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Superconducting (SC) pairing mechanism, origin of high Tc, and symmetry of SC order parameter in Fe-
based superconductors are among the important unsolved problems in condensed matter and materials physics.
We study the SC properties of ThFeAsN, an Fe-based high-Tc superconductor, by ab initio superconducting
density functional theory calculations with electron-phonon coupling, screened static and dynamic electron-
electron Coulomb repulsion, and spin fluctuation (SF)-mediated pair interaction fully taken into account. Our
calculations reveal that ThFeAsN is an SF-mediated multiband superconductor with the calculated Tc of 22.4 K
and the dxy-wave SC order parameter with different signs on different Fermi surface sheets, consistent with
most experiments. We also present distinct SC properties such as quasiparticle density of states and ultrasonic
attenuation coefficient, which can be immediately verified by experiments.

DOI: 10.1103/9ft6-nfbj

I. INTRODUCTION

Since the discovery of high critical temperature (Tc) su-
perconductivity in LaFeAs(O, F) in 2008 [1], many Fe-based
superconductors (FeSCs) have been found and lots of experi-
mental and theoretical investigations have been carried out on
FeSCs [2–4]. However, as for high-Tc cuprate superconduc-
tors, the precise mechanism of the superconducting (SC) pair-
ing, the origin of high Tc, and the SC gap structure in FeSCs
remain poorly understood [2–4]. Parent FeSCs are generally
antiferromagnetic (AF) and metallic but nonsuperconducting.
When chemically doped, the magnetic order is suppressed and
the superconductivity emerges. Nevertheless, the conventional
s-wave phonon-mediated Bardeen-Cooper-Schrieffer mech-
anism [5] was ruled out because electron-phonon coupling
(EPC) was found too weak to explain the high Tc [6–8]. Apart
from their SC property, many FeSCs also exhibit intriguing
normal state properties such as orbital density wave, struc-
tural phase transition, and nematic order [2–4,9,10], which are
distinctly different from high-Tc cuprates. Almost all FeSCs
have a tetragonal structure with FeAs/FeSe layers as the basic
building blocks [Fig. 1(a)]. Also, FeSCs have Fe d-orbital
dominated bands crossing the Fermi level [2–4] [see also
Fig. 1(c)], and the Fermi surface (FS) consists of several
electron and hole FS sheets at the Brillouin zone (BZ) corners
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and the BZ center [Fig. 1(b)], respectively. Moreover, pro-
nounced AF spin fluctuation (SF) was observed in the doped
systems, although long-range magnetic order was generally
suppressed. Based on the multiband FS topology and the
strong SF in the normal state, a sign-changing s±-wave pairing
on the disconnected hole and electron FS sheets was proposed
[11,12]. This nodeless s±-wave pairing scenario is supported
by, e.g., inelastic neutron scattering [13] and quasiparticle
heat transport [14] measurements. Nevertheless, a nodal d-
wave SC state was also proposed for heavily hole-doped
KxBa1−xFe2As2 [15]. Subsequent angle-resolved photoemis-
sion spectroscopy (ARPES) measurements [16] revealed that
KFe2As2 has the s-wave symmetry overall with a nodeless gap
on the innermost hole pocket, an octet-line node structure on
the middle cylinder and a small gap on the outer one. Recent
muon spin rotation (μSR) measurements reported evidence
for a nodal multigap superconductivity in KCa2Fe4As4F2

[17]. Thus, the superconductivity in FeSCs is still not fully
understood [2–4].

