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Acceleration noise induced decoherence in Stern-Gerlach interferometers for gravity experiments
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Stern-Gerlach interferometer (SGI) is a kind of matter-wave interferometer driven by magnetic field and has
been proposed for various gravity experiments. Stochastic noises can lead to decoherence problems of SGI via
various mechanisms. In this paper, I will theoretically study several mechanisms including dephasing, contrast
loss, and position localization decoherence. I will first present a rigorous proof that the dephasing behaves as a
linear response to the noise, with a transfer function given by the Fourier transform of the unperturbed classical
trajectories. Then I will demonstrate that stochastic acceleration noise only induces dephasing to the witness
operator constructed in spin space, while it does not lead to contrast loss or position localization decoherence
due to common mode cancellation. In contrast, higher-order noise can induce both contrast loss and position
localization decoherence, contributing a decay factor proportional to the noise power spectrum density at the
intrinsic frequency, which can be physically interpreted as the resonance between the noise and test mass. Based
on the result, I apply the framework to analyze two typical noise sources, magnetic field noise and quadratic
noise.
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I. INTRODUCTION

Stern-Gerlach interferometer (SGI) is a type of matter-
wave interferometer driven by an external magnetic field
through the spin of the system [1]. In recent years, SGIs based
on nitrogen-vacancy (NV) centres [2] have been proposed
as gravity sensors [3] like gravimeters [4,5] and gyroscopes
[6,7]. They have also been proposed for exploring the nature
of gravity [8]. Compared to the matter-wave interferometers
driven by lasers, the test mass of an SGI is usually much
heavier. Consequently, the amplitude of the signal of gravi-
tational interactions can be significantly larger and easier to
detect.

Robustness is an essential issue for all types of matter-
wave interferometers, including the SGI. In real experiments,
test masses are affected by acceleration noises arising from
various sources, such as mechanical vibrations [9], inertial
forces [10], and Coulomb interactions [11]. The test masses
also couple to higher-order noises including gravity gradient
(tidal force) noise [10], rotation noises [12], and magnetic
field noise [13,14]. These noises can disturb the trajectories
and velocities of the two arms of the interferometer at the
classical level and can cause decoherence of the quantum
state. Since noises are usually characterized by their power
spectrum densities (PSDs), a fundamental question arises:
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How to formulate the decoherence factors caused by noises
based on their PSDs?

Numerous previous studies have investigated the decoher-
ence of SGIs, classifying it into several typical mechanisms,
including the dephasing, the position localization decoherence
[15–20], and the loss of contrast (known as the Humpty-
Dumpty problem) [21–23].

The dephasing effect arises from the ensemble average
of random phase fluctuations induced by stochastic noise. It
can be classified into the phase fluctuation of the spin phase
[24–26] and the spatial path integral phase [10–12,27]. In spin
space, dephasing is typically characterized by the T2 time in
the Bloch-Redfield equation, which is a linear response to the
PSD of the noise [25,26]. As for the spatial dephasing, some
researchers have observed that it is also a linear response to the
noise, characterized by a transfer function equal to the Fourier
transform of the classical unperturbed trajectories [10–12,27].
Nonetheless, several subtle gaps remain to be proved: (1) Why
does the dephasing depend solely on the classical trajectories
of the center of mass; (2) why does the fluctuation of the
trajectories provide no contribution to the dephasing?

Position localization decoherence, which pertains to the
decoherence of the spatial wavefunctions, was originally stud-
ied to elucidate the collapse model [15] of quantum states
caused by the interactions with the ambient environment. This
type of decoherence is typically attributed to scattering pro-
cesses involving particles such as air molecules or photons
[15,16,28]. Furthermore, the ensemble average of stochas-
tic noises can also induce a dissipator D[·] = −�[x̂, [x̂, ·]],
leading to a decay factor e−�(x1−x2 )2t applied to the spatial
density matrix [18,20,29,30]. In a scenario involving SGI, the
witness operator is usually constructed within the spin space,
prompting a question how the position localization decoher-
ence affects the spin witness.
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The Humpty-Dumpty problem is a peculiar issue in SGI
[1,31], while the former two effects occur in all types of
interferometers. In these types of interferometers, the witness
is usually constructed in the spin space, necessitating to trace
out of spatial degrees of freedom. Consequently, the contrast
loss can lead to a decay factor of the off-diagonal terms in the
spin density matrix, known as the Humpty-Dumpty problem.
The most fundamental source of the contrast loss arises from
the nonclosure of the two arms of the interferometer at the
final time [22,31,32]. Other plausible sources have been theo-
retically studied in recent research works, such as the rotation
effect [33], the coupling with phonons [34], and the deforma-
tion of the wave packet [35]. Notably, classical noises can also
cause contrast loss problem, warranting further investigation
to formulate the associated contrast loss.

It is evident that all these mechanisms are intrinsically
linked to the PSD of the noise, but previous papers have
studied them separately. It underscores the need for system-
atic research that integrates all these mechanisms via the full
dynamics of the test mass, despite mathematical challenges
posed by the time dependence and randomness of noises.
Consequently, most previous research works involving the full
dynamics have focused on the white noise [5,36,37], which is
identified by a constant PSD and lacks time correlation. Some
authors have noticed the limitations of analyzing white noise,
prompting them to consider the time dependence of the noise
and to solve the corresponding Schrödinger equation using
perturbation methods [38]. However, the connection between
the decoherence factor and the PSD remains unestablished.

In light of the aforementioned issues, this paper aims to
formulate the decoherence mechanisms outlined above based
on the PSD of the external noise. The system will be modeled
as a harmonic oscillator under a driven force with fluctuations,
and its time evolution can be analytically solved using an ele-
gant method known as the Lewis-Riesenfeld invariant [39–42]
and quantum Arnold transformation [43].

Building upon the exact dynamics, I shall present a system-
atic analysis on the aforementioned decoherence mechanisms
in the presence of an acceleration noise. In particular, the
following topics will be addressed:

(1) I begin with a rigorous proof demonstrating that the
dephasing is a linear response to the noise, followed by an
investigation on mathematical properties of the associated
transfer function.

(2) Next, I examine the impact of position localization
decoherence and the Humpty-Dumpty problem induced by
acceleration noises. As will be demonstrated, this category
of noise does not lead to loss of spin witness, which can be
interpreted as a form of common mode cancellation [44–46].

(3) Third, I offer a preliminary discussion of the leading-
order effects of higher-order noise processes, analyzing the
loss of witness arising from these mechanisms.

(4) Finally, I consider two representative noise sources,
spin-dependent noise and trap frequency noise (i.e., quadratic
noise), as applications of the general framework developed for
noise induced decoherence.

This paper is organized as follows. Section II reviews
the dynamics of an ideal Stern-Gerlach interferometer in
the absence of noise, with Secs. II A and II B address-
ing the spatial motion and spin-space witness construction,

respectively. Mathematical details are provided in Ap-
pendixes A and B. Section III focuses on the dephasing effect,
while Sec. IV explores the position localization decoherence
and the Humpty-Dumpty problem induced by acceleration
noise. Section IV is divided into several subsections, each
addressing distinct aspects: the fluctuation of the classical
trajectories, the fidelity loss of a single arm, position localiza-
tion decoherence, and the loss of spin witness. An important
integral is computed using the residue theorem in Appendix C,
while the master equation for single-arm localization de-
coherence is derived in Appendix D. Section V presents a
preliminary discussion on the witness loss induced by higher-
order noises, while Sec. VI applies the results to analyze
two typical noises, spin-dependent noise and quadratic noise,
each treated in a separate subsection. The analytic solution
for the quadratic noise is summarized in Appendix E. Finally,
Sec. VII concludes with remarks on the role of randomness
(Sec. VII A) and a summary of the paper (Sec. VII B).

II. IDEAL STERN-GERLACH INTERFEROMETER
WITHOUT NOISES

A general schematic diagram of a Stern-Gerlach interfer-
ometer is shown in Fig. 1. The test mass is trapped in a
potential well that can be assumed as a harmonic oscilla-
tor for simplicity. Besides, the spin of the test mass has to
be split during the experiment, which can be achieved by
some intrinsic properties of the test mass or a constant biased
external magnetic field (i.e., the Zeeman effect). Then, the
Stern-Gerlach interferometer can be created by a nonuniform
external magnetic field. For example, the one-dimensional
Hamiltonian of the ideal gravimeter without noise based on
the NVcenter can be written as [38]

Ĥ = p̂2

2m
+ gNVμB

∂B

∂x
Ŝzx̂ − χV

2μ0

(
∂B

∂x

)2

x̂2 − mgx̂ + h̄DŜ2
z .

(1)

The term h̄DŜ2
z is the zero-field splitting of the NV center with

D = (2π )2.8 GHz, which physically arises from the electron
spin-spin dipole interaction [47]. Under this term, the spin of
the test mass splits into eigenstates of Ŝz, where z direction
is assumed as the direction of the NV axis for simplicity,
which can be changed to any axis in a real experiment. The
spin-orbit coupling term gNVμB(∂B/∂x)Ŝzx̂ arises from the
spin-magnetic field interaction, where μB is the Bohr magne-
ton and gNV is the Lande g factor of NV center. The quadratic
term χV/(2μ0)(∂B/∂x)2x̂2 is the diamagnetic energy of the
diamond, where χ = −2.2 × 10−5 and V are the magnetic
susceptibility and the volume of the diamond. The magnetic
field gradient ∂B/∂x can be set as a time-independent constant
[4], a piecewise function of time [38], several pulses [31], or
more complicated functions [35,48]. The term mgx̂ accounts
for the coupling to gravitational acceleration, which can be
substituted with other coupling mechanisms for different ex-
perimental contexts. For instance, this sensor can also function
as an accelerometer or seismometer by coupling to inertial
forces [3,49].

