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Physical constraints on the rhythmicity of the biological clock
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Circadian rhythms in living organisms are temporal orders emerging from biochemical circuits driven out of
equilibrium. Here, considering the KaiABC system, a minimal model in the synthetic biology, we study how the
oscillation emerges from the circuit made of three Kai proteins and ATP alone. The phase diagram constructed in
terms of KaiC and KaiA concentrations reveals a narrowly bounded oscillatory phase, which naturally explains
arrhythmia upon protein overexpression. As dictated by the cost-precision trade-offs of the thermodynamic
uncertainty relations, the presence of intrinsic noise, amplified in small systems, demands higher free energy
cost to achieve greater rhythmic precision. The cost-minimizing condition within the oscillatory phase is found
to generate ∼21-h rhythm, which is entrained to 24-h environmental signals as long as the forcing amplitude is
greater than ∼10% of the metabolic rate. An optimal level of intrinsic noise can also induce oscillations even
beyond the Hopf bifurcation, effectively expanding the oscillatory phase. Our study clarifies how the physical
factors, such as regulatory mechanism, energy cost, and stochastic noise, contribute to the operation of biological
clocks.

DOI: 10.1103/9byx-f411

I. INTRODUCTION

The KaiABC clock in cyanobacteria, made of three core
proteins, KaiA, KaiB, and KaiC, is arguably the simplest bio-
chemical circuit for circadian rhythm that can be reconstituted
in vitro [1,2]. Driven by ∼15 ATPs per day [3], and regu-
lated by KaiA and KaiB, KaiC protein exhibits self-sustained
∼24-h rhythms of change in its phosphorylation state even in
the absence of an external periodic driving or transcription-
translation feedback (TTF) regulation [1,4].

Experiments, interrogating the structures and interactions
of Kai proteins and their mutants, have offered hints on the
molecular origin of the rhythmicity that is inherent in the
KaiABC system without TTF regulation [1,4,5]. Several the-
oretical studies, exploiting a set of coupled nonlinear ordinary
differential equations (ODEs) with many state variables, have
also addressed experimentally observed features, such as tem-
perature compensation and synchronous oscillations in the
ensemble via the KaiC-monomer exchange [6–11]. However,
a large number of state variables in the existing ODE models
and the complexity inherent to the nonlinearity make it highly
demanding even to address the basic questions as to the design
principles of a single KaiABC clock. For example, under what
condition does the self-sustained oscillations emerge from
the underlying circuit? How robust is the oscillatory rhythm
against the varying biochemical parameters?

Here, to put the KaiABC clock into the perspective of
dynamical systems and to gain systems-level insights into
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various factors contributing to the generation of circadian
rhythm, we employ a greatly simplified ODE model for the
phosphorylation states of KaiC hexamer, developed by Rust
et al. [12]. After describing the model, we perform the fixed
point analysis of the ODE model for the KaiABC circuit to
characterize its dynamical behavior in the deterministic limit.
The resulting dynamical phase diagram of the circuit as a
function of KaiA and KaiC concentrations reveals a narrowly
bounded oscillatory phase. As dictated by the cost-precision
trade-offs of the thermodynamic uncertainty relations (TURs)
[13–15], the free energy cost to generate a nonequilibrium
process generally constrains the precision of the resulting
dynamics subject to the noise [16–19]. Effect of intrinsic
noise on the dynamics is unavoidable in cyanobacteria whose
size is finite ranging from � ≈ 100 μm3 to � ≈ 106 μm3

[20,21]. Quantifying such a relation and employing the un-
certainty product factor from TUR as a measure of system
size (�)-independent free energy cost (dissipation) to generate
oscillations amid fluctuations, we identify the energetically
most efficient condition for the KaiABC circuit to generate
oscillations. Furthermore, we emphasize the effect of intrin-
sic noise on the aforementioned phase diagram calculated in
the deterministic limit. Even in the phase beyond the Hopf
bifurcation lacking stable oscillations, the noise with a proper
strength can help enhance a rhythmicity through the coher-
ence resonance (CR) [22–24]. By articulating these points for
the KaiABC clock, we aim to offer general insights into the
design principles underlying biochemical oscillators.

