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Generalized Li-Haldane correspondence in critical free-fermion systems
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Topological phenomena in quantum critical systems have recently attracted growing attention, as they go
beyond the traditional paradigms of condensed matter and statistical physics. However, a general framework
for identifying such nontrivial phenomena, particularly in higher-dimensional systems, remains insufficiently
explored. In this work, we propose a universal fingerprint for detecting nontrivial topology in critical free-
fermion systems protected by global on-site symmetries. Specifically, we analytically establish an exact relation
between the bulk entanglement spectrum and the boundary energy spectrum at topological criticality in arbitrary
dimensions, demonstrating that the degeneracy of edge modes can be extracted from the bulk entanglement
spectrum. These findings, further supported by numerical simulations of lattice models, provide a universal
fingerprint for identifying nontrivial topology in critical free-fermion systems.

DOI: 10.1103/96gp-fq3j

I. INTRODUCTION

Topological phases protected by global symmetries, known
as symmetry-protected topological (SPT) phases, have at-
tracted significant attention over the past two decades [1–6].
These phases cannot be characterized by local order param-
eters and feature robust topological edge states that hold
promise for fault-tolerant quantum computing [7,8]. Tradi-
tionally, it has been widely believed that SPT physics is well
defined only in incompressible systems with a bulk energy gap
[9,10] and thus is relatively well understood. However, recent
advances [11–59] have challenged this belief by revealing
topological phenomena in gapless quantum critical systems,
now known as topologically nontrivial quantum critical points
(QCPs) [11,17,21] or gapless SPT (gSPT) states [12,13].
This extension has recently attracted considerable attention,
as it reveals topological properties beyond gapped systems,
including nontrivial conformal boundary conditions [15,21],
algebraically localized edge modes [17,55], universal bulk-
boundary correspondence [31,40,52], and intrinsically gapless
topological phases without gapped counterparts [18,48,50].

Despite their importance, the identification of gSPT states
has so far relied mainly on numerical simulations and has been
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largely limited to one-dimensional (1D) systems, owing to the
absence of a unified analytical framework and efficient numer-
ical algorithms for higher-dimensional, gapless many-body
systems. gSPT physics can also emerge at QCPs between in-
sulating phases with different topological indices [14,16,54].
Recent experimental advances, such as quantum anomalous
Hall insulators with tunable Chern numbers, enable the study
of gSPTs in topological insulator multilayers [60,61] and
Moiré superlattices [62,63]. However, unlike gapped states
characterized by well-defined topological invariants, these
critical states possess ill-defined invariants due to singular
touching points in parameter space and therefore lack clear
fingerprints for detecting nontrivial topology, especially in
higher dimensions.

Nevertheless, over the past few decades, quantum en-
tanglement has been well established as a crucial tool for
characterizing gapped topological phases, from fractional
quantum Hall states [64–67] to both free-fermion and inter-
acting topological systems [68–73]. A remarkable advance
came from Li and co-workers [64,74–76], who recognized
that beyond entanglement entropy, more refined entanglement
structures provide critical insight for understanding topolog-
ical phases. Specifically, for a given subsystem A, one can
define an entanglement Hamiltonian (EH) K̂A from its reduced
density matrix via ρ̂A = e−K̂A . The Li-Haldane conjecture
states that there is a one-to-one correspondence between the
entanglement spectrum (spectrum of K̂A) and the low-energy
spectrum of the system’s physical boundary.

Though initially proposed for gapped phases of matter,
the conjecture has demonstrated broader applicability. Re-
cent research suggests that the Li-Haldane conjecture may
be more universal and apply to even gapless states than
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originally conceived. For instance, Refs. [77,78] demonstrate
that information of Goldstone modes can be extracted from
the entanglement spectrum. Furthermore, recent numerical
investigations reveal universal structures in the entanglement
spectrum at QCPs in both ladder and two-dimensional (2D)
quantum systems [79–84]. Notably, the authors and collab-
orators recently extended the conjecture to gSPT states in
1D interacting spin chains [31]. Although formal results from
algebraic quantum field theory [85] provide some insight into
the EH, analytical results regarding the EH of gapless states
in higher dimensions are particularly scarce. This motivates
our effort to develop EH-based diagnostic methods for these
systems in general dimensions.

This work serves to fill in that gap by proposing a universal
fingerprint for identifying nontrivial boundary degeneracies in
free-fermion topologically nontrivial QCPs across arbitrary
dimensions. Specifically, we analytically demonstrate an exact
correspondence between the bulk entanglement spectrum and
the boundary energy spectrum for critical free-fermion models
in general dimensions. We show that boundary degeneracies
at critical points can be extracted from the bulk entanglement
spectrum, and we further verify its robustness against strong
disorder and interaction. These findings, supported by lattice-
model simulations, constitute a gapless generalization of the
Li-Haldane bulk-boundary correspondence and, to our knowl-
edge, the first analytical progress of such a correspondence
in high-dimensional topological critical systems. Our work
establishes entanglement-based diagnostics as a universal and
distinctive fingerprint for identifying topological phenomena
in critical free-fermion systems across arbitrary dimensions,
offering a promising avenue for addressing fundamental chal-
lenges in the study of gapless topological phases of matter.

II. ANALYTICAL RESULTS FOR THE ENTANGLEMENT
SPECTRUM AND BOUNDARY MODES

A gSPT phase can be understood as a conformal field
theory (CFT) wherein symmetries and anomalies preclude
the existence of trivial boundary conditions at any physi-
cal boundary or interface. Similarly, evaluating the reduced
density matrix requires introducing a UV cutoff as the entan-
gling [86,87], which is inevitably subjected to the exact same
symmetry and anomaly constraints. This profound parallel
strongly suggests that the Li-Haldane correspondence may
remain valid even for critical systems governed by CFTs.

