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Heisenberg-limited metrology from the quantum-quench dynamics of an anisotropic ferromagnet
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The emerging field of quantum magnonics seeks to understand and harness the quantum properties of
magnons—quantized collective spin excitations in magnets. Squeezed magnon states arise naturally as the
equilibrium ground states of anisotropic ferromagnets and antiferromagnets, representing an important class
of nonclassical magnon states. In this work, we show how a qubit-conditioned quantum quench of an anisotropic
ferromagnet can be used for Heisenberg-limited parameter estimation based on measurements of the qubit only.
In the presence of ground-state squeezing, the protocol yields information about the eigenmode frequency of the
coupled magnon-qubit system, whereas no information is gained in the absence of such squeezing. The protocol
therefore leverages genuine quantum correlations in the form of magnonic squeezing while simultaneously
relying on the equilibrium character of this squeezing—a feature distinctive to magnetic systems.
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I. INTRODUCTION

The quantum nature of magnons, the quanta of collective
spin excitations in magnets, has attracted intense interest in
recent years, giving rise to the emerging and rapidly develop-
ing field of quantum magnonics (see Refs. [1,2] for reviews).
Magnons hold promise as information carriers in quantum
networks [3], and significant progress has been made, not only
theoretically but experimentally as well, toward the coherent
control and measurement of quantum magnonic states via
qubits [4–9].

The maximum precision that can be achieved in estimating
an unknown parameter φ using a classical coherent state |α〉
is given by the standard quantum limit (SQL) [10], δφ =
1/

√
NM, with M giving the number of independent measure-

ments and N = |α|2 giving the average number of particles
in the state. The fundamental goal of quantum metrology is
to estimate φ from measurements of a quantum state with
a precision scaling like N−ν with ν > 1/2, outperforming
the SQL. The benefits of using squeezed vacuum states for
quantum metrology have been widely studied in the con-
text of interferometry with quantum states of light [11–14],
with Heisenberg-limited scaling δφ = 1/(N

√
M ) having

been demonstrated experimentally [14]. Most famously,
squeezed vacuum has been used to enhance the sensitivity of
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gravitational wave detection in a Michelson interferometry
setup [15]. Squeezed spin states of atomic ensembles [16] can
also be used for quantum-enhanced parameter estimation in
atomic Ramsey interferometry [17–19].

Squeezed light and spin-squeezed ensembles are typi-
cally generated dynamically using strategies like Feshbach-
resonance-induced interactions [20], cavity-mediated inter-
actions [21], and parametric down-conversion [22]. In stark
contrast, squeezed magnonic states exist ubiquitously in na-
ture, being found, for instance, in anisotropic ferromagnets
[23–25] and antiferromagnets [26]. In these systems, squeez-
ing emerges as an intrinsic feature of the magnetic ground
state proceeding from energy minimization [27]. Put dif-
ferently, squeezed states of photonic or atomic systems are
typically excited states, which must be actively generated and
then sustained against loss, whereas in magnetic systems, they
are nonclassical resources that may already present at equilib-
rium. Despite growing theoretical understanding and recent
proposals for detecting such states [28,29], this equilibrium
origin makes it challenging to access and harness magnon
squeezing for useful applications.

A key impediment to leveraging magnon squeezing for
quantum metrology is the development of concrete mea-
surement strategies enabling sub-SQL parameter estimation.
For interferometry with photonic states, number-resolving
measurements [12,13,30], parity measurements [31,32], and
homodyne detection [33,34] can all be implemented using
existing technologies. For atomic interferometers, the re-
quired atomic population measurements have been realized
[19], and the atomic analog of homodyne detection has been
demonstrated experimentally as well [35]. A cavity-magnonic
metrology scheme was presented and analyzed theoretically
in Ref. [36]; however, entanglement between the cavity and
magnon mode generated for the purpose of measuring the
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FIG. 1. Schematic of a spin qubit coupled to the Kittel mode of
an anisotropic ferromagnet. The ground state of the Kittel mode is
a squeezed state. Inset: Protocol expressed as a circuit. The magnon
mode is allowed to equilibrate while in contact with the qubit held
in |↓〉. The squeezed magnons used for parameter estimation are
produced by subjecting the magnon system to a quantum quench
conditioned on the state of the qubit being |↑〉.

magnon via the cavity may in certain situations adversely
affect the usefulness of magnon squeezing in achieving sub-
SQL precision.

In this work, we show how a qubit-conditioned quantum
quench of the magnon mode could be used for Heisenberg-
limited estimation of an unknown frequency based on
measurements of the qubit. Such measurements have been
realized for qubits coupled to magnons [4–7]. Conditioned on
the qubit state, the quench will create real, squeezed magnons
out of the Bogoliubov vacuum in a process similar to the
dynamical Casimir effect [37]. Under free evolution, the in-
teraction of the qubit with these squeezed magnons will lead
to superresolution [38] of the unknown parameter in the qubit
coherence, enabling Heisenberg-limited parameter estimation
via X-basis qubit readout. Crucially, no information about the
unknown parameter is obtained in the absence of ground-state
(equilibrium) squeezing of the magnon mode. This protocol
therefore harnesses not only quantum effects in the form of
squeezing, but also the equilibrium nature of this squeezing.