II. MODEL

KaiC is a hexameric protein, each monomer of which con-
tains two phosphorylation sites (threonine 432 and serine 431)
[1]. Rust et al.’s model [12] assumes an ordered KaiC phos-
phorylation cycle along with KaiA/KaiB-mediated effective
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FIG. 1. A kinetic scheme of the KaiC phosphorylation-
dephosphorylation cycle for the ODE model studied here (see the
main text for the details).

rates, substantially simplifying the complex allosteric dynam-
ics of KaiC hexamer [2,7,10,25–27]. The model, formulated
in terms of a set of nonlinear ODEs, is written as ẋ = F(x)
with only three variables x = (T, D, S):

Ṫ = kUT (S)U + kDT (S)D − [kTU (S) + kT D(S)]T,

Ḋ = kT D(S)T + kSD(S)S − [kDT (S) + kDS (S)]D,

Ṡ = kUS (S)U + kDS (S)D − [kSU (S) + kSD(S)]S. (1)

Equation (1) represents the coherent evolution of a KaiC
hexamer coordinated into four phosphorylation states as de-
picted in Fig. 1: (1) unphosphorylated state (U -KaiC or U ),
(2) threonine-only-phosphorylated state (T -KaiC or T ), (3)
serine-only-phosphorylated state (S-KaiC or S), and (4)
serine-threonine-phosphorylated state (ST -KaiC or D). Since
the total concentration of KaiC is conserved without degra-
dation within our relevant time of interest, U in Eq. (1) is
replaced with U = [KaiC] − T − D − S. Catalyzed by KaiA,
the cycle of KaiC (Fig. 1) begins with the phosphorylation of
Thr432 (red circle, T → pT), followed by the secondary phos-
phorylation at Ser431 (green circle, S → pS) [28,29]. Upon
double phosphorylation, the KaiC undergoes a conformational
change and allows KaiB to bind and sequester KaiA, which
induces the dephosphorylations of Thr432 and Ser431, and
resets the cycle [12].

In Eq. (1), the S-dependent transition rate from a state X to
Y is modeled as

kXY (S) = k0
XY + kA

XY A(S)

K1/2 + A(S)
, (2)

where A(S) = max(0, [KaiA] − 2S) corresponds to the con-
centration of free KaiA with the numerical factor 2 reflecting
the 2:1 stoichiometry of the interaction between KaiA dimer
and KaiC hexamer [30]. k0

XY is the basal rate of transition
and kA

XY in the second term denotes the maximal effect of
KaiA on the rate constant. K1/2 is the binding affinity be-
tween KaiA and KaiC. The expression of kXY (S) with kA

UT ,
kA

T D > 0 models the KaiA-mediated positive regulation for
phosphorylations, whereas kXY (S) with kA

DS , kA
SU < 0 effec-

tively models the KaiB-mediated KaiA sequestration [31],
which suppresses the KaiC autophosphorylation and activates

FIG. 2. Dynamical phase diagram and trajectories from the
model of KaiABC clock. (a) Phases I–III classified based on the
eigenvalue characteristics of the fixed point. More complicated struc-
ture of Phases IV–VII is explained in the Supplemental Material [32].
(b) Trajectories of T , D, and S states of KaiC hexamer generated
at ([KaiC](μM), [KaiA](μM)) = (3.4, 1.4) (green star) in Phase I,
at (10, 10) (magenta star) in Phase II, and at (20, 3) (blue star) in
Phase III.

the dephosphorylation process. Thus, the KaiB regulation,
accompanied with the accumulation of S-KaiC, is implicitly
included in the model. The feedback mechanism arising from
KaiA sequestration [31] is incorporated into kXY (S) in Eq. (2),
such that it enhances synchronization when a phase delay is
present between oscillators (see Fig. S1 in the Supplemental
Material [32] for the synchronization dynamics of two out-of-
phase KaiABC oscillators upon mixing).

