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Acceleration noise induced decoherence in Stern-Gerlach interferometers for gravity experiments
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Stern-Gerlach interferometer (SGI) is a kind of matter-wave interferometer driven by magnetic field and has
been proposed for various gravity experiments. Stochastic noises can lead to decoherence problems of SGI via
various mechanisms. In this paper, I will theoretically study several mechanisms including dephasing, contrast
loss, and position localization decoherence. I will first present a rigorous proof that the dephasing behaves as a
linear response to the noise, with a transfer function given by the Fourier transform of the unperturbed classical
trajectories. Then I will demonstrate that stochastic acceleration noise only induces dephasing to the witness
operator constructed in spin space, while it does not lead to contrast loss or position localization decoherence
due to common mode cancellation. In contrast, higher-order noise can induce both contrast loss and position
localization decoherence, contributing a decay factor proportional to the noise power spectrum density at the
intrinsic frequency, which can be physically interpreted as the resonance between the noise and test mass. Based
on the result, I apply the framework to analyze two typical noise sources, magnetic field noise and quadratic

noise.

DOLI: 10.1103/9bzl-1fnq

I. INTRODUCTION

Stern-Gerlach interferometer (SGI) is a type of matter-
wave interferometer driven by an external magnetic field
through the spin of the system [1]. In recent years, SGIs based
on nitrogen-vacancy (NV) centres [2] have been proposed
as gravity sensors [3] like gravimeters [4,5] and gyroscopes
[6,7]. They have also been proposed for exploring the nature
of gravity [8]. Compared to the matter-wave interferometers
driven by lasers, the test mass of an SGI is usually much
heavier. Consequently, the amplitude of the signal of gravi-
tational interactions can be significantly larger and easier to
detect.

Robustness is an essential issue for all types of matter-
wave interferometers, including the SGI. In real experiments,
test masses are affected by acceleration noises arising from
various sources, such as mechanical vibrations [9], inertial
forces [10], and Coulomb interactions [11]. The test masses
also couple to higher-order noises including gravity gradient
(tidal force) noise [10], rotation noises [12], and magnetic
field noise [13,14]. These noises can disturb the trajectories
and velocities of the two arms of the interferometer at the
classical level and can cause decoherence of the quantum
state. Since noises are usually characterized by their power
spectrum densities (PSDs), a fundamental question arises:
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How to formulate the decoherence factors caused by noises
based on their PSDs?

Numerous previous studies have investigated the decoher-
ence of SGIs, classifying it into several typical mechanisms,
including the dephasing, the position localization decoherence
[15-20], and the loss of contrast (known as the Humpty-
Dumpty problem) [21-23].

The dephasing effect arises from the ensemble average
of random phase fluctuations induced by stochastic noise. It
can be classified into the phase fluctuation of the spin phase
[24-26] and the spatial path integral phase [10-12,27]. In spin
space, dephasing is typically characterized by the 7, time in
the Bloch-Redfield equation, which is a linear response to the
PSD of the noise [25,26]. As for the spatial dephasing, some
researchers have observed that it is also a linear response to the
noise, characterized by a transfer function equal to the Fourier
transform of the classical unperturbed trajectories [10-12,27].
Nonetheless, several subtle gaps remain to be proved: (1) Why
does the dephasing depend solely on the classical trajectories
of the center of mass; (2) why does the fluctuation of the
trajectories provide no contribution to the dephasing?

Position localization decoherence, which pertains to the
decoherence of the spatial wavefunctions, was originally stud-
ied to elucidate the collapse model [15] of quantum states
caused by the interactions with the ambient environment. This
type of decoherence is typically attributed to scattering pro-
cesses involving particles such as air molecules or photons
[15,16,28]. Furthermore, the ensemble average of stochas-
tic noises can also induce a dissipator D[] = —A[%, [%, -]],
leading to a decay factor e 2@ =) applied to the spatial
density matrix [18,20,29,30]. In a scenario involving SGI, the
witness operator is usually constructed within the spin space,
prompting a question how the position localization decoher-
ence affects the spin witness.

Published by the American Physical Society


https://orcid.org/0000-0001-9235-5295
https://ror.org/012p63287
https://crossmark.crossref.org/dialog/?doi=10.1103/9bzl-lfnq&domain=pdf&date_stamp=2026-05-04
https://doi.org/10.1103/9bzl-lfnq
https://creativecommons.org/licenses/by/4.0/

MENG-ZHI WU

PHYSICAL REVIEW RESEARCH 8, 023115 (2026)

The Humpty-Dumpty problem is a peculiar issue in SGI
[1,31], while the former two effects occur in all types of
interferometers. In these types of interferometers, the witness
is usually constructed in the spin space, necessitating to trace
out of spatial degrees of freedom. Consequently, the contrast
loss can lead to a decay factor of the off-diagonal terms in the
spin density matrix, known as the Humpty-Dumpty problem.
The most fundamental source of the contrast loss arises from
the nonclosure of the two arms of the interferometer at the
final time [22,31,32]. Other plausible sources have been theo-
retically studied in recent research works, such as the rotation
effect [33], the coupling with phonons [34], and the deforma-
tion of the wave packet [35]. Notably, classical noises can also
cause contrast loss problem, warranting further investigation
to formulate the associated contrast loss.

It is evident that all these mechanisms are intrinsically
linked to the PSD of the noise, but previous papers have
studied them separately. It underscores the need for system-
atic research that integrates all these mechanisms via the full
dynamics of the test mass, despite mathematical challenges
posed by the time dependence and randomness of noises.
Consequently, most previous research works involving the full
dynamics have focused on the white noise [5,36,37], which is
identified by a constant PSD and lacks time correlation. Some
authors have noticed the limitations of analyzing white noise,
prompting them to consider the time dependence of the noise
and to solve the corresponding Schrodinger equation using
perturbation methods [38]. However, the connection between
the decoherence factor and the PSD remains unestablished.

In light of the aforementioned issues, this paper aims to
formulate the decoherence mechanisms outlined above based
on the PSD of the external noise. The system will be modeled
as a harmonic oscillator under a driven force with fluctuations,
and its time evolution can be analytically solved using an ele-
gant method known as the Lewis-Riesenfeld invariant [39-42]
and quantum Arnold transformation [43].

Building upon the exact dynamics, I shall present a system-
atic analysis on the aforementioned decoherence mechanisms
in the presence of an acceleration noise. In particular, the
following topics will be addressed:

(1) T begin with a rigorous proof demonstrating that the
dephasing is a linear response to the noise, followed by an
investigation on mathematical properties of the associated
transfer function.

(2) Next, I examine the impact of position localization
decoherence and the Humpty-Dumpty problem induced by
acceleration noises. As will be demonstrated, this category
of noise does not lead to loss of spin witness, which can be
interpreted as a form of common mode cancellation [44—46].

(3) Third, I offer a preliminary discussion of the leading-
order effects of higher-order noise processes, analyzing the
loss of witness arising from these mechanisms.

(4) Finally, I consider two representative noise sources,
spin-dependent noise and trap frequency noise (i.e., quadratic
noise), as applications of the general framework developed for
noise induced decoherence.

This paper is organized as follows. Section II reviews
the dynamics of an ideal Stern-Gerlach interferometer in
the absence of noise, with Secs. IIA and IIB address-
ing the spatial motion and spin-space witness construction,

respectively. Mathematical details are provided in Ap-
pendixes A and B. Section III focuses on the dephasing effect,
while Sec. IV explores the position localization decoherence
and the Humpty-Dumpty problem induced by acceleration
noise. Section IV is divided into several subsections, each
addressing distinct aspects: the fluctuation of the classical
trajectories, the fidelity loss of a single arm, position localiza-
tion decoherence, and the loss of spin witness. An important
integral is computed using the residue theorem in Appendix C,
while the master equation for single-arm localization de-
coherence is derived in Appendix D. Section V presents a
preliminary discussion on the witness loss induced by higher-
order noises, while Sec. VI applies the results to analyze
two typical noises, spin-dependent noise and quadratic noise,
each treated in a separate subsection. The analytic solution
for the quadratic noise is summarized in Appendix E. Finally,
Sec. VII concludes with remarks on the role of randomness
(Sec. VII A) and a summary of the paper (Sec. VII B).

II. IDEAL STERN-GERLACH INTERFEROMETER
WITHOUT NOISES

A general schematic diagram of a Stern-Gerlach interfer-
ometer is shown in Fig. 1. The test mass is trapped in a
potential well that can be assumed as a harmonic oscilla-
tor for simplicity. Besides, the spin of the test mass has to
be split during the experiment, which can be achieved by
some intrinsic properties of the test mass or a constant biased
external magnetic field (i.e., the Zeeman effect). Then, the
Stern-Gerlach interferometer can be created by a nonuniform
external magnetic field. For example, the one-dimensional
Hamiltonian of the ideal gravimeter without noise based on
the N'Vcenter can be written as [38]

A2 2
A p B,  xV (0B\" , . a2
H=— —S5 X —-——\ = - ADS?”.
2m +anvits ax 210 ( ox ) T + ‘
ey

The term IiDS’Z2 is the zero-field splitting of the NV center with
D = (27)2.8 GHz, which physically arises from the electron
spin-spin dipole interaction [47]. Under this term, the spin of
the test mass splits into eigenstates of S., where z direction
is assumed as the direction of the NV axis for simplicity,
which can be changed to any axis in a real experiment. The
spin-orbit coupling term gnvup(dB/dx)S.% arises from the
spin-magnetic field interaction, where (g is the Bohr magne-
ton and gnv is the Lande g factor of NV center. The quadratic
term xV/(2110)(dB/dx)*%? is the diamagnetic energy of the
diamond, where y = —2.2 x 107 and V are the magnetic
susceptibility and the volume of the diamond. The magnetic
field gradient 0B/dx can be set as a time-independent constant
[4], a piecewise function of time [38], several pulses [31], or
more complicated functions [35,48]. The term mgt accounts
for the coupling to gravitational acceleration, which can be
substituted with other coupling mechanisms for different ex-
perimental contexts. For instance, this sensor can also function
as an accelerometer or seismometer by coupling to inertial
forces [3,49].

In order to create superpositions by the magnetic field,
it is essential to avoid the precession of the spin such that
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FIG. 1. The schematic diagram of an ideal Stern-Gerlach interferometer for gravity experiments. Under a nonuniform magnetic field
B = nx, the test mass splits into two trajectories with respect to different spin states. The magnetic field gradient n = dB/dx can be set as a
time-independent constant [4], a piecewise function of time [38], several pulses [31], or more complicated functions [35,48]. The differential
phase ¢ at the final time encodes the information of gravity, so properties of gravity can be detected by measuring this phase.

spin states are pinned along the direction defined by the
splitting term. For the Hamiltonian (1), the S-B term is
supposed smaller than the zero-splitting term to avoid the
Larmor precession. Since the energy of the zero-splitting term
is 2Qm)AD ~ 1.8 x 1072*J ~ gup x 107! T, the value of the
magnetic field |B| required is smaller than 0.1 T [33]. In this
case, the spin operator S can be treated as a ¢ number rather
than an operator for ease of calculation. Then, s, = %1 of the
interferometer corresponds to two paths, and each path of the
interferometer is exactly a trajectory of a harmonic oscillator
driven by external forces. Thus, the Hamiltonian for a single
arm can be written as

Ao =2 4 Lnwpe : 2

) = m + Ema)ox — ma(t)X, 2
where ma(t) consists of the driven force gnvup(0B/0x)s X
and the signal force mgx, where the time dependence of the
Hamiltonian mainly comes from the time-dependent noise.
The corresponding Schrodinger equation can be analytically
solved by Lewis-Riesenfeld invariant and quantum Arnold
transformation [42,43], and the math details are summarized
in Appendix A. Notably, other interferometers driven by
spin-orbit coupling [50] or a superconducting quantum inter-
ference device [51] have Hamiltonians of similar forms, so
the noise analysis in this paper is also valid for these types of
interferometers.

