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Tensor network approach to momentum-resolved spectroscopy
in nonperiodic super-moiré systems
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Computing spectral functions in large, nonperiodic super-moiré systems remains an open problem due to
the exceptionally large system size that must be considered. Here, we establish a tensor network methodology
that allows computing momentum-resolved spectral functions of noninteracting and interacting super-moiré
systems at an atomistic level. Our methodology relies on encoding an exponentially large tight-binding problem
as an auxiliary quantum many-body problem, solved with a many-body kernel polynomial tensor network
algorithm combined with a quantum Fourier transform tensor network. We demonstrate the method for one- and
two-dimensional super-moiré systems, including super-moiré with nonuniform strain, interactions treated at the
mean-field level, and quasicrystalline super-moiré patterns. Furthermore, we demonstrate that our methodology
allows us to compute momentum-resolved spectral functions restricted to selected regions of a super-moiré,
enabling direct imaging of position-dependent electronic structure and minigaps in super-moiré systems with
nonuniform strain. Our results establish a powerful methodology to compute momentum-resolved spectral
functions in exceptionally large super-moiré systems, providing a tool to directly model quantum twisting
microscope experiments in twisted van der Waals heterostructures.

DOI: 10.1103/9btt-y8sh

I. INTRODUCTION

The stacking of van der Waals materials [1,2], giving rise
to moiré physics, offers a versatile framework for explor-
ing and engineering a broad spectrum of correlated phases
[3–23]. However, their theoretical modeling remains an open
challenge. While continuum models allow modeling uni-
form moiré systems at relatively low cost [24–29], defects
such as impurities or domain walls represent a challenge for
them. Real-space models provide an alternative to study de-
fects [30–33] and nonuniformity in moiré materials [34,35].
However, the required system sizes for real-space methods
very quickly reach hundreds of thousands of sites, becoming
challenging for conventional methodologies. Beyond moiré
systems, stacking multiple layers can give rise to moiré-of-
moiré, or super-moiré physics, leading to new emergent exotic
phenomena [3,9]. Super-moiré materials’ characteristic length
scales become significantly larger than moiré systems, quickly
reaching million or even billion sites [36,37].

The development of quantum twisting microscope (QTM)
[38–42] has enabled local, momentum-resolved measure-
ments of spectral functions in two-dimensional (2D) van
der Waals materials. Unlike angle-resolved photoemission
spectroscopy (ARPES) [43,44], which averages over large
illuminated regions, the QTM accesses momentum space
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locally via coherent tunneling across a nanoscale, twist-
controlled interface. These novel experimental capabilities
motivate the development of numerical methods that can
bypass conventional memory bottlenecks and faithfully re-
produce momentum-resolved observables in the extremely
large-scale, inhomogeneous moiré and super-moiré systems
now accessible experimentally.

While solving large-scale tight-binding models is a major
computational challenge [45], a recent strategy leveraging
quantum many-body solvers has enabled solving exponen-
tially large single-particle problems [46–48]. This technique
circumvents the need to store large matrices by leveraging
tensor networks, a many-body methodology that enables per-
forming algebraic operations in exponentially large spaces
[49–59], combined with tensor cross interpolation [60–66]
to build the required tensor networks. The strategy of using
tensor networks to represent classical functions has enabled
speedups of several orders of magnitude in a variety of com-
putational problems [62,63,67–72], including computational
chemistry [73] and dynamics problems [74–79]. This en-
abled the study of quasicrystalline mosaics of topological
Chern states [48], and solving interacting super-moiré systems
self-consistently in system sizes above one billion sites [47].
However, current tensor-network-based tight-binding meth-
ods are inherently formulated in real space and do not yet
permit direct computation of momentum-resolved spectral
functions, thereby limiting their applicability to QTM and
ARPES measurements in super-moiré structures.

In this work, we introduce a methodology that en-
ables computing spectral functions in momentum space in
super-moiré materials with tensor networks, providing direct
access to band structures and the prediction of observables
probed by QTM or ARPES measurements. Our algorithm
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exploits a tensor network representation of the quantum
Fourier transform [80–83] (QFT), enabling reconstructing
the momentum-resolved spectral function. We demonstrate
our approach in super-moiré systems in one dimension
(1D) and two dimensions, featuring interactions, inhomoge-
neous strain, and quasicrystalline patterns. Furthermore, we
show that our methodology enables to compute the local
momentum-resolved electronic structure, allowing to image
local changes to the band structure induced by nonuniformity.
Our article is organized as follows. In Sec. II, we intro-
duce the tensor network formulation of tight-binding models,
and the strategy based on a quantum Fourier transform for
momentum-resolved spectra functions, both in the presence
and absence of interactions. In Sec. III, we demonstrate our
methodology for two nonperiodic cases in 1D and 2D. Finally,
in Sec. V, we summarize our results.

II. METHODS

We consider a generic tight-binding Hamiltonian of the
form

Ĥ0 =
∑
α,β,σ

hαβc†
ασ cβσ , (1)

where hαβ are the matrix elements of the Hamiltonian in the
single-particle basis and c†

ασ , cασ are the creation/annihilation
operators for site α and spin σ . The instrumental step in our
methodology is to represent all the required operations in an
exponentially large tight-binding model using tensor network
algorithms, as we elaborate below.