The explicit values of all the rate constants involving
Eq. (1) such as k0

XY and kA
XY , determined as the best-fit pa-

rameters against experimental measurements [12], are given
in Table S1 in the Supplemental Material [32].

III. DYNAMICAL PHASE DIAGRAM

The ODE model of KaiABC in Eq. (1) represents the time
evolution of KaiC phosphorylation states at the deterministic
limit, i.e., at � → ∞. To explore the full range of its dynam-
ical behaviors, we vary [KaiC] and [KaiA], while assuming
that the other parameters associated with the catalysis and
protein-protein interactions, i.e., k0

XY , kA
XY , and K1/2, are diffi-

cult to tune and held fixed. The linear stability analysis around
the fixed points, x∗ = (T ∗, D∗, S∗) that satisfy F(x∗) = 0 in
the range of 0 � T ∗, D∗, S∗ � [KaiC] (see the Supple-
mental Material [32]), yields the dynamical phase diagram
[Fig. 2(a)].

(1) Phase I is characterized by a single unstable fixed
point whose Jacobian matrix has one negative real eigenvalue
(λ1 ∈ R<0) and a pair of complex conjugate eigenvalues with
positive real part (λ2,3 = α ± iβ with α > 0). At [KaiC] =
3.4 μM and [KaiA] = 1.3 μM [green star in Fig. 2(a)], which
corresponds to the cost-minimizing point discussed later, the
trajectories of three phosphorylated states, namely, T , D, and
S, exhibit stable periodic oscillations of Tos ∼ 21 h with phase
lags [Fig. 2(b-I)].
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(a) (b) (c) (d)

FIG. 3. Dynamics in the oscillatory phase (Phase I) produced at a typical cell volume of cyanobacterium, � = 1000 μm3. (a) Period
of oscillation and (b) its variance, (c) entropy production, and (d) the uncertainty product. Note that the magnitudes of 〈δT 2

os〉 and Ṡtot/kB

change with � as 〈δT 2
os〉 ∼ 1/� and Ṡtot/kB ∼ � (see Fig. S8). The yellow stars in Figs. 3(a) and 3(d) mark the Q-minimizing condition

[KaiC] = 5.71 μM and [KaiA] = 1.87 μM, which leads to 〈Tos〉 
 21 h in panel (a).

(2) Phases II and III are characterized by a single sta-
ble fixed point, but each has different eigenvalue structure.
For Phase II, λ1,2,3 ∈ R<0, whereas for Phase III, λ1 ∈ R<0

and λ2,3 = α ± iβ with α ∈ R<0. Trajectories generated in
these phases (II and III) always converge to a stable fixed
point; yet due to the difference in the eigenvalue structure,
the convergence to the corresponding fixed point in Phase III
is preceded by damped oscillations [blue star, Fig. 2(b-III)],
whereas the trajectories in Phase II exhibit direct damping
without oscillation [magenta star, Fig. 2(b-II)].

The remaining phases demarcated by the hashed lines are
characterized by three fixed points of various types, giving rise
to complicated dynamics that requires more careful analysis.
However, due to the presence of, at least, a single stable fixed
point, trajectories in this region are convergent in the presence
of noise at t → ∞ (see text and Fig. S2 in the Supplemen-
tal Material [32]).

