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Formation of cavity polaritons via high-order Van Hove singularities
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We consider polaritons formed by hybridizing a continuum of interband particle-hole excitations of an
insulating phase with a cavity photon at subgap frequencies, where absorption is suppressed. The strength
of the hybridization is driven by the Van Hove singularity (VHS) in the joint density of states (JDOS) at the
band gap: The stronger the singularity, the more a photon is hybridized with the interband transitions. In order
to increase the singularity and thus the polariton hybridization without absorption, we propose to engineer a
nonparabolic momentum dispersion of the bands around the gap in order to implement a high-order VHS in
the JDOS. Ultracold atoms in tunable optical lattices are an ideal platform to engineer two-dimensional gapped
phases with nontrivial band dispersions at the gap. Moreover, the intrinsic noninteracting nature of polarized
fermionic atoms prevents the emergence of subgap excitations, which are common in solid-state systems and
could otherwise spoil the absence of absorption below the gap. Our findings identify band engineering at the gap
edge as a promising route for polariton control with applications in quantum nonlinear optics.
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I. INTRODUCTION

Polaritons are hybrid quasiparticles that blend matter and
light properties [1]: An excitation of the electromagnetic field
(i.e., a photon) can be converted into an excitation of the
matter, and vice versa. For applications of polaritonics in
quantum (nonlinear) optics [2] it is crucial that this back-and-
forth exchange of excitations between the electromagnetic
field and the matter takes place efficiently. This requires two
main features: (1) the coupling between light and matter to be
sufficiently strong, and (2) the absorption of photons from the
matter to be sufficiently small compared to the energy shift
caused by the matter. The use of cavities for light confinement
is useful for both (1) and (2), as it increases the light-matter
coupling as well as allows for tuning the photon spectrum with
respect to the matter excitations.

The matter excitations most commonly considered for
cavity-polariton formation appear as discrete resonances in
the optical response of the uncoupled material. A preexisting
discrete material resonance is not, however, essential. Indeed,
coupling the cavity mode to a continuum of matter excitations
can generate a discrete polariton state below the continuum’s
threshold. In this spectral region, a photon can experience a
large energy shift through hybridization with virtual contin-
uum excitations without being absorbed by the continuum.
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An example is provided by Fermi-edge polaritons, ob-
served in doped quantum wells [3], where the cavity couples
to an interband particle-hole continuum whose threshold
marks the onset of transitions from the valence band to un-
occupied conduction-band states above the Fermi level [4].
Polaritons have also been predicted [5] and observed [6] in
narrow doped quantum wells via transitions from the single
bound conduction subband to unbound states, with the contin-
uum threshold set by the ionization energy [7]. Their recently
predicted strong interactions make them promising for (quan-
tum) nonlinear optics [8]. The same mechanism of polariton
formation has been observed in insulating bilayer graphene
coupled to a subwavelength terahertz resonator, where
the particle-hole continuum instead arises from transitions
between the valence and conduction bands, with its lower
edge set by the band-gap energy [9].

In this work, we focus on the interband particle-hole con-
tinuum of an insulating material. We explore the possibility
to enhance light-matter hybridization by shaping the structure
of the continuum to increase the number of possible states
between which the particle-hole can be excited, which is
quantified by the joint density of states (JDOS). In partic-
ular, the JDOS can even diverge at a Van Hove singularity
(VHS). Since the divergence strength of VHSs increases as
the system’s dimensionality is reduced, one-dimensional (1D)
systems are the most obvious candidates for the implemen-
tation of this mechanism. For such systems, the singularity
consists of an inverse-square-root divergence [10,11]. Indeed,
the emergence of a cavity polariton in the presence of a
VHS of an insulating phase was considered in the context of
1D nanowires [12]. Here, we explore a promising alternative
route to lowering the dimensionality to enhance the hybridiza-
tion of Van Hove polaritons, namely, the engineering of a
nonparabolic momentum dispersion of the bands around the
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gap in order to implement a high-order Van Hove singularity
(HOVHS) in the JDOS.

We recall that a VHS is a nonanalytic feature of the den-
sity of states associated with a critical point of the energy
dispersion in the band structure. Considering for simplic-
ity a single-band dispersion E(k), a quasimomentum k* is
a critical point if the group velocity vanishes there, i.e.,
ViE (k)|g—i* = 0. The local structure of the dispersion near
k* is obtained from its Taylor expansion in the displacement
k — k™. Since the linear term vanishes at a critical point, the
first possible nonconstant contribution is governed by the Hes-
sian matrix H,, (k™) = 9, , E (k)|x—¢+, namely, the matrix of
second derivatives with respect to quasimomentum. The VHS
is of ordinary type when det #(k*) # 0, i.e., when the leading
local variation of the band energy is quadratic in all directions.
A HOVHS is instead associated with a degenerate critical
point, det H(k*) = 0, meaning that at least one eigenvalue of
the Hessian vanishes. The leading dispersion along the corre-
sponding direction is then controlled by higher-order terms in
the Taylor expansion, resulting in a stronger power-law diver-
gence of the density of states (DOS). If one considers a gapped
insulator, the same reasoning applies, but with the single-band
dispersion E (k) replaced by the interband transition energy
0Ey = E, (k) — E_(k), where E_(k) and E, (k) denote the
valence and conduction band dispersions, respectively. In this
case, one speaks of a VHS or a HOVHS in the JDOS of
interband excitations, rather than in the DOS of a single band.

HOVHSSs have recently attracted interest in the solid-state
community as a mean to modify transport and thermo-
dynamical quantities, as well as enhance electron correla-
tions [13-22]. In our case, we suggest instead to employ a
HOVHS to increase the light-matter hybridization. In par-
ticular, we identify a specific band shape of a checkerboard
lattice that gives rise to a new type of HOVHS, characterized
by an inverse-square-root divergence of the JDOS, further
enhanced by a logarithm. To the best of our knowledge, this
kind of HOVHS has not yet been reported in the existing
solid-state-physics literature [15] and turns out to be useful
for polaritonics.

While solid-state materials with two-dimensional (2D)
checkerboard lattices can in principle be realized [23], we
envision the cleanest implementation of high-order van Hove
polaritons to be achievable with an ultracold gas of polar-
ized fermionic atoms trapped in a checkerboard optical lattice
and dispersively coupled to a single-mode optical cavity—a
state-of-the-art setup [24]. The advantage of ultracold atoms
over solid-state materials is the enhanced possibilities of band
engineering, enabled by the tunability of the laser interfer-
ence pattern [25-28]. Moreover, the form and strength of the
light-matter coupling have been shown to be widely control-
lable [24], such that a nonzero coupling can be engineered
for the relevant energies at which the HOVHS is present.
Finally and probably most crucially, in ultracold atomic
platforms subgap excitations that would introduce absorp-
tion and spoil the VHS are typically absent. Optical lattices
are rigid and impurity-free, and the interatomic interactions
can be tuned to zero, e.g., using polarized fermionic atoms.
Indeed, while our description applies in principle also to
solid-state platforms, achieving negligible absorption below
the band gap is generally more challenging in these systems

than in ultracold-atom platforms. This is due to the pres-
ence of electron-electron interactions or additional degrees
of freedom, such as phonons. In experiments, the difficulty
to observe signatures of the VHS has been, for instance,
attributed to excitons—observed in nanowires [29,30], car-
bon nanotubes [31], conjugated polymers [32,33], and bilayer
graphene [34]—as well as more exotic types of excitations,
as found in blue bronzes [35]. Nevertheless, signatures of a
VHS have been reported in a two-dimensional topological
insulator [36], and recent experiments on insulating bilayer
graphene coupled to a subwavelength terahertz resonator have
even revealed subgap polaritons, with no discrete excitation
detected at these energies in the uncoupled material [9], open-
ing up the possibility of testing our predictions in solid-state
systems.

The paper is structured as follows. Section II presents our
main results, showing how a novel 2D HOVHS can strongly
enhance the hybridization of Van Hove polaritons. In Sec. III,
we show the general mechanism behind the emergence of this
class of polaritons. The appearance of the HOVHS in a 2D
checkerboard lattice model is presented in Sec. IV, and its
implementation with ultracold atoms is discussed in Sec. V.
Throughout the paper, we set reduced Planck constant 7 has
been set to unity, with the exception of Sec. V C, where the
value of 7 is restored to provide an estimate of experimental
parameters.

II. KEY RESULTS

The scenario considered here is illustrated in Fig. 1. Pho-
tons confined within a cavity are coupled to particle-hole
excitations of a crystalline material [see panel (a)]. These
excitations correspond to interband transitions in the band
structure depicted in panel (b). As explained in the intro-
duction, in order to maximize energy shifts by keeping the
absorption negligible, we consider the case where the density
of states associated with the interband excitations, namely, the
IDOS, is large above a gap of size E, and vanishes immedi-
ately below it, as shown, for example, by the blue solid curve
in panel (c) of Fig. 1. Therefore, a photon with frequency
o S E, interacting with vertical interband particle-hole ex-
citations at quasimomentum k with a light-matter coupling
strength g(k) simultaneously experiences no absorption (as it
cannot excite a particle into the conduction band) and a finite
energy shift due to hybridization with the virtual excitations.
As anticipated in the introduction, in order to increase the
energy shift experienced by the photon without increasing
the absorption, we consider to increase the JDOS of the
excitations in the material. Instead of reducing the dimen-
sionality of the latter, we propose to tailor the shape of the
bands around the gap to increase the order of the VHS in
the JDOS, implementing a HOVHS. With this goal in mind,
we identify a band-insulating phase on a checkerboard lattice,
which gives rise to a new type of HOVHS, corresponding to
a In(w — E,)//w — E, divergence in the JDOS at the band
gap [see Fig. 1(c)]. In this case, the critical quasimomentum
k* coincides with the M point of the Brillouin zone (BZ). The
HOVHS is generated by the dispersion of the bands near this
point, which is quartic along the I'M direction within the BZ,
and remains flat along its edges, as illustrated in panel (b) of
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FIG. 1. Schematic illustration of the polariton formation mecha-
nism at the gap edge of an insulator with engineered band dispersion.
(a) Sketch of the system in real space: a material with a checker-
board lattice embedded in an optical cavity. (b) Energy bands of the
checkerboard material (blue continuous line) compared to those of a
standard parabolic insulator (red dotted line). The M point coincides
in both cases with the critical point k* of the Van Hove singularity
(VHS). The chemical potential is chosen so that the valence band
is completely filled (green shaded region) and the conduction band
is empty (white region), in order to have an insulating phase. Cav-
ity photons (orange wavy arrows) with energy slightly below the
band gap (w S E,) hybridize with interband particle-hole excitations
(black dashed arrows and circles). (c) Joint density of states (JDOS)
for both insulators. The parabolic bands show an ordinary steplike
VHS at the gap, while the engineered checkerboard bands feature a
high-order VHS (HOVHS).