A. Tensor network representation of tight-binding Hamiltonians

To convert the real-space tight-binding Hamiltonian into a
tensor network Hamiltonian, we will perform a pseudospin
encoding of the lattice indices via α = (s1, s2, . . . , sL ), with
sα =↑,↓ In this form, the original single-particle Hamilto-
nian for N = 2L sites Hαβ becomes a many-body Hamiltonian
of L pseudospins in the basis |α〉 = |s1, s2, . . . , sL〉, Hαα′ =
〈α|Ĥ|α′〉 = H(s1,s2,...,sL ),(s′

1,s
′
2,...,s

′
L ). In this pseudospin basis,

the Hamiltonian can be written as a matrix product operator
(MPO) as H(s1,s2,...,sL ),(s′

1,s
′
2,...,s

′
L ) = �

s1,s′
1

1 �
s2,s′

2
2 , . . . , �

sL,s′
L

L . The
tensors �r are four-indexed tensors, where two indexes are vir-
tual and contracted with adjacent tensors, while the remaining
two are physical, corresponding to the local two-dimensional
Hilbert space sr, s′

r . The virtual indexes have dimension χ ,
known as the bond dimension, which controls the complex-
ity of the local tensor, which in the language of many-body
quantum systems is a measure of the entanglement. This pro-
cess is depicted in Fig. 1(a), where the real-space electronic
system is a chain of length N = 8 and the tensorized Hamil-
tonian becomes a many-body pseudospin chain of length L =
log2(N ) = 3. Each of the eight basis elements of the single-
particle Hamiltonian becomes a basis element of a smaller
system of spins. This formulation is analogous to the quantics
framework [62], which encodes the grid on which a function
is numerically approximated via a binary expansion of the
grid points, and subsequently encodes the function values
as multiindex tensors. This structure enables the application
of tensor cross-interpolation techniques for compact storage

FIG. 1. (a) Schematic of the mapping between a single-particle
problem with N = 2L = 8 sites and a many-body pseudospin chain
of length L = 3. While a sparse 2L × 2L matrix represents the Hamil-
tonian in the real-space representation, it is represented by an L-site
MPO in the tensor network representation. (b) Tensor network al-
gorithm to compute the momentum-resolved spectral function. The
purple matrix product states (MPSs) at the top and bottom of this
network represent momentum basis states |k〉. The green MPOs rep-
resent the Quantum Fourier Transform F̂ and its inverse F̂−1, which
are acting on the operator δ(ω − Ĥ). (c) The same tensor network
as in panel (b), but augmented with projection MPOs P̂R to resolve
the spectral functions locally. (d) The tensor network self-consistent
mean-field (SCMF) loop. Here, Tαβ represents the noninteracting
part of the tensorized Hamiltonian and χαβ represents the one-body
operator in tensorized form that results from iteratively computing
〈c†

αcβ〉 in the Hubbard term in Eq. (6).

and efficient tensor contractions [55], thereby facilitating the
representation of operations on such functions [64]. More-
over, it allows us to use the broader class of Quantics tensor
cross-interpolation (QTCI) algorithms developed within this
formalism to represent highly featured modulations on the
lattice [62].

For clarity, we illustrate the construction for a one-
dimensional, noninteracting, spinless tight-binding Hamil-
tonian Ĥ . In real space, Ĥ can be decomposed into a
kinetic matrix K̂ , which is a shift matrix with nonzero
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elements 〈i|K̂|i + 1〉 = 1, and a diagonal matrix T̂ (1) =
diag(t (1)

1 , t (1)
2 , . . . , ) containing the (potentially spatially

varying) hopping amplitudes. Together, they define the up-
per triangular part of the Hamiltonian as T̂ K̂ . Higher-order
neighbor hoppings are naturally constructed by successive
powers of K̂ , each weighted by a corresponding diagonal
matrix T̂ (n) = diag(t (n)

1 , t (n)
2 , . . . , ), yielding the general form

Ĥ = ∑
n T̂ (n)K̂n + H.c. To express this Hamiltonian in ten-

sor form, we construct an equivalent many-body kinetic
operator that reproduces the action of K̂ on the pseudospin
basis states. This is achieved by using the operator K̂ =∑L

r=1 σ+
r

⊗
m>r σ−

m , where σ±
r = (σ x

r ± iσ y
r )/2 are Pauli lad-

der operators acting at site r. The hopping amplitudes are then
encoded in diagonal MPOs, constructed from MPSs generated
using the QTCI algorithm applied to an arbitrary function
t (xi ). The full tensorized Hamiltonian therefore takes the gen-
eral form

Ĥ =
∑

n

T̂ (n)K̂n + H.c., (2)

where each term describes the nth-neighbor hopping, with K̂n

encoding the shift and T̂ (n) the spatially varying amplitudes.
The n = 0 term represents on-site modulated potentials that
can likewise be implemented as diagonal MPOs constructed
via QTCI (see Refs. [47,48,84,85] for further details).

Once the Hamiltonian is obtained, we can compute spec-
tral quantities using the kernel polynomial method (KPM)
[86]. For instance, the spectral function is calculated from the
Dirac-delta operator, which takes the form

δ(ω − Ĥ) = 1

π
√

1 − ω2

[
1 + 2

∞∑
n=1

μ̂nTn(ω)

]
, (3)

where Tn(x) is a Chebyshev polynomial satisfying the recur-
rence relation T0(x) = 1, T1(x) = x, and Tn(x) = 2Tn−1(x) −
Tn(x) for n > 1, with ω and Ĥ being rescaled frequencies and
Hamiltonians, as the KPM requires functions taking values
in the domain D = (−1, 1). The Chebyshev moments for this
operator are simply given by μn = ∫ 1

−1 dωδ(ω − Ĥ)Tn(ω) =
Tn(Ĥ), which can be directly computed using the Chebyshev
recurrence relations with matrix product operators. In prac-
tice, only Nμ terms are retained, as the KPM, when combined
with the Jackson kernel [87], leads to an effective energy
smearing of order 1/Nμ that controls the spectral broaden-
ing [86]. From this, one can obtain, for instance, the local
density of states (LDOS) ρ(r, ω) = 〈r|δ(ω − Ĥ)|r〉, or the
momentum-resolved spectral function A(k, ω), using a KPM
tensor network algorithm [86]. The main object of this work
is the momentum-resolved spectral function, defined as

A(k, ω) = 〈k|F̂δ(ω − Ĥ)F̂−1|k〉, (4)

where F̂ is the Fourier transform that in the pseudospin rep-
resentation becomes a Quantum Fourier Transform, as we
elaborate on in the following subsection. The tensor network
giving rise to A(k, ω) is depicted in Fig. 1(b).

