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Thermodynamic uncertainty relation of a quantum mechanically coupled two-qubit system
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The minimal bound of the thermodynamic uncertainty relation (TUR) is modulated from that of the classical
counterpart (Qmin = 2) when a quantumness is present in the dynamical process far from equilibrium. A recent
study on a dissipative two-level system (TLS) subject to an external field indicates that quantum coherence
can suppress the fluctuations of the irreversible current and loosens the TUR bound to QTLS

min ≈ 1.25. Here, by
extending the field-driven single TLS to a quantum mechanically coupled two-qubit system (TQS), we explore
how the quantum coupling between the two qubits, an additional complexity introduced to the probem of TLS,
affects the photon current, fluctuations, and the TUR bound. We find that the TUR bound of the TQS depends
on the strength of coupling, such that QTQS

min = QTLS
min ≈ 1.25 when the two qubits are effectively decoupled under

weak coupling, whereas another loose bound QTQS
min ≈ 1.36 is identified for two strongly coupled qubits under

strong fields. By contrasting the TQS against two coupled noisy oscillators, we illuminate the quantumness
unique to the TQS and its effect on the TUR. Our findings from the study of the TQS form the basis for
understanding the TUR of more general N-qubit systems.

DOI: 10.1103/8wjq-ns94

I. INTRODUCTION

Since its first proposal [1] and subsequent proof for
continuous-time Markov jump processes on networks and
overdamped Langevin dynamics [2,3], the thermodynamic
uncertainty relation (TUR) has been extended to more general
contexts along with its variations over the past decade [4–22].
The TURs are written in the form of an inequality of a product
(Q) between total entropy production, �Stot(t )/kB, and the
squared relative error of a currentlike dynamical observable
θ (t ) with odd parity θ (−t ) = −θ (t ), satisfying

Q = �Stot(t )

kB

〈δθ2(t )〉
〈θ (t )〉2

� Qmin. (1)

This signifies the tradeoff between the dissipation and the pre-
cision of a dynamical process, with their uncertainty product
Q being lower-bounded. If one were to increase the precision
of the process, one should obtain a longer time trace, which
requires a greater energetic cost. The relation [Eq. (1)] can
also be interpreted as a quantitative version of the thermody-
namic principle for nonequilibrium processes that constrains
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the total entropy production more tightly than the second
law as �Stot(t )/kB � Qmin〈θ (t )〉2/〈δθ2(t )〉 [7,23]. The min-
imal bound is Qmin = 2 for the Markov jump process and
overdamped Langevin systems under constant driving, which
encompass a number of conventional situations in nonequi-
librium steady states; however, the value of Qmin is further
reduced for more general nonequilibrium processes, when the
system of interest is underdamped [21,24,25] or subject to
time-dependent drivings [11,26].

Several studies that examined the TURs for open quantum
processes have indicated a loosening of its minimal bound
Qmin < 2, leading to the TUR violation [27–35], signifying
that quantumness can enhance the precision of the dynamical
processes beyond its classical limit set by the conventional
TUR. Specifically, studies of molecular junctions, made of a
single or two quantum dots between the baths of thermal or
chemical gradient driving heat or charge transport, examined
the TUR or the upper-bound of engine efficiency, induced by
the quantum coherence or particle correlation [27–29,36–40].

Our recent works on a field-driven two-level system (TLS)
and a three-level �-system immersed in a photonic bath
[41,42], focusing on the effect of quantumness accompanied
with light-matter interaction on the TUR, have shown that
the size of the fluctuations in photon current is decided by
the competition between the real and imaginary parts of the
quantum coherence, corresponding to the off-diagonal ele-
ments of the density matrix, which arises from a superposition
between different states in a given basis [43]. The imaginary
part of the coherence, which was shown to be responsible
for the generation of nonequilibrium current in open quantum
systems [44–46], is linked to the dissipative flow of energy
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or absorption between states that suppresses the current fluc-
tuations. In contrast, the real part, related to the dephasing
mechanism accompanied by population mixing, amplifies the
fluctuations [41,42,46].

Here, we consider a straightforward extension of the one-
qubit TLS, which could be related to a variety of physical
platforms involving coherent driving of multipartite quantum
systems, including not only the above-mentioned molecular
junctions [27–29,36–39] but also cold atoms in optical lattices
[47], circuit quantum electrodynamics systems [48,49], and
quantum dots in cavity [50,51]. Specifically, we study a the-
oretical model of a quantum mechanically coupled two-qubit
system (TQS), in which two atoms with ground and excited
states [52] are in a photonic bath while an external field con-
tinuously irradiates only one of the two atoms. The dynamics
in the first atom can affect the quantum state of the second
atom due to the coupling, or it simply emits and dissipates a
photon into the bath, the process of which can be formulated
with the corresponding Lindblad equations.

To study the TUR of the TQS, we first review the TUR
of the field-driven dissipative TLS in a photonic bath. We
calculate the photon current flowing from the light source to
the bath through the TQS. We study how the TQS responds
to the varying strengths of an external field and the two-qubit
coupling by explicitly calculating the steady-state populations
and coherences over varying extents of detuning. In compari-
son with the TLS, the expressions for the photon current and
its fluctuations are rather complicated. Nevertheless, we will
show that each of the photon currents generated from the two
qubits can still be expressed in terms of the intraqubit coher-
ences and the correlated coherence between the two qubits.

We characterize nonequilibrium responses of the TQS by
means of the uncertainty product of TUR (Q), finding that
the maximal precision in the photon current is attained when
both the field strength and two-qubit coupling are moderate.
Our study offers physical insights into this finding by dis-
cussing the details of how the coherence, correlation, and
entanglement of the TQS arise from the varying strengths of
the external field and quantum coupling of the two qubits, and
how they contribute to its TUR.

II. THEORETICAL MODEL

A. Two-qubit system subject to an external field
and its evolution equation

We consider a system in which two quantum mechanically
coupled qubits, labeled 1 and 2, with respective transition
frequencies ω1 and ω2, are in a photonic bath and subject to
an external field irradiating the first qubit. The Hamiltonian
for the total system reads

H = HS + HK + Hext(t ) + HB + HSB. (2)

The system Hamiltonian consisting of two qubits is given as

HS = (h̄/2)
(
ω1σ

1
z + ω2σ

2
z

)
. (3)

Here, σ is (i = 1, 2) are the Pauli operators of the first and
second qubit. The quantum-mechanical coupling between the
two qubits, which potentially gives rise to an entanglement, is

modeled using

HK = h̄K (σ 1
+σ 2

− + σ 1
−σ 2

+), (4)

where K is the coupling strength. The external field with the
frequency ω irradiates the first qubit, resulting in an interac-
tion energy Hamiltonian that is modeled semiclassically as

Hext(t ) = −�d · �E (r, t )

= −h̄�(eiωt + e−iωt )(σ 1
+ + σ 1

−), (5)

where the dipole operator �d = �d10σ
1
+ + �d01σ

1
− acts on the

first qubit, and the electric field is given by �E (r, t ) � �εeiωt +
�ε∗e−iωt . In evaluating the effect of Hext (t ) on the density
matrix, we consider the dipole approximation that the driving
field is nearly constant over the scale of our interest, such that
eik·r � 1 [53]. Thus, the first qubit displays unitary oscillation
between the ground and the excited states with the Rabi fre-
quency � = �d10 · �ε/h̄ = �d01 · �ε∗/h̄. The Hamiltonian for the
surrounding bath is