II. MODEL

We consider an anisotropic ferromagnet exchange-coupled
to a spin qubit (Fig. 1). The microscopic Hamiltonian Hsys

describing this system (setting h̄ = 1) is

Hsys = �

2
σz − J

∑
〈i, j〉

Si · S j − Kz

∑
i

(
Sz

i

)2 − Ky

∑
i

(
Sy

i

)2

− |γ |μ0h
∑

i

Sz
i − Jint

∑
i

Si · σ. (1)

Here, � and σz = |↑〉〈↑| − |↓〉〈↓| are the spin-qubit split-
ting and Pauli-Z operator, J > 0 denotes the ferromag-
netic exchange coupling, and Kz, Ky > 0 represent easy-axis
anisotropies along the z and y directions, respectively. The
parameter h denotes an external magnetic field applied paral-
lel to the z axis (h = hẑ), γ = −28 GHz/T is a gyromagnetic
ratio, μ0 is the vacuum magnetic permeability, and Jint is the

interfacial exchange coupling strength between the spin qubit
and ferromagnet. We focus on the Kittel (k = 0) mode of
the magnet, described by the magnon creation operator m†,
and we work in the detuned regime where the qubit is far
off-resonant from the magnon frequency, allowing flip-flop
terms in the exchange interaction to be neglected. The effec-
tive Hamiltonian for the qubit and Kittel mode is then given
by [28,39]

H = H0 + Hint, (2)

H0 = �

2
σz + ω0m†m + 
(m2 + H.c.), (3)

Hint = χm†mσz. (4)

Here, ω0 = 2SKz − SKy + |γ |μ0h is the magnon-mode fre-
quency, which is tunable via the external field h, and 
 =
SKy/2, with S denoting the length of the spin. The anisotropy
Ky that generates 
 need not be magnetocrystalline: It can
be supplied by the shape anisotropy of a magnet whose
two axes transverse to h are inequivalent, for which 
 =
|γ |μ0Ms(Nx − Ny)/4, with Ni the demagnetizing factors and
Ms the saturation magnetization. For yttrium iron garnet,
|γ |μ0Ms/2π ≈ 4.9 GHz. The value 
/2π = 0.5 GHz used
below would then correspond to Nx − Ny ≈ 0.4, i.e., to a
moderately flattened ellipsoid. We emphasize that a sphere
(Nx = Ny = Nz) or spheroid of revolution about h (Nx = Ny)
both give 
 = 0. To obtain squeezing from shape anisotropy,
an ellipsoid with three distinct semiaxes is therefore required.
Such a geometry is in fact better suited to the present treatment
than a thin film since the internal demagnetizing field of an
ellipsoid is uniform. This in turn justifies the description of
the magnet by the single Kittel mode.

The dispersive coupling χ in Eq. (4) originates from the
Ising term in the exchange interaction and is given by χ =
JintNint|ψ |2/(2N ), where Nint is the number of interfacial
spins, N is the total number of sites in the ferromagnet, and
|ψ |2 is the electronic wavefunction of the qubit averaged over
the interface [28,39]. The aforementioned flip-flop terms can
be neglected when g/|� − ω0| � 1, where g is the strength of
the flip-flop terms. Alternately, a Schrieffer-Wolff elimination
of the flip-flop interaction only produces an additional disper-
sive shift ∼g2/(� − ω0)m†mσz, which can be absorbed into χ

without changing the structure of the Hamiltonian. Although
Eqs. (3) and (4) were derived starting from a microscopic
model Hsys in which the coupling between the (spin) qubit
and the ferromagnetic spins originates from the exchange in-
teraction, a dispersive coupling m†mσz can also be realized for
superconducting qubits by coupling both the superconducting
qubit and Kittel mode to a microwave cavity mode [5,6,8,9].
In the Appendix, we also show how a dispersive coupling
could be obtained for a nitrogen-vacancy (NV) center spin
interacting with the stray field of a nearby nanomagnet.