To establish a concrete connection between entanglement
problem and Boundary conformal field theory (BCFT) prob-
lem, we consider a spherical subregion A = {x ∈ Rd | |x| <

R, t = 0}, on the t = 0 time slice in Euclidean space-
time with metric ds2

Rd+1 = dτ 2 + dr2 + r2d�2
d−1, where

d�2
d−1 is the metric of unit sphere, whose boundary ∂A

defines the entangling surface, regulated by a UV cut-
off ε. Within the replica formalism, Trρ̂n

A is represented
by a path integral on an n-fold branched cover, which
is conformally equivalent to S1

2πnR × Hd [88], where Hd

is hyperbolic space in d dimension. Introducing coordi-
nates (τ, u,�d−1), the conformal mapping can be written

FIG. 1. This figure illustrates the correspondence between the
energy spectrum of a hyperbolic disk and the entanglement spec-
trum of a flat disk. Due to the suppression of bulk contributions in
the hyperbolic geometry, the low-energy modes of the continuous
bulk spectrum are no longer preserved. Since the underlying spatial
metrics differ only by a Weyl transformation, the exact zero modes
originating from the boundary spectrum remain robustly preserved.

explicitly as

t = R
sinh(τ/R)

cosh u + cosh(τ/R)
, r = R

sinh u

cosh u + cosh(τ/R)
, (1)

while leaving the angular coordinates on Sd−1 unchanged.
Under this transformation, the flat metric becomes ds2 =
�−2(dτ 2 + R2(du2 + sinh2 u d�2

d−1)), where � = cosh u +
cosh(τ/R) is a Weyl factor. Removing this factor yields
the metric on S1 × Hd , we get ds2

S1×Hd = dτ 2 + R2(du2 +
sinh2 u d�2

d−1), with a cutoff umax ∼ ln 2R
ε

imposed by the
entanglement surface. Consequently, the entanglement Hamil-
tonian for region A is unitarily equivalent to a Hamiltonian
defined on Hd with an asymptotic boundary at u = umax up to
an overall Casimir constant (see Fig. 1 for an illustration)

K̂A = 2πRU †ĤDU + �. (2)

Furthermore, the spatial metric ds2
Hd = R2(du2 +

sinh2 u d�2
d−1) can be mapped to the standard Poincaré

disk via ρ = tanh u
2 , yielding

ds2
Hd = 4R2

(1 − ρ2)2

(
dρ2 + ρ2d�2

d−1

)
. (3)

In 1 + 1D, the hyperbolic disk degenerates into a line
segment. The CFT energy spectrum on this segment can
be exactly solved, which allows us to obtain an analytical
expression for the entanglement spectrum in 1 + 1D. As a
simple application, we consider the 1 + 1D case to see if we
can recover the previous results in Ref. [31]. In this case,
the hyperbolic space H1 lacks intrinsic curvature and triv-
ially reduces to a flat 1D line segment. The spatial metric
simplifies to ds2

H1 = R2du2, representing a flat 1D segment
with an effective length determined by the entanglement cut:
Leff = ∫ umax

−umax
R du � 2R ln(2R/ε). For a general 1 + 1D CFT

defined on such a finite strip with conformal boundary con-
ditions, the exact energy spectrum is analytically known to
be En = π

Leff
(	n − c

24 ), where c is the central charge and 	n
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are the scaling dimensions of the boundary primary operators.
Since the entanglement Hamiltonian K̂A is related to the phys-
ical Hamiltonian on H1 evaluated over the Euclidean thermal
circle of circumference 2πR, the entanglement spectrum ξn is
simply given by ξn = 2πREn. Substituting Leff, we elegantly
recover the analytical result for the 1 + 1D entanglement
spectrum:

ξn = π2

ln(2R/ε)

(
	n − c

24

)
. (4)

This result is consistent with previous literature [43,89].
For higher-dimensional cases, although finding exact solu-

tions for general CFTs on hyperbolic disk remains intractable,
the situation significantly simplifies for Dirac fermions when
many-body CFTs admit a single-particle picture. The hyper-
bolic metric is Weyl equivalent to that of the flat disk Dd .
Therefore, if the Dirac Hamiltonian on the flat disk satisfies
/̂DDψ = Eψ and admits a zero-energy mode, the transforma-
tion properties of the Dirac operator under Weyl rescaling
guarantee that the corresponding operator /̂DHψ̃ = Eψ̃ on Hd

also supports a zero mode (see Appendix A for details). As
a result, the entanglement spectrum inherits the degeneracy
arising from the zero modes of the edge spectrum. This rig-
orously establishes a correspondence between the boundary
zero modes in the entanglement spectrum and those of a
(d + 1)-dimensional Dirac-fermion gSPT at criticality.

III. MODEL AND METHOD

At the critical point separating insulating or superconduct-
ing phases with topological indices n and n + 1, although the
low-energy effective theories describing different transitions
universally appear as massless Dirac fermions, the relevant
topological degeneracy originates from the fact that, upon in-
troducing a boundary, the symmetry-enforced massless Dirac
equation admits nontrivial conformal boundary conditions.
These distinct boundary conditions can support topological
zero modes, thereby encoding the underlying topological
structure at criticality. And this is a minimal example of gSPT
in general dimension.

To realize gSPT physics in these free-fermion systems with
topologically protected zero-edge modes, the Hamiltonian
needs to undergo a continuous phase transition between dis-
tinct topological insulating phases characterized by nonzero
topological invariants [16]. This requires the models to pos-
sess certain global symmetries such that the Hamiltonian
falls into a symmetry class characterized by a Z-valued
topological invariant in the Altland-Zirnbauer classification
[90]. We use Ĥα to denote a Hamiltonian with topolog-
ical number α ∈ Z. Specifically, in 1D, we may choose

Ĥ1d
α (k) = (ĉ†

A,k ĉ†
B,k )[cos(αk) σx + sin(αk) σy](

ĉA,k

ĉB,k
), which

belongs to the AIII symmetry class. In 2D, an exam-
ple is Ĥ2d

α (k) = (ĉ†
A,k ĉ†

B,k )[sin(αkx )σx − sin(ky)σy + (1 −
cos(αkx ) − cos(ky))σz](

ĉA,k
ĉB,k

), which belongs toC symmetry

class. Linear combinations of different Ĥα can realize phase
transitions between different topological insulators or su-
perconductors [91]. For example, Ĥ1d

1 + Ĥ1d
2 corresponds

to the critical point that separates two gapped phases with

winding numbers ω = 1 and ω = 2, featuring edge states in
a nontrivial topological universality class [14,17,21,91]. Sim-
ilarly, (aĤ2d

0 + bĤ2d
1 + cĤ2d

2 )/(a + b + c) realizes a Chern
insulator transition between Chern number C = 1 and C =
2 when b = a + c and c > a, supporting chiral edge states
[16,52].

In the main text, we focus on 1D and 2D models as illus-
trative examples, while the more involved three-dimensional
(3D) case is discussed in the Appendixes C and E. We thus
obtain a set of critical Hamiltonians constructed as linear com-
binations of Ĥα , which exhibit topologically protected edge
states. Thanks to the exactly solvable nature of free-fermion
models, we can easily compute the entanglement spectrum
using the correlation matrix method (see Appendix B and
Refs. [92–94] for details), which enables the general analysis
presented in the following sections.

