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Three-dimensional and selective displacement sensing of a levitated nanoparticle
via spatial mode decomposition
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We propose and experimentally demonstrate a detection method that significantly improves the precision of
real-time measurement of the three-dimensional (3D) displacement of a levitated dipolar scatterer. Our technique
relies on spatial mode sorting of the light scattered by the levitated object, allowing us to selectively extract the
position information of all translational degrees of freedom with minimal losses. To this end, we collect all the
light backscattered from a levitated nanoparticle using a parabolic mirror and couple it into a spatial mode sorter.
We measure displacement sensitivities (

√
Simp,x,

√
Simp,y,

√
Simp,z ) = (1.7, 2.4, 1.0) × 10−14 m/

√
Hz below the

zero-point motion (xzpm, yzpm, zzpm ) = (2.2, 2.4, 1.6) × 10−12 m of the levitated particle considered here. In
the regime where environmental decoherence is not limited by gas collision, we estimate that our method can
reach measurement efficiencies of (ηx

tot, η
y
tot, η

z
tot ) = (0.13, 0.18, 0.33) > 1

9 , which would enable the 3D motional
quantum ground state of a levitated optomechanical system.

DOI: 10.1103/9mnc-ddvw

I. INTRODUCTION

Levitated optomechanical systems have recently entered
the quantum regime, with several demonstrations having now
achieved cooling to the center-of-mass (COM) motional quan-
tum ground state [1–4]. Such platforms present an exciting
avenue for designing tests of fundamental physics [5–8] and,
in particular, for matter-wave interferometry experiments with
mesoscopic objects [9] several orders of magnitude larger
than the current state of the art [10,11]. A common prereq-
uisite for most of these proposals is to prepare the levitated
mechanical oscillator in its motional quantum ground state.
To achieve ground-state cooling, research efforts can be sep-
arated into two distinct approaches: passive cooling using
coherent scattering in a cavity [1,12,13] and active cooling
with measurement-based control techniques [2,3]. In par-
ticular, the latter actively controls an object’s mechanical
motion by applying a position- or velocity-dependent feed-
back force. Hence, measurement-based control techniques are
highly dependent on the efficiency with which we can extract
information on the system’s dynamics.

It was recently understood that the COM motion of a
levitated nanoparticle generates coupling between different
spatial modes of the scattered light, such that informa-
tion on the different motional degrees of freedom (DOFs)
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is encoded in specific spatial radiation patterns, so-called
information radiation patterns (IRPs) [14,15]. Because of
this, it is difficult to construct a free-space detection system
that can efficiently measure each motional DOF of a levi-
tated nanoparticle simultaneously. Structured-light detection
techniques have recently been used to improve the mea-
surement efficiency of the transverse motion (perpendicular
to the laser propagation axis) in optical tweezers systems
[16,17]. Fiber-based confocal detection coupled with conven-
tional interferometric techniques has only been able to reach
quantum-enabling measurement efficiencies for the longitu-
dinal motion (parallel to the propagation axis of the optical
tweezer) by employing an appropriately shaped local os-
cillator (LO) [2–4]. Here, we generalize and extend these
techniques, noting that due to the anisotropic coupling be-
tween the mechanical DOFs and the scattered light, the task of
reading out the nanoparticle’s motion becomes akin to spatial
mode sorting. This suggests that the toolbox of space-division
demultiplexing (SPADE) presents an interesting avenue for
performing quantum-limited imaging of an oscillator’s me-
chanical modes.

We present an approach to displacement sensing that
relies on decomposing the light scattered from a levi-
tated nanoparticle in the appropriate basis of spatial modes.
As a convenient demonstration of our method, we choose
the linearly polarized (LP) mode basis of a commercially
available spatial mode sorter [18], encoding information
on each translational DOF in the amplitude modulations
of a unique channel. The experimental setup relies on
simple, telecommunication grade, and commercially avail-
able components, providing a path toward a compact and
fully integrated levitated optomechanical platform. We per-
form parametric feedback cooling [19] to temperatures
of (Tx, Ty, Tz ) = (74.9, 260.3, 88.8) ± (3.1, 4.5, 4.7) mK at
a pressure of 2.8 × 10−5 mbar and measure displacement
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FIG. 1. The operating principle of our displacement sensing technique using a spatial mode sorter. In the focal plane of the collection lens,
labeled [1], the scattered field and reference field are coupled into the few-mode optical fiber input of the device. In the panel [1] on the right,
we show the dominant components of the inelastically scattered field E (q)(x, y). Each component carries information on the nanoparticle’s
motion along the êq axis and couples predominantly to a single LP mode. In the output plane, labeled [2], information on each translational
degree of freedom q(t ) is stored in a unique channel of the sorter (see panel [2] for the plots of the electric fields of the three fiber modes).
We find that the inelastically scattered field components, E (q)(x, y), selectively couple to specific LP modes. Note that the LP11a/b modes are
effectively decoupled from the elastically scattered and reference fields, E0(x, y) and Eref (x, y), respectively.

sensitivities (
√

Simp,x,
√

Simp,y,
√

Simp,z )=(17.5, 23.8, 10.0) ±
(0.9, 1.3, 0.5) fm/

√
Hz. We show that this technique allows

us to reach the measurement efficiencies necessary for real-
izing the three-dimensional (3D) motional quantum ground
state of a levitated nanoparticle.