Among FeSCs, stoichiometric ThFeAsN with a high Tc of
29 K [18] is an ideal system for studying the superconductiv-
ity in FeSCs. Unlike most other FeSCs, ThFeAsN does not
show long-range magnetic order [19–22], although significant
magnetic fluctuations above 35 K were observed in μSR
and nuclear magnetic resonance (NMR) experiments [19,20].
Thus, ThFeAsN is an intrinsic superconductor without chem-
ical doping, which inevitably introduces randomness and can
even change the crystal structure. Moreover, unlike FeSe
[4], ThFeAsN does not exhibit structural phase transition or
nematic order. Recent multichannel Eliashberg equation cal-
culations with input from ab initio calculations indicated that
the AF SF would play a dominant role and ThFeAsN would
have the s±-wave SC gaps. However, the predicted Tc is 3.15 K
[8]. Furthermore, when the EPC and charge fluctuation are
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FIG. 1. (a) Crystal structure and (b) Brillouin zone of ThFeAsN.
(c) Fe d-orbital projected band structure and (d) total and atom-
decomposed density of state (DOS) of ThFeAsN. In panel (c), the
Fe d orbital weights are proportional to the linewidths.

also accounted for, no superconductivity was found down to
2 K [8].

Here, we study the SC properties of ThFeAsN by per-
forming ab initio superconducting density functional theory
(SCDFT) [23–25] calculations with the EPC-induced SC
pairing, screened static and dynamic electron-electron (e-e)
Coulomb repulsion, and SF-mediated pair interaction being
fully accounted for. Our SCDFT calculations predict that
ThFeAsN is an unconventional superconductor with an even-
parity SC order parameter having the B2g symmetry. Its SC
gap structure consists of multiband quasi-two-dimensional dxy

waves with FS sheet-dependent signs. The calculated Tc of
22.4 K agrees quite well with the experimental value of 29 K.

II. THEORY AND METHOD

In the SCDFT, in addition to the EPC, the screened e-e
Coulomb repulsion and SF-mediated pairing interaction are
also treated in a first-principles manner (see Refs. [24–27] and
references therein). Using the normal state properties from ab
initio calculations as inputs, one solves the SC gap equation

�nk = −1

2

∑
mk′

Knkmk′ (ξnk, ξmk′ )

1 + Znk(ξnk )

tanh[Emk′/2kBT ]

Emk′
�mk′ ,

(1)

where �nk is the gap function, and n and k denote the band
index and the crystal momentum, respectively. Also, Enk =√

ξ 2
nk + |�nk|2 and ξnk = εnk − μ, which is the DFT eigenen-

ergy (εnk) measured from chemical potential μ. The integra-
tion kernels Knkmk′ (ξnk, ξmk′ ) include the SC-pair breaking and
creating interactions and comprise the EPC, the e-e Coulomb

FIG. 2. Averaged (solid symbols) and maximum (open symbols)
SC gap � vs temperature T from the full (squares) and no EPC (up-
triangles) SCDFT calculations.

repulsion, and the SF kernel, i.e., Knkmk′ (ξnk, ξmk′ ) =
Kep

nkmk′ (ξnk, ξmk′ ) + Kee
nkmk′ (ξnk, ξmk′ ) + KSF

nkmk′ (ξnk, ξmk′ ). The
renormalization Znk(ξnk ) contains only the EPC and SF
terms, i.e., Znk(ξnk ) = Zep

nk (ξnk ) + ZSF
nk (ξnk ), because the e-e

Coulomb repulsion is already included in the DFT eigenvalues
ξnk. The expressions for kernel Knkmk′ (ξnk, ξmk′ ) and renor-
malization Znk(ξnk ) have already been given in, e.g., Refs.
[24–27]. The crystal structure of ThFeAsN and computational
details are given in Appendix A.

