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Embedding physical symmetries into machine-learned reduced
plasma physics models via data augmentation
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Machine learning is offering powerful tools for the development and discovery of reduced models of nonlinear,
multiscale plasma dynamics from the data of first-principles kinetic simulations. However, ensuring the physical
consistency of such models requires embedding fundamental symmetries of plasma dynamics. In this work, we
explore a symmetry-embedding strategy based on data augmentation, where symmetry-preserving transforma-
tions (e.g., Lorentz and Galilean boosts) are applied to simulation data. Using both sparse regression and neural
networks, we show that models trained on symmetry-augmented data more accurately infer the plasma fluid
equations and pressure tensor closures from fully kinetic particle-in-cell simulations of magnetic reconnection.
We show that this approach suppresses spurious inertial-frame-dependent correlations between dynamical
variables, improves data efficiency, and significantly outperforms models trained without symmetry-augmented
data, as well as commonly used theoretical pressure closure models. Our results establish symmetry-based data
augmentation as a broadly applicable method for incorporating physical structure into machine-learned reduced
plasma models.
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I. INTRODUCTION

Plasmas are hot, ionized gasses that exhibit complex non-
linear behavior across a broad range of spatial and temporal
scales. Notable examples include inertial and magnetically
confined fusion plasmas [1,2], where the coupling between
microturbulence and transport scales plays a central role
in plasma confinement, and astrophysical plasmas where
dissipation of large-scale magnetic fields is regulated by
small kinetic-scale plasma processes that further mediate
the acceleration of energetic particles [3,4]. A comprehen-
sive understanding of such multiscale plasma phenomena
remains a major scientific challenge, requiring improved the-
oretical frameworks and modeling tools to make progress.
First-principles approaches based on plasma kinetic theory
and simulations offer accurate descriptions of plasma dy-
namics but are computationally prohibitive for capturing the
full range of scales in many realistic systems of interest. In
contrast, fluid models are efficient at capturing large-scale
plasma behavior but often miss important effects associated
with small-scale kinetic processes. To effectively model such
multiscale plasma dynamics, it is important to develop re-
duced plasma models that capture the key coupling between
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small-scale kinetic processes and large-scale plasma fluid be-
havior, without explicitly resolving the small scales.

Traditionally, reduced plasma models have been devel-
oped using analytic theory, which are typically valid in linear
plasma dynamics regimes [5] or in well-defined asymptotic
limits [6]. However, the assumptions that underpin these mod-
els often break down in many scenarios of interest, where the
physics is nonlinear and multiscale. Current state-of-the-art
kinetic plasma simulations are beginning to be able to capture
sufficiently large dynamical ranges to study nonlinear multi-
scale plasma dynamics from first principles [7,8]. The data
from these simulations are creating opportunities to guide the
development of reduced plasma descriptions in these regimes.

Machine learning (ML) techniques are emerging as
promising tools to develop reduced plasma models from the
data of first-principles simulations. Deep neural networks
(DNNs), in particular, have been used to learn pressure and
heat flux closures for fluid models of magnetic reconnection
(MR) [9], to capture kinetic effects like Landau damping in
fluid plasma models [10–12] as well as in Vlasov-Poisson
models using a truncated Fourier-Hermite basis [13], and
to efficiently simulate the dynamics of one-dimensional col-
lisional plasmas [14]. Indeed, DNNs have been shown to
excel at approximating the complex nonlinear dependencies
associated with plasma dynamics, but the inherent com-
plexity of these models hinders their interpretability and
often limits their ability to generalize to conditions outside
the training data. These limitations have motivated growing
interest in interpretable machine learning techniques, par-
ticularly symbolic [15–18] and sparse [19–22] regression
methods. These techniques produce compact mathematical
expressions—often in the form of partial differential equa-
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tions (PDEs)—that offer insight into the underlying physics,
though their more restricted functional forms may trade-off
accuracy for complexity in highly nonlinear, complex sys-
tems. In plasma physics, sparse regression (SR) has been
used to recover the fundamental hierarchy of reduced plasma
models [from Vlasov to single-fluid magnetohydrodynamics
(MHD)] from fully kinetic plasma simulation data [23], to
infer fluid moment closures for magnetic reconnection [24]
and electrostatic plasma phenomena [25], and to infer re-
duced models of magnetized plasma turbulence [26]; other
closely related applications of sparse regression include
the development of low-dimensional reduced-order models
for fluid plasma dynamics [27,28], recovering the MHD
equations from 3D turbulence data [29], stellarator design
optimization [30,31], development of plasma profile evolution
models near divertors [32], and characterization of plasma
propulsion dynamics [33].

An essential, yet underdeveloped, aspect of ML-based re-
duced plasma modeling is the incorporation of fundamental
physical symmetries. These include, for example, inertial-
frame invariance (to Lorentz transformations), rotational and
translational invariance, and energy conservation. Embedding
these symmetries is crucial to ensure the physical consistency
and generalization capabilities of the inferred models [34].
Here, we focus on frame invariance. The Vlasov equation,
which forms the fundamental mathematical framework for
collisionless plasma dynamics, is Lorentz invariant [35–37],
and therefore any reduced plasma description derived from
Vlasov should respect this symmetry.

In general, there are two dominant approaches for embed-
ding symmetries into ML models: (1) hard constraints, which
guarantee symmetry preservation, and (2) weak constraints,
which encourage, but do not guarantee, symmetry preserva-
tion. The first strategy, hard constraints, can be most directly
applied in ML by selecting model forms that explicitly satisfy
the intended symmetry. For example, by exclusively using
symmetry-respecting model terms in SR, the inferred reduced
models will preserve the corresponding symmetries, such
as rotational and translational invariance [38]. In the con-
text of plasma physics, low-dimensional proper orthogonal
decomposition-Galerkin models for magnetohydrodynamics
have been shown to embed global energy conservation by
restricting model term nonlinearities to quadratic [28]. A more
involved method of embedding hard constraints is by building
the symmetry into the ML architecture, known as equivariant
ML, which has emerged as a powerful paradigm in scientific
ML applications [39]. It builds on early work embedding
discrete rotational symmetry into convolutional neural net-
works (NNs) [40]. Recent developments in equivariant ML
are beginning to tackle more complex space-time symmetries
like Lorentz invariance, for example, Lorentz-equivariant ar-
chitectures for applications in high-energy physics [41], and
even Lorentz-equivariant neural PDE solvers for fluid and
electrodynamic systems [42]. While these hard-constrained
methods enforce the targeted symmetries, they often come
with increased implementation complexity and reduced flexi-
bility in model form.

The second strategy, weak constraints, can be embedded
into ML models through data augmentation or loss-based
regularization. In loss-based regularization, an additional term

in the objective function penalizes deviations from symme-
try [43,44]. However, this requires a careful balance between
loss coefficients. Data augmentation, on the other hand, in-
corporates the symmetry by applying symmetry-preserving
transformations to the training data, thereby guiding the
learned model to respect those transformations [45]. This
method has been widely used in computer vision [46,47],
where invariance to translations or rotations is critical. While
weak constraints have received less attention in recent ML
for physics applications due to the increasing popularity of
hard constraint approaches, recent works have demonstrated
data augmentation’s effectiveness in domains such as particle
physics for its ease of embedding complex symmetries. For
example, Lorentz-boosted data augmentation has been shown
to improve model performance in jet tagging tasks [48].

In this work, we revisit data augmentation as a method
for embedding physical symmetries in data-driven plasma
models inferred from fully kinetic particle-in-cell (PIC)
simulations. We specifically focus on the effects of embed-
ding frame-invariance symmetry, according to Lorentz (and
Galilean) transformations, in the data-driven inference of re-
duced plasma models of collisionless magnetic reconnection.
In Sec. II A, we demonstrate the recovery of the two-fluid
equations for collisionless magnetic reconnection via sparse
regression and show that symmetry-augmented data (1) yield
more accurate coefficients, (2) suppress spurious symmetry-
violating terms, and (3) reduce the amount of expensive
laboratory-frame PIC data required. Building on these results,
we apply this methodology in Sec. II B to the problem of infer-
ring an accurate closure model for the electron fluid pressure
tensor in collisionless magnetic reconnection. Specifically, we
apply Galilean-boosted data augmentation (the low-velocity
limit of Lorentz boosts) to embed Galilean frame invariance
in the closure model and show that it not only outperforms
the model obtained from laboratory-frame-only data, but also
exceeds the accuracy of commonly used analytical closure
models. We then further show that symmetry embedding via
data augmentation is not limited to SR. Neural networks
trained with Galilean-augmented data also yield improved
pressure closures, underscoring the broader applicability of
this approach. Finally, we conclude in Sec. III by discussing
the implications of symmetry embedding for the future de-
velopment of reduced plasma models capable of faithfully
capturing multiscale dynamics.

II. RESULTS

We examine the effectiveness of data augmentation to
embed physical symmetries into machine-learned reduced
plasma models from the data of first-principles kinetic sim-
ulations. As a case study, we focus on the plasma physics
problem of developing reduced fluid plasma descriptions of
collisionless magnetic reconnection, which we introduce and
motivate below.

A. Recovering fluid plasma models of magnetic reconnection
from kinetic simulation data

Magnetic reconnection [49–53] is a fundamental plasma
physics process where a change in the magnetic topology
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converts energy originally stored in the magnetic field to
plasma heat, bulk flow kinetic energy, and energetic particle
production; it is ubiquitous to both laboratory and astrophys-
ical plasmas. For example, in magnetically confined fusion
plasmas magnetic reconnection is responsible for disruptions
and sawtooth crashes, while in solar physics MR is respon-
sible for solar flares [54]. MR is a quintessential multiscale
process as there exists a hierarchy of interconnected length
scales and timescales. Changes in the magnetic topology typ-
ically occur within a diffusion region at the ion skin depth
scale, which is much larger than the electron skin depth and
much smaller than the system size [55]; a plethora of coher-
ent structures and waves interconnects these disparate scales.
Reduced plasma models help solve the multiscale problem by
integrating out the finest scale details leading to computational
speedup. However, reduced plasma models can also serve a
vital role for improving theoretical understanding. Despite
significant progress over the last decades, there are still impor-
tant theoretical challenges in MR, including the origin of the
fast reconnection rate [55,56] and the dominant mechanisms
of anomalous resistivity [57]; the discovery, implementation,
and examination of reduced plasma models of MR are impor-
tant to shed light into these open questions.

We generate high-fidelity data of the dynamics of colli-
sionless, magnetic reconnection using the fully kinetic PIC
simulation code OSIRIS [58,59]. Specifically, we simulate
collisionless, low plasma beta (0.1), nonrelativistic magnetic
reconnection in a pair plasma (me = mp = 1). To isolate the
fundamental plasma process of magnetic reconnection, we
initialize a doubly periodic force-free Harris current sheet [60]
in the (x, y) plane; details about the physical and numerical
parameters of the simulation are described in Appendix A.
While the spatial grid is in two dimensions, the PIC method
evolves particle velocities in all three (x, y, z) directions. At
each time step over all spatial grid points, we output fluid
moment diagnostics, which are integrals of the particle dis-
tribution function with respect to powers of the phase space
momentum p. In general, the kth order moment is defined
as [37]

Mα1···αk ≡
∫

d p
p0

pα1 · · · pαk f , (1)

where f (x, p, t ) is the particle distribution function. We also
output electromagnetic field diagnostics and can construct
the electromagnetic field strength tensor Fμν . Since the PIC
method keeps track of the fluid moment and electromagnetic
fields at different space-time locations during the loop, we
postprocess our data by half-time-stepping all particles and
spatially centering the electromagnetic field data to ensure
all quantities are known at the same space-time locations.
The PIC simulation data used in this paper can be found on
Zenodo [61].

