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High-dimensional (HD) quantum entanglement expands the Hilbert space, offering a robust framework for
quantum information processing with enhanced capacity and error resilience. In this work, we present an
HD frequency-domain entangled state, the hybrid frequency-entangled qudit (HFEQ), generated via Hong-Ou-
Mandel (HOM) interference, exhibiting both discrete-variable (DV) and continuous-variable (CV) characteristics
in the frequency domain. By tuning HOM interference, we generate and control HFEQs with dimensions
D =5,7,9, and 11, confirming their DV nature. Franson interferometry verifies global frequency correlations
with a visibility of 97.6 £ 0.6% and CV entanglement within individual frequency modes with a visibility
exceeding 95%. Furthermore, based on the developed theoretical model, the generated HFEQs exhibit a Schmidt
number that exceeds the upper bound D of conventional frequency-entangled qudits, certifying additional
entanglement inherent to the hybrid structure. Our findings provide deeper insight into the physical nature of
frequency-entangled qudits generated by quantum interference and introduce a resource for HD time-frequency
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quantum information processing.
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I. INTRODUCTION

High-dimensional (HD) quantum information processing,
which is based on D-dimensional qudits defined in Hilbert
spaces with D orthonormal basis states, plays a crucial role in
the development of large-scale quantum computing and quan-
tum communication with high information capacity and error
tolerance [1,2]. To explore potential quantum systems suitable
for realizing qudits, various photonic degrees of freedom,
including polarization [3], orbital angular momentum [4,5],
and spatial modes [6-8], have been extensively studied for HD
quantum communication, computing, and sensing. However,
in practical applications such as fiber-optic communication
systems, certain degrees of freedom may be vulnerable to
channel noise, limiting their performance and feasibility.

In contrast, quantum information encoded in time-
frequency entanglement is inherently more resilient to channel
noise [9]. Furthermore, its high-dimensional nature makes
time-frequency entanglement a promising candidate for over-
coming practical implementation challenges. Due to these
advantages, time-frequency entanglement has garnered signif-
icant attention in recent years [10—13] and has been actively
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explored in various quantum technology applications, includ-
ing quantum computing [14—18], quantum communication
[19-26], quantum error correction [27], and entanglement
swapping [28-30]. These studies further highlight the po-
tential of time-frequency entanglement in HD quantum
information processing, paving the way for practical advance-
ments in quantum technology.

Extending time-frequency entanglement to HD quan-
tum information processing requires precise control over
the spectral information of photon pairs, discretization of
spectral modes, and the generation of frequency-entangled
qudits (FEQs). Various approaches have been proposed
and experimentally demonstrated to achieve this. The most
straightforward method for creating frequency-entangled qu-
dits is spectral shaping via filtering techniques. For instance,
external cavity filters can be used to shape the spectrum
of photon pairs generated through spontaneous paramet-
ric down-conversion (SPDC), enabling the production of
high-dimensional frequency-entangled qudits [12,25,31-38].
Additionally, chip-based cavity spectral shaping [39-41]
and spatial-spectral mapping schemes [42] have been ex-
plored. However, these techniques often filter out a significant
portion of the photon pairs, leading to substantial losses
and reduced source brightness. To mitigate these losses,
frequency-entangled qudits can be directly generated by en-
gineering the phase-matching conditions of SPDC sources,
thereby shaping the joint spectral amplitude (JSA) of photon
pairs [43,44].

Another ingenious approach utilizes quantum interfer-
ence to modulate the joint spectral amplitude of photon
pairs and further manipulate its time-frequency quantum
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information [45]. For instance, Hong-Ou-Mandel (HOM)
interference induces interference fringes along the difference-
frequency direction. This results in the joint spectral ampli-
tude of anticorrelated photon pairs in a comblike spectral
structure, forming an frequency-entangled qudit [43,46—48].
Furthermore, compared to phase-matching condition engi-
neering, the tunability of quantum interference provides a
flexible, stable, and efficient method to control various prop-
erties of time-frequency quantum information in photon pairs
[47-52].

However, the physical implications of such HOM-based
frequency-entangled qudits may still not be fully explored,
and further investigation could deepen our understanding
and expand their potential applications. It is important to
note that the time-frequency quantum information of photon
pairs inherently belongs to a continuous-variable (CV) system
[53]. While quantum interference effectively discretizes the
spectral information, each discrete frequency bin may still
preserve CV correlations or entanglement in the frequency
domain. When entanglement is present within individual dis-
crete frequency bins, the generated quantum state is no longer
a pure frequency-entangled qudit but rather a superposition
of multiple time-frequency entanglement states. Interestingly,
in the framework of CV quantum information, such a state
can be interpreted as a superposition of multiple two-mode
squeezed states distributed at different positions in phase
space [53]. This hybrid entanglement structure integrates
both discrete-variable (DV) and CV characteristics within the
frequency domain, opening avenues for HD time-frequency
quantum information processing (see Sec. V for further
discussion).

In this work, we define a quantum state, the hybrid
frequency-entangled qudit (HFEQ) and conduct a compre-
hensive theoretical and experimental study. The core of our
research lies in generating and controlling its hybrid entangle-
ment structure. More importantly, we explore its intrinsic CV
entanglement, a property that, to the best of our knowledge,
has not been thoroughly investigated.

To generate and characterize hybrid frequency-entangled
qudits, we establish an integrated interferometer that is based
on an unbalanced polarization-based Michelson interferome-
ter with a large path difference, which is also discussed in Ref.
[54]. Upon a deeper investigation of the setup, we realized that
the interferometer incorporates not only Franson interference
but also constructive HOM interference, providing a simple
and effective experimental platform for the generation and
characterization of hybrid frequency-entangled qudits.

By using the interferometer and combining the homemade
time-of-flight spectroscopy (ToFS) [47,55,56], we fully inves-
tigate the spectral information of the quantum states under
those interferences. HOM interference modulates and dis-
cretizes the joint spectral amplitude of SPDC photon pairs
along the difference-frequency direction, thereby forming
hybrid frequency-entangled qudits. By tuning the relative
time delay between the two photons, we demonstrate con-
trol over discrete dimensions, achieving D = 5,7,9, and 11.
To verify and quantify the CV frequency entanglement at
both global and individual modes, we perform Franson
two-photon interference (TPI). The TPI measurements ex-
hibit high contrast, reaching approximately 97.6 +0.6%

for the global state and greater than 95% for individual
modes. Incorporating our theoretical framework, these re-
sults confirm that hybrid frequency-entangled qudits possess
additional entanglement beyond typical frequency-entangled
qudits, exhibiting hybrid DV-CV time-frequency quantum en-
tanglement. Quantitatively, we show that the Schmidt number
of hybrid frequency-entangled qudits exceeds the conven-
tional frequency-entangled qudits upper bound D, certifying
additional entanglement inherent to the hybrid structure.

Our work provides the first comprehensive study on
hybrid frequency-entangled qudits, which introduces an inno-
vative approach to HD time-frequency quantum information
processing. Additionally, the generated hybrid frequency-
entangled qudits are distributed over a 770-m distance through
a deployed fiber link between two physically separated
laboratories (204 m), demonstrating their potential for prac-
tical implementation. Importantly, it uncovers the unexplored
physics of HOM-based frequency-entangled qudits, offering
deeper insights into the role of quantum interference in time-
frequency quantum information processing.

The paper is structured as follows: Section II presents the
theoretical model, describing a setup that enables two types of
interference to manipulate the SPDC joint spectral amplitude,
thereby forming hybrid frequency-entangled qudits and veri-
fying their DV-CV characteristics. Section III details the ex-
perimental setup and results. Section IV provides a summary
of the study, while Sec. V concludes the findings and explores
potential applications of the proposed hybrid frequency-
entangled qudit. Additionally, the Appendixes offer further
details on the experimental setup and theoretical discussion,
and provide a list of acronyms (see Table II in Appendix I).

II. THEORETICAL MODEL

A. Quantum state evolution

The concept of the integrated quantum interferometer setup
is illustrated in Fig. 1. Here, we start with the time-frequency
entangled photon pairs that are generated by a continuous-
wave-pumped type-II SPDC source with a pure quantum
state of

|Wsppc) = / / dw,dw; f(ws, )l (w,)al (@)e ™ 0), (1)

where &}; v () represents the creation operator for photons
with horizontal (H) and vertical (V) polarizations at fre-
quency @ and w,; denotes the frequencies of the signal
and idler photons, respectively. The JSA of the signal and
idler photons, f(ws, w;), characterizes the frequency entan-
glement of photon pairs generated by SPDC. Additionally, the
joint spectral intensity (JSI), defined as JPPPC = | f(wy, w;)?,
which removes the phase information of the JSA, is a more
commonly used probability distribution in the joint spec-
trum for analyzing the frequency correlation of photon pairs.
In the following discussion, the JSA of SPDC is modeled
using a common form, which is constructed from the phase-
matching function of the crystal and the pump spectrum [57],
f(a)s’ ;) = 1/We—Zln(2)a)E/Aw§e—21n(2)w2+/Aa)i’ where w. =
Sws £ 8w, Sw, ;i = ws; — wy,i0, Ws.i0 18 the central frequency
of the signal and idler photons, Aw), represents the pump laser
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FIG. 1. (a) Schematic diagram of the integrated quantum inter-
ferometer. PBS: polarizing beam splitter; HWP: half-wave plate;
QWP: quarter-wave plate; D: single-photon detector; CC: coinci-
dence counting module. The yellow and orange lines indicate the
optical paths of the idler and signal photons, respectively, while
the black lines represent the electronic signal cables for detection.
(b) Schematic diagram of the coincidence counting measurement for
the conditional state (considering 7y < tr). Ty and 7y denote the
detection times of the s’-mode and /’-mode photons, respectively.

bandwidth, Aws represents the SPDC single-photon band-
width, and NV is the normalized constant. .

