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Optimal computation from fluctuation responses
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The energy cost of computation has emerged as a central challenge at the intersection of physics and
computer science. Recent advances in statistical physics—particularly in stochastic thermodynamics—enable
precise characterizations of work, heat, and entropy production in information-processing systems driven far
from equilibrium by time-dependent control protocols. A key open question is then how to design protocols that
minimize thermodynamic cost while ensuring correct outcomes. To this end, we develop a unified framework
to identify optimal protocols using fluctuation-response relations (FRRs) and machine learning. Unlike previous
approaches that optimize either distributions or protocols separately, our method unifies both using FRR-derived
gradients. Moreover, our method is based primarily on iteratively learning from sampled noisy trajectories,
which is generally much easier than solving for the optimal protocol directly from a set of governing equations.
We apply the framework to canonical examples—bit erasure in a double-well potential and translating harmonic
traps—demonstrating how to construct loss functions that trade-off energy cost against task error. The framework
extends trivially to underdamped systems, and we show this by optimizing a bit flip in an underdamped system.
In all computations we test, the framework achieves the theoretically optimal protocol or achieves work costs
comparable to relevant finite-time bounds. In short, the results provide principled strategies for designing
thermodynamically efficient protocols in physical information-processing systems. Applications range from
quantum gates robust under noise to energy-efficient control of chemical and synthetic biological networks.
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I. INTRODUCTION

Nowadays, computation—ranging from operating every-
day digital devices to training large-scale machine learning
models—consumes a significant amount of energy. This raises
questions we long to answer: How can computation be
performed efficiently, and what is the minimal cost of im-
plementing computation? The most well-known result in this
setting is Landauer’s bound that the minimum energetic cost
to erase one bit of information at temperature T is kg7 log,,
where kg is Boltzmann’s constant [1]. Though Landauer’s
original derivation has limitations, it was groundbreaking in
establishing a deep connection between computation and ther-
modynamics.

Since Landauer’s time, we now appreciate that rigor-
ously investigating the energetic costs of computation requires
nonequilibrium physics—as all computation takes place in
physical systems operating far from equilibrium. A key de-
velopment was the stochastic description of thermodynamic
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resources, which led to stochastic thermodynamics [2] and
established an arena for exploring the thermodynamics of
computation.

Consider a stochastic system S with a time-dependent
energy landscape control parameter a,. Suppose the initial dis-
tribution over S is py. To implement a computation, we aim to
transform the distribution from py to a goal distribution piarget
over a time duration t. We further impose a cyclic boundary
condition on the control protocol—ay = a,—to enable infor-
mation storage and to support follow-on computations. The
question then becomes: How to design the time-dependent
protocol a; to transform the distribution from pg — prarger at
minimal energetic cost?

Two distinct energetic cost optimization approaches have
been studied previously [3-22]. The first is distribution
oriented: transform an initial distribution into a target distribu-
tion, without regard to the final energy landscape. In this, we
have the correct distribution but the potential is not correct. As
a result, the information after the processing is unstable and
cannot be used in the future. The second approach is protocol
oriented: drive the system from one protocol configuration to
another, without considering the resulting final distribution.
However, this is unsuited to computational tasks. Imposing
constraints on both final distribution and final protocol values
can overconstrain the system, leading to no feasible solution
at all.

Unlike previous approaches that only optimize either
distributions or protocols, we introduce a framework inte-
grating both optimizations. Following Ref. [23], we use a
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coarse-grained distribution to store information. In a compu-
tational task, we do not ask the final distribution in S to be
exactly prager. Instead, we only need the coarse-grained dis-
tribution at final time p. ., to match the coarse-grained target
distribution Prargetcg- Therefore, we can ensure both a correct
coarse-grained distribution and a correct potential landscape.
We show how to design loss functions for different com-
putation tasks and use fluctuation-response relations (FRRs)
to compute the loss function gradients. We demonstrate that
these loss functions successfully drive the distribution toward
the target coarse-grained distribution, all the while achieving
work costs on the order of Landauer’s lower bound.