1. Lorentz data augmentation

Our goal is to examine the effects of embedding Lorentz
symmetry into reduced fluid models inferred through sparse
regression. We accomplish this by augmenting our MR
dataset using analytic Lorentz transformations (also known
as Lorentz boosts). This is the same underlying principle as

embedding rotational/translational symmetry by augmenting
the data with rotations/translations, with the only difference
that the data augmentation operator is Lorentz boosting. For a
Lorentz boost velocity β = (βx, βy, βz ) [c] (with correspond-
ing Lorentz factor γβ ≡ 1√

1−( β

c )2
) relative to the simulation,

laboratory frame, we are able to construct the fluid moments
as observed by the reference frame moving at velocity β. We
denote quantities observed in the Lorentz-boosted reference
frame with primed variables,

Mα′β ′ ···ξ ′ = �α′
μ �β ′

ν · · · �ξ ′
ρ Mμν···ρ, (2)

where �μ
ν is the Lorentz transformation tensor for the given

boost β. We construct the electromagnetic fields as seen by
the Lorentz moving observer as

Fα′β ′ = �α′
μ �β ′

ν Fμν. (3)

We also analytically boost temporal and spatial derivatives of
the fluid moments and electromagnetic fields in the laboratory
frame using analytic Lorentz transformations,

∂α′ = �
μ

α′∂μ. (4)

These Lorentz transformations can all be applied to calculate
the physical quantities and their space/time derivatives under
any boost from a single laboratory-frame simulation. In our
numerical experiments, we will apply random Lorentz boost
transformations of the data along the two principle axes (x, y),
forward and backward, for varying Lorentz factors γβ.

2. Two-fluid equations

To explore the effects of including Lorentz-augmented data
on the ML inference of reduced plasma physics models from
kinetic simulation data, we will focus on the recovery of
the well-known two-fluid plasma model equations, which we
introduce below. The two-fluid equations are Lorentz invariant
reduced plasma models and their inference should be im-
proved by embedding Lorentz symmetry. The two-fluid model
treats electrons and positrons as separate collisionless fluids.
The fluids are coupled together by Maxwell’s equations. Each
species satisfies an infinite hierarchy of exact, coupled equa-
tions that describe the time evolution of the fluid moments
∂tMα1···αk . The equation for the time evolution of the kth
moment is derived by taking moments of the collisionless
Vlasov equation with respect to pα1 · · · pαk . Upon truncation,
the two-fluid equations provide a substantial computational
speedup compared with PIC as they no longer resolve dy-
namics of a large number of particles in momentum space as
that phase-space coordinate has been integrated over. In this
work, we demonstrate our reduced model discovery method
on the electron moment equations up to order 2: The zeroth
order continuity equation (one equation) that time evolves the
timelike component of the four-current density Mα ,

∂t ne + ∂x j [neve j] = 0, (5)

the first-order momentum equations (three equations) that
time evolve the timelike components of the stress-energy ten-
sor Mαβ ,

∂t [ne pek] + ∂x j [neve j pek] = −ne[Ek + εklmvelBm], (6)
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and the second-order energy equations (six unique equations)
that time evolve the timelike components of the stress-flow
tensor Mαβγ ,

∂t [ne pek pel ] + ∂x j [neve j pek pel ]

= −ne[pekEl + pelEk + εlmn pekvemBn + εkop pelveoBp],
(7)

where ne is the electron density and a ≡ 1
ne

∫
fead p3

e. |qe| =
me = 1 in normalized units. ve j is the electron phase space
velocity in the jth direction that is related to the elec-
tron phase space momentum pe j = ve j√

1−( vex
c )2−(

vey
c )2−( vez

c )2
.

The one continuity equation, three momentum equations,
and six energy equations comprise ten moment equa-
tions that we attempt to rediscover. In principle, we could
recover moment equations higher than order 2; however,
we truncate our demonstration at the level of the energy
equations.

3. Embedding lorentz invariance into the sparse regression
recovery of two-fluid equations

To recover the two-fluid equations from our collision-
less magnetic reconnection data, we follow the algorithmic
procedure as proposed in Ref. [21] PDE-FIND (the PDE
generalization of SINDy [20]). PDE-FIND discovers partial
differential equations directly from data by using sparse re-
gression to fit unknown coefficients next to a prescribed basis
of catalog terms to describe a target term. SR differs from
traditional regression as it penalizes nonzero coefficients, re-
sulting in a sparse approximation to the target. This leads to
PDEs that capture the essence of the dynamics while still
being interpretable. In this study, the regression targets are
the time derivative terms from the two-fluid continuity, mo-
mentum, and energy equations as expressed in Eqs. (5)–(7).
Hence, we have ten unique regression targets and perform the
SR equation inference procedure in ten separate instances. For
each equation inference, we provide a basis comprised of fluid
moments, electromagnetic fields, their spatial derivatives, and
polynomial combinations of the aforementioned terms in an
attempt to describe the target dynamical term; see Appendix B
for a full description of the catalog terms for each equation in-
ference.

Importantly, to effectively handle the evaluation of PDE
terms in the presence of noisy data, associated with dis-
crete particle fluctuations (inherent to PIC simulation data),
we pose the SR inference of PDEs in their integral form
rather than their differential form [23,62–65]. This technique
was shown to be crucial for the accurate and robust infer-
ence of plasma PDEs from the data of first-principles PIC
simulations [23] and has become well established in recent
years [64,65]. Thus, in this work the target time derivative
terms and the library of candidate PDE terms are evaluated us-
ing finite differences on the data, followed by integrating over
small compact space-time volumes {5�x, 5�y, 5�t} (which
correspond to physical scales {0.5de, 0.5de, 0.33w−1

pe }). In
general, a suitable choice for the size of these volumes is
problem dependent—they should be large enough to smooth
the PIC fluctuations, yet smaller than characteristic length
scales/timescales in the problem to retain information of

physical variation. In our numerical experiments here, the
choice of {5�x, 5�y, 5�t} volumes satisfies the above criteria
for collisionless magnetic reconnection. We further confirmed
that our results were weakly sensitive to the size of these
space-time volumes, as long as they met the two above crite-
ria. For each equation inference, we begin by performing SR
on only the original laboratory-frame data, without Lorentz
transformations. We use a sample of 153 = 3375 randomly
distributed {5�x, 5�y, 5�t} measurement volumes from the
full MR dataset [Fig. 1(a1)]. In each of these sampled vol-
umes, we evaluate the target terms (for example, ∂t ne, which
appears in the continuity equation, and the library of catalog
terms [Fig. 1(a2)]) and integrate them over each volume;
see Appendix C for more data sampling details. Each of the
catalog terms is attached with an unknown coefficient λ. All
measurements of a catalog term share the same unknown
coefficient. SR then fits λ to the data in an optimal manner
[Fig. 1(a3)] using a variation of the sequential thresholding
least-squares algorithm as proposed in Ref. [20] and tenfold
cross validation, and we infer a governing equation from
the regression procedure [Fig. 1(a4)]. A detailed descrip-
tion of the SR algorithm used in this work is described in
Ref. [23].

We now repeat the PDE discovery procedure using
Lorentz-transformed data. Using the analytical Lorentz trans-
formations described earlier, we boost each sampled volume
into a randomly moving Lorentz reference frame as illus-
trated in Fig. 1(b1). Each volume is boosted in a random
direction [along the two principal (x, y) axes], with a ran-
dom Lorentz factor sampled uniformly in the range 1 �
γβ � γβmax = 1.5, which corresponds approximately to 0 �
|β| � |βmax| = 0.75c. The maximum fluid velocity in the
MR simulation is ∼0.5c, and we choose γβmax large enough
such that some Lorentz reference frames experience veloci-
ties greater than those in the laboratory frame; we will later
examine the effects of choosing different γβmax. We note that
although we adopt a uniform sampling of γβ ∈ [1, γβmax]
for data augmentation, more general sampling distributions
that preferentially weigh different boosts are also possible;
here, however, we restrict ourselves to uniform sampling,
which we empirically find to be effective. Each row of the
candidate term matrix now corresponds to an observation of
the measured target and catalog terms taken by a randomly
moving Lorentz observer, as shown in Fig. 1(b2). While we
later consider combining laboratory-frame data with arbitrar-
ily many Lorentz-boosted samples for true data augmentation,
we begin by comparing laboratory-frame-only and boosted-
only datasets, with each laboratory-frame sample boosted
once.

Having carried out the random Lorentz transformations
of each measurement volume, we construct our framework
to ensure that all Lorentz reference frames agree on the
same coefficients λ′, which embeds Lorentz invariance into
SR. With the Lorentz-transformed data, we then solve the
regression procedure [Fig. 1(b3)] and infer the governing
PDE [Fig. 1(b4)]. We repeat this procedure for each of the
ten two-fluid equations, extracting model coefficients dis-
covered with laboratory-frame-only and boosted-only data.
We note that because (1) Lorentz transformations only re-
quire simple, computationally efficient arithmetic operations
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FIG. 1. Schematic of sparse regression workflow to discover reduced fluid equations with and without Lorentz-transformed data. A single
PIC MR simulation performed in a stationary reference frame (which we denote from now on as the laboratory frame) provides laboratory-
frame data for the electron number density ne (shown above in color), the fluid velocities ve j , and the electromagnetic fields at finite temporal
slices in the (x, y) plane. In step (a1), we randomly sample measurements from the laboratory-frame data, averaging over compact space-time
volumes. This averaging smooths noise associated with discrete particle effects. To conduct SR with Lorentz-transformed data [panel (b1)],
we use analytical transformations to relate the quantities as measured by a random Lorentz observer to the quantities as measured in the
simulation, laboratory frame. Different color squares represent quantities as measured by Lorentz observers moving with different velocities.
In panels (a2) and (b2), we balance m measurements of the dynamical term, ∂t ne, with measurements of catalog terms multiplied by unknown
coefficients for laboratory-frame and boosted data, respectively. Crucially, in panel (b2), each Lorentz-boosted reference frame shares the same
vector of unknown coefficients λ′, which embeds the symmetry into the inference procedure. In panels (a3) and (b3), we solve the SR problem,
and in panels (a4) and (b4) we examine the inferred PDEs that we may compare to the true continuity equation: ∂t ne = −∂x (nevex ) − ∂y(nevey ).
To infer higher-order moment fluid equations, like the momentum or energy equations, we follow the same algorithmic procedure but with
different dynamical and catalog terms.