In order to create superpositions by the magnetic field,
it is essential to avoid the precession of the spin such that

023115-2



ACCELERATION NOISE INDUCED DECOHERENCE IN … PHYSICAL REVIEW RESEARCH 8, 023115 (2026)

FIG. 1. The schematic diagram of an ideal Stern-Gerlach interferometer for gravity experiments. Under a nonuniform magnetic field
B = ηx, the test mass splits into two trajectories with respect to different spin states. The magnetic field gradient η ≡ ∂B/∂x can be set as a
time-independent constant [4], a piecewise function of time [38], several pulses [31], or more complicated functions [35,48]. The differential
phase φdiff at the final time encodes the information of gravity, so properties of gravity can be detected by measuring this phase.

spin states are pinned along the direction defined by the
splitting term. For the Hamiltonian (1), the Ŝ · B term is
supposed smaller than the zero-splitting term to avoid the
Larmor precession. Since the energy of the zero-splitting term
is (2π )h̄D ∼ 1.8 × 10−24 J ∼ gμB × 10−1 T, the value of the
magnetic field |B| required is smaller than 0.1 T [33]. In this
case, the spin operator Ŝz can be treated as a c number rather
than an operator for ease of calculation. Then, sz = ±1 of the
interferometer corresponds to two paths, and each path of the
interferometer is exactly a trajectory of a harmonic oscillator
driven by external forces. Thus, the Hamiltonian for a single
arm can be written as

Ĥ (t ) = p̂2

2m
+ 1

2
mω2

0 x̂2 − ma(t )x̂, (2)

where ma(t ) consists of the driven force gNVμB(∂B/∂x)szx̂
and the signal force mgx̂, where the time dependence of the
Hamiltonian mainly comes from the time-dependent noise.
The corresponding Schrödinger equation can be analytically
solved by Lewis-Riesenfeld invariant and quantum Arnold
transformation [42,43], and the math details are summarized
in Appendix A. Notably, other interferometers driven by
spin-orbit coupling [50] or a superconducting quantum inter-
ference device [51] have Hamiltonians of similar forms, so
the noise analysis in this paper is also valid for these types of
interferometers.

A. Time evolution of single path

As derived in Appendix A, the time-evolution operator for
the Hamiltonian (2) is

Û (t ) = e
i
h̄

∫ t
0 L[x(t ′ ),ẋ(t ′ )]dt ′

D̂(αc(t ))e− i
h̄ Ĥ0t D̂(−αc(0)), (3)

where

Ĥ0 = p̂2/2m + mω2
0 x̂2/2,

L[x(t ), ẋ(t )] = 1
2 mẋ2 − 1

2 mω2
0x + ma(t )x,

D̂(αc(t )) = exp[αc(t )â† − α∗
c (t )â],

αc(t ) =
√

mω0/2h̄(xc(t ) + ipc(t )/mω0). (4)

Here, Ĥ0 is the Hamiltonian of a simple harmonic oscil-
lator without driven forces, L[x(t ), ẋ(t )] is the Lagrangian
corresponding to the Hamiltonian (2), and D̂(αc(t )) is the dis-
placement operator defined by the complex coordinate αc(t )
of the instantaneous equilibrium position in the phase space,
which satisfies the canonical equation in complex coordinate

α̇c = −iω0αc + i

√
m

2h̄ω0
a(t ), (5)

of which the solution is

αc(t ) = e−iω0t

(
αc(0) + i

√
m

2h̄ω0

∫ t

0
a(t ′)eiω0t ′

dt ′
)

. (6)

The physical interpretation of the time-evolution operator
Û (t ) in Eq. (3) is that the system is a simple oscillator without
any driven force in the comoving reference frame of the equi-
librium position, where the displacement operators D̂(αc(t ))
and D̂(−αc(0)) play the role of the reference translation in
the classical phase space. Besides, Û (t ) also contains a path
integral phase e

i
h̄

∫ t
0 L[x(t ′ ),ẋ(t ′ )]dt ′

along the classical trajectory
of the equilibrium position xc(t ) of the oscillator.

Consider an arbitrary initial state described by a density
matrix ρ̂0 evolving as

ρ̂(t ) = Û (t )ρ̂0Û
†(t ). (7)

From the point of view of Weyl quantization, the Wigner
function is the Weyl-Wigner transform of the density matrix
[52], i.e.,

W (α) =
∫

Tr[ρ̂D̂(α′)]eα′∗α−α′α∗ d2α′

π2
, (8)

then the time evolution of the Wigner function of an arbitrary
state satisfies

W (α, t ) = W
(
αc(0) + eiω0t (α − αc(t )), t = 0

)
= W

(
eiω0tα − i

√
m

2h̄ω0

∫ t

0
a(t ′)eiω0t ′

dt ′, t = 0

)
.

(9)
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Thus, the shape of the Wigner function of an arbitrary state
does not change during time evolution, and its time evolution
is only a transformation in the phase space composited by a
translation αc(t ) plus a rotation with a constant angular speed
ω0. Besides, the evolution of an arbitrary quantum state is
completely determined by its classical trajectory xc(t ) and
momentum pc(t ) satisfying the classical equations of motion
(5) in the phase space.

Especially, if the interferometer is initially prepared as a
coherent state |β0〉 = D̂(β0)|0〉, then it evolves as

|ψ (t )〉 = eiφ(t )e−iIm(
αcβ
∗
0 )e− 1

2 ω0t |α(t )〉, (10)

where

φ(t ) = 1

h̄

∫ t

0
L[xc(t ′), ẋc(t ′)] dt ′, (11)

α(t ) = αc(t ) + e−iω0t (β − αc(0)), (12)

and the notation 
αc ≡ αc(t ) − αc(0). So, every single arm
remains in a coherent state during the time evolution, of which
the wavefunction remains in a Gaussian wave packet with a
fixed width. Besides, the time evolution of an initial coherent
state can be determined by the classical trajectory. Remark-
ably, there are additional phases Im(
αcβ

∗
0 ) and −ω0t/2

related to the details of the initial quantum state.

B. Time evolution of interferometer and witness in spin space

For an interferometer, the driven forces on its different
arms are spin dependent, so the corresponding time-evolution
operators are different. In particular, the spatial part of the
density matrix related to the spin element |i〉〈 j| evolves as
Ûi(t )ρ̂0Û

†
j (t ) with i, j = ±1. Suppose the spin state is initially

prepared as a pure state

|Sz(t = 0)〉 = |1〉 + |−1〉√
2

, (13)

then the total density matrix of the interferometer at time t is

ρ̂tot (t ) = 1

2

∑
i, j=±1

ei(φi (t )−φ j (t ))|i〉〈 j| ⊗ ρ̂i j (t ), (14)

where

ρ̂i j (t ) ∼ Ûi(t )ρ̂0Û
†
j (t ), (15)

and the phase φi, j (t ) only contains the spatial path integral
along the classical trajectories and the spin dynamics are
ignored for simplicity.

At the final time t f of the experiment, the observable quan-
tity is usually constructed by a witness operator Ŵ in the spin
space, so the spatial wavefunctions have to be traced out, i.e.,

ρ̂spin(t ) = Trx[ρ̂(t )]. (16)

If the final positions α1(t ) and α−1(t ) in the classical phase
space are designed the same at the final time t f , then all the
spatial density matrix elements ρ̂i j (t f ) are the same. As a con-
sequence, the spin space and the spatial space are separable,
i.e., ρ̂tot (t f ) = ρ̂spin(t f ) ⊗ ρ̂(t f ), so the spin density matrix is

simply

ρ̂spin(t f ) = 1

2

⎛
⎝ 1 0 e−iφdiff

0 0 0
eiφdiff 0 1

⎞
⎠, (17)

with the notation φdiff ≡ φ−1(t f ) − φ1(t f ). A commonly used
witness to measure the differential phase φdiff is the Ramsey
interferometry [4,25,53]. It is constructed by measuring the
population of |Sz = 0〉 state after a π/2 pulse operating on
the state. As derived in Appendix B, the witness operator for
Ramsey interferometry in the spin-1 system is given by

Ŵ =
⎛
⎝ 1

2 0 1
2

0 0 0
1
2 0 1

2

⎞
⎠. (18)

Then, one can obtain the observable result for the Ramsey
interferometry as

Tr[ρ̂spin(t f )Ŵ ] = cos2 φdiff

2
, (19)

which means that the population of the eigenstate |Sz = 0〉
at the final time after a π/2 pulse is cos2(φdiff/2). For a
Stern-Gerlach interferometer coupling to the local gravity by
Ĥint = mgx̂ in Eq. (1), the differential phase φdiff is propor-
tional to g, so this device can be used as a gravimeter to
measure the gravitational acceleration g through the witness
(18) of Ramsey interferometry [4].

III. DEPHASING INDUCED BY ACCELERATION NOISES

In a real experiment, there always exist some acceleration
noises δa(t ) such as the vibration of the mechanical support
of the system, the inertial force due to the vibration of the
laboratory (known as the residual acceleration noise [10,27])
and electric forces caused by ambient electric particles [11].

In most experimental situations, acceleration noises can be
described by a (wide-sense) stationary Gaussian process with
a zero mean value. In particular, at any time t , the accelera-
tion noise δa(t ) follows a Gaussian distribution. In addition,
the wide-sense stationarity requires that the autocorrelation
function of δa(t ) does not vary with respect to time t ; i.e.,
E[δa(t )δa(t + τ )] only depends on τ , where E[·] represents
the statistical average of stochastic variables. According to
the Wiener-Khinchin theorem, the autocorrelation function of
δa(t ) is the Fourier transform of the corresponding power
spectrum density

E[δa(t )] = 0, ∀t,

E[δa(t )δa(t + τ )] =
∫

Saa(ω)e−iωτ dω, ∀t, (20)

where Saa(ω) = limT →∞ |δaT (ω)|2/T and δaT (ω) is the
Fourier transform of δa(t ) on the finite time domain 0 ∼ T .
Note that the second equation is independent of t because the
noise is assumed stationary. In addition, let τ = 0, then the
autocorrelation function of δa(t ) gives the variance of δa(t )
as σ 2

a (t ) ≡ E[(δa(t ))2] = ∫
Saa(ω)dω, which is also time in-

dependent.
The acceleration noise δa(t ) couples to the test mass

directly via the Hamiltonian Ĥnoise = −mδa(t )x̂, then the
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Hamiltonian (2) for a single arm becomes to

Ĥ (t ) = p̂2

2m
+ 1

2
mω2

0 x̂2 − ma(t )x̂ − mδa(t )x̂, (21)

which is still of the form as Eq. (2). Hence, the time-evolution
operator (3) also holds when the noise is present, although
the phase and the complex coordinate αc(t ) fluctuate. This
section will concentrate on the dephasing, while the next
section will discuss the decoherence of the spatial part of the
test mass.