A. Time evolution of single path

As derived in Appendix A, the time-evolution operator for
the Hamiltonian (2) is

0() = et hHOSOW Da (1)) D(—ac (). (3)
where
Hy = p*/2m + maii? /2,
Lx(t), x(t)] = 3mi* — Imawgx + ma(t)x,
D(a (1)) = expla(1)a" — o ()al,
oe(t) = /max /2h(x (1) + ipe(t) /map).  (4)

Here, I% is the Hamiltonian of a simple harmonic oscil-
lator without driven forces, L[x(¢), x(¢)] is the Lagrangian
corresponding to the Hamiltonian (2), and D(a.(1)) is the dis-
placement operator defined by the complex coordinate o (t)
of the instantaneous equilibrium position in the phase space,
which satisfies the canonical equation in complex coordinate

m
2an)0

a(r), &)

o, = —iwotte + 1

of which the solution is

ozc(t):e_i“’”’(ac(O)—}—i/ n / a(z’)e"wof’dﬂ) (6)
Zha)o 0

The physical interpretation of the time-evolution operator
U (t) in Eq. (3) is that the system is a simple oscillator without
any driven force in the comoving reference frame of the equi-
librium position, where the displacement operators D(a.(t))
and D(—a.(0)) play the role of the reference translation in
the classical phase space. Besides, U (¢) also contains a path
integral phase e o LEE)FN glong the classical trajectory
of the equilibrium position x.(¢) of the oscillator.

Consider an arbitrary initial state described by a density
matrix py evolving as

p(t)=U)poU (1). 7

From the point of view of Weyl quantization, the Wigner
function is the Weyl-Wigner transform of the density matrix
[52],i.e.,

Y
W) = [ Tpb@e )

then the time evolution of the Wigner function of an arbitrary
state satisfies

W (e, 1) = W (2(0) + e (a — a (1)), 1 = 0)

_ iwpt . m ! INaiwot’ 347 4
=W(eYa —1i o a(tHe™ dt’,t =0).
wo Jo

€))
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Thus, the shape of the Wigner function of an arbitrary state
does not change during time evolution, and its time evolution
is only a transformation in the phase space composited by a
translation «,(¢) plus a rotation with a constant angular speed
wyp. Besides, the evolution of an arbitrary quantum state is
completely determined by its classical trajectory x.(t) and
momentum p,(t) satisfying the classical equations of motion
(5) in the phase space.

Especially, if the interferometer is initially prepared as a
coherent state |By) = D(By)|0), then it evolves as

[ (1)) = el¥WemAachle=sent g (1)), (10)
where
1 t
¢ =~ / Llx.(t'), %:.(t")]dt’, (11)
0
a(t) = ac(t) + e (B — a.(0)), (12)

and the notation A« = a.(t) — «.(0). So, every single arm
remains in a coherent state during the time evolution, of which
the wavefunction remains in a Gaussian wave packet with a
fixed width. Besides, the time evolution of an initial coherent
state can be determined by the classical trajectory. Remark-
ably, there are additional phases Im(Aa.fB5) and —wot/2
related to the details of the initial quantum state.

B. Time evolution of interferometer and witness in spin space

For an interferometer, the driven forces on its different
arms are spin dependent, so the corresponding time-evolution
operators are different. In particular, the spatial part of the
density matrix related to the spin element |i)(j| evolves as
Ui()poU ; (t) with i, j = £1. Suppose the spin state is initially
prepared as a pure state

1) +1-1)
A

then the total density matrix of the interferometer at time ¢ is

[S.(t = 0)) = (13)

pal) =3 D COPDli i@ py),  (14)

i, j==%1
where
pij(0) ~ Ui)poUf @), (15)

and the phase ¢; ;(t) only contains the spatial path integral
along the classical trajectories and the spin dynamics are
ignored for simplicity.

At the final time ¢/ of the experiment, the observable quan-
tity is usually constructed by a witness operator W in the spin
space, so the spatial wavefunctions have to be traced out, i.e.,

Pspin (1) = Tr[p(0)]. (16)

If the final positions o;(¢) and «_;(¢) in the classical phase
space are designed the same at the final time 7/, then all the
spatial density matrix elements p;;(ts) are the same. As a con-
sequence, the spin space and the spatial space are separable,
ie., Pot(tr) = Pspin(ty) @ P(tr), so the spin density matrix is

simply
1 0 e i
1
Pspin(ty) = 3 0o 0 0 1. (17)
eita () 1

with the notation ¢gir = ¢ (tr) — ¢1(tf). A commonly used
witness to measure the differential phase @i is the Ramsey
interferometry [4,25,53]. It is constructed by measuring the
population of |S; = 0) state after a /2 pulse operating on
the state. As derived in Appendix B, the witness operator for
Ramsey interferometry in the spin-1 system is given by

0
0
0

W= (18)

D= ON—=
D= Owl—

Then, one can obtain the observable result for the Ramsey
interferometry as
Trl it W] = cos® 241 19)
which means that the population of the eigenstate |S, = 0)
at the final time after a /2 pulse is cos’(¢g/2). For a
Stern-Gerlach interferometer coupling to the local gravity by
Hiy = mgk in Eq. (1), the differential phase ¢g is propor-
tional to g, so this device can be used as a gravimeter to
measure the gravitational acceleration g through the witness
(18) of Ramsey interferometry [4].

III. DEPHASING INDUCED BY ACCELERATION NOISES

In a real experiment, there always exist some acceleration
noises da(t) such as the vibration of the mechanical support
of the system, the inertial force due to the vibration of the
laboratory (known as the residual acceleration noise [10,27])
and electric forces caused by ambient electric particles [11].

In most experimental situations, acceleration noises can be
described by a (wide-sense) stationary Gaussian process with
a zero mean value. In particular, at any time ¢, the accelera-
tion noise da(t) follows a Gaussian distribution. In addition,
the wide-sense stationarity requires that the autocorrelation
function of Sa(#) does not vary with respect to time ¢; i.e.,
E[da(t)da(t + t)] only depends on 7, where E[-] represents
the statistical average of stochastic variables. According to
the Wiener-Khinchin theorem, the autocorrelation function of
da(t) is the Fourier transform of the corresponding power
spectrum density

E[sa(t)] =0, Vr,
E[sa(t)sa(t + 1)] = / Sw(w)e ™ dw, Vt,  (20)

where S,,(w) = limy_,  |dar (w)lz/T and Sar(w) is the
Fourier transform of §a(t) on the finite time domain O ~ T.
Note that the second equation is independent of ¢ because the
noise is assumed stationary. In addition, let T = 0, then the
autocorrelation function of da(t) gives the variance of da(t)
as ouz(t) = E[(Sa(t))*] = me(a))da), which is also time in-
dependent.

The acceleration noise da(t) couples to the test mass
directly via the Hamiltonian Hooie = —mda(t)x, then the
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Hamiltonian (2) for a single arm becomes to

. 21
A) = 2 + Zmw2i® — ma(t)z — msa(r)z, Q1
2m 2

which is still of the form as Eq. (2). Hence, the time-evolution
operator (3) also holds when the noise is present, although
the phase and the complex coordinate «(¢) fluctuate. This
section will concentrate on the dephasing, while the next
section will discuss the decoherence of the spatial part of the
test mass.

A. Dephasing as a linear response to noise

According to the time-evolution operator (3), the spatial
phase is precisely the path integral along the classical trajec-
tories of the center of mass. When the test mass experiences
disturbances due to an acceleration noise, this phase is gen-
erally fluctuated by two leading-order channels. The first
channel involves the path integral of the Lagrangian mda(t)x
along the classical trajectory x.(¢), while the second channel
arises from the fluctuation of the classical trajectory éx and
velocity 6x in the path integral of the ideal Lagrangian. The in-
terplay between these two channels represents a higher-order
effect and can be neglected. Thus, the phase fluctuation of a
single arm can be expressed as

1
8¢ = 7 / mxéx — ma)(z)xﬁx + ma(t)éx + mda(t)xdt. (22)

In order to evaluate the phase fluctuation §¢, it is notable that
the dynamical equation (5) can be written in another form as
¥+ w}x = a(t), then one can find out an identity

d
mxdéx — ma)gxéx + ma(t)éx = ma()'cb‘x). (23)

Thus, the phase fluctuation arising from the fluctuation of the
trajectory 8x(¢) and velocity §x(¢) is a total derivative that will
vanish after the path integral. Remarkably, some authors have
already noticed that this channel of the phase fluctuation has
to be taken into account in principle, but they neglected this ef-
fect by assuming that it is a higher-order effect [10-12,27]. As
proved above, the dynamical equation ensures that this effect
is strictly negligible without any assumptions [54]. Therefore,
the phase fluctuation of a single path is simply

Sp(t) = % f méa(t )x(t')dt'. (24)
0

So, the phase fluctuation §¢(¢) of a single path is an Itd
integral of the stochastic noise da(t) and can be regarded
as a linear response to da(t). Since the acceleration noise
da(t) is assumed as a stationary Gaussian process, the phase
fluctuation §¢(¢) is a Gaussian process with a zero mean value
E[§¢(t)] = 0 for arbitrary time ¢, although it is no longer
stationary. The variance of §¢(¢) can be computed as

2

o; (1) = E[(8¢(1))’] = ’;iz / Saa(@)|x(@)*dw,  (25)

where x;(w) is the Fourier transform of the trajectory x(¢')
in the finite time domain O ~ ¢, which can be written by a
convolution between x(w) and the sinc function as x;(w) =

x(w) x sinc(wt). Furthermore, x(w) plays a role of the trans-
fer function (also known as frequency response function or
filter function) of the linear response of §¢ to §a [12,27,49,55].

For the interferometer with two paths, the phase fluctu-
ations of both arms are linear responses to the acceleration
noises, so the differential phase §¢q;sr is also a linear response
to da and its variance is

m [
S¢aitr = E/o Sa(t)(x1 (1) — x_1(r))dz,

2

2 m
Ot — F/Saa(w)F(w)dw’ (26)
where
F(0) = |x1(®) — x_1 ()] 27

is the transfer function or filter function of the linear response
[12,27,49,55].

B. Properties of transfer function

The transfer function has the following asymptotic behav-
iors:

(1) F(w) tends to a constant in the low-frequency limit.
In particular, in the low-frequency limit w — 0, the fac-
tor e/ — 1, then the Fourier transform satisfies x;(w) =
[ xi(t)e'dr ~ [ x;(t)d¢, which is independent of w, so F(w)
is approximately constant to w in the low-frequency limit.

(2) F(w) decreases as w~* for some index k in the
high-frequency limit. In particular, in the high-frequency
limit, the trajectories can be expanded as Taylor’s series as
x1(t) —x_1(t) = Z;’l‘;k c,t" with the leading order as ¢, then
the corresponding Fourier transform is xj(w) — x_j(w) =
Y caw ™1, so the transfer function is proportional to
@~?¥=2 at the leading order in the high-frequency limit.