(2) the computational demands of machine learning meth-
ods like sparse regression scale approximately linearly with
the number of training data points; Lorentz data transforma-
tions do not introduce significant, additional computational
overhead. In the following, we discuss the effects of using

Lorentz-transformed data on the inferred models. While the
exact degree of improvement will depend on the specific
plasma problem, the magnetic reconnection case studied here
illustrates the main aspects of the gains achievable with
Lorentz data transformations.
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FIG. 2. Including Lorentz-boosted data in the rediscovery of the two-fluid reduced model equations greatly improves coefficient accuracy.
On the vertical axis is average model coefficient error measured as the L1 norm between true and inferred coefficients normalized by the
number of nontime derivative terms in the equation, while on the horizontal axis are the first ten unique two-fluid plasma equations. The
blue points represent coefficient errors for SR inferred equations with only laboratory-frame data, while red points represent boosted data.
The vertical error bars correspond to ±one standard deviation in average coefficient error, and the statistics come from training each model
five times with different realizations of the random data sampling. For all ten equations, Lorentz boosting improves the mean accuracy of the
inferred coefficients beyond one standard deviation.

4. Improved coefficient accuracy

The first and most apparent finding is that the coef-
ficients inferred from SR are more accurate when using
Lorentz-transformed data. Since the two-fluid equations can
be derived analytically by taking moments of the collisionless
Vlasov equation, we can compare the true two-fluid coef-
ficients with the inferred coefficients (Fig. 2). For all ten
two-fluid reduced model equations, incorporating randomly
Lorentz-boosted data in the training set decreases average
coefficient error beyond a standard deviation. The models
discovered with laboratory-frame data have an average coef-
ficient error of 1.34%, while for the models discovered with
boosted data it is 0.15%. Relatively, the boosted models are
9 times more accurate than laboratory-frame models. See Ap-
pendix D for a table of discovered coefficients used to create
Fig. 2.

We also examine how coefficient accuracy improves as
a function of γβmax, the maximum Lorentz factor of each
random Lorentz boost. Figure 3 shows coefficient accuracy
as a function of γβmax for the inferred continuity equation;
we observe an elbow in the accuracy vs boost magnitude
plot at γβmax ∼ 1.2, corresponding to a boost magnitude |β| ∼
0.5c, which is the maximum fluid proper velocity reached
in the simulation. To reap the full benefits of Lorentz data
transformations, one must Lorentz boost data into regimes
outside of the existing dynamics. We show additional exam-
ples of average coefficient error decreasing with increasing
γβmax for the ẑ momentum and ẑẑ energy equations in
Appendix E.

To shed light into why coefficient accuracy improves as
a function of γβmax, let us write down the regression loss
function for the inference of the continuity equation with data
that have been Lorentz transformed by β = βx̂,

L′ ∼ ∂t ′n′
e + λ′

1∂x′[n′
ev

′
ex], (8)

where λ′
1 is an unknown coefficient. From the Lorentz-

boosted simulation data, we have measurements of the terms
∂t ′n′

e and ∂x′[n′
ev

′
ex]. Using the inverse Lorentz transform

(�−1)μν , we can express L′ in terms of the laboratory-frame
moments. Crucially, we define the unknown coefficient λ′

1 =

× ×

FIG. 3. Average coefficient error decreases as a function of
maximum Lorentz boost (γβmax). The vertical axis measures the
L1 difference between true and SR inferred coefficients. We ran-
domly Lorentz transform our data in the range 1 � γβ � γβmax and
demonstrate that increasing γβmax (embedding the symmetry more
stringently) leads to more accurate coefficients for the continuity
equation recovery. The vertical error bars correspond to ±one stan-
dard deviation in average coefficient error, and the statistics come
from training each model five times with different realizations of the
random data sampling.
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λ1 to be invariant under the inverse Lorentz transformation.

L′ ∼ γ 2
β {∂t ne + λ1∂x(nevex )

+ β[λ1 − 1]

[
∂t (nevex )

c2
− ∂xne

]

−
(

β

c

)2

[λ1∂t ne + ∂x(nevex )]}. (9)

We recognize the first line of Eq. (9) to be the laboratory-
frame loss function L ∼ ∂t ne + λ1∂x[nevex].

L′ ∼ γ 2
β {L + β[λ1 − 1]

[
∂t (nevex )

c2
− ∂xne

]

−
(

β

c

)2

[λ1∂t ne + ∂x(nevex )]}. (10)

Equation 10 tells us that the boosted frame loss function is
proportional to the laboratory-frame loss function plus ad-
ditional terms tuned by the boost magnitude β. In the limit
γβ → 1, corresponding to β

c → 0, L′ ∼ L. Much more inter-
esting is the large Lorentz boost limit γβ → ∞, corresponding
to β → c. In this limit, Eq. (9) becomes

L′ ∼ γ 2
β

{
[1 − λ1]

[
∂t

(
ne − nevex

c

)
+ ∂x(nec − nevex )

]}
.

(11)
Measurements of the term [∂t (ne − nevex

c ) + ∂x(nec − nevex )]
from Eq. (11) are not typically equal to zero in the MR dataset;
thus, to minimize the loss function in the large Lorentz boost
limit the multiplicative term [1 − λ1] → 0, λ1 → 1. From
theory, we know that the true continuity coefficient is indeed
λ1 = 1. In the same manner, boosting along the ŷ axis would
fix the unknown coefficient attached to ∂y′ [n′

ev
′
ey] to its true

value, also 1.
For the interested reader, Appendix F examines the impact

of applying a single vs multiple Lorentz boost transformations
to each original laboratory-frame data point on the accuracy of
the inferred models. This analysis clarifies the relative roles of
(1) enriching the dataset through Lorentz-based data transfor-
mations and (2) constraining the regression to the subspace of
Lorentz-equivariant models by repeatedly observing the same
data in different inertial frames. In Appendix G, we further
demonstrate explicitly that the use of Lorentz-transformed
data not only improves the accuracy of the inferred coef-
ficients, but also yields models that more faithfully satisfy
Lorentz invariance.

5. Elimination of spurious unphysical terms

ML models find correlations in the data, but these cor-
relations may not be physical. We find that Lorentz data
augmentation can break unphysical correlations in ML mod-
els. For example, when discovering the x̂ŷ component of
the energy equation with only laboratory-frame MR data, an
unphysical term is consistently identified as the ninth model
term by the laboratory-frame SR, even though we know from
theory that the true equation has eight terms [Fig. 4(a1)].
However, upon boosting our MR data into randomly mov-
ing Lorentz reference frames, we see in Fig. 4(a2) that the
regression identifies the correct eight-term model without the
spurious term. Figure 4(b) reaveals how the spurious term

is removed by boosting: In the laboratory frame, there ex-
ists a linear correlation between a spurious candidate term
nevex pex∂y[nevey pex pey] and the model residual. Hence, it is
convenient for the regression procedure to attach a nonzero
coefficient, −0.2298, to this term that reduces the loss func-
tion. Yet, after applying Lorentz boost transformations to
the data, the once linear relation between model loss and
term measurement is broken. This is because the functional
form of the spurious term is not Lorentz invariant and ap-
pears different for independent Lorentz moving observers,
i.e., nevex pex∂y[nevey pex pey] 	= n′

ev
′
ex p′

ex∂y′[n′
ev

′
ey p′

ex p′
ey]. This

is perhaps the most important effect of Lorentz data augmen-
tation and is crucial to enable generalizable ML models. We
will return to this point in Sec. II B.

6. Improved data efficiency

State-of-the-art machine learning models are notoriously
data hungry [66]. Generating, storing, preprocessing, trans-
ferring, and training with large amounts of data can be a
significant bottleneck in the development of generalizable
ML reduced models of physical systems. Here, we find
that not only does Lorentz data augmentation increase the
amount of physically consistent training data without hav-
ing to generate more through expensive PIC simulations, but
we find it improves the model accuracy significantly faster
than by including more original, laboratory-frame data. We
show this effect in Fig. 5, where we examine coefficient ac-
curacy for the continuity equation as a function of varying
the relative proportions of original laboratory-frame data and
Lorentz-transformed data. With only 23 = 8 laboratory-frame
measurements, in the lower left corner of Fig. 5, we find a
large average continuity coefficient error of 0.257. This is
not surprising given the small amount of data used to build
the model. Moving up one square, we randomly boost these
8 laboratory-frame measurements 56 times to have 43 = 64
total laboratory-frame + boosted measurements and the av-
erage continuity coefficient error significantly decreases to
0.001. This same phenomenon is observed for any start-
ing number of laboratory-frame measurements. For a fixed
number of laboratory-frame samples, the coefficient error
saturates after a sufficient number of augmented boosted sam-
ples. Interestingly, even with 103 = 1000 laboratory-frame
measurements we observe an average continuity coefficient
error of 0.032, much higher than what can be achieved with
only 23 = 8 laboratory-frame measurements combined with
Lorentz boosts. These results underscore the effectiveness of
data augmentation in improving the accuracy of ML models.

B. Discovering symmetry-preserving fluid closures

1. Sparse regression inferred closure

Having established the benefits of Lorentz-boosted data
augmentation on the recovery of known equations in Sec. II A,
we now extend the application of this technique to the devel-
opment of accurate, interpretable, and symmetry-preserving
plasma fluid closures from our kinetic simulations of col-
lisionless magnetic reconnection. The development of such
closure models is important to enable accurate and compu-
tationally efficient fluid modeling of magnetic reconnection
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(a1)

(a2)

(b)

FIG. 4. Lorentz data transformation removes an unwanted, spurious model term identified by the laboratory-frame sparse regression. In
panels (a1), laboratory-frame data, and (a2), Lorentz-boosted data, we display the sparse regression inferred x̂ŷ energy equation model error
as a function of model terms. Circles represent zero model form variance for all SR K-folds, while triangles represent nonzero. See the
upper right quadrant for the legend for panels (a1) and (a2). Accuracy is measured in terms of Fraction of Variance Unexplained (FVU).
FVU ≡ Var( f̂ − f )

Var( f ) , where f is the target variable (in this case, measurements of ∂t [ne pex pey]) and f̂ is the model (in this case, the SR inferred
model for ∂t [ne pex pey]). Complexity is measured in terms of the number of nonzero model terms in the equation. The true x̂ŷ energy equation has
eight terms and is marked with a green vertical line. SR performed with laboratory-frame data identifies an incorrect nine-term model (an extra
incorrect term), while with boosted data identify the correct eight-term model; these models are marked by red vertical lines. Panel (b) offers
an explanation for Lorentz boosting removing the extra, spurious term; a once linear relationship between measurements of the spurious ninth
term “nevex pex∂y[nevey pex pey]” and the x̂ŷ energy equation residual breaks upon Lorentz boosting. The relation becomes more nonlinear and
disperse. With laboratory-frame data, the Pearson Correlation Coefficient (PCC), which measures normalized covariance of two variables, is
−0.399. For boosted data, the PCC is −0.204, meaning that the linear relationship lessened upon boosting.

in multiscale plasma scenarios, such as magnetized plasma
turbulence and magnetospheric physics [6,67–69].

