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The quantum geometric tensor (QGT) characterizes the Hilbert space geometry of the eigenstates of a
parameter-dependent Hamiltonian. In recent years, the QGT and related quantities have found extensive the-
oretical and experimental utility, in particular for quantifying quantum phase transitions both at and out of
equilibrium. Here, we consider the symmetric part (quantum Riemannian metric) of the QGT for various
multiparametric random matrix Hamiltonians and discuss the possible indication of ergodic or integrable
behavior. We found for a two-dimensional parameter space that, while the ergodic phase corresponds to the
smooth manifold, the integrable limit marks itself as a singular geometry with a conical defect. Our study
thus provides more support for the idea that the landscape of the parameter space yields information on the
ergodic-nonergodic transition in complex quantum systems, including the intermediate phase.
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Introduction. Over the past few decades, there has been
significant research into the statistical properties of quantum
systems. This has led to the crucial distinction between two
types of phases: quantum chaotic and integrable. One method
of identifying whether a system is in a chaotic or integrable
regime involves the use of a quantum geometric tensor (QGT).
The QGT is a tool that quantifies the responses of a system to
changes in its parameters, making it a valuable approach to
analyze these distinct phases [1–3].

The real part of the QGT defines a Riemann metric in the
parameter space known as the quantum metric tensor or quan-
tum information metric, while the imaginary part corresponds
to the Berry curvature. This metric measures the distances in
the space of the eigenfunctions bundled over the parameter
space. The singular behavior of the Ricci scalar or a change
in the topology of the parameter space is associated with
quantum phase transitions in the system [4]. The symmetries
of this metric can also be used for the classification of quan-
tum phases [5]. Some recent examples of the identification of
critical points via singularities in the quantum metric can be
found in Refs. [6,7].

More recently, the quantum metric tensor has been used
as a probe of quantum chaos [8]. In particular, it was found
that at integrable points for the integrability breaking direc-
tion of the perturbation, the metric tensor generically scales
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exponentially with the system size, similarly to its scaling
in ergodic systems that satisfy the eigenstate thermalization
hypothesis. However, there are possible exceptions related to
weak integrability breaking perturbations [9–12]. In contrast,
for integrability preserving perturbations, the scaling of the
QGT was found to be polynomial, reflecting the vanishing
of spectral weight at low frequencies [13,14]. In general,
integrable and ergodic/mixing regimes are separated by a
Kolmogorov–Arnold–Moser-like chaotic but nonthermalizing
region [8,13]. A similar intermediate nonergodic extended
(NEE) phase has also been identified in the context of disor-
dered systems. This phase is characterized by a multifractal
structure of eigenstates, first observed in the Rosenzweig-
Porter (RP) model [15], and later confirmed through the
replica approach [16] and the Krylov basis viewpoint [17]; see
also Refs. [18–22]. In Refs. [14,23], it was further argued that
the geometric tensor becomes highly anisotropic near inte-
grable points and that such integrable points serve as attractors
of geodesic flows determined by the metric.

At least three other measures of the “chaos-intermediate-
integrability” patterns have to be mentioned. Out-of-time-
order correlators [24] related to the operator growth work
in some situations, while the approach based on the Krylov
complexity was suggested in Ref. [25]. Finally, the depen-
dence of the inverse participation ratio IPRq(L) on the system
size L distinguishes the localized and delocalized states and
corresponds to the integrable and nonintegrable regimes, re-
spectively [26]. There are some links between the approaches:
The measure similar to the fidelity susceptibility in context
of localization was proposed in Ref. [27]. The QGT can be
related to the late-time behavior of autocorrelator tensor of
the operators ∂λ j H , where λ j denotes the coordinates in the
parameter space [28]. For this reason, there must be some
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connection between the operator spreading in Krylov space
and the QGT. At the same time, there are clear examples that
restrict the validity of the OTOC and operator growth as chaos
measures [28–31].

In this Letter, we investigate the geometry of the perturbed
Hilbert space for matrix Hamiltonians. To explore the metric
in the neighborhood of the chaotic point, we start with a
matrix Hamiltonian for a finite-dimensional system and add
random matrix perturbations. This analysis is a generalization
of [32–34], where only the susceptibility to fidelity at a single
point of the parameter space was considered, which is not
enough to capture the geometry of the quantum manifold.
To examine the metric near an integrable point, we consider
diagonal matrices with independent Gaussian distributions of
eigenvalues, also known as the random energy model [35]. In
both cases, we perturb the initial system by a pair of random
matrices multiplied by parameters, which play the role of
the coordinates. We then evaluate the quantum metric in a
two-dimensional (2D) parameter space in both cases and find
a clear-cut indication of the difference in geometries between
the integrable and chaotic cases: There is a universal conical
singularity emerging at the integrable point, which is related to
a long time tail of the autocorrelation function of these random
matrices. Our analysis also clearly identifies the presence of
an intermediate regime in the behavior of the metric, which is
interpreted most naturally as the NEE phase.