According to the dynamical equation X; + a)(z] = a;(1),
which is associated with the Hamiltonian (21), one can obtain
an equation (—w* + wé)xi(a)) = g;(w) in frequency space.
Hence, the transfer function can be written as

(28)

If a;(w) has no singularity, the transfer function is a mero-
morphic function with two second-order poles +wy. Since
S (w) and a;(w) are symmetric in the frequency domain,
the variance of the phase fluctuation can be computed by the
residue theorem as

2
) m-~ d Saa(w) 2
—4g | Per®) —a
O e 7 K2 da)|:(a)+a)0)2|al(w) a_(w)| o
m? )
=7 ——Saa(wo)lai(wy) — a_1(wo)l, (29)
R}
0

where the math properties of a@;(w) and S,,(w) are assumed
good enough such that their derivatives do not have dominant
contributions to adfdm. In this sense, the transfer function F'(w)
is approximately a delta function, i.e.,

F(w) =~ AS(w — wy), (30)

with a factor A = m|a;(wg) — a_l(a)o)lz/a)g.
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FIG. 2. (a) The unperturbed trajectories of an interferometer under a time-independent magnetic field B = nx. (b) The corresponding

transfer function for the trajectories with N periods.

For example, consider a time-independent magnetic field
B(t) = nx, with n = 9B/dx. As shown in Fig. 2(a), the unper-
turbed trajectories are
gnvian

2 )
may,

with AL = + (31)

x4+(t) = A+ (1 — coswot),

where the gravitational forces are ignored for simplicity. If
the total experiment time is 2w N/wy, i.e., the trajectories
repeat N periods in a single run of the experiment, then the
corresponding transfer function is

4(AAY’w} sin? Nwa
2
o (02 — })

where AA = A, — A_. According to Eq. (32), Fy(w) tends to
a constant 47>N>(AA)?/ a)(z) in the low-frequency limit w — 0
and decreases with respect to @~ in the high-frequency limit
w — 00. As shown in Fig. 2(b), the transfer function has a
peak at w = wyp, so it is approximated as a delta function
6(w — wyp), except when the number of periods N =1, in
which case this peak is hidden. In fact, as derived in Ap-
pendix C, the variance of the phase fluctuation in this system
can be evaluated using the residue theorem, yielding

Fy(w) = ; (32)

2 N?(AAYSua(@p)
m ———.

2
=4r
w h2

O baine

(33)

IV. POSITION LOCALIZATION DECOHERENCE
AND HUMPTY-DUMPTY PROBLEM

As pointed out at the beginning of the previous section, the
time-evolution operator of the interferometer under the noise
da(t) has the same form as the ideal situation. Thus, the time
evolution (9) of the Wigner function of an arbitrary initial state
becomes

W(a, 1) = W(a(0) + e (o — ae(t) — (1)), 1 = 0).
(34

The first notable conclusion is that the acceleration noise
da(t) does not change the shape of the Wigner function of an
arbitrary initial state, and it only affects the path integral phase
8¢ and the classical trajectory o in phase space.

A. Fluctuation of classical phase space da of single arm

For a coherent state given by Eq. (10), the wavefunction
under the acceleration noise is still a coherent state, although
its parameter B(t) = a.(t) + e (By — a.(0)) changes to
B'(t) = B(t) + Sa(t). According to the time evolution (6) of
the complex coordinate . in the phase space, its fluctuation
da under the acceleration noise da(t) is given by

m ! ot
Sa(t) =i [——e" [ Sa(r)e™""dr'".
a(t)=1i 2an)0e /0 a(t’)e

So, Sa(t) is also a linear response to the acceleration noise
da(t). Besides, Sa(t) is also a Gaussian process with a zero
mean value E[Sa(t)] = 0 and its autocorrelation function is

(35)

E[Sa(t)da*(t +1)] =

M e—tonty(s +r)fs (w)e— 5"
2hwg a

(w—wo)t . (w—wo)t+7)
sinc 5

Remarkably, E[da(t)§a*(t + t)] relies on both ¢ and 7, so S«
is not stationary. Hence, the Wiener-Khinchin theorem does
not hold for da.

In particular, considering the dynamical equation (5) of «,,
one may obtain a frequency response relation as

/m/(2hwg)

w — W)

do. (36)

X sinc

Sa(w) = x(w)da(w), with x(w) = 37
Here, the factor x (w) is a generalized mechanical susceptibil-

ity of a.(w). Then, the PSD of d« is

m Saa(w)

Sea (@) =

2wy (w — wp)? (38)
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Therefore, one may check that the relationship between the
autocorrelation function and PSD of §« is

E[sa(t)da*(t + 1) = / Saa(@)e™ 7 (1 + e /@m0

_ ei(w,wo)l _ efi(a)fwn)(t‘i’f))dw' (39)

In the autocorrelation function (36) of d«, let T = 0, then
one may have the variance of d« at any time ¢ as

5 (@ — wy)t
2

dow.
(40)

o2(t) = E[|sa(r)]*] = iﬂ/saa(w)sinc
2ha)0

Thus, da can be regarded as a generalized diffusion process.
In the short-time and long-time limits, its variance can be
approximated as [56]

D 2
o2(1) ~ { " , @1)

where the generalized diffusion coefficients are given by
D, = maa2 /(2hwy) and D, = wmS,,(wo)/(hwp). Notably, in
the long-time limit, o exhibits behavior analogous to stan-
dard Brownian motion. That is, the diffusion process becomes
Markovian or memoryless as t — oo, implying that its long-
time diffusion is independent of its initial diffusion history.
Especially, at the final time 1y = 2N /wo, the variance is

do, (42)

Gs(l_f) _ 2m2N*m /Sau(w) sin>(Nmaw/wo)

hiwp N2n2(w/wy — 1)?

which can be evaluated by the residue theorem, as shown in
Appendix C. This yields

) 2m2Nm
o, (ty) = h—w(z)saa(wO)~ (43)
Physically, it can be interpreted that the test mass only
resonantes with the noise at frequency wy, which is the intrin-
sic frequency of the interferometer. Remarkably, this result
coincides with the long-time limit expression o2(t) = Dat,
although 7, does not necessarily fall within the asymptotic
regime.

B. Fidelity loss of a single arm

Since the trajectory of a single arm is disturbed by the
noise, the corresponding quantum state is also affected, which
is usually characterized by the Uhlmann fidelity [57,58]. In
particular, denote the ideal and noisy density matrices of the
single arm at an arbitrary time ¢ as

piat) = Ua@poU (1), pa(0) = Ua(@)poU; (1), (44)

where Uiq(t) and U,(r) are given by Eq. (3) with complex
coordinates «,.(¢) and «.(t) 4+ Sa(t). Then, the corresponding
fidelity is defined as

Fpato), pu) = TV Aa@pnVpa®d]. (45)

It is not difficult to prove that [59]

F(pia(t), pa(t)) = F(po, D(Sar(1)e ™ ) poD(—=8a(1)e'™")).
(46)

So, the fidelity between p;q(¢) and p,(¢) is exactly the fidelity
of the initial state py and its fluctuation under D(Sa(t)e ).
Especially, if the system is initially prepared as a pure state
0o = |¥o){¥ol, then the fidelity is simply the contrast

F(pia(1), pa(0)) = (Yol DGa (@)™ ) [Yo)|.  (47)

In addition, if the system is initially prepared as a coherent
state, then the fidelity is

|8 ()
)

which is exactly the overlap of two Gaussian wave packets.

F(pia(t), pa(t)) = exp [— (48)

C. Position localization decoherence

It is notable that the randomness of the trajectory fluc-
tuation S« (r) will cause a position localization decoherence
[16] on the single arm of the interferometer [18,19]. For an
ideal interferometer, the matrix element of the density matrix
pia(t) = Ua(0)poUs ¢) satisfies

(x11pia()|x2) = (x| polxy (1)),

, 2h 2h
x;(t) = | xi— .| —Rea(t) | coswot + .| ——Re a(0).
mawo mao

(49)

So, the time evolution of the density matrix element is sim-
ply the oscillation defined by the Hamiltonian (2) without
noise, which has been concluded by the Wigner function (9).
Besides, one can prove that the purity of the density matrix
Pia(t) = Tr[piy(¢)] remains invariant according to the follow-
ing calculation:

Pid(f):/dxldXZ(xl|)61d(t)|x2)(x2|,bid(t)|xl>

=/dx/l(t)dXQ(t)(x/l(t)Ii)olx/z(t»(x/z(t)lﬁolx/l(t))

= Tr[p5] = Po. (50)

On the other hand, for the interferometer under noises,
according to the identity U,(t) = D(8a(1))Uiq(t)e?®® with
some phase 8¢(7), the matrix element of the density matrix
Pu(0) = Un()poU; (1) is

(x11pa(0)b2) = (¥ (OIDGa(1)poD’ B ())lxy (1)) (51)

The ensemble average of this matrix element can be computed
as [60]

(X [E[Pa(0)]1x2) = (x] (1) Dolxy(1))e™ 7 e @@=
(52)

Consequently, in the long-time limit, off-diagonal terms of
On(t) decay exponentially and only the diagonal terms of p, (¢)
remains nonzero, so the corresponding purity approaches
to zero. Furthermore, since the variance of do is approxi-
mately proportional to ¢ in the long-time limit, then there is a
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(a) (b) (c)

FIG. 3. The trajectories affected by acceleration noises: (a) for a single path, (b) for acceleration noises, and (c) for path-dependent noises.
As shown in panel (b), under common mode noises, the final points in phase space of both arms translate the same, so the two paths can be
overlapped properly. As shown in panel (c), under path-dependent noises, the points of both arms translate differently, so there is a Loschmidt

echo loss.

well-defined decoherence rate

Tm?

y =5 — x2)%Sua(@o). (53)

It is noteworthy that a decoherence rate proportional to (x; —
X)? is related to the following master equation [16,18]:

| B,
3P = 7 H, Pl = AR 15 1), (54)

dt

where A = nszaa(a)o)/hz, which is the same as Ref. [18] up
to a factor 27. This master equation can be derived directly
from the Hamiltonian (2), and the math details are summa-
rized in Appendix C. It is noteworthy that the decoherence
due to the environmental scattering in the long-wavelength
limit also follows the same master equation [16,28], so the
scattering of long-wavelength particles like photons can be
regarded as a classical stochastic noise in a long-time limit.

D. Loss of witness

For an interferometer with two arms, the trajectory fluc-
tuations dc(t) of both paths are the same according to
Eq. (35) as long as both arms couple to the noise in the same
way. As proved by Eq. (34), the Wigner functions of the arms
are totally determined by their classical trajectories in phase
space, so the two arms can meet with each other properly at
the final time; that is, the contrast of the two arms remains
1, although the fidelity of each arm gets lost, as shown in
Fig. 3(b). In addition, the position localization decoherence
also has no influence on decoherence in spin space, because
Pspin Only relies on the diagonal terms of py,(¢), which do not
decay during evolution according to Eq. (52).

Thus, the spin space and the coordinate space are still
separable, and the noise only contributes a fluctuation of
the differential phase §¢gir to the ideal density matrix (17)
in the spin space. It can be regarded as a type of common
mode noise cancellation, which has been applied in atomic
interferometers (Als) [44—46]. Notably, this effect is usually
used to reduce dephasing in Als, while it mitigates position
localization decoherence and fidelity loss in SGIs.

As discussed in Sec. III A, the phase fluctuations of both
arms follow Gaussian distributions, so the ensemble average
of the random phase factor contributes an exponential decay
factor E[e®?in] = ¢~n/2, Then, the density matrix in spin

space under the ensemble average is

1 1 0 - %‘2"“ e~ ibaitr
]E[Ibspin (tf)] = 5 R 0 0 0 . (55)
e~ ”4’3‘“ eitar () 1

Recall that ideal value of the witness of the Ramsey interfer-
ometry is Tr[pgpin (1,)W] = COS2(¢diff /2). For the spin density
matrix (55) under noise, the observable result of the witness is

(W) = THE[pain(t)IW] = 1[1 + e~ 2 cos a].  (56)

and the corresponding loss of witness is

Ty o2

_ e = 1 ~ ¢dnf
AW = — cos Gaier X — 5 C0s Daifr - (57)
Therefore, the loss of witness is proportional to the variance
of the phase fluctuation. Recall that a¢ . is approximately
proportional to S,,(wq), so the loss of witness AW should be
mitigated by controlling the PSD at the intrinsic frequency wy

of the interferometer in a real experiment.