Notably, Phase I is the only oscillatory phase. A few
points are noteworthy. (1) The narrowly bounded oscillatory
phase over the range of [KaiA] and [KaiC] straightfor-
wardly accounts for experimentally observed arrhythmia (loss
of rhythmicity or damping) when Kai proteins are either
overexpressed or deleted from the system [4,12,25,33–36].
Such sensitivity points to the importance of tightly regu-
lated expression levels of KaiABC operon for maintaining
the rhythmicity. (2) For fixed [KaiA], the amplitude of oscil-
lations changes nonmonotonically with [KaiC] or 〈Tos〉 [see
Figs. S3(a) and S3(b) in the Supplemental Material [32]],
getting greater when [KaiA] and [KaiC] are higher [Fig. S3(a)
in the Supplemental Material [32]]. (3) Consistent with ex-
periments [1,25,26,37–40], mutations that affect either the
autokinase activity of KaiC or the binding affinity between
KaiA and KaiC can alter the period of oscillations. Such
effects can be incorporated to the current model by tuning the
phosphorylation rates (kUT and kT D) or the binding constant
(K1/2) in Eqs. (1) and (2) (see Fig. S4 in the Supplemen-
tal Material [32] for trajectories with altered periodicity
and amplitude, and text and Fig. S5 in the Supplemen-
tal Material [32] for the changes in the corresponding phase
diagrams).

IV. DISSIPATION CONSTRAINS THE REGULARITY
OF OSCILLATORY DYNAMICS

While high-dimensional dynamical systems may display
complex behavior, suitable regulatory mechanisms can con-
fine their long-term dynamics to a two-dimensional (2D)
invariant manifold exhibiting a limit cycle [41]. The mean
period of oscillation (〈Tos〉) calculated in Phase I indicates that
the 24-h cycle is formed along the narrow parameter space,
indicating a tight regulation of the clock (see Fig. S6 for the
detailed view of the heat map of 〈Tos〉). From both the numer-
ical analysis of Eq. (1) and its reduction to the Stuart-Landau
form [41] (see text in the Supplemental Material [32]), we find
a relation [KaiA] ∝ [KaiC]α with α ≈ 2/3 satisfying the locus
of 〈Tos〉 
 24 h in the heat map over the range of [KaiA] ≈
(1–3) μM and [KaiC] ≈ (2–10) μM [dotted line in Fig. 3(a);
see also Figs. S6 and S7]. This is, in effect, consistent with the
1/3 KaiA to KaiC ratio for in vitro oscillations [36].

Noting that the KaiABC clock is a nonequilibrium de-
vice exhibiting self-sustained oscillations under a constant
drive of ATP, we put its rhythmic operation into the per-
spective of thermodynamic uncertainty relation (TUR) and
assess its thermodynamic optimality [42–44]. In particular, we
adapt the TUR for the first passage time processes [45] and
employ the relation to assess the cost-precision trade-off and
identify the cost-minimizing condition for the operation of
stochastic clock [14,46]. The uncertainty product Q of TUR
for a stochastic clock is written as [46]

Q = �Scyc

kB

〈
δT 2

os

〉
〈Tos〉2

= Ṡtot

kB

〈
δT 2

os

〉
〈Tos〉 , (3)

where �Scyc is the entropy production per clock cycle,
the mean and variance of oscillatory period are given by
〈Tos〉 and 〈δT 2

os〉, respectively, and Ṡtot = �Scyc/〈Tos〉 denotes
the mean entropy production rate. Equation (3) dictates
that for a given Q, the cost to operate the clock (�Scyc)
is counterbalanced with the relative error in the period
(〈δT 2

os〉1/2/〈Tos〉). The value of dimensionless factor Q, which
varies with the clock “design” (parameters, network topology,
and regulatory mechanism of the biochemical circuit), is used
to assess the efficiency of the clock by linking irreversibility
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to measurable fluctuations [42,43] or to the power efficiency
(η = output power/input power) of stochastic engines or
molecular motors [15,47,48]. A stochastic clock with a
smaller Q value can be considered better designed in terms
of the precision and energy expenditure. For dynamical
processes exhibiting stochastic oscillations under constant
driving, Q is bounded as Q � Quniv

min = 2 [49]. For a type of
cyclic network (Fig. 1), the universal bound is achieved close
to equilibrium [13,49,50], although the KaiABC circuit would
cease to oscillate in such a condition. Thus, our objective
here is to identify the condition that minimizes Q within the
oscillatory phase.