In Eq. (1), a time delay of ty is applied after &;,(ws) to
introduce the phase factor e*™ . Generally, this delay repre-
sents the time difference between the signal and idler photons,

J

arising from the different refractive indices associated with
the two orthogonal polarizations. This parameter is crucial in
experiments aimed at manipulating frequency entanglement
and generating HFEQs, and its effects will be explored further.

The generated photon pairs are directed into a polarization-
based Franson interferometer to measure TPI, which is used
to verify the frequency correlation of the photon pairs. Unlike
a conventional Franson interferometer, our setup employs a
single unbalanced Michelson interferometer to demonstrate
Franson’s TPI [54]. In this configuration, the signal and idler
photons are initially polarized to linear diagonal states (£45°)
using half-wave plate 1 (HWP1). Polarizing beam splitter
1 (PBS1) then evenly distributes the photon pairs between
the interferometer’s long and short arms. The length differ-
ence between these arms exceeds the single-photon coherence
length of SPDC (i.e., tr =17 — 7, > 1/\/§Aa)5), which pre-
vents single-photon interference while preserving TPI. In each
arm, a quarter-wave plate (45°) is placed along the opti-
cal path, together with the mirror at the end, this forms a
double-pass configuration. This design allows photons pass-
ing through the long and short arms to be recombined by
PBS1 and output through the same port. After considering
the setup above, the field operators can be replaced in this
phase as a/, (@) = [ay (w)e™ £ af (w)e'®™]/+/2, where T,
and 7; represent the travel times through the short and long
arms, respectively.

To observe TPI through coincidence counting, a splitting
mechanism is necessary to direct the entangled photon pairs
into different modes. To achieve this, an HWP2 is set at an
angle of 22.5°, rotating the H- and V-polarized photons to
+45°. PBS2 then splits the biphotons into two distinguish
outputs (denoted as s and i’ modes, see Fig. 1). As a result,
the field operators evolve according to the relation &, v (@) =
[&:,(a)) + a} (w)]/ /2. With this relation and also considering
the coincidence counting measurement, the final conditional
quantum state (without renormalization and removing the
global phase) in s” and i’ modes is given by

| [a] (w0)a] (@) + al ()] (w,)] x [e@tern 4 efletorn]
Wou) = 7 / / dsdw; f (s, @)™ x 1 [al ()] (@) @) — al (w)a] (wg)e @™o ]+ 10), )

[ () (e ™ — af (w))af (ws)e )]

where &I,! s (w) is the creation operator for the 5" and i’ modes,
respectively.

In Eq. (2), the physical meaning of the quantum state can
be reinterpreted based on the travel time of each term. For the
first term [denoted as |Wrpgs), referred to as the two-photon
entangled state (TPES)], photons with frequencies w; and w;
simultaneously pass through either the long or short arms of
the interferometer. As a result, they become indistinguishable
in coincidence count measurements, forming an entangled
state with TPI effects [58].

The second term describes a scenario in which a pho-
ton traveling through the long arm is always detected in the
s" mode (photons with a delay of 7; are detected in the s
mode), while photons with a delay of 7, are detected in the

(

i’ mode (denoted as |Wi)). The third term (denoted as |Wy))
corresponds to the inverse scenario of the second term. Both
states are referred to as satellite states, which are without
TPI effect. Based on the travel times of these states, they
can be identified in the coincidence count measurement, as
illustrated in Fig. 1(b). Note that in Fig. 1(b) and the following
discussion, we consider the condition Ty < T to avoid the
overlap between the TPES and satellite states in the coinci-
dence counting measurement.

To comprehensively investigate the generation and veri-
fication of HFEQs using the integrated interferometer, we
focus on TPES, which allows us to demonstrate that the
interferometer provides complete control over frequency en-
tanglement through quantum interference (the impact of the
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interferometer on the satellite states will be discussed in
Appendix A).

Now, let us consider the TPES at the output of the interfer-
ometer. This quantum state can be redefined in terms of the
frequency basis observed in the s’ and i modes, as

Wirps) = / / AT (@, QIR Q) ()

where € ; denotes the frequencies in the s* and i’ modes,
192, Qi) = &, (2,)a) (£2:)]0), and JIPES (8, ;) is the JSA of
TPES that is given by

TIPES (Qq, Q) = (2, Q| Wrpes)
: .
= S )+ f(S )]

% COS <Q+%)emxmﬂm(nﬂg/z, (4)

where Q1 = Q,; &+ Q; denotes the sum and difference fre-
quency of coordinates in the joint spectrum. 7 = 7; — T, is
the time difference between the long and short arms.

Equation (4) reveals several intriguing phenomena. First,
we observe the presence of two SPDC JSAs, where they ex-
change frequency components and exhibit a phase difference
due to the previously introduced time delay and the frequency
difference, Q2_ty. This frequency exchange between the two
modes corresponds to HOM interference. Furthermore, the
positive sign indicates that the interference is constructive
rather than the conventional destructive HOM interference
[47,59].

This phenomenon occurs because, in the state |Wrpgs),
both photons travel through either the long or short arm si-
multaneously. As a result, they retain the same polarization
and re-encounter each other at PBS2, where they interfere
constructively. This behavior contrasts with that of the satellite
states, which undergo destructive HOM interference at PBS1
(see Appendix A for details).

Another crucial phenomenon described in Eq. (4) is its
capability to reveal the effects of Franson’s TPI. Interestingly,
this effect is global, as it does not depend on whether the
original SPDC JSA is degenerate. Moreover, since the inter-
ference occurs along the sum frequency direction, €2, this
characteristic provides a direct way to analyze the frequency
anticorrelation of the photon pairs. A more detailed discussion
on this topic will be presented in the following section.

Naturally, the occurrence of the aforementioned HOM ef-
fect depends on the extent to which the SPDC JSA retains
overlap in the joint spectrum after the frequency exchange
process in Eq. (4). To highlight the impact of the HOM ef-
fect on the quantum states, we consider the degenerate and
symmetric conditions for SPDC operation, i.e., f(£2;, ;) =
f(€2;, €2). (Appendixes A and F provide additional studies
on the relationship between SPDC degeneracy and quantum
interference.) Under these conditions, Eq. (4) can be further
simplified and expressed as

TIPSR 90 = £ R0 cos (24 Jeos (25 )

Franson HOM
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FIG. 2. Demonstration of a series of highly anticorrelated TPES
JSIs under constructive HOM interference. In panels (a)—(c), we
examine a degenerate JSI with a series of HOM delay times 7y of 0,
12/ Aws, and 20/ Awg, respectively. Panels (d)—(f) show the reduced
signal-mode spectrum of panels (a)—(c). The pump laser bandwidth
is set to Aw, = Aws/20 for all cases.

In Eq. (5), we can more clearly observe how Franson and
HOM interference, respectively, influence the JSA of SPDC.
By independently controlling two different time delays of
77 and 1y, the SPDC JSA can be effectively modulated
along both the difference-frequency direction and the sum-
frequency direction simultaneously, which provides a unique
mechanism to manipulate the quantum information of |Wrpgs)
in the frequency domain.

In the following discussion, we will separately describe
the effects of two types of interference on the modulation
of the frequency quantum information. Ultimately, we will
demonstrate the advantages of this integrated interferometer
in manipulating and verifying the frequency information of
the photon pairs.

B. Generation of HFEQs: HOM interference

At the beginning of this discussion, we first focus on
the effect of HOM interference on TPES. Here, we tem-
porarily ignore the effect of Franson interference in Eq. (5)
and consider a common condition where the input photon
pairs are highly frequency anticorrelated (Aw, < Awy). The
JSI of TPES, J,TPES(QS, Q) = |J}PES(QS, Q,)|?, after interfer-
ence under different HOM delay conditions is presented in
Figs. 2(a)-2(c). With the introduction of HOM interference,
we observe that when 7y = 0, the fully constructive HOM in-
terference does not alter the original SPDC JSI and preserves
its CV correlation. On the other hand, when ty # 0, the JSI
of TPES is modulated into a comblike structure, indicating
that TPES has the potential to evolve into a high-dimensional
frequency-discretized entangled state. In the language of DV
quantum information, such a state can be referred to as the
FEQs [47,48,52]. Furthermore, as ty increases, Figs. 2(a)—
2(c) demonstrate that the setup enables the manipulation of
the dimensionality of FEQs. For instance, in Fig. 2(b), the
estimated dimension is D = 5, while in Fig. 2(c), it is approx-
imately D = 7.
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However, from our perspective, the FEQs generated via
HOM interference not only offer advantages for DV quantum
information applications but also hold significant potential for
CV quantum information processing. A careful observation of
the distribution within individual frequency bins in Figs. 2(b)
and 2(c) reveals a certain degree of frequency correlation
in each bin, implying it remains more interesting quantum
information properties to be explored in FEQs generated by
HOM interference.

Therefore, unlike conventional FEQs, which are typically
regarded as a discrete superposition of correlated frequency
modes [47,48],

D
|Wegq) = Zan|wna WD_nt1)s (6)
n=1

where a, is the amplitude, w, is the frequency of the nth
bin, and D is the dimensionality of FEQs. In contrast, the
generated quantum states by HOM interference should be
more accurately described as

(D=1)

2
W) ¥ Y an [[ AR @ i)l 2,

pe— (=D

)

where D is the dimensionality of the generated states, which
is always an odd number due to constructive HOM interfer-
ence. 2)n = S2) — Q0,n, and 2o, represents the central
frequency of each frequency bin of the generated states.
Jan(S25., ;) denotes the JSA for the nth frequency bin with
CV entanglement, which cannot be factorized into two inde-
pendent functions, i.e., J4 n (2.0, Q2in) # f(Qs.0) X fi(Qin).