IV. NUMERICAL RESULTS

To verify the analytical predictions, we now turn to lattice
simulations for critical free-fermion models across different
dimensions. In this setting, the bulk entanglement spectrum
can be obtained from the Gaussian state method (see Ap-
pendix B and Refs. [92,93] for details) [95]. We first consider
linear combinations of Ĥ1d

α and Ĥ1d
α+1, i.e., (Ĥ1d

α + Ĥ1d
α+1)/2,

which realize topologically distinct QCPs for different α.
Specifically, in 1D lattice models, the critical points are topo-
logically trivial for α = 0 and topologically nontrivial for
α = 1 and 2, as confirmed by both the boundary energy spec-
tra and the bulk entanglement spectra shown in Fig. 2. We
unambiguously demonstrate that at topologically nontrivial
criticality, the boundary energy spectrum and the bulk entan-
glement spectrum exhibit the same boundary-state degeneracy
(the number of red circles in the insets), providing numerical
evidence for the correspondence between the two spectra.
Moreover, the associated boundary degeneracies are 2 and 4
for α = 1 and α = 2, respectively, in exact agreement with
theoretical predictions. We note that ξn = 1/2 corresponds to
the zero modes of the EH; therefore, we focus on the corre-
spondence between εn = 0 and ξn = 1/2 (see Appendix B).
Furthermore, the exact correspondence between the bulk
entanglement spectrum and the boundary energy spectrum
persists in the presence of symmetry-preserving disorder and
interactions (see Appendix D for a detailed discussion).

Beyond 1D cases, we consider topologically distinct Chern
insulator transitions in 2D. By tuning the coefficients {a, b, c}
of linear combinations of the 2D Hamiltonians Ĥ2d

α (α =
0, 1, 2), the model realizes Chern critical points that host
chiral edge states [16]. To reveal the associated topology in
the entanglement spectrum and test its correspondence with
the boundary energy spectrum, we impose open boundaries
along x direction and periodic boundaries along y direction,
and ky remains a good quantum number. Figures 3(a1) and
3(b1) show the energy spectra at representative trivial and
nontrivial Chern critical points. For the nontrivial transition
between Chern numbers 1 and 2 [Fig. 3(b1)], the expected
chiral edge states are clearly visible. In contrast, for the trivial
transition between Chern numbers 0 and 1 [Fig. 3(a1)], there
are actually no chiral edge modes as evidenced by the color
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FIG. 2. The boundary energy spectrum for the Hamiltonian (a1) (Ĥ 1d
0 + Ĥ 1d

1 )/2, (b1) (Ĥ 1d
1 + Ĥ 1d

2 )/2, and (c1) (Ĥ 1d
2 + Ĥ 1d

3 )/2, respectively,
under open boundary conditions. Panels (a2), (b2), and (c2) are the corresponding bulk entanglement spectrum with an equal bipartition of the
chain. Insets provide magnified views of specific regions to highlight the topological degenerate edge modes (red circles). The system size is
L = 800.

coding fading out near the gapless point ky = 0 (correspond-
ing to delocalized bulk states).

Next, we compute the bulk entanglement spectrum as
shown in Figs. 3(a2) and 3(b2). Unlike the boundary energy
spectrum, which does not clearly distinguish between topo-
logically trivial and nontrivial critical points at first glance, the

FIG. 3. The energy spectrum of the critical 2D lattice model
(aĤ 2d

0 + bĤ 2d
1 + cĤ 2d

2 )/(a + b + c) for (a1) (a, b, c) = (5, 6, 1) and
(b1) (a, b, c) = (1, 6, 5), respectively. The x direction is open while
the y direction is periodic. Insets provide enlarged views near the
zero-energy point. In the trivial case (a1), the color of the branches
fades to gray as ky approaches 0; the faint residual red/blue hue arises
from finite-size effects. Panels (a2) and (b2) are the corresponding
bipartite bulk entanglement spectrum. The entanglement cut is taken
along the x direction. The color coding indicates the normalized
mean real-space position along the x direction of each eigenstate.
The blue (red) color represents the left (right) edge modes while the
light gray indicates the bulk modes. The system size is Lx = 40 and
Ly = 800.

bulk entanglement spectrum exhibits a clear distinction: Ro-
bust chiral edge states appear only at topologically nontrivial
criticality. This not only provides numerical confirmation of
the exact correspondence between energy and entanglement
spectra in 2D, but also highlights the bulk entanglement spec-
trum as a more reliable fingerprint for identifying nontrivial
topology in quantum critical systems. Furthermore, because
the EH in our discussion is gapped and has a meaning-
ful correspondence with the gapless physical Hamiltonian,
it enables us to assign a well-defined topological invariant
to critical free-fermion systems. In this sense, the bulk en-
tanglement spectrum reveals information beyond boundary
energy spectrum. In Appendix E, we extend this analysis to
3D, further confirming the correspondence between boundary
energy and bulk entanglement spectra, thereby generalizing
the Li-Haldane conjecture to critical free-fermion systems in
arbitrary dimensions.

V. DISCUSSION AND CONCLUDING REMARKS

To summarize, we have developed a universal theory of
the entanglement spectrum for identifying topological phe-
nomena at QCPs in free-fermion systems across arbitrary
dimensions. Specifically, for a broad class of topological free-
fermion lattice models protected by on-site symmetries, we
analytically establish an exact correspondence between the
bulk entanglement spectrum and the boundary energy spec-
trum at criticality. More importantly, we demonstrate that the
bulk entanglement spectrum captures the underlying bound-
ary degeneracies of critical systems. Our analytical results are
further supported by numerical simulations on lattice mod-
els in various dimensions. These findings establish an exact
bulk-boundary correspondence in topological critical fermion
systems, enabling the entanglement spectrum to serve as a
universal fingerprint for detecting boundary degeneracies at
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criticality. As such, our framework represents a first step
toward addressing the more challenging identification of topo-
logically nontrivial QCPs in general dimensions.