V. LEADING-ORDER EFFECTS
OF HIGHER-ORDER NOISES

Apart from acceleration noises, there exist noises cou-
pling to the interferometer in other ways such as méw?(t)x>
or uSn(t)S‘Z)E, with n(t) = dB(t)/dx. In order to study these
noises analytically, it is necessary in principle to solve the
corresponding stochastic Schrodinger equation for these cou-
pling Hamiltonians, which can be a great challenge in math.
However, by treating some operators as ¢ numbers, these
noises can be regarded as path-dependent acceleration noises.
Then, the leading-order effects of these noises can be studied
through the analytic solution for acceleration noises, although
some higher-order properties can be lost.

As shown in Fig. 3(c), the final states of the two paths
are usually not able to meet with each other, i.e., a;(tf) #
a_i(tr), so the total density matrix is not separable. As a
consequence, apart from the dephasing effect characterized

by a decay factor e b/ 2, the off-diagonal terms of the spin
density matrix have an additional decay factor arising from
the partial trace of the spatial degrees of freedom. Therefore,
the spin density matrix under path-dependent noises is given
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by
1 1 0 E[Cle- 4" citun
IE:[/2\)spin(l‘f)] = E 02 0 0 y
E[Cle~ 4" eidur 0 1
(58)
where

¢ = T\Vaann ) /ot | (59)

is the fidelity between the two paths at the final time, which
is the generalization of the contrast C = (Y (¢7)|¥_1(ty)) of
pure states to mixed states.

There are two decay factors e_"ém/z and E[C] in the
off-diagonal terms of the density matrix. The first factor
characterizes the dephasing effect, while the second term
corresponds to the combination of the position localization
decoherence and the Humpty-Dumpty problem.

A. Dephasing

For the dephasing effect, the fluctuation of the differential
phase of the interferometer is given by

Iy
St = %/ Bay(t)x1 (1) — da—1()x—1(r))dt.  (60)
0

In this case, the variance of the phase fluctuation is determined
by the correlation between §a; (¢) and da_;(¢), which is char-
acterized by their cross-PSD S, ., ,. Hence, the variance oy,
can be formulated as

2

m
O = / Surer (@)F11 (@) + Sa a1 (@)F-11 ()

+ Saja (@F _1(@) + S4_ja, (@)F_1 1(@)dw, (61)
where

Fj(w)= xi(w)x;f(a)), fori,j=1, —1. (62)

For the diagonal terms, Fj;(w) = |x;(w)|? are real-valued func-
tions, which is the same as the linear acceleration case (27).
In contrast, the cross-transfer functions F; _;(w) and F_; ;(w)
have complex values.

Notably, the cross-PSDs and their transfer functions sat-
isfy the conjugate symmetry relations: S,  (w) =S} a (w)
and Fj _j(w) = 11(a)) As a result, the contribution of
cross correlation in Eq. (61) is purely real and given by
2Re[Sya, (@)Fi 1 (@)].

For a special case that 6a; () and da_; (¢) arise from a noise
term 6L = mf(t)x" with a Gaussian noise f(¢) by defining
dar1(t)=f (t)xi_ll(t), then the dephasing of the single arm
becomes

i
Saisr = % /0 FOX" ()t (63)

Thus, the variance of the differential phase also has a form

(26) with a transfer function
F(0) = |¢() - 2", )] (64)

For the case n = 2, the term mdw?(¢)%> can be used to study
various noises such as the gravity gradient noise and rotation

noise, of which the dephasing effect has been studied in pre-
vious research works [10,12].

B. Position localization decoherence
and Humpty-Dumpty problem

The fidelity defined in Eq. (59) characterizes the position
localization decoherence and the Humpty-Dumpty problem,
which can be computed as

C = Tr[D(Aa(ty)e ™ ) pole™ 2= - (65)
where Aa(tf) = oy(tr) — a_(ty). Especially, if the initial
state is prepared as a Gaussian state, then the fidelity is

ety e @ap?

C = Tr[D(Aa(t;)e™NHpgl = e~ 2 =e oo/ g,
(66)

Since both Say; follow Gaussian distribution, then So; —
Sac_y also follows Gaussian distribution with a variance 02, =
o} + o2, if they are assumed independent. Note that o are
exactly the same, then the total variance is simply o2, = 202,
where o is exactly the variance of a single arm given by
Eq. (40), which is a linear response to the acceleration noise
a(t) with a transfer function sinc®(w — wg)r/2. Thus, the

ensemble average of the contrast is

—E[InC] = 1E[|8e) — $a1 )] = 0. (67)

C. Witness loss

To sum up, higher-order noises can cause both dephasing
and contrast loss on the interferometer, and both effects are
linear responses to da(t). Both effects can contribute a decay
factor on off-diagonal terms of the spin space, so the observ-
able result for the Ramsey interferometry becomes

o2
N i
TrE pgn(t)IW] = 3[1+ ™4 e % cos(gam) |, (68)
and the corresponding witness loss is
o2
e % 2 —1
AW = 2 COS Pgifr
(o + "’é““)eos«pdiff. (69)

Recall that both o 2 and % . are determined by the PSD at wy,
given by Egs. (33) and (43). The resulting loss of witness is
therefore expressed as

272Nm  2wm*N?(AA)?
AW ~ — >— + : Saa(wo) COS Paife
hwo a)oh
m2(AA) wy

——(”mt + r2>s (o) €08 pair.  (70)
= hwo f o h2 f aa\ W0 diff »
where AA = 2gnvupn/ (ma)%) is the size of the interferome-
ter.

Here, the first term describes the combined influence of
position localization decoherence and the Humpty-Dumpty
problem, which is characterized by the diffusion of the classi-
cal trajectories and scales linearly with the total time AW; o
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tr. In contrast, the second term accounts for the dephasing
effect, which exhibits a quadratic dependence on the total
time, i.e., AW, o 2. A further distinction between these con-
tributions lies in their dependence on the interferometric path
separation: Only the dephasing relies on the magnitude of the
ideal trajectories, characterized by AA.

VI. APPLICATION TO TYPICAL NOISES

As applications, I will briefly discuss the dephasing and
contrast loss of two typical noises in SGIs: magnetic field
noise and trap frequency noise.

A. Magnetic field noise

One of the most significant noise is the fluctuation of the
magnetic field. For simplicity, this paper focuses on the mag-
netic gradient noise é7(t), coupling to the test mass via the
Hamiltonian

Hu(t) = pupdn(t)S,4. (71)

Since this noise couples to both S and £, it inherently affects
both the spin space and the spatial degrees of freedom. Con-
sequently, a complete analysis of the resulting decoherence
requires solving the full spin-position dynamics, which poses
a considerable mathematical challenge.

At leading order, however, the spin states can be assumed
to remain fixed along s, = %1 states. In this approximation,
the spins reduce to ¢ number, and the noise Hamiltonian takes
a simplified form

A = £up8n(1)3, (72)

which corresponds to an effective acceleration noise of the
generic form given in Eq. (21). Thus, the decoherence arises
solely from the spatial degrees of freedom and can be an-
alyzed using the previously established results on linear
acceleration noise.

The phase fluctuation of each arm is given by Eq. (24), then
the differential phase is fluctuated by the magnetic noise as

ug [
Sdifr = 7/ )Gy (1) +x_1(2))dr. (73)
0

Hence, the variance of the phase fluctuation takes a similar
form as the case for a uniform acceleration noise, given by Eq.
(26), where the transfer function takes a different form as the
Fourier transform of the averaged position of two paths rather
than the differential position between them. The variance can
be formulated as

2
O = m—/Saa(a))lx](t)+x_1(t)|2da). (74)
diff h2
Especially, for a test mass driven by a constant magnetic
gradient without bias [61], i.e., B = nx, the trajectories are
given by Eq. (31). In this case, the trajectories x| (¢) and x_ (¢)
are opposite to each other, that is,

xi1(t) +x_1(t) = 0. (75)

Consequently, the phase fluctuations can cancel each other,
that is, d¢gir = 0. In other words, the magnetic field noise

does not cause dephasing effect via the spatial path integral
phase.

Apart from inducing dephasing, the magnetic noise can
also cause a nonclosure problem, as shown in Fig. 3 (c). Since
the magnetic noise does not distort the shape of wavefunction,
the contrast loss is entirely determined by the displacement in
the classical phase space, given by Eq. (66), i.e.,

2
C =exp [——'Aa;tf)l ], (76)

where Aa(ty) = ay(ty) — a_(ty) and the complex coordi-
nates a(fy) are defined by Eq. (6). Because the ideal
trajectories are designed to overlap perfectly, the displacement
Aca(ty) arises solely from the noise contribution, given by

. I .
A()l(l‘f) = 2inglLB m e oty / on(t )Clwol de. (77)
2h(,()() 0

For the stationary noise, the ensemble-averaged contrast can
be evaluated using the Wiener-Khinchin theorem as

mg%w

2
—E[InC] = —0‘“95,,,7(0)0), (78)

how

which is solely determined by the PSD S, of the magnetic
noise at the intrinsic frequency wy of the test mass.

B. Quadratic noise

Another common noise coupling mechanism involves a
quadratic interaction with the test mass, represented by the
Hamiltonian A, = méw?(t)%%. This form of coupling can
arise from fluctuations of the trapping potential, gravity gra-
dients, or rotational motion [12].

The associated dephasing can be formulated using Eq.
(63), which again yields a linear response relation with the
transfer function given by Eq. (64) with n = 2, as previously
analyzed in Refs. [10,12].

In contrast to the linear-coupling case, this type of noise
can induce a Humpty-Dumpty problem via both fluctuation
of the trajectories and the wavefunction shapes. As derived in
Appendix D, the fluctuation of each trajectory can be com-
puted by the perturbation method, yielding the leading-order
result

. t
5ac(r)=—wioe—"w0' / sw*(T)Re[a V(7)™  dz, (79)
0

where o(? (1) is the ideal phase-space trajectory defined in Eq.
(6).

In addition, the noise distorts the shape of the Wigner
function of the test mass via squeezed operators. As derived
in Appendix D, the squeezed operator at the leading order is
given by

$(p) ~ exp [;—hapm@ﬁ +ﬁf6)] exp [ﬁm&pmﬂ, (80)

where the first exponential corresponds to a squeezing op-
eration in phase space and the second represents a shearing
transformation. The scaling factor is p(¢) = 1 4+ 8po(¢), with
the perturbative correction §p(¢) and its time derivative given
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by

Sp(t) = —2—6100/0 Ba)z(r)sin[Za)o(t — 17)]dr,

5p(t) = —/ 8w?(7) cos[2wo(t — 7)]d. 81)
0

However, due to the unitarity of the squeezed operator
S(p), it does not affect the overlap of the final states [62].
Therefore, the contrast loss of the final state is solely de-
termined by the displacement difference A () = Sy () —
da_(t), analogous to the magnetic noise case. The resulting

contrast is
Aa(tr))?
C = exp [—%] (82)

The displacement difference at the final time is
: t
Aal(ty) = _ L et / S’ (t)Re[Aa P (7)]e ™" dr, (83)
wo 0

where Aa©@(7) = o'”(r) — «'?(7) represents the ideal dif-
ferential trajectory, and the complex coordinates o (¢y) are
defined by Eq. (6), which can be computed as

Re[Aa@(7)] = /%@0 /r Aa(t')sin(wy(t — ') d7’.
0

(84)

This result indicates that the displacement Aa(zy) is a linear
response to the noise §w?. Consequently, the logarithm of the
contrast is also a linear response, determined by the PSD S,2,.»
of 8w? given by

1
—E[InC] = 3 f S0 ()F () dS2, (85)
with a transfer function
1 (v . 2
F(Q) = ‘_ / Re[Aa@(1)]e* d7| . (86)
wo Jo

Here, the frequency variable in the PSD domain is denoted
by the capital letter 2 to distinguish it from the intrinsic
frequency wy of the test mass and its fluctuation §w. Note that
the quantity Re[Aa?(7)] is exactly proportional to x;(¢) —
x_1(¢) in Eq. (27), so this transfer function is essentially the
same as the transfer function of the dephasing induced by
linear acceleration noise, up to some numerical factors.