From Eqgs. (6) and (7), we can observe that both |Wggqg)
and |Wyrgg) exhibit discrete entanglement structures with a
dimensionality D. However, compared to |Wrgq), the state
|WhrEQ) not only possesses a DV structure but also exhibits in-
trinsic CV entanglement within each individual frequency bin.
This results in a superposition of multiple time-frequency CV
entangled states, leading to a higher degree of entanglement
than |Wrgq). Due to its unique hybrid entanglement structure
that integrates both DV and CV features, we refer to |Wyreq)
as hybrid frequency-entangled qudits.

This distinct time-frequency entanglement structure not
only provides deeper insights into the fundamental nature of
the HOM-based FEQs but also offers a resource for time-
frequency quantum information processing, which will be
further discussed in Sec. V.

C. Characterization of HFEQs

To emphasize the advantage of the entanglement of HFEQs
over FEQs, we formulate the indicators to characterize
HFEQs in this section. For the DV property, the dimension-
ality D represents the size of the Hilbert space of HFEQs. For
the CV property, one can focus on the individual frequency
bin to verify its frequency entanglement through Franson in-
terference.

Moreover, to further demonstrate the higher entanglement
of HFEQs than FEQs, we can employ the Schmidt decomposi-
tion method to further expand the JSA of both quantum states

using two orthogonal bases and estimate their Schmidt num-
bers, providing a quantitative measure of entanglement [60].
For an FEQ with dimensionality D, the maximum Schmidt
number is D when each frequency bin is uniformly distributed.
However, for an HFEQ with the same dimensionality, each
independent frequency bin possesses additional entanglement.
As a result, these contributions enhance the global frequency
entanglement of the HFEQ, leading to a Schmidt number of
HFEQ, K, possibly greater than D for an HFEQ of dimen-
sionality D.

To measure the aforementioned characteristics, we propose
a simple and experimentally feasible scheme for estimating
these key parameters. First, the dimensionality of the HFEQs
can be determined by analyzing the spectral structure of single
photons under HOM interference. Simultaneously, the HOM
interference visibility of the single-photon spectrum provides
an estimate of the Schmidt number of the HFEQs. Combined
with the implementation of Franson-type TPI, this approach
further verifies the frequency correlations within the HFEQs,
enabling a more comprehensive evaluation of their key perfor-
mance parameters. In the following discussion, we present the
details of this method.

1. Verification of dimensionality and Schmidt number

To estimate the dimensionality of HFEQs, a straightfor-
ward approach is to use one photon of the photon pair as a
heralding signal and perform a conditional spectral measure-
ment on the other photon. By analyzing the profile of this
single-mode spectrum, the dimensionality of HFEQs can be
determined. Theoretically, we can use Eq. (5) to simulate the
spectral measurement results corresponding to this process.
If the idler photon is used as the heralding signal in the
measurement, the single-mode spectrum of the signal photon,
S5(£25), can be expressed as

Su(S, i) = / AT (@, Q). ®)

With Eq. (8), the single-photon spectra corresponding to
Figs. 2(a)-2(c) are presented in Figs. 2(d)-2(f). These results
reveal the single-mode spectra of different TPES and allow us
to identify the dimensionality of their corresponding HFEQs.

For the estimation of entanglement in HFEQs, interest-
ingly, although the above approach only provides partial
information about the JSI of HFEQs, some of these JSI cor-
relations can still be inferred from certain effects observed in
Figs. 2(e) and 2(f). To demonstrate this, let us now focus on
Fig. 2(f). We observe that the comblike spectral structure in-
duced by HOM interference does not exhibit perfect contrast.
This imperfection arises from the finite pump bandwidth,
which reduces the two-photon frequency correlation in the
SPDC JSA and consequently affects the interference contrast
in the single-mode spectrum. Therefore, the interference con-
trast actually reflects the frequency correlation of HFEQs to
a certain extent. This effect suggests an elegant approach for
estimating entanglement in HFEQs: By analyzing the HOM
interference visibility in the single-mode spectrum, one can
infer the global frequency entanglement within the HFEQs
and further estimate its Schmidt number K.

To investigate the relationship between Ky and the visibil-
ity of the HOM interference in the single-mode spectrum, we
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FIG. 3. Comparison of HOM visibility and frequency correlation
of HFEQs. (a)—(c) The JSIs of HFEQs with 7y = 16/ Aws under a
series of pump bandwidths (as shown in labels). (d)—(f) The cor-
responding single-photon spectrum of panels (a)—(c), respectively.
(g) The relationship between the Schmidt number of HFEQs, Ky,
and pump bandwidth. (h) The relationship between Kr and HOM
visibility Vy.

vary the pump bandwidth Aw, to control the frequency cor-
relation of SPDC. The resulting HOM interference patterns,
shown in Figs. 3(a)-3(f), exhibit a gradual decrease in visi-
bility as the pump bandwidth increases due to the weakened
frequency correlation in the SPDC JSI.

Then, we use the method in Ref. [60] and the JSA of
HFEQ [Eq. (5)] to estimate the corresponding Ky and further
find the relationship between the pump bandwidth and Kg
for a series of values of ty, as illustrated in Fig. 3(g). As
expected, a narrower pump bandwidth results in a higher K.
In addition, as 7y increases, the generated HFEQs exhibit
higher dimensions, leading to an increase in Ky at the same
Aw,/Aws. Notably, the parameter settings for the bandwidth
of tyAws = 12, 16,27, and 34 in Fig. 3(g) approximately
correspondto D = 5,7, 9, and 11, respectively, which impose
upper limits on the FEQs maximum Schmidt number of D. As
Aw,/Aws decreases, K can easily surpass the limitation of
FEQ’s maximum Schmidt number, further demonstrating the
advantage of HFEQs in terms of entanglement degree.

Next, to evaluate the HOM visibility, we first extract the
interference pattern from the single-mode spectrum. This is
accomplished by normalizing the single-mode spectrum with
respect to the original single-mode spectrum of SPDC.

SS(QS7 TH)

Su (€2, = .
N PTATICALE ®
Then, the HOM visibility could be calculated as
gmax st _ Smin st
y, = i (825, Ty) — Sy (82, TH) (10)

CSmAR(Qy, Ty) + SEN(Qy, i)

where SF* (€2, t) and S}‘}i“(QS, 7y ) denote the maximum
and minimum values of Sy, respectively.

Figure 3(h) reveals a clear relationship between the fre-
quency correlation of HFEQs and the visibility of HOM
interference. Specifically, a higher experimentally observed
Vi corresponds to a higher Schmidt number K. Moreover,
Fig. 3(h) also illustrates the impact of varying ty. For a
fixed Kr, a smaller 7y leads to higher HOM interference
visibility. This occurs because a smaller 7y reduces the
HOM modulation frequency applied to the TPES, resulting in
lower-dimensional HFEQs. Consequently, the frequency bins
become more distinguishable in the single-mode spectrum,
and vice versa. In practice, a larger ty imposes a more strin-
gent requirement on interference contrast, thereby enhancing
the accuracy in determining Kr. This behavior provides an
approach to infer the strength of frequency entanglement in
generated HFEQs by monitoring the HOM interference visi-
bility of TPES.

Of course, certain limitations still exist in this method.
First, in practical experiments, the measurement of the single-
mode spectrum may have a finite resolution, which imposes an
upper bound on the estimated HOM visibility (Appendix E).
Therefore, the inferred Ky in the real experiment represents
a lower bound on the actual entanglement strength of the
HFEQs. Second, measuring the spectrum of only one mode of
HFEQs provides only partial information about the quantum
state, which imposes certain limitations on this approach. For
instance, consider an initial photon pair without frequency en-
tanglement, where one photon undergoes spectral modulation
(e.g., through a cavity filter) while the other photon retains
its original spectrum. In this case, we may still observe a
clear contrast in the single-mode spectrum, even though the
quantum state is not truly an HFEQ. Therefore, to determine
whether the prepared HFEQs exhibit genuine frequency corre-
lation, complementary approaches must be explored to obtain
more comprehensive information about the quantum state.

Fortunately, the integrated interferometer presented in this
work offers another essential quantum interference effect:
Franson’s TPI, which provides interference along the sum-
frequency direction. This additional interference mechanism
grants us an extra degree of freedom to explore the frequency
correlation of the prepared HFEQs. Moreover, it introduces
an intriguing approach for manipulating the time-frequency
quantum information of SPDC photon pairs, which will be
discussed in the next section.

2. Verification of frequency correlation: Franson interference

Now, we reintroduce Franson interference into the JSA of
TPES in Eq. (5) to further explore the nature of the gen-
erated HFEQs. To illustrate the unique impact of Franson
interference on the frequency characteristics of TPES and to
investigate the relationship between this interference and the
frequency correlation of HFEQs, Fig. 4 presents the JPES
under varying pump bandwidths and a series of tz values,
with a nonzero HOM delay of 7y = 20/ Aw; to modulate the
TPES into a potential HFEQ. Additionally, Fig. 4(j) simu-
lated coincidence probability for characterizing the TPES in
the integrated interferometer, P(tr), as a function of 7z for
different pump linewidth conditions, providing insights into
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FIG. 4. Simulations of different bandwidth-pumped SPDC JSIs
under HOM and Franson interference for various Franson delays .
In all cases, the HOM delay is set to ty = 20/Aws. Each row of
figures corresponds to the same pump bandwidth: (a)—(c) Aw, =
0.05Aws, (d)-(f) Aw, =0.5Aws, and (g)-(i) Aw, = Aws. Each
column of figures corresponds to the same Franson delay: (a)—(g)
7 = 2/Aws, (b)-(h) 7 = 10/ Aws, and (c)-(i) tr = 20/Aws. The
white dashed line represents the trough location of cos?(Q,7r/2),
and the white solid line denotes the distribution of origin SPDC
JSI. Panel (j) shows the TPI fringes of different bandwidth-pumped
SPDCs under HOM and Franson interference. The gray area repre-
sents the signal-photon interference region that will be avoided in the
Franson interferometer. The pump frequency is set at w, = 20Aw;, to
clearly demonstrate the Franson interference fringe. Notably, panels
(f) and (i) present particular grid structures in the joint spectrum,
which will be discussed in Appendix B.

the relationship between the Franson TPI and the strength of
frequency correlation. Here, P(tr) is calculated as

P(r) = f / A2, (@, Q). (11)

We now examine the impact of Franson interference on
the JSI of HFEQs. As shown in Figs. 4(a)—4(c), the strong
frequency correlations result in a narrow distribution along
the sum-frequency direction in the JSI. This narrow distri-
bution limits its ability to span multiple periods of Franson
sum-frequency interference. Therefore, as tr increases, the
coincidence probability P(zr) of the frequency highly anti-

correlated JSI becomes strongly dependent on 7z, leading to
high-contrast TPI, as illustrated in Fig. 4(j).