II. SORTING THE SCATTERED LIGHT

We consider the case of a subwavelength nanoparticle,
which is well approximated as an isotropic dipolar scatterer,
confined to the focus of a linearly (x) polarized trapping
beam. To minimize polarization mixing of the electric field
at the focus while maintaining high collection efficiency of
the parabolic mirror, we adjust the collimated beam diameter
to a filling factor of ≈1. We model the geometry shown in
Fig. 1, where the trapping beam is focused by a high numerical
aperture (NA) parabolic mirror. This implementation presents
a key advantage over traditional setups, in that it collects all of
the backscattered light, which is collimated and subsequently
coupled into a few-mode optical fiber in the focal plane
of the collimation/collection lens [20]. At the output of the
single-mode fibers, we measure the recovered light intensity
to extract information on the nanoparticle’s real-time position.

In the limit of small displacements, we can write the scat-
tered field in the focal plane of the collection lens as a sum of
elastically and inelastically scattered light (see Appendix A).
In particular, we find that only the inelastically scattered light
is modulated by the nanoparticle’s real-time position and thus
is the only one to contribute meaningfully to the measure-
ment result. To first order, we approximate the total scattered
field as

Escat (x, y; q(t )) =
elastic︷ ︸︸ ︷

E0(x, y) +
∑

q=x,y,z

q(t )

λ0

inelastic︷ ︸︸ ︷
E (q)(x, y), (1)

where λ0 refers to the trapping beam free-space wavelength
and q(t ) refers to the nanoparticle’s position along the êq axis.

In addition to these terms, we must also consider the unscat-
tered and diverging part of the trapping beam, Eref (x, y). In
the focal plane of the collection lens, this field is well approx-
imated by a plane wave and is typically tuned using an iris in
front of the mirror such that |Eref (x, y)| � |Escat (x, y ; q(t ))|.

In Fig. 1, we compare the dominant polarization com-
ponent of the inelastically scattered field E (q)(x, y) to the
lowest-order LP modes. We find that displacements paral-
lel to the trapping axis (êz) produce an electric field profile
reminiscent of the LP01 mode supported in optical fibers.
Conversely, the fields produced for displacements along êx

and êy are reminiscent of the LP11a and LP11b modes, respec-
tively. Inspired by this observation, we choose to decompose
the scattered field in the LP mode basis. This is achieved
by coupling the light scattered from the nanoparticle into a
commercially available space-division demultiplexing pho-
tonic chip [18], which functions as a spatial mode sorter.
As depicted schematically in Fig. 1, this allows us to read
out each translational DOF from amplitude modulations of a
unique LP mode. Before quantifying this effect, however, let
us first consider the experimental setup used to implement this
selective measurement protocol.

III. EXPERIMENTAL SETUP

We optically levitate a spherical SiO2 nanoparticle of
≈130 nm radius (mass ≈19 fg), using a simple experimental
setup [illustrated in Fig. 2(a)]. The trapping beam is tuned
to a wavelength of λ0 = 1550 nm with a power of 160 mW.
Upon loading the optical trap, the system is decompressed in
a two-stage pumping process to a vacuum.

In the focal plane of the collimation/collection lens,
the scattered field is coupled into the spatial mode sorter
[18]. The input is a few-mode, graded-index optical fiber
with a core diameter of approximately 8 µm, support-
ing the LP01, LP11a, and LP11b modes. Once excited,
the electric field associated with each of these modes is
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FIG. 2. (a) Experimental setup. The output of a λ = 1550 nm laser is controlled by an acousto-optic modulator (AOM) and coupled into
the LP01 channel of a space-division demultiplexing photonic chip, producing optical tweezing at the focus of a high numerical aperture
parabolic mirror. The backscattered light from the levitated nanoparticle is then coupled back into the photonic chip. (b) Example of calibrated
photodiode signals at the LP01, LP11a, and LP11b output channels of the spatial mode sorter at a pressure of 1.8 × 10−3 mbar.

transferred to a unique single-mode output fiber using a
tapered mode-selective coupler [21,22]. Each output chan-
nel is then sent to a photodiode (Thorlabs PDB450C), with
a typical set of detected signals shown in Fig. 2(b). For
an x-polarized trapping beam, we observe oscillation fre-
quencies (�z,�x,�y) / 2π ≈ (91, 111, 207) kHz for each
translational DOF. We attribute the other spectral features (at
various linear combinations of �x, �y, and �z) to nonlinear
mode coupling between the different DOFs because of the trap
anharmonicity. These features disappear when we cool the
nanoparticle’s motion (see Fig. 4), which is further evidence
of the thermally driven nonlinearities [23]. For parametric
feedback cooling, the signal of each photodiode is sent to
an FPGA board (Red Pitaya), which functions as a digital
phase-locked loop [24], with the recovered signal filtered and
phase shifted to generate a feedback signal at twice the natural
oscillation frequency 2�q. These feedback signals are used to
modulate the power of the trapping beam via an AOM.

IV. RESULTS

In Fig. 3, we plot the power spectral densities (PSDs) of
the signals measured at each output channel of the spatial
mode sorter. We find that each output channel contains in-
formation on primarily a single translational DOF, equivalent
to the nanoparticle’s motion along a particular spatial axis.
This information is encoded in the PSDs labeled Sqq(�) for
q = x, y, and z. We observe signal-to-noise ratio ≈80 dB
(or above) for all three DOFs, already hinting at the high
measurement efficiency of our system. In each channel, we
observe extinction ratios ranging from 10 dB (for the LP11b
channel) to 20 dB (for the LP01 channel), when comparing
the dominant spectral feature with the second highest peak.
In Figs. 3 and 4, we also show the noise floor measured
in the absence of a trapped nanoparticle. Importantly, these
extinction ratios match the technical specification supplied for
the spatial mode sorter for the LP11a and LP11b channels, sug-
gesting that we may be limited by the performance capabilities
of the device. Slight misalignment between the axis of the

demultiplexer (i.e., the orientation axis for the LP11 modes)
and the main axis of the dipolar scatterer can also degrade the
demultiplexing performance.