Looking ahead, it would be fascinating to explore the role
of lattice symmetries in topological critical systems, where
subtle distinctions in bulk-boundary correspondence may
manifest in the entanglement spectrum of crystalline gapless
topological phases, analogous to their gapped counterparts
[70]. Moreover, it is worthwhile to numerically investigate
the Li-Haldane correspondence in higher-dimensional inter-
acting gSPT phases, which are expected to host much richer
topological phenomena beyond the 1D setting [31,40]. On the
experimental side, we note that the entanglement spectrum of
band models can be measured in phononic systems [96], of-
fering a promising platform to test our theoretical predictions.
In addition, the entanglement spectrum of interacting gSPT
states may be efficiently accessed on state-of-the-art digital
quantum platforms [97–100] via EH learning, or on analog
quantum simulators through quantum variational approaches.
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APPENDIX A: DETAILS OF CFT METHODS

It establishes a rigorous correspondence between the
symmetry-enforced boundary zero modes and the entangle-
ment spectrum for general gapless interacting systems at
criticality shown in Ref. [43].

We explicitly show that zero-energy modes of the massless
Dirac Hamiltonian are invariant under spatial Weyl transfor-
mations, which is crucial for establishing the correspondence
between edge modes on the flat disk Dd and the hyperbolic
disk Hd .

Let gi j and g̃i j = �2(x)gi j be the spatial metrics on Dd and
Hd , respectively. Under this conformal rescaling, the massless
Dirac operator transforms covariantly as

/̂DH = �− d+1
2 /̂DD�

d−1
2 . (A1)

If the flat disk Hamiltonian admits a zero-energy mode
ψ0(x) satisfying /̂DDψ0 = 0, we can define a rescaled wave-
function ψ̃0(x) = �− d−1

2 (x)ψ0(x) for the hyperbolic geome-
try. Applying /̂DH yields

/̂DH ψ̃0 = (
�− d+1

2 /̂DD�
d−1

2
)(

�− d−1
2 ψ0

) = �− d+1
2 /̂DDψ0 = 0.

(A2)

Thus, ψ̃0 remains an exact zero-energy mode on Hd , perfectly
preserving the topological degeneracy.

In contrast, for a non-zero-energy state ( /̂DDψE = EψE ),
the same transformation gives

/̂DH ψ̃E = �− d+1
2 EψE = (�−1(x)E )ψ̃E . (A3)

Since the Weyl factor �(x) is position dependent, �−1(x)E
is not constant, meaning ψ̃E is no longer an eigenstate. This
confirms that while the bulk spectrum is distorted by the
geometric deformation, topologically protected zero modes
remain completely immune.

APPENDIX B: A BRIEF REVIEW OF GAUSSIAN STATE
METHOD

Fermionic Gaussian states play a fundamental role in
many-body quantum physics, as they can be completely char-
acterized by their two-point correlation functions [92–94].
The density matrix of a fermionic Gaussian state can be ex-
pressed as

ρ̂ = 1

Z exp

⎛
⎝ i

2

2N∑
i, j=1

�i jχ̂iχ̂ j

⎞
⎠, (B1)

where χ̂i are Majorana operators satisfying the anticommuta-
tion relation {χ̂i, χ̂ j} = 2δi j and Z is a normalization factor.
The matrix �i j contains information about the correlations in
the state.

It is convenient to transform �i j into a block-diagonal form
via an orthogonal transformation. This results in a collection
of 2 × 2 blocks of the form(

0 λk

−λk 0

)
, (B2)

where λk � 0 for k = 1, 2, . . . , N . In this canonical basis, the
density matrix can be rewritten as

ρ̂ = 1

Z

N∏
k=1

exp(iλk ˜̂χ2k−1 ˜̂χ2k ), (B3)

with normalization factor Z = ∏N
k=1 2 cosh(λk ). Here, ˜̂χi =∑

j Oi j χ̂ j are the transformed Majorana operators, where O
is the orthogonal matrix that block diagonalizes �i j . A key
advantage of the Gaussian state formalism is that it allows for
straightforward computation of information-theoretic quan-
tities. For instance, the von Neumann entropy of ρ̂ can be
expressed as

Svon = −
N∑

k=1

[ fk ln fk + (1 − fk ) ln(1 − fk )], (B4)

where fk = 1
1+e2λk

represents the effective occupation number
of fermions.

The covariance matrix �i j of a Gaussian state is determined
by the two-point correlation functions of Majorana operators:

�i j = i

2
Tr(ρ̂[χ̂i, χ̂ j]) = tanh(HG)i j, (B5)
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FIG. 4. The boundary energy spectrum for the Hamiltonian (a1) (2Ĥ1d
0 + Ĥ 1d

1 )/3, (b1) (2Ĥ1d
1 + Ĥ 1d

2 )/3, (c1) (2Ĥ1d
2 + Ĥ 1d

3 )/3, and (d1)
(Ĥ 1d

2 + 2Ĥ1d
3 )/3, respectively. Panels (a2), (b2), (c2), and (d2) are the corresponding half-chain bulk entanglement spectrum. Insets provide

magnified views of specific regions to highlight the topological degenerate edge modes (red circles). The system size is L = 800.

where [χ̂i, χ̂ j] denotes the commutator of Majorana operators.
To obtain the reduced density matrix of ρ̂ in a subregion A, we
only need to keep terms that are supported in subregion A:

ρ̂A = 1

ZA
exp

⎛
⎝ i

2

∑
i, j∈A

(�A)i jχ̂iχ̂ j

⎞
⎠, (B6)

where �A is derived from the restriction of � to region A and
ZA is the corresponding normalization factor.

The ground state of a quadratic Hamiltonian Ĥ =
i
2

∑
i, j Hi j χ̂iχ̂ j can be regarded as a Gaussian state in the limit

where � = tanh(βH) with β → ∞. In this zero-temperature
limit, the covariance matrix simplifies to

� = −iU † sgn(D)U, (B7)

where we denote this � as the entanglement Hamiltonian
KE . Here, U is the unitary matrix that diagonalizes iH as
U (iH)U † = D, and sgn(D)ii = 1 if Dii � 0, and −1 other-
wise.

Upon further diagonalization of this entanglement Hamil-
tonian, we obtain the reduced density matrix in the following
form:

ρ̂A =
m∏

k=1

(
1

2
+ i

2
tanh λk ˜̂χA,2k−1 ˜̂χA,2k

)
, (B8)

where λk are the eigenvalues of the entanglement Hamiltonian
KA,E . In numerical calculations, we can conveniently obtain
the quantities 1

2 ± 1
2 tanh λk , which we refer to as the single-

particle entanglement spectrum. The equivalence between this
spectrum and the boundary energy spectrum will be demon-
strated in the following subsection for free-fermion critical
states.