III. ELECTRONIC STRUCTURE AND FERMI SURFACE

The calculated electronic energy bands and density of
states of ThFeAsN are displayed in Figs. 1(c) and 1(d), re-
spectively. Figure 1(c) shows that five bands (labeled H1, H2,
H3, E1, and E2) cross the Fermi level (EF ). As a result, the
FS consists of five cylinderlike sheets (Fig. 3), indicating a

FIG. 3. Momentum k-dependent SC gap �nk on the Fermi sur-
face at 0 K: hole pockets H1 [panel (a)] and H2 [panel (b)], electron
pocket E1 [panel (c)], and hole pocket H3 and electron pocket E2
[panel (d)]. The black vertical lines denote the nodal lines.
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TABLE I. Calculated SC critical temperature (Tc), averaged
(�0), and maximum (�m) SC gap at T = 0 K, EPC constant λ,
logarithmical average phonon frequency (ωln), screened Coulomb
potential (μ), and renormalization factor (Z) for (a) EPC only, (b)
EPC plus Coulomb pseudopotential (μ), (c) EPC plus μ and SF,
and (d) no EPC. Calculated DOS at the Fermi level NF = 2.066
states/(eV f.u.).

(a) EPC (b) EPC + μ (c) EPC + μ + SF (d) μ + SF

Tc (K) 0.17 0.0 22.4 (29)a 31.4
�0 (meV) 0.024 0.0 0.811 1.081
�m (meV) 0.037 0.0 3.691 5.344
ωln (K) 213 213 213 0
λ 0.127 0.127 0.127 0.0
μ 0.0 0.687 1.304 1.304
Z 0.262 0.741 1.102 0.843

aThe experimental Tc from Ref. [18].

two-dimensional-like band structure due to the weak interac-
tion between the Fe-As layers [see Fig. 1(a)]. The H1, H2,
and H3 bands form three cylindrical hole sheets centered on
�, while the E1 and E2 bands form two cylindrical electron
sheets located at M [see Figs. 1(c) and 3]. The DOS near the
EF is dominated by Fe d orbitals [see Fig. 1(d)]. The total
DOS at the EF is 2.066 states/(eV f.u.), and atom-decomposed
DOSs at the EF are 0.010, 1.780, 0.109, and 0.030 states/(eV
f.u.), respectively, for Th, Fe, As, and N atoms. Figure 1(c)
indicates that the H2 and H3 bands along the �-Z line as well
as the E2 pocket along the M-A line arise mainly from Fe
dxz + dyz orbitals, while the H1 band is dominated by Fe dx2−y2

orbital [see Fig. 1(c)]. The E1 band is also dominated by Fe
dx2−y2 orbital [Fig. 1(c)].

IV. TRANSITION TEMPERATURE AND GAP SYMMETRY

To determine the transition temperature Tc, we solve the
SC gap equation [Eq. (1)] at many temperatures. In Fig. 2, the
averaged and maximum SC gaps are plotted as a function of
T . From Fig. 2, we obtain the averaged �(0) = 0.811 meV at
T = 0 K and Tc = 22.4 K, as listed in Table I. The maximum
SC gap �(0) is 3.691 meV. The calculated Tc agrees quite
well with the experimental value of 29 K [18]. To study the
microscopic mechanism, we do the following “computer ex-
periments.” First, we switch off both the SF and screened e-e
Coulomb repulsion (i.e., the case of purely phonon-mediated
e-e pairing mechanism). We find that Tc reduces to merely
0.17 K. ThFeAsN becomes a conventional anisotropic s-
wave superconductor with the SC gap varying from 0.017
to 0.040 meV. This is similar to the case of γ -BiPd, which
is an anisotropic s-wave superconductor [28]. Second, if we
turn on the screened e-e repulsion, the weak phonon-mediated
superconductivity is completely suppressed (Table I). Finally,
let us keep the SF interaction and screened Coulomb repulsion
but switch off the EPC. Remarkably, the calculated Tc goes
up to 31.4 K (see Table I and Fig. 2), slightly exceeding the
experimental Tc of 29 K [18]. These “computer experiments”
clearly demonstrate that the superconductivity in ThFeAsN is
unconventional and arises from the SF-mediated e-e pairing.

TABLE II. Irreducible representations (IRREPs) and basis func-
tions for spin-singlet even-parity pairing states in tetragonal crystals
with the D4h point group symmetry [47,48].