HB =
∑
k,ξ

h̄ωkb†
k,ξ bk,ξ , (6)

where b†
k,ξ and bk,ξ are the creation and annihilation opera-

tors for the bath degrees of freedom represented by simple
harmonic oscillators with the angular frequency ωk , and the
corresponding Hamiltonian for the bath is summed over the
wave vector k and polarization ξ . Finally, the Hamiltonian for
the system-bath interaction is given by

HSB =
∑
k,ξ

h̄
(
g1

k,ξ bk,ξ σ
1
+ + (

g1
k,ξ

)∗
b†

k,ξ σ
1
−

+ g2
k,ξ bk,ξ σ

2
+ + (

g2
k,ξ

)∗
b†

k,ξ σ
2
−
)
, (7)

where g1,2
k,ξ

denotes the strength of system-bath coupling for
each of the two qubits.

The Lindblad equation that casts the system-bath interac-
tion in a specific form is obtained by tracing out the bath
degrees of freedom and approximating the hierarchical equa-
tion under the weak-system bath coupling [54]. The reduced
density operator for the system ρ(t ) undergoes a dynamic
evolution, obeying the following equation along with the
Lindblad dissipator, D(ρ(t )), acting on both qubits:

dρ(t )

dt
= − i

h̄
[HS + HK + Hext, ρ(t )] + D(ρ(t )), (8)

where D(ρ(t )) = D1(ρ(t )) + D2(ρ(t )) with

Di(ρ(t )) = γi(n̄i + 1)
(
σ i

−ρ(t )σ i
+ − 1

2 {σ i
+σ i

−, ρ(t )})
+ γin̄i

(
σ i

+ρ(t )σ i
− − 1

2 {σ i
−σ i

+, ρ(t )}) (9)

for i = 1, 2. Here, the term n̄i = (eβ h̄ωi − 1)−1 denotes the
mean occupation number of the bosonic bath affected by
the dynamics of the ith qubit, {A, B} = AB + BA is the an-
ticommutator, and γ1,2 is the relaxation rate of the qubit to
its ground state caused by the interaction with the bath. The
condition of the weak system-bath coupling is dictated by
the condition of ω � γ1, γ2. Rescaling the timescale by γ1

as t → τ = γ1t , and all the frequencies discussed here as
γ2 → γ ≡ γ2/γ1, � → �/γ1, and K → K/γ1, yield a set of
coupled equations for the density matrix elements.
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FIG. 1. (a) Two-qubit system coupled with a strength K in a bosonic bath, one of which (qubit 1) is irradiated by an external field with
the angular frequency ω. (b) Energy diagram of the two-qubit system under the eigenbasis. The singly excited states, |10〉 and |01〉 in (a), are
coupled to form two exciton states denoted by |e1〉 and |e2〉.

Using four computational basis states |00〉, |01〉, |10〉,
and |11〉, where |ab〉 ≡ |a〉1 ⊗ |b〉2 signifies a tensor product
where the first qubit is in the a state and the second qubit is
in the b state, we express the state of the TQS by the density
matrix

ρ =
∑

p,q,r,s

ρpq,rs|pq〉〈rs|

=

⎛
⎜⎜⎝

ρ11,11 ρ11,10 ρ11,01 ρ11,00

ρ10,11 ρ10,10 ρ10,01 ρ10,00

ρ01,11 ρ01,10 ρ01,01 ρ01,00

ρ00,11 ρ00,10 ρ00,01 ρ00,00

⎞
⎟⎟⎠, (10)

which is a positive semidefinite matrix satisfying Trρ = 1.
After applying the rotating-wave approximation (RWA)

under the condition of ω � � along with ω � δω, K , γ1 and
representing each density matrix element in a rotating frame,
we obtain the Liouville equation for the vectorized form of the
reduced density matrix in the Fock-Liouville space,

∂τ ρ̃(τ ) = Lρ̃(τ ), (11)

where ρ̃ = (ρ11,11, ρ11,10, ρ11,01, ρ11,00, ρ10,11, . . . , ρ01,11, . . . ,

ρ00,11, . . .)T . Equation (11) is given explicitly in the Supple-
mental Material [55].

B. Energy levels of the TQS and resonance condition

Due to the finite coupling strength K , the singly excited
states (namely, |01〉 or |10〉) are no longer the eigenstates of
the system Hamiltonian. Instead, they comprise two eigen-
states, denoted by |e1,2〉 (Fig. 1), and the system is described in
terms of four nondegenerate eigenstates with the energy levels
satisfying E|00〉 < E|e1〉 < E|e2〉 < E|11〉 with

E|00〉 = −ω1 + ω2

2
,

E|e1〉 = −
√

K2 +
(

ω1 − ω2

2

)2

,

E|e2〉 =
√

K2 +
(

ω1 − ω2

2

)2

,

E|11〉 = ω1 + ω2

2
. (12)

Since the field is applied only to the first qubit [Fig. 1(a)],
the permissive transitions are |00〉 → |e1〉, |00〉 → |e2〉,

|e1〉 → |11〉, and |e2〉 → |11〉 [Fig. 1(b)]. Consequently, from
the relations h̄ω = δE± with δE− = E|e1〉 − E|00〉 = E|11〉 −
E|e2〉 and δE+ = E|e2〉 − E|00〉 = E|11〉 − E|e1〉, the resonant fre-
quency ω that matches with the two energy gaps between the
transition-allowed eigenstates is given by

ω± = ω1 + ω2

2
±

√
K2 +

(
ω1 − ω2

2

)2

. (13)

The two resonance frequencies, ω+ and ω−, obtained in
Eq. (13) correspond to the two energy gaps indicated by the
red arrows in Fig. 1(b). With the definition of the detuning fre-
quency δωi = ωi − ω, the two separate resonance conditions
ω = ω+ and ω = ω− can be combined through Eq. (13) into
a more succinct expression:

δω1δω2 = K2. (14)

C. Uncertainty product for the TQS

In the TQS, the uncertainty product for the steady-state
TUR defined between the dissipation (total entropy produc-
tion) �Stot = �ssτ for the time duration τ and the squared
relative error in the output observable n(τ ), specifically refer-
ring to the number of net transitions induced by the external
field for the time interval τ , is

Q = lim
τ→∞

�ssτ

kB

var(n(τ ))

〈n(τ )〉2 . (15)

Using the definition of photon current through the ith qubit
〈 ji〉 = 〈ni(τ )〉/τ , one can recast Eq. (15) into the product
between the affinity [entropy production per photon emission,
A = (�Stot/kB)/〈n(τ )〉] and the Fano factor (F) of photon
current:

Q =
(

�ss

kB〈 j〉
)

︸ ︷︷ ︸
=A

(
var( j)

〈 j〉
)

︸ ︷︷ ︸
=F

, (16)

where j = ∑
i=1,2 ji. Here, we use the fact that the total en-

tropy production from the system is contributed by the net
number of photon emissions that have occurred from both
qubits, namely, �ssτ = A1〈n1(τ )〉 + A2〈n2(τ )〉, with Ai =
h̄ωi/kBT , which thus yields A =