B. The quantum fourier transform

The momentum-resolved spectral function A(k, ω) is ob-
tained by using the QFT operator [82] in the many-body

pseudospin representation of the full spectral function. The
QFT notably underpins Shor’s factorization algorithm [80]
and is also used in the quantum phase estimation problem in
quantum circuits [81]. A central key point of our algorithm is
that the QFT can be efficiently represented as a tensor network
with very low bond dimension [82,83,88,89]. It is worth to
first elaborate on how we can leverage a quantum algorithm
for a classical computation. For the sake of concreteness, we
focus the discussion in a one-dimensional system, noting that
the procedure can be readily extended to two dimensions.
For single-particle basis states in real space |α〉, the QFT
is equivalent in definition to the discrete Fourier transform,
which acts as F̂ : |α〉 	→ |k〉, with

|k〉 = 1√
N

N∑
α=1

ωkα
N |α〉, ωkα

N = e2π ikα/N .

Note that this transform can be applied to any discrete set
of basis states, irrespective of whether the underlying sys-
tem is periodic. Incommensurability enters solely through the
Hamiltonian matrix elements Hx,x′ , for instance, via quasiperi-
odic on-site modulations, while the basis itself remains
unaffected. In the absence of periodicity, momentum ceases
to be a conserved quantum number, and consequently, spec-
tral functions in the Fourier basis are generally nondiagonal.
The QFT therefore provides a reciprocal-space representation
rather than a set of translation eigenstates. As a unitary trans-
formation, it preserves all information, so the full real-space
structure, including any incommensurate features, remains
encoded in the transformed representation.

The binary representation of the single-particle basis states
can be written as |α〉 = |s1s2 · · · sL〉, where sr = ↓,↑ ≡
0, 1 can be understood as the binary representation of
α = ∑

r sr2L−r . It then follows that one can write ωkα
N =∏

r e2π iksr 2−r
, or

F̂ |k〉 = 1√
N

L⊗
r=1

1∑
sr=0

e2π iksr 2−r |sr〉

=
L⊗

r=1

1√
2

[|0〉 + e2π ik2−r |1〉].

By expanding the basis vector |k〉 = |s̄1s̄2 · · · s̄L〉, it can be
shown that the full representation of the Fourier transform
action on the many-body pseudospin basis (represented here
as qubits) is given by

F̂ |s̄1s̄2 · · · s̄L〉 = 1√
2L

[|0〉 + e2π i[0.s̄L]|1〉]⊗
[|0〉 + e2π i[0.s̄L−1 s̄L]|1〉]⊗
· · · ⊗ [|0〉 + e2π i[0.s̄1 s̄2···s̄L]|1〉], (5)

where we used fractional binary notation [0 · s̄ms̄m+1 · · · s̄L] =∑L
r=m s̄r2−r , with m ∈ {1, . . . , L}. This unitary operation can

be implemented as a quantum circuit by the application of
a Hadamard gate Ĥ and a sequential application of the con-
trolled dyadic rational phase gate CR̂κ . These gates are defined
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as

Ĥ = 1√
2

(
1 1
1 −1

)
, R̂κ =

(
1 0
0 e2π i2−κ

)
.

The first step of the circuit implementation is

(1) Ĥ1|s̄〉 = 1

2
(|0〉 + e2π i[0.s̄1]|1〉)|s̄2 · · ·〉,

(2) R̂2Ĥ1|s̄〉 = 1

2
(|0〉 + e2π i[0.s̄1 s̄2]|1〉)|s̄2 · · ·〉,

...

(L) R̂L · · · R̂1Ĥ1|s̄〉 = 1

2
(|0〉 + e2π i[0.s̄1···s̄L]|1〉)|s̄2 · · ·〉,

where we used the shorthand notation |s̄〉 = |s̄1s̄2 · · · s̄L〉. This
procedure costs L operations and needs to be repeated for
the remaining L − 1 qubits, followed by L/2 swap operations
to yield Eq. (5). Thus, the QFT is a unitary transformation
equivalent to the discrete Fourier transform but with a re-
duced computational complexity of O(L2), where L = log2 N ,
which is much cheaper than the O(N log N ) operations needed
to perform the fast Fourier transform. In practice, the algo-
rithm is not implemented via the explicit circuit description
shown here, but rather through optimized tensor network in-
terpolative schemes [83], implemented with QTCI [64].

C. Tensor network self-consistent mean-field calculation

Interaction effects can be treated at the mean-field level by
performing a self-consistent density decoupling using tensor
network techniques [46,47]. For the sake of concreteness, we
take a local Hubbard interaction [90] of the form

Ĥint =
∑

α

Uα

(
n̂α↑ − 1

2

)(
n̂α↓ − 1

2

)
, (6)

where n̂α,σ = c†
α,σ cα,σ and Uα is a local Hubbard interaction,

which could also depend on the position rα . To perform the
self-consistent mean-field decoupling, the Hamiltonian is ex-
panded as

Ĥint,α/Uα ≈
(

n̂α↑ − 1

2

)(
〈n̂α↓〉 − 1

2

)

+
(

〈n̂α↑〉 − 1

2

)(
n̂α↓ − 1

2

)
,

where the expectation value of the density operator is
taken with respect to the many-body ground state |�〉 =∏

εμ<εF
�†

μ|0〉, where ĤMF|�μ〉 = εμ|�μ〉, and the eigen-
states of the single-particle mean-field Hamiltonian, and εF is
the Fermi energy and |0〉 the empty state. This can be written
as