Our framework has several advantages: (1) Based on
universal fluctuation-response relations, it can be used to
optimize a large family of stochastic systems including over-
damped and underdamped Langevin dynamics, Markovian
jump processes, and the like. (2) It allows for highly flexible
weighting of various target metrics, like logical error and
energetic cost, in the loss function. (3) Because the learning
algorithm works by gradient descent and observing samples
of simulated trajectories, rather than solving a system of equa-
tions, it lends itself to computer implementation that takes
advantage of modern machine learning tools that can scale to
higher dimensional problems.

The development is organized as follows: Section II re-
views FRR basics and turns to discuss loss-function design
in Sec. III. Then, we use FRR to optimize loss functions
and explore numerical examples. Throughout, (-); denotes the
value of a quantity (-) at time 7.

II. FLUCTUATION-RESPONSE RELATION

We first review the FRR in the context of overdamped
dynamics [24-26]. Consider one-dimensional overdamped
Langevin dynamics with an external control parameter a:

dx = u®(x, a)dt + odwy, €))]

where p is the particle mobility, dw, is an infinitesimal
Wiener process, 0 = «/2ukgT is the standard deviation of
the thermal noise or D = %az is the diffusion constant, and
®d(x,a) = —0,U(x, a), with U(x, a) being the potential of
the system as a function of the position x and the control
parameter a.

An observable (called a camulant current) J along a trajec-
tory = {x;};_, is defined as

J(w,a) = / f(x,a)-dx+ g(x, a)dt, 2)

where - is the Itd6 product. For example, the energetic cost
(work) of one trajectory @ can be written as W(w, a) =
fw o;U (x, a)dt. The expectation value of J(w, a) over an en-
semble of trajectories is

ElJ(w, a)] = ZPr(a), a)J (w, a), 3)

where Pr(w, a) is the probability of observing the trajectory w
under protocol a.

The purpose of an FRR is to monitor how the expecta-
tion of a current J changes due to variation in the control

parameters: %]E[J (w, a)]. From the chain rule, we have

0, E[J(w, a)] = E[0,J(w, a)] + E[J(w, a)d, InPr(w, a)].
“4)

The first term can be readily calculated given a particular
form of J and a specific protocol. The second term, involving
derivatives of the score function, requires special attention.
We can compute this term from trajectory data by noting that
the probability of observing a trajectory w, using the Onsager-
Machlup action formalism, can be written as [27]

Pr(w, a) = N exp {—# /[x — ud(x, a)]zdt}, (5)

where N is a trajectory-independent constant that plays no
role in d, In Pr(w, a):

0, InPr(w, a) = é / wo, D(x, a)[x — ud(x,a)ldt. (6)

From the Langevin equation, we recognize that [x —
ud(x, a)ldt = odw,. Thus, plugging the above into Eq. (4)
yields

I E[J(w, a)]

= E[d,J(w, a)] +IE|:J(a), a)é / w9, P(x, a)~dw,]. @)

This is the FRR, which relates the thermal noise in the
observed trajectories to the response function. It can also be
derived from the Girsanov theorem [28]. The FRR allows us
to easily access the gradient of observables with respect to
control parameters through trajectory simulation.

III. LOSS FUNCTIONS IN COMPUTATIONS

Having introduced the essentials behind the FRR, we now
associate the observable J with a loss function designed to be
minimal at some desired behavior. From this perspective, the
FRR is a flexible and powerful tool to apply machine learning
methods to noisy physical systems: We can use it to learn
control protocols that push a system of interest to behave in
targeted ways. We now discuss how to design a loss function
specifically useful for computational tasks. To begin with, we
must establish how information is encoded within a physical
system.