∑
i=1,2 Ai〈 ji〉∑

i=1,2〈 ji〉 . The mean cur-

rent (〈 j〉) and the current fluctuations [var( j)] at steady states
are calculated using the method of the cumulant generating
function (see Sec. VI).
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D. Dynamic properties of the field-driven dissipative TLS

If the coupling strength is set to zero (K = 0), the first
qubit is fully decoupled from the second qubit. Thus, the
expressions for the mean current and fluctuations are reduced
to those of the TLS subject to an external field [41]. Since
the expressions of current and current fluctuations for the
field-driven dissipative TLS, corresponding to the TQS with
K = 0, are of great use for our subsequent interpretation of
the TQS, we write them down explicitly,

〈 j〉 = �2

2
[
�2 + �2

o + δω2/2
] (17)

with �o = 1
2
√

2
coth (A/2), and

var( j) = 〈 j〉 coth

(A
2

)(
1 + 2ρ2

R − 6ρ2
I

)
. (18)

Thus, the uncertainty product for the field-driven dissipative
TLS is written as

QTLS = Avar( j)

〈 j〉

= A coth

(A
2

)(
1 + 2ρ2

R − 6ρ2
I

)
. (19)

Here, ρR and ρI are the real and imaginary parts of the coher-
ence between the excited and ground states (ρss

10 = ρR + iρI )
at steady states, respectively, defined in the rotating frame.
The explicit expressions are given as follows [41]:

ρR = −�δω

2 coth
(A

2

)[
�2 + �2

o + δω2/2
] (20)

and

ρI = �

4
[
�2 + �2

o + δω2/2
] . (21)

A couple of key remarks are in order.
(i) The current-coherence relation at nonequilibrium

steady states [44,45] is obtained using Eqs. (17) and (21),

〈 j〉 = 2�ρI . (22)

The relation states that the imaginary part of the coherence is
responsible for the steady-state current generated by a quan-
tum transition. As physically anticipated, the Rabi frequency
(�), which arises from the external driving, plays a key
role not only in generating the photon current by facilitating
the quantum transitions of the TLS, but also in sustaining
the coherence. Without external driving (� = 0), the mean
current [Eq. (17)], current fluctuations [Eq. (18)], and coher-
ences [Eqs. (20) and (21)] vanish altogether, and one obtains

QTLS = A coth (A2 )
A→0−−−→ 2.

(ii) At perfect resonance (δω = 0), ρ2
R = 0, and ρ2

I , uni-
modal with respect to �, is maximized to (ρ2

I )max = 1
8 coth2 ( A

2 )

at � = �o. Thus,

QTLS � A coth
A
2

(
1 − 3

4 coth2
(A

2

)
)

� QTLS
min . (23)

The minimal TUR bound for the field-driven TLS is QTLS
min ≈

1.246, which is obtained when A ≈ 3.610.

III. RESULTS

A. Populations and coherences of the TQS
and current-coherence relations

Without external driving (� = 0), the density matrix at
steady states has the form

ρss =

⎛
⎜⎜⎜⎝

ρss
11,11 0 0 0
0 ρss

10,10 ρss
10,01 0

0 ρss
01,10 ρss

01,01 0
0 0 0 ρss

00,00

⎞
⎟⎟⎟⎠, (24)

which is expected from the physical constraint and symmetry
imposed on our problem. The population at each state, i.e., the
diagonal elements of the density matrix, is obtained as

ρss
11,11 = [K2(n̄1 + n̄2)2 + n̄1n̄2q]/D,

ρss
10,10 = [K2(n̄1 + n̄2)(n̄1 + n̄2 + 2) + n̄1(1 + n̄2)q]/D,

ρss
01,01 = [K2(n̄1 + n̄2)(n̄1 + n̄2 + 2) + (1 + n̄1)n̄2q]/D,

ρss
00,00 = [K2(n̄1 + n̄2 + 2)2 + (1 + n̄1)(1 + n̄2)q]/D, (25)

where q ≡ [(δω1 − δω2)2 + (n̄1 + n̄2 + 1)2] and D ≡
4K2(n̄1 + n̄2 + 1)2 + (1 + 2n̄1)(1 + 2n̄2)q. Together with
n̄1,2 = (eA1,2 − 1)−1 � 1 for A1,2 ≈ 3.61, the excited- to
ground-state population ratio at weak coupling (K � 1)
satisfies the Boltzmann distribution for the first qubit,

ρss
11,11

ρss
01,01

,
ρss

10,10

ρss
00,00

� n̄1

n̄1 + 1
= e−β h̄ω1 (26)

and for the second qubit

ρss
01,01

ρss
00,00

,
ρss

11,11

ρss
10,10

� n̄2

n̄2 + 1
= e−β h̄ω2 . (27)

For K � 1, on the other hand, all the ratios are approximated
to the same expression,

ρss
11,11

ρss
01,01

,
ρss

10,10

ρss
00,00

,
ρss

01,01

ρss
00,00

,
ρss

11,11

ρss
10,10

� (n̄1 + n̄2)

(n̄1 + n̄2 + 2)
.

(28)

Next, quantum coherences, quantified via off-diagonal el-
ements of the density matrix, were previously linked to the
TUR violation of the field-driven dissipative TLS [41]. Due
to the hermicity of the density matrix (ρi j,kl = ρ∗

kl,i j), the
coherences of the TQS studied here are fully characterized by
six distinct off-diagonal elements, ρss

11,10, ρss
11,01, ρss

11,00, ρss
10,01,

ρss
10,00, and ρss

01,00. Specifically, ρss
10,00 and ρss

11,01 represent the
coherence of the first qubit, while the second qubit is in
its ground and excited states, respectively; ρss

01,00 and ρss
11,10

are for the coherence of the second qubit; ρss
10,01 and ρss

11,00
are interpreted as the correlated coherences between the two
qubits.

It is expected from the two-qubit coupling Hamiltonian
[Eq. (4)] that a strong coupling (K � 1) is required to effi-
ciently transmit excitation of the first atom to the second atom
and to generate correlation between the two qubits. This is
generally true, but only if the intensity of the field (�) is large
enough to induce excitation and coherence in the first qubit.
Otherwise, neither the coherence within an atom [ρR ≈ 0,
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FIG. 2. Real and imaginary parts of coherence of the first qubit when the second qubit is in its (a) excited and (b) ground states. (c) The
correlated coherence. (d) Mean photon current generated from the first and second qubits. The coherences and current for �̃ = 0.1 are not
explicitly shown since they are nearly zeros. The results are obtained for A1 = A2 = 3.6.

ρI ≈ 0 from Eqs. (20) and (21)] nor the correlation between
the two atoms is formed.