In Figs. 4(d)—4(f), increasing the pump linewidth reduces
frequency correlations. The weaker correlations allow JSI to
cover more periods of Franson sum-frequency interference.
Therefore, as tr increases, the variations of P(tr) diminish,
leading to a pronounced decrease in TPI contrast, as shown by
the black line in Fig. 4(j).

Under conditions where the SPDC photon pairs lack fre-
quency correlation [e.g., Figs. 4(g)—4(), Aw, = Awg], the
TPI interference contrast decreases more significantly as
7r increases. While theoretically, reducing tr can maintain
high TPI contrast even for weakly correlated photon pairs,
the Franson interferometer requires enough path-length dif-
ference to avoid single-photon interference [gray area in
Fig. 4(j)], which limits the minimum value of 7. Thus, for
uncorrelated photon pairs, it is hard to observe a high TPI
contrast.

The above examples demonstrate that the visibility of
Franson’s TPI is intrinsically linked to the frequency corre-
lations of the HFEQs under investigation and offer a practical
method to evaluate HFEQ frequency correlations through TPI
visibility measurements. The high visibility of TPI represents
highly anticorrelated photon pairs. Furthermore, TPI visibility
also serves as an indicator of photon-pair nonlocality. Unen-
tangled photon pairs generally cannot exceed a TPI contrast
of 70.7%, as bounded by the Clauser-Horne-Shimony-Holt
(CHSH) Bell inequality [61].

Another key characteristic of HFEQs—the frequency
correlation within individual frequency bins, which also de-
scribes the CV correlation of HFEQs—can be tested using this
method. This can be achieved by selectively filtering specific
frequency ranges from the single-mode spectrum of HFEQs
to extract the corresponding JSI, [J4 (2., Q,-,n)|2. The fre-
quency correlation of each bin can then be further verified by
measuring the TPI visibility.

Notably, the frequency structure of HFEQs originates from
the modulation of _ in HOM interference. Therefore, when
JPFPC exhibits strong anticorrelation, each frequency bin re-
tains the same two-photon bandwidth as JPPP€. Consequently,
the TPI measurements for each frequency bin yield identical
interference fringes and contrast. However, it is important to
note that the filtering process reduces the single-photon band-
width of the global quantum state. As a result, the minimum
allowable value of 7 in Franson interference increases com-
pared to the unfiltered case. Therefore, even if the two-photon
bandwidth is narrow, achieving high TPI contrast remains
challenging unless strong frequency correlations exist within
each bin.

D. Summary of theoretical model

Before delving into the experimental details (Sec. III), we
make a brief summary of our theoretical proposal for the
generation and verification of HFEQs and outline how it en-
lightens the subsequent experimental method. The flow chart
from state preparation to verification is presented in Fig. 5.

Based on theoretical insights, the integrated interferometer
generates a TPES from the input SPDC photon pairs. This
state exhibits both Franson TPI and HOM interference effects.
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FIG. 5. End-to-end flow chart from state preparation to verification of HFEQs. The HOM delay t [set by a polarization-maintaining (PM)
fiber; see Sec. III] provide a time delay between two photons, while the integrated interferometer provides the Franson TPI with a delay tr
and HOM interference that discretizes the JSA. TPI fringes yield the visibility Vy and, when Vi > 70.7% (CHSH threshold), the nonclassical
frequency correlation is verified. The single-photon spectrum measured with a time-of-flight spectrometer (see Sec. III and Appendix C) is
used to estimate Vy and to determine the dimensionality D. Combining V; and D gives an estimation of the Schmidt number Ky [see Fig. 3(h)].

Observing K > D (upper bound of FEQ) certifies the HFEQ structure.

When the initial SPDC JSA is strongly anticorrelated, HOM
interference efficiently transforms the state into an HFEQ.

To fully characterize HFEQs, we propose first measuring
Franson TPI visibility (Vr) to confirm their frequency correla-
tion. Once verified, the structure of the single-mode spectrum
determines the dimensionality (D) of HFEQs. To further an-
alyze the frequency correlation within individual frequency
bins, specific bins can be filtered from the single-mode spec-
trum, followed by TPI measurements to verify their internal
correlations. Finally, the HOM visibility (Vy) and the HOM
delay ty in the single-mode spectrum provide crucial infor-
mation for estimating the Schmidt number of HFEQs, Kr, to
describe the global frequency entanglement of the states. By
verifying whether Vr and K exceed, respectively, the CHSH-
inequality threshold of 70.7% and the upper bound D on the
Schmidt number for an FEQ, we can determine whether the
prepared HFEQ exhibits nonclassical frequency correlations
and additional frequency entanglement. These analyses offer
a comprehensive characterization of the prepared HFEQs.

On the other hand, the proposed verification method relies
on correlation measurements rather than amplitude measure-
ments, which means it does not capture the phase information.
For instance, a frequency-correlated comblike mixed state can
also exhibit high TPI visibility in a Franson interferometer.
However, it is crucial to emphasize that in our proposed
scheme the HFEQ is generated through HOM interference.
Furthermore, HOM interference induces the high-contrast
comblike spectral structure, which can only be realized in a
pure state [47]. Any mixed-state component would reduce the
contrast of this structure. Therefore, if the experimental results
demonstrate high-contrast HOM interference, it strongly sug-
gests that the prepared HFEQ is predominantly a pure state,
as described by Eq. (7).

III. EXPERIMENT

In this section, we move into the experimental phase, de-
tailing the setup, results, and discussion. We aim to validate
the integrated interferometer. By leveraging HOM interfer-
ence, we generate HFEQs and verify their dimensionality
and entanglement properties using the Franson interference.
Additionally, we demonstrate the distribution of HFEQs over
a practical fiber network, highlighting the robustness of time-
frequency quantum information.

A. Experimental setup

To harness and distribute HFEQs using the integrated in-
terferometer, two separate laboratories, Photon Source Lab
(PSL) and Detector Lab (DL), are set up and connected
via preexisting campus optical fibers spanning 770 m, with
the buildings separated by approximately 204 m, as shown
in Fig. 6(a). The PSL houses the integrated interferome-
ter and photon source, while a superconducting nanowire
single-photon detector (SNSPD, Single Quantum) is installed
in the DL’s server room. This configuration provides a
practical setup for long-distance HFEQ transmission and
serves as a foundation for future quantum communication
experiments.

In Fig. 6(b), the setup in PSL is illustrated. Photon pairs
that operate at the wavelength of approximately 1550 nm are
generated via SPDC using a 15-mm-long type-II periodically
poled lithium niobate waveguide (PPLN, HCP), pumped by
a 775 nm external-cavity diode laser (DL pro 780, Toptica).
To stabilize the pump wavelength and the phase of the inter-
ferometer, an HWP and a PBS separate part of the power of
the pump to a wave meter (WS6-200 VIS/IR-I, HighFinesse).
Using the wave meter’s built-in locking function, an error
signal is generated to provide feedback to the pump laser’s
piezo, effectively stabilizing the frequency disturbance of the
pump laser to within approximately 1.5 MHz. The final output
power of the pump is around 3 mW, and further, it is sent to
PPLN waveguide via a PM fiber.

Achieving the HFEQs through HOM interference requires
that the photon pairs exhibit degeneracy. To precisely find the
degenerate condition, we use the single-photon ToFS tech-
nique [47,55,56] (Appendix C) to measure the photon-pair
frequencies and then fine-tune the temperature of the PPLN
waveguide to achieve degeneracy, confirming that it occurs at
39.5°C with <10 mK drift (Appendix F).

After degenerated photon-pair generation, the photon
pairs are coupled through a pigtail and passed through a
length-adjustable PM fiber. Since photons with orthogonal
polarizations experience different refractive indices in the PM
fiber, a corresponding time delay ty is introduced between
them for a given length of PM fiber. By changing the length
of the PM fiber, this setup provides a simple method to con-
trol the time delay ty in HOM interference, thereby offering
a means to manipulate the dimensionality of HFEQs. Be-
fore going into the integrated interferometer, the photons are
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FIG. 6. (a) Fiber network (yellow line) in NCU campus. (b) Schematic diagram of the experimental setup. DCF: dispersion-compensating
fiber; ToFS: time-of-flight spectrometer; CC: coincidence counting; ECDL: external-cavity diode laser. All optical components used in the
setup are standard telecom-band devices, making the setup experimentally accessible to most telecom systems.

filtered by a long-pass filter (BLPO1-980R-25) and a band-
pass filter (FBH1550-40, Thorlabs) to remove pump light
leakage.

As illustrated in Figs. 1 and 6(b) and discussed in Sec. II,
the signal and idler photons were sent into the same unbal-
anced Michelson interferometer to perform the HOM and
Franson interference experiment. This design significantly
reduces the technical challenges associated with relative
phase fluctuations between photons in separate interferome-
ters while effectively demonstrating the core physics concept
of this study.

Despite these advantages, environmental vibrations still
slightly affect the system’s stability. To mitigate the impact
of vibrations on the optical path difference within the inter-
ferometer, the entire setup was mounted on an independent,
vibration-isolated optical table. Additionally, the interferom-
eter was enclosed within a dual-layer acoustic and thermal
insulating shield to minimize phase noise caused by thermal
fluctuations and airflow drift.