Consider a classical continuous n-dimensional system
state S € R". Encoding binary information requires coarse-
graining S—partitioning its continuous space into distinct
regions that represent discrete-value states. Mathematically, a
coarse-graining o is a many-to-one map from a distribution p
over system S to a distribution pz over an informational space
7. The informational space Z is a finite-dimensional space
spanned by binary values; i.e., b = {|00000), |00001), ...}.
After coarse graining, the degrees of freedom over this finite-
dimensional space are called information-bearing degrees of
freedom or IBDs [23].

To have a stable information register for n binary digits,
we ask the original potential to have 2" minima {x,}, each
of which represents n binary digits. A simple example is a
double-well potential V (x) = {x* — 1x* with two stable min-
ima located at x* = £1. Each minimum can be used to store
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a binary digit. We use the phase space regions surrounding
x =—1 and x = 41 to represent |0) and |1), respectively.
The coarse-graining map sends any distribution f(x) over R
to the distribution pz = (pjoy, pj1y), where pjoy = fi)oo p(x)dx
and pjy = f0+°° p(x)dx.

Despite the eventual goal of digital computation, we will
not derive effective dynamics describing the distribution evo-
lution over IBD but rather optimize the dynamics of the
continuous underlying physical system S. The aim is to design
protocols such that the system’s final distribution f(x;) maps
to the correct distribution pz ., With minimal energetic cost.
To do this, we prioritize achieving the target distribution over
IBD, minimizing the work cost simultaneously. This moti-
vates the loss function:

Lioss(a) = E[a1 Lerror(w, a) + awW (o, a)], (8)

where Lo represents an appropriate error measurement in S
and where «; and ay are hyperparameters.

Suppose we wish to perform a computational task that
sends bit value b; to g(b;). We ask that, in the physical system
S, all trajectories starting around the minimum x;, represent-
ing b; end around the minimum x4, representing g(b;). To
enforce this behavior, we choose

Leror = (x; — xg(;,i))2, if xp near xy,. ©)]

We add higher-order moments E[(x; — xg,))"] to the loss
function if the L2 norm is insufficient.

Before diving into specific examples, we should discuss the
optimization framework underlying this intuitively motivated
loss function. The straightforward approach to achieve ener-
getically efficient operations that meet an accuracy threshold
is to set an upper bound on error rate € and then locate the most
energetically efficient protocol with error being no greater
than €. In optimization, this is the primal problem [29]:

minimize E[W (w, a)] subject to E[Leyor(w, a)] — € < 0.

The corresponding Lagrangian dual problem is

maxi{nize inf (E[W (w, a)] + LM(E[Leror(w, a)] — €)),

subject to A > 0.

Suppose the optimal value of the primal problem (the opti-
mal work cost with error being no greater than €) is p* and that
of the Lagrangian dual problem is d*. If strong duality holds,
these two problems are equivalent to each other p* = d*; i.e.,
for any €, we can find a A such that these two optimizations
are equivalent. If we do not have strong duality, then we can
simply pick a A to optimize over and get a lower bound on the
primal problem energetic cost d* < p*.

Example: Overdamped Harmonic Trap Translation. We
start with a well-known model for which the optimal pro-
tocol can be solved exactly: moving a harmonic trap from
0 to ay over the time duration 7. The potential is V (x, 1) =
x—a)? /2, where q, is the center of the harmonic well and
we have full control of g, with boundaries fixed at ap = 0 and
a; = ay. The corresponding stochastic differential equation of
a unit-mobility particle is

dx = —(x —a,)dt + odw;,. (10)

We assume the system is in equilibrium at # = 0.

== = Theoretical a;
—4— Numerical a¢

a; =1.0,a, =0.1 a; =1.0,a, =05
0.0
0.0 0.5 1.0 0.0 0.5 1.0
Time Time

FIG. 1. Optimal protocol for translating a harmonic trap: We fix
ay =1 and v =1 and use ten break points. For one training step,
we simulate 5000 trajectories with protocol value a = {ay, ..., a0}
to compute the gradient of the loss functions and use the gradient
to update a. We train the protocol for 600 iterations and numerically
show different types of jumps for different weight combinations.