Figure 2 demonstrates the coherences and currents of the
TQS under varying amounts of detunings (δω1, δω2) for select

values of Rabi frequency (�/�o = 0.1, 1, 10) and coupling
strength (K = 0.1, 1, 10). For the sake of our discussion,
we normalize the Rabi frequency by �o = 0.37 that mini-
mizes QTLS [Eq. (23)] [41], defining �̃ ≡ �/�o. As shown

033132-5
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in Eq. (22), the photon current generated in an isolated qubit
interacting with an external field is directly proportional to
the imaginary part of coherence [44–46]. This situation arises
when the first qubit is subject to the external field, whereas
the second qubit is effectively decoupled from the first qubit
due to the weak coupling (K � 1). Im(ρss

10,00) for three �̃

values at K = 0.1 [the first column of Fig. 2(b)], reflecting
the functional form of Eq. (21) that maximizes at �̃ = 1
(or � = �o), directly translate to the mean current generated
in the first qubit [〈 j1〉, the first column of Fig. 2(b)]. It is
also noteworthy that under the same condition (K = 0.1), the
coherence (imaginary part) of the second qubit is effectively
zero (Im[ρss

01,00] ≈ 0; see Fig. S1B [55]).
The full expressions for the current, current fluctuations,

and density matrix elements of the TQS at steady states are
too extensive to be shown here explicitly. However, either by
noting that the photon current from each qubit is physically
generated via two distinct channels of transitions or by using
the general expression of the current [see Eq. (66) derived in
Sec. VI], 〈 j1〉 and 〈 j2〉 are written in terms of the difference
between the steady-state populations,

〈 j1〉 = [
(n̄1 + 1)ρss

11,11 − n̄1ρ
ss
01,01

]
+ [

(n̄1 + 1)ρss
10,10 − n̄1ρ

ss
00,00

]
, (29)

〈 j2〉 = [
γ (n̄2 + 1)ρss

11,11 − γ n̄2ρ
ss
10,10

]
+ [

γ (n̄2 + 1)ρss
01,01 − γ n̄2ρ

ss
00,00

]
. (30)

Note that Eq. (29), for instance, expresses the two channels of
photon emission from the first qubit, while the second qubit
is in its excited and ground state. In fact, one can also relate
the currents with the imaginary parts of coherences, establish-
ing the current-coherence relations for TQS as follows [see
Eqs. (S2)–(S5) in the SM [55] for a detailed derivation]:

〈 j〉 = 2�
(
Im

[
ρss

11,01

] + Im
[
ρss

10,00

])
, (31)

〈 j1〉 = 2�
(
Im

[
ρss

11,01

] + Im
[
ρss

10,00

]) − 2KIm
[
ρss

10,01

]
, (32)

〈 j2〉 = 2KIm
[
ρss

10,01

]
. (33)

The physical setup of the TQS—only the first qubit is di-
rectly irradiated by the external field, whereas the second
qubit is indirectly influenced by the external field through
the coupling with the first qubit—is reflected in the expres-
sions of Eqs. (31), (32), and (33). The total current from the
TQS [Eq. (31)] is similar to the current-coherence relation
for the TLS [Eq. (22)] in that it depends only on the imag-
inary parts of the coherences of the first qubit, Im[ρss

11,01]
and Im[ρss

10,00], with dominant contributions from Im[ρss
10,00].

The current from the second qubit, 〈 j2〉, is determined solely
by the correlated coherence, Im[ρss

10,01], with the coupling
strength K as the proportionality constant. Notably, the even
centrosymmetries of 〈 j1,2〉 with respect to δω1,2 demonstrated
in Fig. 2(d), i.e., 〈 j1,2〉(δω1, δω2) = 〈 j1,2〉(−δω1,−δω2), are
consistent only with those of Im[ρss

11,01] [Fig. 2(a)], Im[ρss
10,00]

[Fig. 2(b)], and Im[ρss
10,01] [Fig. 2(c)].

B. The uncertainty product of the two-qubit system

Together with var( j)(δω1, δω2) (Fig. S2) and 〈 j〉
(δω1, δω2) [Fig. 2(d)] calculated at fixed A = 3.61, we use
Eq. (16) to obtain Q(δω1, δω2) for TQS as a function of �̃

and K . Our findings from Fig. 3 are as follows:
(i) For weak driving �̃ = 0.1, the value of Q is nearly

constant over varying amounts of detunings, regardless of K .
This is understood since the system is effectively unperturbed,
remaining at equilibrium.

(ii) In Fig. 3(a), the condition of (δω1, δω2) leading to
the TUR violation (Q < 2) is the most evident when �̃ ≈ 1.
For weak coupling between the qubits (K = 0.1), the Q < 2
is found for δω1 ≈ 0, which is tantamount to the resonance
condition for an isolated qubit (TLS). For K = 1, the range
of (δω1, δω2) involving Q < 2 is aligned along the resonance
condition of the TQS, δω1δω2 = K2 [Eq. (14)], particularly
at |δω1| < 1 and |δω2| > 1. For K = 10, Q(δω1, δω2) < 2
aligns even better with the TQS resonance condition.

(iii) For stronger driving (�̃ = 10), the region of TUR
violation (Q < 2) is found along the resonance condition with
|δω1| � 1 and |δω2| � 1 when K = 10. Although it is not
involved with the TUR violation, a region with small Q(� 2)
is identified along the condition of δω1 = −δω2 [see Fig. 3(a),
inset enclosed by the blue square].

(iv) Figure 3(b), plotting the value of Q as a function
of δω1 by replacing δω2 with K2/δω1, makes more explicit
the range of δω1 leading to the TUR violation along the
resonance condition (δω1δω2 = K2). For �̃ = 1 [the panel
in the middle of Fig. 3(b)], the δω1 giving rise to the loose
TUR bound Qmin ≈ 1.25 < 2 is found around 0 < δω1 < 1.
The corresponding region broadens with increasing K . For
�̃ = 10, on the other hand, δω1’s giving rise to the loose TUR
bound are identified around δω1 ≈ 50, 100, 190 for K = 5,
10, and 20, respectively. It is noteworthy that Qmin ≈ 1.38
for �̃ = 10.

IV. DISCUSSIONS

A. Minimal value of the uncertainty product, Qmin

From the two-dimensional (2D) map of Q(δω1, δω2)
[Fig. 3(a)] and Q(δω1) along the resonance condition
[Fig. 3(b)] for select values of �̃ and K , we find that Q is
minimized along the resonance condition, which reads δω1 =
0 for small K (� 1) and δω1δω2 = K2 for large K (�1). At
least two distinct values of Qmin = 1.38 and 1.25, which are
smaller than the classical counterpart (Qmin = 2), are high-
lighted in Fig. 3(b). To identify the value of Qmin along the
resonance condition more systematically, we calculate the
diagram of Qmin as a function of �̃ and K (Fig. 4) by simulta-
neously scanning δω1 and A.

In the case of weak-to-moderate driving (�̃ � 1), Qmin is
nearly insensitive to the coupling strength (K). The uncer-
tainty product minimizes to Qmin ≈ 1.25 at �̃ ≈ 1. In fact,
Qmin ≈ 1.25 is obtained when δω1 ≈ 0 [Fig. 3(b), the mid-
dle panel]. Since δω2 = K2/δω1, the condition of δω1 ≈ 0
signifies δω2 → ∞, effectively decoupling the second qubit
from the system. In this limit, the TQS behaves effectively
like a TLS, and thus it is not surprising that the TUR bound
converges to that of a TLS [41].
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FIG. 3. (a) 2D map of uncertainty product over varying extents of detunings, Q(δω1, δω2), with A1,2 = 3.6 for �̃ = 0.1, 1, 10 and K = 0.1,
1, 10. (b) Q(δω1) along the resonance condition (δω1δω2 = K2) marked with the curved dashed lines in (a). The dashed lines mark Q = 2.
The solid lines annotated with 1.38 and 1.25 denote the minimum value of Q.

