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We propose a resource-efficient shadow-tomography scheme using equatorial-stabilizer measurements gen-
erated from subsets of Clifford unitaries. For n-qubit systems, equatorial-stabilizer-based shadow-tomography
schemes can estimate M observables (up to an additive error ¢) using O(log(M), poly(n), 1/s?) sampling copies
for a large class of observables, including those with traceless parts possessing polynomially bounded Frobenius
norms. For arbitrary quantum-state observables with a constant Frobenius norm, sampling complexity becomes
n independent. Our scheme only requires an n-depth controlled-Z (CZ) circuit [O(n?) CZ gates] and Pauli
measurements per sampling copy. Alternatively, our scheme is realizable with 2n-depth circuits comprising
n® nearest-neighboring CNOT gates, exhibiting a smaller maximal gate count relative to previously known
randomized-Clifford-based proposals. We numerically confirm our theoretically derived shadow-tomographic
sampling complexities with random pure states and multiqubit graph states. Finally, we demonstrate that
equatorial-stabilizer-based shadow tomography is more noise tolerant than randomized-Clifford-based schemes

in terms of fidelity estimation for the Greenberger—Horne—Zeilinger state and W state.

DOI: 10.1103/9pbp-jzr9

I. INTRODUCTION

Quantum algorithms, which are algorithms based on
quantum-mechanical principles, have been shown to outper-
form classical algorithms for many computational tasks [1-3].
For these purposes, certifying the quality of the prepared
(noisy) quantum state is an important prerequisite. Quantum
tomography [4-7] is a general method to reconstruct a typi-
cally unknown noisy n-qubit quantum state p (or a channel).
This, however, requires exponentially many copies of p in n
for an accurate reconstruction.

On the other hand, if we are to estimate certain classes of
physical properties of unknown states, shadow tomography
[8] enables us to do so with a polynomially large number
of samples. The well-known randomized Pauli tomography,
or six-Paulis tomography [9,10], is useful for estimating the
expectation values of Hamiltonians with low-weighted Pauli
observables, learning quantum channels [11] and measuring
nonstabilizerness (or magic) [12,13]. This procedure uses
a simple single-layer circuit structure and is therefore in-
effective in estimating highly entangled properties of large
quantum systems. The second protocol, randomized-Clifford
shadow tomography [9], is better for estimating the fidelity be-
tween the unknown input and entangled target states for large
qubit number n. This advantage originates from the fact that
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Clifford operations are unitary 3-designs [14—17]. However,
for large n, this protocol utilizes at most % neighboring CNOT
gates [18,19]. Therefore, shadow tomography with arbitrary
Clifford gates could lead to noisy measurement results in real
experiments as the large number of noisy gates accumulates
physical noise.

To cope with such problems, recent works have shown
that target observables, on average over suitable ensembles of
input states, possess good shadow norms even with neighbor-
ing gates of shallow depths [20-22]. However, it is uncertain
whether arbitrary state inputs reside in the average case, and
such a shallow shadow [20] preserves the shadow norm scal-
ing and thus the efficiency of input-state copy number. It is
known that generalized measurements [10,23,24] can reduce
the gate count or sampling complexity. However, noise-
tolerant implementation of such non-Clifford measurements
is believed to be challenging [25-27]. There exist alternatives
with reduced Clifford-gate resources [28,29]. Nevertheless,
applicable input states and target observables that lead to
poly(n)-shadow norms are restrictive. Hence, a complete anal-
ysis of an optimal tomography scheme for broad classes of
observables remains an open problem.

In this work, we introduce resource-efficient schemes for
shadow tomography, catered to observable-expectation-value
estimations, that offer a lower gate count and circuit depth
while still being applicable to a large observable class. The
key point is that it is not necessary to utilize the entire set
of stabilizer states [30,31] comprising all Clifford-rotated
bases. Instead, our proposed schemes employ a smaller
stabilizer subset, namely, the equatorial stabilizer positive
operator-valued measure (ESPOVM) [32] together with the
computational basis. Additionally, it is sufficient to perform
shadow tomography with an even smaller subset, namely, the
real ESPOVM (RESPOVM), when the target observable is
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real with respect to the computational basis. Our scheme only
involves a uniform sampling of commuting CZ gates as the
only two-qubit gate resources.

Next, we theoretically prove shadow-tomographic capa-
bilities for (R)ESPOVM schemes by deriving upper bounds
of sampling-copy complexity for the observable-expectation-
value estimation, which is directly related to shadow norm
[9,20]. Specifically, we note that a sampling complexity of
O(log(M), poly(n), 1/&?) suffices to simultaneously estimate
(up to an additive error €) M complex observables belong-
ing to a broad class, which sufficiently include observables
possessing polynomially bounded Frobenius norms for their
traceless parts. For arbitrary quantum-state observables (fi-
delity estimation), the sampling complexity is reduced to
simply O(log(M), 1/&?), which is constant in n and on par
with randomized-Clifford tomography [9]. These results are
promising when compared with recent results [33,34] which
utilize smaller subsets of CZ-circuit-based measurements con-
sisting of mutually unbiased bases (MUBs) [35] for estimation
of observable expectation values, but has an exponentially
large bound of sampling copies to estimate arbitrary state
observables.

Furthermore, we shall show that our scheme can be im-
plemented by a more simplified circuit structure, and attain
improved noise tolerance. These results are derived from the
fact that it involves a uniform sampling of commuting CZ
gates as the only two-qubit gate resources. This enables our
scheme to require only n depth of CZ gates or 2n depth,
hence at most n> < % nearest neighboring (NN) CNOT gates
[36]. Such a scaling factor optimization renders our scheme
to become more robust to gate noise. Reference [20] analyzed
the trade-off among the sampling, computational complexi-
ties, and required circuit-depth scaling, from constant to linear
depth. On the other hand, our work aims to reduce the re-
quired depth while preserving the efficiency of sampling and
computational complexity for arbitrary observables. Recent
work [37] showed that small-biased shadow tomography is
possible even with log-scaled depth. However, we observed
that our circuit depth is still much lower in the intermediate

J

qubit number regime, where many practical cases of fidelity
estimation reside.

In addition, we show that the estimator of (R)ESPOVM
shadow tomography itself can preserve its output value from
the various measurement bit-flip errors. This observation
suggests another crucial structural consideration for Clifford
circuits in terms of noise tolerance, aside from reducing the
gate complexity. If neighboring gates have negligible noise,
the state-injection-based implementation of (R)ESPOVM
measurements to tailor the arbitrary noise into the dephasing
noise reinforces such maintenance to the noise in long-ranged
CZ gates. We provide its numerical evidence in the fidelity es-
timation results of Greenberger—Horne—Zeilinger (GHZ) state
[38] and W states [39].

II. PRELIMINARIES
A. Clifford group and equatorial stabilizer POVM

Before presenting our main results, we define and ex-
plain several concepts and terminologies that shall be used
throughout the article. We consider a source that allows one
to prepare multiple copies of an n-qubit quantum state p. The
corresponding observable O shall be a Hermitian operator and
is therefore symmetric whenever its matrix elements in the
computational basis are all real, at which we say O is real. We
define the Clifford group Cl, as the set of operators [30,40],

Cl, = {U|VE € P,, UEU" € P,}, (1)

where P, is the Pauli group generated by tensor products of
the standard Pauli operators X, Y, Z and the identity /. Next,
we define the stabilizer(-states) set S, as the following set of
quantum states:

Se={l¥)|1y) = U |0°")

where the element |{) € S, is a (pure) stabilizer state.

We are now ready to look into subclasses of the stabilizer
set S,,. Specifically, the complex (pure) equatorial stabilizer
(-states) set [32] S, and its real counterpart S, % are, respec-
tively, given by

for some U € Cl,,}, (2)

1 T Ax 7y ifi=j
Sneq = ‘(f)zq) = ﬁ = it |x) A= (aij)i,je[n] where aij = djj, dij € {Z2 ifi> ] s (3)
xeZj
1 T Z ifi<j
g _ ] g — Ly A @) el <
Syt = 1) = il ij( 1 A% |x) | A = (a;))i jein Where a;; € { 0 ifis )
xeZj

From Egs. (3) and (4), we know that the number of complex

equatorial stabilizer states is [SS] = 2"3™, and that of real

772 n
equatorial stabilizer states is |SyY| =2"2". As the names

suggest, these are subsets of S,. The S;* was originally used
for a faster classical simulation [31,32]. More explicitly, the
original norm estimation technique [31], which is a key step of
classical simulation, involves the uniform sampling of stabi-
lizer states and taking the inner product with the target magic

(

state. However, if we restrict the sampling set to the subset
S,' € S, we may boost the speeds of sampling and inner
product calculation [32].

In this work, we shall turn these two stabilizer subclasses
into POVMs for shadow tomography, and consequently reveal
the key advantages that are related to the exploitation of their
smaller set sizes relative to S,. That S;* and S,¢ may be
readily transformed into POVMs is straightforward [41], as
the corresponding sets of positive operators {% o)) (D1}
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and {2 ‘ Sreql i) (@]} house elements that sum to the identity

(see Appendix A for the proof). We coin them (real) equatorial
stabilizer POVMs, or (R)ESPOVMs for short.

B. Random Clifford tomography and classical shadows

One of the typical methods for estimating the expectation
value of a given observable O is randomized-Clifford shadow
tomography [9]. We briefly explain how the random Clifford
operation may be used to estimate (O) = tr(p O) (see Ref. [9]
for details). For this purpose, the algorithm using N sampling-
copy number is stated below:

(1) Take p as an input and uniformly choose a Clifford
unitary U from Cl,,.

(2) Take p < UpU*.

(3) Measure in the Z basis and obtain the outcome p € 77.

(4) Compute

0 = tr(OM~ U |p) (pI U))

= 2"+ 1) (plUOU" |p) — tr(0). 5)

Repeat the aforementioned steps N times and take the
average of N O's to obtain the estimator (0) for (O).

Here, M~1(0) = (2" + 1)O — tr(0)I for an arbitrary op-
erator O is known as the classical shadow [9]. Reference [9]
showed that such randomized-Clifford tomography achieves
g-accurate estimation of (O) with the sampling-complexity
upper bound O(Str(Oz)/ €2). Hence, this scheme is efficient
when O is a target pure state (fidelity estimation) of which
t,r\(Oz) is a constant, albeit with the assumption that every
O is efficiently computable. Reference [19] showed that we
can efficiently sample a Clifford unitary U from Cl,, in O(n?)
time. In addition, the sampled form contains the HF —SW—
H—HF sections (where small uppercase letters here refer to
gate layers as opposed to the regular uppercase ones that
denote gate labels, and HF and HF are Hadamard-free sec-
tions), where the HF section is a circuit containing layers
of CNOTY—CZ—S—PAULL Here, H, SW, CNOTY, CZ and, s,
respectively, refer to pure layers of Hadamard gates, SWAP
gates, CNOT gates with control qubits higher than the tar-
get ones when visualized in a standard circuit diagram,
CZ gates and S gates. Naturally, SW contains many CNOT
gates.

Direct fidelity-estimation scheme [28] is another conven-
tional way for estimating fidelities. While this method invokes
a lower gate count and circuit depth than our schemes,
the estimable region of observables is more restricted
than both the randomized-Clifford and our (R)ESPOVM
schemes. As such, only the randomized-Clifford tomog-
raphy schemes shall be of interest to be compared with
our work.

III. EQUATORIAL-STABILIZER SHADOW TOMOGRAPHY

We now introduce the theoretical framework of the shadow
tomography scheme that uses (real) equatorial stabilizer
POVMs. We recall that we want to estimate the target value,

tr(o O). We can show that it can be rewritten as

w(pO) = D ey (4] 0 837} (0] O [63)
lpihesys "
+ Y xlplx) (x| O |x) — tr(0). (6)
xeZ}

If O is a real matrix with respect to the computational basis,

w(pO)= )

Te e
I

22 re; re. re. re.
Rl oL e 0o

1
+ Y xlpl) (x| Ox) — 5 w(0). (N

n
xeZ;

A detailed proof can be seen in Appendix A. In Sec. ITA,
we explained that {Za; ébq o) (@1} and{| S o) (px 1} are
POVMs. As a result, we obtain the followmg equality:

2” (& re re
;WW Z | Sﬁeq (@ olek) = 1. ®

Therefore, we can sample the A, which represents a specific
(real) equatorial stabilizer state, from the probability distribu-
tions (13 (817101¢3")) and {1y (9710105"))-

Now we present the estimation scheme for the ESPOVM.
The RESPOVM follows in a similar manner and will be
shown in Appendix A. We prepare two copies of p [N
(even) copies in total]. The first copy is measured to ob-
tain the outcome A by the distribution {‘ Sl (qb Ipld) ),
and the second copy is measured by the computat10nal basis
tp obtain the outcome p’ € Z4. Next, we take the estimator
O as

0 =2"(¢3']0|¢3') + (F'101p") — (0. ©

We repeat such measurements many times to have many
copies of 0/’1 and take the average to obtain the desired
estimation (O). To further reduce the sampling copies, we
can apply the median of means (MOM) estimation technique
[42—44] by simply repeating the scheme and take the median
of the collection of estimation values. The complete system-
atic procedure for (R)ESPOVM shadow tomography is shown
in Algorithm 1 whose schematic illustration is given in Fig. 1.
The theoretical validation of such algorithms, including the
one of RESPOVM which is derived by a similar logic, will be
shown in Appendix A.