To quantify and better understand the extent and limitations
of this spatial mode sorting technique, we have numerically
modeled the coupling efficiency of the scattered fields to each
LP mode, defined as the spatial mode overlap integral [25,26]:

η�,m
q =

∣∣ ∫∫ [E (q)(x, y)]∗ · LP�,m(x, y)dxdy
∣∣2∫∫ |E (q)(x, y)|2dxdy

∫∫ |LP�,m(x, y)|2dxdy
, (2)

where LP�,m(x, y) refers to the electric field of the LP�,m

mode, and integration is performed over the end face of the
input optical fiber. This procedure, including the corrections
made to account for the geometry of our setup, can be found
in Appendix B. Finally, we can write down analogous ex-
pressions for the coupling of the elastically scattered E0(x, y)
and the reference Eref (x, y) fields also. Interestingly, we find
that both fields are effectively decoupled from the LP11a,b

channels with coupling efficiencies <10−6. The coefficients
calculated for the particular experimental setup used here are
reported in Fig. 1, with a detailed discussion on how we ex-
pect these quantities to relate to the measured PSDs found in
Appendix D.

The predictions made in Fig. 1 qualitatively match our
experimental results, with the LP11a (LP11b) mode coupling
predominantly to the inelastically scattered field generated by
displacements along êx (êy), and the LP01 mode containing
only weak contributions from both the transverse DOFs. The
elastically scattered and reference fields are only weakly cou-
pled to the LP11a,b modes, due to their spatial asymmetry.
This would be disadvantageous in interferometric detection
schemes, which rely on the reference field (that acts as a
local oscillator) to extract information from the phase of the
scattered light. Here, however, the information on the position
of the nanoparticle for the transverse mode is encoded in the
amplitude of the electric field coupled to the LP11a,b channels.
As shown in Appendix C, we find that this leads to a much
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FIG. 3. Calibrated PSDs at the LP01, LP11a, and LP11b output channels of the spatial mode sorter. Note that each channel has contributions
from primarily a translational degree of freedom, as predicted from the profile of E (q)(x, y). PSDs are measured at a pressure of 11.3 mbar
(peach) and 1.8 × 10−3 mbar (ruby). The shot noise floor, measured when the trap is empty, is also shown (gray).

simpler form for the measurement imprecision:

S�,m
imp,q = h̄kc

8π

√
μ0

ε0

1

|αq|2
λ2

0

η�,m
q

, (3)

where αq is the complex amplitude of the inelastically scat-
tered electric field components. Importantly, this result is
independent of the overlap of the scattered and reference
fields. This alleviates many of the technical challenges as-
sociated with conventional interferometric detection, namely,
the need to engineer a local oscillator that interferes opti-
mally with the scattered light, and suggests that this technique
enables greatly improved measurement efficiencies of the
transverse DOFs. As an illustrative example, we note that the
consequences of this weak coupling to the elastically scattered
and LO fields can be observed clearly in Fig. 4, where the
noise floor of the PSDs in these channels closely matches the
imprecision noise floor (empty trap). We emphasize here that
the imprecision noise is still slightly above the detector noise.
Finally, it is worth acknowledging that while the measurement
efficiency of the nanoparticle’s longitudinal motion does not
gain any advantage from this technique, it is comparable to
previous demonstrations of ground-state cooling.

V. DISCUSSION

We perform parametric feedback cooling to reduce the
temperature of the COM motion of a levitated nanoparticle
in Fig. 4 and, in particular, to reduce the thermomechan-
ical noise. The temperature Tq achieved along the êq axis

is determined by fitting the PSD measured at the appropri-
ate output channel of the photonic chip (see Appendix F).
Using this setup, we cool the motion of the nanoparticle
from thermal equilibrium (300 K) to a minimum temperature
of (Tz, Tx, Ty) = (88.8, 74.9, 260.3) ± (3.1, 4.5, 4.7) mK, re-
spectively, at a pressure of 2.8 × 10−5 mbar. Most impor-
tantly and particularly for the LP11a,b channels, we find that
we are limited by the shot noise of our experimental real-
ization with signal-to-noise ratio that is still above 30 dB. In
channel LP01, we attribute the elevated noise floor of the PSD
to the uncontrolled phase mismatch between the reference
field (LO) and scattered field. This can be solved by using
a phase-controlled external reference field as in conventional
homodyne detection. Further, our current experimental imple-
mentation is limited by the intensity noise of the laser, and by
employing a balanced detection, we should be able to reduce
the imprecision noise floor even further [27].