For the constant driven force Aa(t) = AA as given in Eq.
(31), and for the final time ¢y = 2N 7 /wo, the transfer function
reduces to

2m(AA)?
hag Q2(Q2? — w?)

sin?(NwQ2/wo)
X 3

F(Q) = (87)

which is the same as the transfer function (32) of the dephas-
ing induced by linear acceleration noise as expected. Hence,
as derived in Appendix C, the contrast loss can also be evalu-
ated using the residue theorem, yielding

mN?72(AA)?

—E[InC] = s

Sp2er (@o)- (88)

Comparing to the contrast loss induced by the quadratic
noise and magnetic noise, one finds that both are proportional
to the noise PSD evaluated at the intrinsic frequency wy,
reflecting a resonance between the noise and the test mass.

However, the contrast loss due to magnetic field noise is
independent of the ideal trajectories, whereas the quadratic
noise couples to the ideal trajectories and scales with the
number of periods N. This property arises from their coupling
Hamiltonian: magnetic field noise couples linearly to * and
is therefore insensitive to the differential trajectory, whereas
quadratic noise couples through %2, making the contrast loss
proportional to Ax.

VII. DISCUSSION AND SUMMARY
A. Role of randomness

In the end, I draw a remark on the role of randomness. This
distinction can be quantitatively captured by the purity Tr[?]
or the von Neumann entropy S = —Tr[p In p]. The purities
with and without the ensemble average are [63]

1
Te[pGn(t)] = 5(1+C*) ~ 1 = (=InC),

1 o,
THE [Pyin(t)P] = 51+ E[CPe %) & 1 — =2 — o,
(89)
and the corresponding entropies are
S[Ibspin] ~ —1InC,
o;
SIE[pginl] 5 + 0. (90)

The expressions for purity and entropy show that differen-
tial phase fluctuation under a deterministic fluctuation does
not affect the purity or the entropy. However, a stochastic
noise leads to an exponential decay factor due to the ensemble
average, resulting in dephasing, characterized by purity loss
and entropy growth odfm /2.

Likewise, spatial fluctuation under external deterministic
perturbation results in contrast loss, where the total infor-
mation remains but the spin information becomes harder to
extract. In contrast, a stochastic noise leads to genuine posi-
tion localization decoherence after ensemble average, where
quantum information is irreversibly lost.

From the point of view of information, ensemble averaging
of the random noise transforms reversible contrast loss into
irreversible information loss. The information of the quantum
system gets lost even if the environment is classical as long
as the environment is stochastic. Thus, the information loss
indicates a deep connection between the classical randomness
and the quantumness [64,65].

B. Summary and outlook

This paper presents a comprehensive theoretical analysis
on the decoherence of a Stern-Gerlach interferometer induced
by classical stochastic acceleration noise. Based on the exact
dynamics of the spatial motion, I analyze the various decoher-
ence effects in an SGI.
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Section III presents a rigorous proof on the linear-response
relationship between the spatial dephasing and the external
noise, where the associated transfer function is the Fourier
transform of the unperturbed trajectories. This section further
demonstrates that the transfer function behaves approximately
as a delta function at the intrinsic frequency wg of the test
mass, which can be physically interpreted as the resonance
between the test mass and the external noise.

Section IV investigates additional potential decoherence
mechanisms, including the perturbations of the Wigner func-
tion, nonclosure of the classical trajectories and velocities, and
the position localization decoherence. This section concludes
that, for a linear acceleration noise, these effects can cancel
each other and thus do not affect the witness result.

For higher-order noise, the leading-order decoherence ef-
fects can be treated as a path-dependent acceleration noise.
From this perspective, the spatial dephasing remains a lin-
ear response to the noise, although the transfer function is
modified according to the noise Hamiltonian. In this case, the
nonclosure problem, together with the position localization
decoherence, leads to a contrast loss that affects the spin
witness, characterized by the PSD at wgy, which is also a
resonance between the test mass and the noise.

Based on the general discussion, Sec. VI applies the
theoretical framework on two representative noise sources,
magnetic field noise and quadratic noise. For magnetic field
noise, the spatial dephasing cancels out, while the contrast
loss under ensemble average is characterized by the PSD
at wy. For a quadratic noise, the spatial dephasing is still a
linear response with a modified transfer function, and again
the contrast loss under ensemble average is characterized by
the PSD at wy.

In summary, this paper develops a theoretical framework
for linear effects of generic stochastic classical noise. The
theoretical analysis methods presented here are readily adapt-
able to experiments based on matter-wave interferometry, and
several of the results and the associated physical intuition
can be directly applied in such setups. Future theoretical
investigation may explore the coupling between the spatial
and spin degrees of freedom, and study effects such as spin
dephasing, relaxation, and Landau-Zener transition (Majorana
flip) [36,66] induced by spatial noise.
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APPENDIX A: ANALYTICAL SOLUTION FOR THE
SCHRODINGER EQUATION WITH
ACCELERATION NOISES

In this Appendix, I will show the math details to solve the
Schrddinger equation with the time-dependent Hamiltonian

(2) by the Lewis-Riesenfeld invariant and quantum Arnold
transformation method [39,40,42,43,67].

The basic idea [41] is to find a so-called Lewis-Riesenfeld
operator I(t) such that all the eigenvalues {A,} of (t) are time
independent and all the instantaneous eigenstates {|n(¢))} of
I(t) are solutions of Schrodinger equation. Then, the time-
evolution operator is given by U(t) = Y, e ®|n(t))(n(0)|,
where «, (1) = fot (n(t)|Gid/dt’ — H(t')/R)|n(z"))dt’ is known
as the Lewis-Riesenfeld phase [39,41]. From the point view
of differential geometry, the instantaneous eigenstates {|n(t))}
form a moving frame of the Hilbert space as a manifold,
and the Lewis-Riesenfeld phase is a kind of geometric phase
arising from the connection 1-form of the manifold.

Such time-dependent operator f(r) can be generally
constructed by a reference frame transformation on the Hamil-
tonian from the laboratory reference to the comoving frame
[42], known as the quantum Arnold transformation [43]. In
particular, for a driven oscillator with a Hamiltonian (2), con-
sider a translation operator in the phase space of the oscillator:

U@t) = exp [—%(ﬁp(t) - ﬁX(t))} = D(=a(1)),

mawo .
at) =/ —= x(@) + ip(t)/ma). (AD)
Under the unitary transformation, the wavefunction changes
as |y¥) — |y') = U()|Y), while the Hamiltonian changes as

H(t)— UAU" — ihzft%z)ﬂ. (A2)
The term —ifild (AU /dt), often referred as the counterdiabatic
term Hcp [68], mathematically arises from the connection
1-form to keep the Schrédinger equation covariant under the
transformation 4 (¢). If the trajectory x(¢) and momentum p(t)
are chosen satisfying the canonical equation defined by the
Hamiltonian (2)

. Pe
Xe = —,

m
Pe = —mwgx, + ma(t), (A3)

which is the real-valued form for Eq. (5), then the Hamiltonian
in the comoving reference is

g — i S = 24! oA +80), (A4
A T om T2t ’
where the phase §(¢) is given by
8(t) = —ima(t)x.(t). (AS)

Therefore, the Hamiltonian in the comoving reference frame
is time independent, except for a pure phase term §(¢). So,
the time evolution of the wavefunction under the comoving
reference is simply

|1p/(t)> — e—%‘fé a(f,)dt’67%(%Jr%mw(%fz)tlw/(o)). (A6)

Then, the wavefunction in the original reference frame is

52
Pl 20
(2m+2mw0x)

(1) =e B OOV 1y ‘UOI(©0). (A7)
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Furthermore, the equation of motion (A3) allows to rewrite
the phase §(¢) in another form

1, 1,
8@) = — (mec t) — Ema)oxc @)+ ma(t)xc(t)>

+ —m— (X.x). (A8)

2 dr

This means that the 6(¢) phase term is exactly the minus
Lagrangian L[x.(t), x.(t)] of the system (2) along the classical
trajectory up to a total derivative term. Thus, the global phase
in Eq. (A7) is exactly the path integral along the classical tra-
jectory ¢ = fot Llx.(t"), x.(t')]/hdt’, so Eq. (A7) presents the
time-evolution operator (3). Remarkably, since the §(¢) phase
arises from the gauge term —iAil{(diA"/dt), the Feynman’s
path integral phase in this system has a physical interpretation
of geometric phase.

A final remark is that a total derivative term in §(¢) is
usually tolerant in an interferometry experiment because the
initial and final positions and momenta of different trajectories
are the same and they will cancel each other. It is notable
that such a total derivative term is related to the choice of
the unitary transform operator {(¢). In particular, the operator
U (t) allows an arbitrary phase and can be chosen as, for
example [69],

Z)/(l‘) — eéﬁxc(t)e—%,ipc(l) — z:{(t)eziﬁpt-(t)xc(f)' (A9)

The corresponding pure phase term 8(¢) for I{'(¢) is [70]

8'(t) = dmil(t) — tmagxl (). (A10)
Based on the equation of motion (A3), one can easily check
the equivalence between §(¢) and 8’(¢) up to a total derivative

J

term %m%(xc)'cc), ie.,

1 | | 1 4 .
—Ema(t)xc(t) = mec (t) — Ema)oxc (t) — Ema(xcxc).
(A1D)

APPENDIX B: WITNESS FOR RAMSEY
INTERFEROMETRY IN SPIN-1 SYSTEM

In this Appendix, the witness for Ramsey interferometry in
spin-1 system will be constructed. A Ramsey interferometry
is to measure the population of the spin state |S, = 0) after
acting an external microwave pulse on it. The Hamiltonian for
the Rabi oscillation of the spin-1 system under the microwave
pulse is given by I?,, = hQ2,(|1){0] + [-1)(0] + H.c.), where
H.c. stands for “Hermitian conjugate” and €2, is the frequency
of the microwave. The Hamiltonian can be written in a matrix
form and can be diagonalized as

0 1 0 (vV2 0 0
H,=hQ,|1 0 1]= }‘iQ],TT 0o O 0 T,
0 1 0 0 0 —V2
(B1)
where the transform matrix 7" is
1 1 1
S A
T = TE O1 —172 (B2)
2 ) 2

Then, the time-evolution operator U,(r) = e /" for the
pulse acting on the spin-1 system is given by

VI 0 cos? @ _\/Li sinA/2Q,t  —sin? @
U,)="T" 0 1 [O T = _\/LZ sin v/292,¢ cos V2Q,t _«/Li sin /29t (B3)
iR, , .
0 0 eI — sin? @ — 5 sin V29t cos? @

If the time of the microwave pulse is setas ¢, = 7/ (2\/59 )
then the corresponding time-evolution operator is

_1
2
_ L

2
2

|I\J|»—-
S~

A~ A~ T
Una = U( = m) =1
p

S Sk

(B4)

After the 7 /2 pulse, the witness to measure the population
of |S, = 0) is simply W' = |S, = 0)(S, = 0]. Since the 7 /2
pulse makes a transformation on Py to Ux /gﬁspinU; /2> the
observable result for the witness W’ is Tr[W'U, ) ,?)SpinU; /2].
Therefore, the witness for Ramsey interferometry is given by

L g 1
. o 2 2
W:UJ;/QW’U,T/Zz 0 0 O (BS)
L g 1
2 2

(

APPENDIX C: COMPUTATION OF INTEGRAL VIA
RESIDUE THEOREM

In this paper, integrals of the form

sin? (Nt w/wo)

Cl1
e — a3’ “

I =A/S(a))

or similar form appear repeatedly. Examples include the de-
phasing (26) induced by linear acceleration noise in Sec. III,
the phase-space diffusion (42) of a single arm under noise in
Sec. IV, and the contrast loss (85) induced by quadratic noise
in Sec. VI. This Appendix aims to evaluate this integral by the
residue theorem.