Let us supply the details for the main steps. From the
perspective of classical shadows [8,9], we note that our
(R)ESPOVM tomography operates with the following one-to-
two-copy measurement channel M:

M(p)

=<Z 0 10le) 16 8] 3 ol fx) <x|).

A x

(10)

The measurement channel for RESPOVM similarly follows.
Hence, the scheme outputs the following respective classical
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| Random choice of matrix A |

(" . \ Phase-gate insertion (in dashed lines) . )

CZ gates sampled from (1) determined by the CZ-gate sampling (11)

off-diagonal elements of A ¥
Al Z i A X ory : —r——1+— R X or Y
ZlZ I -X orY :\J’\ :\Jr\ :\Jr\ -X orY
1 1 | ]

p ZlZ P i ® -X orY p : r\\J: r\\J: r\\J.X orY
EZ ® -X orY I\/r\ I\/f\ I\Jr\ XorY
ZlZ -X orY : ,\\J: ,\\J: 7Ny XorY
Z XorY :\J :\J :\J -X orY

Transformation to LNN

architecture in O(n?)-time

 p—

| Z-basis measurements |

X- or Y-basis measurements
specified by diagonal elements of A

0,

FIG. 1. Schematic for six-qubit (R)ESPOVM shadow tomography to estimate (O) = tr(p O) of an unknown state p and target observable
0. Sampled CZ circuits can be transformed to a linear nearest-neighboring (LNN) architecture [36] [circuit (ii)]. Also in (ii), the inserted phase
gates are single-qubit gates and the measurement is done in the same manner as in (i). Any one of the two architectures (i) and (ii) can be
executed to obtain the measurement bit-string column p € Z}. Together with the bit-string column p’ acquired from the computational-basis
measurement, the observable expectation value can be reconstructed after repeating N rounds of (p, p’) collection.

shadows (inverted channel map M~ [9]):
MO01,0)
2"01+ 0y — 1

“ 2o +0, -1

(ESPOVM + comp. basis)
(RESPOVM + comp. basis).

an

Such a one-to-two-copy measurement channel again implies
that we need two copies of p for the single measurement step.
We can note that indeed, M~! o M(0) = O (see Appendix A
for details) for arbitrary (real part for RESPOVM) Hermitian
operator O.

The reason why we need the computational basis measure-
ment is that the ESPOVM is not informationally complete
(IC), whereas the union of the ESPOVM and computational
basis is IC [41,45]. In other words, along with the computa-
tional basis measurements, we are capable of reconstructing
an arbitrary p and, thus, general observable expectation val-
ues. So, two copies of p are required for a single measurement
trial, which would give us a bit-string column p from the
ESPOVM and another bit-string column p’ from the compu-
tational basis. However, in Sec. IV, we shall see that only a
single copy of the input state is necessary for each trial if O is
a cluster state.

From Algorithm 1, we see that ESPOVM measurement
requires S, H gates before the computational basis measure-
ments, but RESPOVM does not need S gates. Equivalently, the
ESPOVM needs X, Y-basis measurements while RESPOVM
only needs X-basis measurement. While both structures need

similar two-copy resources for the single copy measurement,
we shall see in the next section that in many cases, the RE-
SPOVM requires much fewer sampling-copy numbers than
ESPOVM to achieve the same estimation accuracy.

We summarize the requirements for implementing Algo-
rithm 1 for (R)ESPOVM shadow tomography in:

Theorem 1. (R)ESPOVM implementation. On an n-qubit
state p, the implementation of n-qubit ESPOVM shadow to-
mography requires CZ-gate circuits of depths of at most n by
Vizing’s theorem [46], and n single-qubit Pauli (X,Y,Z) mea-
surements. For RESPOVM shadow tomography, the Y -basis
measurement is not needed.

IV. SAMPLING-COPY COMPLEXITY

Shadow tomography aims to estimate state properties with
a sampling complexity that grows at most polynomially
quickly with the qubit number n. To be more precise, let
us specify that a single property estimator is accurate up
to a maximal additive error of & > 0. Then, the number of
sampling copies N should scale as at most O(poly(n)/e?).
We shall prove that our (R)ESPOVM algorithms also possess
upper bounds of similar scaling behaviors with randomized-
Clifford tomography.

Before doing so, we first explain the relation between
required sampling copies and the variance of the estimator.
We denote 0% = 2 (¢33 0 [¢3), O3 = 271 (991 0 |99,
and 5;3“ = (p’| O|p’) for one observable O that are mea-
sured and obtained in each step of the shadow-tomography
procedure, where the matrix A and bit string p’ are sampled
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ALGORITHM 1. (R)ESPOVM shadow tomography algorithm

(with the MOM estimation technique).

1

Input: n-qubit unknown quantum state p, total input-state

copies N = N'K € N (witheven N’ and K € N),

observable O, and the (R)ESPOVM scheme
Output: Estimate m
for z € [K] do

in accordance with Algorithm 1. The first two random num-
bers 0% and O'Y refer to the respective outcome estimators
for ESPOVM and RESPOVM, and A;l,“ is the outcome of a
Z-basis measurement. Upon defining E(’O\A, ) as the analytic
average value of 5A, p» Which is defined as

Oy + 0% —r(0)  (ESPOVM)

2 m, +0; m «0; 6A,p' =1 4 (12)
3 | fork e [N'/2] do Oyd + 0% — Ltr(0)  (RESPOVM),
4 Prepare p as the input state; ~ -~
pare p P (r)eq (r)eq the estimation variance Var(Oy p) = [5(611 ) — (E(Oy p,))z
5 Randomly choose |¢,’“") € Si ', where ’ L Ap ’
A = (ay); of our two shadow-tomography schemes is shown as
6 fori < j € [n] do ear A _ A(req Abin
) i ul; — 1 then Var®™4(0, ) = Var(0}*) + Var(05")
8 L L Apply CZI‘]‘I p CZiijZij; — Var (OO( )eq) + Var (Oozm) (13)
9 for i € [n] do
10 if ESPOVM is used then where Op = O — tr(O)% (traceless part), where the first
1 ifa;; =1 (mod 4) then equality is because (A, p’) sampling is independent of each
12 ] Apply ST on qubit 7; other. The variance terms on the right side, after maximizing
13 elseif a;; = 2 (mod 4) then over the input state p, are equivalent to the respective squared
14 | Apply Z on qubit z; shadow norms [9] of the (R)ESPOVM and Z-basis measure-
15 elseif a;; = 3 (mod 4) then ment. To estimate (O), we take the sample mean (O) over the
16 | Apply S on qubit i; N numbers of sampled values Oy .
17 elseif a;; = 1 (mod 2) (RESPOVM) then The sample variance of (O) for estimating a single property
18 | Apply Z on qubit i; (0) is given by
19 Apply H on qubit 7; —
y e n Var((0))
20 Measure to obtain bit-string p € Z53;
21 for i € [n] do Vard(0, 1) .
22 if ESPOVM is used then _ N—/2p (ESPOVM, comp. basis), (14)
23 | Qi; < @i + 2p; (mod 4); - Var‘eq(/O\Aypr) .
24 else if RESPOVM is used then Nz (RESPOVM, comp. basis).
25 |_ aii = ai; +p; (mod 2); — AT
- _ ) ) ) Note that since (O) is unbiased, Var({0O)) is identical to the
26 Prel:ia.re p lageau;nand measure in Pauli-Z basis to mean-squared error of (O) that measures the estimation accu-
obtain p 25
p if ESPOVM is used then racy of (0) with respect to (0):
» . Var({0)) = E(((0) — (0)*). 15)
m’ < m' +2" (g3 O[6) ~
Therefore, Chevyshev inequality implies that Var"®(0, )
+(p'|O|p’) — tx(O) ; . : !
determines the required number of sampling -copies
29 else if RESPOVM is d then (eq /
0 ! e O(V‘HE—(OA")) to achieve the desired accuracy within
m e m' 42" (¢ 0 |419) the failure pr.obablhty 8. It is known that with the aid cf the
' 0lp) ©) MOM technique [9,44], we can reduce such complexity to
— L4 arDed(0,
L p p 2 O(Vdr 6EOA_[,) 10g(8")).
s | me e m!/(N')2); The Adominant term (Seeqtermining the scaling of
32 m < median(mi, mz,...,mx); Var(f)e?EOA p) s Var(Opy "), and its upper bound
Ir .
E((Oop eq) ) is rewritten by
meay2y 27 (Nea| | +(ea) [ 4 (ea (neay 4 (Neq (Neq
[E((O ) ) - S(r)eq Z ( |¢ >( |0 |¢ )( |O |¢ ) (16)
i i ¢(r)eq S(r)eq
_ ©Oeq\ | . (Deq|®3 _J3n for eq,
=271tr((p ® 00 ® O0)E om0 s, |94 ) (94 ): {311 —2  forreq. (a7
Here, E means the analytic average over uniformly chosen (real) equatorial stabilizer states. We see that

Eygmsy~pisr) [0y ) (¢req

[ppmeq )~ D(SH*)

which will be proved in Appendix E 1.

is an important factor for the variance scaling. We clarify its structure in the following lemma,
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Lemma 1.
Epe~pisi) |65 °) (@ fq|®3 = in Z leyz) (wst |, (18)
(x.y.z,w,s,0)eki(Z3)
Fogrosm |81 08117 = o 20 o) (wst], (19
(9,2, w,8,0) €K (Z2)
where
Ki(z5) ={v=(x.y.z.w,5,0)Ix,y,2, w,s,t € Z33apartition of {1, 2, ..., 6} into three pairs {(i1, j1), (i2, j2),
(i3, j3)} such that v; = v fork = 1,2, 3},
ICg(Zg) = {v =(x,y,z,w,s,t)|v € ICI(ZZ), and if{x, y, z} and {w, s, ¢} share a common element, say u,
and the other two variables in {x,y, z}\{u} or {w, s, ¢}\{u}
equal, say, ', then the remaining two variables also equal to u’.}. (20)

For example, {((1, 1), (0, 0), (0, 0), (1, 1), (0, 0), (0, 0)),
((1,0), (1, 1), (0, 0), (1, 0), (1, 1), (0, 0)), ((1, 1), (0, 1),

(0, 1), (1,1), (1,0, (1,0))} C K1(Z3) and {((1, 1), (0,0),
(0,0), (1, 1), (0,0), (0, 0)), ((1,0), (1, 1), (0, 0), (1, 0),

(1, 1),(0,00)} C Ka(Z3), but ((1, 1), (0, 1), (0, 1), (1, 1),
(1,0), (1,0)) ¢ K2(Z3)

We substitute the above lemma to Eq. (17), then we prove
that [E((Oo( *4y2) is bounded by O(tr(03)). In conclusion,
the variance of our (R)ESPOVM estimator achieves similar
scaling with one of the random Clifford measurements [9]
and a similar sampling-copy complexity. Moreover, taking
the average of [E((Oo( e q)2) over uniformly random input and
output states, we can show that the average of RESPOVM is
exactly half of one of ESPOVM and even half of one of ran-
domized Clifford tomography. We encapsulate the following
results as a theorem whose a detailed derivation will be shown
in Appendixes B and E.

Theorem 2. Sampling-complexity efficiency of
(R)ESPOVM shadow tomography. Suppose that one is
able to prepare multiple copies of an unknown input quantum
state p, and that one is given M > 1 observables O, O, ...,
Oy (for RESPOVM shadow tomography, all O}s are real).

(1) With (R)ESPOVM shadow-tomography scheme, we can
estimate each tr(p O;) to within an additive e-error margin
with a success probability 1 — 6 if we repeat this scheme
over N = O(M lo g(ZTM)) copies, where Oy is the
traceless part, O; — 5 tr(O ).

G If 2" > 1 the averaged sampling-copy number, to
achieve the estimation within an additive e-error margin
and a success probability 1 — §, over uniformly distributed
complex pure states o and real pure states o, approaches
108 resp) 1o (L) for (R)ESPOVM.