In the integrated interferometer, a piezo-mounted mirror at
the end of the short arm (less than 1 cm) controls the Franson
delay 7p. The long arm is formed by a reflective light path
involving three mirrors. After nine reflections through three
mirrors, the free-space path difference of approximately 2.7 m
between the long and short arms is achieved. This significant
optical path difference creates a time delay of about 9 ns
between photon-pair events, enabling effective ToFS analysis
of TPES spectral modes (Appendix C) and avoiding single-
photon interference.

After passing through the Franson interferometer, the pho-
ton pairs are separated again using an HWP and PBS, defining
two modes: s and i’ modes. These modes are then coupled
into optical fibers. The i" mode is directly transmitted via
campus optical fiber to the DL, where it is measured by
the SNSPD. The SNSPD’s output signal is sent to a time
controller (ID1000, IDQ), serving as the start trigger for sub-
sequent coincidence counting measurements.

To experimentally demonstrate the spectral features of the
HFEQs prepared by the integrated interferometer, the single-
mode spectrum of the s’-mode photon should be analyzed.
First, to suppress sideband effects from its sinc-shaped spec-
trum (see Appendix F), the photon passes through a Gaussian
spectral filter (TOF-1550-SM-L-10-FA, OF-LINK) with a
1.2 nm bandwidth, reshaping it into a Gaussian profile. Single-
photon spectral measurements are then conducted using ToFS
[55,56]. The ToFS employs a 12 km dispersion-compensating
fiber (DCF; AD-SM-C-120-FC/APC-197/197-10) to map fre-
quency information to temporal information via high negative
dispersion. Subsequently, the s’-mode photon is transmitted
through a campus fiber to the DL, where it is detected by the
SNSPD. Using i’-mode photons as the start trigger, the coinci-
dence measurement between s'- and #/-mode photons unveils
the single-mode spectral characteristics of the s’-mode photon.
The ToFS achieves a wavelength resolution of approximately
31 pm (see Appendix C for details). Furthermore, the relation-
ship between the Franson delay 77 and coincidence counts in
TPES (TPI visibility) provides a means to verify the frequency
entanglement properties of the HFEQs.
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FIG. 7. (a) Coincidence counting measurement results from the integrated interferometer with a fixed HOM delay (ry) and varying
Franson delay (tr). The coincidence peaks within the blue-gray area represent the TPES. The yellow, gray, and black lines correspond to the
constructive, middle, and destructive Franson nonlocal interference, respectively. (b) TPI fringe. The yellow circles represent the experimental
raw data of the coincidence counts, while the black squares denote the data after subtracting the accidental and dark counts. (c) Spectral
information of the s’ mode of HFEQs with D = 5. The numbers at the top denote the indices of the frequency bins. (d) Visibilities of each bin
of HFEQs. The black squares represent the fitting results from the raw data, while the yellow squares denote the fitting results after subtracting
the accidental and dark counts. The error bars, representing one ¢ standard deviation, are estimated based on the Poisson distribution.

Appendix H provides more details for the TPI fringes for each bin.

B. Experimental results and discussion
1. HFEQs generation and verification

Based on the experimental setup and theoretical proposal
described above, we first verify the frequency correlation
of the SPDC photon pairs to ensure that their JSI exhibits
anticorrelation. The photon pairs are transmitted through a
1.6-m PM fiber before entering the Franson interferometer
for measurement, with the results shown in Fig. 7(a). In these
measurements, we observe the typical coincidence counting
pattern of the Franson interferometer. A group of counts cor-
responding to the TPES appears near a time difference of
0 ns. Additionally, satellite states associated with the Franson
interferometer emerge at approximately +9 ns, corresponding
to the time delay between the long and short arms, clearly sep-
arating the TPES from the satellite states in the time domain,
effectively suppressing the single-photon interference.

In Fig. 7(a), the functionality of ToFS enables the co-
incidence measurements to reveal additional details about
the spectral structure of these quantum states. Notably, both
the satellite states and the TPES exhibit a comblike spectral
pattern. This observation suggests that the generated SPDC
photon pairs have a nonzero time delay (ty # 0), which in-
duces further spectral modulation via HOM interference. The
nonzero ty originates from two primary factors: the 1.6-m PM
fiber embedded in the waveguide module and the phase differ-
ence caused by the refractive index mismatch between the two
cross-polarized photon-pair modes within the type-1I SPDC
chip. Furthermore, we observe that the spectral structures of
the satellite states and the TPES result from the modulation

effects of destructive and constructive HOM interference, re-
spectively, as predicted by theoretical models.

To verify the frequency correlation characteristics of the
TPES, the piezo at the end of the short arm of the inte-
grated interferometer is scanned to control the Franson delay
7. Simultaneously, the coincidence counts measured for the
TPES [the counts within the blue-gray box in Fig. 7(a)] are
calculated and analyzed to observe the TPI fringe, as shown
in Fig. 7(b). The yellow circles in Fig. 7(b) represent the
raw TPI data. Due to the contribution of accidental counts
and detector dark counts to the background, the observed
TPI visibility is approximately 90.2 4+ 0.6%. Nevertheless,
the interference contrast significantly exceeds the classical
limit of 70.7% (indicated by the gray region), demonstrating
the strong frequency correlation of the SPDC photon pairs.
To further illustrate the frequency correlation of the photon
pairs, the black squares in Fig. 7(b) show the coincidence
counts after background subtraction—including accidental
and dark counts, which are measured within a time window
well separated from the TPES and satellite states—to account
for experimental imperfections. After fitting, the interference
contrast reaches 98.3 &= 0.6%, approaching the theoretically
predicted near-perfect nonlocal interference.

After confirming the global frequency correlation charac-
teristics of the TPES, we further analyze its spectral structure.
Based on the coincidence counting profile of the TPES
shown in Fig. 7(a), five dominant frequency components are
identified (D = 5). By utilizing the wavelength and photon
time-of-flight calibration of the ToFS (Appendix C), we re-
construct the spectral information, as illustrated in Fig. 7(c).
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The ToFS reconstruction results reveal that the TPES spec-
trum exhibits a comblike structure, modulated by HOM
interference. After fitting, the HOM delay ty and mode spac-
ing of Af = 1/2ty are estimated at approximately 6.14 ps
and 81.43 GHz, respectively, for the TPES with D =5 (Ap-
pendix D).

Notably, Fig. 7(c) presents only the single-mode spectrum
of the s’-mode photons in the TPES. However, for an HFEQ,
the frequency correlation between two modes within each
frequency bin (i.e., |J4 , (2.1, Q,;,I)|2) should also be verified.
To experimentally investigate this, a conventional approach
might involve using a spectral filtering device to select the
frequency of the s’ mode and subsequently performing a TPI
measurement. In our system, however, due to the function
of ToFS, the spectral information is already encoded in the
temporal distribution of coincidence counts. Therefore, by
selecting an appropriate time window (in each blue-gray box)
within the coincidence data, we can measure the TPI behavior
of the individual HFEQs’ frequency bins. Based on this con-
cept, we analyze the coincidence counts as a function of tr for
individual spectral modes in Fig. 7(c) to obtain the TPI fringes
(see Appendix H) and their visibilities for each frequency bin,
as shown in Fig. 7(d).

In Fig. 7(d), the black squares represent the raw visibilities
of each frequency bin. It can be observed that the visibilities
decrease for frequency bins farther from the central frequency,
even dropping below the classical limit of 70.7%. This decay
is primarily due to the background counts, which remain
constant in our system. However, the intensity of frequency
bins farther from the central frequency follows a Gaussian
decay, leading to a corresponding decrease in TPI visibility.
To mitigate this issue and highlight the main physical insight,
we subtract the background counts, resulting in the visibilities
of all bins recovering to approximately 98.3 4= 0.6%, well
above the classical limit of 70.7%. This result provides strong
evidence for the high correlation between the two frequency
modes of each bin, i.e., verified J4 (€25 ,, ;) # f5(25.0) X
fi(Qi,n)~

Based on this analysis, we confirm the transformation of
TPES into an HFEQ with D = 5, verifying both global and
individual frequency correlations. These results strongly sup-
port the DV-CV hybrid entanglement structure of HFEQs.

2. Manipulation of HFEQs

In the next, we further demonstrate the manipulation of
HFEQ dimensionality through controlling delay times 7y in
HOM interference.

As illustrated in Fig. 6, the time delay in HOM interfer-
ence is controlled by introducing a phase difference between
orthogonally polarized photons using PM fibers of different
lengths. To induce different time delays, we sequentially re-
placed the PM fiber with lengths of 3.6, 8.6, and 11.6 m.
Through ToFS and coincidence counting measurements, we
clearly observe that as the PM fiber length increases, the
spectral modulation frequency also increases, as shown in
Figs. 8(a)-8(c). This implies the enhancement of the time
delay of HOM interference, thereby increasing the dimension-
ality of the HFEQs.

From the spectral profiles shown in Figs. 8(a)-8(c), the
mode spacings are 60.4, 36.2, and 30.3 GHz, corresponding
to Ty = 8.27, 13.8, and 16.5 ps, respectively (Appendix D).
Accordingly, the dimensionalities of the HFEQs can be ap-
proximately determined as D = 7, 9, and 11. Furthermore, the
frequency correlations of TPESs modulated by different HOM
settings were verified through TPI measurements, as shown
in Figs. 8(d)-8(f). Notably, TPESs modulated under differ-
ent HOM conditions still exhibit clear TPI, with visibilities
0of 97.6 + 0.6%, 99.0 £ 0.7%, and 97.3 £ 0.7%, respectively,
after subtracting background noise, which demonstrated the
high-frequency entanglement of those HFEQs.