First of all, ignoring the amplitude factor A, this integral is
exactly the real part of the integral

1— eZniNa)/wg
I = /S(a))—z)z do = /f(a))da),

(€2)
w? (w2 —wj
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Im(w)
*
—ws w3
. * .
—ws2 w2
* . o
—Wq w1
L] L]
—Wwo wo
Re(w)
L] UJ = 0 L]
—w1 . . wi
—w2 w3 .
—ws w3

FIG. 4. Poles of the integrand in Eq. (C2) and the integral path
in the complex plane. The poles +w, arise from the transfer function
F(w), while other poles arise from the PSD S(w).

where the integrand is denoted as f(w) for ease of writing.
The poles of f(w) consist of 0, +wy, and the poles of S(w).
Noticing that S(w) is a real-valued even function on the real
axis, the poles of S(w) are symmetric to both the real axis
and the imaginary axis, as shown in Fig. 4. The proof of this
statement is summarized at the end of this Appendix.

According to the residue theorem, this integral equals the
sum of the residues in the upper half of the complex plane,
including those on the real axis. As shown in Fig. 4, w; and
—wj are in the upper half of the complex plane, while 0 and
Fwy are located on the real axis, so the integral (C2) is equal
to

[ =2mi 2}&3f@0+1&%f@»
j ' v

+mi(Res () + Res f(@) + Res f(@).  (C3)

It is not difficult to check that f(—w*) = [f(w)]* [71], then
the residue of f(w) at the pole —a);f satisfies

Res f(w)= Res [f(-o")]"=[Res f()]". (C4)

Therefore, 27mi(Resy=w, f(®) + Resy=_u* f(w)) contributes
a pure imaginary number. Consequently,] the summation of
all the poles w; and —w? has no contribution to the original
integral I, o< Re I. In other words, Iy can be completely deter-
mined by the poles w = 0 and £wy.

According to the symmetry of f(w), the residue values of
the poles wy are equal. Since both of them are second-order
poles, their contribution to the integral (C2) can be directly
evaluated as

) ) d 1 — eZﬂin/wU
2nlal)2:ei)s0 flw) = Zmdw [S(a)) (@ o) }

wW=w(
72N?

5
@y

As for the other second-order pole w = 0, it contributes to
the integral (C2) as

d 1— eZJrin/wo
wiRes f(w) =nmwi— | S(wW)————
w=0 dw

(@ —3)” ]lo=o
272N?
= 5 S(w = 0). (C6)
wy
In summary, the original integral (C1) is
2N2
Iy =Rel = [S(wo) +2S(w = 0)]. C7

Wo

However, the PSD at zero frequency is usually vanished
(like a Lorentzian PSD) or divergent (like a 1/f noise); both
cases do not have observable effect on the witness of the test
mass. Hence, the terms related to S(w = 0) are dropped off in
the main text.

1. Proof of lemma on symmetry of poles

Now I prove the lemma that —w; and +w7 are poles of
S(w) if w; is a pole. Without loss of generality, suppose w;
is a kth-order pole in the first quadrant of the complex plane,
then S(w) can be expanded as a Laurent series at w; as

So n
(0 — o)) .

Since S(—w) = S(w), then one can obtain another Laurent
series of S(w) as

S(w) = (C)

(=1)*So

" (€9)
which indicates that —w; is also a kth-order pole of S(w).
On the other hand, noticing that S(w) takes real values on
the real axis, i.e., S(w) € R, Yw € R, the Schwarz reflection
principle states that S(w*) = [S(w)]*. This property implies
another Laurent series of S(w) as

*

*\ 7% SO
S@) = [S@")]" = — 0 4.,

o= ol (C10)

which indicates that a);‘ is also a kth-order pole of S(w). Now
that both —w; and w7} are poles of S(w), one can directly
obtain that —a)jf is also a pole of S(w).

APPENDIX D: MASTER EQUATION OF POSITION
LOCALIZATION DECOHERENCE OF SINGLE PATH

In this Appendix, I will derive the master equation for
the position-localization decoherence of a single path of the
interferometer. The procedure is similar to the derivation of
the Redfield master equation, which can be found in textbooks
such as Ref. [72].

Let us work under the interaction picture where the total
Hamiltonian (2) of a single arm can be divided into Hy and
Hin (1) = —ma(t)%, where Hy is of a simple oscillator and
I-Zm(t) contains all force terms. So, the driven force and the
gravity signal perform as the mean value of ma(t), while the
acceleration noise affects the autocorrelation of ma(t). The
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dynamical equation for p’(¢) is
Lo ——[H’ ), p' )] (D)
dr o= int .

This differential equation can be directly written in an integral
form as

pl(t) = '(0) - % /0 (A, (), p'h]de'. (D2)

The basic idea is to do recursion for p/(¢), that is, to insert
Eq. (D2) on the right side of Eq. (D1), then one may obtain

4 =—_f ), [AL @), p' )] ]ar’

(D3)

where p (0) is assumed to commute with Hmt(t) ie.,
[Hmt(t) p'(0)] = 0. Besides, the decoherence is usually as-
sumed memoryless, known as the Markovian assumption
[28,72], which means that p/(t) can be assumed to only de-
pend on £; i.e., the p/(¢') in the integral can be substituted by
p!(t). In addition, one can substitute ¢’ by ¢ — 7 in the integral
and take the upper limit of the integral to infinite and then
obtain

d, 1 (™

R N (RN (RS0 | St
0

Further, by substituting the interaction Hamiltonian I-?ilm @) =
—ma(t)#! (t) and taking the ensemble average, the dynamical
equation of the density matrix becomes

2

N m *°
EE[[) "] = - ﬁ/() Ela(t)a(t — 1)]

(@), 18 — o), E[p'®O]Ndr.  (D5)
This is a deformation of the Redfield master equation for a
classical stochastic noise. In the original Redfield equation,
the environment is assumed as a quantum bath, so the density
matrix of the test mass is obtained by tracing out the degrees
of freedom of the quantum bath. For the classical random
noise, the ensemble average plays a similar role as tracing
out, which intimates a correspondence between randomness
and quantumness [64,65].

Note that the time evolution of the position operator %/ (¢)
of a harmonic oscillator satisfies 2/ (r — v) = £/(¢) cos wyt —
P @)/ (mwy) sinwgt ~ & (¢)e0T, so Eq. (D5) becomes

2

ZER )] = — %[fc’

P '@, E[p' ()1

), [x

x / E[a(?)a(t — 7)]e’ dx. (D6)
0

Note that the integral is nothing but 27S,,(wo)/2 according
to the Wiener-Khinchin theorem and the symmetry of S,,(w),
i.e., Sg(—w) = S, (w). So, this master equation describes
a position localization decoherence with a dissipator A =
m2S,,(wo) / 7%, and it becomes the master equation (54) by

switching back to the Schrddinger picture.

APPENDIX E: PERTURBATION ANALYSIS ON
QUADRATIC NOISE

This Appendix presents a detailed perturbative analysis
on quadratic noise term Hyoje = m8w?(1)%2, as discussed in
Sec. V.

The total Hamiltonian can be written as

o Pl .
H(t) = — 4+ —mw”(t)X* — ma(t)Xx, (ED)
2m 2

where w?(t) = a)(z) + 8w?(t). The corresponding Lewis-
Riesenfeld invariant is expressed as [40,67,73]

(p(t)(p — mip) — mp(k — x.(1)))
2m

1 ¢ —x.(6)\?
“ami(507) =

where the auxiliary functions p(¢) and x.(¢) satisfy the dy-
namical equations

ft)=

¥ + @ (Ox(t) = a(t),
2
W

Based on the Lewis-Riesenfeld invariant, the time-evolution
operator takes the form

P+ @ (0)p(t) = (E3)

0 (t) = ?O3(p1))D(a.(t))e” 7 D (. (0))8 (0(0)),
(E4)

where o () = /mwo/2h(x(t) + ix(t)/wp) is the complex co-
ordinate of the classical phase space and § is the squeeze
operator given by

S(p) = exp [ﬁ Inp(Xp + px)} exp [Mmppx ] (ES5)

Compared to the solution of acceleration noise (3), this time-
evolution operator has an additional squeeze operator S.

1. Perturbative solution of x.(¢) and o, (¢)

The dynamical equation for x.(¢) is given by the first equa-
tion of Eq. (E3). The perturbative solving method is similar to
solving the Pinney equation (E12). In particular, the solution
can be written as a perturbative form

x(t) = x0@) +xP (), (E6)

where the zeroth-order xgo)(t) is exactly the real part of o (¢)
of an ideal interferometer, given by Eq. (6), i.e.,

xO() = L / sin[wo(r — ©)]a(t)dz. (E7)
o Jo

Then, the first-order perturbation x{!(z) satisfies
i 4 3 x V(1) = =8 (O O(1). (E8)

Then, the first-order perturbation solution is

x§1>(t)=—L / sin[wo(t — T)180*(t)xV(r)dr.  (E9)
wo Jo
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Then, one may compute the fluctuation of the complex coor-
dinate dc.(¢) of classical phase space at the leading order as

t
Sap(t) = —i | ——eient / s (0)x O (r)e ™" dz, (E10)
2ha)0 0

which is the same as Eq. (35).

2. Perturbative solution of p(t)

The second equation in the auxiliary dynamical equa-
tion (E3) is known as the Ermakov equation [74]. Its analytic
solution takes the general form

p(1) = \JAY () + 2By + CR@). (B

where y;(¢) and y,(¢) are two linear independent solutions of
the so-called Pinney equation [75]

J+ o’ (t)y(t) = 0. (E12)

The constants A, B, and C in Eq. (E11) are arbitrary but must
satisfy the constraint

2
@y

AC — B® = D ———
01y2 — yan )?

(E13)
Since the Pinney equation (E12) does not admit a closed-form
analytic solution in general, I will solve it by the perturbation
method. Suppose the solution of the Pinney equation (E12)
can be expanded as

y@0) =y @) +y), (E14)

where the zeroth-order y(o)(t) satisfies the static oscillator
equation

VO + w3y @) =0, (E15)
of which the two independent solutions are
y(t) = coswor, ¥ (t) = sin wot. (E16)

Substituting this expansion into the Pinney equation, the first-
order correction y(1(¢) satisfies

D 4 2y V(@) = =807 (1)yV ). (E17)

This inhomogeneous equation can be solved by the Green’s
function method. The solution is simply the convolution
between the inhomogeneous term —38w?(¢)y®(t) and the

Green'’s function sin wy?, given as

y“)(t):_i/ sa?(t)sinwo(t — 1)y P(r)dr.  (E18)
wo Jo

Hence, the perturbative solutions of the Pinney equation (E12)
are

1 t
y1(t) = cos wgt — — / Swz(r)sin wo(t — t)coswyt dr,
wo Jo

1 t
Vyo(t) = sin wot — —/ 8w (T) sin wo(t — 7) sin wyt dt.
o Jo
(E19)

Using these two linearly independent perturbative solutions,
the Wronskian at first order becomes

Yiy2 — YY1 = wo. (E20)
Consequently, the constraint on the constants in Eq. (E11)
reduces to

AC —B*=1. (E21)

Moreover, in the unperturbed case §w?(t) = 0, the physically
relevant solution of the Ermakov equation is the constant
function p(z) = 1. This fixes the auxiliary constants to

A=C=1, B=0. (E22)

Therefore, the solution of the Ermakov equation (E11) can be

simplified as
p(t) = /y1(t) + y3(t).