〈n̂ασ 〉 =
∫ εF

−∞
dω〈0|cασ δ(ω − ĤMF)c†

ασ |0〉, (7)

or more compactly as 〈n̂ασ 〉 = 〈α, σ |�̂(ĤMF)|α, σ 〉. Here,
ĤMF is the mean-field Hamiltonian and εF the Fermi en-
ergy. The operator �̂ is expanded in terms of Chebyshev
polynomials, �̂(ĤMF) = ∑∞

n=0 λnTn(ĤMF), whose moments
are given by λ0 = ∫ ε̃F

−1 dω 1
π

√
1−ω2 and λn�1 = ∫ ε̃F

−1 dω 2Tn(ω)
π

√
1−ω2 ,

where ε̃F is a rescaled Fermi energy. The mean-field Hamil-
tonian ĤMF is computed as a tensor network self-consistent
equation [47,55], starting from an initial guess for n̂α,σ and
iterating Eq. (7) until convergence is reached. Throughout this
process, the densities are taken to be diagonal MPOs, evalu-
ated using QTCI. The local potential U can also be modulated
and expressed as an MPO by using the QTCI algorithm (see
Ref. [47] for more details). This could be useful for modeling
a spatially dependent local interaction, which is achievable
through Coulomb engineering [91]. The KPM SCMF process
is depicted in Fig. 1(c).

III. MOMENTUM-RESOLVED SPECTRAL FUNCTION
IN SUPER-MOIRÉ SYSTEMS

In practical super-moiré systems, we are interested in
knowing the momentum-resolved spectral function in a local
region of space. This capability is essential in super-moiré
systems where the moiré pattern varies slowly across the sam-
ple, resulting in local variations of the band structure. Such
a spatially dependent dispersion can directly be probed by
the QTM [38,42], which measures the local spectral function
with momentum resolution. For instance, in recently realized
strain-programmable moiré systems [92], where both strain
and moiré wavelength vary continuously across the sam-
ple, the QTM can reveal position-dependent band features.
An important reformulation of Eq. (4) is the incorpora-
tion of real-space projectors, which enable to compute the
momentum-resolved spectral function in a selected region.
Our approach captures these variations by computing the lo-
cally projected spectral function, thereby providing theoretical
access to the spatial structure of momentum-resolved observ-
ables. For this purpose, we construct MPOs P̂R representing
projectors onto the closest NR sites around a location R. The
projected spectral function is then defined as

AP(R, k, ω) = 〈k|F̂P̂Rδ(ω − ĤMF)P̂RF̂−1|k〉.
To exemplify the tools developed in this work, we present

results in both 1D and 2D where aperiodicity and incommen-
surability play a significant role.

A. One-dimensional super-moiré and inhomogeneous strain

We consider a super-moiré system with nonuniform strain,
leading to a modulated nearest-neighbor hopping amplitude
that varies linearly in a 1D chain. The hopping amplitude is
modulated by two incommensurate wavelengths and is given
by

ti,i+1 = t (xi )

[
1 + 1

5

2∑
l=1

cos(k̃l (x̃i )x̃i )

]
, (8)

where x̃i = (xi + xi+1)/2 and k̃l (x̃) = 2π/λl (x̃). For the sake
of concreteness, we take the interatomic distance a = 1.
The atomic-scale wavelength is kept constant λ1(x) = √

5/2,
while the moiré one grows linearly, λ2(x) = √

3N/15(1 +
x/N ). Additionally, the overall amplitude is also modulated
with a linear function t (x) = t0(1 + 3x/4N ), which allows us
to expose the differences between the region at the start from
the region at the end clearly.
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FIG. 2. Simulation results in 1D. The system size is N = 224, and the projected regions have sizes NX = N/16. (a) Local density of states
ρ(xi, ω) and (b) the total momentum-space spectral function A(k, ω). (c), (d) projected spectral function AP(k, ω) for a 1D chain featuring a
hopping modulation with a linearly increasing frequency and amplitude. (e) The hopping modulation shows that the amplitude, the average,
the atomic-scale, and the moiré wavelengths increase. In panels (b) and (c), the splitting of the band due to the incommensurate modulation is
not as obvious as in panel (d).

We show in Fig. 2(a) the local density of states ρ(x, ω) =
〈x|δ(ω − Ĥ)|x〉 along the chain, where the spectral weight
clearly follows the large-scale modulation pattern, reflecting
the increasing frequency and amplitude. In Fig. 2(b), the cor-
responding total spectral function A(k, ω) is shown, featuring
a smearing out from the mixing of spectral weight from the
different regions of the system. In order to resolve those
features, the projected spectral functions AP(X, k, ω) for two
spatial regions of sizes NX ≈ N/16 (indicated by gray connec-
tors) are presented in Figs. 2(c) and 2(d). Distinct variations
in AP(X, k, ω) between these regions are visible. Notably, the
minigaps are more pronounced in Fig. 2(d), corresponding to a
region where the hopping modulation wavelength is two times
larger and the amplitude is 75% larger than that of the region
shown in Fig. 2(c). These spatial variations are illustrated in
Fig. 2(e), where the modulation function t (x) is plotted. The
interaction strength is set to U = 3.2t and the system size to
N = 224, far beyond the capabilities of dense matrix solvers.