We opted to calculate the measurement efficiencies of
this setup for each translational DOF. To understand why
this quantity is of interest, note that optical measurements
necessarily disturb the system’s natural evolution due to
backaction. However, efficient measurements maximize the
information gained per disturbance, and so can generate real-
time feedback that not only controls the system’s mechanical
motion but also cancels the effects of said backaction. If we
assume that there are no environmental losses (interaction
with gas molecules), we can calculate the measurement ef-
ficiencies of our realization from the measured noise floor
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FIG. 4. Measured PSDs without cooling at 1.8 × 10−3 mbar (coral) and with parametric feedback cooling (blue) at a pressure of 2.8 ×
10−5 mbar showing (Tz, Tx , Ty ) = (88.8, 74.9, 260.3) ± (3.1, 4.5, 4.7) mK. The shot noise floor, measured when the trap is empty, is shown
(gray) as well as the detector noise (purple).

shown in Figs. 3 and 4 (see Appendix F) and we find
(ηx

tot, η
y
tot, η

z
tot )exp = (0.10, 0.06, 0.31). We outline an esti-

mation of the various losses of our system in Table I
in Appendix E, and we estimate the total measurement
efficiencies for the translational DOFs, (ηx

tot, η
y
tot, η

z
tot )th =

(0.13, 0.18, 0.33) > 1
9 , in good agreement with our exper-

imentally measured value. We emphasize here that this
estimation is based on our current experimental implementa-
tion, and that small technical improvements such as using high
quantum efficiency balanced photodetectors would enable
even higher measurement efficiencies. Importantly, we report
record measurement efficiencies for the transverse DOFs (q =
x, y), not at the expense of the longitudinal DOF, for which we
achieve a value comparable to previous experimental demon-
strations of one-dimensional ground-state cooling [2,3]. From
these values, we can estimate the minimum achievable phonon
occupancy for the nanoparticle’s COM motion along each
spatial axis [3,28,29] in the limit of low pressures, where
environmental information loss from random collisions with
background gas molecules is negligible (≈1 × 10−8 mbar)
[30]. Under these conditions, with an optimized feed-
back circuit, we expect to reach phonon occupancies of
n̄q

min = (1 /
√

η
q

tot − 1) / 2. For the setup reported here, this is
equivalent to (n̄x

min, n̄y
min, n̄z

min) = (0.89, 0.68, 0.37) phonons.
Hence, we believe that this is the first demonstration of a de-
tection system capable of realizing the 3D motional quantum
ground state of a levitated nanoparticle using measurement-
based control techniques.

VI. CONCLUSION

In summary, we have demonstrated an approach to measur-
ing the center-of-mass motion of a levitated dipolar scatterer,

wherein the scattered field couples into a spatial mode sorter.
By decomposing the inelastically scattered contributions of
this field in the LP mode basis of an optical fiber, we
can isolate contributions from each translational DOF in
the amplitude of orthogonal optical modes. Thanks to this
technique, we report record high, quantum-enabling measure-
ment efficiencies for the translational degrees of freedom,
which suggests that our technique can realize the 3D mo-
tional quantum ground state. Importantly, we believe that
our technique can be extended to higher-order modes in the
LP basis and generalized to other families such as Hermite-
Gaussian modes, orbital angular momentum modes, and
Laguerre-Gaussian modes. This opens an exciting avenue for
tracking the entire six-dimensional (rotational and transla-
tional) motion of levitated objects with improved precision.
Alternatively, one could harness the toolbox of structured
light to match the inelastically scattered field of the levi-
tated object perfectly, for example, by using a spatial light
modulator.

It is worth acknowledging that although the present demon-
stration focuses on the field of levitated optomechanics, the
technique has the potential to be employed with other trapped
microscopic objects such as trapped ions or neutral atoms,
where independently and directly accessing their different
motional states, i.e., bosonic modes, could prove practical
for hybrid qubit-oscillator quantum information processing
[31–33].

Finally, the ability of the spatial mode sorter to isolate
the scattered electric field associated with particular motional
degrees of freedom is an essential step toward the passive,
all-optical coherent feedback control of a levitated particle in
free space. Close to the ground state, coherent feedback has
the potential to improve cooling by avoiding measurement
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and feedback noise [34] and provides an avenue to generate
mechanical squeezing [35].

Note added. The authors have become aware of a related
work where a similar technique was used to achieve quantum-
limited readout of a nanomechanical resonator’s torsional
mode [36].
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APPENDIX A: DECOMPOSITION
OF THE SCATTERED FIELD

In this Appendix, we provide the explicit expressions for
the field scattered from a levitated dipolar scatterer, having
been transformed by the parabolic mirror and collection lens
composing the optical trap. In the Fraunhofer approximation,
the scattered field is analogous to the far field of an electric
dipole, with an appropriate phase shift:

Escat (ω, r; q(t )) ≈ Edip(ω, r)exp

[
−ik

(
r · q(t )

|r|
)]

, (A1)

where

Edip(ω, r) = k2

4πε0

eik|r|

|r| [r × p(ω, r)] × r. (A2)

Here, q(t ) refers to the nanoparticle’s real-time displacement
from the focal point of the parabolic mirror and p(ω, r) refers
to the induced dipole moment, which we assume is aligned
parallel to the polarization axis of the trapping beam. Moving
forward, we drop the frequency dependence of these terms
and choose to focus on the case of a monochromatic trapping
beam. We note that Eq. (A1) does not describe the electric
field observed at the input to the space-division demulti-
plexing photonic chip, however. Instead, the scattered field
is transformed by a series of optical elements, resulting in
modifications to both the spatially varying phase and am-
plitude. In particular, for the optical trap design considered
here, the backscattered component of the field is first colli-
mated by a gold-coated, high numerical aperture parabolic
mirror. We write the effective NA of this device as being of
the form

NA = 1 − cos

⎛
⎝arctan

⎡
⎣ rm

fm − r2
m

4 fm

⎤
⎦
⎞
⎠, (A3)

where fm and rm are the focal length (1 mm) and radius
(2 mm) of the parabolic mirror, respectively [20]. The colli-
mated field then propagates to some collection lens of focal
length fcl (25 mm) and is subsequently focused in the input
plane of the photonic chip. A schematic of this setup is shown
in Fig. 5.