APPENDIX C: BRIEF REVIEW OF LOW-DIMENSIONAL
TOPOLOGICAL CRITICAL FREE-FERMION MODELS

In 1D, the gapped phases of the AIII class are Z classi-
fied, and a topological state with winding number α = n is

described by the Hamiltonian [14,16,17,21]

Ĥ1d
n =

∑
i

ĉ†
A,i ĉB,i+n + H.c. (C1)

In momentum space, this Hamiltonian reads

Ĥ1d
n =

∑
k

�̂
†
k [cos(nk)σx + sin(nk)σy]�̂k, (C2)

where we introduce the basis �̂
†
k = (ĉ†

A,k, ĉ†
B,k ).

It is clear that the winding number of this Hamiltonian
is n. A linear combination

∑
α cαĤ1d

α becomes critical under
two conditions. The first condition occurs when

∑
α cα = 0,

producing a gapless point at k = 0. The second condition
arises when

∑
α (−1)αcα = 0, resulting in a gapless point at

k = π . In our main text, we focus on two specific models:
(Ĥ1d

1 + Ĥ1d
2 )/2 and (Ĥ1d

2 + Ĥ1d
3 )/2, both of which exhibit the

gapless topological characteristics described above. Figure 4
shows the energy levels under open boundary conditions and
the bulk entanglement spectrum for representative parameters
within the gapped phases of the winding number ν = 0 [pan-
els (a1) and (a2)], ν = 1 [panels (b1) and (b2)], ν = 2 [panels
(c1) and (c2)], and ν = 3 [panels (d1) and (d2)], respectively.
It is clear that the topological zero-edge modes (red circles
in the plotting) can be fully reflected in both energy and
entanglement spectra.

In 2D, class A is Z classified Chern insulator, the lattice
model corresponding to Ĥ2d

1 (k) = (ĉ†
A,k ĉ†

B,k )[sin(kx )σx −
sin(ky)σy + (1 − cos(kx ) − cos(ky))σz](

ĉA,k
ĉB,k

) reads as

Ĥ2d
1 = 1

2

∑
i, j

[−iĉ†
A,i+1, j ĉB,i, j − iĉ†

B,i+1, j ĉA,i, j

+ ĉ†
A,i, j+1ĉB,i, j − ĉ†

B,i, j+1ĉA,i, j + ĉ†
A,i, j ĉA,i, j

− ĉ†
B,i, j ĉB,i, j − ĉ†

A,i+1, j ĉA,i, j + ĉ†
B,i+1, j ĉB,i, j

− ĉ†
A,i, j ĉA,i, j+1 + ĉ†

B,i, j ĉB,i, j+1] + H.c. (C3)
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FIG. 5. The energy spectrum of the gapped 2D lattice model (aĤ 2d
0 + bĤ 2d

1 + cĤ 2d
2 )/(a + b + c) for (a1) (a, b, c) = (4, 1, 1), (b1)

(a, b, c) = (1, 4, 1), and (c1) (a, b, c) = (1, 1, 4), respectively. The x direction is open while the y direction is periodic. Panels (a2), (b2),
and (c2) are the corresponding bipartite bulk entanglement spectrum. The entanglement cut is taken along the x direction. The color coding
indicates the normalized mean position along the x direction. The blue (red) color represents the left (right) edge modes while the light gray
indicates the bulk modes. The system size is Lx = 40 and Ly = 800.

The Chern number can be calculated using the formula

ν =
∫

BZ

d2k

4π2
εμνTr[(h−1∂μh)(h−1∂νh)], (C4)

where h is the flattened Hamiltonian of H . Notably, a topo-
logical insulator with higher Chern number n can be readily
constructed by replacing i + 1 with i + n in the original
Hamiltonian. When we consider a linear combination Ĥ2d =∑

α cαĤ2d
α , the system becomes gapless at k = (π, 0) when

the condition
∑

α (−1)αcα = 0 is satisfied. For the specific
case where α ∈ {0, 1, 2}, the Hamiltonian (aĤ2d

0 + bĤ2d
1 +

cĤ2d
2 )/(a + b + c) describes a topological phase transition

between Chern insulators with C = 1 and C = 2 when b =
a + c and c > a, supporting chiral edge states. Conversely,
when a < c, the system realizes a trivial critical point. Fig-
ure 5 shows the energy levels and the bulk entanglement
spectrum for representative parameters within the gapped
phases of C = 0 [panels (a1) and (a2)], C = 1 [panels (b1)
and (b2)], and C = 2 [panels (c1) and (c2)], respectively. To
distinguish between the delocalized bulk states and the local-
ized left/right edge states, we evaluate the normalized mean
position along the open x direction for each eigenmode. For
a given energy eigenstate |ψn,ky〉 corresponding to the energy
level εn,ky , the mean position x̄n(ky) of this state can be defined
as

x̄n(ky) ≡ 1

Lx

Lx∑
i=1

〈x̂i〉 = 1

Lx

Lx∑
i=1

∑
α=A,B

i
∣∣ψα

n,ky
(i)

∣∣2
, (C5)

where i denotes the index of the unit cells along the x direction
and ψα

n,ky
(i) represents the amplitude of the fermion on sub-

lattice α ∈ {A, B} at unit cell i. According to this definition,
a mean-position value close to 0 (or 1) corresponds to a state
localized on the left (or right) boundary, whereas a value near
1/2 indicates a bulk state. This methodology is also applied
in the same manner to the bulk entanglement spectrum. In
that case, we calculate the normalized mean position using

the eigenstates of the entanglement Hamiltonian instead of the
physical Hamiltonian. As shown in Fig. 5, for C = 1 and 2, we
can easily see the existence of topological zero-edge modes
through both energy and entanglement spectra.

In the main text, we have examined the energy spec-
trum and the corresponding bulk entanglement spectrum for
gapless systems, specifically for the parameter sets (a, b, c)
= (5, 6, 1) and (1, 6, 5). Although the normalized mean po-
sition indicates the presence of robust edge modes at the
zero-energy point for the latter case, it does not explicitly
reveal the nature of their localization. To address this cru-
cial point, we calculate the spatial dependence of the density∑

α=A,B |ψα (i)|2 on the index i of the unit cells. As shown
in Fig. 6, the results demonstrate that the edge modes are
perfectly exponentially localized on the boundaries.