Fig. 1 (blue solid line). This deviates from the standard 2D
parabolic case (red dotted line), which instead presents only
an ordinary steplike VHS in the JDOS at the gap.

The formation of polaritons in this setting is shown in
Fig. 2, where the photon spectral function A(w) (defined in
Sec. III) is plotted as a function of the photon frequency w
and the coupling strength g = g(k™), where we assumed the
k dependence of g(k) to be negligible near the critical point
k*. Here, the bare cavity frequency wy is set to be resonant
with interband transitions at the band gap E, in order to
maximize the hybridization. In evaluating the spectral func-
tion, we included a finite cavity linewidth «, which accounts
for photon losses and sets the intrinsic spectral width of the
photonlike component of the polariton. Moreover, we denote
by W the single-particle bandwidth of the relevant insulating
bands, namely, the energy range over which either the valence
or conduction band disperses away from the gap edge. To-
gether with the gap E,, W fixes the energy window of vertical
interband transitions: The particle-hole continuum extends
from E, to E, + 2W. The dimensionless ratio W/E, therefore
measures how broad the bands are compared with the gap. In
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FIG. 2. Photon spectral function A(w) as a function of photon
energy w and coupling strength g, with the bare cavity frequency wy
set equal to the band gap E, of a checkerboard 2D lattice. The spec-
trum reveals two distinct regions. For w > E,, the spectral function
exhibits broadened features dominated by absorption processes. For
o < E,, a lower polaritonic branch emerges, characterized by zero
absorption and a large energy shift. The figure is obtained with a
representative rate of cavity losses « /E, = 107*.

a tight-binding realization, W 1is typically controlled by the
hopping amplitude ¢ at fixed E,. For the checkerboard model
introduced below, its explicit dependence on ¢ and Ej is given
in Eq. (13). When the photon has enough energy to excite the
particle-hole continuum above the gap (o > E,), the spectral
function shows a broadened polariton branch dominated by
absorption processes. In this region, the spectral width can
be understood as the sum of the cavity-loss contribution,
set by the finite linewidth «, and the absorption rate of the
matter excitations in the particle-hole continuum. We do not
investigate this branch further, since its absorption-dominated
character makes it less relevant for the purposes of quantum
optics. For photon frequencies below the gap (w < E,), the
spectral function exhibits instead a very narrow, i.e., long-
lived, polaritonic branch wp(g) with a strong hybridization,
evidenced by the strong bending of the branch away from the
cavity frequency wy = E, as the coupling strength g increases.
Since this branch lies below the particle-hole continuum, it
is not broadened by matter absorption and its linewidth is
therefore solely set by the cavity linewidth «. Consequently,
the corresponding polariton energy shift wp, defined as the
difference between the bare photon frequency wy and the po-
laritonic branch wp, must exceed the value of « for the lower
polariton to be spectroscopically resolved. This observability
condition is assessed quantitatively for a realistic ultracold-
atom implementation in Sec. V C. To probe this spectrum,
we note that due to the hybridization between matter and
light within the cavity, polaritons become the new fundamen-
tal modes of the system. Therefore, any frequency-resolved
linear-response measurement has access to the polariton en-
ergies and thus to their splitting. In the specific context of
cavity QED with ultracold atomic clouds, the state-of-the-art
technique has been used in Ref. [37]. It involved Bragg-like
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FIG. 3. The energy shift Swp = wy — wp of the lower polariton
branch from the bare photon frequency wy = E, is plotted as a
function of the coupling strength g for three cases of insulating
band structures: 2D parabolic (red dotted line), 1D parabolic (pur-
ple dashed line), and 2D checkerboard (blue continuous line). The
scaling laws as a function of g/E, are reported next to the curves.

spectroscopy to detect the same two polariton branches from
atomic or photonic observables.

We note that, even in the absence of intrinsic subgap
excitations, as in the ultracold-atom implementation dis-
cussed in Sec. V, the zero-subgap-absorption picture could
in principle be spoiled by a finite fermionic lifetime, which
broadens particle-hole excitations. However, as estimated in
Appendix F, this effect is too small to appreciably affect the
subgap polariton branch for realistic parameters.

The polariton energy shift Swp is directly related to the
order of the VHS: The stronger the divergence at the singular-
ity, the greater the shift. This is further highlighted in Fig. 3,
where Swp is plotted for three different types of insulating
band structures: 2D parabolic, 1D parabolic, and 2D checker-
board. In the weak light-matter-coupling regime, the different
kind of VHS in the three configurations implies a different
scaling law of Swp with the coupling g, written in Fig. 3
next to the curves. As we see, reducing the dimensionality
from 2D to 1D increases the energy shift, as proposed in
the context of nanowires in Ref. [12]. Notably, however, an
even better scaling law is obtained for the 2D checkerboard
case, highlighting band engineering of HOVHS in the JDOS

as a more effective strategy than dimensionality reduction to
enhance polariton hybridization.

We finally remark that the above scaling results are robust
against temperature corrections. In this regard, in Appendix E
we show that finite temperature only reduces the strength
of the vertical interband response through the thermal pop-
ulation imbalance between valence and conduction bands,
encoded in a prefactor F; = tanh(E,/4 kgT): For instance,
in the checkerboard case the lower-polariton shift becomes
Swp,cn(T) ~ .7-"%/3(g/Eg)4/3 ln2/3(g/Eg) up to temperature-
independent prefactors, so that the weak-coupling scaling
shown in Fig. 3 and later summarized in Table I is unchanged.

III. VAN HOVE POLARITONS

Without resorting to a specific lattice model for the matter,
in this section we derive the role played by the JDOS of
insulating bands on polariton formation, which allows us to
discuss the effect of the VHS. Employing a single-particle
description for the insulating phase, the Hamiltonian in quasi-
momentum space can be written as

H = FHon + s + Hine
=wod'a+ ) D Ek)E ionn

A=+ keBZ

K . oA
+ ) gﬁ(a +aN@ e te . ()
keBZ

The first term represents free photons in a single cavity mode
with frequency wy, where &' and & are the photonic creation
and annihilation operators. The second term accounts for
fermions in the insulating phase, where E; (k) is the energy
of the band A (4 for conduction, — for valence) at quasi-
momentum k belonging to the first BZ, and 61’,‘ and &
are the fermionic creation and annihilation operators. The
third term captures the light-matter interaction: g(k) quan-
tifies the bare coupling between photons and vertical (i.e.,
with zero-momentum transfer) interband excitations, scaled
by the inverse square root of the number of unit cells, N.
Fundamental to the description of cavity polaritons is the
retarded photon propagator Dgh(t) =—i0@) ([a@®), a’(0)]),
with 0(¢) the Heaviside step function and a(t) = e ae= 1"
the photon annihilation operator in the Heisenberg picture.

TABLE I. Singular behavior of the imaginary and real parts of the retarded photon self-energies in the limits w — E gi, and the correspond-
ing polariton energy shifts §wp = wy — wp(g). The results are shown for three insulating band structures: 2D parabolic, 1D parabolic, and 2D

checkerboard lattice.

mXf (0 ~ EJ)

ReE]';h(w ~E;) Swp

2D parabolic Constant
1
1D parabolic —_—
Vo/E; — 1
1 E,—1
2D checkerboard _In(w/E 1)

JVo/E, —1

In(1 — w/E,)

1 4/3
JT=alF, (#)
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FIG. 4. Sketch of (a) the Dyson equation for the photon propa-
gator (wiggly line) and (b) its self-energy due to the interaction with
valence (—) and conduction (+) band electrons.

This propagator can be obtained through the Dyson equation
-1 -1
Dﬁh () = [(Dﬁho(a))) - Egh (a))] , 2

where DX (@) = (@ — @ +ik)~" is the bare photon prop-
agator including the cavity loss rate «, and El’fh(a)) is the
retarded photon self-energy. This equation is represented in
terms of Feynman diagrams in Fig. 4(a). Once this quan-
tity is calculated, the photon spectral function (represented
in Fig. 2) follows directly as A(w) = —% Im[Dﬁh(a))]. The
lower polariton branch wp (used in Fig. 3) is determined by
the lower frequency pole of Dgh (w), which can be obtained as
the solution the implicit equation @ — wy — Re[E}’fh(a))] =0.