This problem, of imaging the light scattered from a dipolar
source, has been studied extensively in the context of confocal
microscopy [37], where it is typically addressed using angular
spectrum theory. For the setup considered here, we find a time-
independent component of the electric field, in the focal plane
of the collection lens, of the form

Escat (x, y; q(t )) = − ik3 fcl

16π3ε0

∫ θmax
cl

0

∫ 2π

0

[1 + cos(θm )]

2 fm

√
cos(θcl )[(p · e‖

m ) · e‖
cl − (p · e⊥) · e⊥]

× exp[−ik(x sin(θcl )cos(ϕ) + y sin(θcl )sin(ϕ) + (êq · sm )q(t ))]sin(θcl )dθcldϕ, (A4)

where we have introduced the relevant unit vectors,

e⊥ = [−sin(ϕ), cos(ϕ), 0], (A5)

e‖
m = [cos(θm )cos(ϕ), cos(θm )sin(ϕ), sin(θm )], (A6)

e‖
cl = [−cos(θcl )cos(ϕ),−cos(θcl )sin(ϕ),−sin(θcl )], (A7)

sm = [sin(θm )cos(ϕ), sin(θm )sin(ϕ),−cos(θm )]. (A8)

Here, 2 / [1 + cos(θm )] and
√

cos(θcl ) are the apodization fac-
tors of the parabolic mirror and collections lens, respectively.
Defining the magnification factor as M = fcl / fm, we have

θm = 2 arctan

(
Msin(θcl )

2

)
, (A9)

θmax
cl = arctan

(
2rm

fcl

)
, (A10)

where M = 25 and θmax
cl ≈ 0.16 radians for the particular

experimental setup considered here. Taylor expanding the ex-
ponential term in Eq. (A4) to first order about q = 0, we find
that we can write the scattered field as

Escat (x, y; q(t )) = Escat (x, y; q = 0)

+
↔
J scat (x, y; q = 0)q(t )T , (A11)

where we have introduced the Jacobian tensor

↔
J scat (x, y; q = 0) =

⎡
⎢⎣∇T Escat (x, y; q = 0) · êx

∇T Escat (x, y; q = 0) · êy

∇T Escat (x, y; q = 0) · êz

⎤
⎥⎦, (A12)

for

∇T f =
[

∂ f

∂ (q · êx )
,

∂ f

∂ (q · êy)
,

∂ f

∂ (q · êz )

]
. (A13)
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For the simplest case where the nanoparticle oscillates about a
single spatial axis, such that q(t ) = q(t )êq for some principal
axis q = x, y, or z, Eq. (A11) reduces to

Escat (x, y; q(t )) = Escat (x, y; 0) + q(t )
∂Escat (x, y; 0)

∂ (q · êq)

= E0(x, y) + q(t )

λ0
E (q)(x, y), (A14)

where λ0 refers to the free-space wavelength of the trap-
ping beam, and has been introduced to normalize q(t ). Upon
inspection, we find that this is equivalent to decompos-
ing the total field into elastically and inelastically scattered
contributions.

APPENDIX B: CALCULATING
THE COUPLING EFFICIENCIES

To calculate the coupling of each scattered field component
into the space-division demultiplexing photonic chip (spatial
mode sorter), we need to formulate the guided modes. The
input to the chip is an embedded few-mode, graded-index
optical fiber (FMF) designed for operation at λ = 1550 nm,
with a core radius (rfib) of approximately 4 µm. Due to the low
refractive index contrast between the refractive indices of the
core (n1) and cladding (n2), we treat the guided modes as LP
modes, whose electric field distributions are fully described
by the family of complex amplitude functions defined for√

x2 + y2 � rfib:

LP�,m(r) = J�

(
u
√

x2 + y2

rfib

)
cos(�φ) exp[−iβ�,mz], (B1)

and for
√

x2 + y2 � rfib:

LP�,m(r) = J�(u)

K�(w)
K�

(
w
√

x2 + y2

rfib

)
cos(�φ) exp[−iβ�,mz],

(B2)
where we have defined the quantities

u = rfib

√
n2

1k2 − β2
�,m, (B3)

w = rfib

√
β2

�,m − n2
2k2, (B4)

in terms of the propagation constant, β�,m. Here, J�(•) and
K�(•) refer to Bessel functions of the first kind and mod-

ified Bessel functions of the second kind, respectively. In
our particular setup, the spatial profile of each LP mode
is rotated anticlockwise through an angle of approximately
θ = 12o from the laboratory frame of reference. To account
for this, we transform the vector field of each LP mode
according to

LP�,m(r) = R(θ )LP�,m(r′)êx, (B5)

where r′ = RT (θ ) r and we have assumed that we are con-
cerned with only those LP modes polarized along the êx axis.
To perform this calculation, we have made use of the usual
rotation matrix

R(θ ) =
[ cos(θ ) sin(θ ) 0
−sin(θ ) cos(θ ) 0

0 0 1

]
. (B6)

Additionally, to accommodate for the angled end face of the
FMF, the photonic chip is inclined by approximately φ = 5o

to the propagation axis. This introduces a weak longitudinally
polarized component to each LP mode. Hence, repeating the
calculations above for a secondary rotation matrix

R(φ) =
[1 0 0

0 cos(φ) sin(φ)
0 −sin(φ) cos(φ)

]
, (B7)

we may define a set of electric fields

LP�,m(r) = LP�,m(r′′)

[ cos(θ )
−sin(θ )cos(φ)
sin(θ )sin(φ)