Here, we focus on the data-driven inference of a clo-
sure model for the electron pressure tensor for collisionless
magnetic reconnection. Specifically, we seek to express the
electron pressure tensor Pe jk ≡ ∫

fe(ve j − ve j )(pek − pek )d p3
e

as a function of lower-order moments and fields to close
the infinite hierarchy of two-fluid equations introduced in
Sec. II A. While the pressure tensor appears in a Lorentz-
invariant equation, it itself is not Lorentz invariant. However,
for small Lorentz boosts (Galilean boosts) the pressure tensor
remains invariant and thus we should expect our SR inferred
closures to abide by this important symmetry. In the large
magnetic field limit (applicable in guide field reconnection),
the fluid moments and electromagnetic fields transform as
follows under Galilean transformations, where β j is a Galilean
boost velocity vector and quantities as observed in the moving
reference frame are denoted by primed variables:

n′
e = ne, (12)

v′
e j = ve j − β j, (13)

P′
e jk = Pe jk, (14)

E ′
j = Ej + ε jklβkBl , (15)

B′
j = Bj . (16)

Instead of discovering the pressure tensor component by
component in a Cartesian basis, the more natural basis in mag-
netized plasmas is defined with respect to the local magnetic
field. In this basis, the relevant components are the parallel
(Pe‖) and perpendicular (Pe⊥) components of the pressure
tensor.

To illustrate how data augmentation improves closure dis-
covery, we focus on the component of the pressure tensor
parallel to the local magnetic field. From Eqs. (14) and (16),
we see that the electron pressure local to the magnetic field is
invariant under a Galilean boost; thus, for any Galilean boost
β j , P′

e‖ = Pe‖ and P′
e⊥ = Pe⊥. The evolution of Pe‖ is more

complex than the evolution of Pe⊥ in the MR regime consid-
ered in this work (medium guide field regime); thus, we focus
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FIG. 5. Lorentz boosting improves data efficiency in reduced
model discovery. The color is the average continuity coefficient error
measured with the L1 norm. The horizontal axis depicts the number
of randomly sampled laboratory-frame measurements from our MR
simulation. The vertical axis represents this number of laboratory-
frame measurements plus random Lorentz augmentations of those
laboratory-frame measurements. The identity line corresponds to no
data augmentation. For a fixed horizontal position corresponding to
a fixed number of laboratory-frame data samples, moving vertically
corresponds to increasing the number of Lorentz augmentations of
those original, laboratory-frame samples. We see a sharp drop in
average continuity coefficient error moving off of the identity line,
indicating that embedding Lorentz invariance into the SR equa-
tion inference has more of an effect on coefficient accuracy than
simply including more laboratory-frame data. Note that the conti-
nuity equation has two model terms in two dimensions; thus, the
normalizing factor Ncoeff = 2 in this case.

here in the main text on discovering a closure model for Pe‖;
we discuss closure model discovery for Pe⊥ in Appendix H.

We sample local and instantaneous quantities at 103 spatial
locations every 10w−1

pe from tmin = 0w−1
pe to tmax = 250w−1

pe ;
tmax also corresponds to the time at which ∼50% of the ini-
tial magnetic flux has been reconnected. In the same spirit
as the two-fluid equation inference, we only sample from
spatial locations where the target variable, in this case Pe‖,
is greater than its 70th percentile value at its sampled time
step. We observe how well our pressure closure generalizes to
times outside of the training window, t > tmax. We provide a
library of candidate terms comprised of fluid moments and
electromagnetic fields {ne, vex, vey, vez, Bx, By, Bz} and their
polynomial combinations; the electric field is left out as a
candidate term due to its strong correlation with ve × B.

Without Galilean-boost augmented data, SR infers the fol-
lowing seven-term electron parallel pressure model (which we
refer to as the SR-Lab model):

Pe‖Lab = −0.069 + 0.113ne + 0.370vex
2 − 0.291vez

2

− 0.078B2
x + 0.065B2

z − 0.075Bzne. (17)

We readily notice that the SR-Lab closure in Eq. (17) is not
Galilean invariant since the terms proportional to {vex

2, vez
2}

are not Galilean invariant, e.g., v′
ez

2 = (vez − βz )2 	= vez
2. The

identification of these terms by SR is the result of a spurious
correlation with the parallel electron pressure in the original
(laboratory-frame) dataset. However, this correlation is bro-
ken when the dynamics is observed from different Galilean
reference frames. Indeed, adding Galilean-augmented data in
the SR closure inference removes these spurious terms as all
Galilean reference frames must agree on the same closure. To
embed Galilean symmetry, we double the training dataset size
by including random Galilean boosts of each sampled point
with |β j | � 0.4c. With Galilean-boosted data, the following
six-term model (SR-Boost) is inferred:

Pe‖Boost = − 0.071 + 0.103ne − 0.040B2
x

+ 0.193B2
y + 0.062B2

z − 0.062Bzne, (18)

which is readily observed to be Galilean invariant. A more
detailed discussion of the inferred models and their physical
interpretation will be left to future work. We note that for
weaker Galilean boosts, for example, |β j | � 0.1c, the symme-
try breaking terms are not removed from the closure inferred
with augmented data; a sufficiently strong boost is required
to break the spurious correlations between model residual and
unwanted terms.

Importantly, the SR-Boost closure shows significantly bet-
ter generalization to unseen times t > tmax compared to
SR-Lab (Fig. 6). During the training window (t < tmax), both
SR-Boost and SR-Lab are found to have similar model errors
(Fig. 6); the removal of the spurious terms from SR-Boost
results in only a small increase of the model error with respect
to SR-Lab. However, the detrimental effects of the spurious
terms on the accuracy of the closure models become most
noticeable for t > tmax. Indeed, at these times we observe
that the spurious correlations were not only frame dependent,
but also only occurred in a narrow range of time (during the
training window). Elimination of these spurious terms through
Galilean symmetry embedding is crucial to enable a more
robust and generalizable closure model.

In Fig. 6, we further compare the obtained SR-Lab and
SR-Boost closures with commonly used analytical pres-
sure closure models for collisionless magnetic reconnection.
These include the isothermal closure (where the pressure is
linearly proportional to the density), the double adiabatic
Chew-Goldberger-Low (CGL) closure model [70], and Le
closure [67], which interpolates between isothermal and CGL
closures depending on whether the plasma is in a passing or
trapped state; we note that we are extending the Le closure
outside of its regime of validity, vthe � vA (vthe and vA are the
electron thermal and Alfvén speed, respectively), which does
not hold in our low beta pair plasma where vthe/vA = 0.22.
With only the original, laboratory-frame data, the SR-Lab clo-
sure does not outperform CGL (the best performing analytical
model for the simulated magnetic reconnection regime). How-
ever, including Galilean-boosted data, the SR-Boost closure
outperforms all other analytical closures, having the lowest
model error at late times, beyond the training time horizon t >

tmax = 250w−1
pe (Fig.e 6). At these late times, the analytical

models greatly underestimate Pe‖, leading to their large errors,
and the improved performance of SR-Boost over SR-Lab is
primarily due to its more accurate predictions upstream of
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FIG. 6. Machine-learned Pe‖ pressure closures for collisionless magnetic reconnection—discovered with Galilean-augmented data—not
only outperform models discovered without symmetry embedding, but further commonly used analytic pressure closures. The vertical axis
corresponds to model error measured as the spatial mean of the absolute L1 difference between the true simulation pressure and the pressure
closure model. We normalize the average pressure error to a characteristic pressure value in the simulation P0 = 0.1n0mec2. The horizontal
axis is time. The SR and NN models are trained until t = tmax = 250w−1

pe and then generalized to future times. Isothermal, Le, and CGL are
commonly used pressure models with analytic functional forms. As time increases and reconnection becomes more nonlinear and complicated,
all closures perform worse. At late, generalization times the machine-learned closures discovered with Galilean-augmented data have the lowest
model error.

the reconnecting current sheet, outside the plasmoid regions.
We present in Appendix I a more detailed discussion about
the error distributions of the pressure closure models used in
Fig. 6.

We note that at early times (t < tmax), corresponding to
the training phase, the analytical closure models outperform
both SR-based approaches. This indicates that the current SR
library lacks the expressiveness needed to accurately cap-
ture the pressure closure across both early and late time
regimes. One possible remedy is to enrich the SR candi-
date library by incorporating more complex nonlinear terms.
Alternatively, neural networks (being universal function ap-
proximators [71]) offer a flexible framework to explore more
expressive functional forms. Motivated by this, we turn to
neural network-based closures in the next section.

2. Neural network inferred closure

NNs, such as multilayer perceptrons, are able to model
much more sophisticated functional forms than those in the
simple library of catalog terms used in SR to infer the Pe‖
closure. This comes at the cost of reduced interpretability of
the inferred model. Nevertheless, NNs can be used as tools to
investigate the existence of more accurate closure models than
those found by SR, by leveraging their ability to approximate
more complex functional forms.

We therefore design NNs to approximate Pe‖ based on
local and instantaneous values of lower-order fluid moments
and fields {ne, vex, vey, vez, Ex, Ey, Ez, Bx, By, Bz} as inputs.
Two NN models are trained using laboratory-frame-only data
(which we refer to as NN-Lab) and Galilean-augmented data
(NN-Boost). Training data are sampled and augmented using
the procedure previously applied to SR. As before, the NNs
are trained up to t < tmax = 250w−1

pe and tested on their ability
to generalize to later times; we explore the impact of varying

tmax in Appendix J. The NN architectures are composed of
three hidden layers with 25 nodes per layer. They are trained
in PyTorch [72] for 2000 epochs with an AdamW optimizer,
learning rate of 0.001, and batch size of 10. These training
parameters consistently lead to well-converged models.

The accuracy of the NN closure models (as measured by
their mean absolute error) is shown in Fig. 6. For t < tmax,
both NN models are observed to perform similarly to the
analytical closure models and outperform the SR pressure
closure models. The improved NN model error at early times
suggests the existence of other functional forms that better
approximate the pressure closure model. These results can
motivate a reexamination of the library of candidate terms
used in SR to capture such improved behaviors in an inter-
pretable framework.

For t > tmax, beyond the training horizon, we see a notable
improvement in the performance of NN-Boost over NN-Lab
(Fig. 6). These results reveal that NN-Boost generalizes better
than NN-Lab, underscoring the benefits of symmetry embed-
ding via data augmentation in improving the generalization
capabilities of ML models other than SR. However, despite
their greater flexibility, the NN models do not outperform
the SR-Boost closure in this regime. This indicates that the
quadratic polynomial basis used in SR is already sufficient to
capture the essential behavior of Pe‖ at late times.

These numerical experiments illustrate the importance of
embedding fundamental physical symmetries in machine-
learned-based fluid closure models from first-principles
kinetic simulations. However, there are several important con-
siderations that are worth discussing before applying these
techniques to study magnetic reconnection or other plasma
phenomena more broadly. First, it is important to recognize
that despite embedding fundamental physical symmetries, the
validity of ML fluid closure models may be limited to the
physical regimes in which they are trained. For example, ML
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closures trained on kinetic simulations of subrelativistic mag-
netic reconnection may not generalize to relativistic magnetic
reconnection regimes, where fundamentally unique behavior
can arise, such as relativistic plasma effects and highly ef-
ficient nonthermal particle acceleration. These effects may
require fundamental structural changes to the closure model
or to the reduced plasma framework itself (such as going from
a pure plasma fluid framework to a hybrid kinetic-fluid plasma
framework). Therefore, it is important to identify the range of
physical regimes of interest at the onset and define an appro-
priate reduced theoretical plasma framework accordingly. The
kinetic simulation data used to train the ML closure models
of such a framework should then span the physical regimes of
interest—with the aid of symmetry-guided data augmentation.