Since the 2D Chern insulator belongs to class A [with
U(1) symmetry as a physical symmetry], its Z classification
remains stable in the presence of interactions. We therefore
introduce an interacting model that is pinned to the critical
state when the interaction strength is increased, given by

Ĥ (λ) = λĤ2d
1 + (1 − λ)Ĥ2d

2 + Ĥint,

where Ĥ2d
1 and Ĥ2d

2 are dual to each other under the transfor-
mation ĉA,i, j ↔ ĉA,−i+3, j and ĉB,i, j ↔ ĉB,−i, j . The interaction
term invariant under this dual transformation reads

Ĥint =U
∑
i, j

[(ĉ†
A,i, j ĉB,i, j + ĉ†

B,i, j ĉA,i, j )(n̂A,i, j + n̂B,i, j )

+ (ĉ†
A,i, j ĉB,i+3, j + ĉ†

B,i+3, j ĉA,i, j )(n̂A,i, j

+ n̂B,i+3, j )]. (C6)

Under the duality transformation, the Hamiltonian satisfies
Ĥ (λ) ↔ Ĥ (1 − λ). This duality ensures that if a phase transi-
tion occurs upon varying λ, it must be pinned at λ = 1/2.

We also remark that although all gSPT states have gapless
bulk, the energy splitting of edge degeneracies is more subtle
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FIG. 6. The spatial dependence of the density
∑

α=A,B |ψα (i)|2
on the index i of the unit cells calculated for the left and right edge
modes at the momentum point ky closest to the zero-energy point
of the gapless 2D lattice model (aĤ 2d

0 + bĤ 2d
1 + cĤ 2d

2 )/(a + b + c)
with (a, b, c) = (1, 6, 5). The x direction is open while the y direction
is periodic. The semilogarithmic plot in the inset indicates that both
edge modes are exponentially localized on the boundary. The system
size is Lx = 40 and Ly = 800.

and can exhibit either exponential or algebraic decay depend-
ing on whether the bulk hosts additional gapped degrees of
freedom [17,48]. Specifically, if the gapless system contains
additional gapped degrees of freedom—for example, a topo-
logical quantum critical system described by a CFT stacked
with a gapped SPT state [13]—there are no perturbations
within the low-energy CFT that can couple the two degenerate
ground states. Any effective interaction must therefore be
mediated through the gapped degrees of freedom, leading at
most to a finite-size splitting of order e−const×L [17], as in our
case in the main text. Conversely, if the gSPT has no gapped
degrees of freedom—meaning that all symmetry sectors in-
volved in the gapped SPT act faithfully on the low-energy
gapless theory—this corresponds to a purely gapless SPT
phase [16,17]. In this case, the finite-size splitting is algebraic.
These algebraically localized edge modes constitute one of
the important aspects of gSPT physics, and to the best of
our knowledge, only a few lattice realizations of purely gSPT
phases currently exist in the literature [17,21,35,57].

Moreover, Ref. [16] clearly demonstrates that topological
edge modes in critical free-fermion systems are always ex-
ponentially localized. Below, we provide a brief argument
supporting this statement [16].

The key issue is whether exponentially localized edge
modes remain stable when coupled to a critical bulk and,
in particular, whether such coupling can generate algebraic
contributions to the edge modes in free-fermion systems.
To address this, we consider the BDI symmetry class as
an illustrative example and start from the effective free-
fermion Majorana theory with boundary condition H =
i
∫ ∞

0 χ̃ (x)∂xχ (x)dx, χ̃ (0) = 0, together with an exponen-
tially localized edge mode χloc = ∫ ∞

0 e−constxχ (x)dx. Here,
χ and χ̃ denote the two species of Majorana operators,
and χloc represents the zero-energy localized edge mode.
Then, we introduce some perturbations to discuss the split-
ting of edge modes. The dominant couplings, iχlocχ (0) and

iχlocχ̃ (0), are either forbidden by symmetry or vanish due to
the imposed boundary condition. One may further consider
higher-derivative irrelevant perturbations such as iχloc∂xχ̃ (0).
However, these terms can be removed by an appropriate uni-
tary transformation. In fact, in the noninteracting (quadratic)
setting, one can show that all such perturbations can be
rotated away, implying that free-fermion perturbations cannot
induce algebraic decay for the edge mode. This explains why
we focus exclusively on exponentially localized edge modes
throughout the paper.

And regarding the effect of interactions on critical free-
fermion systems, as shown in Fig. 3(c), there exists a
homomorphism from free-fermion gapped SPTs, which are
classified by the K group, to the cobordism classification of
interacting fermionic gapped SPTs (for example, in our case,
the Z classification is reduced to Z4 and the homomorphism is
given by Z/4Z ). This implies that there exists a finite-depth
quantum circuit connecting the free-fermion gapped topologi-
cal phase to the corresponding interacting gapped topological
phase. Therefore, no phase transition occurs when interac-
tions are introduced properly. As interactions are turned on,
a phase boundary (a critical line) exists between two distinct
fermionic gapped topological phases. If we assume that the
universality class of phase transition between two phases is
unique, there will be no additional phase transition occurs
at this phase boundary—which is indeed the case align with
over numeric—we claim that the low-energy behavior of the
boundary spectrum and entanglement spectrum in the critical
free-fermion case has a one-to-one correspondence with its
interacting counterpart, and thus supports exponentially local-
ized edge modes.

APPENDIX D: EFFECTS OF DISORDER AND
INTERACTIONS

Topological physics in gapless systems has often been
referred to as topological semimetals in the literature
[101,102]. Here, we emphasize the crucial distinction between
free-fermion topologically nontrivial QCPs and topological
semimetals. For example, a 3D Weyl semimetal is gapless
only at isolated points in momentum space, while any 2D
slice that avoids these points is a gapped lower-dimensional
system with nontrivial Chern numbers, giving rise to the
well-known Fermi arcs that can be regarded as “topological
edge states” in this context. Thus, although topological
semimetals are gapless at discrete points, their “topological
edge states” are inherent from the gapped slices, in sharp
contrast to our case, where the edge states occur exactly at the
gapless critical points. Moreover, topological semimetals rely
on a momentum-dependent energy gap and therefore would
be destabilized by disorder, which mixes momentum between
different gapless points [103]. In contrast, the boundary
degeneracies of free-fermion topologically nontrivial QCPs
are robust against symmetry-preserving disorders, and
importantly, the Li-Haldane correspondence remains valid,
as confirmed numerically in a 1D disordered critical model,
as shown in Figs. 7(a) and 7(b). The disorder is added
directly to the real-space version of the critical Hamiltonian
(Ĥ1d