IRREP Basis functions

A1g 1, (x2 + y2), (3z2 − r2)
A2g xy(x2 − y2)
B1g x2 − y2

B2g xy
Eg z(x, y); z(x3, y3)

Now let us examine the obtained SC gap function. Band
and momentum nk-dependent gap function �nk on the FS at
T = 0 K is displayed in Fig. 3. Figure 3 shows that ThFeAsN
exhibits quasi-two-dimensional dxy waves with different signs
on different FS sheets. Specifically, all the gap functions on
the five FS sheets are dxy waves with the B2g symmetry (see
Appendix B and Table II). In particular, the gap function �nk
on the largest hole pocket (H3) at the BZ center forms a dxy

wave with vertical nodal lines in the [100] and [010] directions
on the almost perfect cylinder [Fig. 3(d)]. Figure 3(b) shows
that the �nk on the second largest hole pocket (H2) is also
a dxy wave with the same sign as that on the H3 pocket. We
notice that this gap structure with vertical nodal lines is similar
to the octet-line node SC gap structure on the cylindrical
FS sheet in KFe2As2 revealed by ARPES [16]. Interestingly,
the gap functions on the two electron pockets E1 and E2 at
the BZ corners are also dxy waves, albeit with signs being
opposite to those on the H2 and H3 pockets. Therefore, the SC
gap structure of ThFeAsN could be considered as the dxy(±)
waves, being similar to the s± waves previously proposed
for LaFeAsO1−xFx [11,12]. Nevertheless, there is a notable
difference; i.e., the s± waves have no vertical line nodes.
Finally, the smallest hole cylinder (H1) at the BZ center too
hosts a dxy wave with a sign opposite to that on the H2 and H3
pockets [see Figs. 3(a), 3(b), and 3(d)].

Limited experimental studies on the superconductivity in
ThFeAsN have given somewhat inconsistent results (see, e.g.,
Refs. [19,20]). This is perhaps natural, given the sophisti-
cated nature of the FS topology with five bands crossing the
Fermi level [Figs. 1(c) and 3]. μSR and NMR experiments
performed by Shiroka et al. [20] showed that ThFeAsN ex-
hibits strong SF above ∼35 K without magnetic order. These
measurements [20] also indicated that the electronic excita-
tion spectrum in the SC state would be best explained by a
two-gap nodeless s-wave model. Adroja et al. also carried
out transverse-field μSR measurements and, on the other
hand, found that their temperature- and field-dependent re-
sults could be better fitted with two-gap models, than either
the single-gap isotropic s-wave or d-wave model [19]. They
also noted that similar good fits could be obtained with ei-
ther isotropic (s + s)-wave or an (s + d)-wave model with
line nodes. Furthermore, their field-dependent specific heat
measurements indicated a nodal SC gap [19], suggesting that
the (s + d)-wave model best explains the gap structure of
ThFeAsN. These later results are consistent with our finding
of multiband superconductivity with sign changing dxy waves
on different FS sheets with vertical nodal lines (Fig. 3). In
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(a)

(b)

FIG. 4. (a) Normalized SC quasiparticle DOS NS/NF vs en-
ergy for several temperatures. (b) FS sheet-decomposed normalized
NS/NF at T = 0 K.

light of our predicted SC gap structure, it would be helpful to
examine again the data of these μSR measurements [19,20],
in order to resolve these different interpretations. High-
resolution ARPES measurements, being capable of probing
the band-dependent SC gap structure [16,29], on ThFeAsN in
the SC state will be highly desirable.