Evaluation of Q in Eq. (3) is straightforward. The network
of KaiC cycle depicted in Fig. 1 is none other than a reversible
unicyclic network. The mean entropy production rate Ṡtot in
Eq. (3) is given by

Ṡtot/kB = ( j+ − j−) ln

(
j+
j−

)
× [KaiC] × �, (4)

where j+ = kUT kT DkDSkSU /	 and j− = kUSkSDkDT kTU /	

with 	 = kUT kT DkDS + kT DkDSkSU + kDSkSU kUT +
kSU kUT kT D + kDT kSDkUS + kSDkUSkTU + kUSkTU kDT +
kTU kDT kSD [51]. Here, it should be noted that kXY denotes the
rate constant averaged over the cycle period at cyclic steady
states, i.e., kXY = (1/T )

∫ T
0 kXY (τ )dτ . The rate constants in

Eq. (1) are the functions of [KaiA] and [KaiC], and so are
both the steady-state current j = kXY X ss − kY XY ss = j+ −
j− (Fig. 1) and the entropy production [Eq. (4)]. Note that
the entropy production is an extensive quantity that increases
with the number of KaiC proteins in the system [NKaiC =
[KaiC] × �, Eq. (4)], i.e., Ṡtot ∝ �, which is compensated by
〈δT 2

os〉 ∝ �−1 in the uncertainty product. 〈Tos〉, determined by
the dynamics confined in a 2D invariant manifold around the
unstable fixed point, is independent of � (see Fig. S8). Taken
together, the uncertainty product Q defined in Eq. (3) is an
�-independent measure.

When [KaiA] and [KaiC] are varied while hold-
ing all other parameters involving catalytic power and
protein-protein interactions (Table S1), the Q-minimizing
condition KaiABC clock with Qmin 
 460 is formed at
[KaiC] = 5.71 μM and [KaiA] = 1.82 μM, yield-
ing the oscillatory period of 〈Tos〉 
 21 h [Figs. 3(a)
and 3(d)]. Similarly to error-correcting biochemical pro-
cesses with large Q values that have to expend large free
energy [15], the KaiABC clock, severely underperform-
ing the universal TUR bound (Qmin 
 460 � Quniv

min = 2),
might be considered inefficient. Nevertheless, it should be
noted that in order to create a temporal order from a given bio-
chemical circuit, a finite amount of free energy consumption,
which necessarily drives the system away from the detailed
balance condition corresponding to Q = Quniv

min = 2, is in-
evitable. For the case of KaiABC system, the cost-minimizing
point to create an oscillation is formed at Q = Qmin 
 460
within the oscillatory phase, when [KaiA] and [KaiC] are the
only two variables.

Figure S5 demonstrates a case in which Qmin is slightly
reduced (Qmin 
 315) upon increasing the binding affinity
(K1/2 = 0.43 → 0.35 μM, Fig. S5d). In other cases, either
the area of oscillatory phase shrinks [Figs. S5(a) and S5(e) in

FIG. 4. Noise-induced oscillation. (a) Bifurcation diagram at
[KaiA] = 1.3 μM. Solid black line, blue, green, and red dots de-
pict the minimum and the maximum values of (T + D + S) for
� → ∞, 1000, 100, and 10μm3, respectively. (b) Time evolutions
of (T + D + S) at [KaiC] = 6.07 μM. (c) Noise-induced oscillations
generated at [KaiC] = 6.07 μM for varying �’s: (i) � = 0.10, (ii)
0.43, (iii) 3.79, and (iv) 69.5 μm3 (left) and the corresponding power
spectra P(ν )s (right). (d) Height (H ) and width (�ν/ν0) of the
resonant peak vs �. (e) SNR (β[= H/(�ν/ν0 )]) vs � for varying
[KaiC]. The values of β calculated at different �’s in panel (c) are
marked with (i) to (iv).

the Supplemental Material [32]], or increases of the area are
accompanied with a significant increase of Qmin [Figs. S5(b)
and S5(c) in the Supplemental Material [32]].