The self-energy can be computed perturbatively in the
electron-photon coupling. This corresponds to the particle-
hole bubble diagram represented in Fig. 4(b). The formal
derivation of the above equations is detailed in Appendix A,
where we obtain an effective action for the photon field by
explicitly integrating out the fermionic degrees of freedom
within the path-integral Matsubara formalism. The resulting
expression for the self-energy is [38]

1

th(wv) = BN

> FINGk, 0, + ,) G_(k, )

k,w,
+G—(ka wy +wV)G+(k’ wn)]’ (3)

where G, (k, w,) = [iw, — E;(k)]”" are the bare conduc-
tion/valence electron propagators, 8 = 1/kgT, with T being
the temperature of the system, and w, = 2n+ 1)7T and
w, =2avT (with n, v integers) are bosonic and fermionic
Matsubara frequencies, respectively. The retarded self-energy
follows via analytic continuation Effh(w) = Zpp(iowy, = o+
i0™). The retarded photon self-energy Egh (w) can always be
decomposed into an imaginary part, which sets the photon
absorption rate (and thus the polariton damping appearing as a
width of a peak in the spectral function), and a real part, which
shifts the photon energy. In the zero-temperature limit, these
components evaluate to

Im[ZI'fh(a))] =~ g Al (@) — J(—w)], )
' J (@)

R _ 2 > /
Re[Eph(a))] = —2g Acell PV‘/(; dw m, (5)

where P.V. denotes the Cauchy principal value, Ay is the
area of the unit cell, and we set g = g(k™), with k* being the
quasimomentum critical point at which the interband energy
splitting §Ey = E, (k) — E_(k) takes its global minimum
E,. If this minimum is degenerate, we select the point for
which the largest number of quasimomentum derivatives of
S Ey vanish. The rationale for this choice will become clear in
Sec. IV. Furthermore, we introduced the JDOS

1
J(@) = < > 8w — SE), (6)

keBZ

where S = NA is the surface area of the fermionic system.
This quantity quantifies the density of states available for ver-
tical interband transitions. Equations (4) and (A9) explicitly
highlight the importance of this quantity in characterizing the
polariton. As seen in Fig. 1(c), J(w) is typically vanishing
below the band gap (w < Ej;) and presents a VHS above
it (w 2 Eg). When the photon frequency w is tuned to a
value just below the band gap E, of the insulator, this au-
tomatically implies no absorption, since Im[Effh (w < E,y)]
J(w < Eg) =0. On the other hand, by performing the fre-
quency integral in Eq. (A9), it can be shown that a singularity
in J(w) for w 2 E, leads to a singularity of equal or greater
strength in Re[Effh(a))] for w < E, (an analytical proof is
shown in Appendix C for the cases considered). This singu-
larity in Re[EIIfh(a))] is then directly reflected by the polariton
energy, since the latter is determined by the implicit equation
Swp = —Re[Eﬁh(a) = wp)]. This gives rise to the scaling laws
of Swp(g) represented in Fig. 3 for different cases.

As already evidenced in Sec. II, the strength of the VHS
effect on the self-energy depends on the dimensionality of the
system and the local momentum dependence of the interband
transition energy SEj near k = k*. We show this in Fig. 5,
where we plot the real and imaginary parts of Zﬁh(a)) for three
different types of insulating band structures: 2D parabolic
with 8E; ~ (k — k*)?, 1D parabolic with 8E; ~ (k — k*)2,
and 2D checkerboard with SEj, ~ [(k, — k;:)2 — (ky — k:‘)z]2
(see Sec. IV for a derivation of this dispersion within a tight-
binding model on a checkerboard lattice). In the 2D parabolic
case, the steplike behavior of Im[E{fh (w)] above gap results
only in a logarithmic divergence in Re[Effh (w)]. Reducing the
dimensionality to 1D, but retaining parabolic bands, results in
an enhancement of the above gap divergence of Im[El’fh(a))]
to an inverse square root, which corresponds to divergence of
equal strength in Re[Eﬁh (w)]. Finally, in the 2D checkerboard
case, the engineered nonparabolic bands give rise to a novel
type of HOVHS in the JDOS J(w), which then appears in
Im[El‘}h(w)] and is reflected into Re[Egh(a))]. The singularity
features an inverse-square-root divergence further enhanced
by a logarithmic factor (see Appendices B and C for the
derivation):

w—E w—FE
J(w—>Eg+)~1n( A g)//E—gg @
_ E,—w E,—w
Re[ZK (0 — E, )]~1n( gEg )// gEg . ®

which is the strongest divergence of the three considered
cases. The singular behaviors of the real and imaginary parts
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FIG. 5. Retarded photonic self-energy E}’fh (w) near the band-gap
energy E, for three model insulators: 2D parabolic (red dotted),
1D parabolic (purple dashed), and 2D checkerboard (blue solid).
(a) Imaginary part In[Z5 (w)]. (b) Real part Re[Zf (»)].

of the self-energy for the three insulating cases shown in
Fig. 5 are summarized in Table I, along with the corresponding
scaling laws for the polariton energy shift §wp shown in Fig. 3.

IV. ENGINEERED HOVHS WITH FERMIONS
ON A CHECKERBOARD LATTICE

In this section, we show how a tight-binding model on a
2D checkerboard lattice can be used to engineer an insulating
phase with a band dispersion around the gap featuring the
desired HOVHS in the JDOS. Let us consider a model of
spinless fermions on a square lattice with a nearest-neighbor
(NN) hopping of amplitude ¢ and a staggered on-site potential
of amplitude E,. The corresponding Hamiltonian is given by

4
Hy = —t Z Z (éL,R/.éB,Rj-FS/ + H.C.)

RjeA, =1
E, . .
+ 5 E NAR; — E nBR; | ©
RjcA, R;eAp

where fermionic creation (annihilation) and number operators
6Z,R,- (6a,R/.), ﬁa,R/ have been introduced, respectively. These
operators refer to fermions located at sites (o, R;), where
the index j indicates the jth site of the sublattice {A,}, and
the index o (= A, B) specifies the sublattice. For terms de-
scribing hopping between NNs, the positions of the B-type
sites are relative to the A-type sites, with the NN vectors

Ky

SE]

us us
a O a

FIG. 6. Constant-energy contours of the dispersions E. (k)
within the diamond-shaped first BZ of the checkerboard lattice. Blue
lines trace the contours, the black outline marks the BZ boundary,
and the red dots indicate the M point and its symmetry-related images
at the four vertices.

{61 = (a, 0);8, = (0, a); 63 = —8;; 84 = —8}, where a is the
lattice spacing between A and B sites. This Hamiltonian can
be easily diagonalized by performing a Fourier transform
lur, = \Lm Y kepz € *Rié, k, where N is the number of unit
cells and the sum over k runs over the first BZ shown in Fig. 6,
and by applying the canonical basis change

C_k = ukCak — Ukl i,

Cik = UrCak + urlp i, (10)
where uy = sin 6 /2, vy = cos /2 and their ratio is given by
tan 6 = & /E,, with &g = —2t(cos kra + cos kya). The diago-
nalized Hamiltonian is then

T =) Y E()&] 1k (11)

A=+ keBZ

where the energy bands are given by

Es(k) = £,/62 + (E/2)%. (12)

The direct gap is obtained when & =0, for which
E, (k) =E,/2 and E_(k) = —E,/2. Since the bands in
Eq. (12) are particle-hole symmetric, the bandwidths of the
conduction and valence bands coincide and are given by
W= E, (k) — min E; (k
s £ )~ iy £+ 6

= /(Eg/2)* + (4)*> — E,/2, (13)

where we used maxgcpyz |€x| = 4t. Consequently, the vertical
interband excitation energy §Ey = E, (k) — E_(k) spans the
interval E, < 8E; < E; + 2W. The energy bands of Eq. (12)
were represented as solid blue lines in Fig. 1(b), and their
contour lines within the BZ are represented in solid blue in
Fig. 6. By Taylor expanding the dispersion near any of the
four M points ky; = {(£7/a, 0), (0, £7 /a)}, highlighted in
red in Fig. 6, we obtain

E
E; (k) ~ A{g + yatlky — kv )* — (ky — kM,xf]z}, (14)
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where A = 4 and we defined y = ¢2 /Es. The fact that the
Hessian matrix 9, d, Ej (k) vanishes identically at the M point
makes the latter a critical point associated with a type-I
HOVHS [14]. The scaling behavior of this singularity in the
JDOS was presented in Eq. (7), and its full analytical deriva-
tion is provided in Appendix B. The divergence appears as
the product of two contributions at the band gap energy: an
inverse-square-root factor and a logarithmic factor. The origin
of this behavior can be understood as follows. The BZ bound-
ary, shown in black in Fig. 6, forms a rotated square whose
edges are dispersion flat and have zero group velocity, thereby
constituting critical lines. These critical lines are responsible
for the one-dimensional inverse-square-root factor, whereas
the additional logarithmic factor originates from the intersec-
tion of the critical lines at the square’s M vertices. We note that
a conventional 2D VHS, which shows a purely logarithmic
divergence, arises from a quadratic saddle point situated at the
crossing of two noncritical isoenergy lines [39]. To the best
of our knowledge, the singularity reported here has not been
previously documented, because it is associated with a local
minimum of the dispersion and has a infinite codimension
(see Sec. VII of Ref. [15]), while current VHS classifications
have thus far addressed only saddle-point scenarios with finite
codimension [15].

V. IMPLEMENTATION: ULTRACOLD ATOMS IN OPTICAL
LATTICES COUPLED TO A SINGLE-MODE CAVITY

In this section, we present a physical implementation of the
Hamiltonian of Eq. (9) with a system of fermionic ultracold
atoms in a checkerboard optical lattice. We then propose a
cavity-QED setup where the full light-matter Hamiltonian
of Eq. (1) can be implemented. Finally, we provide realistic
estimates of the checkerboard parameters in Eq. (1) and assess
observability by comparing the expected polariton shift swp
with the cavity linewidth «.