V. QUASIPARTICLE DENSITY OF STATES

In order to stimulate further experiments such as scanning
tunneling spectroscopy (STS) [30] and ultrasonic attenuation
[31] on the SC properties of ThFeAsN, we also calculate the
T -dependent SC quasiparticle DOS (QPDOS) [Ns(T )] spec-
trum and ultrasonic attenuation coefficient using the obtained
gap function �nk. We depict the normalized total and band-
resolved SC QPDOS (Ns/NF ) spectra in Figs. 4(a) and 4(b),
respectively. Because nodeless and nodal SC gap functions
exhibit distinctly different features in the QPDOS spectrum,
STS experiments would allow us to study the SC gap structure
such as the gap symmetry and gap size distribution [30].
Figure 4(a) indicates that the profiles of all the QPDOS spectra
are almost the same except that the energy positions of the
spectral features move toward the zero energy as T is lowered.
Thus, for clarity, we focus on the QPDOS spectrum at T =
0 K. Figure 4(a) shows that the Ns/NF (0) spectrum increases
linearly with energy from 0 to ∼0.3 meV, where it decreases
slightly until ∼0.5 meV. Then, it increases monotonically (al-
though nonlinearly) and reaches its maximum at ∼3.0 meV,
where it starts decreasing slowly until it reaches nearly 1.0
beyond 6.0 meV. Clearly, the QPDOS spectrum has a V shape
below ∼0.3 meV [Fig. 4(a)], consistent with the nodal d-wave
superconductivity predicted for ThFeAsN. To understand the
origins of these interesting features in the QPDOS spectrum,
we examine the band-resolved Ns/NF spectra at T = 0 K in
Fig. 4(b). Figure 4(b) suggests that all the Ns/NF spectra

FIG. 5. Normalized longitudinal ultrasonic attenuation coeffi-
cients αS/αN (T ), where αS (αN ) is the ultrasonic attenuation
coefficient in the superconducting (normal) state.

initially increase almost linearly, forming a V-shape function
caused by the nodal dxy-wave gap function on their respective
FS pocket. The Ns/NF spectra then continue increasing mono-
tonically until they reach their respective maximum, which
depends on their SC gap maximum. For example, hole pockets
H1 and H2 have small SC gaps of ∼0.3 meV [Figs. 3(a)
and 3(b)], leading to the peak at ∼0.3 meV in both the to-
tal [Fig. 4(a)] and band-resolved [Fig. 4(b)] Ns/NF spectra.
Meanwhile, hole pocket H3 has the largest SC gap, giving
rise to the broad peak at ∼3.0 meV in both [Fig. 4(a)] and
band-resolved [Fig. 4(b)] Ns/NF spectra.

VI. ULTRASONIC ATTENUATION

Ultrasonic attenuation α(T ) with its directional property
is another powerful probe of SC gap symmetry and positions
of nodal points on the FS [31,32]. In Fig. 5, we display nor-
malized longitudinal ultrasonic attenuation coefficients αS/αN

along three high-symmetry directions calculated using the
obtained �nk and Eq. (C3) in Appendix C. First, we notice
that the αS/αN (T ) is highly direction dependent. In particular,
the ultrasonic attenuation along the [100] direction is much
stronger and decreases much slowly (above ∼ 2.0 K) with
decreasing T than in the [110] and [001] directions (Fig. 5).
This is caused by the presence of the vertical nodal lines in
the [100] direction in the dxy gap function on all the five
FS sheets (see Fig. 3), because a longitudinal sound wave
couples dominantly with the quasiparticles having momen-
tum parallel to sound propagation direction [31]. Second, at
low temperatures, αS/αN (T ) in a fully gap s-wave super-
conductor such as Sn increases with T exponentially [33].
In contrast, Fig. 5 shows that in the very low temperature
region (e.g., T < 1.0 K), αS/αN (T ) in the [100] and [110]
directions increases nearly linearly with T and that along
the [001] direction increases with T in a nonexponential
manner, consistent with the nodal dxy-wave superconductivity
[32] in ThFeAsN discovered in this work. We believe that
this prediction of unconventional αS/αN (T ) will stimulate
ultrasonic attenuation experiments on ThFeAsN in the near
future.
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FIG. 6. Bare susceptibility χ 0(q) on the qz = 0 plane. χ 0(q) is
normalized by its maximum value. The minimum of χ0(q) is 0.61
and the maximum of the peak ring circulating � is 0.78. Black circles
centered at � and M represent, respectively, the cross sections of
hole and electron FS cylinders. Two identical orange (yellow) arrows
point along the [1, 1] ([−1, 1]) direction: One arrow denotes wave
vector Q at which χ 0(q) peaks and the other indicates the SF pairing
interaction that leads to opposite sign SC gaps on one hole and one
electron FS pocket at wave vectors k and k + Q, i.e., �k = −�k+Q.
Similarly, one red arrow denotes wave vector Q at which χ0(q) peaks
and the other red arrow denotes the SF pairing interaction between
hole pockets H1 and H2 with �k = −�k+Q.