A. Dephasing as a linear response to noise

According to the time-evolution operator (3), the spatial
phase is precisely the path integral along the classical trajec-
tories of the center of mass. When the test mass experiences
disturbances due to an acceleration noise, this phase is gen-
erally fluctuated by two leading-order channels. The first
channel involves the path integral of the Lagrangian mδa(t )x
along the classical trajectory xc(t ), while the second channel
arises from the fluctuation of the classical trajectory δx and
velocity δẋ in the path integral of the ideal Lagrangian. The in-
terplay between these two channels represents a higher-order
effect and can be neglected. Thus, the phase fluctuation of a
single arm can be expressed as

δφ = 1

h̄

∫
mẋδẋ − mω2

0xδx + ma(t )δx + mδa(t )xdt . (22)

In order to evaluate the phase fluctuation δφ, it is notable that
the dynamical equation (5) can be written in another form as
ẍ + ω2

0x = a(t ), then one can find out an identity

mẋδẋ − mω2
0xδx + ma(t )δx = m

d

dt
(ẋδx). (23)

Thus, the phase fluctuation arising from the fluctuation of the
trajectory δx(t ) and velocity δẋ(t ) is a total derivative that will
vanish after the path integral. Remarkably, some authors have
already noticed that this channel of the phase fluctuation has
to be taken into account in principle, but they neglected this ef-
fect by assuming that it is a higher-order effect [10–12,27]. As
proved above, the dynamical equation ensures that this effect
is strictly negligible without any assumptions [54]. Therefore,
the phase fluctuation of a single path is simply

δφ(t ) = 1

h̄

∫ t

0
mδa(t ′)x(t ′)dt ′. (24)

So, the phase fluctuation δφ(t ) of a single path is an Itô
integral of the stochastic noise δa(t ) and can be regarded
as a linear response to δa(t ). Since the acceleration noise
δa(t ) is assumed as a stationary Gaussian process, the phase
fluctuation δφ(t ) is a Gaussian process with a zero mean value
E[δφ(t )] = 0 for arbitrary time t , although it is no longer
stationary. The variance of δφ(t ) can be computed as

σ 2
φ (t ) ≡ E[(δφ(t ))2] = m2

h̄2

∫
Saa(ω)|xt (ω)|2dω, (25)

where xt (ω) is the Fourier transform of the trajectory x(t ′)
in the finite time domain 0 ∼ t , which can be written by a
convolution between x(ω) and the sinc function as xt (ω) =

x(ω) × sinc(ωt ). Furthermore, x(ω) plays a role of the trans-
fer function (also known as frequency response function or
filter function) of the linear response of δφ to δa [12,27,49,55].

For the interferometer with two paths, the phase fluctu-
ations of both arms are linear responses to the acceleration
noises, so the differential phase δφdiff is also a linear response
to δa and its variance is

δφdiff = m

h̄

∫ t f

0
δa(t )(x1(t ) − x−1(t ))dt,

σ 2
φdiff

= m2

h̄2

∫
Saa(ω)F (ω)dω, (26)

where

F (ω) = |x1(ω) − x−1(ω)|2 (27)

is the transfer function or filter function of the linear response
[12,27,49,55].

B. Properties of transfer function

The transfer function has the following asymptotic behav-
iors:

(1) F (ω) tends to a constant in the low-frequency limit.
In particular, in the low-frequency limit ω → 0, the fac-
tor eiωt → 1, then the Fourier transform satisfies xi(ω) =∫

xi(t )eiωt dt ≈ ∫
xi(t )dt , which is independent of ω, so F (ω)

is approximately constant to ω in the low-frequency limit.
(2) F (ω) decreases as ω−2k for some index k in the

high-frequency limit. In particular, in the high-frequency
limit, the trajectories can be expanded as Taylor’s series as
x1(t ) − x−1(t ) = ∑∞

n=k cntn with the leading order as t k , then
the corresponding Fourier transform is x1(ω) − x−1(ω) =∑∞

n=k cnω
−n−1, so the transfer function is proportional to

ω−2k−2 at the leading order in the high-frequency limit.
According to the dynamical equation ẍi + ω2

0 = ai(t ),
which is associated with the Hamiltonian (21), one can obtain
an equation (−ω2 + ω2

0 )xi(ω) = ai(ω) in frequency space.
Hence, the transfer function can be written as

F (ω) = |a1(ω) − a−1(ω)|2
(ω2 − ω2

0 )2
. (28)

If ai(ω) has no singularity, the transfer function is a mero-
morphic function with two second-order poles ±ω0. Since
Saa(ω) and ai(ω) are symmetric in the frequency domain,
the variance of the phase fluctuation can be computed by the
residue theorem as

σ 2
φdiff

= 4π
m2

h̄2

d

dω

[
Saa(ω)

(ω + ω0)2
|a1(ω) − a−1(ω)|2

]∣∣∣∣
ω=ω0

= π
m2

h̄2ω3
0

Saa(ω0)|a1(ω0) − a−1(ω0)|2, (29)

where the math properties of ai(ω) and Saa(ω) are assumed
good enough such that their derivatives do not have dominant
contributions to σ 2

φdiff
. In this sense, the transfer function F (ω)

is approximately a delta function, i.e.,

F (ω) ≈ Aδ(ω − ω0), (30)

with a factor A = π |a1(ω0) − a−1(ω0)|2/ω3
0.
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FIG. 2. (a) The unperturbed trajectories of an interferometer under a time-independent magnetic field B = ηx. (b) The corresponding
transfer function for the trajectories with N periods.

For example, consider a time-independent magnetic field
B(t ) = ηx, with η ≡ ∂B/∂x. As shown in Fig. 2(a), the unper-
turbed trajectories are

x±(t ) = A±(1 − cos ω0t ), with A± = ±gNVμBη

mω2
0

, (31)

where the gravitational forces are ignored for simplicity. If
the total experiment time is 2πN/ω0, i.e., the trajectories
repeat N periods in a single run of the experiment, then the
corresponding transfer function is

FN (ω) = 4(
A)2ω4
0 sin2 Nπω

ω0

ω2
(
ω2 − ω2

0

)2 , (32)

where 
A ≡ A+ − A−. According to Eq. (32), FN (ω) tends to
a constant 4π2N2(
A)2/ω2

0 in the low-frequency limit ω → 0
and decreases with respect to ω−6 in the high-frequency limit
ω → ∞. As shown in Fig. 2(b), the transfer function has a
peak at ω = ω0, so it is approximated as a delta function
δ(ω − ω0), except when the number of periods N = 1, in
which case this peak is hidden. In fact, as derived in Ap-
pendix C, the variance of the phase fluctuation in this system
can be evaluated using the residue theorem, yielding

σ 2
φdiff

= 4πm2 N2(
A)2Saa(ω0)

ω0h̄2 . (33)

IV. POSITION LOCALIZATION DECOHERENCE
AND HUMPTY-DUMPTY PROBLEM

As pointed out at the beginning of the previous section, the
time-evolution operator of the interferometer under the noise
δa(t ) has the same form as the ideal situation. Thus, the time
evolution (9) of the Wigner function of an arbitrary initial state
becomes

W (α, t ) = W (αc(0) + eiω0t (α − αc(t ) − δα(t )), t = 0).
(34)

The first notable conclusion is that the acceleration noise
δa(t ) does not change the shape of the Wigner function of an
arbitrary initial state, and it only affects the path integral phase
δφ and the classical trajectory δα in phase space.

A. Fluctuation of classical phase space δα of single arm

For a coherent state given by Eq. (10), the wavefunction
under the acceleration noise is still a coherent state, although
its parameter β(t ) = αc(t ) + e−iω0t (β0 − αc(0)) changes to
β ′(t ) = β(t ) + δα(t ). According to the time evolution (6) of
the complex coordinate αc in the phase space, its fluctuation
δα under the acceleration noise δa(t ) is given by

δα(t ) = i

√
m

2h̄ω0
eiω0t

∫ t

0
δa(t ′)e−iω0t ′

dt ′. (35)

So, δα(t ) is also a linear response to the acceleration noise
δa(t ). Besides, δα(t ) is also a Gaussian process with a zero
mean value E[δα(t )] = 0 and its autocorrelation function is

E[δα(t )δα∗(t + τ )] = m

2h̄ω0
e− i

2 ω0τ t (t + τ )
∫

Saa(ω)e− i
2 ωτ

× sinc
(ω − ω0)t

2
sinc

(ω − ω0)(t + τ )

2
dω. (36)

Remarkably, E[δα(t )δα∗(t + τ )] relies on both t and τ , so δα

is not stationary. Hence, the Wiener-Khinchin theorem does
not hold for δα.

In particular, considering the dynamical equation (5) of αc,
one may obtain a frequency response relation as

δα(ω) = χ (ω)δa(ω), with χ (ω) =
√

m/(2h̄ω0)

ω − ω0
. (37)

Here, the factor χ (ω) is a generalized mechanical susceptibil-
ity of αc(ω). Then, the PSD of δα is

Sαα (ω) = m

2h̄ω0

Saa(ω)

(ω − ω0)2
. (38)
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Therefore, one may check that the relationship between the
autocorrelation function and PSD of δα is

E[δα(t )δα∗(t + τ )] =
∫

Sαα (ω)e−iωτ
(
1 + e−i(ω−ω0 )τ

− ei(ω−ω0 )t − e−i(ω−ω0 )(t+τ )
)
dω. (39)

In the autocorrelation function (36) of δα, let τ = 0, then
one may have the variance of δα at any time t as

σ 2
α (t ) ≡ E[|δα(t )|2] = m

2h̄ω0
t2
∫

Saa(ω)sinc2 (ω − ω0)t

2
dω.

(40)

Thus, δα can be regarded as a generalized diffusion process.
In the short-time and long-time limits, its variance can be
approximated as [56]

σ 2
α (t ) ≈

{
D1t2, t � 1,

D2t, t → ∞ , (41)

where the generalized diffusion coefficients are given by
D1 = mσ 2

a /(2h̄ω0) and D2 = πmSaa(ω0)/(h̄ω0). Notably, in
the long-time limit, δα exhibits behavior analogous to stan-
dard Brownian motion. That is, the diffusion process becomes
Markovian or memoryless as t → ∞, implying that its long-
time diffusion is independent of its initial diffusion history.