The U(1)-symmetry-breaking term 
(m2 + H.c.) violates
magnon-number conservation and changes the nature of the
magnetic ground state: Instead of the vacuum Fock state
|0〉 (defined by m |0〉 = 0), the ground state of H is given
by a nonclassical superposition of even-parity magnon states
known as a squeezed magnon vacuum. To be exact, the
ground state |0〉σ (σ = ↑,↓) of H depends on the state |σ 〉
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of the qubit and is given by |0〉σ = S(rσ ) |0〉, where S(z) =
exp[(z∗m2 − H.c.)/2] is a squeezing operator acting on the
magnon mode m. The strength rσ of the squeezing is qubit
state dependent and given by rσ = (1/2)arctanh[2
/ωeff,σ ],
with ωeff,↑ = ω0 + χ and ωeff,↓ = ω0 − χ . Beyond the vac-
uum |0〉σ , a similar relation also applies to arbitrary Fock
states of H :

|n〉σ = S(rσ ) |n〉 . (5)

We diagonalize the qubit-state-dependent Hamiltonian
Hσ = 〈σ |H |σ 〉, giving

Hσ = (�/2)〈σ |σz|σ 〉 + ωσα†
σασ + Eσ , (6)

where ασ = S(rσ )mS†(rσ ), ωσ = [ω2
eff,σ − 4
2]1/2, and

where Eσ = (1/2)(ωσ − ωeff,σ ) denotes a qubit-state-
dependent zero-point energy. The magnetic system is stable
when ω2

eff,σ > 4
2 for both σ =↑,↓. In terms of the Fock
states |n〉 of the magnon mode m, the ground state |0〉σ is
given by |0〉σ = ∑

n〈n|S(rσ )|0〉 |n〉. Using Eq. (5) to write
|n〉 in the ασ̄ eigenbasis (i.e., |n〉 = ∑

m〈m|S†(rσ̄ )|n〉 |m〉σ̄
with ↑̄ = ↓), it may then be seen that the ground state of the
ασ mode is a squeezed state of the ασ̄ mode with squeezing
parameter zσ = reiθσ , where r = r↓ − r↑ > 0 and θ↓ = 0
and θ↑ = π [28]:

|0〉σ =
∞∑

n=0

c2n(zσ ) |2n〉σ̄ . (7)

Here, c2n(zσ ) = 〈2n|S(zσ )|0〉 are Fock-basis matrix elements
of the squeezing operator [40]. We stress that the squeezing
strength r is tunable via the magnon frequency ω0, con-
trollable by an external magnetic field. We neglect magnon
Kerr-nonlinear effects in Eqs. (3) and (4), which is justified
when sinh2 rσ � NS, with N the total number of spins in the
magnet. Consequently, the relative squeezing r is constrained
by sinh2 r � (2χ/
)2 sinh2 r↓ sinh2 r↑ � (NSχ/
)2. Since
the spin density is typically on the order of 1027/m3 (as for,
e.g., yttrium iron garnet [41]), this condition is not restrictive
even for nanoscale magnets. More generally, the requirement
can be understood as a condition for truncating the Holstein-
Primakoff transformation at leading order in 〈m†m〉, which
is valid only when the typical number of excitations in the
magnet is much smaller than the spin length (in this case, the
length ∼NS of the macrospin).

III. PHASE-ESTIMATION PROTOCOL

The protocol begins with preparation of the qubit and
magnon mode in the ground state |↓〉 ⊗ |0〉↓, with the qubit
and magnon mode coupled by a dispersive coupling yield-
ing a relative squeezing strength of r � 1. With the qubit
initialized in |↓〉, ground-state initialization can be realized
through equilibration by ensuring that ω↓ � kBTE , where
TE is the temperature of the environment. However, since
ω↓ → 0 in the limit r → ∞, the system should first be al-
lowed to equilibrate with χ � 0 (r � 0), in which case ω↓ �
ω↑ � [ω2

0 − 4
2]1/2. When this frequency is on the gigahertz
scale, equilibration to the ground state can then be achieved
with temperatures of tens of millikelvin, as may realisti-
cally be achieved in a dilution refrigerator. By turning χ on

adiabatically, the strength of the squeezing can subsequently
be increased to the desired value while keeping the magnon
mode in its ground state |0〉↓. The strength of the dispersive
coupling could be controlled in situ by tuning the exchange in
the case of spin qubits, or by tuning the qubit frequency in the
case of coupling to superconducting qubits [5].

The eigenmode frequency ω↑ can then be estimated with
Heisenberg-limited precision by performing a Ramsey exper-
iment on the qubit. To estimate ω↓, the qubit could instead be
initialized in |↑〉 so that the magnon mode is prepared in |0〉↑.
Concretely, the qubit control needed for the Ramsey sequence
consists of an initial Hadamard gate (denoted as H in Fig. 1)
at time t = 0, which prepares the state |+〉 = (|↑〉 + |↓〉)/

√
2.

Following a period of free evolution, the qubit is rotated by
angle ϕ about the z axis before being measured in the X
basis, with the (variable) rotation angle ϕ to be determined
adaptively as described below. The idea of using a qubit
coupled to a (two-mode) oscillator for quantum metrology
was also considered in Ref. [42]; in that work, the protocol
required a disentangling operation acting on the joint state of
the qubit and oscillator. Here, however, we emphasize that no
control over the magnon mode is needed, with all operations
performed on the qubit.