(i) If 2" > 1 the averaged sampling-copy number to
achieve the estimation within an additive -error margin and a
success probability 1 — §, averaged over uniformly distributed
complex pure states p and o, approaches 13—26 log(zTM) for
ESPOVM. '

Theorem 2(i) implies that our scheme is efficient when
the Frobenius norm of a given observable is at most

(

polynomial with the qubit number n. Most notably, if O is
also a quantum state o, then tr(O(z)) becomes constant, hence
the required sampling-copy number N is independent of n.
When the target state is real, Theorems 2(ii) and 2(iii). im-
ply that the average sampling-copy bound of RESPOVM is
half of one of ESPOVM. Furthermore, we know that random
target state |v) is completely anticoncentrated [47]. That is,
Ejyy ngzn | (x|¥) |* = O@Q2™™). Markov’s inequality implies

that with high probability, | (x|) |*> < V pozly, @ forall x € 75,
and then we can neglect the estimator of the second compu-
tational basis measurement part for large n, saving half of the
copies. Hence, we can expect RESPOVM shadow tomogra-
phy to be more useful for real observable estimation.

To showcase the performance of (R)ESPOVM shadow to-
mography, we examine scenarios in observable-expectation
value estimation between arbitrary quantum states. Fig-
ures 2(a)-2(c) illustrate three exemplifying cases: ESPOVM
shadow tomography for uniformly chosen random complex
input and target states, ESPOVM shadow tomography for
uniformly chosen complex input and real target states, and
RESPOVM shadow tomography for the same types of random
states as in the second case. We observe that within N =
2000, the averaged squared error over randomly chosen states
becomes inversely proportional to N. These results are con-
sistent with the points of Theorem 2. Moreover, the saturated
sampling copy number to achieve €2 < 0.001 is much lower
than the upper bound shown in Theorems 2(ii) and 2(iii).
Furthermore, for real target states, the saturated value of N for
RESPOVM is exactly half of that for ESPOVM. Figures 2(d)
and 2(e) demonstrate the success of (R)ESPOVM shadow to-
mography in estimating the fidelity between 50-qubit noisily
prepared GHZ states [48] and pure GHZ states with reason-
able N values, where one also observes that RESPOVM needs
significantly fewer sampling copies than ESPOVM to achieve
the same accuracy. Figure 3 brings (R)ESPOVM shadow to-
mography to the test through estimation of fidelity between
noisy 7 x 7 graph states [49] and its pure counterparts that
has CZ-gate connections to all neighboring qubits. Here,
N 1is also the number of measurement trials because every
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(a) (b)

ESPOVM: complex observable states

ESPOVM: real observable states

()

RESPOVM: real observable states
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FIG. 2. (a)~(c) Sampling-copy numbers N multiplied with squared error € averaged on 200 experiments of different n-qubit (pure) input
and target state observables. We set N = 2000 for (a), (b) and N = 1000 for (c). Also, for each experiment, we put 50 copies with given N to
obtain the €2, which is an averaged value of squared errors between the ideal expectation value of target and estimation, for one experiment. For

(a), we averaged the €2 over uniform distributions of complex input and

target states. For (b) and (c), the average is over uniform distributions of

complex input and real target states. The horizontal dashed lines represent theoretically asymptotic values [41] of Ne2. (d), (e) Sampling-copy
numbers N required to achieve the respective mean squared error thresholds (averaged over 400 experiments) for the fidelity estimation between
a 50-qubit noisily-prepared GHZ state and pure GHZ state. We consider the i.i.d. (d) Z- and (e) X -error channels acting on every qubit with an

error probability 7prep.

computational basis measurement outcome gives the same
’O\;i,“ = (p'|O|p) so such a second measurement part
may be omitted.

Alternatively, fidelity estimations of stabilizer states may
be carried out using the simpler specialized quantum cir-
cuits reported in Ref. [28]. Nevertheless, we emphasize

S
— n>o

that all target states achieve the same asymptotic sampling-
complexity bound that is constant in » with (R)ESPOVM
shadow tomography. This means that our technique clearly
applies to many other interesting states, including the Dicke
states [50], for which N = O(n?*) using the method in
Ref. [28].

Z error X error Depolarizing error

1.2
> 1.0 1.0
=10 Torep = 0 Torep = 0
% ‘ 0.8 0.8 S,

: : =0.005

= 0.8 Tlprep = 0.005 Torep
'8 Nprep = 0.005 0.6 - s 0.6 Wprepj 0.01
E 0.6 Mprep = 0.01 prep | FW Mprep = 0-015
Eoa g = 0015 0.4 Mprep — 0.015 0.4 Tprep = 0.02
Z T oy = 002

0.2 — ESPOVM | 2 02

0.0 ——RESPOVM 0.0 0.0

0 50000 100000 150000 200000 0 50000 100000 150000 200000 0 50000 100000 150000 200000

Sampling-copy number N

(a)

Sampling-copy number N

Sampling-copy number N

(b) ()

FIG. 3. The estimated fidelity with the sampling-copy number N in fidelity estimation between noisily prepared 7 x 7-qubit graph states
and their noiseless counterparts |). The (a) Z, (b) X, and (c) depolarizing preparation-noise channels are i.i.d. to the individual qubits. Each

estimated value of a given N is obtained from the median of all (|y)
(N/100 copies for each experiment).

() estimated using the (R)ESPOVM scheme over 100 experiments
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(a) ESPOVM vs CX-optimal Rand. CIiff.

(b) Required depth of NN two-qubit gates.

(¢) Nearest-neighboring CX gates
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FIG. 4. (a) The average number of long-ranged two-qubit gates to implement (R)ESPOVM and randomized-Clifford circuits for low-qubit
systems. The latter is obtained via Table 6 of Ref. [53] and is the average gate count over all equivalence classes. (b) The maximal required
Clifford circuit depth for shadow tomography using neighboring gates. Using the knowledge of Ref. [18] (refer to Appendix C for a detailed
elaboration), the maximal depth of random-Clifford tomography (blue) is 3n. The orange line indicates the depth for approximative 3-design
method [18,37,54] with some bias, 10 x 2 ln(%). Here, we assign the allowed bias to 0.01. (c) The maximum and average numbers of NN
CNOT gates (over 4000 gate samples) to implement a 2n-depth (R)ESPOVM and 3n-depth neighboring implementation of randomized-Clifford

circuits [18].

V. RESOURCES FOR AND NOISE TOLERANCE
OF (R)ESPOVM

Recalling Theorem 1, we note that (R)ESPOVM shadow
tomography requires only CZ gates as two-qubit gate re-
sources and hence it needs at most O(n?) time. In the
language of quantum circuits, Vizing’s theorem [46,51,52]
implies that an arbitrary CZ circuit requires a circuit depth
of at most n when only CZ gates are employed. Whereas, the
randomized Clifford tomography, given that HF section (see
Sec. IIB for its definition) can be regarded as classical
postprocessing after the measurement, needs at most 2n
depth.

Furthermore, with just NN two-qubit gates, CZ circuits
with qubit reversal swapping need only 2n depth [36,41] of
CNOT and S gates. Since we can regard qubit reversal as the
reversal of measurement outcomes, (R)ESPOVM needs only
2n depth, which is lower than the worst-case circuit depth of
7n for the implementation of randomized-Clifford tomogra-
phy [9,18,19,41]. In Apppendix C, we further reduce the depth
of randomized Clifford tomography to 3n. This is possible
since we are using only nonadaptive Clifford circuits where all
CNOT gates have a control qubit on the top. These arguments
are gathered into the following statements:

Theorem 3. Gate-count and  depth efficiency  of
(R)ESPOVM shadow tomography [36]. Both ESPOVM
and RESPOVM shadow-tomography algorithms can
be implemented by circuits of depth at most 2n using
neighboring Clifford gates, while randomized Clifford
needs at most 3n-depth neighboring Clifford gates. The
implementation of linear nearest-neighboring (LNN)
architecture takes O(n?)-time for each sampling copy.

This fact, along with Theorems 1 and 2, argues that
(R)ESPOVM algorithm is not a simple trade-off of Clifford
circuit depth and sampling-copy number. Because scale-
factor reduction of depth while preserving sampling copy
scale gives significant improvement of gate noise thresh-
old and error mitigation capability [55], it is also more
compatible with noisy intermediate-scale quantum (NISQ)
algorithms [56].

Figure 4 shows that our scheme significantly improved
over conventional randomized-Clifford tomography regard-
ing the required circuit depth and gate counts. The maximal
gate count of our scheme matches with the random Clif-
ford when n = 6. However, such CX-optimal random Clifford
implementation is inefficient for larger n because a super-
exponentially sized database of circuit templates is required
[53]. We also compared with a recent result of Ref. [37]
using a log-depth random Clifford circuit to approximately
realize a unitary 3 design with some bias. This is because the
unitary 3-design property is a sufficient condition for efficient
shadow tomography with a similar scaling of the sampling
complexity. Even though the depth scaling of our scheme is
not logarithmic, it requires a larger depth than our scheme and
even the random-Clifford scheme when 7 is of the order of
tens. The reason is that Ref. [37] uses bilayers of alternating
randomized-Clifford blocks, each of which has a qubit size
occupying the whole circuit given that n is not large. In this
case, the depth of the circuit is 10 times the size of a random
Clifford block because the first layer needs 7 times [18,54]
and the second needs 3 times (*.© Theorem 3) the size of a
block [18].

The presence of multiple two-qubit gates in a circuit-
based quantum-algorithm implementation, be it randomized-
Clifford or (R)ESPOVM shadow tomography, enforces a
restriction on the individual gate-noise threshold if one is to
achieve a given total error rate of the output state the observ-
able measurement is performed. In the previous section, we
demonstrated that our (R)ESPOVM scheme requires a lower
circuit depth than randomized Clifford sampling. Therefore,
we expect that the required noise threshold for each two-qubit
gate is affordably larger for (R)ESPOVMs.

Furthermore, our measurement scheme based on
(R)ESPOVMs also leads to other interesting noise reduction
effects. First, if the target state ¢ = % ZiL:1 ¢ |x;), then we
can find the sufficient condition Vi € [L], x; - &, = 0 (mod 2)
such that the noise-corrupted output p +&,, formed by
adding the bit-flip error string &, to the ideal output p of
(R)ESPOVM, still gives the right estimator.
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To show this, suppose we have a bit-flip error string &,
added to the desired outcome p. Then, from the above ar-
guments, the sampled a;; transforms to a; + 2(p; ® (§,):),
where @ is the sum of modulo 2. Now, suppose the target
state |y) = \/LZ Zle cj|x;), where eachx; € 7. Then 5A =
2" (¢ O |¢}") with noisy outcome A becomes

2
~ 1| paaT
Oa=7 ch At Ax | 1)
J=1
where  a; = 2(p; ® (§p)i) — 2pi = 2(§p); (mod 4). Hence,
iPi® = (—1)*%. It means that if Vj € [L], x; - §, = 0, then
the estimator outputs the right value. The estimator can bear
more bit-flip errors as the dimension of the spanning set of
{x;} e gets lower.
As typical examples, we suppose that the target state is
the GHZ state [ |GHZ,,) = \%(IO)@’” + |1)Y®M)] [38]. Then, the

RESPOVM estimator reads
6 — % { 1+ (_1)Z:x:](a'+pi)+2i<j€[nj.i</ aij }2

+ [ (GHZ,|p) I” - 3, (22)

where p’ is the outcome of computational basis measurement
to the second copy, and q;; are the elements of the sampled
binary (upper triangular) matrix A (see Algorithm 1). In the
GHZ case, even though the measurement outcome has an
error, the estimator outputs the right value when the bit-flip
error string &, possesses an even Hamming-weight parity. In
Fig. 5(b), we simulate the fidelity estimation of two pure GHZ
states using noisy Clifford circuits. The closer the estimated
fidelity is to 1, the more tolerant the estimation is to bit-flip
noise. We see that our scheme performs much better than
randomized-Clifford shadow tomography.

Second, if long-ranged CZ gates are available for our
scheme, we can invoke the state-injection [57] technique to
reduce the Hamming weight of the bit-flip error string &,. To
this end, with no loss of generality, we may suppose that the
realized CZ gates are corrupted by Pauli noise, which can be
obtained from twirling on an arbitrary noise channel that is
not of this type [58,59]. By assuming that long-ranged gate
errors are much more significant, one may set up a two-story
teleportationlike circuit as shown in Fig. 5(a). It eventually has
an equivalent CZ operation on the main board. Furthermore,
the Pauli noise structure acting on the long-ranged CZ gate on
the ancilla floor is turned into a dephasing noise. This noise
transformation is carried out using neighboring CNOT gates
entangling the qubits between the two floors, and postpro-
cessing Z operations. This state injection is a linear channel
and can be applied to all CZ gates. In effect, each CZ gate
undergoes only dephasing noise (as a dominant noise), and
such noise does not increase its weight by commuting with
other CZ gates. Therefore, the weight of bit-flip errors at the
final measurement part is significantly reduced.