]
, (B8)

in terms of the modified coordinates

r′′ =
[ xcos(θ ) − ysin(θ )

cos(φ)[x sin(θ ) + y cos(θ )] − z sin(φ)
sin(φ)[x sin(θ ) + y cos(θ )] + z cos(φ)

]
. (B9)

Importantly, these fields remain mutually orthogonal with re-
spect to the normalized innerproduct∣∣∣∣

∫∫ ∞

−∞
LP∗

�1,m1
(x, y) · LP�2,m2 (x, y)dxdy

∣∣∣∣ = 0, (B10)

for all (�1, m1) �= (�2, m2). To calculate the coupling effi-
ciency of the inelastically scattered field E (q)(x, y) into any

FIG. 5. Geometry of the parabolic mirror being modeled, with key features labeled. A nanoparticle trapped at the diffraction-limited focal
point of the parabolic mirror scatters a portion of the incident light, which is then coupled into the few-mode fiber input of a space-division
demultiplexing photonic chip.
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given LP mode, we calculate the quantity

η�,m
q =

∣∣ ∫∫
FMF[E (q)(x, y)]∗ · LP�,m(x, y)dxdy

∣∣2∫∫
FMF |E (q)(x, y)|2dxdy × ∫∫

FMF |LP�,m(x, y)|2dxdy
,

(B11)

where integration is carried out over the input face of the
few-mode input fiber. Finally, we note that Eq. (B11) is an
approximate expression for the coupling coefficient, derived
under the assumption that the coupled modes are exclusively
transverse and spatially polarization matched [25], and that
reflection from the face of the FMF is negligible. In this
demonstration, both conditions are approximately fulfilled,
owing to the natural transverse characteristics of the LP
modes, and the small contrast between air and fiber mate-
rial (n = 1.4679). Exact analysis of the coupling, employing
numerical modeling of the coupling between the scattered
fields and an optimized set of fiber modes, will be published
elsewhere.

APPENDIX C: DERIVING
THE MEASUREMENT IMPRECISION

We must realistically consider the coupling of the total
scattered field into the spatial mode sorter, not just the inelas-
tically scattered term E (q)(x, y). First, however, let us consider
the form of the total electric field incident on the input plane
of the spatial mode sorter. For the case where the nanoparticle
oscillates only along the êq axis, this field is of the form

E inc(x, y) = Eref (x, y) + E0(x, y) + q(t )

λ0
E (q)(x, y). (C1)

Moving forward, we choose to represent the electric
field in terms of the complex normalized modes
Ê(x, y) = E(x, y) / (

∫∫
FMF |E(x, y)|2 dxdy)1/2 and corre-

sponding complex amplitudes α. To this end, we write

E inc(x, y) = Êref (x, y)αref + Ê0(x, y)α0 + q(t )

λ0
Ê

(q)
(x, y)αq.

(C2)

The electric field excited in the LP�,m channel of the spatial
mode sorter is then

LP�,m(x, y) = L̂P�,m(x, y)

× [√
η�,m

ref αref +
√

η�,m
0 α0 + q(t )

λ0

√
η�,m

q αq
]
,

(C3)

where η�,m
ref and η�,m

0 are defined analogously to Eq. (B11)
except for the LO and elastically scattered fields, respectively.
Neglecting any internal losses, we expect that the output
power in the LP�,m channel measured by the detector can
therefore be estimated as

P�,m
q (t ) =

√
ε0

μ0
|LP�,m(x, y)|2

=
√

ε0

μ0

(
η�,m

ref |αref |2 + η�,m
0 |α0|2 + η�,m

q

(
q(t )

λ0

)2

|αq|2

+
√

η�,m
ref η�,m

0 (αrefα
∗
0 + α0α

∗
ref )

+ q(t )

λ0

√
η�,m

q
[
αq

(√
η�,m

ref α∗
ref +

√
η�,m

0 α∗
0

)
+ α∗

q

(√
η�,m

ref αref +
√

η�,m
0 α0

)])
. (C4)

In the following, we discard the term proportional to
(q(t )/λ0)2 as we expect the displacements to be far smaller
than λ0 along each axis. Note that, from Eq. (C4), we do
not simply measure q(t ). Instead, the measurement result is
dominated by a series of time-independent coefficients, which
mask the information available on the nanoparticle’s position.
From the form of these coefficients, we can estimate the
measurement imprecision.

All terms contribute to shot noise and noting that
αref , α0 � (q(t )/λ0)αq, we can write the PSD of the noise as

S�,m
noise = h̄kc

2π

√
ε0

μ0

(
η�,m

ref |αref |2 + η�,m
0 |α0|2

+
√

η�,m
ref η�,m

0 (αrefα
∗
0 + α0α

∗
ref )

)
. (C5)

Additionally, to extract information on the position q(t ), we
need to weight it by a factor of

β�,m
q = 1

λ0

√
ε0

μ0

√
η�,m

q
(
αq

(√
η�,m

ref α∗
ref +

√
η�,m

0 α∗
0

)
+ α∗

q

(√
η�,m

ref αref +
√

η�,m
0 α0

))
, (C6)

which is squared when calculating the PSD. The imprecision
associated with measuring the nanoparticle’s motion along the
êq axis, in the LP�,m output channel of the spatial mode sorter,
will therefore be of the form S�,m

imp,q = S�,m
noise / (β�,m

q )2 [14,15].
Let us examine closer the form of the imprecision noise in

the case where the LO is effectively decoupled from the LP
mode (η�,m

ref = 0). In this case, the measurement imprecision
reduces to

S�,m
imp,q = h̄kc

8π

√
μ0

ε0

1

|αq|2
λ2

0

η�,m
q

, (C7)

which is minimized when η�,m
q = 1. Perhaps counterintu-

itively, this result suggests that the measurement imprecision
is independent of the overlap of the inelastically and elas-
tically scattered fields, despite Eq. (C4) suggesting that our
measurement relies on the interference of these two fields.