A. Matter

Let us consider an ultracold gas of spin-polarized fermionic
atoms of mass m. We assume the cloud to be strongly con-
fined along the z axis, making the system effectively 2D, and
trapped in the x—y plane by a periodic potential of the form

V)= -V (cos2 kpx + cosszy
4+ 2cos 8 coskpx coskry) (15)

(see Refs. [40,41] for possible experimental implementa-
tions). This specific potential gives rise to a square optical
lattice composed of two classes (A and B) of lattice sites with
different well depths arranged in a checkerboard pattern, as
shown in Fig. 7(a). The phase 6 in Eq. (15) allows to adjust
the relative depth of the potential wells at sites A and B. This
system is described by the Hamiltonian Hy = [ dr Hy ¥,
with ¥(r) being the fermionic field operator that annihi-
lates an atom at position 7 = (x, y), and Hy; = —(1/2m)V? +
V(r) being the single-particle Hamiltonian density. Since
the gas is spin polarized, the two-body interactions between
fermions are absent, making the single-particle description
exact [42,43]. We will now derive the Hamiltonian of the
checkerboard insulator given in Eq. (9). We assume that the

FIG. 7. (a) Bottom: Checkerboard lattice in the x—y plane with
isotropic hopping ¢ between sublattice sites A and B; cavity pho-
tons couple to the fermions via cavity-assisted hopping J, along
the x direction. Top: Cut at y = 0 of the optical potential V(r) of
Eq. (15). (b) A 2D Fermi gas, confined by the lattice of panel (a),
is loaded into a linear standing-wave cavity of resonance frequency
w, whose axis lies along x. The atoms are driven by a transverse
standing-wave pump laser of frequency w, propagating along z. The
transverse pump and intracavity lattices are shaded in blue and pink,
respectively.

potential wells are deep enough to allow us to map the Hamil-
tonian H,, onto a tight-binding model on the discrete lattice
corresponding to the potential minima. This approximation is
implemented by expanding the field operator ¥ (r) on a basis
{fnj()} of functions localized around each minimum [44]

PO =) fuj)a, (16)

j a=AB

where the fermionic operators ¢, ; were defined in Sec. IV.
In the presence of a double well in the unit cell, the functions
f«,j(r) have to be interpreted as the 2D version of the gener-
alized Wannier functions proposed by Modugno and Pettini
in Ref. [45]. In the following, we will restrict the analysis
to the two lowest-energy bands, in analogy with the single-
band approximation for the Fermi-Hubbard model [46]. Then,
within this approximation, the single-particle Hamiltonian can
be written as

A~ Y Y fujlulfor i)l a7

aa'=AB jj

Here, the expansion coefficients correspond to the on-
site sublattice energies €, = ( fa,‘]‘|ﬁM| fa,j)» and to minus
the tunneling amplitudes between different subwells t(%l =
—(fa,j [Hy| for,j)- Under the tight-binding approximation [46]
and absorbing into the chemical potential & all the elements
proportional to the identity, the Hamiltonian in Eq. (17) can
be mapped to the Hamiltonian in Eq. (9) with E; = €4 — €.

B. Coupling to light

Let us now assume that the atomic cloud trapped in the
optical lattice is loaded inside a single-mode linear standing-
wave cavity with cavity axis aligned along x and resonance
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frequency .. The atoms are driven by a transverse standing-
wave pump of frequency w, with a detuning from the cavity
frequency A, = w, — w, < 0. The pump is oriented along the
z direction, i.e., orthogonally to both the cavity axis and the
plane in which the atoms are trapped, as sketched in Fig. 7(b).
We operate in the dispersive regime, where the detuning
A, = w, — w, of the pump frequency with respect to the fre-
quency w, of an internal atomic transition is much larger than
any other energy scale in the system. Under this condition,
the atomic excited state can be adiabatically eliminated, and
the dynamics of the atom-cavity system is governed by the
effective Hamiltonian [24]

2

H=—A.d'a +/dr W(r)[—zv—m + V()

+Uwa'a+npry@ + a)]&(r), (18)

which is written directly in the z =0 plane where the
atoms are confined. V(r) is the 2D checkerboard potential
of Eq. (15). The cavity mode generates an intracavity lattice
Ur)=U, cosz(qcx). The transverse pump creates a stand-
ing wave V(r,z) = Vp cosz(qu) that, at z = 0, reduces to the
uniform offset Vj; this constant simply renormalizes the chem-
ical potential and is therefore omitted from the Hamiltonian.
The interference between pump and cavity fields pro-
duces the position-dependent atom-photon coupling n(r, 7) =
1o cos(gcx) cos(gpz), which in the plane z = 0 becomes the
one-dimensional periodic coupling np(r) = 1o cos(g.x) that
enters the Hamiltonian. The lattice and coupling strengths
Uy, Vo, and 5o follow from the position-dependent pump
Rabi frequency Q(r, z) = Qpcos(g,z) and the cavity-matter
coupling G(r) = Gy cos(g.x): Vo = Q%/Aa, Uy = gg/Aa, and
no = 0G0/ A, [24]. Additionally, we choose g. = 2k, so
that the periodicity of n(r) along x is twice the one of V(r).
To show that this system hosts HOVHS polaritons, it is
sufficient to map the Hamiltonian (18) onto the effective
Hamiltonian (1). To this end, the matter sector has already
been mapped in Sec. V A. Mapping the photonic part is
straightforward once we identify the bare cavity frequency
wo with the negative detuning —A. > 0. We remark that
this mapping allows to address the lattice energy gap E,,
which is typically on the order of a few recoil energies, by
employing cavity and pump frequencies w. and w, in the
optical regime, i.e., at much larger energies. The reason is
that the effective Hamiltonian (18) is derived in the frame
of the pump rotating at frequency w,, so that the energy
matching happens at the level of the energy difference wy =
—A; = w. — wp, not at the level of the absolute frequen-
cies w. and w,. This difference can then be easily tuned to
the value E,. In the laboratory frame, this corresponds to
address the gap E, with a two-photon process involving a
pump and a cavity photon. The residual diamagnetic con-
tribution a'éa [ dr ¥ (r)¥ (r)U (r) merely produces a uniform
dispersive shift and can be absorbed into a redefinition of
the cavity detuning wy = —A., as shown in Ref. [47]. The
only term that still calls for an explicit treatment is the in-
teraction vertex (& + &) [ drnip(r) ¥ ()i (r), which needs
to be mapped to ﬁim in Eq. (1). The choice g. = 2k; makes
the periodic function 7p(r) commensurate with the bipartite

lattice, thereby allowing us to express Hine in the basis { Sfnj()}
of generalized Wannier functions [see Eq. (16)]: Hine = (@ +
") Y ga—ap 2 jj \fej 1| fur V€L ;.. Neglecting hop-
ping beyond NNs, H;, can be further written as

T = @+a") Y Je Y (&g Com18 +He)

I=1,3  RjeA,

+@+ah Z J Z (@;,RféB,Rﬁa, +Hc)
=24 RjeA, '

+@+ah Y Co Y hanr, (19)

@=A,B  RjeA,

where we defined the sublattice-dependent density-coupling
constants C, = (fy,jlplfe,j) and the cavity-assisted
hopping amplitudes J, = (far,;|11p|fB.R;+5,) = {fa.r;|71DI
JB.R;+8) and Jy = (far, 1Dl fe.R,+8,) = (far,|iD|fB.R;+8,)-
Note that the equality of the cavity-assisted hopping
amplitudes for the two pairs of displacement vectors oriented
along the same axis, (8;,d3) along x and (8, 84) along y,
stems from the fact that n;p(ry) is invariant under reflections
centered on the lattice sites. In the Bloch basis (10), the
Hamiltonian ﬁim takes the form

N . awk) 4
i =@+a) ) Y —dl i (20)
L keRBZ W

where we defined the intraband couplings g;, (k)/+N = C +
SCE, /242615 . . _
(W) and the interband couplings g;_(k)/~/N =
g+ (k)//N = (525 with € = @G, 5C = C4 — Gy,

E2+4e;

and & = —2J, cosk.a — 2J, cos kya. We recall from Sec. IV
that g = —2¢(cos kya + cos kya). The mapping is complete
once the interband coupling is identified as g(k) = g (k).
Intraband terms can be neglected as they do not contribute to
the photonic self-energy due to the absence of quasimomen-
tum transfer in the interaction. This anisotropy is crucial: If the
hopping were isotropic, i.e., J, = J;, the interband coupling
would vanish at k*.

C. Estimate of realistic experimental parameters

Our predictions are general and do not rely on a specific
atomic species. Here, to connect with current experimental ca-
pabilities, we focus on the widely used ®Li platform [48-51].
We take a cavity wave vector ¢, such that the correspond-
ing recoil energy is E,. = hqu/Zm = h x 73.67kHz [49].
In the geometry discussed in Sec. VB, we choose to
set g. = 2k;, so that it is convenient to introduce also
the recoil energy associated with the checkerboard lattice,
E.[ = hzki /2m = E,./4. To estimate the tight-binding pa-
rameters entering Eq. (1) and the cavity-assisted hopping
amplitudes appearing in Eq. (19), we compute maximally
localized Wannier functions for the checkerboard potential in
Eq. (15) using the WANNIER90 code [52]. For Vy = 5E, ;. and
0 ~ 0.424m, we estimate, from the maximally localized Wan-
nier functions, the band gap E, >~ 3.18 E, 1, the NN hopping
t >~ 0.17 E, 1, and the cavity-assisted hopping matrix elements

Je = (far,| cos(2k )| fo.r,+8) M0 = (0.0270) o, (21)
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Jy = (fa.r,| cos(2kpx)| f5.R,+8,) M0 = (—0.0086) no,  (22)

where 17 is defined in Sec. V B. In the checkerboard model,
the bandwidth parameter W is related to ¢ and E, by W =

(E;/2)> + (41)* — E,/2. With the above Wannier estimate
t/E, >~ 0.053, we find W/E, >~ 0.044. This value is smaller
than the representative ratio used in some of the illustrative
plots elsewhere in the article (e.g., W/E, = 0.3), implying
quantitative changes in prefactors, but leaving the scaling
laws in Table I unchanged. Recent experiments report max-
imum values of the cavity potential depth per photon and
pump light shift corresponding to Uy/h >~ 20Hz and Vy/h =~
10E, . ~40kHz [49-51]. Using no = +/UpVp, this gives
no =~ 0.052 E, ., where we used E,./h = 73.67kHz [49]. As
discussed in Sec. VB, the relevant interband coupling at
the checkerboard HOVHS is controlled by the anisotropy
8J = J, — Jy, which is nonzero for J, # J,. The number of
unit cells N participating in the light-matter coupling can
be estimated from the transverse size of the atomic cloud.
We use the harmonic-trap characterization of Ref. [49],
where N, = 3.5 x 10° and the geometric mean of the trap
frequencies in the hybrid trap is @ = (w,w,w,)"? =27 x
106 Hz. The corresponding Fermi energy is defined by
Epn = h(3Ny)'/3. The associated Thomas-Fermi radius is
Rrg = (2Egn/myi@%)"/? ~ 56.8 um, with my; the mass of L.
For the checkerboard geometry considered here, g, = 2k,
and the lattice spacing is a = 7w /k;, ~ 671 nm. Since the
checkerboard primitive cell contains two sites, its area is
Acenl = 2a* ~ 0.90 pum?. Approximating the illuminated two-
dimensional cloud as a disk of radius Rrg, we obtain N >~
TR /Acen =~ 1.1 x 10* as an estimate of the number of cells.
This is the value entering the 1/+/N normalization of the
light-matter coupling. As a representative value for cavity
decay rate through the mirrors, we consider « /h = 4.5kHz
from the setup of Ref. [53]. Using these values in the checker-
board polariton-shift calculation presented in Sec. III, we find
that Swp 2 «k already for ny 2 0.009 E,.., compatible with
the experimentally achievable value 1y >~ 0.052 E,.., obtained
above. This indicates that the observability condition wp > k
can be satisfied in the checkerboard implementation with cur-
rent experimental capabilities.