B. Momentum-resolved spectral function
in a two-dimensional quasicrystal

We now consider a noninteracting 2D square-lattice model
with an eightfold rotationally symmetric quasicrystalline hop-
ping modulation potential. Such Hamiltonians naturally arise

in platforms where quasiperiodic potentials are engineered
through controlled interference of multiple periodic struc-
tures. In ultracold atoms, for example, eightfold rotationally
symmetric optical potentials are created by superimposing
four mutually detuned standing-wave lasers at 45◦ angles
[93–95]. Related experiments demonstrate that such optical
configurations yield dense, scale-invariant diffraction pat-
terns and effectively realize higher-dimensional tight-binding
models via the cut-and-project mechanism [95,96]. Here,
to demonstrate the capabilities of our method, we include
quasicrystalline incommensurate modulations at two widely
different length scales. To this end, we take a system where
the hopping amplitude is given by

t (r) = t0

[
1 +

4∑
n=1

(
�α cos (αkn · r̃) + �β cos (βkn · r̃)

)]
,

(9)
where �α controls the modulation strength at the atomic
scale, �β controls the modulation strength at a much bigger
length scale, and kn = Rn(π/4)[2π, 0]T , with R(π/4) being
the 2D rotation matrix with an angle of π/4 radians. We
also introduced a shorthand notation for shifted coordinates
r̃i ≡ [xi − Nx/2, yi − Ny/2]T such that the rotationally invari-
ant point lies at the center of the lattice. We take �α = 0.25,
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FIG. 3. Simulation results in 2D. The system size is N = 224, with Nx = Ny = 212, and the projected regions have linear sizes NR ≈
Nx/16 = Ny/16. (a) The hopping function in real space and a close-up into the central region, where the two moiré modulations at the different
scales are clearly visible. (b) The total momentum-resolved spectral function A(k, ω) along the line kx = ky. (c) The LDOS ρ(r.ω = 0) and
a close-up into the same region as in panel (a), where the spatial pattern closely follows that of the hopping modulation. (d) The projected
momentum-resolved spectral function AP(R.k, ω) in the two regions shown in panel (c), with insets showing pronounced differences between
them. In particular, moiré minigaps are more clearly resolved in the top inset.

�β = 0.1, and moiré scales α = 1/10
√

2 and β = 16/
√

3Nx.
The hopping amplitude is always evaluated at the midpoint
between nearest neighbors, ri,i+1 = (ri + ri+1)/2. The system
size used is N = 224 ≈ 107, with Nx = Ny = 212.

We show the profile of the hopping amplitude function
in Fig. 3(a), together with a magnified view of the central
region to show the eightfold patterns at the different length
scales. In Fig. 3(b), the total spectral function along kx = ky

is shown, revealing the emergent moiré gaps in the elec-
tronic spectrum created by the quasicrystalline pattern. In
Fig. 3(c), the LDOS ρ(r, ω = 0) is shown with the same
region magnified, highlighting similar patterns as the ones
seen in Fig. 3(a). Finally, we show in Fig. 3(d) the projected
spectral functions AP(R, k, ω) for the central region featuring
a maximum of t (r) and another toward the bottom right corner
featuring a minmum of t (r). These regions, of linear sizes
NR ≈ Nx/16 = Ny/16, are indicated with a square in Fig. 3(c).
Similarly to the 1D case in Figs. 2(c) and 2(d), each spatial
region in 2D features a different local electronic structure. In
particular, Fig. 3(d) shows that at half filling the states show

a stronger localization not at the center of the pattern, but
elsewhere. In contrast, and as observed in the magnified insets
in Fig. 3(d), the bottom of the band has a significantly higher
spectral weight in the central region. It is interesting to note
that in 2D, nesting conditions for the quasicrystalline pattern
become more complex than in 1D, making the moiré spectral
reconstructions much richer.

C. Discussion

It is worth mentioning that while the model systems
considered in this work are chosen to illustrate the capa-
bilities of the method, the framework itself is fully general
and applicable to realistic material models. Any compress-
ible tight-binding Hamiltonian [47], obtained for example
from Wannierized ab initio calculations or experimentally
fitted parameters, can be encoded in the tensor network
MPO representation described in Sec. II. The subsequent
KPM and QFT steps are model-agnostic, enabling the
computation of momentum-resolved spectral functions for ex-
perimentally relevant twisted van der Waals heterostructures,
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FIG. 4. Benchmarking results. (a) Rank growth as a function of number of moments Nμ and logarithm of system size L = log2(N ). The
maximum rank is manually set to χmax = 100. (b) RMS error, defined in Eq. (10), as a function of rank χ and L. (c) Total wall time as a
function of L and Nμ. (d) Total memory consumption as a function L and Nμ.

strain-engineered moiré systems, or aperiodic super-moiré
structures. In particular, the projected spectral functions
AP(R, k, ω) provide a direct theoretical counterpart to spa-
tially resolved QTM measurements.

Finally, we note that the interactions in the examples show
simply open correlated gaps, but they are topologically trivial.
It is nevertheless worth noting that our methodology would
be capable of capturing topological states. Since the method
operates directly on real-space tight-binding Hamiltonians en-
coded as MPOs, any topological phase faithfully represented
at the single-particle Hamiltonian level, such as Chern insu-
lators, can be treated with appropriate minimal modifications.
For example, one can explicitly construct a Hamiltonian fea-
turing a domain wall between a topological and a trivial phase.
In such a setup, the projected momentum-resolved spectral
function would reveal the in-gap edge modes localized at
the interface. Since their spectral weight is a few orders of
magnitude smaller than that of bulk states, their calculation
would leverage the local projectors in real space, to focus
on the regions where the edge modes are located. In this
sense, the approach is complementary to real-space tensor
network methods for computing topological invariants [48],
providing a spectroscopic perspective directly comparable to
experiment.

IV. NUMERICAL BENCHMARKING

In this article, we perform numerical benchmarking to pro-
vide information on the scalability of the methods developed.
The most computationally expensive operation is the calcu-
lation of the Chebyshev moments of the Hamiltonian, Tn(Ĥ ),
from Eq. (3). These involve repeated MPO-MPO contractions,
whose cost grows rapidly with the maximum bond dimension
and can become prohibitively expensive if left uncontrolled.
Fortunately, these calculations are well suited to GPU acceler-
ation and, when combined with systematic control of the bond
dimension, result in comparatively moderate computational
times. All calculations were performed on NVIDIA H200
GPUs available on the local cluster.