1 + Ĥ1d
2 )/2 after the Fourier transformation ĉA(B),k =

1/
√

L
∑

j ei jk ĉA(B), j , and the disordered Hamiltonian is
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FIG. 7. (a) The averaged energy spectrum εn under open bound-
ary conditions and (b) the corresponding bulk entanglement spectrum
ξn of the critical 1D model at strong disorder δ = 0.5. Insets pro-
vide magnified views of specific regions to highlight the topological
degenerate edge modes (red circles) and logarithmic scalings of
the half-chain entanglement entropy that suggest ceff = 1.00(1) for
the clean case and ceff ≈ ln 2 for the disordered case, respectively.
Results are averaged over 104 disorder realizations for L = 400.
(c) The many-body energy spectrum under open boundary condi-
tions and (d) the corresponding bulk entanglement spectrum of the
interacting 1D model for L = 12 with U = 0.15. The total number
of fermions is not fixed in the calculation of the energy spectrum.
The inset in panel (c) gives a schematic for the model, where red
solid lines represent the free part of the model and the black dashed
lines are interaction terms, as well as the energy splitting within
the degenerate edge modes due to the interaction is exponentially
small, 	E ≡ E4 − E1 ∼ exp(−L/l ) with l ≈ 1.75. To resolve this
finite-size energy splitting, relatively small system sizes are chosen
in our calculations of the spectra. The entanglement scaling in the
inset of panel (d) indicates that the model is critical and belongs to
the same universality class of the free model. The bond dimension of
the matrix product state used in the simulation is χ = 512 for panel
(c) and χ = 1024 for panel (d).

Ĥ1d
disorder = ∑

α=1,2

∑
i t (α)

i (ĉ†
A,iĉB,i+α + ĉ†

B,i+α ĉA,i ), where t (α)
i

are sampled independently from the uniform distribution
[1 − δ, 1 + δ] for each i and α. δ is the strength of the
disorder, which is set to 0.5 here. We have also confirmed that
the critical system flows to the infinite randomness fixed point
at strong disorder with effective central charge ceff = ln 2;
this is the so-called random singlet fixed point where the
disorder flows to infinity [104–106]. Though the disorder
flows to infinity, both the boundary degeneracies of the
criticality and the correspondence between boundary energy
levels and bulk entanglement spectrum still remain, since our
proof is purely based on real space without assuming any
spacetime symmetry, and these results naturally generalize to
higher-dimensional topological critical fermion systems with
symmetry-preserving disorder.

In the presence of interactions, the classification of
free-fermion topological phases can be reduced, but some
free-fermion critical states with nontrivial topology remain
nontrivial even after interactions are introduced. This reduc-
tion implies that the free-fermion topological phase and its
corresponding interacting phase belong to the same phase, and

there exists a finite-depth quantum circuit connecting them.
As interactions are turned on, a phase boundary exists be-
tween two distinct topological fermion phases. If we assume
the universality of phase transition occurs at this phase bound-
ary between two phases is unique, the low-energy behavior of
the entanglement spectrum of gSPT in the free-fermion case
has a one-to-one correspondence with its interacting counter-
part. A famous example of the interaction reduction is free
fermion protected by ZT

2 × ZF
2 with T̂ 2 = 1 in 1D (class BDI

for free fermion), where the classification is reduced to Z8

due to interaction [107–109]. With additional U(1) symmetry
(class AIII for free fermion [110]), classification is reduced
to Z4 [111,112]. This suggests that fermionic gSPT should
survive even in the presence of strong interaction. Here,
we consider an interacting topological critical fermion chain
Ĥ1d

I = (Ĥ1d
1 + Ĥ1d

2 )/2 + U
∑

i [(ĉ†
A,iĉB,i + ĉ†

B,i ĉA,i )(n̂A,i +
n̂B,i ) + (ĉ†

A,iĉB,i+3 + ĉ†
B,i+3ĉA,i )(n̂A,i + n̂B,i+3)], where we as-

sume the particle-hole symmetry holds approximately for half
filling. The interacting model is critical for any U 
= 0 due
to the self-duality property [113]. Using the density matrix
renormalization group method [114–117], we numerically
compute the many-body energy spectrum and the correspond-
ing bulk entanglement spectrum for U = 0.15, as shown in
Figs. 7(c) and 7(d). It is noted that the twofold degenerate
edge modes in the single-particle spectrum indicate that the
ground-state manifold of the many-body spectrum should
be fourfold degenerate as we have not fixed the particle
number in our calculations in Fig. 7(c). We confirm that
the associated boundary degeneracies remain encoded in the
bulk entanglement spectrum even when symmetry-preserving
interactions of suitable magnitudes are included. Similar be-
havior is also observed in 1D quantum spin systems [31]. For
higher-dimensional interacting critical points, we also propose
a 2D interacting model that realizes the transition between
C = 1 and C = 2 in Appendix C; however, analyzing the en-
tanglement spectrum—both numerically and analytically—is
substantially more challenging and is left for future work.

APPENDIX E: Z-CLASSIFIED TOPOLOGICAL
SUPERCONDUCTORS—GAPLESS TOPOLOGICAL
PHYSICS IN THE THREE-DIMENSIONAL MODEL

An intriguing model of Z-classified topological super-
conductors of class DIII, characterized by time-reversal
symmetry T 2 = −1 and particle-hole symmetry C2 = 1 [90],
has been extensively discussed in the context of the B phase
of superfluid 3He. In this system, fermions form spin triplet
pairs, thus establishing a p-wave superconductor. Using a
mean-field approach, we can express the BCS-pairing term
by introducing appropriate order parameters:

Ĥeff =
∑
k,σ

(εk − μ)ĉ†
k,σ ĉk,σ

+
∑

k

[	+1(k)ĉ†
k,↑ĉ†

−k,↑ + 	∗
+1(k)ĉ−k,↑ĉk,↑]

+
∑

k

[	0(k)ĉ†
k,↑ĉ†

−k,↓ + 	∗
0(k)ĉ−k,↓ĉk,↑]

+
∑

k

[	−1(k)ĉ†
k,↓ĉ†

−k,↓ + 	∗
−1(k)ĉ−k,↓ĉk,↓]. (E1)
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The p-wave pairing requires 	m(k) to be proportional to
the spherical harmonics Y1,m, yielding

	±1 = 	(±kx + iky), (E2)

	0 = 	kz. (E3)

This continuum model represents a nontrivial topological
superconductor when μ > 0, as the mass term changes sign
when |k| → ∞. To regularize this model on a square lattice,
we replace ki with sin ki and k2

i with 4 sin2( ki
2 ), where we set

the lattice constant a = 1,

Ĥν=1 = (3 − μ)
∑
rσ

ĉ†
r,σ ĉr,σ − t

∑
r,ei,σ

ĉ†
r,σ ĉr+ei,σ + H.c.