This method will give additional noise tolerance to some
symmetric states [23], given that the number of computational
basis components undergoing large-weighted dephasing error
is low, and hence so is the deviation of the estimation. A
typical example is the W state [|W,) = \/L;l(|0)®(”’l) 1) +

[0y =211, 0) 4 - -- 4+ |1) |0)®"~D)] [28] whose estimator

—q -
Main board E _

7
|+> * neighbaring
|CZ) state :
(b) 8-qubit GHZ (c) 8-qubit W
—~
T 1.0
2
S 0.8
=
b o6li 1 1 RESPOVM
gﬂ . oal e .RF_SPOYM (gadgetized)
S o4 Rand. CIiff.
e I Rand. CIiff. 2
2 0.2 ¥ ’
<
£
‘%‘ 0.0 0.0
0 50000 100000 150000 200000 0 50000 100000 150000 200000

Sampling-copy number N Sampling-copy number N

FIG. 5. (a) State-injection technique that transforms an arbitrary
Pauli noise on the long-ranged gate into dephasing noise. (b), (c)
CZ-based RESPOVM shadow-tomography performances in the es-
timation of fidelity between two pure eight-qubit GHZ (W states,
respectively) states with an increasing number of input-state copies
N. Here, we give the depolarizing noise, with 0.05 error rate, to
each long-ranged gate [except the neighboring gates, which may also
connect (1, n) qubits]. The RESPOVM (gadgetized) means that for
long-ranged CZ gates, we gave the dephasing error with 0.05 error
rate [uniform (I, X, Y, Z) operation to each qubit, with a given error
rate]. This setting is equivalent to the above state-injection technique
with noiseless neighboring gates. Rand. Cliff. indicates the sampling
and decomposition scheme via Ref. [19] in which noise is attributed
only to the single HF section. This is because classically postpro-
cessing of the measurement outcomes is sufficient to implement the
other HF section. The Rand. Cliff. 2 method follows the sampling of
Ref. [30].

reads

{Z?:l(_l)(ai+p')}2
2n

~ 1
0= + (W, |p))* — 3 @

We can see the first term gets a larger deviation as the
weight of &, gets larger. In Fig. 5(c), we gave the initial
depolarizing noise to the long-ranged CZ gates, where the
dephasing error rate after the state-injection arrangement is
equal to that of the initial noise rate on the ancillary CZ
gate. We can see that the state-injection technique can give an
additional improvement in the noise threshold to the original
RESPOVM circuit.

The CZ-circuit-based architecture of our (R)ESPOVM
schemes also presents an attractive feature for experimental
implementation, especially with the soaring entangling-gate
fidelities recently achieved in various quantum-computing
platforms. While a more comprehensive survey shall be given
in Appendix D, we quote some recent experimental fidelities
achieved in some of these platforms: 99.5% two-qubit gate fi-
delity in Rydberg-atom quantum computing [60], over 99.5%
for semiconductor-spin-based systems [61], and up to 99.93%
with superconducting qubits [62].
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VI. DISCUSSION

In this article, we propose resource-efficient methods to
carry out quantum shadow tomography using equatorial-
stabilizer measurements that are derived from smaller subsets
of the full set of stabilizer states. We first prove that
these equatorial-stabilizer measurements, together with the
computational-basis measurements are indeed information-
ally complete and possess desirable sampling complexity that
grows, in many cases, at most polynomially in the number
of qubits n and reciprocally in the square of the target addi-
tive estimation error. In typical scenarios, such as rank-one
observable estimation, the sampling complexity of equatorial-
stabilizer shadow tomography is independent of n.

Furthermore, our shadow-tomography algorithms utilize
long-ranged Clifford bases with circuit depths of n. When
restricted to only LNN architectures, our algorithms are con-
siderably efficient to implement, requiring only 2n-depth NN
CNOT gates, owing to their simpler circuit geometry. We
demonstrated that our methods require shorter circuit depth
than randomized Clifford tomography for both long-ranged
and LNN implementations, while still preserving the classes
of applicable observables for many cases in terms of the
shadow-norm or estimation variance criterion. Our depth- (or
gate-) efficient shadow-tomography schemes become practi-
cally important for performing realistic quantum-computation
tasks as they permit larger gate-error thresholds. Moreover,
this is crucial for certain auxiliary quantum tasks, such as
those in quantum error mitigation [63], for instance, where
it became recently known [55] that such tasks would require
sampling-copy numbers that increase exponentially with the
circuit depth. We also found that along with the state injection
technique, the estimators for (R)ESPOVM tomography re-
veal a unique tolerance over the various measurement bit-flip
errors. Since state injection simplifies the CZ-gate-noise struc-
ture, postprocessing noise mitigation of shadow [64] could be
applied.

Thus far, the (R)ESPOVM schemes we have found
to have good shadow-tomographic properties require both
computational-basis and CZ-circuit measurements that in-
volve very different circuit depths, with the former being
single layered while the latter grows linearly with n in depth.
One possible future would be to investigate if there exist other
such pairs of measurement circuits of comparable depths that
can reduce the maximum circuit depth employed while main-
taining the same estimation quality. Here, MUB subsets of the
CZ-circuit measurements [33,34] could serve as an instructive
starting point. Yet another desirable observation is the rather
large error-threshold advantages of using equatorial-stabilizer
shadow tomography on GHZ or W state-verification tasks
in contrast to randomized-Clifford shadow tomography. This
readily sets another research direction on fully identifying
important classes of target quantum states that could lead to
highly effective gate-error threshold improvements. Finally,
motivated by a recent work [65], we expect that the shal-
low depth subset of noisy (R)ESPOVM would give another
sample-optimal Pauli observable estimation method. Then
we could measure the noise threshold of sampling copy im-
provement, which was previously considered on noisy random
Clifford blocks [65], over the single-depth measurement.

Clifford circuits are well-known quantum circuits [66,67]
whose noise-tolerant properties could be realizable in the
near future. Therefore, we expect our work to establish
practical research directions on gate-efficient observable-
expectation-value estimations for noisy intermediate-scale
quantum computation.

Note added. Recently, Ref. [37] appeared, discussing the
possibility of approximating unitary designs with logarithmic-
depth circuits. We have included an updated circuit-depth
comparison between the algorithm in Ref. [37] and our
(R)ESPOVM schemes. We show in Fig. 4(b) that despite the
logarithmic scaling, our scheme employs relatively shorter
circuit depths for moderate qubit numbers beyond 100.
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APPENDIX A: ALGORITHM DETAILS FOR
EQUATORIAL-STABILIZER SHADOW TOMOGRAPHY

Before we present the details of (R)ESPOVM shadow to-
mography, we first introduce the notation E,~p4)f(o) that
refers to the expected value of the function f(o ) of a random
variable o € A that follows a uniformly random distribution
D(A) with domain A. In particular, we call [E(,ND(A)J@ as the
tth moment of A. With this, we have the following lemma [41].

Lemma Al. For the n-qubit system,

() [32] E ooy ~piseo) [61) (3]

I
_ req\ [ creq| _
= By [0x°) (0] = 7 (A1)

.o ®2
(ii) [321 E ooy~ pseoy [047) (0

1

=1+ 22 ) oxl = 37 o) (x| (A2)

x.yeZ; xeZ}

(i) Eygny s [#3°) (03

1
=4 I+ Z lxy) (yx| + Z lxx) (yy|

x.yeZ}

-2 Z |xx) (xx|

xeZ}

x.yeZ}

(A3)
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Proof. The first and second moments of the equatorial
stabilizer set are shown in Ref. [32]. So, we only consider the
RESPOVM case and adopt similar strategies for ESPOVMs.
All bold-faced italicized symbols refer to columns (synony-
mous with bit strings) and nonitalicized uppercase ones that
are also bold faced refer to matrices. Note that for Vp € Z2,

ZPE g0 ~pisyy |¢req)< NI

Z (— l)xTAx+yTAy+p (x+y) lx) (vl

xyeZ"

LS (A g )

xyeZ"

= E o) S5

= Bggny~nis

= E g0y pism) Pa) (dal

= Bigzoy~pise) 1a) (@al (A4)

where for Vi, j € [n], A}, = A; + pi(mod 2), otherwise Agj =
A;j. The last equality holds because the reparametrization of
A does not affect its uniform-distribution first moment. Thus,
E g~ s ¢ 1) (¢ commutes with all Pauli Z operators
and is diagonal in the computational basis. Note that all diag—
onal elements are - 2” Therefore, [E|¢req ~D(s) [Pa) (DAl =
which is Lemma A1(i).
Next, note that

2n7

req\ / . req|®2
Epge~pise) [8x ) (@h
" 1
- |¢::q>"‘D(3:ch)47
x Z (_l)xTAeryTAerzTAerwTAw |xy) (zw| ,
x.y.2,weZ}
S Eurvie
x.y.z,weZ}
x {(_1)xTAx+yTAy+zTAz+wTAw} |xy> <zw| . (AS)

Now, we focus on terms in the curly brackets. Since the
elements of A oscillate between 0 and 1, the nonzero coef-
ficients of |xy) (zw| must satisfy the following equations for

all p, g € [nl(p < q):
xp +yp+Zp = w,,

xp-xq + ypyq + Zqu + wpwq e O- (A6)

Now, substitute the upper equation to lower one. We obtain
that

Xp(¥Vg +2¢) +Yp(2g + xg) + 2p(xg +y4) =0 (A7)

If x =y =z, the above equation must hold. Suppose x,y, z
are not all the same. Then there exists p’ € [n] such that two of
Xp,Yp, 2y are equal but the rest are not. Also, x; = y; = z; for
i < p/. Without loss of generality (WLOG), we may assume
Xy =Yy # 2y, then for Vg > p':

(xq +yq)(xp/ + Zp’) =0 — Xg=Yq . Xp # ip- (A8)

It follows that nonzero coefficients of |xy) (zw| must be
such that two of x,y,z are equal. Based on this obser-
vation, (A6) implies several cases: (i) x =y,z = w; (ii)

x=2z,y=w; and (iii) x = w,y =z. In all these cases,

E — 1) AxtyTAy+zT Az+wTAwy
o5y ~pise ) . }

Hence, we obtain the following results:

Ejgey~piss) [0 ) (04" =

1
—4—n(I+ D by) x|+ ) lxx) (]

xyezl xyezZl

(A9)

which is the result of Lemma Al(iii) and completes the
proof. |
We note that from Lemma AlQ), all elements from the
respective sets {% lpal) (pa]} and {| Sl [ph) (9|} form
a POVM.
Using Lemmas Al(ii) and Al(iii), let us prove Egs. (6)
and (7), which are directly related to our tomography schemes.
First, we consider ESPOVMs. By Lemma Al:

Egsp~nise (847 o [ox) (e 044)

tr{ (EW s [641) (05 ®2)(a ® 0)}

= %tr!(l-p Z [xy) (yx| — Z [xx) (xx|>(o ®0)},

x.yeZ} xeZ}

= 4iﬂ{tr(ow Z lo lx) x]Oy)

x.yeZ}

- (xlox) <x|0|x>},

n
xeZ}

= 4l,, tr(0) + tr(Oo) — Z (x| o |x) (x| O |x)

xeZ}
(A10)
Hence, we obtain the following result:
wOp = Y o (0 o) 63 0 o3
p)= Seq’ A | P |Pa ) \PA A
lpghess
+ D xlple) & Ox) —uw(0). (ALl

n
xeZ}

Next, we consider RESPOVMs and also assume O to be a
real observable, that is, (a| O |b) € R for Va, b € 7. Then,

E s (957 1657 (0102

= tr{(Eym)~pisp) |65 (84 ) ©0)

033097-11



PARK, TEO, AND JEONG

PHYSICAL REVIEW RESEARCH 7, 033097 (2025)

1
= Etr{(l—l— D7 by oxl+ D lex) Gyl

x.yezZ} x.yeZ}

—2 ) |xx) (xx| )(a ® 0)}

n
xeZ}

1
:4_;1:&(0)+ Y Glokx) xloly)

x.yeZj

+ Z(y|a|x><y|0|x>—2Z<x|a|x><x|0|x>}

x.yez} xeZj

4%{&(0)+2 > vl k) @0l

x.yez}
—23 " (xlo |x) (x| Olx) } (A12)
xeZ;
(A13)

This is equivalent to

22n7 1
req
S

r(0p) =Y

e e
lpy®)eS,

@k o |0k} (@17] 0 |0)

1
+ > (x| plx) (x| Olx) — S w(0). (Al4)

xeZ}

Equation (A12) is valid when O is real. This proves Egs. (6)
and (7). In Eq. (13) of the main text, we ignore the tr(O) term
since it is constant and, hence, does not affect the variance.