In Fig. 4, we provide a summary of the numerical
benchmarking. All simulations are done for the Hamiltonian
considered in Sec. III A, with Uα = 0. The benchmarking for
the SCMF calculations was performed in Ref. [47], which is
why we do not consider it here. We first show in Fig. 4(a) how
the rank χ grows with the number of moments Nμ for various
system sizes N = 2L, with L = 15, 20, 25, 30. There, one can
observe that the maximum set manually to χmax = 100 is
reached after about 50 moments, independent of system size.
As this rank is reached, the tensor network algorithms start
to compress the MPOs substantially. As such, we show in
Fig. 4(b) the error between the spectral function evaluated
with a high bond dimension of χmax = 300, A(k, ω; χmax =
300), and A(k, ω; χmax = χ ) for arbitrary χ . This is measured
by the relative root-mean-square (RMS) error, defined as

ε(χ ) =
√∑

i j |Ai j (χ ) − Ai j (χmax)|2∑
i j |Ai j (χmax)|2 , (10)

where Ai j abbreviates A(ki, ω j ). The decay of the error with
increasing χ is essentially system-size independent, indicat-
ing that the accuracy of the tensor compression is governed by
the chosen rank cutoff rather than by the Hilbert-space dimen-
sion. For our purposes, it is obvious that χ ≈ 100 is more than
sufficient to capture the spectral function, as the error decays
subexponentially and ε(χ ≈ 150) ≈ 10−4. In Fig. 4(c), the
total wall time to calculate all the Chebyshev polynomials as
a function of the logarithm of system size, L = log2(N ), is
shown, for various numbers of moments Nμ. The total wall
time grows linearly with L for all Nμ. The slope of this linear
growth increases with Nμ, and, as expected, it takes more time
to compute a larger number of polynomials. Finally, Fig. 4(d)
shows the GPU memory consumption, which only increases
very slightly with a higher number of moments. Additionally,
the behavior appears to increase very slowly with system
size. From the figure, one can estimate that the total cost of
computing all the Chebyshev polynomials is between 3 and
5 GB.

Beyond the calculation of the moments, one must still
combine them into δ(ω − Ĥ ) using Eq. (3) and perform the
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Fourier transform. These steps take at most a few minutes.
The final step is a sampling procedure, which we typically
perform on a 100 × 100 grid (energy versus position in 1D,
and x versus y at fixed energy in 2D). This stage is the most
time consuming and scales as O(Nsamp) with the number of
sampled points (here, Nsamp ∼ 104), and is effectively inde-
pendent of the moment number Nμ and other parameters used
in the moment construction. In addition, we also perform
block averaging in our coarse-grained sampling procedure,
which also increases the computational time. As an example,
the full computational time for a noninteracting 2D system
with N = 224, without averaging, takes around 2 h for 80 k
points and 100 ω points.

V. CONCLUSION

Quantum twisting microscope experiments enable per-
forming momentum-resolved measurements with spatial res-
olution in two-dimensional materials. However, from the
computational perspective, simulating those measurements
requires computing momentum-resolved spectral functions
in exceptionally large super-moiré materials. Here, we have
demonstrated a tensor network methodology to compute
momentum-resolved spectral functions in large-scale super-
moiré systems. Our approach combining a tensor network
kernel polynomial method with a quantum Fourier transform
enables the resolution of spectral features in both real and mo-
mentum spaces, while accommodating moiré and super-moiré
spatial modulations and electron-electron interactions treated
at the self-consistent mean-field level. We demonstrated this

methodology in both one and two dimensions, capturing the
coexistence of interactions and nonuniform strain, and a qua-
sicrystalline eightfold-symmetric super-moiré potential. We
showed that our tensor network algorithms allows resolving
interaction-induced and moiré-induced spectral gaps and the
complex structure of nonperiodic band features, and enabling
mapping the momentum-resolved spectra across different re-
gions of the system.

Our results put forward a widely applicable methodology
to compute momentum-resolved spectral functions of excep-
tionally large super-moiré systems.
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[23] V. Vaňo, M. Amini, S. C. Ganguli, G. Chen, J. L. Lado,
S. Kezilebieke, and P. Liljeroth, Artificial heavy fermions in
a van der Waals heterostructure, Nature (London) 599, 582
(2021).

[24] J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H. Castro
Neto, Graphene bilayer with a twist: Electronic structure, Phys.
Rev. Lett. 99, 256802 (2007).

[25] P. San-Jose and E. Prada, Helical networks in twisted bilayer
graphene under interlayer bias, Phys. Rev. B 88, 121408(R)
(2013).

[26] F. Guinea and N. R. Walet, Continuum models for twisted
bilayer graphene: Effect of lattice deformation and hopping
parameters, Phys. Rev. B 99, 205134 (2019).

[27] R. Bistritzer and A. H. MacDonald, Moiré bands in twisted
double-layer graphene, Proc. Natl. Acad. Sci. USA 108, 12233
(2011).

[28] G. Tarnopolsky, A. J. Kruchkov, and A. Vishwanath, Origin of
magic angles in twisted bilayer graphene, Phys. Rev. Lett. 122,
106405 (2019).

[29] M. Koshino, N. F. Q. Yuan, T. Koretsune, M. Ochi, K. Kuroki,
and L. Fu, Maximally localized Wannier orbitals and the ex-
tended Hubbard model for twisted bilayer graphene, Phys. Rev.
X 8, 031087 (2018).

[30] A. Ramires and J. L. Lado, Impurity-induced triple point
fermions in twisted bilayer graphene, Phys. Rev. B 99, 245118
(2019).

[31] A. Lopez-Bezanilla and J. L. Lado, Defect-induced magnetism
and Yu-Shiba-Rusinov states in twisted bilayer graphene, Phys.
Rev. Mater. 3, 084003 (2019).

[32] L. Baldo, T. Löthman, P. Holmvall, and A. M. Black-Schaffer,
Defect-induced band restructuring and length scales in twisted
bilayer graphene, Phys. Rev. B 108, 125141 (2023).