In addition to minimizing the work, the particle must end
up as close as possible to the final target position ay. The loss
function is taken to be

Luove(ar) = a1 E[(x; — ap)*] + awE[W (w,a,)].  (11)

Our goal now is to find the control protocol @} that minimizes
the loss function Love. This can be done analytically using
the method of Lagrange multipliers (see the Appendix). In
short, the optimal protocol is that a; is a linear function of
time ¢ except at timest = O and r = 7.

For numerical optimization, we parametrize the protocol
values a, by a continuous piecewise-linear function with
parameters that are the break points a = {a;, ..., a,}. We
calculate the gradient 9, Love(@) With simulated trajectories
in each training iteration and update a for the next iteration.
Figure 1 shows the training results with different weights in
the loss function.

Example: Bit Erasure. We now move into the domain of
optimizing computations by considering single-bit erasure.
Bit erasure is a fundamental computational task that maps the
uniform distribution over IBD pz, = (1/2,1/2) to a nearly
deterministic state pr,,e; = (€, 1 — €). To implement bit era-
sure, we use a quartic potential with three parameters a, =
{a:, by, ¢}

Ux,t) = ax* — bx* + ¢,x. (12)

The parameter boundary conditions are cyclic, with ay =
a. =a, bo=b, =b, co =c;, =0, and 2a = b. Parameters
a; and b; control equilibrium positions xeq = +./(b,/2a,) and
¢, tilts the potential. With these boundary conditions imposed,
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FIG. 2. Bit erasure optimization: For each training iteration, we
simulate 5000 trajectories to compute the gradient and update pa-
rameters. We validate with 10° trajectories to estimate work cost
and error. The number of error trajectories almost vanishes after 100
iterations. Three trajectory ensembles are selected from a random
training. The plot also includes the upper and lower bounds of the
minimal work cost in finite-time bit erasure under full control of the
potential [9], denoted with a gray highlight.

the potential U can encode a binary value as it has two stable
equilibrium points x = £1. The particle is at equilibrium with
potential U (x, 0) at temperature 7T initially. At time ¢ = t, all
particles are required to be around x = +1, so we choose the
loss function for the bit erasure task to be

Lerase(@) = Elo (x; — 1)2 +awyW(w, a;)]. (13)

In numerical experiments, we set «; = 1, work weight oy =
0.1, w=1, kgT =1, and v = 1. Figures 2-4 show the
numerical optimization results.

In the quasistatic limit, efficient erasure operates as fol-
lows. First, lower the energy barrier; next, tilt the potential;
finally, raise the energy barrier and remove the tilt. In our op-
timized finite-time protocol, we see that lowering the barrier
and tilting the potential happen all at once at ¢ = 0. Similar
jumps in optimal protocols are also found in Refs. [9,10].
The linear potential c,x, used to drive the particle toward
x = +1, dominates after # = 0.33 and U is almost linear in the
region of interest (x € [—1, 1]). After t = 0.33, ¢, decreases

0.5 "-._.__‘ FI———.‘_—_.' ————————————————— - 3.0
[l
i —m=- Error Rate
0.4 ||" -=- Work 2:3
'
e 2.0
% 0 3 b 5x107H = . l,,--' »»»»»»»»»»»»»»» 100 v
o % e
B 4x%1071 ,," \\ 15 g
=0.2 I i
L % w0 (1.0
3x107L, = 0
0.1 iil 10 aw/ln(r)]—o.ﬂ 10 0.5
-
0.0 I--I--I'“ A T e e e o ] 0.0
0.5 1.0 1.5 2.0
aw/a

FIG. 3. Error rate and work dependence on the hyperparameter
ratio in erasure: Around oy /oy = 0.47, we observe a sharp rise in
error rate. The inset is error rate and work vs (o /oy — 0.47) in log
scale, indicating a second-order phase transition.

quickly to around —30. ¢;- >~ —30 ensures that the potential
U(x,t = 17) has minima around x = 41, aligned with the
minima at the fixed boundary conditions. The work cost after
2000 iterations is Wyin = (2.942 £ 0.026)ksT.