As a result of the initial Hadamard, the magnon mode will
experience a qubit-conditioned quantum quench: For a qubit
in state |↓〉, evolution is generated by H↓ and the magnon
mode remains in its ground state, while for a qubit in state
|↑〉, evolution is instead generated by H↑, for which |0〉↓ is no
longer an eigenstate [cf. Eq. (7)]. Since |0〉↓ is a squeezed state
of the α↑ mode [cf. Eq. (7)], the squeezed magnons become
real (on-shell) conditioned on the qubit being in state |↑〉, and
the different Fock states appearing in the α↑ decomposition of
|0〉↓ begin to evolve at multiples of the eigenmode frequency
ω↑. The unitary U describing the evolution of the coupled
qubit-magnon system can be written as

U = |↓〉〈↓| ⊗ U↓ + |↑〉〈↑| ⊗ U↑, (8)

where Uσ = e−iHσ t . For a magnon mode in |0〉↓, the |↓〉-
conditioned evolution generated by H↓ acts trivially up to a
phase: U↓ |0〉↓ ∝ |0〉↓. The nontrivial evolution generated by
U↑ can then be probed through a measurement of the qubit
coherence.

Following the free-evolution window, the qubit is rotated
according to Zϕ = e−iϕ(t )σz/2, with ϕ(t ) to be determined
in the manner described below. The qubit is then mea-
sured in the X basis, yielding the expectation value 〈σx〉 =
Tr{ZϕUρ0U †Z†

ϕσx}, where ρ0 = |ψ0〉〈ψ0| for |ψ0〉 = |+〉 ⊗
|0〉↓. For a total free-evolution time t , this expectation value
can be written as

〈σx〉t = Re{e−iθ (t )↓〈0|e−iω↑α
†
↑α↑t |0〉↓}, (9)

where ↓〈0|e−iω↑α
†
↑α↑t |0〉↓ is the dynamical overlap of the ini-

tial and time-evolved states of the magnon mode, and where
θ (t ) = ϕ(t ) − (� + δzp)t , with δzp = E↑ − E↓ giving the dif-
ference in zero-point energy of the magnon mode depending
on the qubit state.

Since |0〉↓ contains only even Fock states of the α↑ mode
[cf. Eq. (7)], the dynamical overlap is periodic, returning to its
initial value of 1 at multiples of π/ω↑. For θ (t ) = 0, 〈σx〉t will
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FIG. 2. (a) Fisher information FC(φ) evaluated using Eqs. (10)
and (11) for r = 0.75 (dark blue) and r = 1 (light blue). As described
in the text, the duration T of the free-evolution window should be
chosen so that φ = ω↑T is approximately equal to �π . The free-
evolution time T could be tweaked adaptively using the tunability
of the squeezing parameter as a function of the applied magnetic
field. (b) Probability p(+|φ = ω↑t ) = (1/2)(1 + 〈σx〉t ) of measuring
the qubit in the state |+〉 given a value of φ. In the absence of
ground-state squeezing (
 = 0, corresponding to r↑ = r↓ = r = 0),
the probability is p(+|φ) = 1 independent of φ, and the Fisher
information associated with the measurement is zero. Left inset:
Squeezing parameter r as a function of the applied magnetic field
h for (2SKz − SKy )/2π = 7 GHz and 
/2π = χ/2π = 0.5 GHz. A
field of 180 mT corresponds to a Zeeman splitting of 5.04 GHz
(assuming a g factor of 2). Right inset: The same range of squeez-
ing parameters could be achieved with the same value of 
/2π =
0.5 GHz, (2SKz − SKy )/2π = 2 GHz, and a considerably smaller
dispersive coupling of χ/2π = 5 MHz [9].

therefore exhibit periodic collapses and recurrences occurring
at multiples of π/ω↑, which become increasingly localized
as the relative squeezing strength r = r↓ − r↑ is increased
(Fig. 2). The increase in steepness with r can be understood
through the lens of the orthogonality catastrophe as being a
consequence of the magnon mode having a quantum speed
limit that scales extensively with the average mode occupa-
tion [43]: Since the Bures angle �(t ) = arccos |↓〈0|U↑(t )|0〉↓|
between the initial and time-evolved states is bounded by
the quantum speed limit [44,45], any quantities depending on
�(t ), including, for instance, the qubit coherence |〈σ+〉t | =
(1/2) cos �(t ), will consequently evolve faster with increas-
ing r (or equivalently, faster with increasing n̄ = sinh 2r,

where n̄ is the average number of magnons produced by the
qubit-conditioned quantum quench).

For θ (t ) �= 0, the recurrences in 〈σx〉t may be modulated
by a beating pattern. Such beating would ultimately reduce
the Fisher information calculated below (as may be verified
numerically). The beating can be removed by adaptively tun-
ing ϕ(t ) until a pattern of periodic recurrences with height 1
is recovered [46]. We therefore set θ (t ) = 0 from hereon out
under the assumption that � + δzp has been learned via this
procedure, allowing it to be deterministically compensated.