Let us give some remarks before proceeding further. An
arbitrary Hermitian input density operator p can be expressed
as zi ZPePn tr(pP)P. That is, setting O as Pauli operators, we
note that p takes the equivalent form

2n

aCNTIENINITN

|

>

loa)esSn!

+ )l p ) ) (e — 1

xeZ}

(A15)

Using the POVM properties, »_, ﬁ (Ol pley) =
>, (x|plx) = 1, we note that M~" o M(p) = p following
the notations in Eqgs. (10) and (11). Therefore, we conclude
that Eq. (11) is indeed the inverse of M. Since only the real
part of p is expanded by only real Pauli basis operators, we
can certify the RESPOVM inverse of Eq. (11) in the same
manner.

From Lemma A1, Eq. (A11), and Eq. (A14), the following
estimators (denoted with a caret) are constructed:

2" eq eq
W/2) > <¢’A | o |¢A >
sampled A
over N/2 copies
1
tap 2 P10Ip) ~u0)
measured p

over N/2 copies

(ESPOVM and comp. basis),

(0) = on-1 e ‘e (A16)
WN/2) > <¢Aq} o |¢Aq)
ovér N];2 copies
1
tam L P101p) — u(0)

measured p’
over N/2 copies

(RESPOVM and comp. basis),

where A and p’ are sampled from the distribution of
(g (@1 £ 16} and {{p'|p|p)). respectively. Note

—

that these estimators are unbiased, i.e., data-average E({O)) =
(0).

We are ready to provide more details concerning the
(R)ESPOVM shadow-tomography procedure, thereby ex-
plaining the validity of Algorithm 1. We shall only discuss
matters related to the ESPOVM, as the dissertation for RE-
SPOVM follows similarly. Let us assume an input state p =
Zz,wezg |z) (w] (z] p |lw). The procedure begins by a random

selection of |¢3!) € S,%, that is, the matrix A from uniformly
distributed elements in the set

{AIA = (aij)i jem)> Gij = Qji, Qi € Za, Gijizj) € 22}
(A17)

I‘l2 —n

Operationally, this is akin to flipping a coin “5* times to
determine all symmetric off-diagonal elements and flipping
a uniform four-sided die n times to determine all diagonal
elements of A. Now, given a single-qubit (two-qubit, respec-
tively) operation K, we define K; (K;;) as K acting on the
ith (ith and jth) qubit. After choosing a random A, we perform
CZ;; gate operations whenever g;; = 1 andi < j, followed by
single-qubit operations U; such that

I,' if a; = 0
_ SJf if aj = 1 . _ F\aii
U = 7 ifa; =2 or simply U; = (§")“.  (A18)
S,’ if aj = 3

Next, we apply Hadamard gates H = @', H;. The subse-
quent evolved state o’ is written as

1 T T
r_ - 37 Azdw Aw g \zestwet
p= E i (=1) Is) ]zl o |w) .
Z,w,s,teZy

(A19)

Here, a - b refers to the binary inner product between a and
b. We shall now perform the Pauli Z basis measurement in-
dependently on all the qubits. The probability prob(p | A) to
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obtain a specific binary string p € 77 is

(plo |p)

% Aztw T Aw (—1)estwt

prob(p | A) =

1
ZEZ

Z,w,8,t€Z)
x(p|s){t|p)zlolw),

1 T
=, D AR e g g jw),

zZ,weZj
1
= oo Y (AR AN g ) (A20)
z,weZ;
= (o5 | o |04 (A21)

where A’ is an n x n matrix such that agj = a;j fori # j, and
a;; = a; + 2p; (mod 4). The last equation can be obtained by
following the definition of Eq. (3). Now we define D(p) as the
n x n diagonal matrix whose ith diagonal element is equal to
pi, and also note, from Eq. (3), that

D7 (A AY (] p w)

z,weZj

2}’1
aar (Oa'] o |4 5
‘an’( A | A) | q’

1
_eq| prob(p | A — 2D(p)),
PeZ)

(A22)

where the final equality is a result of Eq. (A20).

The left-hand side of Eq. (A22) corresponds to the proba-
bility distribution of A we want to sample from. Also, given
apel, the probability to sample the matrix A — 2D(p) is
constant ( SRl ). Hence, we can interpret the rightmost side
of Eq. (A22) as the probability to get the matrix A after we
uniformly sampled the matrix A’ and add 2D(p) (see steps
21-25 in Algorithm 1). This way, the desired sample of A is
obtained.

Furthermore, we note that one can propagate the mea-
surement section to the leftover Hadamard gates and phase
gates, becoming X- or Y-basis measurements. In that case,
the CZ gates are the only remaining intermediate gates, and
Vizing’s theorem states that only at most n layers of CZ gates
are needed to realize an arbitrary n-qubit CZ circuit, which
settles part of Theorem 1. One must still carry out either
the Pauli X or ¥ measurement depending on the phase gate
acting on that qubit. However, the phase gate implementation
is unnecessary and we may simply perform an X- or Y-basis
measurement. The reason is that Z (S, respectively,) just flips
the measurement outcome of the X (¥Y) measurement. For
example, implementing Z and obtaining the X-measurement
outcome 0 is equivalent to just measuring in the X basis,
obtaining the outcome 1, which gives the same diagonal value
of the sampled A. This closes the proof of Theorem 1 for the
ESPOVM scheme.

Harking back to Eq. (All), to complete the shadow to-
mography protocol, one also acquires p’ € Z} following the
distribution (p’| p |p), which can be easily done by measuring
p in the Pauli Z basis. Hence, the algorithm for an unbiased
estimation of tr(Op) can be summarized as follows:

(1) Measure one copy of p with the projector |¢,}) (3]
defined by a uniformly chosen A from set A in (A17). This is
done by (i) uniformly choosing an A’ € A, (ii) obtaining a p €
7% from measuring this p copy with |¢;) (¢3], and (iii) and
taking A = A’ 4+ 2D(p). The measurement outcome A would
then follow the distribution | Stql (¢ | p |¢ 9,

(2) Measure one copy of p and obtain p’ € Z following
the distribution (p’| p | 14 ).

(3) Calculate OAp’ =2" (¢ 10 1p) + (P'1O|p) —
tr (0).

Algorithm 1 is the pseudocode encapsulation of all the
arguments we made thus far.

APPENDIX B: ESTIMATION-VARIANCE ANALYSIS OF
EQUATORIAL-STABILIZER SHADOW TOMOGRAPHY

We shall now sketch the proof of Theorem 2(i). We start
from Eq. (13) and note that

Var(0y) =E([2" (03] 0 |o3") — E(2" (95| O |84 >)])

I
= [E([Z” (o (00 + ;tr(O)) %)
I 2
- [E(Z” iy (00 + itr(O)) |¢§q))] )

=E([2'(03'] 00 |63") — E2'{03"] 00 |637)])

—Var(00), (B1)
where the second line is easily derived noting that Oy is
traceless part, O — tr(O) hence tr(Qy) = 0. Since we can

follow the same reasonmg to Var(O, eq) and Var(ab‘“) we only

need to consider the variance of the Oy. In other words, we
obtain that

Var 9 (9) = Var 3Gy
=E((O)) - EO)’
<E((00y™)%). (B2)

where E is the expected value of Ogy = 2" (¢(r)eq| 0y |¢X)eq).
Hence, to obtain the upper bound of the estimation variance of

OOX) 4. all we need to do is to bound [E((Oo(r)eq )?) from above.
Equatlon (17) leads us to certify the third moment

E gm0~ sty 160 (0% and Lemma 1 is the an-
swer. We assume the lemma holds (see Appendix E 1 for

its proof). Then we define five more finite series, cH =
erz,z, |xxx) (xxx|, and

C = > (lyxx) (x| + lxeyx) (x| + |xxy) (pex|
x.yeZ}

+ lyxx) (xyx| + |xyx) {xyx| + |xxy) (xyx|

+ lyxx) (xxy| + |xyx) (exy| + |xexy) (xxy]),  (B3)

CH =" (lyxx) (yyl + lxyx) (ypy| + lxxy) Gyl

x.yeZj

+ lyyy) xx| + |yyy) (xyx| + |yyy) (xxyl), (B4
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C™ = 3" (lxyz) (xyzl + leyz) (@xyl + xyz) (x|

x.y.2€2}

+ lxyz) xz| + |xyz) (ezyl + xyz) zyx)),  (BS)
CY'= Y (xxz) (yzl + xxz) (ay| + lxxz) (ayyl

x.y.2€74

+ lxzx) (yyz| + [xzx) (yzy| + |xzx) (zyy|

+ lzxx) (yyz| + |zxx) (yzy| + lzxx) (yy)).  (B6)

Following Lemma 1, the result for ESPOVMs can be rewritten
as

Eg-pis [93) (03]
1
= (x‘yqzqw’szt;gng) lxyz) (wst|
= é{c@ + (™ —9c®)
€™ —6ch —2(Ci — 9ciy)y
= %(4@“ —CW ™). (B7)
Also, for RESPOVMs:
El-es |25 (837
= % Z lxyz) (wst|

(x.y.2,w,8,)elC; (Z4)

— §{C(') + (C(H) _ 9C(')) + (C(m) _ 6C(1))

4 [C(iV) —6CW — z(c(ii) _ 9c(i))]
+ [C(V) —9c® _ 3(C(iii) _ 6C(i)) _ (C(ii) _ 9c(i))]}
= 5(166(” — 20 —2¢W 4 c™ 4 ™). (B8)
Upon recalling Eq. (17),
E((Ooy)’)
eq |®3

= 2"tr(Epgen,~pisen) [85) (05]° (0 ® 00 ® Op)).

(B9)
For ESPOVMs, by Eq. (B7), we can rewrite this as
E((00y)’) =

tr((4CY — W 4+ ™My (p ® 0y ® Oy)).

(B10)
Similarly, we can show that from Eqgs. (17) and (B8),
E((Oox)’)
Hr((16C® —2¢W — 20 4 ¢ + V) (p ® 0F?)).
(B11)

We are now ready to provide an upper bound for

[E((Ooffq )?) by utilizing:

Lemma Bl. Given the above definitions, for arbitrary state
p and Hermitian operator Oy:

tr(CP(p ® Op ® 09))| < tr(0F), (B12)
|tr(C™(p ® 0 ® 00))| < Ttr(05), (B13)
|tr(C (0 ® Op ® Op))| < 6tr(07), (B14)
€™ (p ® 0g ® 0p))| <3tr(0y), (B15)
tr(CY(p ® Oy ® 00))| < Ttr(0F). (B16)

See Appendix E 2 for its proof. This result implies that
E((0y)") <4IrC(p ® 09 ® 00))|
+1tr(C™(p ® 0o ® 00))|

+1tr(C™(p ® 0y ® 0p))| < 14tr(0}).

(B17)

—~req

Similarly, we can show that E,((Oo, ) < 13tr(03).

Furthermore, for E((Oozm %),

E((Oop")’) = (xl plx) (x| Og Lx) (x| Op Ix)

n
xeZ}

< Y &lplx) (x] O ly) (¥l Oo %)

x.yezZj
<tr(03). (B18)

With this, and the arguments leading to Egs. (B1) and (13),
Theorem 2(i) is proven. The upper bound of the sampling-

copy number, that is, sz log(%) for M ob-
servables, follows from the statistical benefits of using the
median-of-means estimation method [9,42—-44].

Suppose that the single observable 0 of interest is a quan-
tum state o. Then tr(0}) = tr((o — 7 LYy = tr(0?) — t2r,(,°) +
% < tr(o?) < 1. Hence, any quantum-state observable o
possesses a constant estimation variance and demonstrates
shadow-tomographic advantage with (R)ESPOVM, provided
that the trace inner product between o and equatorial stabilizer
state is computable efficiently.

The proofs of Theorems 2(ii) and 2(iii) only need an av-
erage of estimation variance over uniformly chosen input and
target states. The result is shown below.

Lemma B2. (i) If2" > 1, the averaged value Var®®9(6)
over uniformly distributed complex pure states p and real pure
states o approaches 1 for eq and % for req. In randomized-
Clifford tomography, this average variance approaches 1.

@ii) If 2" > 1, the averaged value Vareq(c%)p’a over uni-
formly distributed complex pure states p and o approaches
1. In randomized-Clifford tomography, this average variance
approaches 1.

Assisted by previous arguments, the proof of the above
lemma naturally leads to Theorems 2(ii) and 2(iii). How-
ever, it contains more technical elements that are deferred to
Appendix E 3.