Finally, similar to Fig. 7(d), we further verify the frequency
correlation of individual frequency bins in the prepared
HFEQs, with the results presented in Figs. 8(g)-8(1). As ex-
pected, due to existing background counts, the interference
visibility of HFEQs decreases for frequency bins farther from
the central frequency. However, after subtracting accidental
and dark counts, the visibility improves to approximately
95 + 2% t0 99.0 £ 3.7%, confirming that the frequency cor-
relations across all frequency bins in the HFEQs for D = 7,
9, and 11 exceed the classical threshold of 70.7%. This result
further validates the strong frequency entanglement present
in the generated HFEQs. Furthermore, these results highlight
the capability of our setup to control the dimensionality of
HFEQs, demonstrating its great potential for HD quantum
information processing.

3. Quantification of entanglement of HFEQs

Based on the above discussion and tests, the frequency
structure, dimensionality, and individual and global frequency
correlations of the HFEQs have been fully characterized using
HOM and Franson interference. The obtained high visibility
of Franson interference indicates that the generated HFEQs
exhibit strong frequency anticorrelations, providing confi-
dence in estimating their entanglement strength, the Schmidt
number Kp, using the approach proposed in Sec. IIB. To
achieve this, the HOM visibilities of each HFEQ in Figs. 7(c)
and 8(a)-8(c) are individually analyzed using the method
discussed in Appendix D with respect to their corresponding
7. The results are presented by the yellow squares in Fig. 9.
In this result, we can observe a general trend: Vy begins to
decrease as ty increases. The underlying causes of this trend,
as discussed in Sec. II B, may stem from two primary factors.
On the one hand, it could be due to the finite pump bandwidth
or dephasing that causes the reduction of entanglement. On
the other hand, the finite frequency resolution of the ToFS may
also contribute to the observation of a reduced V.

To understand the primary cause of the decrease in Vg, the
black dashed line in Fig. 9 represents the relationship between
HOM interference visibility and 7y, when taking into account
the spectral blurring due to the finite frequency resolution of
ToFS (Appendix E). This trend shows that as ty increases
and the HOM modulation frequency rises, the finite resolution
(31 pm) of ToFS limits a complete resolution of the fine
structure of the single-mode spectrum, leading to a reduction
in V. On the other hand, by comparing the experimental re-
sults with the simulations, we observe that the most measured
HOM interference visibility of the HFEQs essentially reaches
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FIG. 8. Demonstration of dimension manipulation of HFEQs via HOM delay. (a)—(c) Characterized spectral information of the 5" mode
of HFEQs with D = 7,9, and 11, respectively. The numbers at the top indicate the indices of the frequency bins. The yellow, gray, and black
lines correspond to constructive, middle, and destructive Franson nonlocal interference, respectively. (d)—(f) TPI fringes of TPESs. The yellow
circles represent the raw experimental coincidence counts, while the black squares denote the data after background subtraction. The black line
and yellow dashed line represent the fitting curves for the raw and processed data, respectively. (g)—(i) TPI visibility of each bin in the case of
D =7,D =9, and D = 11, respectively. The visibility represented by solid squares is estimated from the raw data. The yellow bars show the
visibility obtained after subtracting accidental counts. The error bars, showing one ¢ standard deviation, are estimated based on the Poisson
distribution. Appendix H provides more details for the study of the TPI fringes for each bin. In panels (e) and (f), the phase is controlled by
another method that tunes the pump laser frequency; see Appendix G for details.

the upper limit imposed by the experimental apparatus. The
existence of different deviations of the measured Vy from the
prediction for different D could be attributable to the possible
(slight) drift of the tunable filter’s central frequency caused
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FIG. 9. HOM visibility as a function of ty. The yellow squares
represent the experimental data, and the error bars are estimated
by fitting the confidence bound. The black dashed line depicts the
simulated Vi under a ToFS resolution of 4 GHz (31 pm wave-
length resolution). The gray realm indicates the area that cannot be
measured due to experimental limitations.

by the environmental temperature fluctuations, varying from
measurement to measurement. A small mismatch between the
filter’s and the s’ photon’s center frequencies could already
reduce the visibility.

Based on the measurement results in Fig. 9, we conclude
that the reduction of Vy is primarily due to the finite resolution
of ToFS. This result validates the reliability of using the fitted
Vi and ty to determine the lower bound of the corresponding
Schmidt number K. By referencing the relationship in Fig. 3,
we obtain the Schmidt numbers for the generated HFEQs with
dimensions D = 5,7,9,and 11 as Kr = 7.12, 14.2, 14.2, and
14.53, respectively. All values exceed the maximum Schmidt
number of conventional FEQs with the same dimensionality,
confirming the stronger frequency entanglement of the gener-
ated HFEQs.

More importantly, the high-contrast comblike spectral
structure observed in Figs. 8 and 9 strongly indicates that
the generated HFEQs are pure states. This implies that all
observed frequency correlations stem from genuine frequency
entanglement.

IV. SUMMARY

In summary, this work presents a comprehensive theoreti-
cal and experimental investigation of an integrated quantum
interferometer. Building on this foundation, we further ex-
plore the quantum states of HFEQs.
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TABLE I. Summary of the performance of HFEQs. V- is the TPI
visibility of HFEQs after subtracting the background counts, and the
Vr.raw Tepresents the raw visibility. K2 denotes the lower bound of
the Schmidt number of HFEQs with dimension D. The error bars are
estimated by fitting the confidence bounds.

Mode spacing,
D Vu(%) Ve(%)  Veww(%)  1/2t4 (GHz) K7
5 972+15 983£0.6 902+0.5 81.43 7.12
7 988+£23 97.6+0.6 89.1£0.5 60.4 14.2
9 96.0+£18 99.0+0.7 90.4+0.7 36.2 14.2
11 932+£1.6 973+0.7 85.7+£0.6 30.3 14.53

In theory, we investigate an integrated interferometer that
incorporates two types of quantum interference: HOM in-
terference and Franson-type TPI. These interference effects
allow modulation of the joint spectral structure along the sum-
frequency and difference-frequency axes, respectively. Under
the influence of HOM interference, a strongly anticorrelated
photon pair can be effectively transformed into a hybrid
CV-DV quantum state, referred to as an HFEQ.

Experimentally, we implemented a system to demonstrate
the generation, manipulation, verification, and distribution of
HFEQs over a 770 m commercial optical fiber link span-
ning two campus buildings. Utilizing a simple tunable HOM
interference mechanism, we employed ToFS to confirm the
DV nature of HFEQs and demonstrated control over their
dimensions.

Furthermore, by performing Franson TPI measurements
on individual frequency bins of HFEQs, we confirmed that
the TPI contrast for all frequency bins remained between
95 2% and 99.0 & 3.7%, significantly exceeding the clas-
sical limit of 70.7%. This result clearly manifests the highly
entangled CV nature in each bin of the HFEQs.

Moreover, based on these results, we estimated the Schmidt
number of HFEQs using our theoretical method. These val-
ues surpass the maximum Schmidt numbers achievable by
conventional FEQs, further confirming the superior frequency
entanglement properties of HFEQs. Table I summarizes the
key experimental results of the prepared HFEQs.

V. CONCLUSION

In conclusion, this study uncovers, to the best of our
knowledge, several previously unexplored physical phenom-
ena, demonstrating significant potential for applications in HD
time-frequency quantum information processing.

First, by analyzing the proposed integrated interferometer,
we have shown its capability for full control and verification
of time-frequency quantum information in photon pairs, thus
enabling the generation of meaningful quantum states in this
domain. Notable examples include time-frequency grid states
(discussed in Appendix B) for quantum error correction [27]
and the HFEQs investigated in this study.

More importantly, this work reveals deeper physical in-
sights into HOM-based FEQs. The results demonstrate that
after undergoing HOM interference, SPDC photon pairs with
high-frequency anticorrelations still exhibit strong correla-
tions and entanglement within each discrete frequency bin.

This implies that FEQs established using HOM interference
cannot always be described by |[Wggq) in Eq. (6), which
represents a mere superposition of several correlated discrete
frequencies. Instead, they should be more accurately repre-
sented by |Whrgq) in Eq. (7), which accounts also for the CV
entanglement within each frequency bin.

The fundamental distinction between |Wrgq) and |Whrgqg)
lies in their internal structure: For FEQs, each basis state
|wn, wp—,) can be independently decomposed into two pure
states, i.e., |w,) ® |wp_,). However, in HFEQs, each fre-
quency bin forms a CV entangled state, preventing such a
decomposition, i.e.,

f / QAR (s Q)]s )

# /dsts.n(Qs)|Qs> ®/d9iﬁ,n(9i)|9i>. 12)

Therefore, tracing out one frequency mode results in a mixed
state rather than a pure state. This effect may pose a critical
issue when utilizing HOM-based FEQs as fundamental re-
sources for subsequent time-frequency quantum information
processing.

From this perspective, an intriguing question arises: Is
there an optimal initial SPDC JSA that minimizes the en-
tanglement in each frequency mode, thereby producing pure
FEQs? Or, how can one choose an optimal HOM condi-
tion for generating pure FEQs? This question represents an
important avenue for future research, aimed at further op-
timizing the generation of HOM-based FEQs and exploring
their fundamental limits in time-frequency quantum informa-
tion processing.

On the other hand, while the entanglement within each
frequency mode might be considered a limitation for FEQ ap-
plications, it could potentially enable applications for HFEQs.
For instance, in quantum key distribution (QKD), the dis-
crete frequency bins allow communication parties to use
wavelength-division multiplexing to separate each frequency
bin and couple them into a single optical fiber, thereby
enhancing data transmission rates and reducing crosstalk
errors [62]. Simultaneously, the CV quantum information
(frequency entanglement) carried within each frequency bin
can facilitate additional time-frequency HD QKD [19,20],
even forming a hybrid DV-CV time-frequency quantum in-
formation processing system. Additionally, in CV quantum
information-based quantum sensing, such quantum states may
offer a useful resource as well [63].