IV. HEISENBERG-LIMITED SCALING NEAR
THE POSTQUENCH RECURRENCES

With ϕ(t ) = (� + δzp)t (mod 2π ), the probability p(+|φ)
of measuring the qubit in state |+〉 given some value of φ =
ω↑t follows from Eq. (9) and is given by

p(+|φ) = 1

2
+ 1

2

∑
n

|c2n(r)|2 cos (2nφ). (10)

The Heisenberg-limited scaling enabled by this protocol in the
vicinity of a qubit-coherence recurrence (occurring at times t
such that φ = �π with � ∈ Z) ultimately arises from super-
resolution φ �→ 2nφ [38] of the parameter φ in Eq. (10), as
we now show by calculating the Fisher information associated
with the qubit measurement.

The best precision that can be achieved with M indepen-
dent measurements and an unbiased estimator of φ is given
by the Cramér-Rao bound [47], δφ2 � [MFC(φ)]−1, where
FC(φ) is the Fisher information quantifying the amount of
information about φ that can be extracted from the proba-
bility distribution describing the measurement outcomes. For
a binary measurement like the X-basis qubit measurement
considered here,

FC(φ) =
∑
x=±

p(x|φ)[∂φ ln p(x|φ)]2. (11)

This quantity can be evaluated using the expression for
p(+|φ) given in Eq. (10). For |φ − �π | � n̄−1 with n̄ � 1, we
can expand the trigonometric functions to leading nontrivial
order in φ, giving FC(φ) � ∑

n |c2n|2(2n)2. This sum is equal
to the average of (α†

↑α↑)2 with respect to |0〉↓ [cf. Eq. (7)].
Using Wick’s theorem, this average can then be rewrit-
ten entirely in terms of the expectation values ↓〈0|α2

↑|0〉↓ =
−(1/2) sinh (2r) and ↓〈0|α†

↑α↑|0〉↓ = sinh 2r, giving

FC(φ) � 3n̄2 + 2n̄, |φ − �π | � n̄−1, n̄ � 1, (12)

where n̄ = sinh 2r is the average number of real magnons
produced by the quantum quench. The Heisenberg scaling n̄2

in Eq. (12) is the main result of this work. Since n̄ = 0 in the
absence of squeezing terms ∝ 
 in H0 [Eq. (3)], the parameter
estimation enabled by this protocol is due entirely to the quan-
tum features of the magnon state. Although Eq. (12) gives the
scaling of FC(φ) with n̄ for n̄ � 1, the fact that FC(φ) = 0 for
n̄ = sinh 2r = 0 follows directly from the fact that for r = 0,
we have p(+|φ) = 1 independent of φ. More concretely, this
is because for 
 = 0 (leading to r = 0), the magnon eigenba-
sis is independent of the state of the qubit, with |0〉 giving the
ground state of the magnon mode independent of the qubit.
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The state |+〉 |0〉 is then an eigenstate of the (rotating-frame)
Hamiltonian H given in Eqs. (3) and (4), and as a result, no
quantum quench occurs when the qubit is rotated from |↓〉 to
|+〉 via the Hadamard gate.

Away from the regime |φ − �π | � n̄−1, FC(φ) can be
evaluated numerically [Fig. 2(a)]. Since maximum-likelihood
estimation saturates the Cramér-Rao bound in the limit of
many measurements [47], Heisenberg-limited estimation of
the magnon-mode frequency ω↑ can be achieved by per-
forming maximum likelihood estimation of φ based on
the probability distribution p(+|φ) in the vicinity of any
postquench recurrence of the qubit coherence [Fig. 2(b)].
Concretely, the protocol would require timing the total dura-
tion T of the free-evolution window so that φ is close to �π ,
where the dependence of the qubit-measurement outcomes is
strongly dependent on φ. This tuning of T could be performed
adaptively by controlling the squeezing parameter r via the
external magnetic field h [Fig. 2 (b), inset)], beginning with a
low value of r and increasing it as the location of the periodic
recurrences is revealed.

In the left inset of Fig. 2(b), we plot the squeezing param-
eter r = r↓ − r↑ as a function of the applied magnetic field
μ0h in mT, with ω0/2π = (7 + |γ |μ0h) GHz and χ/2π =

/2π = 0.5 GHz chosen so that the range of applied mag-
netic fields over which r ≈ 1 gives Zeeman splittings of
approximately 5 GHz, assuming a g factor of 2. In the
right inset, we assume a much smaller dispersive coupling
of χ/2π = 5 MHz, as has recently been realized for cavity-
mediated coupling between a superconducting transmon qubit
and yttrium iron garnet (YIG) sphere [9]. In this case, the same
range of squeezing strengths could be realized with 
/2π =
0.5 GHz and ω0/2π = (2 + |γ |μ0h) GHz. More generally,
for values of χ � ω0, the squeezing parameter r is given by
r = (2
/ω0)/[(2
/ω0)2 − 1](χ/ω0) + O((χ/ω0)2). Hence,
a value r � 1 can be generated even for χ/ω0 � 1 provided
2
 is itself comparable to ω0, as could be realized by taking
advantage of the tunability of ω0 via the applied magnetic
field. For values of r close to 1, the advantage coming from
the Heisenberg scaling is modest but nevertheless exceeds the
precision associated with the SQL; for r = 1, for instance, the
Fisher information per magnon is FC(φ)/n̄ � 6 times larger
than would be achieved with SQL scaling.