Second, the ML pressure closure models explored in this
work could potentially be more accurate by allowing for non-
local dependencies (in space and in time) on low-order plasma
moments and fields. Indeed, the inclusion of kinetic effects in
fluid plasma models has been shown to require closure models
that are inherently nonlocal [5,73]. Such nonlocal relations
can be captured using convolution neural networks [11,74–
77], for example. In addition, the development of ML closure
models at a higher-order moment of the distribution function,
such as the heat flux tensor for example, could also be fruitful.
An ML closure model for the heat flux tensor (or higher-order
moment) may turn out to be simpler than that for the pressure
tensor for a given problem, and may ultimately even facilitate
gaining insights into the underlying physics.

Finally, to properly assess the performance of ML closures,
it is important that these be implemented into a fluid (or
hybrid) simulation framework, enabling self-consistent calcu-
lations with this model and verifying whether key observables
of interest (such as the reconnection rate and energy partition-
ing, for example) are well captured. There has been recent
progress in this direction [10–14,76,78,79], but extending
these approaches to magnetic reconnection and to higher-
dimensional plasma phenomena remains a valuable direction
for future work.

III. DISCUSSION

In this work, we showed that data augmentation is an
effective and flexible method to embed physical symme-
tries into machine-learned reduced plasma models trained
on data from first-principle plasma simulations. This ap-
proach works across different types of machine learning
models, physical problems, and physical symmetries. As a
proof of concept, we showed that by Lorentz transforming
PIC simulation data of collisionless magnetic reconnection
we were able to embed Lorentz invariance into the SR in-
ference of the relativistic two-fluid equations. Discovering
reduced plasma models that abide by fundamental physical
symmetries such as Lorentz invariance is crucial for their
physical consistency and generalization performance. The act
of embedding Lorentz invariance into the inference of the two-
fluid equations resulted in more accurate coefficients and the
elimination of unphysical, spurious model terms. We further
showed that with a limited amount of original, simulation data
combined with Lorentz-boosted data augmentation, we could
discover more accurate models than with orders of magnitude

more original simulation data. This has important implications
for reducing the volume of data produced by state-of-the-art
simulations, which is an increasingly pressing issue in the era
of exascale computing [80].

We further demonstrated the importance of embedding
symmetries into the inference of pressure closures for col-
lisionless magnetic reconnection in the low Lorentz boost
limit (Galilean boosts). We obtained a parallel pressure clo-
sure model with SR that was not only Galilean invariant, but
furthermore outperformed commonly used analytical closure
models. To show the methodological generality of symmetry
embedding with data augmentation, we trained NN models
to predict the parallel pressure with and without Galilean
boosts. The symmetry-preserving models outperformed their
original data counterparts. We envision further improvements
to the development of ML fluid moment closures for magnetic
reconnection by extending the library of SR terms or NN
architectures to account for nonlocal effects [77].

There are several promising opportunities for extending
this work, particularly in enabling reduced plasma models that
generalize to different plasma conditions beyond the training
data and thus accelerate the computational exploration
of unexplored regimes. One direction is the development of
symmetry-preserving closures trained on ensembles of kinetic
simulations with varied initial conditions, which could enable
reduced models capable of interpolating across parameter
space and accelerating systematic scans of reconnection
dynamics. Another avenue is to train on data with varying
scale separations (e.g., ion-electron mass ratio) to explore
whether and how ML reduced models can capture asymptotic
scaling and remain valid beyond the regimes directly
represented in training. Beyond fluid moment closures, the
symmetry-embedding techniques explored here can also be
applied to the development of subgrid models for anomalous
resistivity and viscosity, which are important ingredients for
theoretical models of magnetic reconnection at very large
scales [57,81,82]. Future work on these fronts may benefit
from implicit sparse regression methods [83] and greedy
singular value decomposition algorithms [38,84] to efficiently
capture nonlinearities without significant library modification.

We note that rather than weakly embedding Galilean and
Lorentz symmetries through data augmentation, we could
have hard constrained the symmetries by selecting inputs
that were invariant by construction. In our example, this
would correspond to formulating a library of catalog terms
comprised of Lorentz tensors. This is certainly a reasonable
approach, however demands a careful method to construct
the library of catalog terms that guarantees invariance. We
aim to explore this approach in future work. Additionally,
discovering fluid closures in their Lorentz tensorial form for
complicated relativistic plasma systems is an important yet
largely unexplored direction for future work.

In summary, we have shown that symmetry-guided data
augmentation provides a powerful and versatile approach
for embedding physical symmetries into machine-learned re-
duced models of plasma dynamics constructed from the data
of first-principles kinetic simulations. This approach is ag-
nostic to the learning framework, integrating seamlessly with
techniques that range from sparse regression to deep neu-
ral networks. Our results help lay the foundation for the
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development of more accurate, physically consistent, and
data-efficient reduced plasma models, which are key to en-
abling computationally efficient multiscale simulations of
complex plasma systems.
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APPENDIX A: SIMULATION DETAILS

Here, we detail the physical and numerical parameters of
our particle-in-cell simulation of collisionless magnetic re-
connection. We construct a force-free current sheet with the
following magnetic field profiles:

Bx(y) = Breconn

[
tanh

(
y + Ly

4

λ

)
− tanh

(
y − Ly

4

λ

)
− 1

]
,

(A1)

Bz(y) =
√

B2
reconn + B2

guide − Bx(y). (A2)

This results in two current sheets spatially separated in ŷ
with out-of-the-plane, ẑ currents in opposite directions. It is
periodic in both (x, y). These magnetic field profiles satisfy
the force-free equilibrium condition J × B = 0. There is no
pressure gradient in the initialization. To perturb the system in
an asymmetric manner, we initialize

By(x) = δB

⎡
⎣sin

(
2πx

Lx

)
+ 1

4
exp

⎛
⎝−

(
x − Lx

4( Lx
8

)
)2

⎞
⎠

⎤
⎦.

(A3)
In our system, Breconn = 0.5, Bguide = 0.2, δB = 0.01, Lx =
48de, Ly = 64de, and λ = 1de. This is the medium guide
field regime as Bguide

Breconn
= 0.4. From the magnetic fields, we

calculate the self-consistent current density. We partition the
initial density and momentum equally between electrons and
positrons (ne = np = n0 = 1, ve = − J

2 , vp = J
2 ). We choose

βe = βp = β0 = 0.1, where βs ≡ ps/(B2/8π ), which sets the

electron and positron thermal velocities vth =
√

β0

8 ≈ 0.112c.

For Sec. II A, the numerical PIC parameters used were 1600
particles per cell, linear particle shapes, grid spacing �x =
�y = 0.1de, and time step �t = 0.0667w−1

pe . The simulation
is nonrelativistic as the initial ratio of thermal to magnetic en-

ergy ∼ v2
th

B2
reconn

≈ 0.05. We end the simulation at tmax = 103w−1
pe

when the reconnection rate has saturated. The data used for the
pressure closure model discovery in Sec. II B were generated
using identical physical parameters, but used 625 particles per
cell and quadratic particle shapes.

APPENDIX B: CANDIDATE TERMS FOR TWO-FLUID
EQUATION REDISCOVERY

Here, we provide details for the sparse regression inference
of the two-fluid moment equations from magnetic reconnec-
tion data. For each equation inference, we provided sparse
regression with the possible catalog terms to describe the
target (dynamical) variable. The choice of these catalog terms
is guided by the physical intuition of the problem; in this
case, we know the true equations and thus build catalog term
libraries that include the true model terms, as well as other
reasonable model terms that may throw the sparse regression
algorithm off from the true equation. The catalog terms are
the building block catalog terms listed below and polynomial
combinations of the building block terms up to order 2.

Equation
Target

variable Building block catalog terms

Continuity ∂t ne 1, ne, nevex, nevey, nevez, ∂x[nevex],
∂y[nevey], Ex, Ey, Ez, Bx, By, Bz

x̂ momentum ∂t [ne pex] 1, ne, nevex, nevey, nevez, nevex pex ,
nevex pey, nevex pez, ∂x[nevex pex],

∂y[nevex pey], Ex, Ey, Ez, Bx, By, Bz

ŷ momentum ∂t [ne pey] 1, ne, nevex, nevey, nevez, nevey pex ,
nevey pey, nevey pez, ∂x[nevey pex],

∂y[nevey pey], Ex, Ey, Ez, Bx, By, Bz

ẑ momentum ∂t [ne pez] 1, ne, nevex, nevey, nevez, nevez pex ,
nevez pey, nevez pez, ∂x[nevez pex],

∂y[nevez pey], Ex, Ey, Ez, Bx, By, Bz

x̂x̂ energy ∂t [ne pex pex] 1, ne, ne pex, ne pey, ne pez, nevex pex ,
nevex pey, nevex pez, nevex pex pex ,

nevey pex pex , nevez pex pex ,
∂x[nevex pex pex], ∂y[nevey pex pex],

Ex, Ey, Ez, Bx, By, Bz

ŷŷ energy ∂t [ne pey pey] 1, ne, ne pex, ne pey, ne pez, nevey pex ,
nevey pey, nevey pez, nevex pey pey,

nevey pey pey, nevez pey pey, ∂x[nevex pey pey],
∂y[nevey pey pey], Ex, Ey, Ez, Bx, By, Bz

ẑẑ energy ∂t [ne pez pez] 1, ne, ne pex, ne pey, ne pez, nevez pex ,
nevez pey, nevez pez, nevex pez pez,

nevey pez pez, nevez pez pez, ∂x[nevex pez pez],
∂y[nevey pez pez], Ex, Ey, Ez, Bx, By, Bz

x̂ŷ energy ∂t [ne pex pey] 1, ne, ne pex, ne pey, ne pez, nevex pex ,
nevey pey, nevez pez, nevex pey, nevex pez,

nevey pez, nevex pex pey, nevey pex pey,
nevez pex pey, ∂x[nevex pex pey],

∂y[nevey pex pey], Ex, Ey, Ez, Bx, By, Bz
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x̂ẑ energy ∂t [ne pex pez] 1, ne, ne pex, ne pey, ne pez, nevex pex ,
nevey pey, nevez pez, nevex pey, nevex pez,

nevey pez, nevex pex pez, nevey pex pez,
nevez pex pez, ∂x[nevex pex pez],

∂y[nevey pex pez], Ex, Ey, Ez, Bx, By, Bz

ŷẑ energy ∂t [ne pey pez] 1, ne, ne pex, ne pey, ne pez, nevex pex ,
nevey pey, nevez pez, nevex pey, nevex pez,

nevey pez, nevex pey pez, nevey pey pez,
nevez pey pez, ∂x[nevex pey pez],

∂y[nevey pey pez], Ex, Ey, Ez, Bx, By, Bz

APPENDIX C: DATA SAMPLING DETAILS

Here, we detail the data sampling procedure to extract mea-
surements for the sparse regression recovery of the two-fluid
equations. First, to remove some of the data overhead we
sample our data from windows (clusters) of neighboring time
steps. Beginning at time step 3500 (which corresponds to a
physical time t = 233.33w−1

pe ), we sample our measurements
from a 30 time step (2w−1

pe ) window. We then skip 800 time
steps (53.33w−1

pe ) until the next 30 time step window. The
process is repeated until time step 6020 (401.33w−1

pe ). This
results in four time windows of consecutive time steps where
we can sample measurements for the sparse regression equa-
tion inference. These time windows fall during the nonlinear
stage of MR when complex, nonlinear, and chaotic dynamics
are occurring. To ensure that the measured points reside in
interesting regions in space-time where the target variables
are dynamically balanced by the interplay of model terms,
for each time window we calculate the 70th percentile value
of the absolute target variables and only select measurements
above that threshold. The results are weakly sensitive to the
percentile value above 50%. However, the sampling thresh-
old may vary across problems, so we recommend scanning
this parameter for each dataset and evaluating which mod-
els generalize best. A total of 153 = 3375 measurements are
randomly selected—satisfying the threshold condition—from
the time windows. Selecting a large amount of measurements
from the simulations, as done here, helps reduce the variance
of model coefficient error as observed in Fig. 2. We then
integrate these measurements over small space-time cubes of
size {5�x, 5�y, 5�t} (the integral formulation) and discover
equations in their integral form. The data sampling scheme is
different for closure discovery and described in the text body
(Sec. II B).