Remarkably, in the case where we have a strong LO that
is coupled to the LP channels (αref � α0, αq), we arrive at
the same result where the measurement imprecision is inde-
pendent of the overlap of the inelastically scattered fields and
the LO.

APPENDIX D: FORM OF THE POWER SPECTRAL
DENSITY AND CALCULATION

OF CALIBRATION FACTOR

Let us now consider the form of the power spectral density
measured at each LP�,m output channel of the space-division
demultiplexing photonic chip. In Appendix C, we argued that
the power measured at a detector is given by Eq. (C4), and
can be split into those terms independent of the nanoparticle’s
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FIG. 6. Raw power spectral densities at the LP01, LP11a, and LP11b output channels of the spatial mode sorter at a pressure of
11.3 mbar. The fits are calculated using Eq. (D4).

motion and those terms proportional to q(t ). We have already
identified the former as sources of noise in the measurement
result, with a PSD given by Eq. (C5). Collecting the remaining
terms, we introduce s�,m

qq (t ) = q(t )β�,m
q , where β�,m

q is defined
in Eq. (C6). From the Wiener-Khinchin theorem, this quantity
has a PSD of the form

S�,m
qq (�) =

∫ ∞

−∞

〈
s�,m

qq (t )s�,m
qq (t + τ )

〉
e−i�τ dτ

= (
β�,m

q

)2
∫ ∞

−∞
〈q(t )q(t + τ )〉e−i�τ dτ. (D1)

The second term in this expression reduces to the well-known
result

S�,m
qq (�) = (

β�,m
q

)2 kBT0

πm

γ(
�2

q − �2
)2 + �2γ 2

. (D2)

The total PSD measured at each LP output channel of the
space-division demultiplexing photonic chip is then of the
form

S�,m
tot (�) = S�,m

imp,q + S�,m
qq (�). (D3)

Here, we see the role of the imprecision in this measurement,
derived in Appendix C, which functions as the noise floor of
the PSD.

In order to calibrate our measurement, we follow the
method outlined in Ref. [38]. We record PSDs, shown in
Fig. 6, at pressure where the nanomechanical oscillator is
thermalized with the environment through gas collision (P >

10 mbar). The PSDs used for calibration are taken after three
cycles consisting of pumping down to 10−3 mbar and subse-
quently filling the chamber with N2 up to 500 mbar.

We fit the PSD of each channel with the following
Lorentzian function derived from the equation of motion of
a thermally damped oscillator:

SVV (�) = c2
calib

kBT0

πm

γ(
�2

q − �2
)2 + (γ�)2

, (D4)

where γ is the damping rate and �q the oscillation frequency
of the q axis. The relation between the uncalibrated and cal-
ibrated PSDs is simply given by SVV (�) = c2

calibSqq(�). At
pressure where the main contribution to damping comes from
gas collisions, we can infer the size of the nanoparticle from
the damping rate using kinetic theory and knowing the density
of silica.

Finally, in order to avoid error in the calibration due to
anharmonicity of the potential, we calculate the PSD of the ve-
locity from the PSD of the position with Sq̇q̇(�) = �2Sqq(�).
From the Wiener-Khinchin theorem, we can calculate the
variance of the velocity (or position) by integrating the PSD
around �q (bandwidth of 20 kHz). Then, using the equipar-
tition theorem for the kinetic energy, we can then extract the
calibration factor:

1

2
m〈q̇〉 = 1

2
m

〈V̇ 〉
c2

calib

= 1

2
kBT0. (D5)
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We also use Eq. (D5) to estimate the temperature under
feedback cooling with the calibration factors calculated at
room temperature for each DOF in their respective detection
channel.

APPENDIX E: DISCUSSION OF LOSSES
AND EFFICIENCIES

Here, we provide a brief overview of the efficiencies re-
ported in the main text.

1. Collection efficiency

We write the effective NA of the parabolic mirror as

NA = 1 − cos

⎛
⎝arctan

⎡
⎣ rm

fm − r2
m

4 fm

⎤
⎦
⎞
⎠, (E1)

where fm and rm are the focal length (1 mm) and radius
(2 mm) of the parabolic mirror, respectively. For the design
specifications used here, this implies a numerical aperture of
NA = 1. Hence, we expect to collect all of the light backscat-
tered from an optically levitated nanoparticle, equivalent to a
photon collection efficiency of 50% for all three COM transla-
tional DOFs. In the context of information losses, however, we
require a more nuanced approach. This is because motional
information is not uniformly distributed in the scattered field.
To this end, we consider the so-called IRPs associated with
each COM translational DOF, q(t ) for q = x, y, z [14,15].
These IRPs are of the form

Ix(θ, ϕ) = 15

8π
[1 − sin2(θ )cos2(φ)]sin2(θ )cos2(ϕ)d�,

(E2)

Iy(θ, ϕ) = 15

16π
[1 − sin2(θ )cos2(φ)]sin2(θ )sin2(ϕ)d�,

(E3)

Iz(θ, ϕ) = 3

8π
(

2
5 + A2

) [1 − sin2(θ )cos2(φ)]

× (cos(θ ) − A)2d�, (E4)

for an x-polarized dipolar scatterer. Here, A is a consequence
of the Gouy phase inherited from the trapping beam. Note
that, for intermediate values of the numerical aperture, we find
A ≈ 1 − (kzR)−1 for Rayleigh length zR. Given that our setup

operates well beyond this limit, however, we choose to focus
on illumination by a plane wave (A = 1). To determine the
information collection efficiency for the parabolic mirror, we
evaluate the integral

ηq =
∫ 2π

0

∫ π

π/2
Iq(θ, ϕ)dθdϕ, (E5)

where the lower integration limit on θ is given by π −
arcsin(NA). This represents the amount of information con-
tent collected in the back focal plane of the optical trap and
gives (ηx, ηy, ηz ) = (50, 50, 90)%, respectively.