Quantum geometric tensor. Let us begin by briefly recall-
ing the definition of the QGT and introducing the relevant
notations. Consider the eigenspace of some parameter-
dependent Hamiltonian H (�λ). With energy eigenvalues En(�λ)
and eigenvectors |n(�λ)〉 depending on the parameters,

H (�λ)|n(�λ)〉 = En(�λ)|n(�λ)〉, (1)

where the parameter �λ = {λ1, λ2, . . . } is generally multicom-
ponent. In the space of eigenvectors, one can define the
distance between nearby states with infinitesimally different
parameters in the following way [1]:

ds2 ≡ 1 − |〈n(�λ)|n(�λ + d�λ)〉|2. (2)

Then, the quantum geometric tensor for the nth eigenstate is
defined as the leading contribution in d�λ expansion of the
distance defined above:

ds2 ≡ g(n)
αβdλαdλβ + O(| �dλ|3)

= 〈∂αn|∂βn〉 − 〈∂αn|n〉〈n|∂βn〉 + O(| �dλ|3), (3)

where ∂α ≡ ∂λα
. Notice that the quantum geometric tensor is

invariant under arbitrary phase transformations of the eigen-
functions |n(λ)〉 → eiφn (λ)|n(λ)〉, which is expected from the
gauge invariance of the QGT. In the absence of degeneracies,
it is straightforward to rewrite Eq. (3) in the following form
(see Supplemental Material (SM) [36]):

g(n)
αβ =

∑
m �=n

〈n|∂αH |m〉〈m|∂βH |n〉
(En − Em)2

, (4)

which we shall use in the next sections.
The real part of quantum geometric tensor is the quantum

metric tensor, while the imaginary part is the Berry curvature.

In this work, we will focus on the averaged geometric tensor
(or the Hilbert-Schmidt norm of the adiabatic gauge potential
[8]):

Gαβ = 1

N

N∑
n=1

g(n)
αβ, (5)

where N is Hilbert-space dimension, e.g., N = 2L for qubit
spin chains. It is straightforward to verify that the imaginary,
antisymmetric part of this averaged geometric tensor is zero
when the parameter-dependent Hamiltonian is Hermitian. Ad-
ditionally, we note that the Hilbert space average is equivalent
to the average with respect to the infinite temperature density
matrix.

Geometry of a random matrix model. Following Refs.
[32,34], we consider a two-parameter family of N × N ran-
dom Hamiltonians:

H = H0 + xHx + yHy. (6)

We focus on the case where random matrices H0, Hx, and Hy

are drawn independently from the Gaussian unitary ensemble
(GUE) [37] with the distribution

ρ(Ha) = e− N
2 Tr(H2

a ), a = 0, x, y. (7)

In this section, we calculate the QGT, for this purely ran-
dom model. We treat the QGT as an induced metric on a
two-dimensional surface embedded in the three-dimensional
Euclidean space. First, notice that it is convenient to move
to the polar coordinates, since our system has no preferred
direction on average. That is, we redefine

H = H0 + r cos φ Hx + r sin φ Hy. (8)

It is clear that the metric tensor averaged over the random
matrices H0, Hx, Hy must be independent of the angle φ. In the
course of straightforward calculations (details in Ref. [36]),
the components of the averaged QGT are given by

Grr (r) = N − 1

2(r2 + 1)2
, Gφφ (r) = r2 N − 1

2(r2 + 1)
, (9)

and Grφ = 0.
Topology by embedding. Finally, the two-dimensional first

fundamental form can be written as

ds2 = Grr (r)dr2 + Gφφ (r)dφ2. (10)

We analyze the topological characteristics of the correspond-
ing manifold by constructing an isometric surface and plotting
its shape. In order to do this, we consider a three-dimensional
Euclidean space and a two-dimensional submanifold Mch

embedded within it, with the metric set by the standard
relation:

dZ2 + dR2 + R2dφ2 = Grr (r)dr2 + Gφφ (r)dφ2. (11)

Since the metric components are independent of φ, the sub-
manifold Mch can be parametrized as follows:

Mch : Z = Z (r), R = R(r).
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FIG. 1. Isometric manifold Mch.