APPENDIX D: TABLE OF INFERRED COEFFICIENTS

Here, we provide the two-fluid model equations inferred
by sparse regression with and without Lorentz-boosted data
transformations in Sec. II A. The Lorentz boosts are con-
ducted with a maximum Lorentz boost of γβmax = 1.5. The
error bars correspond to ±one standard deviation, and the
statistics come from training each model five times with dif-
ferent realizations of the random data sampling. We compare
the laboratory-frame and Boosted Data Equations with the
analytically derived true equations.

Continuity equation

True
equation

∂t ne = −∂x[nevex] −∂y[nevey]

Laboratory-
frame data
inferred
equation

∂t ne = −(1.0262 ± 0.0028)∂x[nevex]
−(1.0317 ± 0.0022)∂y[nevey]

Boosted data
inferred
equation

∂t ne = −(1.0006 ± 0.0007)∂x[nevex]
−(1.0005 ± 0.0001)∂y[nevey]

x̂ Momentum equation

True
equation

∂t [ne pex] = −∂x[nevex pex]
−∂y[nevex pey] − neEx − neveyBz

+nevezBy

Laboratory-
frame data
inferred
equation

∂t [ne pex] =
−(1.0189 ± 0.0008)∂x[nevex pex]

−(1.0311 ± 0.0014)∂y[nevex pey] −
(1.0071 ± 0.0016)neEx − (1.0077 ±

0.0018)neveyBz

+(1.0107 ± 0.0016)nevezBy

Boosted data
inferred
equation

∂t [ne pex] =
−(1.0002 ± 0.0005)∂x[nevex pex]

−(1.0016 ± 0.0003)∂y[nevex pey] −
(0.9918 ± 0.0051)neEx − (0.9917 ±

0.0050)neveyBz

+(0.9931 ± 0.0040)nevezBy

ŷ Momentum equation

True
equation

∂t [ne pey] = −∂x[nevey pex]
−∂y[nevey pey] − neEy − nevezBx

+nevexBz

Laboratory-
frame data
inferred
equation

∂t [ne pey] =
−(1.0211 ± 0.0022)∂x[nevey pex]

−(1.0245 ± 0.0017)∂y[nevey pey] −
(1.0079 ± 0.0023)neEy − (1.0081 ±

0.0023)nevezBx

+(1.0080 ± 0.0021)nevexBz

Boosted data
inferred
equation

∂t [ne pey] =
−(1.0012 ± 0.0006)∂x[nevey pex]

−(1.0010 ± 0.0002)∂y[nevey pey] −
(0.9916 ± 0.0018)neEy − (0.9925 ±

0.0011)nevezBx

+(0.9916 ± 0.0018)nevexBz

ẑ Momentum equation

True
equation

∂t [ne pez] = −∂x[nevez pex]
−∂y[nevez pey] − neEz − nevexBy

+neveyBx

Laboratory-
frame data
inferred
equation

∂t [ne pez] =
−(1.0256 ± 0.0042)∂x[nevez pex]

−(1.0322 ± 0.0026)∂y[nevez pey] −
(1.0207 ± 0.0030)neEz − (1.0187 ±

0.0019)nevexBy

+(1.0173 ± 0.0029)neveyBx
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Boosted data
inferred
equation

∂t [ne pez] =
−(1.0007 ± 0.0005)∂x[nevez pex]

−(1.0003 ± 0.0002)∂y[nevez pey] −
(0.9942 ± 0.0029)neEz − (0.9942 ±

0.0029)nevexBy

+(0.9942 ± 0.0029)neveyBx

x̂x̂ Energy equation

True
equation

∂t [ne pex pex] = −∂x[nevex pex pex]
−∂y[nevey pex pex] − 2ne pexEx −

2nevex peyBz +2nevex pezBy

Laboratory-
frame data
inferred
equation

∂t [ne pex pex] =
−(1.0219 ± 0.0020)∂x[nevex pex pex]

−(1.0360 ± 0.0021)∂y[nevey pex pex] −
(2.0230 ± 0.0086)ne pexEx −
(2.0230 ± 0.0051)nevex peyBz

+(2.0255 ± 0.0049)nevex pezBy

Boosted data
inferred
equation

∂t [ne pex pex] =
−(1.0010 ± 0.0004)∂x[nevex pex pex]

−(1.0095 ± 0.0016)∂y[nevey pex pex] −
(1.9881 ± 0.0057)ne pexEx −
(1.9871 ± 0.0052)nevex peyBz

+(1.9959 ± 0.0074)nevex pezBy

ŷŷ Energy equation

True
equation

∂t [ne pey pey] = −∂x[nevex pey pey]
−∂y[nevey pey pey] − 2ne peyEy −

2nevey pezBx +2nevey pexBz

Laboratory-
frame data
inferred
equation

∂t [ne pey pey] =
−(1.0278 ± 0.0036)∂x[nevex pey pey]

−(1.0299 ± 0.0023)∂y[nevey pey pey] −
(2.0263 ± 0.0093)ne peyEy −
(2.0250 ± 0.0069)nevey pezBx

+(2.0247 ± 0.0059)nevey pexBz

Boosted data
inferred
equation

∂t [ne pey pey] =
−(1.0062 ± 0.0027)∂x[nevex pey pey]

−(1.0016 ± 0.0004)∂y[nevey pey pey] −
(1.9965 ± 0.0087)ne peyEy −
(1.9979 ± 0.0062)nevey pezBx

+(1.9971 ± 0.0084)nevey pexBz

ẑẑ Energy equation

True
equation

∂t [ne pez pez] = −∂x[nevex pez pez]
−∂y[nevey pez pez] − 2ne pezEz −

2nevez pexBy +2nevez peyBx

Laboratory-
frame data
inferred
equation

∂t [ne pez pez] =
−(1.0287 ± 0.0048)∂x[nevex pez pez]

−(1.0361 ± 0.0054)∂y[nevey pez pez] −
(2.0440 ± 0.0073)ne pezEz −
(2.0290 ± 0.0075)nevez pexBy

+(2.0259 ± 0.0082)nevez peyBx

Boosted data
inferred
equation

∂t [ne pez pez] =
−(1.0006 ± 0.0004)∂x[nevex pez pez]

−(1.0004 ± 0.0003)∂y[nevey pez pez] −
(1.9965 ± 0.0040)ne pezEz −
(1.9963 ± 0.0042)nevez pexBy

+(1.9961 ± 0.0041)nevez peyBx

x̂ŷ Energy equation

True
equation

∂t [ne pex pey] = −∂x[nevex pex pey]
−∂y[nevey pex pey] − ne pexEy −

ne peyEx − nevex pezBx −nevey peyBz

+nevey pezBy +nevex pexBz

Laboratory-
frame data
inferred
equation

∂t [ne pex pey] =
−(1.0324 ± 0.0033)∂x[nevex pex pey]

−(1.0418 ± 0.0023)∂y[nevey pex pey] −
(1.0184 ± 0.0049)ne pexEy

−(1.0171 ± 0.0038)ne peyEx −
(1.0193 ± 0.0031)nevex pezBx

−(1.0173 ± 0.0029)nevey peyBz

+(1.0202 ± 0.0037)nevey pezBy

+(1.0177 ± 0.0030)nevex pexBz

Boosted data
inferred
equation

∂t [ne pex pey] =
−(0.9999 ± 0.0003)∂x[nevex pex pey]

−(1.0009 ± 0.0003)∂y[nevey pex pey] −
(0.9882 ± 0.0017)ne pexEy −

(0.9913 ± 0.0021)ne peyEx − (0.9887 ±
0.0016)nevex pezBx

−(0.9912 ± 0.0021)nevey peyBz

+(0.9917 ± 0.0019)nevey pezBy

+(0.9882 ± 0.0017)nevex pexBz

x̂ẑ Energy equation

True
equation

∂t [ne pex pez] = −∂x[nevex pex pez]
−∂y[nevey pex pez] − ne pexEz −

ne pezEx − nevey pezBz −nevex pexBy

+nevex peyBx +nevez pezBy

Laboratory-
frame data
inferred
equation

∂t [ne pex pez] =
−(1.0280 ± 0.0024)∂x[nevex pex pez]

−(1.0429 ± 0.0033)∂y[nevey pex pez] −
(1.0246 ± 0.0025)ne pexEz −

(1.0189 ± 0.0018)ne pezEx − (1.0150 ±
0.0012)nevey pezBz

−(1.0181 ± 0.0011)nevex pexBy

+(1.0175 ± 0.0026)nevex peyBx

+(1.0172 ± 0.0012)nevez pezBy

Boosted data
inferred
equation

∂t [ne pex pez] =
−(1.0004 ± 0.0005)∂x[nevex pex pez]

−(1.0015 ± 0.0002)∂y[nevey pex pez] −
(0.9952 ± 0.0078)ne pexEz −

(0.9960 ± 0.0046)ne pezEx − (0.9958 ±
0.0045)nevey pezBz

−(0.9951 ± 0.0078)nevex pexBy

+(0.9951 ± 0.0076)nevex peyBx

+(0.9950 ± 0.0048)nevez pezBy

ŷẑ Energy equation

True
equation

∂t [ne pey pez] = −∂x[nevex pey pez]
−∂y[nevey pey pez] − ne peyEz −

ne pezEy − nevex peyBy −nevez pezBx

+nevex pezBz +nevey peyBx
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Laboratory-
frame data
inferred
equation

∂t [ne pey pez] =
−(1.0252 ± 0.0040)∂x[nevex pey pez]

−(1.0327 ± 0.0040)∂y[nevey pey pez] −
(1.0064 ± 0.0044)ne peyEz −

(1.0099 ± 0.0035)ne pezEy − (1.0042 ±
0.0027)nevex peyBy

−(1.0061 ± 0.0023)nevez pezBx

+(1.0084 ± 0.0027)nevex pezBz

+(1.0031 ± 0.0020)nevey peyBx

Boosted data
inferred
equation

∂t [ne pey pez] =
−(1.0016 ± 0.0015)∂x[nevex pey pez]

−(1.0008 ± 0.0004)∂y[nevey pey pez] −
(0.9922 ± 0.0033)ne peyEz −

(0.9912 ± 0.0031)ne pezEy − (0.9934 ±
0.0029)nevex peyBy

−(0.9908 ± 0.0033)nevez pezBx

+(0.9911 ± 0.0031)nevex pezBz

+(0.9921 ± 0.0033)nevey peyBx

APPENDIX E: ADDITIONAL EXAMPLES
OF COEFFICIENT ERROR IMPROVING
AS A FUNCTION OF MAXIMUM BOOST

Here, we show two additional average coefficient error
vs γβmax plots for the ẑ component of the momentum equa-
tion and ẑẑ component of the energy equation (Fig. 7). Again,
the elbows fall roughly at γβmax = 1.2. For the results pre-
sented in Figs. 1, 2, 4, 5, and 9, γβmax = 1.5, to the right of
the elbow. This demonstrates that the Lorentz boosts are large
enough to reap the benefits of symmetry embedding.