For the strong driving �̃ � 1 and weak-coupling limit
(K � 1), the system reduces to the TLS, attaining Qmin ≈ 2

FIG. 4. The 2D map of the minimal bound of TUR, Qmin(K, �̃),
obtained along the resonance condition (δω1δω2 = K2) while vary-
ing δω1 and A. The cross-sectional profiles of Qmin, Qmin(K, �̃ = 3)
and Qmin(K = 5, �̃) are plotted on the right and at the top, respec-
tively. Highlighted by the cyan circles are the two distinct values of
TUR bound for the TQS, Qmin � 1.25 and 1.36 obtained under the
conditions of �̃ ≈ 1 (A ≈ 3.61) and (�̃ � 3, K � 10) (A ≈ 4.08).

for A ≈ 0 [41]. On the other hand, Qmin forms a broad plateau
of Qmin ≈ 1.36 at K � 5 and �̃ � 3. We, in fact, find that
although the expression of Q is too extensive to show, Q is
minimized to Qmin = 1.358 when A1 ≈ 4.08 under a condi-
tion of δω1 = K�̃ and δω2 = K/�̃ (see Fig. S3 [55]).

Taken together, the minimal bound of the uncertainty prod-
uct for the TQS, Qmin ≈ 1.25, is acquired as long as the field
is moderate (�̃ ≈ 1). Since Qmin ≈ 1.25 is identical to that
of a single TLS, the TQS effectively responds to the external
field like a field-driven single TLS, even in the presence of the
second qubit coupled to the first qubit at finite K . For �̃ � 1
and K � 1, we find that the TUR of the TQS is characterized
with another value, Qmin ≈ 1.36.

B. The asymmetry of two qubits

The coherences of the second qubit are inherently different
from those of the first qubit. Specifically, for the first qubit,
the real and imaginary parts of the coherences, respectively,
exhibit odd and even centrosymmetry under the inversion
from (δω1, δω2) to (−δω1,−δω2) [Figs. 2(a) and 2(b)], i.e.,

Re
[
ρss

1

]
(δω1, δω2) = −Re

[
ρss

1

]
(−δω1,−δω2),

Im
[
ρss

1

]
(δω1, δω2) = Im

[
ρss

1

]
(−δω1,−δω2), (34)

where ρss
1 denotes either ρss

11,01 or ρss
10,00. For the second qubit,

on the other hand,

Re
[
ρss

2

]
(δω1, δω2) = Re

[
ρss

2

]
(−δω1,−δω2),

Im
[
ρss

2

]
(δω1, δω2) = −Im

[
ρss

2

]
(−δω1,−δω2), (35)
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FIG. 5. Asymmetry of the currents from the two qubits. (a)
�̃(〈 j1〉, 〈 j2〉) obtained from a randomly sampled set of parameters
(K , δω1, δω2) with A1,2 = 3.6. (b) K (〈 j1〉, 〈 j2〉) obtained from (�̃,
δω1, δω2) with A1,2 = 3.6. The blue lines along the diagonal are a
guide for the eye.

where ρss
2 denotes either ρss

11,10 or ρss
01,00 (Figs. S1A and S1B

[55]). Lastly, the centrosymmetry of the correlated coherences
is even for both ρss

11,00 and ρss
10,01, such that

Re
[
ρss

corr

]
(δω1, δω2) = Re

[
ρss

corr

]
(−δω1,−δω2),

Im
[
ρss

corr

]
(δω1, δω2) = Im

[
ρss

corr

]
(−δω1,−δω2). (36)

In the physical setup of the TQS, where only the first qubit
is subject to the external driving, the symmetry of the two
qubits is broken, which is also reflected in the two distinct
expressions of the current flowing through the two qubits, 〈 j1〉
and 〈 j2〉, derived in Eqs. (32) and (33). The current generated
from the first qubit is, by and large, greater than that from the
second qubit (〈 j1〉 > 〈 j2〉) as displayed in Fig. 5.

Note that 〈 j1〉 is dictated by the typical current-coherence
relation [Eq. (22)], whereas 〈 j2〉 is associated only with the
imaginary part of the correlated coherence, Im[ρss

10,01]. It
is noteworthy that another correlated coherence Im[ρss

11,00]
(Fig. S1C) makes no contribution to the current. This is most
likely associated with the fact that 〈 j2〉 > 0 [Fig. 2(d)] for all
δω1 and δω2 is more consistent with Im[ρss

10,01] [Fig. 2(c)]
than Im[ρss

11,00], the latter of which is not always positive
(Fig. S1C). Despite the inherent asymmetry, the currents gen-
erated from the first and second qubits become, on average,
comparable when the two qubits are strongly coupled at large
K [data points in green, Fig. 5(b)].

C. TUR of a subsystem and comparison
of the TQS with two coupled noisy oscillators

Throughout this study, we select the total photon current as
the observable of interest. However, if accessible only to the
dynamics of a single qubit, then the observable of our choice
becomes the local current from a particular qubit, and one has
to consider the TUR of a subsystem.

Before proceeding further, it is worth noting that the TQS
studied here bears a resemblance, albeit classical, with two
noisy oscillators, whose phase dynamics can be synchronized
due to the inter-oscillator coupling with a strength Kos [15,56]:

dθ1

dt
= �1 + Kos

2
sin (θ2 − θ1) + ξ1(t ),

dθ2

dt
= �2 + Kos

2
sin (θ1 − θ2) + ξ2(t ), (37)

where �1,2 are the angular frequencies of the two oscil-
lators, and ξ1,2 are the noise of the bath thermalized at
the temperature T , satisfying 〈ξ1,2(t )〉 = 0 and 〈ξi(t )ξ j (t )〉 =
2Dδi jδ(t − t ′), with D = kBT/ζ and ζ the friction coefficient.
In this problem, the uncertainty product of a subsystem is
given by

Qi = �Stot

kB

〈δθi(τ )2〉
〈θi(τ )〉 . (38)

(i) For Kos = 0, the two oscillators exhibit phase dynamics
fully decoupled from each other [15]. As a result, the total
entropy production, the variance, and the mean phase angle
for τ � 1 from each oscillator (i = 1 and 2) are given by

�Stot/kB = ζ
(
�2

1 + �2
2

)
kBT

τ,

〈δθi(τ )2〉 = 2Dτ,

〈θi(τ )〉 = �iτ. (39)

Thus, the uncertainty product for the ith oscillator is

Qi = 2

(
�2

1 + �2
2

�2
i

)
. (40)

(ii) For Kos � |�1 − �2|, the phase dynamics of the two
oscillators are synchronized, slowing down the fast oscillator
and speeding up the slow oscillator and reaching the angular
velocity of (�1 + �2)/2 [15,57]. Thus, we obtain the follow-
ing quantities of interest:

�Stot/kB = 2ζ

kBT

(
�1 + �2

2

)2

τ,

〈δθi(τ )2〉 = Dτ,

〈θi(τ )〉 =
(

�1 + �2

2

)
τ, (41)

which yield

Qi = 2. (42)

To draw an analogy with the TQS where only the first
qubit is irradiated by the external field, we set �1 finite and
�2 → 0 for the two coupled oscillators. Two limiting cases
of the oscillators and their comparisons with the TQS illu-
minate the fundamental differences between the couplings in
the TQS and in the classical oscillators. (i) For Kos → 0, the
uncertainty product of the first oscillator is minimized to the
TUR bound, whereas the second oscillator with �2 → 0 is
merely subject to the thermal noise, so that we get Q1 = 2
and Q2 � 1. This trend is also observed in the TQS when �̃ is
finite and K → 0. Figure 6(a) shows the uncertainty products
of the total system (Q) and the subsystems (Q1 and Q2) over
the detunings. As previously discussed, the TQS effectively
behaves as two noninteracting qubits. The first qubit subject
to the external field acquires the minimal uncertainty product
Q1 ≈ 1.25 at δω1 ≈ 0. Meanwhile, as the second qubit is
effectively decoupled from the first qubit with no source of
driving, its uncertainty product is large [Q2 � 1, Fig. 6(a)].
(ii) For Kos � |�1 − �2| ≈ �1, the two oscillators are fully
synchronized. Then, the current, its fluctuations, and the
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FIG. 6. Uncertainty products of the TQS (Q) and each qubit (Q1 and Q2) as a function of detunings (δω1, δω2). (a) K = 0.1, �̃ = 1. (b)
K = 10, �̃ = 1.

entropy production are reduced to half the values, yielding the
uncertainty product minimized to its bound, Q1 = Q2 = 2.
Interestingly, in the corresponding regime for TQS (K � 1),
Fig. 6(b) indicates that the uncertainty product of each qubit
is significantly large (Q1,2 � 1) particularly under the off-
resonance condition. Even under the resonance condition,
each qubit’s uncertainty product always exceeds 2, while the
uncertainty product for the total system is still around the min-
imal bound (Q ≈ 1.25) [see also Fig. S4 and Fig. 2(d), which
give rise to Q and Q1,2]. Note that the correlated coherence,
particularly the superposition of |01〉 and |10〉 basis states
[Im[ρ10,01], see Fig. 2(c)], contributes to the current from each
qubit [Eqs. (32) and (33)], while the total current originates
only from the coherences of the first qubit [Eq. (31)]. This is
a feature unique to the TQS, but lacking in the two coupled
oscillators.

D. Effect of entanglement on the TUR bound

Together with the quantum coherence and quantum cou-
pling, the quantum entanglement between multiple qubits,
which arises in a system of multiple quantum states with
inseparable correlation, can be considered another key man-
ifestation of quantumness. Although several studies have ex-
plored the entanglement-powered quantum engines [58–62],
relatively fewer have examined the effect of entanglement on
the TUR bound [40].

Figure 3(b) suggests that the strong coupling plays a key
role in loosening the TUR bound; however, the coupling
strength K itself does not automatically imply the entan-
glement between the two qubits. To explore the effect of
entanglement on the TUR bound, we apply the positive partial
transpose (PPT) criterion to the density matrix at steady states,
ρss (see Sec. VI), and quantify the extent of entanglement
present in the TQS.

First, for the case of weak coupling, K = 0.1, it is already
expected that the entanglement is absent in the TQS. Further-
more, for weak driving (�̃ = 0.1), the extent of entanglement

calculated based on the PPT criterion is almost zero over the
variations of detuning frequencies, δω1 and δω2, regardless of
the K value.

Any meaningful signature of entanglement is found for
K � 1 and �̃ � 1 (Fig. 7). The parameter space giving rise
to a strong entanglement does not necessarily coincide with
the region with small Q [compare Figs. 3(a) and 7]. As
vividly shown by the map of the smallest eigenvalue of the
partially transposed density matrix [�(δω1, δω2)], the entan-
glement between the two qubits characterized with � < 0 is
the most apparent at �̃ = 10 and K = 10; yet, it contributes
little to loosening the TUR bound, a finding consistent with
a recent study on a coherent mesoscopic transport along a
double quantum dot coupled to two thermal reservoirs [40].
The overlap between the two maps simultaneously satisfying
Q(δω1, δω2) � 2 and �(δω1, δω2) < 0, quantified using the
overlap parameter χ = �(2 − Q)(2/Q)�, is shaped along
the resonance condition (δω1δω2 = K2) only for �̃ = 1 and
K = 1, 10 [Fig. 7(b)].

E. Efficiency of a stochastic engine made of the TQS

Given the quantumness characterizing the TQS, which
lowers the TUR bound, it is of great interest to consider
using the TQS as a stochastic engine to convert available
energy into useful work. With an assumption that the laser
driving power P is transmitted to the TQS via excitation, the
maximum amount of power that can be extracted from TQS is
ẇmax = h̄ω〈 j〉, which defines the efficiency, η, of the TQS as
an engine,

η = ẇmax

P
. (43)

Since the laser power is consumed to perform work ẇmax, the
heat current from the system to the surrounding bath is given
as T �ss = P − h̄ω〈 j〉. From the inequality of the uncertainty
product that specifies the TUR bound, the lower bound of
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FIG. 7. (a) The smallest eigenvalue of the partially transposed density matrix at the steady states, �(δω1, δω2). The region with negative
eigenvalue (blue) characterizes the entanglement. (b) The overlap between �(δω1, δω2) and Q(δω1, δω2) quantified by computing χ = �(2 −
Q)(2/Q)�, where �(· · · ) is the Heaviside step function. The region with χ < 0 is formed along the resonance condition.

nonuseful heat current is written as [4]

T �ss � QminkBT 〈 j〉2/var( j). (44)

Thus, it follows that the efficiency for the TQS is upper-
bounded as

η � ηTUR = 1

QminkBT
( 〈 j〉

h̄ωvar( j)

) + 1
= 1

Qmin
Q + 1

, (45)

where the relation Q = AF in Eq. (16) with A =
�Stot/kB〈n〉 = h̄ω/kBT and F = var( j)/〈 j〉 is used to obtain
the last equality. The expression for the maximum efficiency
set by the TUR bound (Qmin) suggests that when the TQS
is employed as an engine to extract work, its efficiency is
upper-bounded by ηTUR. For TQS, the TUR bound (QTQS

min )
is smaller than the bound of its classical counterpart, i.e.,
QTQS

min < 2, suggesting that the quantumness present in the
TQS can enhance the engine efficiency.