Furthermore, we can see that the average estimation vari-
ance of RESPOVM is exactly half of one of ESPOVM and
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Random Clifford sampling with O(n?)-time

3n-depth LNN implementation

........................................

p [| Brt[]| swi[] u []| 8P

] Classical

p [[PAULL post-

TPAULI s [ cz _CNOT'E»- cz [|Nw[]
I R R : J ez [Nw |

[processing|

= o —
.
1

SW! | i v e e e

FIG. 6. The schematic diagram of uniform sampling of a 3n-depth Clifford-circuit measurement in the LNN architecture. Here, the N-w
section is a CNOT circuit expressing the n x n northwestern matrix [18,70] for the binary strings. The final classical postprocessing step
multiplies an n x n binary matrix to the measured outcome bit string, which takes O(n?) time.

even one of randomized Clifford tomography. Even though
RESPOVM requires two copies of input states for a single
sampling trial, the total number of gates used with the same
number of sampling copies is, on average, half of what is
required in randomized-Clifford shadow tomography.

APPENDIX C: GATE, DEPTH, AND TIME COMPLEXITY
FOR CIRCUIT IMPLEMENTATION

We now discuss the architectural requirements of
(R)ESPOVM shadow tomography, which cover the main
ideas of the proof for Theorem 3. In particular, this discussion
focuses on the implementation of an (LNN) architecture for
(R)ESPOVM tomography and compares its circuit-depth and
time-complexity resources with those of randomized-Clifford
shadow tomography.

We recall [19] that we can efficiently and uniformly sample
a Clifford unitary U from Cl,, in O(n?) time. In addition, the
sampled form contains the HF—SW—H—HF sections. Each
small upper case letter is explained in Sec. IIB. Here, we
can further reduce the depth of circuit lower than previously
known results [18,46]. We note that the HF —SW sections are
not needed for randomized-Clifford shadow tomography. The
reason is that the measurement outcome of a uniform-Clifford
measurement can be obtained from the following procedure:

One first uniformly samples a Clifford unitary operator in
the above form and takes its inverse, which possesses the
form HF~'—H—sW~!—HF"~!. Then one just measures in the
Z basis after the HF~!—H sections and linearly transforms
this intermediate bit-string outcome with the subsequent CNOT
and Pauli transformations in SW~'—HF~! to arrive at the
final bitstring outcome. In O(n*) time, one can optimize the
maximal depth of HF~'—H sections with long-range gates to
n 4+ O(log(n)) if n > 70 [46]. Even though the corresponding
asymptotic gate-count upper bound is O(log(n)) [68,69], it
has a large constant factor [46] and hence will not improve
the former limit for circuits holding hundreds of qubits. If
only NN gates are available, we can express the CNOT gate
layers inside the HF section in terms of a northwestern matrix
[70] and SWAP gates. Here, we do not need to implement
the swapping operations, since one can simply propagate all
swapping operations out of the circuit. The CNOT circuit of a
northwestern-matrix form after the CZ circuits can be further
decomposed into 3n-depth NN CNOT circuits (sorting net-
work) and phase-gate insertion layers [18,70] in O(n*)-time.
A schematic illustration is presented in Fig. 6.

As we saw in Theorem 1, there is an alternative depth
reduction technique for CZ circuits. (R)ESPOVM shadow
tomography can be implemented with at most n-depth long-
ranged CZ gates (or with CNOT and H gates). This maximal
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depth can be reduced to 5 + O(log(n)) given that n > 39
according to Ref. [46], which is half the gate complexity
in contrast to randomized-Clifford implementation. Further-
more, with only neighboring CNOT gates and S gates, we can
implement (R)ESPOVM with 2n-depth LNN architecture in
O(n?) time. To show this time-complexity bound, we may
use the strategy employed in Ref. [36]. We first construct
a 2n-depth circuit consisting of NN CNOT gates in advance
following the designated rules dictated by Theorem 6 in Ref.
[36]. With this, the main task for the time-complexity-bound
proof is as follows: Given a CZ circuit that performs the
map |x) — (—1)2%) |x), where x € 7% and Q is a quadratic
binary-valued polynomial, find the values u;, u;; in Z4 (j €
[nl,ke{j+1,j+2,...,n}) such that

(-1 )Q(x) — i w2 Y k(¥ ®YE) (C1)

Here, & and +, respectively, refer to modulo-2 and modulo-4
additions. The y}s (i € [n]) are defined by

YVi=x1Dx00xd - Dx. (C2)

After inserting the phase gates S“* and S“ following the
manual in Ref. [36], we finally realize the LNN architecture
of the CZ circuit. To analyze the time complexity, we rewrite
Eq. (C2) as

X1 =1

Xi=yi®yi—1 (€{2,3,...,n}). (C3)
Now consider one off-diagonal component of (—1)2®). We
have simple identity (—1)%% = i¥*3%+(®x)  Then, by
Eq. (C3),

(-1 )xuxu — i3(,V“ OYu—1)+30®yu—1)+u EByklEByu@yvf])’ (C4)

with yo = 0. Using the equality [36]

iaEBhEBc — i3a+3h+3c+3(aﬂ)h)+3(a@c)+3(b6}c) ((l, b, ce Z2), (CS)
and setting a=y,,b=y,_1,c =y, ®y,—1, We can ex-
press PPu®u-1®n®-1t a9 g product of ¥r, ¥t &1 and
Pt a1 u-1®0®v-1 - Again, in a similar manner,
we can decompose 17+®®¥-1 and ¥u-18¥®-1 into a product
of powers of i, each with an exponent not exceeding three vari-
ables. In conclusion, there exist constant-sized sets A, B C [n]
such that

(— 1)Xuxv — iZasA UaYa+ D pen U Va®Ys) , (C6)

where u;“ u;w € Z4. Therefore, upon noting that a CZ circuit
has at most "22’ % CZ gates, we have the following scheme
for implementing any (long-ranged) CZ circuit in an LNN
architecture:

(1) Prepare a 2n-depth NN CNOT circuit based on the pre-
scriptions in Ref. [36].

(2) For each unitary CZ;; acting on the jth and kth
qubits, find the sets A;; and Bj; such that (—1)*» =

iZaeAM ur’xyﬂ"'Za,beijk g, (Va®Y)

sponding to A; ; and B} .
(3) Insert the phase gates S“(a € Ajr) and Str(a, b €
Bj 1) according to the insertion rules in Ref. [36].

. Record all u), and u, corre-

(4) Repeat steps 2 and 3 for all j, k € [n]. If there is al-
ready some phase gate acting on the location, we multiply the
existing one and the gate we put this time.

The reader may consult Ref. [41] for the precise NN CNOT-
circuit prescription and phase-gate insertion rule. For each
J, k € [n], we note that steps 2—4 each takes constant time to
execute. Since there is a total of O(n?) steps to be repeated,
the total time complexity is O(n?).

APPENDIX D: SURVEY OF RECENT CZ-GATE
IMPLEMENTATION SCHEMES

We shall list all recent fidelity values sorted according to
some of these platforms. In photonic quantum computing,
a fidelity of over 81% has been reported on silicon-nitride
photonic chips [71],and over 99% when Zeeman coupling
with quantum dots and nitrogen-vacancy centers is exploited
in simulations [72]. Spin-based quantum computation allows
for more than 99.5% fidelity [61,73]. On Rydberg-interacting
platforms, Refs. [74,75] and later [60], respectively, reported
gate fidelities of 89%, 97%, and 99.5% using atomic-
qubit-array entanglement. Using adiabatic pulses, simulations
revealed fidelity values greater than 99.9% [76]. On super-
conducting platforms, adiabaticity-shortcut techniques allow
for over 96% fidelity [77], 97.6% with fluxonium qubits [78],
and 99.1% through interfering superconducting qubits with
weak anharmonicity [79]. Nonadiabatic CZ gates were also
realized with 99.54% fidelity [80]. Furthermore, gmon qubits
employed by Google Al Quantum demonstrated gate fidelities
as high as 99.81% [81]. The more recent fidelity of 99.93% is
possible with intermediate leakage control [62].

APPENDIX E: PROOFS OF OTHER LEMMAS

1. Proof of Lemma 1
We start with S;°. Similar to Eq. (A5),

e L L (N ®3

1
= Bgp~pisngn >

x.y.z,w,s,teZ}

|xyz) (wst|

x (=1 )xTAx+yTAy+zTAz+wTAw+sTAs+tTAt

1
:52

x.y.2,w,8,t€Z}

lxyz) (wst| [E|¢Leq)~D(5;Eq)
T T Ay4zT TA TAs+¢T AL
x {(_l)x Ax+y Ay+z' Az+w' Aw+s' As+t } (El)

By the same token, for nonzero coefficients in the summand,
the following equations must hold for all p, g € [n]:
Xp+Yp+zp+w,+s, =1, (mod?2)
XpXq +YpYg + 2p2q + wpwy + 5ps, +1pt, = 0 (mod 2).
(E2)

Substituting the upper equation into the lower one, we obtain

0 =xp(vg + 24 + wyg + 5¢) + (2 + xg + wg +54)
+ 2p(xg +yq + wg +59) + wpxg +yg + 24 +59)
+ 85p(xg + g + 24 +wy). (E3)
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If x =y =z = w = s, the above equation clearly holds. Oth-
erwise, we have two cases:

(i) There exists p' €[N] such that two of
XpsYpsZp, Wy, Sy are 0(1, respectively) and the rest are
1(0),andx; =y; =z = w; = s; fori < p'.

(i) There exists p' €[N] such that four of
Xp s YpsZp, Wy, Sy are 0(1, respectively) and the other
is1(0),andx; =y, =z = w; =s; fori < p.

First, suppose case (i). WLOG, when x, =y, (%), then
Zy = Wy =Sy = Xy + 1, which together with Eq. (E3) im-
plies that

XpYg + XYy + (xp + 1)xg +yg) =%, +y, =0 (mod 2)
(E4)

as x,y =yp. So, we obtain x =y. Substituting this back to
Eq. (E2),

Zp+w,+s,=1t, (mod?2)
2pZg + WpWy + $pSq + 1ty =0 (mod 2). (ES)

This is exactly what we have obtained during the calcula-
tion of the second moment. Hence, we conclude the same
statement: two of z, w, s are equal. By the first equation of
Eq. (ES), the remaining one equals ¢. Therefore, we conclude
that each two of x,y, z, w, s, # must be equal. Note that even
if we chose two other variables, not x and y in assumption(x),
we arrive at the same conclusion.

Next, let us suppose case (ii). By the first equation of
Eq. (B2), x;, =yi=z=w; =s; =¢; for i < p’. WLOG, as-
sume that x, =y, = zy = wy, # Sy. Then, we obtain 5,; =
ty from Eq. (E2). Next, we rewrite the problem as

(mod 2)
XpXq + YpYq + 2p2q + Wpwy + Spsg +1pt, =0 (mod 2).
(E6)

Ypt+zpFtw,+s,+1,=xp

Similarly, substituting the first equation into the second,
0 =1,(vg +2¢ + Wq 4 54) +Yp(2g + X4 + Wy +54)
+ 2p(ty + g + wy +54) + wplty + g + 24 + 54)
+ 5p(tg + g + 24 + wy). (E7)

Remember we assumed that t,y = sy, ty # wy, yy =2y =
wy, and y; = z; = w; = §; = t; for i < p'. This is exactly the
case of solving under assumption (i). So, we conclude the
same statement that¢ = s, two of y, z, w are equal, and hence
the remaining one equals x.

Throughout cases (i) and (ii), we finally conclude
that the coefficient of |xyz) (wst| is nonzero if and
only if each triplet in the variable set {x,y,z,w,s,t}

must be equal and in all such cases, the coefficients

1\ Ax+yTAy+z T Az+w T Awts T As+t T At
|E|¢::q)~'D(S,‘;eq){( l) } all equal
1. The proof for RESPOVM is now completed.

Now, we move on to S, whence

Egy~piss) |4} (@4 =

1
=Ego~nsigs >

x.y.2,w,s,teZ}
« ixTAeryTAerzTAszTAw7sTAs7tTAt

1
:52

x.y.2,w,,te€Z}

|xyz) (wst|

|xyz) (wst| [Ew)zq)ND(S:q)

% {ixTAx+yTAy+zTAzfwTAwfsTAsftTAt}. (E8)

By the same argument, for the coefficient not to be 0, the

following equation must hold. For all p, g € 7} (p < q),

(mod 4)

XpXgq + YpYq + 2p2g + Wpwy + Spsy +1pt, =0 (mod 2).
(E9)

Xp+Ypt2p=Wp+s5,+1p

We add w, + s, for both sides of the first equation of (E9),

and we obtain that

(mod 2)

XpXg + YpYq + 2p7g + Wpwy + Spsg +1pt, =0 (mod 2).
(E10)

Xp +yp+Zp+wp+sp =tp

This is the equation for the S, -case. Hence we obtain the
same statement, each 3-couples in variable set {x, y, z, w, s, t}
must be equal. However, in this case, we have a stricter condi-
tion, the first equation of Eq. (E9). WLOG, we only consider
two cases.