V. NOISE-INDUCED TEMPORAL ORDER

When [KaiC] is varied over 2–10μM at [KaiA] = 1.3 μM,
passing through Phase I [Fig. 2(a)], the stability of the fixed
point undergoes a transition. Two supercritical Hopf bifurca-
tion points, [KaiC]cr = 2.55 μM and 5.71 μM, are identified in
the bifurcation diagram calculated at the deterministic limit,
namely, at � → ∞ [Fig. 4(a)]. Trajectories generated be-
yond the Hopf bifurcation point ([KaiC] = 6.07 μM), where
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deterministic oscillations are expected to vanish, display noisy
oscillations at � = 10 (red) and 100 μm3 (green) [Fig. 4(b)].
The minimum and maximum values of the amplitude overlaid
on the diagram blur the sharp boundary obtained at � → ∞
[black line, Fig. 4(a)].

To study the effect of noise, whose intensity changes with
the system size as ∝ 1/

√
�, more systematically, we exam-

ine the power spectra P(ν)[= ∫
Cxx(τ )e−2π iντ dτ ], the Fourier

transform of autocorrelation function at steady state Cxx(τ ) =
1
T

∫ T
0 x(t )x(t + τ )dt with x(t ) = (T + D + S)(t ), for varying

� at [KaiC] = 6.07 μM [Figs. 4(b) and 4(c)]. A resonant peak
formed in P(ν) at ν = ν0 ∼ 10−1 h−1 points to the ∼10-h
rhythmicity in the trajectories [Fig. 4(c)]. The height (H)
and width (�ν/ν0) of the resonant peak in P(ν) increase
monotonically with the noise level [Fig. 4(d)], which are
consistent with those previously discovered near supercritical
Hopf bifurcation in Ref. [24]. For [KaiC] = 6.07 μM, the
signal-to-noise ratio (SNR) of the resonant peak, i.e., the reg-
ularity of oscillations in time domain, quantified in terms of
β = H/(�ν/ν0) is maximized at an intermediate system size
�max = arg max� β 
 4 μm3 [Fig. 4(e)], which signifies that
there is an optimal noise intensity (or � value) that yields the
maximal regularity in oscillations (equivalently, the maximal
SNR of the signal in frequency space). Small noise added to a
stable trajectory is ineffective to induce oscillations, whereas
large noise is also expected to hinder generation of oscilla-
tions with a regular period. When [KaiC] is varied away from
the Hopf-bifurcation point ([KaiC]cr = 5.71 μM), the optimal
noise level for the resonance shifts toward the smaller �

[see the peak positions in Fig. 4(e)], suggesting that stronger
noise is required to compensate for the increased distance
from the bifurcation. Our finding that an optimal level of
intrinsic noise can induce temporal order in a trajectory that is
otherwise stable and nonoscillatory corresponds to the coher-
ence resonance or stochastic resonance without periodic force
[22] that was also discovered for excitable systems [23,52].

VI. DISCUSSION

Consistent with the existing experimental reports
[4,12,25,33–36], the phase diagram revealed in this study
clarifies that the oscillatory phase of the KaiABC is tightly
regulated over the relatively narrow range of biologically
tunable parameters, [KaiA] and [KaiC]. This is contrasted
with other biochemical circuits, such as the quorum sensing
model of repressilator [54], that give rise to a broad oscillatory
phase under double-negative feedback loops [55]. For the
KaiABC clock emerging from the circuit made of three Kai
proteins without TTF regulation, the parameter space for
timekeeping is sensitively balanced by the competing actions
between the positive and negative feedbacks of KaiA and
KaiB.

