
q∈Cm

〈y, q〉 s.t. sup
f ∈[− 1

2 , 1
2 ]

|Q( f )| � 1, (5)

where Q( f ) := 〈a( f ), q〉 is the dual polynomial. The solu-
tion is certified as unique when the dual polynomial reaches
its maximum value |Q( f )| = 1 precisely for all f ∈ � and
|Q( f )| < 1 otherwise (see Proposition 2.4 of Ref. [12]). An
example of this dual certificate is shown in Fig. 2 for the
setting used in Fig. 1(a), where Q( f ) is real valued and
touches ±1 precisely at the true frequencies (indicated with
markers).

Finally, we note that solving the ANM with the SDP for-
mulation in Eq. (4) is computationally impractical for a large
number of measurements (see example in the Supplemental
Material [14], which includes Ref. [15]). In the following sec-
tion, we show how ANM provides a principled way to certify
whether, under sparsity and frequency separation conditions,
a candidate model accurately reproduces the true dynamics in
Eq. (1).

Certification via atomic norm minimization: Certification
pipeline. The proposed certification pipeline is illustrated in
Fig. 3. An algorithm (e.g., ESPRIT [5]) takes as input a vector
y with m measurements and returns candidate frequencies
� and amplitudes c( f ) such that yk ≈ ∑

f ∈� c( f ) ei2π f τk , k ∈
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FIG. 2. Illustration of the dual polynomial Q( f ) (green line) for
the setting in Fig. 1(a). The quantum TE is generated over 10 s with
a sampling rate of five steps per second (i.e., m = 50, � = 1/5). The
purple bars show R(c( f )) as in Fig. 1(a), where only the R(c( f ))
larger than 0.005 are shown. The orange markers indicate the sign of
R(c( f )), which lie on values where Q( f ) = ±1.

{1, . . . , m}. These candidates frequencies and amplitudes are
then certified by solving the ANM dual problem in Eq. (5).

Certificates: To certify the model, we evaluate three cri-
teria: the duality gap, frequency separation, and the dual
polynomial. These three criteria coming from ANM (see
the “Certification via atomic norm minimization: Atomic
norm minimization” section) are sufficient for certifying a
model.

The duality gap measures the difference between the
primal and dual values [Eqs. (4) and (5)]. The gap is al-
ways non-negative and, due to strong duality, is zero when
both problems are solved optimally. We can obtain an
upper bound on the optimal primal objective by construct-
ing T = ∑

f ∈� |c( f )|a( f )a( f )∗, and then setting t = y∗T †y.
This construction ensures that the constraints in Eq. (4)
are satisfied, by the Schur complement condition. A lower
bound on the dual value can be obtained by solving the
dual problem approximately (as discussed later). The duality
gap is considered admissible if this is below a prescribed
tolerance.

For frequency separation, we need to check that the mini-
mum distance between the candidate frequencies in � exceeds
4/m, which is required for unique recovery in ANM.

Finally, the dual polynomial has to satisfy |Q( f )| ≈ 1 for
all f ∈ � and |Q( f )| < 1, otherwise, within numerical tol-
erances. This requirement comes from the dual problem in
Eq. (5). Computing the dual polynomial is straightforward
once we have a solution to the dual problem.

FIG. 3. Schematic illustration of the proposed certification
pipeline. The process verifies frequency and amplitude estimates
obtained from any forecasting algorithm using the dual formulation
of ANM.

Solving the dual problem: The dual problem in Eq. (5)
is infinite dimensional and must be discretized to make it
tractable. If we sample the frequency domain finely, we can
transform the problem into a second-order cone program.
However, because the measurement vector y is real valued
(which is always the case since observables are real), the dual
problem can be further simplified to the linear program

max
q∈Rm

〈y, q〉 s.t. − 1 � 〈a( f ), q〉 � 1, ∀ f ∈ F, (6)

where F is a finely discretized set of frequencies in [0, 1
2 ],

since the frequency spectrum is symmetric. Finally, although
discretization introduces a small approximation error, it re-
mains negligible when the frequency grid is sufficiently fine.
In the Supplemental Material [14], we show how selecting dif-
ferent grids affects the accuracy of solving the dual problem.

Experiments. This section evaluates the proposed ANM
certification methodology using several forecasting algo-
rithms and spin-chain time evolutions. Importantly, certi-
fication is carried out without knowledge of whether the
underlying dynamics consist of well-separated Bohr frequen-
cies, since this is something we typically do not know in
practice.

Experiments: Setup. Datasets: We consider quantum TEs
generated by 15 spin-chain Hamiltonians (4 TFIM and 11
Heisenberg) with 8–20 qubits and periodic boundary condi-
tions [16–25] (see details in the Supplemental Material [14]).
For all the experiments, we have used five initial states that are
typically used in the literature [26–31] and are easy to prepare
in practice (Néel, dimerized, paramagnetic, ferromagnetic,
and the zero state). Also, we measure six observables (X , Y ,
Z , XX , YY , and ZZ). This results in a total of 5850 TEs. The
TEs are generated using Qutip [32] for 40 time units with
dt = 0.2, yielding m = 200 measurements per TE. A time
unit is t × J , where J is the coupling strength (interaction
energy) in a Hamiltonian.