[33] M. S. Ramzan, Z. A. H. Goodwin, A. A. Mostofi, A. Kuc, and J.
Lischner, Effect of Coulomb impurities on the electronic struc-
ture of magic angle twisted bilayer graphene, npj 2D Mater.
Appl. 7, 49 (2023).

[34] A. L. R. Manesco and J. L. Lado, Correlation-induced val-
ley topology in buckled graphene superlattices, 2D Mater. 8,
035057 (2021).

[35] V. T. Phong and E. J. Mele, Boundary modes from periodic
magnetic and pseudomagnetic fields in graphene, Phys. Rev.
Lett. 128, 176406 (2022).

[36] G. Chen, L. Jiang, S. Wu, B. Lyu, H. Li, B. L. Chittari, K.
Watanabe, T. Taniguchi, Z. Shi, J. Jung, Y. Zhang, and F. Wang,
Evidence of a gate-tunable Mott insulator in a trilayer graphene
moiré superlattice, Nat. Phys. 15, 237 (2019).

[37] Z. Zhu, P. Cazeaux, M. Luskin, and E. Kaxiras, Model-
ing mechanical relaxation in incommensurate trilayer van
der Waals heterostructures, Phys. Rev. B 101, 224107
(2020).

[38] A. Inbar, J. Birkbeck, J. Xiao, T. Taniguchi, K. Watanabe,
B. Yan, Y. Oreg, A. Stern, E. Berg, and S. Ilani, The
quantum twisting microscope, Nature (London) 614, 682
(2023).

[39] J. Xiao, Y. Vituri, and E. Berg, Probing the order pa-
rameter symmetry of two-dimensional superconductors by
twisted Josephson interferometry, Phys. Rev. B 108, 094520
(2023).

[40] V. Peri, S. Ilani, P. A. Lee, and G. Refael, Probing quantum spin
liquids with a quantum twisting microscope, Phys. Rev. B 109,
035127 (2024).

[41] J. Xiao, E. Berg, L. I. Glazman, F. Guinea, S. Ilani, and F.
von Oppen, Theory of phonon spectroscopy with the quantum
twisting microscope, Phys. Rev. B 110, 205407 (2024).

[42] J. Birkbeck, J. Xiao, A. Inbar, T. Taniguchi, K. Watanabe,
E. Berg, L. Glazman, F. Guinea, F. von Oppen, and S. Ilani,
Quantum twisting microscopy of phonons in twisted bilayer
graphene, Nature (London) 641, 345 (2025).

[43] H. Zhang, T. Pincelli, C. Jozwiak, T. Kondo, R. Ernstorfer, T.
Sato, and S. Zhou, Angle-resolved photoemission spectroscopy,
Nat. Rev. Methods Primers 2, 54 (2022).

[44] M. Cattelan and N. A. Fox, A perspective on the application of
spatially resolved ARPES for 2D materials, Nanomaterials 8,
284 (2018).

[45] S. M. Joao, M. Andelkovic, L. Covaci, T. G. Rappoport,
J. M. V. P. Lopes, and A. Ferreira, Kite: High-performance ac-
curate modelling of electronic structure and response functions
of large molecules, disordered crystals and heterostructures, R.
Soc. Open Sci. 7, 191809 (2020).

023282-9

https://doi.org/10.1103/PhysRevB.105.165304
https://doi.org/10.1126/science.aav1910
https://doi.org/10.1038/s41565-022-01314-x
https://doi.org/10.1038/s41586-023-06452-3
https://doi.org/10.1038/s41586-023-06289-w
https://doi.org/10.1126/science.aay5533
https://doi.org/10.1038/s41586-023-07010-7
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/s41586-023-05800-7
https://doi.org/10.1038/s41586-023-06663-8
https://doi.org/10.1038/s41586-021-04021-0
https://doi.org/10.1103/PhysRevLett.99.256802
https://doi.org/10.1103/PhysRevB.88.121408
https://doi.org/10.1103/PhysRevB.99.205134
https://doi.org/10.1073/pnas.1108174108
https://doi.org/10.1103/PhysRevLett.122.106405
https://doi.org/10.1103/PhysRevX.8.031087
https://doi.org/10.1103/PhysRevB.99.245118
https://doi.org/10.1103/PhysRevMaterials.3.084003
https://doi.org/10.1103/PhysRevB.108.125141
https://doi.org/10.1038/s41699-023-00403-2
https://doi.org/10.1088/2053-1583/ac0b48
https://doi.org/10.1103/PhysRevLett.128.176406
https://doi.org/10.1038/s41567-018-0387-2
https://doi.org/10.1103/PhysRevB.101.224107
https://doi.org/10.1038/s41586-022-05685-y
https://doi.org/10.1103/PhysRevB.108.094520
https://doi.org/10.1103/PhysRevB.109.035127
https://doi.org/10.1103/PhysRevB.110.205407
https://doi.org/10.1038/s41586-025-08881-8
https://doi.org/10.1038/s43586-022-00133-7
https://doi.org/10.3390/nano8050284
https://doi.org/10.1098/rsos.191809


MOUSTAJ, SUN, ANTÃO, AND LADO PHYSICAL REVIEW RESEARCH 8, 023282 (2026)

[46] A. O. Fumega, M. Niedermeier, and J. L. Lado, Correlated
states in super-moiré materials with a kernel polynomial quan-
tics tensor cross interpolation algorithm, 2D Mater. 12, 015018
(2025).

[47] Y. Sun, M. Niedermeier, T. V. C. Antao, A. O. Fumega, and
J. L. Lado, Self-consistent tensor network method for correlated
super-moiré matter beyond one billion sites, Phys. Rev. Res. 7,
043288 (2025).

[48] T. V. C. Antão, Y. Sun, A. O. Fumega, and J. L. Lado, Tensor
network method for real-space topology in quasicrystal Chern
mosaics, Phys. Rev. Lett. 136, 156601 (2026).