APPENDIX F: DISENTANGLING THE ROLES OF DATA
RICHNESS AND MULTIPLE SYMMETRY-RELATED DATA

COPIES FOR IMPROVING COEFFICIENT ACCURACY

In this Appendix, we examine the relative contributions to
coefficient improvement due to Lorentz boosting from two
distinct factors: (1) data richness, interpreted as the increased
variance or diversity within the dataset, and (2) symmetry en-
forcement achieved through repeated laboratory-data copies
boosted into different Lorentz reference frames. These two
factors represent natural explanations for the findings shown
in Fig. 2, where coefficient accuracy improves with the inclu-
sion of Lorentz-boosted data.

We have conducted the following computational exper-
iments to quantify the contributions of these two effects.
Starting from a set of 100 laboratory-frame measurements
(original data points taken from the collisionless magnetic
reconnection PIC simulation), we generated datasets in two
different ways: (1) the repeated data copies method (augmen-
tation), where each laboratory-frame measurement is boosted
multiple times (either 10 or 100 times) into random Lorentz
reference frames with γβ sampled uniformly between 1 and
γβmax = {1, 1.1, 1.5, 2, 5, 10}; and (2) the data transforma-
tion method, where each laboratory-frame measurement is
boosted only once into a random Lorentz reference frame
again with γβ sampled uniformly between 1 and γβmax =
{1, 1.1, 1.5, 2, 5, 10}. For each of these strategies, we calcu-
lated the coefficient error for the sparse regression inferred
continuity equation. We also calculated the data richness,
measured as the variance of the dynamical (target) term ∂t ne.
We note that we repeated each of these calculations five times
with different realizations of the random measurement sam-
pling, and averaged over the results.

The results are illustrated in Fig. 8. The data richness
is shown to increase with increasing γβmax, as expected
from the broader range of boost transformations of the data.

(b)(a)

× ×

(b)

× ×

FIG. 7. Average coefficient error decreases as a function of maximum Lorentz boost (γβmax) for the ẑ momentum and ẑẑ energy equations.
Panel (a) is for the ẑ momentum equation and panel (b) is for the ẑẑ energy equation. The vertical axis measures the L1 difference between
true and SR inferred coefficients. We randomly Lorentz transform our data in the range 1 � γβ � γβmax and demonstrate that increasing γβmax

(embedding the symmetry more stringently) leads to more accurate coefficients. The vertical error bars correspond to ±one standard deviation
in average coefficient error, and the statistics come from training each model five times with different realizations of the random data sampling.
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FIG. 8. Data richness vs coefficient error for the continuity equa-
tion. The vertical axis shows the mean absolute error of the sparse
regression coefficients inferred for the continuity equation. On the
horizontal axis, we plot a measure of data richness, defined as the
variance of the target term ∂t ne, normalized by the variance com-
puted from the original laboratory-frame data alone. The error bars
correspond to ±one standard deviation, and the statistics come from
training each model five times with different realizations of the ran-
dom data sampling. As expected, transforming our original data into
Lorentz-boosted reference frames with larger Lorentz factor γβmax

leads to greater data richness. Moreover, higher data richness cor-
responds to a substantial reduction in coefficient error for the sparse
regression inferred coefficients, often by several orders of magnitude.
At a fixed Lorentz boost (approximately fixed data richness), adding
multiple Lorentz-boosted copies (either 10× or 100× per laboratory
measurement) further decreases the coefficient error, but only by a
modest factor. These findings thus suggest that the dominant factor
driving improved coefficient accuracy is the increase in data variance
achieved by applying more extreme Lorentz boosts.

Importantly, we find that while the data augmentation methods
produce slightly lower coefficient error than the transforma-
tion method for the same γβmax, the main source of coefficient
error reduction is due to increasing the data richness (data
variance), which is controlled by γβmax. The coefficient ac-
curacy at a fixed γβmax appears to improve only by a factor
of a few (∼2–4) when multiple symmetry-related copies of
the data are added. We note that adding more data copies
is computationally expensive for the sparse regression, while
increasing γβmax does not change the computational demand.
Therefore, the data transformation method has important prac-
tical advantages since it is a more computationally efficient
way of reducing the coefficient error compared to creating
symmetry-related data copies with true data augmentation.

APPENDIX G: RESPECTING LORENTZ INVARIANCE

Reduced plasma models discovered with SR on Lorentz-
augmented MR data are found to be more “Lorentz invariant”
than models discovered on only the original, laboratory-
frame simulation data. The symmetry is thus successfully

embedded. Highly boosted Lorentz reference frames ob-
serve strikingly distorted dynamics relative to the simulation
frame [85]; the balance of PDE terms in the boosted-frame
data is different than in the laboratory frame. By including
Lorentz-augmented data in the equation inference procedure,
we are providing unseen, yet physically valid training data,
which further restrict the solution space (coefficient mani-
fold).

We construct a metric to measure the degree of Lorentz
invariance of our inferred two-fluid equations and compare
the equations discovered with Lorentz-boosted data vs with
laboratory-frame data. As a metric for the degree of Lorentz
invariance from our inferred equations, we add the absolute
difference between the spatial derivative coefficients and 1
to the absolute difference between the electromagnetic field
term coefficients and their collective mean. In Fig. 9, we show
that all equations that are inferred with Lorentz-transformed
data are more Lorentz invariant than when inferred solely with
laboratory-frame data according to this metric.

To better understand how Lorentz boosting embeds
Lorentz symmetry (and minimizes the Lorentz invariance
metric described above), we return to the loss function formal-
ism presented in Eqs. (8)–(11) and examine the regression loss
function for the inference of the ẑ momentum equation with
data that have been Lorentz transformed by β = βx̂.

L′ ∼ ∂ ′
t [n

′
e p′

ez] + λ′
1n′

eE ′
z + λ′

2n′
ev

′
exB′

y + λ′
3n′

ev
′
eyB′

x, (G1)

where {λ′
1, λ

′
2, λ

′
3} are unknown coefficients that the regres-

sion will try to optimize. From the Lorentz-boosted data, we
have measurements of the terms ∂ ′

t [n
′
e p′

ez], n′
eE ′

z, etc. Using the
inverse Lorentz transform (�−1)μν , we can express L′ in terms
of the laboratory-frame moments. Crucially, we define the
unknown coefficients to be invariant under the inverse Lorentz
transformation. Focusing solely on the Lorentz force terms in
Eq. (G1),

L′ ∼ λ1γ
2
β ne

[
1 − βvex

c2

]
[Ez + βBy]

+ λ2γ
2
β ne[vex − β]

[
By + βEz

c2

]
+ λ3neveyBx. (G2)

Group like terms proportional to neEz.

L′ ∼ γ 2
β neEz

{
λ1

[
1 − βvex

c2

]
+ λ2

β

c2
[vex − β]

}
. (G3)

Take the limit γβ → ∞, corresponding to β → c.

L′ ∼ γ 2
β neEz[λ1 − λ2]

[
1 − vex

c

]
. (G4)

Measurements of the term [1 − vex
c ]neEz from Eq. (G4) are not

typically equal to zero in the MR dataset; thus, to minimize the
loss function in the large Lorentz boost limit the multiplicative
term [λ1 − λ2] → 0, λ1 → λ2. Lorentz boosting forces the
terms proportional to electromagnetic fields to converge to the
same value. For the inferred equation to be Lorentz invariant,
the coefficients of terms proportional to electromagnetic field
indeed must be identical in magnitude.
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FIG. 9. Demonstrating that sparse regression inferred models with Lorentz-transformed data respect Lorentz invariance symmetry better
than models discovered with only laboratory-frame data. On the vertical axis, we have constructed a metric to describe how well Lorentz
invariance is satisfied by each sparse regression inferred model. A model that is perfectly Lorentz invariant has a metric measurement of 0, and
the larger the metric the more the symmetry is broken. The metric we use is the absolute sum of the difference between the spatial derivative
term coefficients and 1, plus the absolute difference of the terms proportional to the electromagnetic fields and their mean. We normalize by
the number of nontime derivative terms in the model. The vertical error bars correspond to ±one standard deviation, and the statistics come
from training each model five times with different realizations of the random data sampling. On the horizontal axis are the first ten unique
two-fluid plasma equations. We see that all ten models inferred with Lorentz-transformed data abide by Lorentz symmetry better than their
laboratory-frame data counterparts beyond a standard deviation.

APPENDIX H: SPARSE REGRESSION AND NEURAL
NETWORK PERPENDICULAR PRESSURE CLOSURE

DISCOVERY FOR MAGNETIC RECONNECTION

In Sec. II B, we demonstrated the significant improvements
when incorporating Galilean data augmentation in the sparse
regression and neural network inference of a parallel pressure
closure for collisionless pair-plasma magnetic reconnection.
However, for a complete closure model we must also discover
a pressure closure perpendicular to the local magnetic field.
For example, both CGL and Le closures have separate func-
tional forms, descriptions, for the parallel and perpendicular
pressure components.