F. Effect of the quantum nature of an external driving field

Although the current study adopts the semiclassical de-
scription of a light source from the quantum-mechanical
perspective of light-matter interaction, it is still of interest to
explore the effect of quantized light, particularly on the TUR
bound. In the regimes involving a relatively strong external
field, with Rabi frequency �, while satisfying the requirement
of the RWA (ω � �), the field irradiating the TQS can be rep-
resented as a coherent state, and its interaction with quantum
objects is described using the Jaynes-Cummings Hamiltonian

HJC,int = h̄g(âσ+ + â†σ−), (46)

where g is a coupling strength, and â† and â are the
creation and annihilation operators of the quantized light
field. Here, a coherent state of light is described as |α〉 =
e−|α|2/2 ∑∞

n=0
αn√

n!
|n〉 expanded in occupation number repre-

sentation, satisfying the relation â|α〉 = α|α〉. We note that

in the limit of strong field, i.e., |α|2 � 1, coherent states
also approximately satisfy the relation 〈α|e−(i/h̄)HJC,intt |α〉 ≈
e−ig(ασ++α∗σ− )t , which reduces to the semiclassical description
of the light-matter interaction in Eq. (5). Under this con-
dition, our semiclassical interaction Hamiltonian remains
valid, and the effect of quantized fields is only marginal.
In the weak-field regime, on the other hand, higher-
order corrections are no longer insignificant, and are likely
to contribute to the nonequilibrium current and current
fluctuation.

In addition, nonclassical states of light, such as squeezed
states, could significantly influence quantum coherence and,
consequently, the current. Thus, they may lower the TUR
bound and thereby enhance the engine efficiency beyond the
classical limit [63–65].

V. SUMMARY

The findings from our study on the dissipative TQS subject
to an external field are summarized using the illustration in
Fig. 8.

(1) When the field is weak (�̃ � 1), the current or current
fluctuations generated from the two qubits is nearly zero,
regardless of the coupling strength (K). In this case, QTQS =
A coth (A/2), which converges to 2 when A → 0.

(2) For weak coupling (K � 1), the two qubits are ef-
fectively decoupled. The photons irradiated on the first qubit
induce excitation and coherence, followed by dissipation into
the heat bath. The net photon current flowing through the
first qubit, its fluctuations, and the associated entropy produc-
tion are dictated by the TUR of the field-driven single TLS
[Eq. (19)].

(3) Provided that the external field is strong enough
(�̃ � 1), a strong coupling (K � 1) between the two qubits
is essential for creating an entanglement in the TQS, and for
transmitting excitation and coherence from the first qubit to
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field-driven single qubit

two indep. qubits

field-driven TQS

Ω̃

K
FIG. 8. Cartoon illustrating the dynamics of a field-driven TQS with varying strengths of Rabi frequency (�̃) and coupling (K). The photon

injected from the external field is depicted in orange. The dissipation from the qubit(s) is in magenta. The coupling between the two qubits
is depicted with a wavy blue arrow. The thickness of the arrows represents the strength of the field (orange), the current (magenta), and the
coupling (blue). The waviness of the magenta line represents the Fano factor of the photon current, with greater waviness indicating a higher
Fano factor. The extent of entanglement is represented using the red and green arrows of transition.

the second qubit [compare Figs. 2(a) and 2(b) with Figs. S1A
and B]. The first and second qubits share the current gen-
eration with increasing coupling strength, while the overall
photon current from the system is attenuated [Eqs. (31)–(33)
and Fig. 2(d)].

(4) The most effective suppression of photon current fluc-
tuations, which gives rise to TUR violation, is achieved when
�̃ is moderate, and the system satisfies the proper detuning
condition (δω1δω2 = K2), the latter of which underscores the
aspect of light-matter interaction of the current study and
distinguishes it from the recent two-qubit model considered in
the context of a temperature gradient-driven electron-transport
against chemical gradient [40].

(5) The TUR bound of the TQS depends on the coupling
strength K and the field strength �̃. When the TQS is strongly
coupled (K � 1) and subject to a relatively large field
(�̃ > 3), its uncertainty product is minimized to a value
smaller than the bound of classical TUR (Qmin = 2),

QTQS
K�1,�̃

� QTQS
K�1,�̃>3,min

≈ 1.36. (47)

On the other hand, when the two qubits are effectively
decoupled at K � 1, the uncertainty product of the TQS is
minimized to QTLS

min ≈ 1.25,

QTQS
K�1 � QTQS

K�1,min � QTLS
min ≈ 1.25. (48)

Taken together, the TUR bound of the TQS cannot be
smaller than that of the TLS,

QTQS
min � QTLS

min . (49)

The suboptimal bound of the uncertainty product,
QTQS

K�1,�̃>3,min
≈ 1.36, which is acquired for strongly coupled

qubits subject to a strong field (Fig. 4), is specific to the
TQS. Nevertheless, together with our finding from Fig. 7
that the entanglement between two qubits effectively plays no
role in loosening the TUR bound, the inequality of Eq. (49)
obtained based on the TQS may be general enough to be
extended to multiqubit systems. We surmise that the TLS sets
the fundamental limit of TUR even for multiqubit systems. As
an extension of the TQS, the N-qubit system can be related
to photosynthetic systems, more specifically light-harvesting
complexes (LHC) comprised of quantum mechanically cou-
pled multiple chromophores irradiated by the light source
[66–69]. The problem of how the TUR of mutually or nearest-
neighbor coupled qubits changes would be a topic of great
interest for future investigation.

VI. METHODS

A. Characterization of entanglement

The criterion of positive partial transpose (PPT) is em-
ployed to determine whether a given density matrix is
separable or entangled [70]. According to the criterion,
the density matrix of a bipartite system is separable if all
the eigenvalues of the partial-transposed density matrix are
non-negative. Although this is only a necessary condition
for general bipartite systems to be separable, the criterion
serves as both the sufficient and necessary condition for the
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separability of two-qubit systems [71]. If the partial transpose
of a two-qubit density matrix has any negative eigenvalues, the
two qubits are no longer separable to any independent basis,
thus being entangled.

The PPT criterion applied to our TQS amounts to calculat-
ing the eigenvalue of the density matrix where the first qubit
is transposed, i.e.,

(ρss )T1 =

⎛
⎜⎜⎜⎝

ρss
11,11 ρss

11,10 ρss
01,11 ρss

01,10

ρss
10,11 ρss

10,10 ρss
00,11 ρ00,10

ρss
11,01 ρss

11,00 ρss
01,01 ρss

01,00

ρss
10,01 ρss

10,00 ρss
00,01 ρss

00,00

⎞
⎟⎟⎟⎠. (50)

If the smallest eigenvalue of the partially transposed matrix,
(ρss )T1 , which is defined as � (Fig. 7), is more negative, the
entanglement is deemed stronger.