2. Path losses

To estimate the path losses, we measure the differ-
ence in power of the forward- and backward-propagating
trapping beams in the focal plane of the collection lens,
with no nanoparticle trapped. To this end, we measure the
losses at each optical interface from the collimation lens
to the parabolic mirror. From this, we arrive at a value
for the path losses of approximately 10%, equivalent to an
efficiency of 90%.

3. Coupling efficiency

Inspired by the ability of our numerical model to predict the
selectivity of the spatial mode sorter, we use those coupling
efficiencies reported in the main text.

4. Quantum efficiency

From the technical specifications provided by the supplier
of the detectors used here (Thorlabs, PDB450C), we estimate
the quantum efficiency of our detectors to be 0.80% at λ =
1550 nm.

5. Dark noise

Information loss must also be considered in the electronic
line, after each signal has been measured. In particular, we
note that the dark current noise will mask some of the avail-
able information. At frequencies near to the natural oscillation
frequencies of the nanoparticle, we measure the dark noise to
be approximately 8 dB below the shot noise, equivalent to an
efficiency of 79%.

6. Digital noise

In the context of measurement-based control techniques,
it is meaningful to consider those additional losses that stem
from use of a digital feedback loop. In particular, here we
are interested in using a Field Programmable Gate Array
(FPGA) board (STEMlab 125-14, Red Pitaya) that functions
as a phase-locked loop, with an estimated efficiency of 95%.

APPENDIX F: COMPARISON OF MEASURED
AND PREDICTED EFFICIENCIES

From the calibrated PSDs, we can directly measure
the measurement imprecision, which is equal to the noise
floor shown in Figs. 2, 3, and 7 in the limit of low
pressures (�10−8 mbar), where contributions from random
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FIG. 7. PSDs of the empty trap (gray) and detector noise (purple). The average of each curve is shown as a dashed line.

collisions with background gas molecules are negligible
and the total noise floor of the system converges to the
shot noise. In particular, we are interested in the square
root of the imprecision, which determines the position
resolution of our detection system. For the data pre-
sented here, if we take the empty trap as the imprecision
noise, we measure (S11a

imp,x, S11b
imp,y, S01

imp,z ) = (3.1, 5.7, 1.0) ±
(0.8, 1.4, 0.5) × 10−28 m2/Hz. This implies we can resolve
displacements of (17.5, 23.8, 10.0) ± (0.9, 1.3, 0.5) fm/

√
Hz

along the x, y, and z axes, respectively. Importantly, these
values are below the predicted zero-point motion of the
nanoparticle, (xzpf , yzpf , zzpf ) = (2.0, 1.4, 2.2) pm.

To independently confirm that the measurement efficien-
cies reported in Table I are actually representative of the
setup reported on here, we compare the predicted position
resolution to the value obtained above. That is, we expect the
measurement imprecision to go as [39]

S�,m
imp,q = 5h̄cλ0

8πη�,m
tot,qPscat

, (F1)

where Pscat is the optical power scattered from a trapped
nanoparticle. In the Rayleigh approximation, this can be cal-
culated as Pscat = I0σ , where I0 = 2P0 / πw2

0 can be written
in terms of the power (P0) and waist (w0) of the trapping beam
at the focus of the parabolic mirror. Further,

σ = 8π

3

(
αpk2

4πε0

)2

, (F2)

αp = 4πr3
pε0

n2
p − 1

n2
p + 2

(F3)

are the nanoparticle’s scattering crosssection and dipo-
lar polarizability, respectively. Importantly, the relationship

presented in Eq. (F1) is agnostic of the particular ex-
perimental setup used. For the efficiencies reported in
Table I, we find predicted measurement imprecisions of
(S11a

imp,x, S11b
imp,y, S01

imp,z ) = (2.3, 2.0, 1.0) × 10−28 m2/Hz, equiv-

alent to position resolutions of (15, 14.1, 9.9) fm/
√

Hz for
the x, y, and z axes, respectively. The difference between the
predicted and measured values, particularly for the transverse
DOFs (x and y), can be accounted for by a small angular
mismatch of the DMX LP11 axis with respect to the levitated
dipole, as well as imperfect coupling due to optical misalign-
ment.

TABLE I. Total efficiencies for the setup considered here.

Information efficiencies Values

Collection efficiency

⎧⎨
⎩

0.50, x(t )
0.50, y(t )
0.90, z(t )

Path losses 0.90
Insertion losses 0.79
Polarization-dependent losses 0.99

Coupling efficiency

⎧⎨
⎩

0.61, x(t ) → LP11a

0.82, y(t ) → LP11b

0.86, z(t ) → LP01

Quantum efficiency 0.80
Dark noise 0.79
Digital noise 0.98

Measurement efficiency
(
η

(q)
tot

) ⎧⎨
⎩

0.13, x(t ) → LP11a

0.18, y(t ) → LP11b

0.33, z(t ) → LP01
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