Substituting the perturbative solutions (E19) into this equa-
tion, retaining only first-order terms [discarding those
quadratic in the integral of 8w?(t)], and simpliyfying the
trigonometric functions, the perturbated solution is finally
obtained as

(E23)

1 t
p(t) ~ \/1 — —/ 8w?(t)sin2wp(t — 7)dr
o Jo

1 t
~1—— [ 80*(1)sin[2wo(r — 7)]dz.

E24
2600 0 ( )

It indicates that the fluctuation of p(¢) is exactly a convo-
Iution between the input noise and the kernel sin 2wy, i.e.,
8p(t) = [8w?(T) * sin 2woT](t), which indicates the linear re-
sponse of p(t) to the noise 8w (t).

Substituting the perturbative result (E24) of p(¢) into the
squeezed operator (ES), the perturbative squeezed operator is
given by Eq. (80).

[1] M. Keil, S. Machluf, Y. Margalit, Z. Zhou, O. Amit, O.
Dobkowski, Y. Japha, S. Moukouri, D. Rohrlich, Z. Binstock, Y.
Bar-Haim, M. Givon, D. Groswasser, Y. Meir, and R. Folman,
Stern-Gerlach Interferometry with the Atom Chip (Springer
International Publishing, Cham, 2021), pp. 263-301.

[2] M. W. Doherty, N. B. Manson, P. Delaney, F. Jelezko, J.
Wrachtrup, and L. C. L. Hollenberg, The nitrogen-vacancy
colour centre in diamond, Phys. Rep. 528, 1 (2013).

[31 L. Zhao, X. Shen, L. Ji, and P. Huang, Inertial
measurement with solid-state spins of nitrogen-vacancy
center in diamond, Adv. Phys.:. X 7, 2004921
(2022).

[4] M. Scala, M. S. Kim, G. W. Morley, P. F. Barker, and S.
Bose, Matter-wave interferometry of a levitated thermal nano-
oscillator induced and probed by a spin, Phys. Rev. Lett. 111,
180403 (2013).

023115-16


https://doi.org/10.1016/j.physrep.2013.02.001
https://doi.org/10.1080/23746149.2021.2004921
https://doi.org/10.1103/PhysRevLett.111.180403

ACCELERATION NOISE INDUCED DECOHERENCE IN ...

PHYSICAL REVIEW RESEARCH 8, 023115 (2026)

[5] X.-Y. Chen and Z.-Q. Yin, High-precision gravimeter based
on a nano-mechanical resonator hybrid with an electron spin,
Opt. Express 26, 31577 (2018).

[6] M. P. Ledbetter, K. Jensen, R. Fischer, A. Jarmola, and D.
Budker, Gyroscopes based on nitrogen-vacancy centers in di-
amond, Phys. Rev. A 86, 052116 (2012).

[7]1 A. Ajoy and P. Cappellaro, Stable three-axis nuclear-spin gyro-
scope in diamond, Phys. Rev. A 86, 062104 (2012).

[8] S. Bose, A. Mazumdar, G. W. Morley, H. Ulbricht, M. Toros,
M. Paternostro, A. A. Geraci, P. F. Barker, M. S. Kim, and G.
Milburn, Spin entanglement witness for quantum gravity, Phys.
Rev. Lett. 119, 240401 (2017).

[9] M.-Z. Wu, M. Toros, S. Bose, and A. Mazumdar, Destructive
interference and inertial noise in matter-wave interferometry,
Phys. Rev. D 112, 062006 (2025).

[10] M. Toros, T. W. van de Kamp, R. J. Marshman, M. S. Kim, A.
Mazumdar, and S. Bose, Relative acceleration noise mitigation
for nanocrystal matter-wave interferometry: Applications to en-
tangling masses via quantum gravity, Phys. Rev. Res. 3, 023178
(2021).

[11] M. Schut, H. Bosma, M.-Z. Wu, M. Toros, S. Bose, and A.
Mazumdar, Dephasing due to electromagnetic interactions in
spatial qubits, Phys. Rev. A 110, 022412 (2024).

[12] M.-Z. Wu, M. Toros, S. Bose, and A. Mazumdar, Inertial torsion
noise in matter-wave interferometers for gravity experiments,
Phys. Rev. D 111, 064004 (2025).

[13] T. Zhou, R. Rizaldy, M. Schut, and A. Mazumdar, Spin contrast,
finite temperature, and noise in matter-wave interferometers,
Phys. Rev. A 112, 012613 (2025).

[14] S.N. Moorthy, A. Geraci, S. Bose, and A. Mazumdar, Magnetic
noise in macroscopic quantum spatial superpositions, Phys.
Rev. A 112, 022416 (2025).

[15] E. Joos and H. D. Zeh, The emergence of classical properties
through interaction with the environment, Z. Phys. B 59, 223
(1985).

[16] O. Romero-Isart, Quantum superposition of massive ob-
jects and collapse models, Phys. Rev. A 84, 052121
(2011).

[17] O. Romero-Isart, Coherent inflation for large quantum super-
positions of levitated microspheres, New J. Phys. 19, 123029
(2017).

[18] H. Pino, J. Prat-Camps, K. Sinha, B. P. Venkatesh, and
O. Romero-Isart, On-chip quantum interference of a super-
conducting microsphere, Quantum Sci. Technol. 3, 025001
(2018).

[19] M. Roda-Llordes, A. Riera-Campeny, D. Candoli, P. T.
Grochowski, and O. Romero-Isart, Macroscopic quantum su-
perpositions via dynamics in a wide double-well potential,
Phys. Rev. Lett. 132, 023601 (2024).

[20] A. Riera-Campeny, M. Roda-Llordes, P. T. Grochowski, and
O. Romero-Isart, Wigner analysis of particle dynamics and
decoherence in wide nonharmonic potentials, Quantum 8, 1393
(2024).

[21] B.-G. Englert, J. Schwinger, and M. O. Scully, Is spin co-
herence like humpty-dumpty? I. Simplified treatment, Found.
Phys. 18, 1045 (1988).

[22] J. Schwinger, M. O. Scully, and B.-G. Englert, Is spin coher-
ence like Humpty-Dumpty? II. General theory, Z. Phys. D 10,
135 (1988).

[23] M. O. Scully, B.-G. Englert, and J. Schwinger, Spin coherence
and Humpty-Dumpty. III. The effects of observation, Phys. Rev.
A 40, 1775 (1989).

[24] J. Jing, T. Yu, C.-H. Lam, J. Q. You, and L.-A. Wu, Control re-
laxation via dephasing: A quantum-state-diffusion study, Phys.
Rev. A 97, 012104 (2018).

[25] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson,
and W. D. Oliver, A quantum engineer’s guide to superconduct-
ing qubits, Appl. Phys. Rev. 6, 021318 (2019).

[26] L. Chirolli and G. Burkard, Decoherence in solid-state qubits,
Adyv. Phys. 57, 225 (2008).

[27] M.-Z. Wu, M. Toros, S. Bose, and A. Mazumdar, Quantum
gravitational sensor for space debris, Phys. Rev. D 107, 104053
(2023).

[28] M. Schlosshauer, Decoherence: The quantum-to-classical tran-
sition, The Frontiers Collection (Springer Berlin, Heidelberg,
2007).

[29] N. G. Van Kampen, A cumulant expansion for stochastic linear
differential equations. II, Physica 74, 239 (1974).

[30] N. G. Van Kampen, Stochastic differential equations, Phys.
Rep. 24, 171 (1976).

[31] Y. Margalit, O. Dobkowski, Z. Zhou, O. Amit, Y. Japha, S.
Moukouri, D. Rohrlich, A. Mazumdar, S. Bose, C. Henkel, and
R. Folman, Realization of a complete Stern-Gerlach interferom-
eter: Toward a test of quantum gravity, Sci. Adv. 7, eabg2879
(2021).

[32] Y. Japha, Unified model of matter-wave-packet evolution and
application to spatial coherence of atom interferometers, Phys.
Rev. A 104, 053310 (2021).

[33] Y. Japha and R. Folman, Quantum uncertainty limit for stern-
gerlach interferometry with massive objects, Phys. Rev. Lett.
130, 113602 (2023).

[34] C. Henkel and R. Folman, Internal decoherence in nano-object
interferometry due to phonons, AVS Quantum Sci. 4, 025602
(2022).

[35] R. Zhou, Q. Xiang, and A. Mazumdar, Spin-dependent force
and inverted harmonic potential for rapid creation of macro-
scopic quantum superpositions, Phys. Rev. A 111, 052207
(2025).

[36] Y. B. Band and Y. Japha, Tuning the adiabaticity of spin dy-
namics in diamond nitrogen vacancy centers, J. Phys.: Condens.
Matter 34, 255503 (2022).

[37] X. Rong, J. Geng, F. Shi, Y. Liu, K. Xu, W. Ma, F. Kong, Z.
Jiang, Y. Wu, and J. Du, Experimental fault-tolerant universal
quantum gates with solid-state spins under ambient conditions,
Nat. Commun. 6, 8748 (2015).

[38] J. S. Pedernales, G. W. Morley, and M. B. Plenio,
Motional dynamical decoupling for interferometry with
macroscopic particles, Phys. Rev. Lett. 125, 023602
(2020).

[39] W. B. Riesenfeld, An exact quantum theory of the time-
dependent harmonic oscillator and of a charged particle in a
time-dependent electromagnetic field, J. Math. Phys. 10, 1458
(1969).

[40] H. R. Lewis and P. G. L. Leach, A direct approach to finding
exact invariants for one-dimensional time-dependent classical
Hamiltonians, J. Math. Phys. 23, 2371 (1982).

[41] S. S. Mizrahi, The geometrical phase: An approach through the
use of invariants, Phys. Lett. A 138, 465 (1989).

023115-17


https://doi.org/10.1364/OE.26.031577
https://doi.org/10.1103/PhysRevA.86.052116
https://doi.org/10.1103/PhysRevA.86.062104
https://doi.org/10.1103/PhysRevLett.119.240401
https://doi.org/10.1103/hfxv-c598
https://doi.org/10.1103/PhysRevResearch.3.023178
https://doi.org/10.1103/PhysRevA.110.022412
https://doi.org/10.1103/PhysRevD.111.064004
https://doi.org/10.1103/dbrs-wn92
https://doi.org/10.1103/9n6y-cc7r
https://doi.org/10.1007/BF01725541
https://doi.org/10.1103/PhysRevA.84.052121
https://doi.org/10.1088/1367-2630/aa99bf
https://doi.org/10.1088/2058-9565/aa9d15
https://doi.org/10.1103/PhysRevLett.132.023601
https://doi.org/10.22331/q-2024-07-02-1393
https://doi.org/10.1007/BF01909939
https://doi.org/10.1007/BF01384847
https://doi.org/10.1103/PhysRevA.40.1775
https://doi.org/10.1103/PhysRevA.97.012104
https://doi.org/10.1063/1.5089550
https://doi.org/10.1080/00018730802218067
https://doi.org/10.1103/PhysRevD.107.104053
https://doi.org/10.1016/0031-8914(74)90122-0
https://doi.org/10.1016/0370-1573(76)90029-6
https://doi.org/10.1126/sciadv.abg2879
https://doi.org/10.1103/PhysRevA.104.053310
https://doi.org/10.1103/PhysRevLett.130.113602
https://doi.org/10.1116/5.0080503
https://doi.org/10.1103/PhysRevA.111.052207
https://doi.org/10.1088/1361-648X/ac60d1
https://doi.org/10.1038/ncomms9748
https://doi.org/10.1103/PhysRevLett.125.023602
https://doi.org/10.1063/1.1664991
https://doi.org/10.1063/1.525329
https://doi.org/10.1016/0375-9601(89)90746-9

MENG-ZHI WU

PHYSICAL REVIEW RESEARCH 8, 023115 (2026)

[42] J. Guerrero and F. F. Lépez-Ruiz, On the Lewis—Riesenfeld
(Dodonov—Man’ko) invariant method, Phys. Scr. 90, 074046
(2015).