Then, by using Eq. (11) we obtain the corresponding system
of equations, which reads as(

dZ

dr

)2

+
(

dR

dr

)2

= Grr (r), (12a)

R(r)2 = Gφφ (r). (12b)

This system of equations can be easily solved for the metric
tensor we derived:

R(r) = R0
r√

r2 + 1
, Z (r) = R0

(
1 − 1√

r2 + 1

)
, (13)

where R0 =
√

N−1
2 . We fixed the integration constant by as-

suming Z (0) = 0. This system defines a two-dimensional
surface parametrized by r. By excluding r from these equa-
tions, we find that Z and R satisfy the following constraint
relation:

(Z − R0)2 + R2 = R2
0, (14)

where 0 � R � R0 and 0 � Z � R0. This represents the equa-
tion of a lower hemisphere centered at Z = R0 with radius R0.
In Fig. 1, we illustrate the shape of this isometric manifold.

This result can be anticipated from heuristic reasoning: By
adding a random matrix deformation xHx + yHy to an existing
random matrix H0, we generate another random matrix equiv-
alent to H0 in addition to the rescaling of the variance σ 2.
The geometry of the manifold cannot depend on the overall
scale; therefore, locally the shape should be both r and φ

independent. Hence, Mch is locally equivalent to the surface
of a sphere, where all points are also equivalent.

Geometry of integrability breaking. Now, let us consider
a different Hamiltonian, where the unperturbed Hamiltonian
H0 is replaced by a diagonal matrix 	0 with independent
random entries while the perturbation is still a random matrix.
Such a diagonal matrix exhibits Poisson level statistics and
can therefore be regarded as a representation of an integrable
model. The Hamiltonian H now takes the form

H = 	0 + xHx + yHy, (15)

where 	0 = diag(λi ) with ρ(λi) = e− 1
2 λ2

i , and Hx and Hy are
drawn from GUE as before. This setup is comparable to the
RP model [15] with the addition that we also allow defor-
mations along the φ direction, which obviously keeps the
spectrum invariant but has a nontrivial metric associated with
eigenstate deformations. For N = 2, the model is similar to
the one considered in Ref. [38], where the angular parameter

FIG. 2. Isometric manifold Mint .

is also present. The QGT for this model at integrable point
r = 0 has been studied in Ref. [34]. It is intuitively clear
that the radial and angular directions should no longer be
equivalent near the integrable point, and thus, the spherical
geometry found in the previous section must be distorted near
r = 0.

Let us first consider N = 2, where the entire analysis can
be carried out analytically. We find that the quantum metric
tensor in polar coordinates is given by

Gφφ = r
1

2
√

2
arctan

(√
2

r

)
, (16a)

Grr = 1

4

(
arccot

(
r√
2

)
√

2r
− 1

2 + r2

)
, (16b)

and Grφ = 0. The fact that the metric tensor is φ indepen-
dent and that its mixed component is zero again allows us to
perform the embedding in pseudo-Euclidean space (see the
SM [36]).

Near the origin, i.e., at r 	 1, we can Taylor expand the
metric and obtain the following expression for the first funda-
mental form:

ds2 ≈ π

8
√

2

(
dr2

r
+ 2rdφ2

)
= π

2
√

2

(
dρ2 + 1

2
ρ2dφ2

)
,

(17)

where ρ = √
r. Embedding this metric, as before, into Eu-

clidean space, we find

R(ρ) ≈ Z (ρ) ≈
√

π

4
√

2
ρ. (18)

This surface represents a cone with angle π/2 (see Ref. [36]),
we illustrate the shape of the isometric manifold in Fig. 2. In
the limit of r � 1, the components of the metric tensor [Eqs.
(16a) and (16b)] approach those of the random model [Eq.
(9)], and the shape crossovers to the hemisphere. The presence
of the conical singularity indicates a change in the geometric
properties of the quantum manifold. In particular, the quantum
eigenstates become parametrically more sensitive to small
perturbations in the φ direction than to the radial (random)
direction close to the integrable point. Having identified the
conical geometry at the origin of N = 2, let us turn to nu-
merical simulations, increasing the size of the system. The
corresponding behavior of the metric components near the
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FIG. 3. Grr and Gφφ components of the QGT as a function of ra-
dial parameter r. The inset on the plots represents metric components
as function of rescaled parameter r/

√
N . The black line corresponds

to the fully chaotic case results given by Eq. (9).

origin is presented in Fig. 3. For r 	 r∗ = 1/
√

N , there is an
evident 1/r behavior of the metric, similar to the N = 2 case.
Here,

ds2 ∼
√

N

(
dr2

r
+ 2rdφ2

)
, (19)

which, in addition to the general prefactor, agrees with
Eq. (17). This regime corresponds to the conical geometry.
We note that r∗ is the localization transition point (see details
in Ref. [36]), so physically, the conical geometry describes
the localized phase. For large r � 1, which corresponds to
the ergodic phase, Grr and Gφφ approach the corresponding
values of the RMT model [Eq. (9)]. This regime obviously
represents spherical geometry.