We repeated the sparse regression algorithm with
laboratory-frame data, but now with our target variable
as Pe⊥ rather than Pe‖. We allow Pe⊥ to depend on
{ne, vex, vey, vez, Bx, By, Bz} and their second-order polyno-
mial combinations; again, we do not include the electric field
as a building block catalog term given its correlation with
ve × B, which crashes our sparse regression algorithm. As in
the parallel pressure closure case, we trained the sparse regres-
sion algorithm with 1000 data points sampled every 10w−1

pe

from t = 0w−1
pe to t = tmax = 250w−1

pe and only selected data
points where Pe⊥ is greater than its 70th percentile value
at its sampled time step. SR identified a five-term electron
perpendicular pressure model of the form

Pe⊥Lab = −0.004 + 0.021ne + 0.002n2
e

− 0.152B2
x − 0.011Bzne. (H1)

We immediately notice that the SR inferred closure in
Eq. (H1) is Galilean invariant, and thus there are no nonsym-
metry abiding terms to be removed like in the parallel pressure
closure example. By performing Galilean data augmentation,

we double the training dataset size with random Galilean
boosts of each sampled point with |β j | � 0.1c and inferred
the same five-term electron perpendicular pressure model:

Pe⊥Boost = −0.004 + 0.021ne + 0.002n2
e

− 0.152B2
x − 0.011Bzne. (H2)

While incorporating Galilean-augmented data into sparse
regression had no impact on the functional form of the per-
pendicular pressure closure, discovering the same model with
Galilean-augmented data gives reassurance that the functional
form is indeed Galilean invariant. We note that since the
model trained with laboratory-frame data is already sym-
metry abiding, there is no amount of laboratory-frame data
or severity of maximum boost velocity that could alter the
original model. We see that the sparse regression inferred
closures outperformed commonly used analytical closures
(see Fig. 10). Next, we trained neural networks to predict
Pe⊥ with and without Galilean data augmentation to com-
pare with the sparse regression model. We allowed Pe⊥ to
depend on {ne, vex, vey, vez, Ex, Ey, Ez, Bx, By, Bz}. Again, we
sample quantities at 1000 spatial locations every 10w−1

pe from
tmin = 0 to tmax = 250w−1

pe . We only sample from spatial lo-
cations where Pe‖ is greater than its 70th percentile value
at its sampled time step. When performing Galilean data
augmentation, we double the training dataset size by including
random Galilean boosts of each sampled point with |β j | �
0.1c. Our network geometry is three hidden layers with 25
nodes per layer. Each network is trained in PyTorch for 2000
epochs with an AdamW optimizer, learning rate of 0.001,
and batch size of 10. Additionally, each network is trained
and tested five times to develop statistics for the performance
of each model. We see that including Galilean-augmented
data does not greatly improve model generalization (Fig. 10).
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FIG. 10. Sparse regression and neural network Pe⊥ closures inferred from collisionless magnetic reconnection outperform commonly used
analytical closures, however no improvement from Galilean augmentation. The vertical axis corresponds to model error measured as the spatial
mean of the absolute L1 difference between the true simulation pressure and the pressure closure model. We normalize the average pressure
error to a characteristic pressure value in the simulation P0 = 0.1n0mec2. The horizontal axis is time. The sparse regression and neural network
models are trained until t = tmax = 250w−1

pe . As time increases and reconnection becomes more nonlinear and complicated, all closures perform
worse. At late, generalization times the sparse regression and neural network models with and without boosting have the lowest model error.
Since the sparse regression closures with and without Galilean data augmentation are identical, their error is identical. There is also very little
difference between the neural network closures trained with and without data augmentation.

Both neural network models outperform commonly used an-
alytical pressure closures. We see that the machine learning
algorithms—both sparse regression and neural networks—
did not rely on the non-Galilean invariant inputs to predict
Pe⊥. Including Galilean-augmented data did not change model
generalization. This is possibly because dynamics are more
rapid and kinetic in the ‖̂ direction along magnetic field lines
than in the ⊥̂ direction; thus, the Pe⊥ evolution is much less
interesting and easier to predict without the need for symme-
try embedding to further restrict the solution space. We are
operating in the medium guide field regime where particles are
significantly tied to the field lines, but if we ventured into the
low guide field limit the Pe⊥ dynamics would become more
varied and perhaps symmetry embedding would become more
important for perpendicular closure identification.

APPENDIX I: ANALYSIS OF SPATIAL ERROR
DISTRIBUTION OF ML CLOSURE MODELS FOR Pe‖

We can evaluate the analytical and machine-learned pres-
sure closure models discovered in Sec. II B on the PIC
MR data and examine the spatial distributions of their pre-
dictions (see Fig. 11). The pressure values are normalized
to a characteristic downstream pressure value in the simu-
lation P0 = 0.1n0mec2. We plot the spatial distributions at
t = 600w−1

pe , significantly later than the ML training cut-
off time tmax = 250w−1

pe . The true PIC simulation Pe‖/P0

is plotted in Fig. 11(a). We see that the analytical closure
models—isothermal [Fig. 11(b)], CGL [Fig. 11(c)], and Le
[Fig. 11(d)]—all greatly under predict the pressure inside of
the plasmoids at this time. The ML closure models—SR-Lab
[Fig. 11(e)], SR-Boost [Fig. 11(f)], NN-Lab [Fig. 11(g)], and
NN-Boost [Fig. 11(h)]—predict larger, more accurate pres-
sure values than the analytical models inside of the plasmoids.

To better understand where in the spatial domain different
models succeed or fail, we also visualize the differences be-
tween model predictions and the true PIC Pe‖ (see Fig. 12). For
reference, the true PIC pressure is again shown in the upper
left panel, Fig. 12(a). From this error plot, it becomes easier to
see that the analytical models—isothermal [Fig. 12(b)], CGL
[Fig. 12(c)], and Le [Fig. 12(d)]—greatly underestimate the
pressure inside of the plasmoids, while correctly modeling
the upstream regions outside of the plamoids. In contrast,
the ML models—SR-Lab [Fig. 12(e)], SR-Boost [Fig. 12(f)],
NN-Lab [Fig. 12(g)], and NN-Boost [Fig. 12(h)]—better cap-
ture the high pressure plasmoid regions, yet perform worse
outside of the plasmoids. Such behavior is likely a result of
our training data sampling method, which selects only those
measurements where the target variable Pe‖ is greater than its
70th percentile value at its sampled time step. This data bias
leads to an imbalance in the dataset, causing the ML models
to prioritize fitting larger pressure regions inside of the plas-
moids and de-emphasizing smaller pressure regions outside of
the plasmoids. Future work should explore the impact of more
balanced datasets.

The main improvement of SR-Boost compared with SR-
Lab is its improved accuracy in predicting regions outside
of the plasmoids (Fig. 12), which leads to the lower mean
absolute error (Fig. 6). As for NN-Boost over NN-Lab, the
predominant improvement is inside of the plasmoids. Finally,
it is interesting to note that the SR-Boost and NN-Boost
models have similar mean absolute errors at t = 600w−1

pe ,
yet their spatial error patterns have different structures. This
indicates that SR and NN models have identified different
functional forms for the closure, yet the NN’s highly non-
linear expressive functional form is superfluous as it does
not improve mean absolute closure error relative to SR in
this phase.
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(d)(c)(b)(a)

(h)(g)(f)(e)

FIG. 11. Comparison of spatial patterns for analytical and ML inferred Pe‖ closure models. In this plot, we examine the spatial distributions
of all closure models, evaluated on the PIC MR data in the (x, y) plane at t = 600w−1

pe . This time is well into the generalization/testing phase.
Panel (a) shows the true PIC pressure. Panel (b) depicts the isothermal closure model evaluated on the PIC data, constructed with the PIC
density. Likewise, panels (c) and (d) show the CGL and Le closure models, respectively. The lower row is the ML inferred pressure closure
models. Panels (e), (f), (g), and (h) plot the pressure as predicted by the SR-Lab, SR-Boost, NN-Lab, and NN-Boost models, respectively. All
pressure values are normalized to P0 = 0.1n0mec2, a characteristic downstream pressure value in the simulation.

(d)(c)(b)(a)

(h)(g)(f)(e)

FIG. 12. Comparison of spatial errors for analytical and ML inferred Pe‖ closure models. In this plot, we examine the spatial distribution
of error of all closure models, evaluated on the PIC MR data in the (x, y) plane at t = 600w−1

pe . This time is well into the generalization/testing
phase. Panel (a) shows the true PIC pressure, for reference. Panel (b) depicts the difference between the isothermal closure model and the
PIC pressure. Likewise, panels (c) and (d) plot the error of CGL and Le closure models, respectively. The lower row is the error from the
ML inferred pressure closure models. Panels (e), (f), (g), and (h) plot the errors of the SR-Lab, SR-Boost, NN-Lab, and NN-Boost models,
respectively. All pressure values are normalized to P0 = 0.1n0mec2, a characteristic downstream pressure value in the simulation. Positive
(red) values indicate that the model pressure is larger than the true PIC pressure, while negative (blue) values indicate that the model pressure
underestimates.
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(a) (b) (c)

(d)

FIG. 13. Galilean data augmentation improves neural network closure model for Pe‖. We train neural networks with and without Galilean-
augmented data from t = 0w−1

pe to differing tmax. tmax is varied between 150w−1
pe , 250w−1

pe , and 450w−1
pe across the top three panels (a), (b),

and (c), respectively. The vertical axes correspond to model error measured as the spatial mean of the absolute L1 difference between the
true simulation pressure and the pressure closure model. The statistics come from training each model five times with different realizations of
the random data sampling. We normalize the average pressure error to a characteristic pressure value in the simulation P0 = 0.1n0mec2. The
horizontal axis is time. In panel (d), we display percentage of reconnected magnetic flux with the corresponding values of tmax overlaid. We
observe that for the models trained up to tmax = 250w−1

pe in panel (b), Galilean data augmentation improves generalization. For the other two
models in panels (a) and (c), the performance differences between laboratory frame and boosted neural networks are within the variance.

APPENDIX J: IMPACT OF MAXIMUM TRAINING TIME
ON THE RELATIVE PERFORMANCE OF

LABORATORY-FRAME AND BOOSTED NEURAL
NETWORKS

In Sec. II B, we discovered Pe‖ closures with data t <

tmax = 250w−1
pe (corresponding to a time when ∼50% of the

magnetic flux has reconnected) and then examined pressure
closure model generalization to later times. tmax is a free
parameter that we can vary, and here we examine neural
network laboratory-frame and boosted models trained with
different values of tmax. We vary tmax = {150, 250, 450}w−1

pe
to understand when Galilean data augmentation improves
model generalization and when it does not (Fig. 13). We
additionally train each model five separate times with different
realizations of the random data sampling to ensure our results
are statistically significant given the spread in model perfor-
mance for different samplings. We find that for the models
trained with data up to tmax = 150w−1

pe , the network is not
able to improve with the addition of Galilean-boosted data
[Fig. 13(a)]. We believe that this is due to the lack of suffi-
ciently rich (nonlinear) dynamics in the training data, which
prevents the ML model from effectively capturing the under-

lying physics. As a result, Galilean-augmented data do not
lead to improved model performance. For the models trained
with data up to tmax = 250w−1

pe , Galilean-augmented data give
a significant generalization improvement [Fig. 13(b)]. Finally,
for the models trained with data up to tmax = 450w−1

pe , we
again observe no improvement with the inclusion of Galilean-
augmented data [Fig. 13(c)]. This is presumably because the
dynamics at times greater than tmax = 450w−1

pe do not sig-
nificantly differ than those during the training data; hence,
the model trained with laboratory-frame data is not greatly
penalized by not abiding by the symmetry and grasping onto
non-symmetry-preserving terms. There appears to be a
Goldilocks zone (t = 250w−1

pe ) in which the models have
been exposed to enough, but too much, dynamics allowing
Galilean-augmented data to meaningfully improve general-
ization. The onset and duration of the Goldilocks interval
depend on the characteristics of the plasma system. How-
ever, despite this Goldilocks interval existing for model
performance, the use of symmetry augmented data plays an
important role in helping eliminate spurious, frame-dependent
correlations that violate frame invariance, regardless of
dataset size.
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