VII. DISCUSSION AND CONCLUSIONS

To gain a simple picture on the formation of the multiband
sign changing dxy-wave gap structure in ThFeAsN, we depict
its bare susceptibility χ0(q) on the qz = 0 plane in Fig. 6.
There are broad circular peaks at M and also a peak ring
circulating � due to the inter-FS pocket nesting, as indi-
cated by the orange, yellow, and red arrows. A peak in
susceptibility χ0(q) near wave vector q ≈ Q would lead
to a strong repulsive AF interaction �s(k, k′) between two
electrons having wave vectors k and k′ = k + Q [34]. Con-
sequently, an isotropic s-wave gap function cannot satisfy
the SC gap equation (T = 0 K) �k = −∑

k′ �s(k, k′) �k′
2Ek′

[34]. However, a solution is possible if the gap function
changes sign, �k = −�k+Q. In the present case, χ0(q) peaks
near Q = (π/a, π/a). Thus, due to inter-FS pocket AF cou-
pling indicated by the orange and yellow arrows in Fig. 6,
sign changing dxy-wave pairing would occur. Similarly, sign
changing dxy-wave pairing between hole pockets H1 and H2
could arise due to inter-FS pocket SF pairing interaction indi-
cated by the red arrows in Fig. 6.

In conclusion, our fully ab initio SCDFT calculations show
that ThFeAsN is a multiband unconventional superconductor
with the B2g symmetry SC order parameter and FS sheet-
dependent sign dxy-wave gap functions. The calculated Tc of
22.4 K agrees quite well with the experimental value of 29 K
[18]. We demonstrate that the superconductivity in ThFeAsN
is driven by SF pairing interaction (see Fig. 2, Table I, and
Appendix D). The predicted nodal dxy-wave gap functions
are consistent with μSR, NMR, and specific heat experi-
ments. We present distinct SC properties as quasiparticle DOS

spectrum and ultrasonic attenuation coefficient, which can be
verified by future experiments.
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APPENDIX A: CRYSTAL STRUCTURE
AND COMPUTATIONAL DETAILS

ThFeAsN has the layered tetragonal ZrCuSiAs-type struc-
ture with space group P4/nmm (D7

4h) (No. 129) (Fig. 1),
which consists of Th2N2 and Fe2As2 bilayers. Its unit cell
contains two formula units (f.u.) [18,22]. The experimental
lattice constants are a = 4.0414 Å and c = 8.5152 Å [22].
The Wyckoff positions of Th, Fe, As, and N atoms are 2c (1/4,
1/4, zT h), 2b (3/4, 1/4, 1/2), 2c (1/4, 1/4, zAs), and 2a (3/4, 1/4,
0), respectively, with zT h = 0.1380 and zAs = 0.6522. Each
Fe atom is tetrahedrally coordinated by four As atoms, with
the Fe–As bond length being 2.401 Å. The two different As–
Fe–As bond angles are 114.65◦ and 106.95◦. The As height
hAs–Fe is 1.296 Å. The Th–As bond length is 3.370 Å. In the
present calculations, the experimental lattice parameters [22]
mentioned above are used.