This work establishes a resource for HD frequency-
encoded quantum information processing, providing not only
a deeper theoretical understanding but also a practical founda-
tion for future quantum technologies.
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APPENDIX A: DISCUSSION ON THE SATELLITE STATES
AND THE EFFECT OF DEGENERACY

In this Appendix, we complement the discussion on satel-
lite states, which also shows some fascinating physics here.
To demonstrate that, we analyze the JSI of satellite states | Wis)
and |W¥y) in Eq. (2). Their JSI J,“ and J;l is given by [64]

TR ) = (R4, il W)
= LIF(Q, Q) — f(S, Qe B2,
(AD)

In Eq. (A1), we observe that the typical HOM effect causes
destructive interference along the difference frequency €2_
between two SPDC JSAs, each of which has exchanged fre-
quency components and a phase difference resulting from
the previously introduced time delay ty. Notie that this is
different from the TPES, which shows constructive HOM
interference.

Destructive HOM interference arises from the path-length
difference of satellite states. Due to this path-length dif-
ference, satellite states do not interfere at PBS2 in Fig. 1.
However, at PBS1, satellite states correspond to photons with
different polarization inputs, leading to their destructive HOM
interference [59].

In Eq. (Al), that is clear to see that the maximum HOM
effect will happen in the special case where the degenerate
SPDC JSA has a symmetric structure, such that f(€2,, ;) =
f(L2;, ), and Eq. (A1) can be further simplified and ex-
pressed as

1@, Qi) = L £ )L — cos(R_ )], (A2)

A notable insight can be drawn from Eq. (A2). For ty = 0,
total destructive interference occurs, resulting in zero prob-
ability of detecting the states |Wy) and |W). This behavior
differs significantly from that of a conventional Franson in-
terferometer, where |Wq) and |W) always exist. However,
this phenomenon has neither been thoroughly discussed nor
observed in previous studies with similar setups [54].

One possible reason is that the SPDC process in these
studies often involved highly nondegenerate photon pairs.
Under this condition, the SPDC JSAs in Eq. (Al) become
two entirely different functions when frequency-exchange
mechanisms are applied, preventing complete destructive
interference even when ty = 0. Moreover, even in the degen-

erate SPDC case, complete destructive interference remains
unattainable when ty # 0. Therefore, achieving total destruc-
tive HOM interference for satellite states requires a strict set
of conditions to be met.

Even so, in the near-degenerate case, the original JSI
is modulated by difference-frequency interference. Notably,
from the perspective of time-frequency quantum information,
this modulation process transforms |W) and |¥) into a
correlated, comblike structure in the joint spectral domain,
thereby enabling this optical setup to effectively generate an
HFEQ.

In Figs. 10(a.1)-10(g.1), we illustrate the behavior of
J,’”’ (24, ;) for both degenerate and nondegenerate cases
across a range of delay times 7. In the highly nondegenerate
case, as shown in Fig. 10(e.1), the HOM interference has
little to no observable effect. In contrast, as SPDC approaches
degenerate [Figs. 10(c.1)-10(e.1)], the HOM effect becomes
more pronounced, further modulating the JSI into a comblike
structure and gradually forming an HFEQ. Additionally, in-
creasing the time delay 7y, as seen in Figs. 10(a.1)-10(c.1),
leads to an increase in the frequency of HOM interfer-
ence fringes, resulting in a higher-dimensional HFEQ. In
Figs. 10(a.2)-10(g.2), we also provide a demonstration of
the constructive HOM interference in JPES(Q;, ;) for both
degenerate and nondegenerate cases for comparison.

APPENDIX B: TIME-FREQUENCY GRID STATE

In Figs. 4(f) and 4(i), an intriguing phenomenon is ob-
served when the JSI exhibits weaker correlations, specifically
when 1z = 75. In those cases, the interference frequencies
of the sum frequency and difference frequency align, re-
sulting in a gridlike JSI distribution for the TPES. This
feature is especially pronounced in the conditions illustrated
in Fig. 4(1). This observation underscores the emergence of a
different type of Gottesman-Kitaev-Preskill state in the time-
frequency domain, with potential applications in quantum
error correction protocols utilizing Bosonic rotation codes for
time-frequency quantum information [16,65].

Importantly, Eq. (5) describes the JSA of the TPES |Wrpgs)
after conditional filtering, which excludes the satellite states
|Wq) and |Wj). In this case, the interference directions align
with the difference-frequency and sum-frequency axes be-
tween the signal and idler photons. This result contrasts with
the interference patterns observed in the unfiltered folded
Franson interference JSI output, where the directions are
purely along the signal and idler frequencies [50]. The nature
of this integrated interferometer provides additional potential
applications.

APPENDIX C: DETAIL OF TOFS

The spectral measurement of single photons (or photon
pairs) is accomplished using a time-of-flight spectrometer.
The operation of the ToFS is based on the frequency-to-
time mapping technique, which employs a dispersive medium
to convert the frequency information of a single photon
into its time of flight, enabling the reconstruction of the
single-photon spectrum [55,56]. The key component of the
dispersive medium in our ToFS is constructed using a 12 km
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FIG. 10. The demonstration illustrates a series of SPDC JSIs under (a.1)—(g.1) destructive and (a.2)—(g.2) constructive HOM interference.
In panels (a.1)—(c.1) and (a.2)—(c.2), we examine a degenerate JSI with a series of HOM delay times ty of 1/Aws, 10/Aws, and 20/ Aws,
respectively. Panels (c.1)—(e.1) and (c.2)—(e.2) show the evolution of the HOM JSI as it transitions from the degenerate to the nondegenerate
condition. Panels (f.1) and (f.2) show the reduced signal-mode spectrum of panels (a.1)—(c.1) and (a.2)—(c.2), respectively. Notably, in the
condition of panel (a.1) that is shown in panel (f.1), the single-photon spectrum reflects the impact of destructive HOM interference when 7y
is small. This leads to a significant reduction in spectral intensity. Panels (g.1) and (g.2) show the reduced signal-mode spectrum of panels
(c.1)—(e.1) and (c.2)—(e.2), respectively. Aw, is set to Awg/20 for all cases.

dispersion-compensating fiber, which provides a dispersion
rate of —2.014 ns/nm @ 1545 nm and has an intrinsic loss of
7.33 dB. Compared to a standard single-mode fiber, achiev-
ing the same dispersion rate would require approximately
143.8 km in length and would exhibit a relatively high loss
of 28.76 dB. These comparisons highlight the advantages of
this component as a ToFS.

To precisely convert the single-photon time of flight into
wavelength, we employed the following approach. First, all
HWPs in Fig. 6(b) are set to 0° to prevent frequency exchange
between the signal and idler photons, ensuring that they travel
along the long and short arms, respectively, before being sep-
arated at PBS2.

The photon in the i’ mode is used as the trigger signal for
the coincidence measurement to establish the time reference,
while the photon in the s’ mode passes through the DCEF, is
detected, and its time of flight is recorded. To determine the
relationship between photon wavelength and time of flight,
a tunable fiber filter (bandwidth 1.2 nm) is placed in the s’
mode to selectively transmit photons at specific wavelengths.
Additionally, the crystal temperature is slightly adjusted to
ensure sufficient photon transmission through the tunable fiber
filter, maintaining a high signal-to-noise ratio.

By recording the central transmission wavelength set by
the tunable fiber filter and the time of flight of the s’-mode
photon, we established their relationship to calibrate the ToFS.
The results are shown in Fig. 11(a). The color map repre-
sents the coincidence count distribution at different central
wavelengths of the filter. To determine the delay time of

each coincidence count distribution, Gaussian pulse fitting
is applied, as shown by the white solid line. Consequently,
the relationship between the signal photons’ wavelength and
delay time is obtained. After performing a linear fit, the result-
ing equation is given by t = —1.585971, + 2458.26, where
t represents the time of flight (in ns) and X is the photon
wavelength (in nm). This equation already accounts for time
differences caused by disparities in the optical path lengths of
the s” and i modes in the experimental setup.

The fitting results indicate that the ToFS provides a disper-
sion rate of —1.58597 ns/nm within the entire system. This
value is slightly lower than the specified dispersion of the DCF
used in our setup, likely due to the presence of multiple fiber
networks in the system, including campus optical fibers and
building-interior fiber connections.

Furthermore, based on the measured dispersion rate, we
can infer the frequency resolution of the ToFS. The resolution
limit of the ToFS is primarily constrained by the jitter in de-
tecting photon time of flight. To determine the precise timing
jitter, we temporarily removed the DCF from the experimental
setup and performed a coincidence count measurement of
photon pairs to characterize the overall system timing jitter,
as shown in Fig. 11(b). According to the results, the timing
jitter of the experimental system is approximately 49.1 ps.
The main contributions to this jitter originate from the SNSPD
(18 ps rms) and the time controller’s two channels (each
contributing 4 ps rms). When converted to an FWHM of the
time jitter, the estimated value is approximately 44.4 ps, which
aligns well with the experimental measurement. In conjunc-
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FIG. 11. (a) The relationship between the wavelength and time
delays of ToFS. The gray squares denote the experimental data,
and the solid dashed blue line represents the linear fit given by t =
—1.58597x, + 2458.26, where ¢ is the delay time. The background
color map illustrates the coincidence count distribution at different
central wavelengths of the filter. (b) Testing the timing jitter of the
experimental system. The black dots indicate the experimental data
of coincidence counts of photon pairs without DCF, while the yellow
line represents the Gaussian fit of the distribution with an FWHM of
49.1 ps.

tion with the ToFS dispersion rate, the wavelength resolution
is approximately 31 pm, corresponding to a frequency resolu-
tion of Aw; = 4 GHz.