VI. CONCLUSIONS

We have shown that band engineering of fermionic insula-
tors coupled to cavity photons allows to enhance hybridization
between light and matter via high-order Van Hove singular-
ities. By tuning the cavity resonance frequency just below
the insulating gap, this leads to the formation of polaritons
experiencing a strong energy shift without appreciable absorp-
tion. This approach provides an alternative to dimensionality
reduction proposed in Ref. [12], which can lead to a better
scaling law of the energy shift with the light-matter coupling.

In this work, we have focused on an ultracold-atom imple-
mentation that is available in state-of-the-art setups. The main
reason for this is the absence of lattice excitation, impurities,
and the possibility of tuning the atom-atom interactions to
zero, thereby removing further in-gap modes (like excitons)
that would spoil the quality of the Van Hove singularity and
its positive effect on the polariton properties. We have also

provided a detailed estimate of realistic model parameters,
placing our proposal within reach of state-of-the-art experi-
mental implementations.

The prospects for implementing our proposal in solid-
state materials are strengthened by the recent observation of
subgap polaritons in insulating bilayer graphene coupled to
a subwavelength terahertz resonator [9]. No intrinsic exci-
tonic resonances were detected in that experiment: an absence
attributed to the small exciton binding energies and weak
oscillator strengths at the small gaps explored, together with
strong Coulomb screening by the nearby gates. Indeed, en-
gineering the surrounding dielectric environment provides a
practical means to control this screening and suppress ex-
citonic effects [54,55]. Together with ongoing progress in
identifying and engineering HOVHSs, especially in layered
materials [14,18-20], this strategy offers a promising route
to realizing high-order Van Hove polaritons in solid-state
materials.

In this spirit, we would like to conclude by stressing a
generic advantage of the polaritons discussed here, result-
ing from hybridization between photons and a continuum
of interband particle-hole excitations, with respect to the
well-established exciton-polaritons [56-58]. This advantage
is relevant for the purpose of (quantum) nonlinear optics and
stems from the fact that, while exciton-polaritons inherit their
nonlinearity from the residual exciton-exciton interactions
(typically weak), the coupling between particle-hole excita-
tions and photons is intrinsically nonlinear: Polaritons in this
case will interact via the high-order polarization functions of
the matter. The latter will also be enhanced by Van Hove
singularities, as is the lowest-order polarization function dis-
cussed here as the photon self-energy. This aspect will be the
object of future investigation.
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SUMMARY OF THE APPENDICES

In Appendix A, we derive the retarded photon self-energy
using a path-integral formulation. Appendix B is devoted to
the analytical computation of the checkerboard-lattice JDOS.
In Appendix C, we derive the subgap behavior of the real
part of the retarded self-energy and in Appendix D the weak-
coupling scaling laws of the lower-polariton energy shift.
Finally, Appendices E and F studies the potential effects on
the polariton shift of finite temperature and subgap absorption
due to atomic dissipation, respectively.

APPENDIX A: DERIVATION OF foh (w)

The aim of this Appendix is to derive the photonic
retarded self-energy ¥R (w), whose imaginary and real
parts are given in Eqgs. (4) and (A9). This quantity arises
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naturally within the construction of the photonic effective the-
ory through the path-integral formalism on the imaginary time
axis 7 € [0, 8], with B the inverse temperature. The action
corresponding to the Hamiltonian in Eq. (1) is quadratic in
the fermionic fields, which can thus be integrated out exactly.
The resulting effective action for the photons, decom-
posing the field into Matsubara components «o(t) =
% Yo, a(@,)e”" ", becomes [47]

1
Smler. o] = 2 > (—iwy, + wp)a (@, ) ()

— Tr{ln M[a, «*]}, (AD)
where we defined the matrix
Mappla, a1 = =G} + Aupla, o], (A2)

where the Latin letters denote the full set of fermionic indices
(k, w,, A), and the matrices G, and Agp[or, *] are defined as

G =Gy ke, 02)83.380, .0, O ks (A3)
. g(k)
Apla, o] = W(l = 833080, .0 —w, Ok K
x (a(wy) + o™ (—wy)), (A4)

with G, (k, w,) = [iw, — E;, (k)] being the fermionic prop-
agator and the chemical potential ; was set to zero. In order
to compute the photon self-energy used in the main text,
we expand the logarithm up to second order Tr{ln M} =
Tr{lnG~'} + Tr{GA} — %Tr{(gA)z} to obtain the following
effective action:

1

* * - a(wy)
Sph[ava 1= _ﬁ (O[ (wV)a(a)l)))pphl(wv)<a*(wv)>s
(AS)
where the inverse cavity propagator reads
Dp_hl (w,) = (ia)v —wo — th(a)v) . _Eph(a)v) >’
_Eph(a)u) —lwy — Wy — 2:ph(wu)
(A6)

with the self-energy given by Eq. (3). In our analysis, we
focus on the diagonal elements [see Eq. (2)], which de-
scribe number-conserving photon processes. The neglect of
the off-diagonal components is justified later in this Appendix.
Performing the summation on the bosonic Matsubara fre-
quencies and the analytic continuation iw, — w + i0", one
obtains the retarded photonic self-energy

R _ I np(E_(k)) — np(EL(k))
Epn(@) = 5 Xk:gz(k) (a) —(E.(k)—E_(k)) +i0"

np(Ex (k) — np(E_(k)) )

o+ (EL(k) — E_(k)) + i0+ (A7)

with np(E) = 1/(eff + 1) being the Fermi-Dirac distribu-
tion. At zero temperature, the Fermi factors become step
functions, np(E+) = ©(u — E1). Pinning the chemical po-
tential at midgap (u = 0) ensures E_(k) < u < E, (k) for
every k; hence, ®(u — E_) = 1 and ®(u — E;) = 0. Conse-
quently, the numerators in Eq. (A7) collapse to the constants
+[np(E-) — np(E;)] = £1. Thus, the imaginary part of the

(a)

S

FIG. 8. Neglected corrections to the polaritonic dispersion and
spectral width at fourth order in the coupling g. (a) Contribution of
off-diagonal terms in Eq. (A6). (b) Corrections from the effective
four-photon vertex interaction.

retarded photonic self-energy E{fh

by

at zero temperature is given

Im[2f,@)] = —% Y @06 = 0E) — 8(w + 8],
keBZ
(A8)

having also employed the identity lim,_,¢ )ﬁ =P.V. (%) —
im8(x) to isolate the imaginary part. The real and imaginary
parts satisfy the Kramers-Kronig identities [60]:

o'ITm[ZR(w')] do

w? — w?

2 [o.¢]
Re[Elfh(a))] = ZP.V. / (A9)

T 0
In the region of frequency we are primarily interested in
throughout this work, w >~ E,, the sum in Eq. (A8) is dom-
inated by states lying close to the band-edge critical point
k*, as is shown explicitly for the checkerboard insulator in
Appendix B. Assuming that within this region the coupling
changes only weakly, we are allowed to neglect its explicit
k dependence [61] and set g = g(k™) # 0. Then, the contri-
bution to the imaginary part of the retarded self-energy is
determined by the JDOS defined in Eq. (6), as made explicit
in Eq. (4). Once Z[’fh(a)) is known, the polaritonic dispersion
and spectral width are obtained by solving the secular equa-
tion det{[lefh (a))]_l} = 0. However, since the effective action
has been truncated at quadratic order in the photon fields,
neglecting quartic corrections arising from the effective four-
photon interaction vertex [Fig. 8(b)], the resulting dispersions
are perturbatively accurate only up to second order in the
light-matter coupling g. One can then also safely neglect the
contribution coming from off-diagonal terms in the Nambu
structure of Eq. (A6), represented in Fig. 8(a), because it
contributes only to fourth order in the coupling. Performing
this approximation is equivalent to neglecting in the effective
action all terms that violate photon-number conservation and
working only with the retarded photonic propagator Dgh t) =

—i60@) ([a(?), a"(0)]), as was done in Sec. III.

APPENDIX B: ANALYTICAL DERIVATION OF JDOS
FOR THE CHECKERBOARD LATTICE

This Appendix presents two complementary analytical
routes to derive the singularity in the JDOS of the checker-
board lattice at the gap [see Eq. (7)]. First, we work directly
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FIG. 9. (a) Constant-energy contours of the NN tight-binding
dispersion on a square lattice, &(ky, k,) = —2t [cos(k.a) + cos(k,a)]
inside the corresponding first BZ Q = {|k,|, |k,| < 7 /a}. The blue
shaded zone is the reduced BZ zone for the checkerboard and
red dots indicate the M point and its images at the four vertices.
(b) Constant-energy contours of the Taylor-expanded band-gap dis-
persion of the checkerboard lattice, E (k) = E, (k) — E_(k), plotted
with momenta measured from k* = (7t /a, 0). Blue lines correspond
to energies 0E; > E,; the black line corresponds to the k points
exactly at the gap, §E; = E,.
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with the exact tight-binding dispersion, arriving at a closed-
form expression that is valid across the entire BZ. Second,
we focus on the low-energy physics near the M point and
employ the Taylor expansion of the bands given in Eq. (14):
This highlights the connection between the M point and the
singular behavior displayed in Eq. (7).