It is worth remarking that the requirements on the stability
of the applied field h become more stringent as r is increased.
In particular, for values of ω0(h) below 2
 + χ , the Hamilto-
nian description given in Eqs. (3) and (4) breaks down as the
system becomes unstable; this is indicated by a divergence of
r. In Fig. 3, we plot the frequency difference δr (x = χ/2
)
between the critical value of ω0 at which the system becomes
unstable and the value of ω0 required to achieve a particular
value of r at fixed x = χ/2
:

δr (x)

2

=

√
x2 + 1 + 2x coth 2r − (1 + x). (13)

In the presence of a variable field h + δh, where δh denotes
a small variation about the average field h, the standard
deviation σh of δh should consequently satisfy |γ |μ0σh �
2
δr (χ/2
) to ensure stability of the magnetic system.
For the scenario illustrated in the left inset of Fig. 2(b),
for instance, we have 2
δr (χ/2
) ≈ 12 MHz for r = 1. For

FIG. 3. Difference δr (x) [Eq. (13)] between the magnon-mode
frequency ω0 required to achieve a given value of r at fixed x =
χ/2
 and the frequency 2
 + χ at which the system becomes un-
stable. Inset: Schematic illustrating the definition of δr (x) for r = 1.

|γ |μ0σh = 1 MHz, a plot of the field-averaged probability
p(+|φ) = ∫

d (δh) p(δh)p(+|φ(δh)) does not visibly differ
from that shown in Fig. 2(b) when p(δh) is taken to be
normally distributed with mean zero and standard deviation
σh. This indicates that the Fisher information is quite ro-
bust to variations in the applied field provided |γ |μ0σh �
2
δr (χ/2
).

V. EFFECTS OF DECOHERENCE

To calculate the effects of qubit dephasing on the Fisher
information FC, we now include in H0 an additional term
ησz/2, where η is a zero-mean, Gaussian random variable
with 〈〈η〉〉 = 0 and 〈〈η2〉〉 = 2/T ∗

2 . Here, T ∗
2 is the qubit de-

phasing time and 〈〈·〉〉 denotes an average over the probability
distribution p(η) governing the distribution of η values from
one shot to the next: 〈〈·〉〉 = ∫

dη p(η)(·). For a fixed value of
η, 〈σx〉t = (1/2)eiηt ↓〈0|U↑|0〉↓ + c.c., giving

〈〈〈σx〉t 〉〉 = e−(t/T ∗
2 )2

Re↓〈0|U↑(t )|0〉↓. (14)

Expanding as before about φ = �π , we find that in the pres-
ence of qubit dephasing, the local maxima in the Fisher
information will be modified by a decaying Gaussian envelope
according to

FC(φ) � e−(K�)2
(3n̄2 + 2n̄), (15)

valid for |φ − �π | � n̄−1. Here, we have introduced a dimen-
sionless parameter K = π/(ω↑T ∗

2 ) controlling the decay of
the mth recurrence relative to the ideal case where T ∗

2 → ∞.
Hence, provided ω↑T ∗

2 � 1, qubit dephasing should not
present a limiting error source provided maximum-likelihood
estimation is carried out in the vicinity of an early revival
where e−(K�)2 ≈ 1. Magnon decoherence is likewise negligi-
ble when the recurrence time �π/ω↑ is short compared to
the magnon coherence time T mag

2 . For gigahertz-scale magnon
frequencies, π/ω↑ is on the order of a few nanoseconds, while
experiments on YIG report T mag

2 ∼ 0.1–1 µs [4–7,9].
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VI. CONCLUSION

In this work, we have presented a measurement proto-
col enabling Heisenberg-limited metrology with equilibrium
ground-state squeezing in magnetic systems. This strategy can
be used to estimate an eigenmode frequency for the purpose of
system characterization. In the proposed protocol, dispersive
coupling to a qubit can be used to subject the magnon mode to
a quantum quench conditioned on the state of the qubit. This
quench produces real squeezed magnons in a process that may
be viewed as a magnon analog of the dynamical Casimir ef-
fect. The interaction of the qubit with the magnon system then
manifests as superresolution of an unknown parameter in the
qubit coherence, enabling precision beyond the SQL. In the
future, the protocol presented here could inspire novel ways
of exploiting the quantum properties of magnetic systems for
tasks beyond the reach of classical states.
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APPENDIX: DERIVATION OF THE
NV-CENTER–MAGNON HAMILTONIAN

In this Appendix, we derive the strength of the NV-center–
magnon coupling obtained by quantizing the magnet’s stray
field. An NV-center spin (denoted as SNV) will interact with
the stray field of a magnet via a Zeeman coupling,

HZ = γ SNV · Btot (r), (A1)

where γ = 28 GHz/T is the electron gyromagnetic ratio and
Btot (r) is the total magnetic field at the location r of the NV
center. This magnetic field is the sum of the external (applied)
field Bext = Bext ẑ and the stray field Bstray(r) due to the magnet
itself.