[43] V. Aldaya, F. Cossio, J. Guerrero, and F. F. Lopez-Ruiz, The
quantum Arnold transformation, J. Phys. A: Math. Theor. 44,
065302 (2011).

[44] M. J. Snadden, J. M. McGuirk, P. Bouyer, K. G. Haritos, and
M. A. Kasevich, Measurement of the Earth’s gravity gradient
with an atom interferometer-based gravity gradiometer, Phys.
Rev. Lett. 81, 971 (1998).

[45] FE. Sorrentino, Q. Bodart, L. Cacciapuoti, Y.-H. Lien, M.
Prevedelli, G. Rosi, L. Salvi, and G. M. Tino, Sensitivity limits
of a Raman atom interferometer as a gravity gradiometer, Phys.
Rev. A 89, 023607 (2014).

[46] Yu.-P. Wang, J.-Q. Zhong, X. Chen, R.-B. Li, D.-W. Li, L.
Zhu, H.-W. Song, J. Wang, and M.-S. Zhan, Extracting the
differential phase in dual atom interferometers by modulating
magnetic fields, Opt. Commun. 375, 34 (2016).

[47] V. Ivady, T. Simon, J. R. Maze, 1. A. Abrikosov, and A. Gali,
Pressure and temperature dependence of the zero-field splitting
in the ground state of N'V centers in diamond: A first-principles
study, Phys. Rev. B 90, 235205 (2014).

[48] R. J. Marshman, A. Mazumdar, R. Folman, and S. Bose,
Constructing nano-object quantum superpositions with a Stern-
Gerlach interferometer, Phys. Rev. Res. 4, 023087 (2022).

[49] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum sensing,
Rev. Mod. Phys. 89, 035002 (2017).

[50] Y. Xu, Y. Chen, and X. Chen, Fast transport and splitting
of spin-orbit-coupled spin-1 Bose-Einstein condensates, Phys.
Rev. A 109, 063310 (2024).

[51] M. T. Johnsson, G. K. Brennen, and J. Twamley, Macroscopic
superpositions and gravimetry with quantum magnetomechan-
ics, Sci. Rep. 6, 37495 (2016).

[52] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, 1997).

[53] N. F. Ramsey, A new molecular beam resonance method, Phys.
Rev. 76, 996 (1949).

[54] This conclusion can be generalized to a generic matter-wave
interferometer under a general noise. Suppose the interferome-
ter is built up through a Lagrangian L[x;(¢), x;(t)] and the noise
is described by a Lagrangian 8L[x;(¢), x;(t)]. Denote the ideal
trajectory as x(t), and the ideal phase is ¢° = [ L[x?, x?]/hdz.
Then, the phase under noise at the leading order is

w+w¢=%/lpﬂ+wwﬁ+wﬂ+54ﬁjﬂw

U [ e O
= h/L[xi,xi]—{— ox,

oL
+ —

i

8x; + OL[x], &)]dr.

040
[Ex)

According to the Euler-Lagrangian equation 9L/dx; =
d(dL/0x;)/dt, one can prove an identity

d [ JL

oL B
Tdr \ o

8%;
Bxi

0.i0)

Xi + —
050y Xi

(x,. X

Thus, the phase fluctuation arising from the fluctuation of the
trajectory 8x; and the velocity 8x; is the integral of a total deriva-

tive. Then, one may read 8¢ = [ SL[x?, x?]/hdr by neglecting
this total derivative term. Note that the same conclusion has
been proved by using Feynman’s path integral method [76].

[55] J. Junca, A. Bertoldi, D. O. Sabulsky, G. Lefevre, X. Zou, J.-B.
Decitre, R. Geiger, A. Landragin, S. Gaffet, P. Bouyer, and B.
Canuel, Characterizing Earth gravity field fluctuations with the
MIGA antenna for future gravitational wave detectors, Phys.
Rev. D 99, 104026 (2019).

[56] Here, asymptotic behaviors of the sinc function have been
used. That is, Sincz((a) — wo)t/2) = 1 + O(t?) for small ¢, and
sinc?((w — wp)t/2) =28 (w — wy)/t for large t.

[57] A. Uhlmann, The “transition probability” in the state space of a
x-algebra, Rep. Math. Phys. 9, 273 (1976).

[58] L. Lami, J. S. Pedernales, and M. B. Plenio, Testing the quan-
tumness of gravity without entanglement, Phys. Rev. X 14,
021022 (2024).

[59] Here, the following identities are used:

Pia(t) = Uid(t)\/%f]iji(t)’
U0 (1) = D(Sa(t)e " )e*®.

[60] To compute the ensemble average of (x|, (t)|x,), one can con-
sider the Glauber’s P-representation [52] of the initial density
matrix

Po = /P(ﬂ)|ﬁ><ﬁ|d2ﬂ-
According to the identity

D@a(1))|B) = e?P*|B + Sa(t)),

the matrix element of p,(¢) becomes

(1 pa(0)la) = / P(B)(x, (01 + Sat () (B + Sy (1)) .

Based on the wavefunction of a coherent state, one can
obtain the ensemble average of the matrix element in the P-
representation satisfying

E[(x| (1|6 + 8er()) (B + dar(t)]xs (1)]
= (X OIB) (Bl (e T EOH OO,

Then, one can obtain the result (52).

[61] If there is a biased magnetic field By # 0, then the amplitudes
A defined in Eq. (31) are not opposite to each other. As a result,
the trajectories x; () and x_; () do not cancel each other. In this
case, there is still a dephasing effect, and the transfer function
takes a similar form as Eq. (32) but the factor AA is replaced by
AL +A_.

[62] Suppose the final states before squeezing are |, ) and [_).
After applying the squeezing operator, their overlap becomes

(Y18 (S ()-) = (Y1),

which remains unchanged because $(p) is unitary.

[63] The trick to compute the purity and the von Neumann entropy
is to diagonalize Pgyin. In particular, suppose the nonzero eigen-
values of Py are {A;}, then the purity and the von Neumann
entropy of Pyin are > ; A7 and — Y, A; InA;, respectively. For
the density matrix pg,, With a decay factor e Tt on the off-
diagonal terms, its eigenvalues are A, = (1 e Tt)/2 and
A3 = 0. Especially, when the total decoherence factor I'y, is

023115-18


https://doi.org/10.1088/0031-8949/90/7/074046
https://doi.org/10.1088/1751-8113/44/6/065302
https://doi.org/10.1103/PhysRevLett.81.971
https://doi.org/10.1103/PhysRevA.89.023607
https://doi.org/10.1016/j.optcom.2016.04.069
https://doi.org/10.1103/PhysRevB.90.235205
https://doi.org/10.1103/PhysRevResearch.4.023087
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1103/PhysRevA.109.063310
https://doi.org/10.1038/srep37495
https://doi.org/10.1103/PhysRev.76.996
https://doi.org/10.1103/PhysRevD.99.104026
https://doi.org/10.1016/0034-4877(76)90060-4
https://doi.org/10.1103/PhysRevX.14.021022

ACCELERATION NOISE INDUCED DECOHERENCE IN ...

PHYSICAL REVIEW RESEARCH 8, 023115 (2026)

very small, then the entropy can be approximated as
1 —Ttot 1 —Ttot 1 — e Tt 1 — e Tt
S=- te In te + ° In ¢
2 2 2 2
1+ e Tt 1 — e Tot 1 — ¢ T 1+ e Tt
X + X
2 2 2 2

%

1 B
=5-e o) & Ty,

where the first approximated equation used an approximation
In((1 e Tet)/2) & (=1 £ elor)/2.

[64] J. A. Barandes, The stochastic-quantum correspondence,
Philos. Phys. 3, 8 (2025).

[65]]J. A. Barandes, The
arXiv:2309.03085.

[66] O. V. Ivakhnenko, S. N. Shevchenko, and F. Nori, Nonadiabatic
Landau—Zener-Stiickelberg—Majorana transitions, dynamics,
and interference, Phys. Rep. 995, 1 (2023).

[67] A. K. Dhara and S. V. Lawande, Feynman propagator for
time-dependent Lagrangians possessing an invariant quadratic
in momentum, J. Phys. A: Math. Gen. 17, 2423 (1984).

[68] M. Kolodrubetz, D. Sels, P. Mehta, and A. Polkovnikov, Ge-
ometry and non-adiabatic response in quantum and classical
systems, Phys. Rep. 697, 1 (2017).

[69] J. M. Hogan, D. M. S. Johnson, and M. A. Kasevich, Light-
pulse atom interferometry, in Atom Optics and Space Physics,
edited by E. Arimondo, W. Ertmer, W. P. Schleich, and E. M.
Rasel (IOS Press, Amsterdam, 2009), pp. 411-447.

stochastic-quantum  theorem,

[70] E. H. Kerner, Note on the forced and damped oscillator in
quantum mechanics, Can. J. Phys. 36, 371 (1958).
[71] One can directly write

1— 672;11'N[u*/w0
f-o") = S(—w*)izz-
w*Z(w*Z _ wO)

It is obvious that 1 — e 27iNe’/wo — (] — e2miNe/wo)x gpd
0?(0*? — ) = [w*(0* — w})*]*. Besides, according to the
properties S(—w) = S(w) and S(w*) = [S(w)]*, one can obtain
S(—w*) = [S(w)]*. Combining these equations, one may find
f(=o") = [f(0)]"

[72] H.-P. Breuer and F. Petruccione, Quantum Master Equations, in
The Theory of Open Quantum Systems (Oxford University Press,
Oxford, 2007).

[73] E. Torrontegui, S. Ibafiez, X. Chen, A. Ruschhaupt, D.
Guéry-Odelin, and J. G. Muga, Fast atomic transport without
vibrational heating, Phys. Rev. A 83, 013415 (2011).

[74] V. P. Ermakov, Second-order differential equations. Conditions
of integrability in finite form, Appl. Anal. and Discrete Math. 2,
123 (2008).

[75] E. Pinney, The nonlinear differential equation y” + p(x)y +
¢/y® =0, Proc. Am. Math. Soc. 1, 681 (1950).

[76] P. Storey and C. Cohen-Tannoudji, The Feynman path integral
approach to atomic interferometry: A tutorial, J. Phys. 114, 1999
(1994).

023115-19


https://doi.org/10.31389/pop.186
https://arxiv.org/abs/2309.03085
https://doi.org/10.1016/j.physrep.2022.10.002
https://doi.org/10.1088/0305-4470/17/12/014
https://doi.org/10.1016/j.physrep.2017.07.001
https://doi.org/10.1139/p58-038
https://doi.org/10.1103/PhysRevA.83.013415
https://doi.org/10.2298/AADM0802123E
https://doi.org/10.1090/S0002-9939-1950-0037979-4
https://doi.org/10.1051/jp2:1994103