To compare our result with other attempts at bit erasure, we
compute the ratio r = (Win — In2)/(var[xy]/D7) = 2.311 £
0.027. The ratios of other bit erasure frameworks [5,11,30-34]
range from 2.89 to 5.67. (See the detailed table in Ref. [9].)
While we cannot analytically calculate the optimal protocol
for this setting, we see that the training converges to a work
cost that is close to the upper bound r = 2 for optimal erasure
under full control of the potential [9]. Given that our control
is limited by both our choice of piecewise-linear protocol and
the form of the potential and the closeness of our distribution
att = 7 to the local equilibrium distribution, this proximity to
the work cost for unrestricted optimal control is evidence that
our learning algorithm is finding truly efficient protocols.

We end this example by a brief discussion of the optimal
protocol’s dependence on the hyperparameter ratio oy /o).
Increasing the ratio oy /oy can lower the work at the cost of
higher error rates. To understand this, consider the following
two reference protocols. In Protocol 1, the potential U (x, t) re-
mains unchanged during [0, 7] so that E[W] ~ 0, but the error
is E[Lerror] ~ 0% x 1 422 x 1 =2. Protocol 2 is a faithful
erasure for which E[W] ~ In2 + 2var[xy]/(Dt) = 2.69 [9]
and E[Le¢yor] ~ 0. Around oy /o; ~ 0.7, the two protocols
are equally favorable, with Protocol 2 being more favor-
able below this value. Numerically, in Fig. 3, starting from
aw /a; = 0.1, we observe a sharp transition from Protocol 2
to Protocol 1 around 0.47, strongly suggesting a second-order
phase transition, which we leave for detailed future study.

Example: Underdamped-Dynamics Optimization and the
Bit Flip. Let us turn to explore optimization in underdamped
dynamics, a regime that is known to be challenging for exist-
ing methods. Position trajectories are no longer Markovian in
underdamped dynamics and this property can be exploited to
accomplish certain computational tasks that are unachievable
in Markovian position dynamics (overdamped) without addi-
tional hidden states [35]. An illustrative computational task is
bit flip in one dimension. In this, trajectories originating from
—1 and those from +1 must converge near the middle before
reaching their respective final logical values. If the dynamics
are purely Markovian, the computation loses the ability to
distinguish between these two trajectory classes once they
meet, making the bit-flip operation infeasible. In contrast,
underdamped dynamics has an additional degree of freedom
through momentum, allowing one to distinguish histories and
thus implement bit-flip operations effectively.

Consider one-dimensional underdamped dynamics:
dx=vdt and mdv=—yv—0,U(x,a)dt+ odwy,
where y is the damping coefficient and the thermal noise
standard deviation is related to the thermal bath temperature
T by 0 = \/2ykgT. The probability of observing a trajectory

o = {(x, v;)};_, with parameter a is

2
Pr(w, a) = N exp {—%/ [mz—: —yv — O(x, a)i| dt}.
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FIG. 4. Optimal erasure protocol: For each protocol parameter {a,, b,, ¢, }, we use ten break points for parametrization. (a) They are
initialized to 0. (b) Final protocol values after training for 1000 iterations. (c) Potentials U at different times.

The FRR derived above in Eq. (7) follows directly from the
chain rule and so the considerations above work just as well
in underdamped regimes. Nothing in the optimization method
changes under underdamped dynamics because 9d,, In Pr(w, a)
takes exactly the same form here as in Eq. (7).