The normal state electronic structure is calculated based
on the DFT with the generalized-gradient approximation [35].
The phonon dispersion and EPC matrix elements are cal-
culated using the density functional perturbational theory
[36]. The plane wave pseudopotential method is used, with
the ultrasoft pseudopotentials [37] taken from the PSlibrary
[38]. All these ab initio calculations are carried out us-
ing the QUANTUM ESPRESSO package [39,40]. The large
kinetic-energy cutoffs for wave function expansion and for
charge density expansion used are 105 and 840 Ry, respec-
tively. Throughout this work, the highly efficient optimized
tetrahedron method for Brillouin zone integration [41] is
adopted. For the self-consistent electronic structure calcula-
tions, the non-�-centered k-mesh of 16 × 16 × 8 is used. For
the phonon dispersion and EPC matrix element calculations,
the 8 × 8 × 4 q-mesh with threshold for self-consistency of
10−14 is exploited. Note that to avoid the singular contribution
(∝ 1/q2) from wave vector q = 0 to the screened Coulomb
repulsion [27], the 8 × 8 × 4 q-mesh is shifted away from the
� point in the BZ, and also along the [001] direction to comply
with the tetragonal symmetry of ThFeAsN. We use the SCTK

code [27,42] to solve the SCDFT gap equation [Eq. (1)] and
to calculate the SC properties of ThFeAsN. To obtain accurate
SC properties, the charge and spin susceptibility, kernel K ,
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and renormalization Z [27] are computed on a dense k-point
mesh of 48 × 48 × 24. The charge and spin susceptibilities
are calculated using the DFT within either the random phase
approximation (RPA) [27,43] or adiabatic local density ap-
proximation (ALDA) [44,45]. We find that the SC properties
calculated with the RPA and ALDA do not differ significantly.
Thus, here we present the calculated SC properties using
the ALDA only. The threshold for self-consistency of 10−18

is used in the SC gap function calculations. The calculated
physical quantities on the FS are displayed using the Fer-
miSurfer program [46].

APPENDIX B: IRREDUCIBLE REPRESENTATIONS
AND BASIS FUNCTIONS FOR POINT GROUP D4h

ThFeAsN crystalizes in a centrosymmetric tetragonal
structure with the D4h point group symmetry. Table II lists
the IRREPs and symmetry-allowed basis functions for spin-
singlet pairing states under D4h [47,48].

APPENDIX C: CALCULATION OF ULTRASONIC
ATTENUATION COEFFICIENT

Ultrasonic attenuation coefficients α(T ) are calculated us-
ing the obtained SC gap function �nk. The longitudinal
ultrasonic attenuation coefficient is given by [49]

α =
∑
nmk

gmn,ν (k, q)

(
1 + ξnkξmk+q − �nk�mk+q

EnkEmk+q

)

× ( f (Enk ) − f (Emk+q))δ(Emk+q − Enk − ωqν ), (C1)

where ωqν is the eigenfrequency of phonon mode ν at q,
gmn,ν (k, q) is the EPC matrix element between electronic
states mk and nk + q, and f (ε) is the Fermi function. Here,
we consider the acoustic phonons only, i.e., assuming ωqν =
vνq. We also ignore the interband excitations (i.e., m = n)
since phonon frequency and wave number are very small. As
a result, we can obtain [50]

α = −
∑
nk

gnn,ν (k, q)
2ξ 2

nk

E2
nk

∂ f (Enk )

∂Enk
δ

(
vF,nk · εq

vν

− 1

)
,

(C2)

where εq = q/q and vF,nk = ∇kξnk. To further simplify the
calculations, we make the reasonable assumptions: (1) the
phonon velocity (vν) is much smaller than the electron Fermi
velocity (vF ) (i.e., vν 	 vF ); (2) ∂�(ξnk )/∂ξnk 	 1 in the
vicinity of EF and �nk/Enk decreases rapidly with increasing
distance from EF ; and (3) the EPC of the acoustic phonon
with long wave number is insensitive to electron band index
n and wave vector k [i.e., gmn,ν (k, q) can be replaced with its
averaged value g]. Consequently, the normalized longitudinal
attenuation coefficient can be simplified as [50]