B. Method of the cumulant-generating function

Our objective in this section is to introduce a systematic
means to calculate the mean steady-state current 〈 j〉 and the
variance var( j) from the reduced density matrix. We first
formally define the cumulant generating function:

G(z, τ ) = ln 〈ezn〉 = ln
∞∑

n=−∞
P(n, τ )ezn, (51)

where P(n, τ ) is the probability of n net photons being
emitted from the TQS during the time interval τ , which
is the sum of the corresponding four populations that
can similarly be defined using the reduced density ma-
trix ρ(n, τ ), namely, P(n, τ ) = ρ11,11(n, τ ) + ρ10,10(n, τ ) +
ρ01,01(n, τ ) + ρ00,00(n, τ ) = Tr[ρ(n, τ )] with P(n, τ ) satisfy-
ing the normalization condition,

∑∞
n=−∞ P(n, τ ) = 1. Thus,

for a given G(z, τ ), one can calculate the kth cumulant using

〈〈nk〉〉(τ ) = ∂kG(z, τ )

∂zk

∣∣∣∣
z=0

. (52)

Next, the vectorized form of the density matrix defined in
the Fock-Liouville space, ρ̃, can be decomposed into ρ̃(n, τ )
of all possible n as

ρ̃(τ ) =
∞∑

n=−∞
ρ̃(n, τ ). (53)

Here, ρ̃(n, τ ) is expected to satisfy the n-resolved Master
equation:

∂t ρ̃(n, t ) = L0ρ̃(n, t ) + L+ρ̃(n − 1, t )︸ ︷︷ ︸
emission

+L−ρ̃(n + 1, t )︸ ︷︷ ︸
absorption

,

(54)

where we have introduced the total emission and absorption
operators from the two qubits, L± = L1

± + L2
±, and defined

the remaining elements as L0 ≡ L − L+ − L−. The two last
terms on the right-hand side of Eq. (54) express the con-
tributions of emission and absorption to the evolution of
ρ̃(n, t ) with L±. For the TQS, these operators can be written

explicitly as

L1
+ = L0000,1010 + L0001,1011 + L0100,1110 + L0101,1111,

L1
− = L1010,0000 + L1011,0001 + L1110,0100 + L1111,0101,

L2
+ = L0000,0101 + L0010,0111 + L1000,1101 + L1010,1111,

L2
− = L0101,0000 + L0111,0010 + L1101,1000 + L1111,1010. (55)

Specifically, L0001,1011 is the one of the elements of the Liou-
ville operator associated with the transition: ρ10,11 → ρ00,01.

Further considering a discrete Laplace transform of
ρ̃(n, τ ), ρ̂z(τ ) ≡ ∑∞

n=−∞ ρ̃(n, τ )ezn, we can recast the n-
resolved Master equation in Eq. (54) to a more simplifying
form of the linear differential equation,

∂τ ρ̂z(τ ) = L(z)ρ̂z(τ ) (56)

with a modified 16 × 16 Liouville operator defined as

L(z) = L0 + ezL+ + e−zL−. (57)

A formal solution of Eq. (56) is written as

ρ̂z(τ ) ≡
∞∑

n=−∞
ρ̃(n, τ )ezn = eτL(z)ρ̂z(0) =

∑
k

�lkeλk (z)τ , (58)

where 0 > λ0(z) > λ1(z) > · · · is satisfied, and for τ � 1 the
solution is dominated by the largest eigenvalue λ0(z), and it is
expected that λ0(0) = 0 and �l0 = ρ̃ss. Therefore,

ln

( ∞∑
n=−∞

P(n, τ )ezn

)
∼ λ0(z)τ (59)

should hold for τ � 1. Thus, at steady states (τ � 1), the
cumulant-generating function expressed in terms of the largest
eigenvalue of the modified Liouville operator G(z, τ ) ∼
λ0(z)τ along with Eq. (52) allows us to relate the kth cumulant
with the largest eigenvalue of L(z), i.e., λ0(z) as follows:

lim
τ�1

〈〈nk〉〉(τ )

τ
= ∂kλ0(z)

∂zk

∣∣∣∣
z=0

. (60)

Instead of directly solving the eigenvalue problem via the
characteristic polynomial,

pL(λ) ≡ det [λ(z)I − L(z)] =
16∑

i=0

ai(z)λi(z) = 0, (61)

we differentiate both sides of Eq. (61) with respect to z, and
taking z = 0 and noting that λ0(0) = 0, we obtain

a′
0(0) + a1(0)λ′

0(0) = 0. (62)

Together with Eq. (60) with k = 1, the photon current is
related to the coefficients of the characteristic polynomial as
follows:

〈 j〉 = lim
t→∞

〈n〉(t )

t
= λ′

0(0) = −a′
0(0)

a1(0)
. (63)

Alternatively, by using the Cayley-Hamilton theorem, we
obtain the following matrix identity:

pL(L) =
16∑

i=0

ai(z)Li(z) = O16×16, (64)
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where Ol×m is an l × m matrix with zero entries. We then
note that L(0)ρ̃ss = 016×1 from the steady-state condition and∑

p,q Lpqpq,abcd = 0 for all a, b, c, d from the trace-preserving
condition. These conditions lead to

0 = ∂ pL(L)

∂z

∣∣∣∣
z=0

ρ̃ss

=
∑
p,q

[
16∑

i=0

[a′
i(z)Li(z) + ai(z)∂zLi(z)]|z=0ρ̃

ss

]
pq,pq

= a′
0(0) + a1(0)

∑
p,q

[L′(0)ρ̃ss]pq,pq, (65)

where we used
∑

p,q ρ̃ss
pq,pq = Tr[ρss] = 1. Together with

Eq. (63) and L′(0) = L+ − L− from Eq. (57), we can derive

a physically motivating, general form of the current,

〈 j〉 =
∑
p,q

[(L+ − L−)ρ̃ss]pq,pq, (66)

which can be used to derive the expressions in Eqs. (29) and
(30) together with Eq. (55).

To obtain the current from each qubit, the total absorption
and emission operators can be redefined as L± = L1

± or L2
±

instead of summing up the entire contribution from the two
qubits as L± = L1

± + L2
±. The expressions for the Liouville

operators associated with emissions (L1
+, L2

+) and absorptions
(L1

−, L2
−) given in Eq. (55) offer the expressions in Eqs. (29)

and (30).
We can continue with a similar procedure to obtain the

current fluctuations, var( j). First, from Eq. (60) with k = 2
and the second derivative of Eq. (61), we get

var( j) = lim
t→∞

〈〈n2〉〉(t )

t
= λ′′

0 (0) = −a′′
0 (0) + 2a′

1(0)〈 j〉 + 2a2(0)〈 j〉2

a1(0)
. (67)

Next, the second derivative of Eq. (64) at z = 0 that operates on ρ̃ss gives

0 = ∂2 pL(L)

∂z2

∣∣∣∣
z=0

ρ̃ss =
∑
p,q

[
16∑

i=0

[a′′
i (z)Li(z) + 2a′

i(z)∂zLi(z) + ai(z)∂2
z Li(z)]|z=0ρ̃

ss

]
pq,pq

= a′′
0 (0) + 2a′

1(0)
∑
p,q

[L′(0)ρ̃ss]pq,pq

︸ ︷︷ ︸
=〈 j〉

+a1(0)
∑
p,q

[L′′(0)ρ̃ss]pq,pq

︸ ︷︷ ︸
=∑

p,q[(L++L− )ρ̃ss]pq,pq

+
∑
i�2

2ai(0)
∑
p,q

[L′(0)Li−2(0)L′(0)ρ̃ss]pq,pq. (68)

Thus, by comparing Eq. (68) with Eq. (67), we obtain a formal expression for the current fluctuations,

var( j) =
∑
p,q

[(L+ + L−)ρ̃ss]pq,pq − 2a2(0)

a1(0)

⎡
⎣〈 j〉2 −

∑
i�2

ai(0)

a2(0)

∑
p,q

[(L+ − L−)Li−2(L+ − L−)ρ̃ss]pq,pq

⎤
⎦. (69)

By evaluating Eq. (69) explicitly for the TLS, we recover the
photon current fluctuations given in Eq. (18).
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