The theoretical lower bound cost is O kg7 as the overall
system entropy does not change during the bit-flip operation.
Practically speaking, though, energy is dissipated in a finite-
time protocol if there is nonzero damping. A more appropriate
approximate lower bound is the energy dissipated during con-
stant velocity transport across a distance d from the bottom of
the left well to the bottom of the right well: Wy, ~ yd?/.

To compare to our optimization, we use a heuristic bit-flip
protocol introduced in Refs. [36,37] and physically imple-
mented in Ref. [12]: By switching to an appropriately chosen
harmonic potential at + = 0", the two clusters of particles
exchange positions after one half-period of oscillation. We
use the same potential, parameters a, = {a;, b;}, boundary
conditions, and training initialization as in the bit erasure task
except the linear tilting term ¢, is removed. The error loss is
chosen to be

Laip(a,) = Ela; (x, — target(xo))* + awW(w, a,)], (14)
where target(xg) = +1 if xp < 0 and target(xp) = —1 if xo >
0. In numerical experiments, we set o; = 1, work weight

aw = 0.1, y =0.1, and T = 1. Figures 5 and 6 present the
training results. The work cost of our converged protocol is
~ (0.615 £ 0.070)kg T . This is close to the lower bound on
the work cost based on constant velocity transport: Wiyin ~
0.4kgT.

IV. DISCUSSION AND CONCLUSION

Shifting from distributions to trajectories in contem-
porary nonequilibrium physics has led to many exciting
results [38—76]. Building on this, we introduced a general
framework for designing low-cost protocols for computational
tasks embedded in physical systems. Given a computational
task, we used the linear combination of work cost and sta-
tistical moments to construct the loss function and FRRs to
compute the gradient and optimize the protocols. We demon-
strated that the first- and second-order statistical moments
within the loss function effectively guide the system distribu-
tion toward the desired configuration in computational tasks.

More broadly, we used the Feynman-Kac formula to trans-
form the optimization in partial differential equations to an
optimization over trajectories. This reformulation offers a key
advantage: Simulating noisy trajectories is often much easier
than solving the corresponding equations for the optimal pro-
tocol, either numerically or analytically. Our framework also
shares similarity with reinforcement learning: A system (or
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FIG. 5. (a) Bit-flip mean work: Initialization of the potential is
U(x,t) =0 fort € (0, 1). The gray dashed line is the work cost of
the protocol proposed in Ref. [36], which is 0.725kgT . Trajectories
are chosen from a single random training. (b) Phase space trajecto-
ries: Two trajectory classes in the whole phase space—one cluster
starts near —1 and the other starts near +1.

agent) learns to optimize a protocol (or policy) by minimizing
a loss function (or maximizing a reward signal) based on
interactions with an environment [77].

The error penalty used in Eq. (9) is not unique. For ex-
ample, the sign function sgn(x) could also be used in the
error penalty. Generally, this choice should depend on the
specific requirements in the computational task. For example,
if the final distribution p, should be exactly piaet, then a
distribution distance as error penalty is needed; one could
use the Kullback-Liebler (KL) divergence E[In(p:/prarger)]-
However, computing the gradient of the In distribution 9, In p,
is typically challenging. A possible solution is to discretize
the Fokker-Planck equation in time and iteratively solve for
the distribution p(x,t = iAt;a) at each time step. Then, one
can use backpropagation to compute the gradient of KL diver-
gence with respect to a. Within the context of computational
tasks, we observed that a limited number of statistical mo-
ments are effective for protocol design.