+
∑

r

	
(
ic†

r+ex,↑c†
r,↑ − ic†

r−ex,↑c†
r,↑ + H.c.

)

+
∑

r

	
(
c†

r+ey,↑c†
r,↑ − c†

r−ey,↑c†
r,↑ + H.c.

)

+
∑

r

	
( − ic†

r+ex,↓c†
r,↓ + ic†

r−ex,↓c†
r,↓ + H.c.

)

+
∑

r

	
(
c†

r+ey,↓c†
r,↓ − c†

r−ey,↓c†
r,↓ + H.c.

)

+
∑

r

	z
( − ic†

r+ez,↑c†
r,↓ + ic†

r−ez,↑c†
r,↓ + H.c.

)
.

(E4)

For analytical convenience, we set μ = 3 and t = 2	 = 	z =
1, which establishes a topological insulator characterized by
winding number ν = 1. To analyze this system more effi-

ciently, we introduce the Nambu basis:

�̂
†
k = (ĉ†

k,↑, ĉ†
k,↓, ĉ−k,↓,−ĉ−k,↑). (E5)

In this representation, the effective Hamiltonian takes the
elegant form

Ĥν=1(k) = �̂
†
k

∑
i

(sin kiαi − cos kiβ )�̂k, (E6)

where αi = σx ⊗ σi and β = σz ⊗ σ0 are constructed from
Pauli matrices, with σi (i = x, y, z) and σ0 representing the
identity matrix. The topological invariant of gapped phases
of Ĥ (k) are distinguished by the winding number

ν =
∫

BZ

d3k

24π2
εμνρTr[(q−1∂μq)(q−1∂νq)(q−1∂ρq)], (E7)

where q(k) is the off-diagonal block of the flattened Hamil-
tonian of H (k). From this equation, it is straightforward to
construct models with higher winding number ν = α starting
from ν = 1. We simply replace kz in the original Hamiltonian
with αkz:

Ĥα (k) = �̂
†
k (sin kxαx + sin kyαy + sin αkzαz

− (cos kx + cos ky + cos αkz )β )�̂k . (E8)

In the corresponding lattice tight-binding model, this mod-
ification is equivalent to replacing ez with αez to obtain a
model with higher winding number. The α model is a sum
over all such Hamiltonians with different winding numbers.
We consider the interpolations between ν = 0, 1, 2, where

Ĥ3d = 1

a + b + c

(
aĤ3d

0 + bĤ3d
1 + cĤ3d

2

)
. (E9)

FIG. 8. The energy spectrum of the 3D lattice model (aĤ 3d
0 + bĤ 3d

1 + cĤ 3d
2 )/(a + b + c) for (a1) (a, b, c) = (4, 1, 1), (b1) (a, b, c) =

(5, 6, 1), (c1) (a, b, c) = (1, 5, 1), (d1) (a, b, c) = (1, 6, 5), and (e1) (a, b, c) = (1, 1, 4), respectively. The z direction is open while the x and
y directions are periodic. Panels (a2), (b2), (c2), (d2), and (e2) are the corresponding bipartite bulk entanglement spectrum. The entanglement
cut is taken along the z direction. The color coding indicates the normalized mean distance to the center along the open z direction, defined as
d̄n(kx, ky ) ≡ 2/Lz

∑
i,α |i − Lz/2| × |ψα

n,kx ,ky
(i)|2, where i is the coordinate of the unit cell in the z direction. In this scheme, a value of d̄n(kx, ky )

close to 0 (gray) represents a bulk state, while a value close to 1 (red) indicates an edge mode localized at either the z = 0 or z = Lz boundary.
We adopt this metric instead of the normalized mean position as used in Fig. 5 to ensure readability. Specifically, in the actual calculations, we
found that the two degenerate states (marked by red colored “×2”) consist of one mode from the z = 0 surface and another from the z = Lz

surface. However, since they are degenerate, numerical diagonalization typically yields two orthogonal superpositions of these two states.
For such superposed states, a simple “mean position” calculation might yield a value near the system center, making them indistinguishable
from bulk states. In contrast, the “mean distance” metric correctly identifies these superpositions as localized edge states regardless of the
superposition. The system size is Lx = Ly = 400 and Lz = 40. For simplicity, we have chosen ky = π − kx in our calculations.
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At k = (0, π, π ) or (π, 0, π ), the Hamiltonian becomes gap-
less when a + c − b = 0. The nature of the phase transition
depends on the relative magnitudes of the parameters. If
a > c, this represents a trivial phase transition from ν = 0 to
ν = 1. Otherwise, if c > a, this represents a nontrivial phase
transition from ν = 1 to ν = 2. For example, the Hamiltonian
Ĥ3d

1 + Ĥ3d
2 represents a topologically nontrivial gapless state.

Additionally, there exists a tricritical point in the phase dia-
gram at b = 2a = 2c.

To investigate edge modes in this 3D model, we express
Ĥ3d

α via real-space operators ĉk̄,n,σ = 1√
Lz

∑
kz

e−inkz ĉk,σ [k̄ ≡
(kx, ky) and σ = {↑,↓}]:

Ĥ3d
α = 1

2

∑
k̄

∑
n,m

�̂
†
k̄,n

T (α)
n,m (k̄)�̂k̄,m + H.c., (E10)

where �̂
†
k̄,n

≡(ĉ†
k̄,n,↑ ĉ†

k̄,n,↓ ĉ−k̄,n,↓ −ĉ−k̄,n,↑) and T (α)
n,m (k̄) ≡

δn,m( sin(kx )αx + sin(ky)αy − cos(kx )β − cos(ky)β ) −
δn,m+α (iαz + β ). Here, we consider open boundaries along
the z direction and use (kx, ky) as good quantum numbers.

The upper panel of Fig. 8 shows the energy spectra for rep-
resentative parameters (a, b, c) = (4, 1, 1), (5, 6, 1), (1, 5, 1),
(1, 6, 5), and (1, 1, 4), respectively. For the gapped models
with ν = 1 [panel (c1)] and ν = 2 [panel (e1)], we can ob-
serve the gapless edge modes. Importantly, we see no edge
modes at the trivial critical point [see Fig. 8(b1)], while clear
edge modes exist at the topologically nontrivial critical point
[see Fig. 8(d1)]. The corresponding bulk entanglement spectra
shown in the lower panel of Fig. 8 exhibit similar behaviors
that confirm the bulk-boundary correspondence proposed in
our work for 3D cases.
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