1. Derivation from the full tight-binding dispersion

For the tight-binding checkerboard lattice introduced in
Sec. IV, the exact band energies are given in Eq. (12). Insert-
ing those dispersions into the definition (6) of the JDOS and
taking the continuum limit of the quasimomentum sum yields

dk
O e (CEEN TRTNE NI

Here, D = {|k| + |k,| < 7 /a} denotes the diamond-shaped
reduced BZ, illustrated in Fig. 9(a), inside the full BZ of the
square-lattice tight-binding dispersion &, = —2f [cos(k,a) +
cos(kya)] in the absence of a staggered potential. For a real
function F'(s) with isolated simple zeros s;, one has the stan-
dard identity

5
S(F(e)) =) —— " € — ) (B2)

[F'(en)]

Choosing F(g) = w —2,/e? + (Eg/2)?,
F(e) =0are

er =+ Jw? — Eg2/2, for w > E,, (B3)

— 4%. Applying the

the solutions of

and the derivatives evaluate to F'(g4) =
identity (B2) to Eq. (B1) yields

_G(a)—Eg)a)/ )
S oz Jo G et ot = E/2)

(B4)

Note that only the contribution from the negative root, e_ =
—Vaw? - E; /2, survives. This happens because the negative
branch energy contours ¢ = s_ [blue curves in Fig. 9(a)] lie
entirely inside the diamond D, whereas the positive branch
energy contours ¢ = sy [gray curves in Fig. 9(a)] fall outside
this region and therefore do not contribute to the integral.
Equation (B4) can then be recast in terms of the square-lattice
density of states,

pe(E) = (BS)

1
m/;dkS(E—Sk),

where Q = {|k.|, |k,| < 7 /a} denotes the full BZ, yielding
- Jo* —E}[2).

Although Eq. (BS) formally integrates over the entire square

(B6)

BZ, the negative argument — /w? — EZ /2 restricts the support

to states lying within the diamond D, thereby making Eq. (B6)
exactly equivalent to Eq. (B4).

The density of states for a NN tight-binding band on a
square lattice is standard textbook material (see Ref. [62] for
a derivation) and reads

1 —(E/4)%) 04t — |E)), B7)

1
2mw%a’t K
where K denotes the complete elliptic integral of the first kind.
Inserting Eq. (B7) into the factorized expression in Eq. (B6)
gives the closed form

ps(E) =

0 —E CUZ _ E2
J(a)):MK 1_—2g (B8)
dr2a’t Jo? — EZ 64t
For small energies |E| <« 4t, one has the expansion
K(/1—(E/41)?) = —In(|E|/4t) + O((E/4t)*),  (BY)

so that, setting E = —vw? — E;/Z as dictated by Eq. (B6),

one immediately recovers the additional logarithmic diver-

gence of Eq. (7). The logarithmic enhancement is therefore

traced back to the conventional 2D VHS associated with the

saddle point of the square lattice dispersion & at the point
= (7 /a, 0) [39].

2. Derivation from the Taylor-expanded dispersion
around the M point

Inserting the energy bands expanded around the critical
point k* given in Eq. (14) into the definition of the JDOS
[Eq. (6)] yields

dk, dk

_ ARy aky _ 2 212
J(w)—/lk<A 2n ) §(w — Eg = 2y [(kea)” — (kya)“]%),

(B10)
where, through the shift k — k — k*, we have centered the
reference frame at k™ and introduced a momentum cutoff A

to model the finite bandwidth. It is convenient to recast the
JDOS in the form

, (BID)
e=(w—E,)/(2y)

J(w) = o
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where the dimensionless density of states is defined as

p(€) = f dedy 8(¢ —&(x,y)) (B12)
Ix|<A (27T )2
and involves the dimensionless dispersion
Ex,y) = (@ =y (B13)

Here, we introduced the dimensionless variables x = k,a and
y = kya, together with the dimensionless cutoff A = Aa and
the dimensionless energy € = €/(2y). The Dirac delta con-
fines the integration to the constant-energy contour

S@) = {(x,y): &(x,y) =&, |x| <A}, (B14)
giving the line integral
. 1 dl
p(€) = —— (B15)

47?2 Jse) Vi€l

Here, [ is the arclength parameter along S(€). For &é(x, y) =
(x> —¥?)?, the condition &(x,y) = & reduces to x> —y*> =
+¢!/2, Hence, the full contour decomposes into two branches:

S1(@) = {(x,y): y=£Va2+&2, x| <A},

$2(8) ={(x,y): y=+Vx2 -2, |x| > &4 |x| <A}
(B16)

Thus, S(€) = S1(é) U S,(€). Consequently, the density of
states separates into two contributions,

P(&) = p1(&) + pa(€),

@ = — f a4 =12
pile) = — = 1=1,2).
472 Jo.e) | Vi€l

The subset S, has two branches with vertices at (0, £&'/4)
that open vertically (upward and downward), whereas S,
has two branches with vertices at (+&!/4, 0) that open hori-
zontally (leftward and rightward). Figure 9(b) depicts these
contours as solid and dashed blue lines, respectively. Note that
all branches correspond to € > 0. In the original variables,
they correspond to w > E,. As & approaches zero, the blue
contours shrink until, at € =0 (w = E,), they become two
diagonally crossing critical lines [black lines in Fig. 9(b)]
intersecting at (0, 0), i.e., the point k = k™ in the shifted refer-
ence frame. Notice that for € < 0 no constant-energy contours
exist, reflecting the absence of available states below the gap.
Since the dispersion &(x, y) = (x> — y*)? and the integrand
dl/|VE| are invariant under the exchange x <> y, which maps
S1(&) onto S, (€), the two contour integrals are identical,

(B18)

B17)

p1(€) = p2(€),

so it suffices to evaluate only one of the two. We choose
p1(&). Along the upper branch of S| (&), we may write y(x) =
x2 + /€, with |x] < A. The arclength element is dI =

V14 (dy/dx)?dx = \/(2x2 + &)/ (x2 4+ V/€)dx, whereas

on the same contour |VE| = 44/E\/2x2 + /€. Their ratio
therefore becomes

dl dx
Vel 4z + 7

(B19)

Because the integrand is even in x and the lower branch
(y — —y) contributes identically, the integral over the whole
subset S| gains an overall factor 4. Substituting into the defi-
nition, one obtains

@) 2 / dl 2 /7\ dx
€)= —— = ,
P 42 Js,0 IVEl  an2VE o x4
(B20)

where we note the inverse-square-root divergence as € — 0.
The remaining integral is elementary, giving

2 -
PR arcsinh(A %71/4).
T4/ €

p(€) =2p1(¢) = (B21)
For € — 0, this behaves as p(&) =~ ﬁ(—% In |€]), thereby
making the logarithmic enhancement explicit. Finally, restor-
ing the dimensionful JDOS through Eq. (B11) reproduces the
behavior shown in Eq. (7).

APPENDIX C: ANALYTICAL DERIVATION OF Re[ 2%, ()]
FOR w ~ E;

In Fig. 5, we plotted the curves ImE{fh (w) and ReEﬁh (@)
corresponding to three insulating cases: the 1D and 2D
parabolic bands, and the checkerboard lattice. We have com-
mented the singular behaviors of both quantities at the
band-gap energy E, in all three cases. These behaviors are
summarized in the first two columns of Table I. We recall that
the features observed in Im Effh (w) are the same of the JDOS
J(w) due to the relation in Eq. (4). The forms followed by
ImEﬁh(a)) in the two parabolic cases are standard textbook

results [11]. The behavior of ImE{fh (w) (and of J(w)) in the
checkerboard case, shown in Eq. (7), was already justified
in Appendix B. In this Appendix, we derive the behavior
of Rerfh(a)) in the limit w — Eg’ for the three cases of
Table 1. These expressions can be obtained by applying the
Kramers-Kronig relation given in Eq. (A9), assuming that the
function J(w) is known for each case. For a subgap frequency
w = (1 — €)E, with € > 0, the pole lies strictly outside the
integration domain, so no Cauchy principal value is needed,
and we have the expression
A -
ReZf (6) o I(A, €) = / dx%,
48 X" —(1—e€)
where all the frequency dependence of J(w) has been encoded
in the dimensionless function J(x) and we introduced the
dimensionless variable x = w/E, and a cutoff A to model the
physical bandwidth limit. The behavior of the integral I(A, ¢)
in Eq. (C1) in the limit ¢ — 0 can be obtained analytically
for each of the three cases.