αS

αN
=

∑
nk δ(ξnk )δ(|vF,nk · εq|)2 f (|�nk|)∑

nk δ(ξnk )δ(|vF,nk · εq|) , (C3)

which is used in the present calculations. Here, αN is the
normal state ultrasonic attenuation coefficient. Equation (C3)
includes the line integral on the FS where the Fermi ve-
locity is perpendicular to the phonon propagation direction

FIG. 7. Band n- and momentum k-dependent (a), (b), (c) electron-phonon coupling strength λnk, (d), (e), (f) screened Coulomb repulsion
μee

nk, and (g), (h), (i) spin-fluctuation pair interaction μSF
nk on the Fermi surface of ThFeAsN.
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(vF,nk · εq = 0). For each line segment, the line integral

αk1→k2 ≡
∫

k1→k2

|dk|
|∇kξk||∇k(vF,k · εq)| f (|�k|) (C4)

can be computed analytically using the trapezoidal rule, which
gives

Ck

ln
(
1 + tanh

|�k1 |
2kBT

) − ln
(
1 + tanh

|�k2 |
2kBT

)
|�k1 | − |�k2 |

(C5)

for a nodeless (�k1�k2 > 0) case and

Ck

ln
(
1 + tanh

|�k1 |
2kBT

) + ln
(
1 + tanh

|�k2 |
2kBT

)
|�k1 | + |�k2 |

(C6)

for a nodal (�k1�k2 < 0) case, as well as

Ck

2

(
1 − tanh

|�k1 + �k2 |
4kBT

)
(C7)

for a degenerated �k1 ≈ �k2 case. Here, Ck = |k2 −
k1|/(|∇kξk||∇k(vF,k · εq)|) is a constant for each line seg-
ment. This method enables us to compute stable and accurate
ultrasonic attenuation coefficients even for highly anisotropic
(nonfully gapped) SC gaps.

APPENDIX D: ELECTRONIC STATE nk-RESOLVED
ELECTRON-PHONON COUPLING, SCREENED

COULOMB REPULSION, AND SPIN FLUCTUATION
INTERACTION ON THE FERMI SURFACE

To obtain a detailed understanding of the SC pairing mech-
anism, we present the calculated band n- and momentum
k-dependent EPC strength [40]

λnk =
∑
νm

∫
BZ

dq
�BZ

|gmn,ν (k, q)|2
NF ωqν

δ(εnk − εF )δ(εmk+q − εF ),

(D1)

screened Coulomb repulsion [27]

μee
nk =

∑
mk′

δ(ξmk′ )Kee
nkmk′ (ξnk, ξmk′ ), (D2)

and SF-induced pairing interaction [27]

μSF
nk =

∑
mk′

δ(ξmk′ )KSF
nkmk′ (ξnk, ξmk′ ) (D3)

in Fig. 7. First, Fig. 7 indicates that on all the five FS
sheets, μee

nk is always larger than λnk. Since the signs of
the Coulomb repulsion (μee

nk) and phonon-mediated attraction
(λnk) are opposite, the screened Coulomb repulsion over-
whelms the phonon-mediated attraction on all the FS pockets,
thus suppressing the weak phonon-induced superconductiv-
ity in ThFeAsN (Table I). Second, Fig. 7 shows that the
nk-dependent SF-induced pairing interaction μSF

nk is stronger
than both μee

nk and λnk on, at least, all three hole pockets
H1–H3. This results in the dominating SF-mediated e-e pair-
ing and hence unconventional dxy-wave superconductivity in
ThFeAsN.
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