To calculate Bstray(r), we start from the vector potential
Astray(r), in terms of which Bstray = ∇ × Astray. This vector
potential can be calculated as an integral over the magnet
given by [48]

Astray(r) = μ0

4π

∫
V

dV ′ J(r′)
|r − r′| + μ0

4π

∮
S

dS′ K(r′)
|r − r′| , (A2)

where J = ∇ × M and K = M × n̂ are the bound and surface
charges due to the magnetization M of the magnet. Here,

∫
V

and
∮

S are integrals over the bulk and surface of the magnet,
respectively.

We assume the magnet is sufficiently small for only the
Kittel mode to be relevant. To relate the magnetization M to

Kittel-mode operators, we begin by writing M = γV −1Stot,
where V is the volume of the magnet and Stot is the collective
spin. Due to the spatial uniformity of the Kittel mode, we
retain only the contribution coming from the surface term in
Eq. (A2), giving

Bstray(r) = μ0

4π
∇ ×

∮
S

dS′ M × n̂′

|r − r′| . (A3)

Since the curl is with respect to the observation coordinate
r, it can be moved inside the surface integral. To simplify, we
can then use the vector identity ∇ × (A × B) = (B · ∇)A −
B(∇ · A) − (A · ∇)B + A(∇ · B), with A = M and B = n̂′.
Since M is spatially uniform, we have ∇M = 0 and ∇ · M =
0, giving

∇ × (M × n̂′) = −(M · ∇)n̂′ + M(∇ · n̂′)

= −∇n̂′ · M + M(∇ · n̂′). (A4)

This expression makes it clear that there are two qualitatively
different terms in the stray field. The first points along a
direction set by M and originates from the term (∇ · n̂′)M,
while the second ultimately couples different components of
SNV and Stot in a manner controlled by ∇n̂′. Substituting
Eq. (A4) back into Eq. (A3), we can then write the Zeeman
interaction as

HZ = γ BextS
z
NV + γ B(r)SNV · Stot − γ SNV · H (r) · Stot,

(A5)
where

B(r) = μ0γ

4πV

∮
S

dS′ ∇ · n̂′

|r − r′| , (A6)

H (r) = μ0γ

4πV

∮
S

dS′ ∇n̂′

|r − r′| . (A7)

If we assume that the equilibrium direction of Stot is pre-
dominantly along the external field Bext, then we can use a
Holstein-Primakoff transformation to write Stot in terms of
magnon operators with

Sz
tot = Stot − m†m, (A8)

Sy
tot � i

√
Stot

2
(m† − m), (A9)

Sx
tot �

√
Stot

2
(m† + m), (A10)

valid up to corrections O(1/Stot ) = O(V −1).
We next write HZ as the sum of a classical-field contribu-

tion HQ and an interaction Hamiltonian Hint that couples spin
and magnon operators:

HZ = γ Bcl(r) · SNV︸ ︷︷ ︸
HQ

+Hint + O(1/Stot ), (A11)

where

Bcl(r) = (Bext + StotB(r))ẑ −
∑

j=x,y,z

StotHjz(r) ĵ. (A12)

The NV-magnon coupling Hint can be written as

Hint = gy�̂y(r)P̂ + gx�̂x(r)X̂ , (A13)
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where X̂ = (m + m†)/
√

2 and P̂ = i(m − m†)/
√

2 are conju-
gate position and momentum operators for the Kittel mode,
�̂ν (ν = x, y) are NV-center spin operators, and gν are cou-
pling constants:

�̂ν (r) =
∑

μ=x,y,z

σμ

gμν (r)

gν (r)
, (A14)

gν (r) =
⎡
⎣ ∑

μ=x,y,z

g2
μν (r)

⎤
⎦

1/2

, (A15)

gμν (r) = γ
√

Stot[Hμν (r) − δμ,νB(r)]. (A16)

In Eq. (A13), we have neglected a coupling ∝ m†m since it
is Stot independent and consequently much weaker than terms
∝ √

Stot for Stot � 1 [49].
For a point r well outside the magnet, B(r) and H (r)

[Eqs. (A6) and (A7)] are independent of the volume of the
magnet. This can be seen from a simple argument based on
the multipole expansion

1

|r − r′| = 1

r

∞∑
n=0

(
r′

r

)n

Pn(cos α), (A17)

where r and r′ denote the distances to the observation and
integration points, respectively, Pn is the nth Legendre poly-
nomial, and α is the angle subtending r and r′. In a multipole
expansion of a magnetic field, the monopole (n = 0) term
vanishes, leaving the dipole (n = 1) term as the first nontrivial
contribution. Writing the surface element dS′ = r′dr′ dθ in
polar coordinates, it then follows that the dipole term scales
like the volume V of the integration area. The factor of V in
the denominator of Eqs. (A6) and (A7) cancels out this de-
pendence. We therefore keep track of factors of V by keeping
track of factors of Stot , as we have been doing so far.