Especially, at the final time t f = 2Nπ/ω0, the variance is

σ 2
α (t f ) = 2π2N2m

h̄ω3
0

∫
Saa(ω)

sin2(Nπω/ω0)

N2π2(ω/ω0 − 1)2
dω, (42)

which can be evaluated by the residue theorem, as shown in
Appendix C. This yields

σ 2
α (t f ) = 2π2Nm

h̄ω2
0

Saa(ω0). (43)

Physically, it can be interpreted that the test mass only
resonantes with the noise at frequency ω0, which is the intrin-
sic frequency of the interferometer. Remarkably, this result
coincides with the long-time limit expression σ 2

α (t ) = D2t ,
although t f does not necessarily fall within the asymptotic
regime.

B. Fidelity loss of a single arm

Since the trajectory of a single arm is disturbed by the
noise, the corresponding quantum state is also affected, which
is usually characterized by the Uhlmann fidelity [57,58]. In
particular, denote the ideal and noisy density matrices of the
single arm at an arbitrary time t as

ρ̂id (t ) ≡ Ûid (t )ρ̂0Û
†
id(t ), ρ̂n(t ) ≡ Ûn(t )ρ̂0Û

†
n (t ), (44)

where Ûid(t ) and Ûn(t ) are given by Eq. (3) with complex
coordinates αc(t ) and αc(t ) + δα(t ). Then, the corresponding
fidelity is defined as

F (ρ̂id(t ), ρ̂n(t )) ≡ Tr
[√√

ρ̂id (t )ρ̂n(t )
√

ρ̂id (t )
]
. (45)

It is not difficult to prove that [59]

F (ρ̂id (t ), ρ̂n(t )) = F (ρ̂0, D̂(δα(t )eiω0t )ρ̂0D̂(−δα(t )eiω0t )).
(46)

So, the fidelity between ρ̂id (t ) and ρ̂n(t ) is exactly the fidelity
of the initial state ρ̂0 and its fluctuation under D̂(δα(t )eiω0t ).
Especially, if the system is initially prepared as a pure state
ρ̂0 = |ψ0〉〈ψ0|, then the fidelity is simply the contrast

F (ρ̂id (t ), ρ̂n(t )) = |〈ψ0|D̂(δα(t )eiω0t )|ψ0〉|. (47)

In addition, if the system is initially prepared as a coherent
state, then the fidelity is

F (ρ̂id(t ), ρ̂n(t )) = exp

[
−|δα(t )|2

2

]
, (48)

which is exactly the overlap of two Gaussian wave packets.

C. Position localization decoherence

It is notable that the randomness of the trajectory fluc-
tuation δα(t ) will cause a position localization decoherence
[16] on the single arm of the interferometer [18,19]. For an
ideal interferometer, the matrix element of the density matrix
ρ̂id (t ) = Ûid (t )ρ̂0Û

†
id(t ) satisfies

〈x1|ρ̂id (t )|x2〉 = 〈x′
1(t )|ρ̂0|x′

2(t )〉,

x′
i (t ) =

⎛
⎝xi −

√
2h̄

mω0
Re α(t )

⎞
⎠ cos ω0t +

√
2h̄

mω0
Re α(0).

(49)

So, the time evolution of the density matrix element is sim-
ply the oscillation defined by the Hamiltonian (2) without
noise, which has been concluded by the Wigner function (9).
Besides, one can prove that the purity of the density matrix
Pid (t ) ≡ Tr[ρ̂2

id(t )] remains invariant according to the follow-
ing calculation:

Pid(t ) =
∫

dx1dx2〈x1|ρ̂id(t )|x2〉〈x2|ρ̂id (t )|x1〉

=
∫

dx′
1(t )dx′

2(t )〈x′
1(t )|ρ̂0|x′

2(t )〉〈x′
2(t )|ρ̂0|x′

1(t )〉

= Tr
[
ρ̂2

0

] ≡ P0. (50)

On the other hand, for the interferometer under noises,
according to the identity Ûn(t ) = D̂(δα(t ))Ûid (t )eiδφ(t ) with
some phase δφ(t ), the matrix element of the density matrix
ρ̂n(t ) = Ûn(t )ρ̂0Û †

n (t ) is

〈x1|ρ̂n(t )|x2〉 = 〈x′
1(t )|D̂(δα(t ))ρ̂0D̂†(δα(t ))|x′

2(t )〉. (51)

The ensemble average of this matrix element can be computed
as [60]

〈x1|E[ρ̂n(t )]|x2〉 = 〈x′
1(t )|ρ̂0|x′

2(t )〉e− mω0
h̄ σ 2

α (t )(x′
1(t )−x′

2(t ))2
.

(52)

Consequently, in the long-time limit, off-diagonal terms of
ρ̂n(t ) decay exponentially and only the diagonal terms of ρ̂n(t )
remains nonzero, so the corresponding purity approaches
to zero. Furthermore, since the variance of δα is approxi-
mately proportional to t in the long-time limit, then there is a
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FIG. 3. The trajectories affected by acceleration noises: (a) for a single path, (b) for acceleration noises, and (c) for path-dependent noises.
As shown in panel (b), under common mode noises, the final points in phase space of both arms translate the same, so the two paths can be
overlapped properly. As shown in panel (c), under path-dependent noises, the points of both arms translate differently, so there is a Loschmidt
echo loss.

well-defined decoherence rate

γ = πm2

h̄2 (x1 − x2)2Saa(ω0). (53)

It is noteworthy that a decoherence rate proportional to (x1 −
x2)2 is related to the following master equation [16,18]:

d

dt
ρ̂ = 1

ih̄
[Ĥ , ρ̂] − �[x̂, [x̂, ρ̂]], (54)

where � = πm2Saa(ω0)/h̄2, which is the same as Ref. [18] up
to a factor 2π . This master equation can be derived directly
from the Hamiltonian (2), and the math details are summa-
rized in Appendix C. It is noteworthy that the decoherence
due to the environmental scattering in the long-wavelength
limit also follows the same master equation [16,28], so the
scattering of long-wavelength particles like photons can be
regarded as a classical stochastic noise in a long-time limit.

D. Loss of witness

For an interferometer with two arms, the trajectory fluc-
tuations δα(t ) of both paths are the same according to
Eq. (35) as long as both arms couple to the noise in the same
way. As proved by Eq. (34), the Wigner functions of the arms
are totally determined by their classical trajectories in phase
space, so the two arms can meet with each other properly at
the final time; that is, the contrast of the two arms remains
1, although the fidelity of each arm gets lost, as shown in
Fig. 3(b). In addition, the position localization decoherence
also has no influence on decoherence in spin space, because
ρ̂spin only relies on the diagonal terms of ρ̂n(t ), which do not
decay during evolution according to Eq. (52).

Thus, the spin space and the coordinate space are still
separable, and the noise only contributes a fluctuation of
the differential phase δφdiff to the ideal density matrix (17)
in the spin space. It can be regarded as a type of common
mode noise cancellation, which has been applied in atomic
interferometers (AIs) [44–46]. Notably, this effect is usually
used to reduce dephasing in AIs, while it mitigates position
localization decoherence and fidelity loss in SGIs.

As discussed in Sec. III A, the phase fluctuations of both
arms follow Gaussian distributions, so the ensemble average
of the random phase factor contributes an exponential decay
factor E[eiδφdiff ] = e−σ 2

diff /2. Then, the density matrix in spin

space under the ensemble average is

E[ρ̂spin(t f )] = 1

2

⎛
⎜⎜⎝

1 0 e−
σ2
φdiff

2 e−iφdiff

0 0 0

e−
σ2
φdiff

2 eiφdiff 0 1

⎞
⎟⎟⎠. (55)

Recall that ideal value of the witness of the Ramsey interfer-
ometry is Tr[ρ̂spin(t f )Ŵ ] = cos2(φdiff/2). For the spin density
matrix (55) under noise, the observable result of the witness is

〈W 〉 ≡ Tr[E[ρ̂spin(t f )]Ŵ ] = 1
2

[
1 + e−

σ2
φdiff

2 cos φdiff
]
, (56)

and the corresponding loss of witness is


W = e−
σ2
φdiff

2 − 1

2
cos φdiff ≈ −σ 2

φdiff

2
cos φdiff . (57)

Therefore, the loss of witness is proportional to the variance
of the phase fluctuation. Recall that σ 2

φdiff
is approximately

proportional to Saa(ω0), so the loss of witness 
W should be
mitigated by controlling the PSD at the intrinsic frequency ω0

of the interferometer in a real experiment.

V. LEADING-ORDER EFFECTS
OF HIGHER-ORDER NOISES

Apart from acceleration noises, there exist noises cou-
pling to the interferometer in other ways such as mδω2(t )x̂2

or μδη(t )Ŝzx̂, with η(t ) ≡ ∂B(t )/∂x. In order to study these
noises analytically, it is necessary in principle to solve the
corresponding stochastic Schrödinger equation for these cou-
pling Hamiltonians, which can be a great challenge in math.
However, by treating some operators as c numbers, these
noises can be regarded as path-dependent acceleration noises.
Then, the leading-order effects of these noises can be studied
through the analytic solution for acceleration noises, although
some higher-order properties can be lost.

As shown in Fig. 3(c), the final states of the two paths
are usually not able to meet with each other, i.e., α1(t f ) �=
α−1(t f ), so the total density matrix is not separable. As a
consequence, apart from the dephasing effect characterized
by a decay factor e−σ 2

φdiff
/2, the off-diagonal terms of the spin

density matrix have an additional decay factor arising from
the partial trace of the spatial degrees of freedom. Therefore,
the spin density matrix under path-dependent noises is given
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by

E[ρ̂spin(t f )] = 1

2

⎛
⎜⎜⎝

1 0 E[C]e−
σ2
φdiff

2 e−iφdiff

0 0 0

E[C]e−
σ2
φdiff

2 eiφdiff 0 1

⎞
⎟⎟⎠,

(58)

where

C ≡ Tr
[√√

ρ̂1(t f )ρ̂−1(t f )
√

ρ̂1(t f )
]

(59)

is the fidelity between the two paths at the final time, which
is the generalization of the contrast C ≡ 〈ψ1(t f )|ψ−1(t f )〉 of
pure states to mixed states.

There are two decay factors e−σ 2
φdiff

/2 and E[C] in the
off-diagonal terms of the density matrix. The first factor
characterizes the dephasing effect, while the second term
corresponds to the combination of the position localization
decoherence and the Humpty-Dumpty problem.