We first carry out the calculation explicitly for the checker-
board case, for which J(x) = In(x — 1)/+/x — 1. Making the
substitution x = 1 + 12 (dx = 2t dt), with ¢ € [0, /A — 1],
removes the square root and casts the integral in the form

Li(A. £) 2/ Mg dne Do
, €)= —
ch 0 24+e 1242-—¢

(ChH

) (605

The only term that can diverge as ¢ — OV is the first one.
Because the singularity comes exclusively from the small-¢
region, we can extend its upper limit to co without changing
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the leading behavior:

o0 Int w —Ine
-2 / dt — = — ,

0 2+e 2 e
where, to obtain the final equality, we introduced the
new integration variable u = t/./¢, recognized the indefi-
nite integral f % = arctanu, and employed the identity

f0°° 114“_32 du = 0. To recover the full value of I;,(A, €), one

should subtract the finite “tail” fjom Int/(t? + ) dt that was
introduced by extending the upper limit to oo, and add the
second, always-convergent integral appearing in Eq. (C2).
Retaining these pieces yields an additional, A-dependent
constant that follows the leading term and remains finite
as ¢ — 0. Hence,

e—0"
Ln(A,e) =~ (C3)

(A ) m —Ine
c €)=~
" 2 e
For the remaining two cases, the calculation proceeds analo-
gously to the checkerboard example. In the parabolic 1D case,
where J(x) = 1/4/x — 1, rewriting the integral in terms of the
variable ¢ splits it into two parts:

A—1 1 IZ
Iip(A,¢) = dt| —+—). C5
(A, £) /0 (mg*mg) ()

Extending the integration of the first term to co, one finds

+ O(1). (C4)

b/
Iip(A, €) = NG + 0(1), (Co)
having once again substituted ¢t = u./¢ and recognized the
same indefinite integral used in the checkerboard case. We
note that a result similar to Eq. (C6) has been already obtained
in Ref. [63]. Finally, in the parabolic 2D case, for which
J(x) = 1, we have

A1 ‘ 3
Lp(A,e) = /(; dt <m + m) (C7)
Proceeding as before, after the integration we obtain
Lp(A, &) = —11n(e) + O(1), (C8)

having recognized the indefinite integral [ ,’z‘fg = %ln(t2 +
¢). Upon returning to the original frequency variable w, one
recovers the singular behaviors reported in the second column

of Table I.

APPENDIX D: ANALYTICAL DERIVATION OF
THE POLARITON SHIFT SCALING LAWS

In this Appendix, we present an analytical derivation of the
scaling behavior of the polariton shift wp = wy — wp as a
function of the dimensionless light-matter coupling strength
& = g/E, in the weak-coupling regime. These scaling laws
dw,(g) are presented in Fig. 3 and summarized in the third
column of Table I. We obtained these results by solving the
equation

Re[Df ()] ' w—wy— Re[Zf ()] =0, (D1)

with wy = E,, in the limit w — Eg_ In this regime, it is
justified to approximate Re[Egh (w)] around w ~ E; (see the

second column of Table I), leading to the following equations:

1
Sdp = Faip——, (D2)
(Sa)p
Sép = —Farp In Sp, (D3)
In Sa)p
Saop = —Fdeh —, D4
p = —%den NS (D4)

where we introduced the dimensionless polariton shift §@p =
d@w/E, and, for each insulating phase, an overall constant
prefactor a that is independent of the light-matter coupling
strength g. The equation for the 1D case can be solved analyti-
cally by inspection. For the remaining two cases, the solutions
can be written in terms of the Lambert W function, defined as
the solution of W (z) ¢ ® = z. The resulting expressions are

4 2

Sépip = & ap, (D)
8@pop = &W ((ap@) ™ azp, (D6)
Sdpen = & IW(2awd/3)"H Qa/3)5 . (D7)

For weak coupling (§ — 0), the Lambert function satisfies
W(z) ~Inz—Inlnz+--- for z > 1; using this expansion
yields the leading-order scaling behaviors reported in the third
column of Table I.

APPENDIX E: FINITE-TEMPERATURE CORRECTIONS

Starting from the general expression in Eq. (A7), the imag-
inary part of retarded self-energy follows from lim,_, o+ (x +
in)~! = P.V.(1/x) —iné(x) and yields, at arbitrary
temperature,

ImEf (@) = =3 ) 00)ne (E- () = np (B (k)
k

X [6(w — 8Ey) — 6(w + 8Ex)]. (ED)

For the particle-hole-symmetric case considered in the main
text, E_(k) = —E (k) and u =0, one has np(E_(k)) —
np(E4(k)) = tanh (8 8E/4). As in Appendix A, close to the
band-edge point k* we can neglect the explicit k dependence
of the coupling and set g(k) >~ g(k*) = g. Using the JDOS
definition of Eq. (6), the result can be written compactly as

ImEllfh(a); T)= —ngZAceH tanh <€Tw> [J(w) —J(—w)],
(E2)

which reduces to the 7 =0 expression in Eq. (4) since
tanh(Bw/4) — sgn(w) for B — oo. Equation (E2) shows
that temperature enters ImE{fh only through the smooth fac-
tor tanh(Bw/4) that accounts for the population imbalance
between valence and conduction states. Consequently, in
the vicinity of the gap one may approximate tanh(%“’) ~

tanh(%), so the same scaling laws found at 7 =0

for ImZ{fh(w) at w — E; remain valid at 7 > 0, up to

a temperature-dependent prefactor Fr = tanh(%). Using
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FIG. 10. Numerical (solid) and analytical (dashed) polariton
shifts as a function of the dimensionless light-matter coupling g/E,,
for several values of the temperature 7. Finite temperature sup-
presses the magnitude of the shift while preserving its weak-coupling
scaling with respect to g/E,.

Eq. (E2), one finds the finite-7" analog of Eq. (A9),

' J (@)
2 2

o0
ReEffh(w; T) = —282Ace11P-V./ do’
0 w? —w

Bo'
X tanh (T) . (E3)

For @ — E,, the integral is dominated by frequencies
o' 2 E, where J(w') is singular (see Appendix C). Since
tanh(Bw’'/4) is smooth at o’ = E,, to leading order one can
pull it out of the singular part of the integral by fixing again
its value to Fr:

ReZf (;T) ~ FrReZf (0;0) (0 — E;).  (E4)

As a consequence, finite temperature preserves the weak-
coupling scaling of the polariton shift with respect to the
dimensionless light-matter coupling g = g/E,: Temperature
merely renormalizes the coupling-independent coefficients
according to

aip = Frap, amp —> Frawp, den —> Frawm, (E5)

while leaving unchanged the weak-coupling exponents re-
ported in Table I. Explicitly, the solutions corresponding to
Egs. (D5) and (D7) become

S@pin(T) = & [Fral’, (E6)
8@pan(T) = & (Fram)W(Frand) ™), (E7)

S@pan(T) = & [W(Q2Frawd /3)"H1F
x (2Frac/3)5. (E8)

To illustrate these results, Fig. 10 compares the numerical
polariton shift with the corresponding analytical expressions
for several temperatures, including the zero-temperature limit.
Figure 10 therefore provides a direct numerical confirmation

of the finite-temperature analysis presented in this Appendix:
The analytical expressions in Egs. (E6)-(E8) capture the
thermal suppression of the polariton shift while leaving its
asymptotic scaling unchanged.

APPENDIX F: SUBGAP ABSORPTION

Residual subgap absorption can generally originate from
several mechanisms, including bound states such as exci-
tons, disorder effects, finite-temperature corrections, or a
finite fermionic lifetime. In the ultracold-atom implementa-
tion discussed in Sec. V, the first two mechanisms are absent.
Excitonic bound states do not occur because the matter sector
is realized with a gas of spin-polarized fermionic atoms, for
which two-body interactions are absent. The single-particle
band description is therefore exact. Disorder-induced subgap
absorption is also absent in the implementation considered
here: The atoms move in a clean optical lattice potential, with
negligible static random impurities and lattice disorder. Finite
temperature does not open a subgap absorption channel either.
As shown in Appendix E, the finite-temperature interband
response is modified only through the thermal population
imbalance between valence and conduction bands, while the
absorption threshold remains fixed by the band gap. The only
possible generic source of residual subgap absorption is then
a finite fermionic lifetime, i.e., a broadening of the fermionic
single-particle spectral functions. In the first part of this Ap-
pendix (Appendix F 1), we show how a constant fermionic
broadening produces residual subgap absorption and affects
the lower-polariton energy shift relative to the zero-absorption
case. In the second part (Appendix F2), we estimate this
broadening microscopically from the cavity-mediated one-
loop Fock self-energy, finding it to be too small to appreciably
affect the subgap polariton branch for realistic parameters.

1. Fermionic spectral broadening corrections

To assess the effect of a finite and constant fermionic
spectral broadening, we recompute the photonic self-energy
in Matsubara frequencies starting from Eq. (A7), but replac-
ing the bare fermionic propagators with damped ones. For a
fermion in band A = =, we introduce the retarded propagator

1

Gk, e) = —————,
k. e) e — Ey (k) + iny,

(F1)

where 71, > 0 is the spectral broadening, or inverse lifetime,
of a fermion in band A. In Matsubara space, the corresponding
propagator can be written in spectral form as

> d k,
Giko = [ 52200, F2)
00 2T lwy, — €
with the Lorentzian-shaped fermionic spectral density
R 2my,
ik, &) = —2ImG; (k, &) = (F3)

[e — Ex() + 0}

At zero temperature, after analytic continuation iw, —
 + i07, the imaginary part of the retarded photon self-energy
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FIG. 11. Im Eﬁh(f‘)) and ReEgh (w) computed for a representative
value of the spectral broadening 1y /E, = 0.003. The corresponding
zero-damping results are shown as dashed curves for comparison. A
finite 7y rounds the threshold singularity at w >~ E, and generates a
weak subgap absorption tail.

can be written as

1 de
o) =~ Yk [ sz
x [p_(k, &)py(k, & + w) (F4)
+ o4k, e)p_(k, e + w)], (F5)

where W,(¢) =0(—¢) —0(—e& — w) is a factor that keeps
into account the zero-temperature fermionic distributions
np(e) = 6(—¢). For w > 0, the term p_(k, &)ps (k, ¢ + w) is
resonant because the two spectral peaks overlap when ¢ ~
E_(k) and ¢ + w ~ E(k), namely, for o ~ §Ey, = E (k) —
E_(k). In contrast, p.(k, ¢)p_(k, ¢ + w) would require w =~
E_(k) — E (k) = —8E; <0 to be resonant, and therefore
has no on-shell support for positive w. Its contribution is
thus controlled only by the off-shell Lorentzian tails and
is negligible when 7, <« E,. Near resonance, o =~ §Ej, the
product p_(k, &)ps(k, ¢ + w) is non-negligible only for ¢
within a narrow interval of width on the order of ny = n_ +
n4 around & = E_(k). Since E_(k) < —E,/2 and E_(k) +
w >~ E (k) > E,/2, this interval lies a distance of at least
E,/2 away from both edges of the domain (—w, 0), where
W, (¢) = 1. Therefore, for ny <« E; and w >~ §Ei, one may
replace W,,(¢) by 1 over the support of the overlap and obtain
Ub))

I
R ~ _ 2
tm (@) =~y Zk W om0

This shows that the sharp energy-conservation delta peak
8(w — 8Ey) of the zero-broadening result of Eq. (AS) is re-
placed by a Lorentzian of width 5y, given by the sum of the
fermionic broadenings n_ and 7.