Stray field in the dipole approximation

For simplicity, we treat the magnet as a small particle
with magnetic moment m = MV = γ h̄Stot, where we have
reintroduced an explicit dependence on h̄ for the purpose of
the numerical estimate below. In this case, the stray field at a
position r = rr̂ is given by

Bstray(r) = μ0γ h̄

4πr3
[3(Stot · r̂)r̂ − Stot]. (A18)

We write the unit vector as r̂ = nxx̂ + nyŷ + nz ẑ. Substituting
this expression into Eq. (A18) with Stot = (Sx, Sy, Sz ) gives

Bstray(r) = μ0γ h̄

4πr3

⎛
⎜⎜⎝

(
3n2

x − 1
)
Sx + 3nxnySy + 3nxnzSz

3nynxSx + (
3n2

y − 1
)
Sy + 3nynzSz

3nznxSx + 3nznySy + (
3n2

z − 1
)
Sz

⎞
⎟⎟⎠.

(A19)

As before, we can write the stray field in terms of Kittel-mode
magnon operators through a Holstein-Primakoff transforma-
tion [Eqs. (A8)–(A10)] to obtain the classical field Bcl(r)
[Eq. (A12)] and NV-magnon coupling Hint [Eq. (A13)]. For

the classical field, we obtain

Bcl(r) = Bext ẑ + μ0γ h̄

4πr3

(
3n2

z − 1
)
Stot ẑ

+ μ0γ h̄

4πr3
3nznyStot ŷ + μ0γ h̄

4πr3
3nznxStot x̂, (A20)

from which we can directly identify the quantities appearing
in the general formula given in Eq. (A12):

B(r) = −μ0γ h̄

4πr3
, (A21)

Hαβ (r) = −μ0γ h̄

4πr3
3nαnβ. (A22)

These quantities also appear as expected in the spin-magnon
interaction Hint = gy�̂yP̂ + gx�̂xX̂ obtained directly from
Eq. (A19) [cf. Eq. (A13)], where explicitly we have

gν�̂ν = γ

h̄

√
Stot

μ0γ h̄

4πr3

⎡
⎣Sν

NV −
∑

α=x,y,z

3nαnνSα
NV

⎤
⎦. (A23)

We assume for concreteness that the NV center is located
along the ẑ axis, so that nz = 1 and ny = nz = 0. The NV-
magnon interaction Hamiltonian is then given by

Hint =
√

2igSy
NV(m† − m) −

√
2gSx

NV(m + m†) (A24)

= −
√

2g(S+
NVm + S−

NVm†), (A25)

where

g(r) ≡ γ

h̄

√
Stot

μ0γ h̄

4πr3
. (A26)

In the dispersive regime (where the NV-magnon detuning ex-
ceeds g), an interaction of the form S+

NVm + H.c. will produce
the required dispersive coupling assumed in the paper.

We now estimate the coupling strength g(r). Grouping pa-
rameters, we have μ0γ h̄/4π ≈ 1.9 × 10−30 T m3 and γ /h̄ ≈
1.8 × 1011 Hz /T. The total macrospin Stot = ρsSV depends
on the spin density ρs, on-site spin S, and volume V of the
magnet. For YIG, we have ρs ≈ 1027 m−3 [41], S = 5/2, and
we take V ≈ a3 m3 to scale like the cube of the typical size
a of the magnet in meters so that

√
Stot ≈ 1027/2

√
a3. Since

r must necessarily correspond to a point outside the magnet,
we write r = a(1 + x) m, where x > 0 is the distance from the
surface of the magnet to the location of the spin, expressed in
units of a. The combination of length scales controlling g(r)
is therefore

g(r) ≈
√

a3

a3(1 + x)3
× 10−5.5 Hz, (A27)

which, for a = 10 nm, is equal to g(r) ≈ 3 MHz at a distance
of 10 nm (x = 1) from the surface of the magnet. A dispersive
interaction follows in the usual dispersive regime where the
NV-center spin and magnon mode are far detuned relative
to the strength of their interaction. The potential coupling
strength found here for a = 10 nm is significantly larger than
that found in Ref. [28] for an NV-center spin coupled via mag-
netic dipole coupling to the magnetic moments of interfacial
lattice sites.
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