A. Dephasing

For the dephasing effect, the fluctuation of the differential
phase of the interferometer is given by

δφdiff = m

h̄

∫ t f

0
(δa1(t )x1(t ) − δa−1(t )x−1(t ))dt . (60)

In this case, the variance of the phase fluctuation is determined
by the correlation between δa1(t ) and δa−1(t ), which is char-
acterized by their cross-PSD Sa1a−1 . Hence, the variance σφdiff

can be formulated as

σ 2
φdiff

= m2

h̄2

∫
Sa1a1 (ω)F11(ω) + Sa−1a−1 (ω)F−1−1(ω)

+ Sa1a−1 (ω)F1,−1(ω) + Sa−1a1 (ω)F−1,1(ω)dω, (61)

where

Fi j (ω) = xi(ω)x∗
j (ω), for i, j = 1, −1. (62)

For the diagonal terms, Fii(ω) = |xi(ω)|2 are real-valued func-
tions, which is the same as the linear acceleration case (27).
In contrast, the cross-transfer functions F1,−1(ω) and F−1,1(ω)
have complex values.

Notably, the cross-PSDs and their transfer functions sat-
isfy the conjugate symmetry relations: Sa1a−1 (ω) = S∗

a−1a1
(ω)

and F1,−1(ω) = F ∗
−1,1(ω). As a result, the contribution of

cross correlation in Eq. (61) is purely real and given by
2Re[Sa1a−1 (ω)F1,−1(ω)].

For a special case that δa1(t ) and δa−1(t ) arise from a noise
term δL = m f (t )xn with a Gaussian noise f (t ) by defining
δa±1(t ) ≡ f (t )xn−1

±1 (t ), then the dephasing of the single arm
becomes

δφdiff = m

h̄

∫ t f

0
f (t )xn(t )dt . (63)

Thus, the variance of the differential phase also has a form
(26) with a transfer function

F (ω) = ∣∣xn
1 (ω) − xn

−1(ω)
∣∣2. (64)

For the case n = 2, the term mδω2(t )x̂2 can be used to study
various noises such as the gravity gradient noise and rotation

noise, of which the dephasing effect has been studied in pre-
vious research works [10,12].

B. Position localization decoherence
and Humpty-Dumpty problem

The fidelity defined in Eq. (59) characterizes the position
localization decoherence and the Humpty-Dumpty problem,
which can be computed as

C = Tr[D̂(
α(t f )eiω0t f )ρ̂0]eiIm(α1(t f )α∗
−1(t f )), (65)

where 
α(t f ) ≡ α1(t f ) − α−1(t f ). Especially, if the initial
state is prepared as a Gaussian state, then the fidelity is

C = Tr[D̂(
α(t f )eiω0t f )ρ̂0] = e− |
α(t f )|2
2 = e− (
x)2

mω0/h̄ − (
p)2

mh̄ω0 .

(66)

Since both δα±1 follow Gaussian distribution, then δα1 −
δα−1 also follows Gaussian distribution with a variance σ 2

tot =
σ 2

1 + σ 2
−1 if they are assumed independent. Note that σ±1 are

exactly the same, then the total variance is simply σ 2
tot = 2σ 2

α ,
where σ 2

α is exactly the variance of a single arm given by
Eq. (40), which is a linear response to the acceleration noise
δa(t ) with a transfer function sinc2(ω − ω0)t/2. Thus, the
ensemble average of the contrast is

−E[ln C] = 1
2E[|δα1 − δα−1|2] = σ 2

α . (67)

C. Witness loss

To sum up, higher-order noises can cause both dephasing
and contrast loss on the interferometer, and both effects are
linear responses to δa(t ). Both effects can contribute a decay
factor on off-diagonal terms of the spin space, so the observ-
able result for the Ramsey interferometry becomes

Tr[E[ρ̂spin(t f )]Ŵ ] = 1
2

[
1 + e−

σ2
φdiff

2 e−σ 2
α cos(φdiff )

]
, (68)

and the corresponding witness loss is


W = e−σ 2
α −

σ2
φdiff

2 − 1

2
cos φdiff

≈ −
(

σ 2
α + σ 2

φdiff

2

)
cos φdiff . (69)

Recall that both σ 2
α and σ 2

φdiff
are determined by the PSD at ω0,

given by Eqs. (33) and (43). The resulting loss of witness is
therefore expressed as


W ≈ −
(

2π2Nm

h̄ω2
0

+ 2πm2N2(
A)2

ω0h̄2

)
Saa(ω0) cos φdiff

= −
(

πm

h̄ω0
t f + m2(
A)2ω0

2π h̄2 t2
f

)
Saa(ω0) cos φdiff , (70)

where 
A = 2gNVμBη/(mω2
0 ) is the size of the interferome-

ter.
Here, the first term describes the combined influence of

position localization decoherence and the Humpty-Dumpty
problem, which is characterized by the diffusion of the classi-
cal trajectories and scales linearly with the total time 
W1 ∝
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t f . In contrast, the second term accounts for the dephasing
effect, which exhibits a quadratic dependence on the total
time, i.e., 
W2 ∝ t2

f . A further distinction between these con-
tributions lies in their dependence on the interferometric path
separation: Only the dephasing relies on the magnitude of the
ideal trajectories, characterized by 
A.

VI. APPLICATION TO TYPICAL NOISES

As applications, I will briefly discuss the dephasing and
contrast loss of two typical noises in SGIs: magnetic field
noise and trap frequency noise.

A. Magnetic field noise

One of the most significant noise is the fluctuation of the
magnetic field. For simplicity, this paper focuses on the mag-
netic gradient noise δη(t ), coupling to the test mass via the
Hamiltonian

Ĥm(t ) = μBδη(t )Ŝzx̂. (71)

Since this noise couples to both Ŝz and x̂, it inherently affects
both the spin space and the spatial degrees of freedom. Con-
sequently, a complete analysis of the resulting decoherence
requires solving the full spin-position dynamics, which poses
a considerable mathematical challenge.

At leading order, however, the spin states can be assumed
to remain fixed along sz = ±1 states. In this approximation,
the spins reduce to c number, and the noise Hamiltonian takes
a simplified form

Ĥm = ±μBδη(t )x̂, (72)

which corresponds to an effective acceleration noise of the
generic form given in Eq. (21). Thus, the decoherence arises
solely from the spatial degrees of freedom and can be an-
alyzed using the previously established results on linear
acceleration noise.

The phase fluctuation of each arm is given by Eq. (24), then
the differential phase is fluctuated by the magnetic noise as

δφdiff = μB

h̄

∫ t f

0
δη(t )(x1(t ) + x−1(t ))dt . (73)

Hence, the variance of the phase fluctuation takes a similar
form as the case for a uniform acceleration noise, given by Eq.
(26), where the transfer function takes a different form as the
Fourier transform of the averaged position of two paths rather
than the differential position between them. The variance can
be formulated as

σ 2
φdiff

= m2

h̄2

∫
Saa(ω)|x1(t ) + x−1(t )|2dω. (74)

Especially, for a test mass driven by a constant magnetic
gradient without bias [61], i.e., B = ηx, the trajectories are
given by Eq. (31). In this case, the trajectories x1(t ) and x−1(t )
are opposite to each other, that is,

x1(t ) + x−1(t ) ≡ 0. (75)

Consequently, the phase fluctuations can cancel each other,
that is, δφdiff ≡ 0. In other words, the magnetic field noise

does not cause dephasing effect via the spatial path integral
phase.

Apart from inducing dephasing, the magnetic noise can
also cause a nonclosure problem, as shown in Fig. 3 (c). Since
the magnetic noise does not distort the shape of wavefunction,
the contrast loss is entirely determined by the displacement in
the classical phase space, given by Eq. (66), i.e.,

C = exp

[
−|
α(t f )|2

2

]
, (76)

where 
α(t f ) ≡ α+(t f ) − α−(t f ) and the complex coordi-
nates α±(t f ) are defined by Eq. (6). Because the ideal
trajectories are designed to overlap perfectly, the displacement

α(t f ) arises solely from the noise contribution, given by


α(t f ) = 2igNVμB

√
m

2h̄ω0
e−iω0t f

∫ t f

0
δη(t )eiω0t dt . (77)

For the stationary noise, the ensemble-averaged contrast can
be evaluated using the Wiener-Khinchin theorem as

−E[ln C] = mg2
NVμ2

B

h̄ω0
Sηη(ω0), (78)

which is solely determined by the PSD Sηη of the magnetic
noise at the intrinsic frequency ω0 of the test mass.

B. Quadratic noise

Another common noise coupling mechanism involves a
quadratic interaction with the test mass, represented by the
Hamiltonian Ĥnoise = mδω2(t )x̂2. This form of coupling can
arise from fluctuations of the trapping potential, gravity gra-
dients, or rotational motion [12].

The associated dephasing can be formulated using Eq.
(63), which again yields a linear response relation with the
transfer function given by Eq. (64) with n = 2, as previously
analyzed in Refs. [10,12].

In contrast to the linear-coupling case, this type of noise
can induce a Humpty-Dumpty problem via both fluctuation
of the trajectories and the wavefunction shapes. As derived in
Appendix D, the fluctuation of each trajectory can be com-
puted by the perturbation method, yielding the leading-order
result

δαc(t ) = − i

ω0
e−iω0t

∫ t

0
δω2(τ )Re[α(0)

c (τ )]eiω0τ dτ, (79)

where α(0)
c (τ ) is the ideal phase-space trajectory defined in Eq.