Notably, FRRs have regained attention in recent years as
studies found that they can bound the entropy production and
dynamical activity in stochastic systems [25,78-88]. In line
with this, our method reveals an application of FRRs—they
are a tool to design low-cost protocols for probability-
transform tasks within physical systems. The FRR-based
gradient yields results consistent with backpropagation and
genetic algorithms [13,20,89-93]. Perhaps equally important,
the FRR method (1) offers a more physical interpretation, (2)

10 ?| 20
—4— Final a; Final by
5 10
0
0 Y
0.0 0.5 1.0 0.0 0.5 1.0
Time Time

t=0" —_t=1"

-1 0 1 -10 1 -1 0 1

FIG. 6. (a) For each protocol value {a;, b;} in the double-well
potential, we use 20 break points for parametrization. They are
initialized the same way as in bit erasure. After training on 1000
iterations, we show the final protocol. (b) The potential jumps at
t=0tandr=1".

requires significantly less memory storage, and (3) is rela-
tively easy to implement in code. Additionally, the generality
of observables J for which the FRR can provide a gradient
means that the proposed framework can be extended well
beyond information-processing tasks simply by swapping out
the loss function to encourage any behavior of choice.

The optimization framework presented here offers several
promising future research directions and applications. First,
it opens low-cost protocol design to different domains, in-
cluding unconventional computation [94-98], efficiency in
information and nanoscale engines [99,100], chemical reac-
tions [101], biophysical systems [102], quantum gates [103],
and the like. Second, having proved out piecewise-linear func-
tions as our learning model, one future direction is to replace
this with neural networks for enhanced scalability [104].
Third, we fixed the computation-time duration, but one can
also treat the total computation time t as a protocol parame-
ter. Adding this to a loss function will enhance discovering
protocols that balance duration along with error and work
cost [105].
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APPENDIX: OVERDAMPED HARMONIC
TRAP TRANSLATION

This Appendix gives the details needed to obtain the op-
timal protocol in overdamped harmonic trap translation. We
denote the position mean as E[x;] = u,. First note that, by
averaging the Langevin equation (10), we arrive at a simple
constraint between y, and a;:

My + iy = ay.

From this, it is straightforward to see how the position mean
att = t can be written in closed form:

T
wr =Elx, ] = / e a,dt,
0

with the mean work being

E[W] = /r(at — Wy )agdt.
0

The loss function is
Lunove(@) = i E[(x; — ay)*] + awE[W (0, a))].

A helpful property of a linear force is that the variance of
the distribution does not change with time ¢ if the distribution
starts in equilibrium. So, we can safely replace E[(x; — a f)z]
with (E[x,] — af)2 up to a constant. Adding a Lagrange mul-
tiplier A, to enforce the constraint, and using the expressions
for the means above, the function we want to minimize is

L= (/ e_(f_t)atdt — Llf)
0

T T
+ aw/ (ar — pe)asdt +/ A (e + e — ag)dt.
0 0

2

The Euler-Lagrange equations lead to three conditions:
T
a : 20e” D (/ e " Vads — af) + oy — A =0,
0

e D — Qs + Ay — )'"t =0, and
Aty + py —a; = 0.

We can eliminate the «; term in the a, equation by solving for
A, and then subtracting the time derivative:

T
A= 2ale(rt)</ e*(rfs)asds _ af) + oy fls -
0

This yields the expression

M= A = Cyfly — oyl (A1)

Taking the time derivative of the A; equation and plugging it
into the w, equation yields

At — ).w = Qy iy + Oy fil;s. (A2)

Thus, we find that ji, = 0. The initial condition uy = 0, then,
implies u, = mt, which reduces our constraint condition to
A equation a, = mt + m. The optimal constant m* depends
on the hyperparameters, but can be determined exactly by
minimizing the loss function L, under the assumption of
a linear a,. The minimization yields

20[W

m* =as/(t +c¢), with c= (A3)

B 20[1 =+ oy '
Finally, we calculate the means of the final position and work
when m = m*:

2
E[x,] = a—f, = a?ﬂ_
1+c¢/t (t +¢)?

We can see the effect of hyperparameters: Increasing o (de-
creasing c) drives the system closer to the target value ay.
We recover a known result that takes only the work cost into
account [3] when oy — 0, ayy — 1. As is often the case, the
optimal protocol has jumps at both ends.
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