APPENDIX D: FITTING FUNCTION FOR
HOM-MODULATED SINGLE-MODE SPECTRUM

To obtain more precise information about the TPES un-
der the HOM modulation, we consider Egs. (8) and (5) to
further fit the results in Figs. 7(c) and 8. However, in most
of the cases, Eq. (8) does not have a simple analytical form.
To derive a simplified function for describing the single-
mode spectrum of HOM-modulated TPES, we first ignore the
Franson effect in Eq. (5) to form the JSI and consider an ex-
treme condition where the pump bandwidth is very narrow, in
which Aw, — 0. Under this assumption, the pump spectrum
can be seen as a § function, and thus, Eq. (8) can be calculated:

402

27
231 4+ cos2Qty)]. PD

—41In
Ss(S2, T) X €

It is particularly noteworthy that Eq. (D1) describes a single-
mode spectrum corresponding to an SPDC JSI with perfect
frequency correlations. However, as observed in Fig. 3, a
finite pump bandwidth leads to a reduction in HOM visibility.
Furthermore, in practical experiments, the finite frequency
resolution of ToFS also contributes to the reduction of in-
terference contrast. To account for these effects, Eq. (D1) is
phenomenologically modified to incorporate the influence of

imperfect contrast as

—41n2 (D2)

No day

Ss(S2, ) = € 25 [1 + Vig cos(29 )],
where N is the peak count of the single-mode spectrum and
Vi is the fitted HOM visibility. In addition, the HOM delay
Ty, the mode spacing of Af = 1/2ty, and the bandwidth of

HFEQs, Awg, can also be obtained using this equation.

APPENDIX E: SIMULATING THE EFFECT OF TOFS
FINITE RESOLUTION

Experimentally, the single-photon spectral measurement of
ToFS is limited by a certain resolution due to disturbances
in estimating the photon time of flight. These disturbances
arise from factors such as detector timing jitter and counter
timing jitter, introducing a finite frequency resolution into the
measurement process. To account for ToFS’s finite resolution,
we model the frequency measurement jitter using a Gaussian
probability distribution,

W— ;2
4In2 —4m2@5r
J

5e
nAa)j

Pi(w, ) = , (ED)

where Aw; represents the frequency resolution of ToFS,
which defines the linewidth broadening in measurement. The
function Pj(w, 25) describes the probability distribution of
a photon with frequency €2 in the ToFS measurement. For
instance, if a photon carries a frequency of €2, the finite
resolution of ToFS results in a Gaussian-distributed spectral
measurement centered at ;.

To extend this to multimode photon frequency measure-
ments, we model all photon frequencies as passing through a
Gaussian response function with finite frequency resolution.
This means that the final measured spectrum is obtained by
convolving the original spectrum with this Gaussian function.
Mathematically, the measured spectrum can be expressed as

Si(w, ty) = /dQSS(QS, H)Pj(w, ). (E2)
This convolution process effectively models the spectral
broadening caused by finite resolution. Using Eqgs. (E1), (E2),
and (D2), with a frequency resolution of Aw; =4 GHz and
varying Ty, the upper limit of the measured Vj is calculated
using Eq. (10), as shown in Fig. 9.

APPENDIX F: PHOTON-PAIR DEGENERATE

The precise degeneracy of the photon-pair wavelengths
is crucial for generating an HFEQ. In this Appendix, we
demonstrate the method used in our system to verify photon-
pair degeneracy. Additionally, this demonstration provides
insights into the gradual transition of photon-pair degeneracy
and its relationship with HOM interference.

In Figs. 10(c.2)-10(e.2), we calculate the JSI of TPES
in the nondegenerate regime using Eq. (4), excluding the
Franson interference. Additionally, Fig. 10(g.2) presents
the corresponding single-mode spectrum. We observe that as
the photon pair transitions from a nondegenerate to a degen-
erate state, the two main spectral distributions, induced by the
frequency exchange mechanism, gradually converge. Once
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FIG. 12. Demonstration of tuning the photon pair to degen-
eracy and the transition of HOM interference. The labels in
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they overlap, HOM interference occurs. Thus, by examining
whether the frequency distribution of the s’-mode single-mode
spectrum consists of a single dominant peak, we can deter-
mine whether the photon pair is in a degenerate state.

To verify whether the photon pair is in a degenerate state in
the experiment, the long arm of the Franson interferometer in
Fig. 6 is blocked, temporarily disabling the Franson interfer-
ence. By performing a ToFS measurement of the single-mode
spectrum of s mode, we can directly observe the frequency
distribution of the photon pair.

In Fig. 12, we conduct the aforementioned test using a
demonstration PPLN waveguide (not the crystal used in this
study). In Fig. 12(a), the SPDC crystal is initially set to a
nondegenerate state, where the frequency exchange mecha-
nism causes the nondegenerate photon pairs to exhibit two
dominant distributions in the s’-mode single-mode spectrum.
As the crystal temperature varies, the photon pairs gradually
approach the degenerate state and HOM interference becomes
increasingly pronounced. Ultimately, when the photon pairs
reach degeneracy, the single-mode spectrum exhibits a sin-
gle dominant distribution and reveals a comblike structure,
as shown in Figs. 12(b) and 12(c). Therefore, considering
the method above allows us to fine-tune the temperature of
the crystal, verify the degeneracy of photon pairs, and observe
the transition of HOM interference.

On the other hand, since this method requires tuning the
photon wavelength, the fiber filter is removed in Fig. 12. As
there is no filter applied to the spectrum of s’-mode photons,
the spectral distribution retains a sinc function behavior, al-
lowing the sidebands of the sinc function to be observed. It
can be observed that the sidebands of the sinc function, due
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FIG. 13. TPI fringes for each frequency bin of the HFEQs in the dimensionality of (a.1)—(a.5) D = 5, (b.1)-(b.7) D = 7, (c.1)~(c.9) D =9,
and (d.1)—(d.11) D = 11. The bin index of each figure decreases from top to bottom. The black squares represent the experimental raw data of
the coincidence counts, while the yellow circles denote the data after subtracting the accidental and dark counts. The black and yellow lines
represent the theoretical fitting.

043152-17



WANG, CHEN, YANG, CHEN, AND TSAI

PHYSICAL REVIEW RESEARCH 7, 043152 (2025)

to their deviation from the main peak, influence the waveform
of the single-mode spectrum in the nondegenerate case. In the
degenerate case, these sidebands also appear on both sides of
the main peak, slightly affecting the spectrum of the satellite
state. Therefore, filtering out these sidebands using a fiber
filter is a crucial aspect of this experiment.

APPENDIX G: CONTROLLING THE PHASE OF FRANSON
INTERFERENCE

In Figs. 8(e) and 8(f), we implemented an alternative phase
control scheme. For Figs. 7(b) and 8(b), the phase of the
Franson interferometer is controlled by tr, which is exper-
imentally achieved by adjusting the voltage of the piezo.
However, in a typical TPI setup, the phase is jointly correlated
with the biphoton frequencies, following the relation ¢p =
Q4 tr [54,66]. In an extreme case where the pump bandwidth
is much narrower than the SPDC bandwidth, 2, and €2; will
remain perfectly anticorrelated, allowing €25 4+ €2; to be re-
placed by the pump frequency €2, [66]. In our experiment,
the linewidth of the pump laser is estimated to be a few kHz,
which is significantly narrower than the bandwidth (estimated
by the fitting method of Awg ~ 300 GHz) of the SPDC crys-
tal we used. This implies that we can further achieve phase
control of the Franson interferometer by adjusting the pump
wavelength.

To ensure that the operating wavelength of the pump laser
remains both controllable and stable, in Figs. 8(e) and 8(f),
the piezo is fixed at a stable voltage, while the pump laser
is continuously stabilized using feedback from a wave me-
ter. Next, the output wavelength is controlled by adjusting
the wavelength locking position of the wave meter, thereby
modifying the interferometer phase.

Furthermore, although changing the pump frequency will
slightly affect the phase-matching condition of the SPDC
crystal, the large optical path difference between the short
and long arms of the Franson interferometer significantly
reduces the required variation in the pump laser frequency.
In our system, the pump frequency is scanned over a range
of approximately 149.8 MHz with a resolution of about
6.8 MHz, covering roughly two periods of the TPI. This range
is much smaller than the SPDC bandwidth, ensuring that
phase-matching condition drift can be considered negligible
under our experimental conditions.

APPENDIX H: TPI FOR EACH FREQUENCY
BIN IN HFEQS

In this Appendix, we present the TPI fringes for each
frequency bin of the HFEQs, as shown in Fig. 13. These
high-contrast TPI interference patterns demonstrate that each
discrete frequency region within the HFEQs retains the char-
acteristic of CV frequency entanglement.

In Fig. 13, we observe another intriguing phenomenon. The
TPI patterns for all frequency bins within each HFEQ are in
phase. This indicates that the frequency correlations exhibit a
well-defined anticorrelated characteristic, corresponding to a
—45° distribution in the joint spectrum. In contrast, if the JSI
were not perfectly anticorrelated, its distribution in the joint
spectrum would not be strictly aligned along the 2_ direc-
tion. As a result, Franson interference along the €2, direction
could introduce varying phase shifts in the TPI for different
frequency bins, leading to an out-of-phase behavior in the TPI
patterns. Our simulation supports this statement.

APPENDIX I: LIST OF ACRONYMS

TABLE II. List of acronyms.

Acronyms Definition

Cv Continuous variable

FEQ Frequency-entangled qudit

HD High dimensional

HOM Hong-Ou-Mandel

HFEQ Hybrid frequency-entangled qudit

HWP Half-wave plate

JSA Joint spectral amplitude

JSI Joint spectral intensity

PBS Polarizing beam splitter

PPLN Periodically poled lithium niobate

PM Polarization-maintaining

QWP Quarter-wave plate

SPDC Spontaneous parametric down-conversion
SNSPD Superconducting nanowire single-photon detector

TPI Two-photon interference
TPES Two-photon entangled state
ToFS Time-of-flight spectrometer
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