(6).
In addition, the noise distorts the shape of the Wigner

function of the test mass via squeezed operators. As derived
in Appendix D, the squeezed operator at the leading order is
given by

Ŝ(ρ) ≈ exp

[
i

2h̄
δρ(t )(x̂ p̂ + p̂x̂)

]
exp

[
i

2h̄
mδρ̇(t )x̂2

]
, (80)

where the first exponential corresponds to a squeezing op-
eration in phase space and the second represents a shearing
transformation. The scaling factor is ρ(t ) = 1 + δρ(t ), with
the perturbative correction δρ(t ) and its time derivative given
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by

δρ(t ) = − 1

2ω0

∫ t

0
δω2(τ ) sin[2ω0(t − τ )] dτ,

δρ̇(t ) = −
∫ t

0
δω2(τ ) cos[2ω0(t − τ )] dτ. (81)

However, due to the unitarity of the squeezed operator
Ŝ(ρ), it does not affect the overlap of the final states [62].
Therefore, the contrast loss of the final state is solely de-
termined by the displacement difference 
α(t ) = δα+(t ) −
δα−(t ), analogous to the magnetic noise case. The resulting
contrast is

C = exp

[
−|
α(t f )|2

2

]
. (82)

The displacement difference at the final time is


α(t f ) = − i

ω0
e−iω0t

∫ t

0
δω2(τ )Re[
α(0)(τ )]eiω0τ dτ, (83)

where 
α(0)(τ ) ≡ α
(0)
+ (τ ) − α

(0)
− (τ ) represents the ideal dif-

ferential trajectory, and the complex coordinates α±(t f ) are
defined by Eq. (6), which can be computed as

Re[
α(0)(τ )] =
√

m

2h̄ω0

∫ τ

0

a(τ ′) sin(ω0(τ − τ ′)) dτ ′.

(84)

This result indicates that the displacement 
α(t f ) is a linear
response to the noise δω2. Consequently, the logarithm of the
contrast is also a linear response, determined by the PSD Sω2ω2

of δω2 given by

−E[ln C] = 1

2

∫
Sω2ω2 (�)F (�) d�, (85)

with a transfer function

F (�) =
∣∣∣∣ 1

ω0

∫ t f

0
Re[
α(0)(τ )]ei�τ dτ

∣∣∣∣
2

. (86)

Here, the frequency variable in the PSD domain is denoted
by the capital letter � to distinguish it from the intrinsic
frequency ω0 of the test mass and its fluctuation δω. Note that
the quantity Re[
α(0)(τ )] is exactly proportional to x1(t ) −
x−1(t ) in Eq. (27), so this transfer function is essentially the
same as the transfer function of the dephasing induced by
linear acceleration noise, up to some numerical factors.

For the constant driven force 
a(t ) ≡ 
A as given in Eq.
(31), and for the final time t f = 2Nπ/ω0, the transfer function
reduces to

F (�) = 2m(
A)2

h̄ω0
× sin2(Nπ�/ω0)

�2
(
�2 − ω2

0

)2 , (87)

which is the same as the transfer function (32) of the dephas-
ing induced by linear acceleration noise as expected. Hence,
as derived in Appendix C, the contrast loss can also be evalu-
ated using the residue theorem, yielding

−E[ln C] = mN2π2(
A)2

h̄ω6
0

Sω2ω2 (ω0). (88)

Comparing to the contrast loss induced by the quadratic
noise and magnetic noise, one finds that both are proportional
to the noise PSD evaluated at the intrinsic frequency ω0,
reflecting a resonance between the noise and the test mass.

However, the contrast loss due to magnetic field noise is
independent of the ideal trajectories, whereas the quadratic
noise couples to the ideal trajectories and scales with the
number of periods N . This property arises from their coupling
Hamiltonian: magnetic field noise couples linearly to x̂ and
is therefore insensitive to the differential trajectory, whereas
quadratic noise couples through x̂2, making the contrast loss
proportional to 
x.

VII. DISCUSSION AND SUMMARY

A. Role of randomness

In the end, I draw a remark on the role of randomness. This
distinction can be quantitatively captured by the purity Tr[ρ̂2]
or the von Neumann entropy S = −Tr[ρ̂ ln ρ̂]. The purities
with and without the ensemble average are [63]

Tr
[
ρ̂2

spin(t f )
] = 1

2
(1 + C2) ≈ 1 − (− ln C),

Tr[E[ρ̂spin(t f )]2] = 1

2
(1 + E[C]2e−σ 2

φdiff ) ≈ 1 − σ 2
φdiff

2
− σ 2

α ,

(89)

and the corresponding entropies are

S[ρ̂spin] ≈ − ln C,

S[E[ρ̂spin]] ≈ σ 2
φdiff

2
+ σ 2

α . (90)

The expressions for purity and entropy show that differen-
tial phase fluctuation under a deterministic fluctuation does
not affect the purity or the entropy. However, a stochastic
noise leads to an exponential decay factor due to the ensemble
average, resulting in dephasing, characterized by purity loss
and entropy growth σ 2

φdiff
/2.

Likewise, spatial fluctuation under external deterministic
perturbation results in contrast loss, where the total infor-
mation remains but the spin information becomes harder to
extract. In contrast, a stochastic noise leads to genuine posi-
tion localization decoherence after ensemble average, where
quantum information is irreversibly lost.

From the point of view of information, ensemble averaging
of the random noise transforms reversible contrast loss into
irreversible information loss. The information of the quantum
system gets lost even if the environment is classical as long
as the environment is stochastic. Thus, the information loss
indicates a deep connection between the classical randomness
and the quantumness [64,65].

B. Summary and outlook

This paper presents a comprehensive theoretical analysis
on the decoherence of a Stern-Gerlach interferometer induced
by classical stochastic acceleration noise. Based on the exact
dynamics of the spatial motion, I analyze the various decoher-
ence effects in an SGI.
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Section III presents a rigorous proof on the linear-response
relationship between the spatial dephasing and the external
noise, where the associated transfer function is the Fourier
transform of the unperturbed trajectories. This section further
demonstrates that the transfer function behaves approximately
as a delta function at the intrinsic frequency ω0 of the test
mass, which can be physically interpreted as the resonance
between the test mass and the external noise.

Section IV investigates additional potential decoherence
mechanisms, including the perturbations of the Wigner func-
tion, nonclosure of the classical trajectories and velocities, and
the position localization decoherence. This section concludes
that, for a linear acceleration noise, these effects can cancel
each other and thus do not affect the witness result.

For higher-order noise, the leading-order decoherence ef-
fects can be treated as a path-dependent acceleration noise.
From this perspective, the spatial dephasing remains a lin-
ear response to the noise, although the transfer function is
modified according to the noise Hamiltonian. In this case, the
nonclosure problem, together with the position localization
decoherence, leads to a contrast loss that affects the spin
witness, characterized by the PSD at ω0, which is also a
resonance between the test mass and the noise.

Based on the general discussion, Sec. VI applies the
theoretical framework on two representative noise sources,
magnetic field noise and quadratic noise. For magnetic field
noise, the spatial dephasing cancels out, while the contrast
loss under ensemble average is characterized by the PSD
at ω0. For a quadratic noise, the spatial dephasing is still a
linear response with a modified transfer function, and again
the contrast loss under ensemble average is characterized by
the PSD at ω0.

In summary, this paper develops a theoretical framework
for linear effects of generic stochastic classical noise. The
theoretical analysis methods presented here are readily adapt-
able to experiments based on matter-wave interferometry, and
several of the results and the associated physical intuition
can be directly applied in such setups. Future theoretical
investigation may explore the coupling between the spatial
and spin degrees of freedom, and study effects such as spin
dephasing, relaxation, and Landau-Zener transition (Majorana
flip) [36,66] induced by spatial noise.
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APPENDIX A: ANALYTICAL SOLUTION FOR THE
SCHRÖDINGER EQUATION WITH

ACCELERATION NOISES

In this Appendix, I will show the math details to solve the
Schrödinger equation with the time-dependent Hamiltonian

(2) by the Lewis-Riesenfeld invariant and quantum Arnold
transformation method [39,40,42,43,67].

The basic idea [41] is to find a so-called Lewis-Riesenfeld
operator Î (t ) such that all the eigenvalues {λn} of Î (t ) are time
independent and all the instantaneous eigenstates {|n(t )〉} of
Î (t ) are solutions of Schrödinger equation. Then, the time-
evolution operator is given by Û (t ) = ∑

n eiαn (t )|n(t )〉〈n(0)|,
where αn(t ) = ∫ t

0 〈n(t ′)|(id/dt ′ − Ĥ (t ′)/h̄)|n(t ′)〉dt ′ is known
as the Lewis-Riesenfeld phase [39,41]. From the point view
of differential geometry, the instantaneous eigenstates {|n(t )〉}
form a moving frame of the Hilbert space as a manifold,
and the Lewis-Riesenfeld phase is a kind of geometric phase
arising from the connection 1-form of the manifold.

Such time-dependent operator Î (t ) can be generally
constructed by a reference frame transformation on the Hamil-
tonian from the laboratory reference to the comoving frame
[42], known as the quantum Arnold transformation [43]. In
particular, for a driven oscillator with a Hamiltonian (2), con-
sider a translation operator in the phase space of the oscillator:

Û (t ) = exp

[
− i

h̄
(x̂p(t ) − p̂x(t ))

]
= D̂(−α(t )),

α(t ) =
√

mω0

2h̄
(x(t ) + ip(t )/mω0). (A1)

Under the unitary transformation, the wavefunction changes
as |ψ〉 → |ψ ′〉 = Û (t )|ψ〉, while the Hamiltonian changes as

Ĥ (t ) → ÛĤ Û† − ih̄Û d

dt
Û†. (A2)

The term −ih̄Û (dÛ†/dt ), often referred as the counterdiabatic
term ĤCD [68], mathematically arises from the connection
1-form to keep the Schrödinger equation covariant under the
transformation Û (t ). If the trajectory x(t ) and momentum p(t )
are chosen satisfying the canonical equation defined by the
Hamiltonian (2)

ẋc = pc

m
,

ṗc = −mω2
0xc + ma(t ), (A3)

which is the real-valued form for Eq. (5), then the Hamiltonian
in the comoving reference is

ÛĤ Û† − ih̄Û d

dt
Û† = p̂2

2m
+ 1

2
mω2

0 x̂2 + δ(t ), (A4)

where the phase δ(t ) is given by

δ(t ) = − 1
2 ma(t )xc(t ). (A5)

Therefore, the Hamiltonian in the comoving reference frame
is time independent, except for a pure phase term δ(t ). So,
the time evolution of the wavefunction under the comoving
reference is simply

|ψ ′(t )〉 = e− i
h̄

∫ t
0 δ(t ′ )dt ′

e
− i

h̄

(
p̂2

2m + 1
2 mω2

0 x̂2
)

t |ψ ′(0)〉. (A6)

Then, the wavefunction in the original reference frame is

|ψ (t )〉 = e− i
h̄

∫ t
0 δ(t ′ )dt ′ Û†(t )e

− i
h̄

(
p̂2

2m + 1
2 mω2

0 x̂2
)

t Û (0)|ψ (0)〉. (A7)
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Furthermore, the equation of motion (A3) allows to rewrite
the phase δ(t ) in another form

δ(t ) = −
(

1

2
mẋ2

c (t ) − 1

2
mω2

0x2
c (t ) + ma(t )xc(t )

)

+ 1

2
m

d

dt
(ẋcxc). (A8)

This means that the δ(t ) phase term is exactly the minus
Lagrangian L[xc(t ), ẋc(t )] of the system (2) along the classical
trajectory up to a total derivative term. Thus, the global phase
in Eq. (A7) is exactly the path integral along the classical tra-
jectory φ = ∫ t

0 L[xc(t ′), ẋc(t ′)]/h̄dt ′, so Eq. (A7) presents the
time-evolution operator (3). Remarkably, since the δ(t ) phase
arises from the gauge term −ih̄Û (dÛ†/dt ), the Feynman’s
path integral phase in this system has a physical interpretation
of geometric phase.