Finally, we analyze the behavior of the QGT in an inter-
mediate regime at r∗ 	 r 	 1. We consider the scaling of the
parameter r = N (1−γ )/2, for which the localized, ergodic, and
fractal phases of the integrability-breaking model correspond
to γ > 2, γ < 1, and 1 < γ < 2, respectively. To confirm this
phase identification, we evaluated the fractal dimension D2

(see Ref. [36] for details and its relation to the RP model).
In Fig. 4, we show Grr and Gφφ/r2 as a function of γ across
the different phases. The values of QGT in extended regime

FIG. 4. Components of QGT as a function of scaling parameter.
The dashed lines correspond to chaotic model given by Eq. (6).

do not diverge like in localized phase, but saturate to a value
slightly different from the one computed for fully chaotic
model [Eq. (6)]. Notably, Gφφ identifies both transitions sepa-
rating the localized, fractal, and ergodic regimes, whereas Grr

provides a less sharp diagnostic of these crossovers.
It is worth noting the apparent analogy between the conical

singularity near the integrable point and that (with the same
conical angle) found previously in Ref. [4] for the ground
state metric close to the isotropic quantum critical point in the
ferromagnetic regime of the anisotropic XY spin chain. Our
study shows an apparent similarity between the integrable and
quantum critical points, with both characterized by the critical
slowing down of dynamics and hence by divergent metric, as
well as by a strong anisotropy along the radial and azimuthal
directions for perturbations. In both situations, we observe
condensation of the level crossings, near the origin (i.e., near
the critical or integrable point), which are equivalent to mag-
netically charged defects producing vortex Berry connections
in two-dimensional parameter space or the monopole Berry
connection in three-dimensional parameter space.

For random matrix perturbations considered in this work,
the matrix elements entering Eq. (4) for x = y = 0 are
random, and hence the scaling of the geometric tensor
is entirely determined by the spectral properties of the
Hamiltonian. In this case, the diagonal components of the
geometric tensor become equivalent to the spectral complexity
C(t ), defined in Sec. 7 of Ref. [39]. The inverse of the time
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t used to regularize the spectral complexity is equivalent to
the energy cutoff μ introduced in Refs. [8,23]. Physically, the
regularized geometric tensor determines the distance between
the energy shells of width μ. Then, t or 1/μ represents the
minimal time required to measure this regularized metric.
From these considerations, we conclude that the divergence
1/r of the geometric tensor leading to the conical singularity
(see Fig. 4) originates from the loss of the level repulsion and
therefore corresponds to μ of the order of the level spacing:
μ ∼ 1/N (see Ref. [36] for details).

Conclusions and outlook. In this Letter, we discussed the
geometry of the two-dimensional parameter spaces for matrix
Hamiltonians. Combining the analytical and numerical tools,
we found that the associated geometry is smooth and locally
equivalent to the surface of the sphere when the perturbation
is large and the model is effectively in the ergodic regime. At
the same time, near the integrable point, the metric develops a
conical defect both for the Hilbert space dimension N = 2 and
large N matrices. We also observed three different regimes of
the metric behavior, corresponding to the localized, ergodic,
and intermediate phases. The observed conical singularity is
reminiscent of the one observed for the ground state near a
continuous quantum phase transition. This similarity high-
lights the close analogy between the integrable and quantum
critical points, both characterized by the emergence of diver-
gent timescales and singular geometry.

It would be interesting to analyze in more detail the ge-
ometry by adding “integrable” perturbations commuting with

the unperturbed Hamiltonian. There, the metric is expected
to diverge even more strongly due to an additional enhance-
ment of the matrix elements of the perturbation near the
integrable point [13,40]. We leave the corresponding analysis
of the associated geometry for future work. Another inter-
esting direction concerns the investigation of the metric for
the perturbed matrix Russian Doll Model with time-reversal
symmetry breaking, which also hosts the NEE phase [38].
Finally, we note that the adiabatic gauge potential and hence
the metric can be directly computed from the Lanczos coef-
ficients defining the Krylov basis [41,42]. For this reason, it
can also be very interesting to study geometry for the matrix
Hamiltonians enjoying the exact results [43,44]. The large
N matrix Hamiltonians are also studied in the context of
low-dimensional holography as Hamiltonians in the boundary
one-dimensional model; see, for instance, Ref. [45]. Hence, it
would be interesting to recognize the meaning of our findings
in dual 2D gravity.
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