[49] S. R. White, Density matrix formulation for quantum renormal-
ization groups, Phys. Rev. Lett. 69, 2863 (1992).

[50] J. I. Cirac, D. Pérez-García, N. Schuch, and F. Verstraete, Ma-
trix product states and projected entangled pair states: Concepts,
symmetries, theorems, Rev. Mod. Phys. 93, 045003 (2021).

[51] M. C. Bañuls, Tensor network algorithms: A route map, Annu.
Rev. Condens. Matter Phys. 14, 173 (2023).

[52] R. Orús, A practical introduction to tensor networks: Matrix
product states and projected entangled pair states, Ann. Phys.
349, 117 (2014).

[53] U. Schollwöck, The density-matrix renormalization group in
the age of matrix product states, Ann. Phys. 326, 96 (2011).

[54] E. Stoudenmire and S. R. White, Studying two-dimensional
systems with the density matrix renormalization group, Annu.
Rev. Condens. Matter Phys. 3, 111 (2012).

[55] M. Fishman, S. White, and E. Stoudenmire, The ITensor soft-
ware library for tensor network calculations, SciPost Phys.
Codebases 4 (2022).

[56] Y. Zhou, E. M. Stoudenmire, and X. Waintal, What limits the
simulation of quantum computers? Phys. Rev. X 10, 041038
(2020).

[57] W. Huggins, P. Patil, B. Mitchell, K. B. Whaley, and E. M.
Stoudenmire, Towards quantum machine learning with tensor
networks, Quantum Sci. Technol. 4, 024001 (2019).

[58] R. Orús, Tensor networks for complex quantum systems, Nat.
Rev. Phys. 1, 538 (2019).

[59] G. K.-L. Chan, A. Keselman, N. Nakatani, Z. Li, and S. R.
White, Matrix product operators, matrix product states, and
ab initio density matrix renormalization group algorithms, J.
Chem. Phys. 145, 014102 (2016).

[60] I. Oseledets and E. Tyrtyshnikov, Tt-cross approximation
for multidimensional arrays, Linear Algebra Appl. 432, 70
(2010).

[61] I. V. Oseledets, Tensor-train decomposition, SIAM J. Sci.
Comput. 33, 2295 (2011).

[62] M. K. Ritter, Y. Núñez Fernández, M. Wallerberger, J.
von Delft, H. Shinaoka, and X. Waintal, Quantics tensor
cross interpolation for high-resolution parsimonious represen-
tations of multivariate functions, Phys. Rev. Lett. 132, 056501
(2024).

[63] M. Jeannin, Y. Núñez Fernández, T. Kloss, O. Parcollet, and
X. Waintal, Cross-extrapolation reconstruction of low-rank
functions and application to quantum many-body observables
in the strong coupling regime, Phys. Rev. B 110, 035124
(2024).

[64] Y. Núñez Fernández, M. K. Ritter, M. Jeannin, J.-W. Li, T.
Kloss, T. Louvet, S. Terasaki, O. Parcollet, J. von Delft, H.
Shinaoka, and X. Waintal, Learning tensor networks with tensor

cross interpolation: New algorithms and libraries, SciPost Phys.
18, 104 (2025).

[65] M. Ritter and contributors, Quanticstci.jl, Github, 2022, https:
//github.com/tensor4all/quanticstci.jl.

[66] M. Ritter and contributors, Tensorcrossinterpolation.jl, Github,
2022, https://github.com/tensor4all/TensorCrossInterpolation.
jl/tree/main.

[67] X. Waintal, C.-H. Huang, and C. W. Groth, Who can compete
with quantum computers? Lecture notes on quantum inspired
tensor networks computational techniques, arXiv:2601.03035.

[68] H. Shinaoka, M. Wallerberger, Y. Murakami, K. Nogaki, R.
Sakurai, P. Werner, and A. Kauch, Multiscale space-time ansatz
for correlation functions of quantum systems based on quantics
tensor trains, Phys. Rev. X 13, 021015 (2023).

[69] A. Erpenbeck, W.-T. Lin, T. Blommel, L. Zhang, S. Iskakov,
L. Bernheimer, Y. Núñez Fernández, G. Cohen, O. Parcollet,
X. Waintal, and E. Gull, Tensor train continuous time solver
for quantum impurity models, Phys. Rev. B 107, 245135
(2023).

[70] Y. Núñez Fernández, M. Jeannin, P. T. Dumitrescu, T. Kloss,
J. Kaye, O. Parcollet, and X. Waintal, Learning Feynman dia-
grams with tensor trains, Phys. Rev. X 12, 041018 (2022).

[71] H. Takahashi, R. Sakurai, and H. Shinaoka, Compactness of
quantics tensor train representations of local imaginary-time
propagators, SciPost Phys. 18, 007 (2025).

[72] M. Jeannin, Y. Núñez-Fernández, T. Kloss, O. Parcollet, and
X. Waintal, Comprehensive study of out-of-equilibrium Kondo
effect and Coulomb blockade, Phys. Rev. B 112, 155159
(2025).

[73] N. Jolly, Y. N. Fernández, and X. Waintal, Tensorized or-
bitals for computational chemistry, Phys. Rev. B 111, 245115
(2025).

[74] R. D. Peddinti, S. Pisoni, A. Marini, P. Lott, H. Argentieri, E.
Tiunov, and L. Aolita, Quantum-inspired framework for com-
putational fluid dynamics, Commun. Phys. 7, 135 (2024).

[75] N. Gourianov, P. Givi, D. Jaksch, and S. B. Pope, Tensor
networks enable the calculation of turbulence probability dis-
tributions, Sci. Adv. 11, eads5990 (2025).

[76] M. Niedermeier, A. Moulinas, T. Louvet, J. L. Lado, and X.
Waintal, Solving the Gross-Pitaevskii equation on multiple dif-
ferent scales using the quantics tensor train representation Phys.
Rev. Res. 8, 023006 (2026).
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