@) X=y:2x,+z, =wp+ s, +1,(mod 4) — z, =
wp + 8, +1, (mod 2). Hence two variables in {z, w, s, ¢} are
equal each other.

() x=w:y,+z,=5,+1,(mod4). If y=z2y,=
spt+t,>y=z=s=t.lfy=s,z=t If y=w, all cases
are equivalent to previous cases. Therefore, the statement that
coefficients are nonzero is equivalent to that if |xyz) (wst| has
the two same variables where each do not locate in the same
position (bra and ket) and the other two variables in bra (or
ket) are equal, remaining variables in ket (or bra) must be
equal to the previous two variables. Finally, in those cases,
the coefficient cannot be other values but 1.

Other cases can be managed similarly and are known to
have similar effects of (i) or (ii). We thus proved Lemma 1.

2. Proof of Lemma B1

First, we note that

3 tr(fexx) fexx| (0 ® 00 ® 00)) = Y x| x) (x] O [x) (x| O [x) < Y (x| o [x) (x| 0o ly) (] Op Ix) < tr(OF). (EL1)

n n
xeZ} xeZ;

x.yezZs

Here, we used the fact that (x| Og |y) (y| Og |x) > O for Vx,y € Z3. This proves Eq. (B12).
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Also, we easily note that

> t((lxyz) (xyz| + lxeyz) (xzyl + lxyz) (xzl + [xyz) (@xy] + [xyz) (@px] + xyz) (zx])(o @ 0o ® Op))

x,y,2€Z}
= (tr(0p))* + tr(0F) + 2tr(Op)tr (0 Op) + 2tr(c OF)
< (tr(00))* + tr(0) + 2tr(00) |00l + 2] 05,
< (tr(0))? 4 3tr(02) + 2tr(00) 1| Op o
< 3tr(03). (E12)

where ||O||oc = maxy){| (| O |¥) |}. Furthermore, we can consider another case when two variables are the same in ket. Let
o =), A|A) (1| be spectral decomposition of o, hence YA > 0 and D, A = 1. Then we obtain the following list of results:

> wr(lxxy) {22yl (0 ® 00 ® 00))| = | Y (2l o %) (2] Op |x) (y] Op Iy} | = [tr(Op)ir(0 O )| = 0; (E13)

x.y.z€Z} x.y.z2€Z}

Y u(lxxy) (@32l (6 ® 00 ® 00)| = | D (&0 |x) ¢l O Ix) (z] O ly) | = |tr(a (O )| < [ (05|

x,y.zeZy x,y.zeZy
< tr((0g)%) = (05); (E14)
Y wxxy) 42zl (0 ® 00 ® 0p))| = | D (lo %) &l O %) (2] g Iy) | = ltr(c05 0)l < 104 Oplloc; (E15)
x.y.z€Z} x.y.z€2}
> rllyxx) @2yl (0 @ 00 ® 0p))| = | D &l ly) (2] Op lx) (¥ Og Ix)| = [tr(@ 0603 )| < 1000¢ lloe;  (E16)
x.y.2€Z5 x.y.2€Z}

> trllyxx) @zl (0 @ 00 ® 0p))| = | D lo lx) (¥ O ) (z] O ly)| = tr(0(05)*) < (05|

x.y,2€2Z} x.,y.2€Z}
< tr((0g)?) = w(05); (E17)
Y trllyxx) 42zl (0 ® 00 ® Op))| = | Y (loly) (zl O Ix) (z] O Ix) | = |tr(Qe 0 ); (E18)
x.y,z€Z5 x.y,z€Z5
D t(lxyx) 22yl (0 ® 00 @ Op))| = | D (zlo |x) 2] Oo ly) (¥l 0o Ix)| < tr(05); (E19)
x.y.zeZ} x.y.zeZ}
Y r(xyx) @zl (0 ® O @ 0o))| = | Y (&l |x) (| Ooly) (2] Op Ix) | < (tr(0g))* = 0; (E20)
x.y.zeZ5 x.y.zeZ5
> trxyx) 2zl (0 ® 00 ® 0p))| = | D (lo x) &l 0o ly) (2l O x)| < 1000 oo (E21)
x.,y,2€Z} x.,y,2€Z5

> trlxxy) (xyx| (0 ® 0g ® 0))| = | Y (x| |x) (] O Ix) (x| Op ly)| < Y (¥ Op Ix) (x| Og ly) =tr(05)  (E22)

x.yeZ} x.yeZ} x.yeZ}

3 tr(lexy) (oyxl (0 ® 00 ® 00))| = | Y (x| o [x) ¢7] O lx) (x| O ly)| < D (3] o lx) {x] Og ly) = tr(03):  (E23)

x.yezZh x.yeZ; x,yeZ;

> tr(lxxy) (xxyl (0 ® Og ® 0)| = | Y (xl o |x) (x| O Ix) (7] Op y)| < D I{x| o |x) (x| Op |x) tr(O)

x.yeZ} x.yezZj xeZj

|tr(0o)I100lloc = 05 (E24)
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D tr(xxy) (x| (0 ® 0o ® Op)

x,yeZ;

Y trllyxx) oyl (0 ® 00 ® o))

3" 1o ) 4100 ly) ] 0o Ix)

x.yeZy

<tr(0f) [ see Eq.(E34) below];  (E25)

> Ololy) 0l 0olx) (x10g y)| < DY (o ly) |1 0005 )] < 1000 oo

x.yeZs x.yeZj yezZ;
(E26)
D twr(lxyx) Gyyl (0 ® 00 ® 0p))| = | D (lo ) (¢l 0o ly) (vl O x)| < tr(0F) [ Eq. (E34)]; (E27)
x.yeZs x,yeZ;
> trllyxx) (xxyl (0 ® Og ® 0))| = | Y (|0 ly) (x| O |x) (y| O x)| < r(0F) [-Eq.(E34)];  (E28)
x.yez} x.yeZ}
> trllyxx) pxx] (0 ® Og ® 00)| = | Y (loly) (x] O lx) (x| Og lx)| < D (x| 0o l2) (2] O Ix) < r(0F);  (E29)
x.yeZj x.yeZ; x,2€7}
> tr(lyxx) (xyx| (0 ® 0g ® O0))| = | Y (x| ly) (9| Oo %) (x| O |x)| < r(0F) [ Eq.(E34)l;  (E30)
x.yezZ} x,yezZ;
D tr(lxyx) (xxy| (0 ® 0p ® 0p))| = | Y (x|o |x) (x| Og ly) (y] 0o )| < tr(0F); (E31)
x.yeZs x.yezZ;
D tr(lxyx) (xyx| (0 ® 0p ® 00))| = | Y (x| |x) (y] Op ly) (x| Og Ix)| < (tr(0p))* = 0; (E32)
x.yEZQ_’ x,yeZ'Z‘
> tr(lxyx) (yxx| (0 ® 00 @ 0p))| = | Y (vl o |x) (x| O ly) (x| O |x)| < r(0F) [ Eq.(E34)].  (E33)
x.yeZ; x.yeZj
tr(lxxy) (yyl (0 ® O ® 0p))| = o x) (¥ O lx) (¥ 0o y)| < D |(¥l 0 Og y) (¥ Oo )|
x,yeZ; x.yeZj yezZ;
< D2 |1e0f 1”100 l2) 2l 0o l2)
yeZ; 2€Z)
2
< | Do Doro o | Y @l Oolk) (k| Og L)
yezh | z,keZ}
< Y (31 0F )1y *tr(03) (hy = argmax, (| (11 OF ly) (12) 1)
YeZ;
< Y2100 1) 6104 13) r(03)
yezy
< \/Z (11 Of 1y;) (2] Og 13) tr(0F) (v;, = argmax, ez, { (A Of ) 1)
A
< DS iof 1) @log IA)tr(Oé)z\/Z (1 (00)’ 1) r(02)
A zeZ) A
= /tr((0])*)y/r(03) = r(0}). (E34)
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Throughout the above equations, we used the fact that
tr(0p) = 0. Also, Egs. (E15), (E16), (E18), (E21), and (E26)
do not contribute to C&V) and are thus of no consequence
to the ESPOVM analysis, for which we can assume O is real
and OJ = 0y. So, we can easily note that these can also be up-
per bounded by tr(O(Z)). Note that values of other cases can be
calculated from the above-known cases, by reparametrizing or
transpose-conjugating both sides, for example. After realizing
that other cases are 0 or upper bounded by tr(0(2)), based on
simple trigonometric inequalities, the remaining equations of
Lemma B1 other than Eq. (B12) may also be proven.

3. Proof of Lemma B2

If the averaged variance Var(r)eq(?fA,pf)p’o over the uni-
formly chosen input and target state is proved to be 1 (1/2,
respectively) for (R)ESPOVM when 2" > 1, by the result of
Refs. [9,42-44], Theorems 2(ii) and 2(iii) will be proved.

Moreover, we recall that the mean squared error (MSE)
is defined by the sample mean value of the squares of the
additive error between estimation and target value. If an es-
timation variance is Var(é), then for a large sampling-copy

number N, the averaged MSE €2 over many experiments of

different input and target state becomes BV (Note
that sampling trial number is N/2, that is why we have the
factor 2). Therefore, the asymptotic lines of Figs. 2(a)-2(c)
are explained.

Now, let us assume that 2" > 1. We take the RESPOVM
first. Recall Eq. (A14):

2.

gty es,

22 re re re e
req’ <¢ ! |¢ ‘l>< q}0|¢ q)

1
= )_ &lp ) (x| Olx) + 5tr(0) + u(Op).

xeZ}

(E35)
Then we obtain that

1
[E(é';eq)2 =|tr(po) + ztr(a) - Z (x|p|x) (x|o|x)

n
xeZy

1
=3 +tr((c ®@o)(p ® p)) +tr(op)

+ ) w(p®0®)(|xy) (x(®))

x.yezZ}

—2u(0p) Y u((p ® o)(fxx) (xx])).

n
xeZy

(E36)

Now, we use the following famous results:
Lemma E1 [17]. For a general N-qubit pure state p =
|p) (@], the following identity holds:

/(d¢)|¢) (0l =5,

/ (d$)|6) (¢ =

(E37)

(I +71), (E38)

202" + 1)

where / is identity operator and 7 is the swap operator between
two tensor product parties. The volume measure (d¢) refers

to the uniform distribution (Haar measure) of all single-qubit
pure states.

From this, when we averaged over all pure input states p,
all terms except + are at most the order of - for all o. Hence,

when 2" > 1:
————po
E(65)" =~ 4. (E39)
Next,
E((65))
req | ®3

= 22 (B op(se) [0x) (@] 0 @ 0®?)  (E40)

~req)2 ?

- E((65)")
_ 22n 2tr([E‘¢req N'D(Sre‘?) |¢req) (¢1r:«q|®20®2)
(.- LemmaE1). (E41)

Now, since o is pure and real, let us rewrite o = |¢) (¢,
where |¢) =Y,z cili) and ¢ € R. Then [¢)(¢|®* =
ik, rezs Cicjckcr [if) (kl|. Since ¢ lies on hypersphere s>
we obtain that from Lemma 1,

~req)2 .o
E((65%)7)
1
= d¥'Q i ij) (ki
24 Jo i%;lc,cjckq i) (k|
X Z(Ixy><xy| + [xy) x| + [xx) y| — 2 |xx) (xx])

x.yezZ}
Z/ d*7'Q(3cic} — 2c}),
§2"-1

where A is the surface area of S?'~!. Note that the sphere is
invariant under permutation, hence

(e — 1 n 221
((pA ) ) - 4A G Sl

21y 2.2
d chcz}.

(E42)

+3.2"2" - 1)
§21-1

(E43)

We will separately calculate the first and second terms of the
right-hand side. By noting that ¢; = cos(¢,),

i
d” " Qc
§2"—1

= ?gdfbl degy - depy_1 cos*(¢))
() -+ sin(@ai_2)
G102, ¢ <, 0 < Py < 2m)
_ / i do 91 cost (@) sin” (g1)
5o Jo dey sin® 2 (¢y)
Afoz d¢1 cos* () sin” 2(<1J1)
JiF depy sin® ~2(¢y)

x sin® ~2(¢p) sin® ~

(where 0 <

(E44)
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We now use the formula

z T m! . .
z 7(m) if mis even
f sIn($)dP =\ prmiyp (E45)
0 ——Z—  ifmisodd,
i 1 _ I'ipri@) _
and the beta function ZB(P» q) = 2T (p+q)

fo% sin??~!(¢) cos??~!(¢) d¢, where I'(p) is gamma function.
Then we obtain that with Stirling’s formula,

5 An—1 1

21t = éB(E’ 2" -3

- L i
K@r-n(@—1-1y1)?