A final remark is that a total derivative term in δ(t ) is
usually tolerant in an interferometry experiment because the
initial and final positions and momenta of different trajectories
are the same and they will cancel each other. It is notable
that such a total derivative term is related to the choice of
the unitary transform operator Û (t ). In particular, the operator
Û (t ) allows an arbitrary phase and can be chosen as, for
example [69],

Û ′(t ) = e
i
h̄ p̂xc (t )e− i

h̄ x̂ pc (t ) = Û (t )e
i

2h̄ pc (t )xc (t ). (A9)

The corresponding pure phase term δ(t ) for Û ′(t ) is [70]

δ′(t ) = 1
2 mẋ2

c (t ) − 1
2 mω2

0x2
c (t ). (A10)

Based on the equation of motion (A3), one can easily check
the equivalence between δ(t ) and δ′(t ) up to a total derivative

term 1
2 m d

dt (xcẋc), i.e.,

−1

2
ma(t )xc(t ) = 1

2
mẋ2

c (t ) − 1

2
mω2

0x2
c (t ) − 1

2
m

d

dt
(xcẋc).

(A11)

APPENDIX B: WITNESS FOR RAMSEY
INTERFEROMETRY IN SPIN-1 SYSTEM

In this Appendix, the witness for Ramsey interferometry in
spin-1 system will be constructed. A Ramsey interferometry
is to measure the population of the spin state |Sz = 0〉 after
acting an external microwave pulse on it. The Hamiltonian for
the Rabi oscillation of the spin-1 system under the microwave
pulse is given by Ĥp = h̄�p(|1〉〈0| + |−1〉〈0| + H.c.), where
H.c. stands for “Hermitian conjugate” and �p is the frequency
of the microwave. The Hamiltonian can be written in a matrix
form and can be diagonalized as

Ĥp = h̄�p

⎛
⎝0 1 0

1 0 1
0 1 0

⎞
⎠ = h̄�pT̂ †

⎛
⎝

√
2 0 0

0 0 0
0 0 −√

2

⎞
⎠T̂ ,

(B1)

where the transform matrix T̂ is

T̂ =

⎛
⎜⎝

1
2

1√
2

1
2

1√
2

0 − 1√
2

1
2 − 1√

2
1
2

⎞
⎟⎠. (B2)

Then, the time-evolution operator Ûp(t ) = e−iĤpt/h̄ for the
pulse acting on the spin-1 system is given by

Ûp(t ) = T̂ †

⎛
⎜⎝e−i

√
2�pt 0 0

0 1 0
0 0 ei

√
2�pt

⎞
⎟⎠T̂ =

⎛
⎜⎜⎝

cos2
√

2�pt
2 − i√

2
sin

√
2�pt − sin2

√
2�pt
2

− i√
2

sin
√

2�pt cos
√

2�pt − i√
2

sin
√

2�pt

− sin2
√

2�pt
2 − i√

2
sin

√
2�pt cos2

√
2�pt
2

⎞
⎟⎟⎠. (B3)

If the time of the microwave pulse is set as tp = π/(2
√

2�p),
then the corresponding time-evolution operator is

Ûπ/2 ≡ Ûp

(
tp = π

2
√

2�p

)
=

⎛
⎜⎝

1
2 − i√

2
− 1

2

− i√
2

0 − i√
2

− 1
2 − i√

2
1
2

⎞
⎟⎠.

(B4)

After the π/2 pulse, the witness to measure the population
of |Sz = 0〉 is simply Ŵ ′ = |Sz = 0〉〈Sz = 0|. Since the π/2
pulse makes a transformation on ρ̂spin to Ûπ/2ρ̂spinÛ †

π/2, the

observable result for the witness Ŵ ′ is Tr[Ŵ ′Ûπ/2ρ̂spinÛ †
π/2].

Therefore, the witness for Ramsey interferometry is given by

Ŵ = Û †
π/2Ŵ

′Ûπ/2 =

⎛
⎜⎝

1
2 0 1

2

0 0 0
1
2 0 1

2

⎞
⎟⎠. (B5)

APPENDIX C: COMPUTATION OF INTEGRAL VIA
RESIDUE THEOREM

In this paper, integrals of the form

I0 = A
∫

S(ω)
sin2(Nπω/ω0)

ω2
(
ω2 − ω2

0

)2 (C1)

or similar form appear repeatedly. Examples include the de-
phasing (26) induced by linear acceleration noise in Sec. III,
the phase-space diffusion (42) of a single arm under noise in
Sec. IV, and the contrast loss (85) induced by quadratic noise
in Sec. VI. This Appendix aims to evaluate this integral by the
residue theorem.

First of all, ignoring the amplitude factor A, this integral is
exactly the real part of the integral

I =
∫

S(ω)
1 − e2π iNω/ω0

ω2
(
ω2 − ω2

0

)2 dω ≡
∫

f (ω) dω, (C2)
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FIG. 4. Poles of the integrand in Eq. (C2) and the integral path
in the complex plane. The poles ±ω0 arise from the transfer function
F (ω), while other poles arise from the PSD S(ω).

where the integrand is denoted as f (ω) for ease of writing.
The poles of f (ω) consist of 0, ±ω0, and the poles of S(ω).
Noticing that S(ω) is a real-valued even function on the real
axis, the poles of S(ω) are symmetric to both the real axis
and the imaginary axis, as shown in Fig. 4. The proof of this
statement is summarized at the end of this Appendix.

According to the residue theorem, this integral equals the
sum of the residues in the upper half of the complex plane,
including those on the real axis. As shown in Fig. 4, ω j and
−ω∗

j are in the upper half of the complex plane, while 0 and
±ω0 are located on the real axis, so the integral (C2) is equal
to

I = 2π i

⎡
⎣∑

j

( Res
ω=ω j

f (ω) + Res
ω=−ω∗

j

f (ω))

⎤
⎦

+ π i(Res
ω=0

f (ω) + Res
ω=ω0

f (ω) + Res
ω=−ω0

f (ω)). (C3)

It is not difficult to check that f (−ω∗) = [ f (ω)]∗ [71], then
the residue of f (ω) at the pole −ω∗

j satisfies

Res
ω=−ω∗

j

f (ω) = Res
ω=−ω∗

j

[ f (−ω∗)]∗ = [
Res
ω=ω j

f (ω)
]∗

. (C4)

Therefore, 2π i(Resω=ω j f (ω) + Resω=−ω∗
j

f (ω)) contributes
a pure imaginary number. Consequently, the summation of
all the poles ω j and −ω∗

j has no contribution to the original
integral I0 ∝ Re I . In other words, I0 can be completely deter-
mined by the poles ω = 0 and ±ω0.

According to the symmetry of f (ω), the residue values of
the poles ±ω0 are equal. Since both of them are second-order
poles, their contribution to the integral (C2) can be directly
evaluated as

2π i Res
ω=ω0

f (ω) = 2π i
d

dω

[
S(ω)

1 − e2π iNω/ω0

ω2(ω + ω0)2

]∣∣∣∣
ω=ω0

= π2N2

ω5
0

S(ω0). (C5)

As for the other second-order pole ω = 0, it contributes to
the integral (C2) as

π i Res
ω=0

f (ω) = π i
d

dω

[
S(ω)

1 − e2π iNω/ω0(
ω2 − ω2

0

)2

]∣∣∣∣
ω=0

= 2π2N2

ω5
0

S(ω = 0). (C6)

In summary, the original integral (C1) is

I0 = Re I = π2N2

ω0
[S(ω0) + 2S(ω = 0)]. (C7)

However, the PSD at zero frequency is usually vanished
(like a Lorentzian PSD) or divergent (like a 1/ f noise); both
cases do not have observable effect on the witness of the test
mass. Hence, the terms related to S(ω = 0) are dropped off in
the main text.

1. Proof of lemma on symmetry of poles

Now I prove the lemma that −ω j and ±ω∗
j are poles of

S(ω) if ω j is a pole. Without loss of generality, suppose ω j

is a kth-order pole in the first quadrant of the complex plane,
then S(ω) can be expanded as a Laurent series at ω j as

S(ω) = S0

(ω − ω j )k
+ · · · . (C8)

Since S(−ω) = S(ω), then one can obtain another Laurent
series of S(ω) as

S(ω) = S(−ω) = (−1)kS0

(ω + ω j )k
+ · · · , (C9)

which indicates that −ω j is also a kth-order pole of S(ω).
On the other hand, noticing that S(ω) takes real values on
the real axis, i.e., S(ω) ∈ R, ∀ω ∈ R, the Schwarz reflection
principle states that S(ω∗) = [S(ω)]∗. This property implies
another Laurent series of S(ω) as

S(ω) = [S(ω∗)]∗ = S∗
0

(ω − ω∗
j )k

+ · · · , (C10)

which indicates that ω∗
j is also a kth-order pole of S(ω). Now

that both −ω j and ω∗
j are poles of S(ω), one can directly

obtain that −ω∗
j is also a pole of S(ω).

APPENDIX D: MASTER EQUATION OF POSITION
LOCALIZATION DECOHERENCE OF SINGLE PATH

In this Appendix, I will derive the master equation for
the position-localization decoherence of a single path of the
interferometer. The procedure is similar to the derivation of
the Redfield master equation, which can be found in textbooks
such as Ref. [72].