In the experiments, we consider exact TEs and TEs with
added unbiased noise, equivalent to taking 1000 shots. Impor-
tantly, the added noise captures uncertainty around the true
expectation, and so can be used to model multiple sources
of uncertainty, including measurement errors and the residual
uncertainty from gate errors after error mitigation. Recall that
error mitigation techniques usually trade a reduction in the
bias for an increase in variance [33], which is, in essence, the
uncertainty around the true value.

Spectral estimation algorithms: We use five algorithms to
compute the frequencies and amplitudes: SDP, Prony, OMP,
DMD, and ESPRIT. SDP corresponds to solving the problem
in Eq. (4). Prony [34] is a method that can provably recover
the true frequencies and amplitudes under ideal conditions but
is highly sensitive to noise. OMP [35,36] is a widely used
heuristic in signal processing for sparse signal recovery. DMD
[37] is the forecasting algorithm used in Ref. [7], and ESPRIT
[38,39] is a well-known algorithm in spectrum estimation,
also applied in observable forecasting [5]. The algorithms are
implemented with default or minimal tuning settings, as our
focus is on evaluating the certification methodology. A brief
description of each algorithm is provided in the Supplemental
Material [14] (which includes Refs. [40–44]), and the code is
available online [45].
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TABLE I. Certification reliability (in percentage) across different
forecasting algorithms and tolerances ε. The spectral models have
been certified with the pipeline in the “Certification via atomic norm
minimization: Certification pipeline” section.

Exact TE TE with added noise

ε SDP PNY OMP DMD ESP SDP PNY OMP DMD ESP

0.01 97.7 83.4 75.1 85.5 65.3 37.8 50.2 20.2 41.4 16.0
0.05 99.2 97.4 96.4 96.2 91.5 53.3 58.3 69.9 47.4 58.2
0.10 99.7 98.7 99.2 97.6 98.7 83.3 82.2 95.1 68.1 86.9

Forecasting procedure: We run every forecasting algorithm
(e.g., OMP) with the first k ∈ {10, . . . , 160} measurements
and evaluate the forecasting accuracy with the remaining
200 − k measurements. The forecasting accuracy is measured
as indicated in Eq. (2).

Certification: For each algorithm run, ANM certification
is performed (150 times per algorithm and TE). This is
done by discretizing the constraints in Eq. (6) using a fre-
quency grid with 1000 uniformly spaced points in [0, 1

2 ],
augmented with the candidate frequencies estimated by the
algorithm—to ensure that the dual polynomial is evaluated at
the exact/candidate frequencies. Note that it is sufficient to
consider [0, 1

2 ] instead of [− 1
2 , 1

2 ] since the frequency spec-
trum is symmetric. To account for numerical inaccuracies,
empirically chosen tolerances are applied. Specifically, for
exact TEs, the dual polynomial must satisfy |Q( f )| � 0.98
at all candidate frequencies, and the duality gap must be
smaller than 0.05. For TEs with added noise, the thresholds
are |Q( f )| � 0.95 and a duality gap smaller than 0.5. In
addition, we only consider amplitudes with magnitude larger
than 0.025 for exact TEs and 0.05 for TEs with added noise.
The implementation details are available in the Supplemental
Material [14], which includes Ref. [46].

Experiments: Results. We evaluate forecasting perfor-
mance using tolerances ε ∈ {0.01, 0.05, 0.1} [see Eq. (2)], for
both exact TEs and TEs with added noise. In both cases, we
consider the output of a spectral algorithm (i.e., frequencies
and amplitudes) certified if it meets the criteria in the “Certifi-
cation via atomic norm minimization: Certification pipeline”
section, and we say a certification is successful when the
forecasting error [as defined in Eq. (2)] is below the desired
tolerance ε for the remaining 200 − k measurements. We
define certification reliability as the percentage of success-
ful certification across all certified runs (successful or not).
Namely, how much we can trust that a certified model will
generate forecast values with error smaller than or equal to
ε. In the following, we present certification reliability de-
pending on the number of measurements used to learn the
model.

Certification reliability (average): Table I reports the
certification reliability for each forecasting algorithm and
tolerance ε when algorithms take as input the first k ∈
{10, . . . , 160} measurements. For exact TEs, all algorithms
achieve high reliability, exceeding 97% and 91% for ε equal
to 0.1 and 0.05, respectively. With ε = 0.01, the performance
of all algorithms decreases notably (especially DMD and
OMP) with the exception of SDP, which has a reliability of

TABLE II. Percentage of successful certifications over all runs,
for different forecasting algorithms and tolerances ε. The row with
ε = ∞ indicates the coverage: the percentage of certifications (suc-
cessful or not) over all runs.