Within the oscillatory phase, the parameter space
c = ([KaiC], [KaiA]) giving rise to 〈Tos〉 
 24 h [dotted line
in Fig. 3(a)] and the condition c∗ = ([KaiC]∗, [KaiA]∗) for the
cost-minimizing period 〈Tos〉(c∗) 
 21 h are distinct; yet, their
separation in time is not significant. For an external forcing
with 24-h periodicity, it is expected that the 21-h oscillation
is entrained to the external cycle as long as the forcing ampli-
tude is large enough [56–59]. The stable entrainment occurs,

FIG. 5. Entrainment of the ∼21-h KaiABC rhythm at the cost-
minimizing point to 24-h environmental cues. Based on Ref. [53]
suggesting light-driven changes in metabolism, we assume a mod-
ulation of KaiA-associated kinetic rate defined in Eq. (2): kA

XY →
kA

XY [1 + ε sin (2πt/Text )]. In the diagram of external forcing ampli-
tude (ε) vs its period (Text), the entrainment of the intrinsic oscillation
to the 24-h cycle occurs in the regime depicted in green, correspond-
ing to the Arnold tongue. An increasing ε at Text = 24, depicted with
the red dashed line, indicates that the entrainment occurs when ε

is greater than 10% of the intrinsic reaction rate (kA
XY ). Shown on

the right is the entrainment of T + D + S dynamics (blue) under
external periodic forcing (red) at ε = 0.2 (top panel), contrasted with
the absence of entrainment at ε = 0.05 (bottom panel).

effectively putting the system into the “Arnold tongue,” when
the forcing amplitude of sinusoidal perturbation (ε) added to
the KaiA-associated metabolic rate is greater than 10% of
metabolic rate, i.e., ε � 0.1 (see Fig. 5 and its caption).

Our study on the minimal biochemical oscillator suggests
that a large Q factor, signifying large free energy dissipa-
tion, is inevitable for generation of oscillatory dynamics from
biochemical circuits. Our finding that substantial amount of
ATP per cycle has to be expended to create an oscillation
even from a simplistic biochemical circuit, in fact, aligns well
with other biophysical machineries, such as molecular motors
[15,43,48,60], biological error correction [61–63], molecular
chaperones [64,65], and pattern formation during the early
stage of embryogenesis [66,67].

The results from this study on KaiABC clock are gen-
eral, not necessarily specific to the Rust et al.’s model. The
dynamic quantities required for calculating the uncertainty
product (Q), i.e., 〈Tos〉, 〈δT 2

os〉, and Ṡtot/kB, can be quantified
entirely based on the experimentally measured time traces.
For given dynamical trajectories, the period and its variance
are straightforward to quantify, although extracting an ac-
curate value of entropy production based on Eq. (4) may
involve a certain degree of subtlety, partly due to the level
of coarse graining that the Rust et al.’s model adopts. We as-
sume that the trajectories generated under different conditions
(e.g., at different values of [KaiC] and [KaiA]) are reasonable
extrapolations of the model whose kinetic parameters are de-
cided against the experimental measurement (Table S1).

The cost-optimal rhythmicity and the noise-induced tem-
poral order revealed in this study suggest how physics
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constrains the operation of stochastic clock in cells that
emerges from biochemical circuit. Under the hood of dy-
namical systems [57] and stochastic thermodynamics [68],
these dynamical features can be regarded generic to bi-
ological clocks. They can, in principle, be uncovered in
more complicated biochemical oscillators upon phase re-
duction and center manifold reduction of the associated
dynamics [69,70]. Our study dissecting the capacity of bio-
chemical circuits provides concrete physical insights into
the principles governing self-sustained biological clocks and
can potentially be extended to shed lights on the bioen-
ergetics at the cellular scale [71–73] and beyond [74,75].
Building on earlier efforts to construct synthetic gene
oscillators with tunable or self-sustained dynamics [76–78],

our findings can be of great use in guiding the rational design
of synthetic oscillators.
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