In Fig. 11, we plot ImEffh(a)) and ReE[’fh(w) for a rep-
resentative broadening 7y /E, =3 x 107°, with ReXf ()
obtained from Eq. (F6) via the Kramers-Kronig relation of
Eq. (A9). The figure shows that a finite ny rounds off the
edge singularity of ImEﬁh at @ > E, and produces a finite
subgap absorption tail. The corresponding subgap effect on
the real part is confined to a narrow frequency window con-
trolled by 15 : Moving to lower frequencies below the gap, the

0.010
wo = E,
W/E,=0.3
0.008 | 3
./.
4
/E 4
L s/ Ly 4

g 0.006 0.0000 a
= -=- 0.0005 /./
3 —-— 0.0010 /
o

0.004 0.0015 /2

./‘
e
4 '/
0.002 | /7
,/f/.
% 4
,/./
2.7
0.000 == - - -
0.000 0.005 0.010 0.015 0.020
g/Eg

FIG. 12. Lower polariton shift §w, as a function of g/E, for
increasing values of the total fermionic broadening ns/E,. At fixed
ny > 0 and upon increasing the coupling g, the shift is first sup-
pressed but then recovers the s = 0 behavior.

finite-broadening curve overlaps again with the zero-damping
result. These subgap effects in the self-energy reflect also at
the level of the lower polariton shift. In Fig. 12, we show the
lower polariton shift as a function of g/E, for increasing val-
ues of nx. At fixed nz > 0 and upon increasing g, the shift is
first suppressed but then recovers the nx = 0 behavior, as the
polariton pole is evaluated at frequencies progressively far-
ther from the narrow interval around w >~ E, where the finite
lifetime most strongly modifies the self-energy. We anticipate
that the values of ny used in the figure are intentionally much
larger than the cavity-induced spectral broadening estimate
derived below in order to visually magnify the effect.

2. Cavity-induced fermionic spectral broadening from
the one-loop Fock self-energy

‘We now estimate the fermionic spectral broadening micro-
scopically. At weak light-matter coupling, the first nonvan-
ishing contribution arises from the one-loop Fock self-energy,
which describes a virtual interband scattering process in
which a fermion in band A is temporarily transferred to the
opposite band —A through the interaction with a cavity photon
and is then scattered back to its initial state. We introduce the
bare retarded photonic propagator

1

w—wy + ik’

Df, o(@) = (F7)

whose linewidth is . Since the interaction vertex contains
@+ a', the object entering the Fock diagram is the propagator
of the real quadrature X = & + a'. It is convenient to treat it
directly through its spectral representation,

*® dQ Bx(Q
Dx(wv)Z/ S (F8)

with bosonic Matsubara frequency w, and spectral density

Bx (£2) = Ap(£2) — Ao(—£2), (F9)
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where
2K

Ap(Q) = —2ImDf, ((Q) = R

(F10)

is the bare single-particle spectral function for the complex
bosons. The one-loop Fock self-energy is then

k)2 1
=J$52mmwmem>

(F11)

=k, w,)

Inserting Eq. (F8) into Eq. (F11) and performing the Matsub-
ara sum using the standard identity

1 Z 1 1 _ ng(2) +np(E) (F12)
B~ iw, — Qiw, —iw, —E  iw,—E—Q’
one obtains
F) gk)? [ dQ
%k, w,) = N —OQEBX(Q)
ng(2) + np(E_y(k)) (F13)

iw, —E_; (k) —Q

After analytic continuation iw, — w + i0™, the exact retarded
self-energy reads

kY? [ dQ
E}(LF)R(k’ ) = gk) /

— Bx(Q2
N | . x x (€2)
np(2) + np(E_,(k))
w—E_;(k)— Q+i0t"
At zero  temperature, np(Q2) = —O(—Q), while

np(E_(k)) = 1 and ng(E(k)) = 0. Therefore, for > = +,

(F15)

(F14)

np(82) + np(E_(k)) = O(R),

so that the negative-frequency sector of the integral is exactly
suppressed. The retarded self-energy can then be written as

_ gky? /OO d$2 Bx(Q2)
N Jo 21z -9

Using By(2) = Ay(Q) —

2Rk, w)

: (F16)

with z, =w— E_(k)+i0".
Ap(—), this becomes

:w¥/wgpwm
0

2Rk, )

N 27TZ+—Q
k)Y [ dQAN(—R

_g()./ QA
N Jy 27—

The first integral can be related to the full spectral representa-
tion of the normal photon propagator. Indeed,

©4Q Ao(Q) % dQ Ag(—Q)
= =D h(Z+) - = ,
o 2mzy—Q P 0o 2w 724+ Q

(F18)

where we reconstructed the full integral over 2 € (—o00, 00)
and changed variable 2 — — in the negative-frequency sec-
tor. Substituting this identity into Eq. (F17), we obtain

_ g(k)?

K ke, w) N D (z4) + 8= " (k, w),

(F19)

with

82k, w) =

g [ dQ
£ / (-9

1 1
X + . F20
[Z+ —-Q oz + Q:| (720
In order to estimate 7, from Appendix F1, we now
evaluate Eq. (F19) at the HOVHS point k* = (7 /a, 0),
where E.(k*) = +E,/2, and at the resonant frequency
w = wg = E,. For the + band, this gives

3E
& =E,—E_(K*)+i0" = Tg +i0". (F21)
The first term in Eq. (F19) evaluates to
& & g /N
=D (zf) = ——, F22
N &) = i F22)
where g = g(k*). Its magnitude is therefore of order
& ko g
'ﬁfoh(m x O NE,) Kk K Eq. (F23)

We now show that 8Ef " gives only a subleading correction
in the physically relevant narrow-linewidth regime « < Ej.
The potentially most delicate part of SESFF R is the neigh-
borhood of the pole of the first kernel, € >~ z%, because
(4 — )~ ! is resonant there. We therefore set Q = zy + 8,
with zo = 3E,/2 and |§] < «. The new variable runs over
8 € [—2z9, 00). The point § = 0 corresponds to the pole of the
first kernel, 2§ — Q + 0" = —§ + i0™. We therefore separate
the integral into a resonant window |§| < ck, with ¢ o« O(1),
and the remaining nonresonant part. The resonant contribution

is thus
/ ds Ag(—z0 — 8)
Ires = N~ o . AL -
e 2 =8+ i0F
= —P.V.1 — in§(3), one finds

(F24)

: 1
USlng 50T

48 Ag(—z0 — 8) i
Low = —P.V./ dBAn=8) L, (Fs)
ek 2T ) 2

The imaginary part is therefore controlled by

Ao(=z0) = (F26)

2k o K
— — .
(20 + @p)* + K2 E;
For the principal-value term, since Ayg(—zo — &) varies only on
the scale Eg, it can be expanded as

Ao(—20 — 8) = Ao(—20) + 8 9sA0(—20 — 8)|s=0 + - - - .
F27)

The constant term vanishes in the principal value, while the
next term gives a contribution of order

2
K
K 05A0(—20 — 8)s=0 X O(E) (F28)
g
Thus, the resonant part of the correction scales as
ST R E) oc O £ry F29
¢ g) X N E2 (F29)
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The second denominator in Eq. (F20) is nonresonant and gives
a contribution of the same or smaller order. In contrast, the
leading term is

g2 R (%N _ gz/N g2
v D@ = EJ2+ix O(NEg) (F30)
Therefore,
SEUR I Ey) < K )
—t o=, F31
[@/NIDE ) T\ E, 30

and SE(f R is proved to be subleading in the regime k < E,.
We finally obtain

& K

= -—ImRk* E)~ > ——— F32
N R

Similarly, for A = —,
np(Q) + np(E4 (k) = —O(—Q), (F33)

so that only the negative-frequency sector contributes. Chang-
ing variable 2 — —€2, one obtains

_ gk)? f°° dQ2 Bx(Q)
TN Jo 2mz. -

SEORK, w) (F34)

with z_ = w — E, (k) + i0". Repeating the same steps gives,
to leading order in « /E,,
& K

n- = —Imz R &, E,) ~ =

Using the same realistic setup discussed in Sec. VC, we
evaluate the Fock self-energy at the coupling g correspond-
ing to the experimentally achievable pump-cavity strength
no >~ 0.052E, . considered there, i.e., approximately the
largest value currently accessible in the cold-atom cavity
platforms of interest. We also use the same estimate N =~
1.1 x 10* for the number of unit cells participating in the
coupling, obtained in Sec. V C from the transverse size of the
atomic cloud. With these choices, using the Wannier estimate
Jy —J, 22 0.036 g for Vy = 5E,; and 0 ~ 0.4247, the rele-
vant intensive coupling entering Eqgs. (F32) and (F35) is

S 2 — Uy =37 x 107, = 4.7 x 107 E,.

VN
Using in addition «/h=4.5kHz and E,~3.18E,; =
h x 58.7kHz, as estimated in Sec. V C, we finally obtain

P M 65107,

F36
E " E (F36)

This estimate shows that the photonic contribution to the
fermionic broadening is extremely small with respect to the
gap scale E, and, based on the results shown in Fig. 3, es-
sentially negligible at the level of the lower polariton shift.
We note that, in realistic realizations of the model, other
experiment-specific decay channels for the atoms (e.g., due
residual atomic interactions or rare pump-photon absorption
processes) could in principle contribute to the fermionic decay
and increase ny with respect to the estimate of Eq. (F36). In
this Appendix, we showed, however, that the intrinsic contri-
butions to the spectral broadening in our model are negligible.
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