Exact TE TE with added noise

ε SDP PNY OMP DMD ESP SDP PNY OMP DMD ESP

0.01 16.4 15.8 11.2 16.7 18.6 5.0 6.7 7.1 7.1 7.1
0.05 16.6 18.4 14.3 18.8 26.1 7.1 7.7 24.5 8.0 25.9
0.10 16.7 18.6 14.7 19.1 28.2 11.1 10.9 33.4 11.5 38.8
∞ 16.8 18.9 14.9 19.6 28.5 13.3 13.2 35.1 16.9 44.6

97.7%. The better performance of SDP is because it solves
the problem in Eq. (4) directly. When noise is introduced,
reliability decreases across all tolerances and forecasting al-
gorithms, with only OMP achieving a reliability over 95%
for ε = 0.1.

One way to increase the certification reliability is to reduce
the coverage (the fraction of certified runs), which can be
controlled with the numerical tolerance thresholds used in
the certification. However, changing these thresholds creates a
trade-off: Stricter thresholds improve reliability by excluding
borderline cases, but reduce coverage because fewer runs meet
the criteria. Table II shows the percentage of successful certi-
fications for different values of ε including the coverage (ε =
∞). Observe that the successful certification rates decrease
as ε gets smaller and that the values vary across algorithms.
For example, Prony and ESPRIT have both a certification
reliability of 98.7% with ε = 0.1 and exact TE (see Table I),
but their successful certification rate of ESPRIT is 50% higher
than Prony (Table II). In practice, this trade-off implies that
certification results should always be reported together with
coverage, as high reliability at small ε may reflect only a
subset of instances.

Certification reliability using a small number of measure-
ments: In practice, we are often interested in predicting the TE
dynamics using a small number of measurements. Figure 4
shows the distribution of the average forecasting error [as
defined in Eq. (2)] at the first certification (the smallest k ∈
{10, . . . , 160} that meets the criteria in the “Certification via
atomic norm minimization: Certification pipeline” section).

FIG. 4. Distribution of the forecasting error upon the first certi-
fication (i.e., using the least amount of measurements necessary for
the forecasting model to satisfy certification criteria), with exact and
noisy TEs.
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FIG. 5. Distribution of the forecasting error for certification after
at least 30 measurements, with exact and noisy TEs.

Overall, the algorithms exhibit similar behavior. For instance,
with exact TEs, Prony and OMP achieve errors below 0.05
and 0.1 in approximately 50% and 75% of cases, respectively.
For noisy TEs, the proportion of forecasts with errors below
0.05 drops sharply, and both Prony and OMP achieve errors
below 0.1 in only about 50% of cases.

These results contrast with the results in Table I, possi-
bly due to insufficient measurements used during spectral
estimation or certification. To investigate this, Fig. 5 shows
forecasting errors for first certifications issued only after 30
or more measurements. Performance improves noticeably:
For exact TEs, Prony achieves errors below 0.05 and 0.1 in
83.4% and 93.4% of cases, respectively, while OMP achieves
the same thresholds in 76% and 100% of cases. For noisy
TEs, all algorithms increase the proportion of forecasts with
errors exceeding 0.1 (cf. Figs. 4 and 5), with OMP achiev-
ing errors below 0.1 and 0.15 in 75% and 97% of cases,
respectively.

These results indicate that a sufficiently large number of
measurements is crucial for reliable certification; while the
minimum is unknown, monitoring stability, as suggested in
Sec. III C of Ref. [5], or setting a minimum measurement
threshold (e.g., k � 30) can significantly enhance perfor-
mance.

Conclusions. We have considered the problem of certifying
spectral models used for forecasting quantum observables
from measurement data. Our proposed certification frame-
work is based on ANM and has guarantees when the time
evolution is governed by a few well-separated Bohr frequen-
cies. Numerical results show that the certified models can
forecast reliably on both noiseless and noisy data, even with-
out prior knowledge of the underlying spectral properties
of the time evolution. For instance, OMP with a 0.1 error
threshold achieves forecasting reliabilities of 99% and 95%
on noiseless and noisy data, respectively.

The experiments carried out focus on systems with 8–20
sites (qubits), allowing direct comparison with exact diag-
onalization, but our certification framework can be applied
directly to larger, classically intractable systems. As an ex-
ample, we show in the Supplemental Material [14] (which
includes Refs. [47–52]) that for a tilted TFIM with 100 qubits,
OMP yields a spectral model that can be certified and used
for reliable forecasting. Conversely, certification may fail for
systems of arbitrary size if the dynamics are not sufficiently
sparse relative to the number of measurements—a limitation
that is connected to the spread of quantum information. An
interesting direction for future work is to investigate how
partial knowledge of the Hamiltonian spectrum can inform
the sparsity of the time evolution and, in turn, the number of
measurements required for reliable certification.
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