AM %2 (21— 3)@2-1=1)
7 2) @15 1)t m_2
on=1_3 n—
. (2n—l _ %) 2(2n—1 _ 1)2 -1
(211 _ 2)2”—2
N A«/27reF 5
I 1 2

_ 1)2”’]71

n-1 _ 3\2"7'=3 on-i
v -3 2
N2 @ 2)( ( (E46)

2)2” -2

Note that

5 3
log,(C) ~ (2" - ?” - 1) + (2"—‘ - 5)(;1 —1)

+" ' D=1 = Q" =2m
3
=-3n+ > (E47)
giving us
1 . V2 5
—/ APl Y p(2) (B4
A 521 T 2
Let us go to the second term:
/ dZH_IQc%cg
§2"—1
= ;ﬁ deydes - - - di_y cos® (1) cos® ()
x sin®(¢;) sin® "% (1) sin® 7 (¢h2) - - - sin(ghan_2)
(where 0 < @1, ..., oz <7, 0 < oy < 2m).
(E49)
This leads to

/ i do o8 (@) sin® 2 (¢1)d
Jo sin” 2 (¢1)d ¢y
fo cos?(¢y) sin? "1 (¢)d ¢,
J sin” 2 (¢2)d ¢y

A B(3.2'-5)B(5.2"")

" (22”*2((%;;21)—!1»)2 ) (2274((52_731)_. 20 )

_2Ar) e =) - e -1y
- — ) hiT+ )t

b/ (2r

24 (3)2 2n=1y2
= 2 (n — 2)2n71(2n71 + %)(2;171 _ %)

o [ o) 7]

Therefore, substituting Eqgs. (E46), (E47), (E39), and (E49)
into Eq. (E43) leads to

vaor = E(6)) -

Next, let us direct our attention to ESPOVM. As we proceed
in a similar manner, we may skip most of the steps but note
that

(E50)

E(5™ 277 1
(65 =72

L (51

2n
> 0202 63 03 00

‘¢mq ESLq
=) &lplx) (K| Ox) + r(0) +tr(0p)  (E52)
xeZ}
and
[E((aGQ)Z)p’" _1 / 4”712 cicjeney lij) (K|
A A ces2”—l o e
i,j.k,l
x Y (xy) eyl + |xy) (x| — xx) (ex])
x,yeZ}
== Z/ d*7'Q(2cic; — ¢f). (E53)
es¥'-1

By the same method with RESPOVM, we can find
that [E((&jqpy)p’ ~2 and [(6§q)2p’ ~ 1.
in Var(Oy)  =E((6 q)2) —[E(éjq)f”’
both ESPOVM and RESPOVM,

E(6"")) = > (xl o x) (x| o )

X

=Y w((p ® 0 ® 0) xxx) (xxx|)

These result

=~ 1. Lastly, for

(E54)

— E((")2) =5 Z((xw ))? ~ 0. (E55)

Hence, even if we average over real pure states o, the result
will be nearly 0. Lastly, let us consider randomized-Clifford
tomography. Then, we can refer to Eq. (S43) of Ref. [9],
stating that the estimation variance is equal to the shadow
norm without maximizing over p and it is

Var(6*) =21 [tr(p)tr((o - 21>2>
el ) )Ll -]
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After we average over pure p, by Lemma El, the second and
last terms are ignored and

Var(65)7 ~ tr(02 — 22—0 + 4i) ~ 1,
which settles the proof for Lemma B2(i). Note that RE-
SPOVM gives half the average variance than even randomized
Clifford. Since we need two input states for a single sampling
trial, the number of states is not improved but we can reduce
the total gate count for the whole estimation process. This is
because in RESPOVM, half of the input-state copies are used
for direct Z-basis measurement.

The proof of Lemma B2(ii) is much simpler. We start with

(E57)

NN . ®2

E((63")) =2"tr(Ega~pisy) [ox) o3| o). (ES8)
By averaging over Haar-random pure state o, by Lemma
El and using the fact that tr((p ® o)t) =tr(po), we
conclude that E((65)%) " =2. Also, E@GL)? " ~1,
in exactly the same way as with Eq. (E52). Hence
Var(63) " = E(6002) " = E(69)2"" ~ 1. Furthermore,
31m11ar to Eq. (E57), the average variance of random Clifford
tomography is also 1. The proof is thus completed.

APPENDIX F: INFORMATIONAL COMPLETENESS
OF ESPOVM + COMPUTATIONAL BASIS

In this Appendix, we prove that the
ESPOVM + computational basis is IC, so this POVM can
fully extract all density-matrix information of any given input
state. Explicitly, the condition for informational completeness
of the POVM (I1,} ;c;, where J is an index set and IT; > 0 for
all j € J, necessitates that any quantum state be expressible
as a linear combination of the elements IT;.

We now prove the following lemmas:

Lemma F1. For a d-dimensional Hilbert space, a POVM,
comprising a set of M > d* positive-operator elements I1;
that sum to the identity, is IC if the matrix

V= (1)) [My)) --- M) (F1)

has rank d?, and only then. Here [IT;)) is a basis-dependent
superket (vectorization) of IT;.

Proof. V has rank d?> = dim(C¢ ® C?) if and only if it
spans a set of vectorized quantum states. By reversing the
vectorization (which is an injective map), we note that all
quantum state can be expressed as a linear combination of
{I1;}. |

Lemma F2. A POVM ({I1,} is IC if the frame operator [45]

F= Z tr(H) (F2)

is invertible, and only then.
Proof. Suppose we have the IC POVM. Clearly from
Lemma F1, rank{V} = d2. Note that F = VII~'V', where

tr(IT,) 0 0
0 I 0
= : tr(: ? .. : : (F3)
0 0 tr(ITy)

Also, if x € Ker(V), it is easy to see that x € Ker(F)
or x' Fx=x"VII7'Vx=0— |Vx||?=0 [the inner
product is defined by the Euclidean product with the weights
L/tr(I1;) > 0 (j € [M])]. Hence, Vx =0 — x € Ker(V).
So, rank(F) =M — dim(Ker(F)) =M — dim(Ker(V)) =
rank(V). Since rank(V) = d2, rank(F) = d>. As F is also a
d? x d?* matrix, F~! exists.

Conversely, suppose that 7! exists. Then rank{F} = d°
Since rank{F} < rank{V}
< d? we conclude that rank{V} =d?. By Lemma FI,
{Hj}jej is IC. |

Setting d = 2" therefore yields the desirable result.

Proposition FI. The collection of ESPOVM and compu-
tational basis forms an IC measurement. However, ESPOVM
itself is not an IC POVM.

Proof. First, we calculate the frame operator of the ES-
POVM:

fes: Z

[y eSy!

=2"(Egsn~pis) [04) (04 e (F4)

where T, means partial transpose for the second part. From
Lemma 1, we note that

eq| [} (63D (X' (i’ D"

1

Fos = o7l R Z lxx) (yy| — Z lxx) (xx|
x,yeZ} xeZ;
1
=512 X ol ()
xeZs y#xeZ)

One can show thé.lt the operator W = erzg > #ezg.|xx) le
has at least one eigenvalue equal to —1 by inspecting its action
on |zz) for any z € Z5:

Z lxx) = Z lxx) — |zz) . (F6)

x#z€Z} xeZ}

It follows that any ket (|z1,z1) — |22, 12))/ﬁ with z1,2, €
73 is an eigenket in the —1 eigenvalue subspace. As a
side note, it is easy to check that the superposition |¢) =
ez 2. 2) 27"/2 is an eigenket that gives a positive eigen-

value of 2" — 1:
WY 222 = ) Y 27
z#xeZ;

z€Z} xeZ}
=Y )2 -1, (F)
xeZ}

Wlzz) =

We may then conclude that Fs has at least one null eigen-
value. Based on Lemma F2, it follows that the ESPOVM is
non-IC.

Upon recognizing that erz'; |xx) (xx| is the frame opera-
tor Feomp for the computational basis, the total frame operator
may be written as

]::]:es'i‘]:comp

1
=5+|¢)(¢|+(1—

%) Z lxx) (xx] > 0. (F8)

xeZj
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Therefore, F has full rank (with all eigenvalues positive) and is invertible. By Lemma F2, the ESPOVM + computational basis

is IC POVM.

APPENDIX G: LINEAR NEAREST-NEIGHBORING (LNN) ARCHITECTURE OF CZ CIRCUITS [36]

In this Appendix, we explain how to transform the arbitrary CZ circuit to the 2n + 2-depth LNN form, which has only
neighboring CNOT gates. We encourage readers who are interested in Clifford circuit synthesis to read Ref. [36], from which
some techniques were borrowed. This section briefly discusses some relevant background content in Ref. [36].

The actual circuit we transform is the so-called CZ circuit. This is defined by a CZ circuit followed by qubit-reversal layers,

REV : |X1,)C2,...,X”) = |xnaxn—la cees

x1). However, the CZ section is equal to CZ-REV-REV and the last REV can be ignored

by reversing the measurement outcome if we only do the nonadaptive measurement. Hence, if CZ can be transformed to a

(2n + 2)-depth LNN architecture, the proof is complete.

Now consider some arbitrary CZ circuit. We will prove this only when 7 is odd, since that for even n follows similarly.

Suppose we take |x, x7, . .

C, = CNOT-,2CNOT3_,4 . ..CNOT,_»—,,—1CNOT3_,,CNOTs_,4 . . .CNOT,_, 1,

C, = CNOT,,;CNOT4_,3...CNOT,_;_,,2CNOT,_,3CNOT4_,5 ... CNOT,,_| .,

and C = C,C;. Now, let n = 2m + 1. If we operate C on the
input ¢ < m times, the output state becomes

Ct |'xlax27 "'7'xn>

= ® [[Pj(n—3—=2(t—1)+1i), Pkt — 1)+ D],
i=1

(G3)

where [/, k]1(j # k) =x; @ xj31 B -+ - ® x¢ (@ is the mod 2
summation), [j, j] = x;, and the patterns:

Piji=n—1,n—3,n—3,...,4,4,2,2,1, 1,

3,3,...n—2,n—2), (G4)
Pk=(@3,3,5,5,...,.n,n,n—1,n—1,n—3,
n—3,...,6,6,4,4,2). (G5)

Note that both are of length 2n — 3. Also, P(j or k)(a)
where a € [2n — 3] means the ath element of such patterns.
We note that given r+ <m and i € [n], there is no case
when [Pj(n —3 —2(t — 1)+ i), Pk(2(t — 1) +i)] is equal
with [Pj(n — 3 —2(' — 1)+ i), Pkt — 1) +{')] for the
other ¢/ <m and i € [n]. This is schematically seen in
Ref. [36]. Also, the number of tuples obtained during ¢t =
0,1,....,mis (m+ Dn =" = () + n. These mean that
after we recorded all elements of output ket at each step we
operate S, for m times, we can see all [, k] (j, k € [n]). Note
that [j, j] can be seen at the starting point (t = 0).

., X,) as the input and define the two unitaries

(GD

(G2)

(

Now we show that C™*! is a qubit-reversal operation.
After the mth operation, we operate C once more and
calculate the pth qubit output of the output state for an
even p. By the neighboring property, we just need to sum
the {p — 1, p, p+ 1}th inputs, resulting in [n — (2|_"qu +
D= QU = D@ [n— QL5+ D,n— QU5 +
DI®m—QLE ]+ 1) n— QL+ Dl=n—p+1,
which is a reversal of p. We can also note that the result for
an odd p is also a reversal. Similarly, we conclude that $"+!
is a qubit reversal.

Next, we recall Eq. (C2), that is, y; =x ®x, D --- D
x; in the main text. In this context, y; =[1,i] and y; ®
v = [j + 1, k]. Hence, one can achieve i/ and "0y
(uj, ujr € Z4) by inserting phase gates in each section of
the C-operated output or at the starting point. Also, the
depth of the LNN architecture is 4(m + 1) = 2n + 2. The
1-to-1 mapping (¢, i) <> [Pj(n —3 — 2(t — 1) + i), Pk(2(t —
1) + i)] must be recorded in O(n*) memory before the circuit
sampling, so we do not need to be bothered with the time
to find the right location for phase-gate insertion. A similar
consideration applies when n is even but with slightly different
C1, C,, and patterns [36]. In conclusion, we can realize the CZ
operation with only nearest-neighboring CNOT and phase gates
of depth 2n + 2. Lastly, we note that Y-basis measurements
can be carried out with X-basis measurements after phase
gates. If these phase operations are performed before the CZ
action to transform the CZ circuit into an LNN architecture,
the double-layered rightmost CNOT gates can simply be re-
garded as classical postprocessing of the X-basis outcome
of the equatorial stabilizer measurement. Therefore, only 2n-
depth circuits are needed.
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