Let us work under the interaction picture where the total
Hamiltonian (2) of a single arm can be divided into Ĥ0 and
Ĥint (t ) = −ma(t )x̂, where Ĥ0 is of a simple oscillator and
Ĥint (t ) contains all force terms. So, the driven force and the
gravity signal perform as the mean value of ma(t ), while the
acceleration noise affects the autocorrelation of ma(t ). The
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dynamical equation for ρ̂I (t ) is

d

dt
ρ̂I = − i

h̄

[
Ĥ I

int (t ), ρ̂I (t )
]
. (D1)

This differential equation can be directly written in an integral
form as

ρ̂I (t ) = ρ̂I (0) − i

h̄

∫ t

0

[
Ĥ I

int (t
′), ρ̂I (t ′)

]
dt ′. (D2)

The basic idea is to do recursion for ρ̂I (t ), that is, to insert
Eq. (D2) on the right side of Eq. (D1), then one may obtain

d

dt
ρ̂I = − 1

h̄2

∫ t

0

[
Ĥ I

int (t ),
[
Ĥ I

int (t
′), ρ̂I (t ′)

]]
dt ′, (D3)

where ρ̂I (0) is assumed to commute with Ĥ I
int (t ), i.e.,

[Ĥ I
int (t ), ρ̂I (0)] = 0. Besides, the decoherence is usually as-

sumed memoryless, known as the Markovian assumption
[28,72], which means that ρ̂I (t ) can be assumed to only de-
pend on t ; i.e., the ρ̂I (t ′) in the integral can be substituted by
ρ̂I (t ). In addition, one can substitute t ′ by t − τ in the integral
and take the upper limit of the integral to infinite and then
obtain

d

dt
ρ̂I = − 1

h̄2

∫ ∞

0

[
Ĥ I

int (t ),
[
Ĥ I

int (t − τ ), ρ̂I (t )
]]

dτ. (D4)

Further, by substituting the interaction Hamiltonian Ĥ I
int (t ) =

−ma(t )x̂I (t ) and taking the ensemble average, the dynamical
equation of the density matrix becomes

d

dt
E[ρ̂I (t )] = − m2

h̄2

∫ ∞

0
E[a(t )a(t − τ )]

× [x̂I (t ), [x̂I (t − τ ),E[ρ̂I (t )]]]dτ. (D5)

This is a deformation of the Redfield master equation for a
classical stochastic noise. In the original Redfield equation,
the environment is assumed as a quantum bath, so the density
matrix of the test mass is obtained by tracing out the degrees
of freedom of the quantum bath. For the classical random
noise, the ensemble average plays a similar role as tracing
out, which intimates a correspondence between randomness
and quantumness [64,65].

Note that the time evolution of the position operator x̂I (t )
of a harmonic oscillator satisfies x̂I (t − τ ) = x̂I (t ) cos ω0τ −
p̂I (t )/(mω0) sin ω0τ ∼ x̂I (t )eiω0τ , so Eq. (D5) becomes

d

dt
E[ρ̂I (t )] = − m2

h̄2 [x̂I (t ), [x̂I (t ),E[ρ̂I (t )]]]

×
∫ ∞

0
E[a(t )a(t − τ )]eiω0τ dτ. (D6)

Note that the integral is nothing but 2πSaa(ω0)/2 according
to the Wiener-Khinchin theorem and the symmetry of Saa(ω),
i.e., Saa(−ω) = Saa(ω). So, this master equation describes
a position localization decoherence with a dissipator � =
πm2Saa(ω0)/h̄2, and it becomes the master equation (54) by
switching back to the Schrödinger picture.

APPENDIX E: PERTURBATION ANALYSIS ON
QUADRATIC NOISE

This Appendix presents a detailed perturbative analysis
on quadratic noise term Ĥnoise = mδω2(t )x̂2, as discussed in
Sec. V.

The total Hamiltonian can be written as

Ĥ (t ) = p̂2

2m
+ 1

2
mω2(t )x̂2 − ma(t )x̂, (E1)

where ω2(t ) = ω2
0 + δω2(t ). The corresponding Lewis-

Riesenfeld invariant is expressed as [40,67,73]

Î (t ) = (ρ(t )( p̂ − mẋc) − mρ̇(x̂ − xc(t )))2

2m

+ 1

2
mω2

0

(
x̂ − xc(t )

ρ(t )

)2

, (E2)

where the auxiliary functions ρ(t ) and xc(t ) satisfy the dy-
namical equations

ẍc + ω2(t )xc(t ) = a(t ),

ρ̈ + ω2(t )ρ(t ) = ω2
0

ρ3(t )
. (E3)

Based on the Lewis-Riesenfeld invariant, the time-evolution
operator takes the form

Û (t ) = eiφ(t )Ŝ(ρ(t ))D̂(αc(t ))e− i
h̄ Ĥ0t D̂†(αc(0))Ŝ†(ρ(0)),

(E4)

where αc(t ) = √
mω0/2h̄(x(t ) + iẋ(t )/ω0) is the complex co-

ordinate of the classical phase space and Ŝ is the squeeze
operator given by

Ŝ(ρ) = exp

[
i

2h̄
ln ρ(x̂ p̂ + p̂x̂)

]
exp

[
i

2h̄
mρρ̇x̂2

]
. (E5)

Compared to the solution of acceleration noise (3), this time-
evolution operator has an additional squeeze operator Ŝ.

1. Perturbative solution of xc(t ) and αc(t )

The dynamical equation for xc(t ) is given by the first equa-
tion of Eq. (E3). The perturbative solving method is similar to
solving the Pinney equation (E12). In particular, the solution
can be written as a perturbative form

xc(t ) = x(0)
c (t ) + x(1)

c (t ), (E6)

where the zeroth-order x(0)
c (t ) is exactly the real part of αc(t )

of an ideal interferometer, given by Eq. (6), i.e.,

x(0)
c (t ) = 1

ω0

∫ t

0
sin[ω0(t − τ )]a(τ ) dτ. (E7)

Then, the first-order perturbation x(1)
c (t ) satisfies

ẍ(1)
c + ω2

0x(1)
c (t ) = −δω2(t )x(0)

c (t ). (E8)

Then, the first-order perturbation solution is

x(1)
c (t ) = − 1

ω0

∫ t

0
sin[ω0(t − τ )]δω2(τ )x(0)(τ ) dτ. (E9)
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Then, one may compute the fluctuation of the complex coor-
dinate δαc(t ) of classical phase space at the leading order as

δαc(t ) = −i

√
m

2h̄ω0
e−iω0t

∫ t

0
δω2(τ )x(0)

c (τ )eiω0τ dτ, (E10)

which is the same as Eq. (35).

2. Perturbative solution of ρ(t )

The second equation in the auxiliary dynamical equa-
tion (E3) is known as the Ermakov equation [74]. Its analytic
solution takes the general form

ρ(t ) =
√

Ay2
1(t ) + 2By1(t )y2(t ) + Cy2

2(t ), (E11)

where y1(t ) and y2(t ) are two linear independent solutions of
the so-called Pinney equation [75]

ÿ + ω2(t )y(t ) = 0. (E12)

The constants A, B, and C in Eq. (E11) are arbitrary but must
satisfy the constraint

AC − B2 = ω2
0

(y1ẏ2 − y2ẏ1)2
. (E13)

Since the Pinney equation (E12) does not admit a closed-form
analytic solution in general, I will solve it by the perturbation
method. Suppose the solution of the Pinney equation (E12)
can be expanded as

y(t ) = y(0)(t ) + y(1)(t ), (E14)

where the zeroth-order y(0)(t ) satisfies the static oscillator
equation

ÿ(0) + ω2
0(t )y(0)(t ) = 0, (E15)

of which the two independent solutions are

y(0)
1 (t ) = cos ω0t, y(0)

2 (t ) = sin ω0t . (E16)

Substituting this expansion into the Pinney equation, the first-
order correction y(1)(t ) satisfies

ÿ(1) + ω2
0y(1)(t ) = −δω2(t )y(0)(t ). (E17)

This inhomogeneous equation can be solved by the Green’s
function method. The solution is simply the convolution
between the inhomogeneous term −δω2(t )y(0)(t ) and the

Green’s function sin ω0t , given as

y(1)(t ) = − 1

ω0

∫ t

0
δω2(τ ) sin ω0(t − τ )y(0)(τ ) dτ. (E18)

Hence, the perturbative solutions of the Pinney equation (E12)
are

y1(t ) = cos ω0t − 1

ω0

∫ t

0
δω2(τ ) sin ω0(t − τ ) cos ω0τ dτ,

y2(t ) = sin ω0t − 1

ω0

∫ t

0
δω2(τ ) sin ω0(t − τ ) sin ω0τ dτ.

(E19)

Using these two linearly independent perturbative solutions,
the Wronskian at first order becomes

y1ẏ2 − y2ẏ1 = ω0. (E20)

Consequently, the constraint on the constants in Eq. (E11)
reduces to

AC − B2 = 1. (E21)

Moreover, in the unperturbed case δω2(t ) = 0, the physically
relevant solution of the Ermakov equation is the constant
function ρ(t ) ≡ 1. This fixes the auxiliary constants to

A = C = 1, B = 0. (E22)

Therefore, the solution of the Ermakov equation (E11) can be
simplified as

ρ(t ) =
√

y2
1(t ) + y2

2(t ). (E23)

Substituting the perturbative solutions (E19) into this equa-
tion, retaining only first-order terms [discarding those
quadratic in the integral of δω2(τ )], and simpliyfying the
trigonometric functions, the perturbated solution is finally
obtained as

ρ(t ) ≈
√

1 − 1

ω0

∫ t

0
δω2(τ ) sin 2ω0(t − τ ) dτ

≈ 1 − 1

2ω0

∫ t

0
δω2(τ ) sin[2ω0(t − τ )] dτ. (E24)

It indicates that the fluctuation of ρ(t ) is exactly a convo-
lution between the input noise and the kernel sin 2ω0t , i.e.,
δρ(t ) = [δω2(τ ) ∗ sin 2ω0τ ](t ), which indicates the linear re-
sponse of ρ(t ) to the noise δω2(t ).

Substituting the perturbative result (E24) of ρ(t ) into the
squeezed operator (E5), the perturbative squeezed operator is
given by Eq. (80).
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i )

δxi

+ ∂L

∂ ẋi

∣∣∣∣∣
(x0

i ,ẋ0
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δẋi = d

dt

⎛
⎝ ∂L

∂ ẋi
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√
ρ̂0Û
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