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The burst approximation is a widely used technique to simplify stochastic gene expression models. However,
the dynamics and analytical properties of the protein number distribution in gene expression models under the
burst approximation remain largely unexplored. In this study, we propose and systematically analyze surrogate
models with multiple gene states and arbitrary burst size distributions. An analytical time-dependent solution to
the chemical master equation is derived and then exploited in two directions. First, several fine properties of the
protein number distribution are established using functional analysis. For geometrically distributed burst sizes,
the distribution is dominated by a scaled negative binomial distribution and is light tailed in certain parameter
regimes. Second, we develop efficient algorithms in three settings, enabling fast calculation of the protein number
distribution. Furthermore, the approximation error relative to full gene expression models is estimated in terms
of low-order moments of the distribution, thereby clarifying the validity of the burst approximation.
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I. INTRODUCTION

Gene expression is inherently stochastic, as transcription,
translation, and molecular degradation are all driven by ran-
dom molecular events. This intrinsic stochasticity becomes
particularly pronounced when relevant biomolecules exist in
low copy numbers [1]. Consequently, even genetically iden-
tical cells exposed to the same environment may exhibit
substantial cell-to-cell variability in messenger RNA (mRNA)
and protein levels [2]. Such variability has been directly
observed in single-cell and single-molecule experiments, in-
cluding real-time measurements of transcriptional bursting in
bacteria [3] and single-molecule studies of protein production
in living cells [4,5]. The underlying molecular mechanism has
also been investigated [6-8].

The continuous-time Markov chain is a standard tool
for describing interactions among multiple components in
a stochastic chemical reaction system, and its Kolmogorov
forward equation is conventionally termed the chemical mas-
ter equation (CME) in such context [9—14]. Gene expression
can be readily modeled using the CME by assuming that
transcription, translation, and molecular degradation are all
first-order reactions [15], as shown in Fig. 1. However, for
full gene expression models, the probability distribution of the
protein copy number is analytically intractable even when the
gene is constitutively active [16]. To overcome this analytical
challenge, in Ref. [17], the binomial moment method [18-20]
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is applied to a model with two gene states (one active, one in-
active), where a recurrence relation for binomial moments and
analytical expressions for low-order moments are provided.
A similar approach is subsequently extended to a model with
multiple gene states [21]. Given the difficulty of analyzing full
gene expression models, the burst approximation is conceptu-
ally proposed as an approximation technique to simplify the
full models, building upon the experimental conclusion that
mRNAs degrade substantially faster than proteins in many
cells [16]. Remarkably, gene expression models under the
burst approximation admit fruitful analytical results. In Ref.
[16], the generating function method is used to study two
models: one in which the gene remains constitutively active
and the other in which it switches between an active and an
inactive state. For both models, the steady-state probability
mass function (PMF) of the protein copy number is derived
analytically. More recently, the binomial moment method was
applied to models with multiple gene states [22], with a recur-
rence relation for binomial moments formally obtained and an
analytical expression for the PMF presented for models with a
single active gene state. Additionally, by establishing a one-to-
one correspondence between generic gene expression models
and GI*/G/oo queueing systems [23,24], non-Markovian
models can be studied using queueing theory [25,26]. The cor-
respondence between models under the burst approximation
and queueing systems with batch arrivals may explain the sub-
stantial simplification introduced by the burst approximation.
Furthermore, for certain non-Markovian models, the steady-
state distribution of the protein copy number is identical to that
of appropriately constructed Markovian counterparts [27,28],
thereby allowing the former to be analyzed through the latter.

However, previous studies have several limitations. First,
they have mainly focused on the numerical evaluation of the
protein number distribution, and few general properties of the
distribution are known. Second, previous work has mostly
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FIG. 1. Workflow of gene expression modeling. In a typical gene
expression process, transcription in the nucleus produces mRNAs,
which are then translated into proteins in the cytoplasm. Both mR-
NAs and proteins are subject to degradation. The full gene expression
model describes switching among multiple gene states, with produc-
tive transitions generating mRNAs, followed by mRNA degradation,
translation, and protein degradation. Under the burst approximation,
the explicit mRNA intermediate is eliminated and represented by
protein bursts.

considered the steady-state distribution, whereas the dynamics
has rarely been studied. Moreover, whether the error intro-
duced by the burst approximation is bounded has received
limited attention. The validity of the burst approximation has
been assessed only for a model where the gene is constitu-
tively active [16].

In this study, we propose and systematically analyze a
general gene expression model under the burst approximation,
revealing the dynamics and many fine properties of the steady-
state distribution of the protein copy number. First, we present
an analytical time-dependent solution to the CME, which dif-
fers from the formal expression given by the path summation
representation [29]. We proceed in two directions. First, the
asymptotic behavior of the steady-state distribution is ana-
lyzed using functional analysis. Upper bounds for the PMF are
established. When the burst size is geometrically distributed,
the distribution of the protein copy number is dominated by
a scaled negative binomial distribution and is light tailed
in certain parameter regimes. An upper bound for the tail
probability is also derived. Second, efficient algorithms to
calculate the steady-state protein number distribution are de-
veloped in three specific settings. Finally, the approximation
error introduced by the burst approximation is estimated using

functional analysis in terms of low-order moments of the
protein number distribution.

II. MODEL DESCRIPTION

We propose a general gene expression model under the
burst approximation, represented as a chemical reaction sys-
tem (1). In this model, the gene has N distinct metastable
states, denoted by S; (1 <i < N), and it switches among
these states memorylessly. Within each metastable state, pro-
teins are produced in bursts at state-dependent rates, and the
gene state may be altered during protein production. Note
that a single burst can produce multiple protein molecules
simultaneously, with the burst size following a probability
distribution. Existing protein molecules degrade at a given rate
independent of the gene state and the protein count. Protein
autoregulation of gene expression may occur in some biologi-
cal systems but is not included in model (1) for simplicity [30].
Following the stochastic description of the chemical reaction
kinetics [13], model (1) can be mathematically interpreted as a
continuous-time Markov chain, whose dynamics is governed
by the CME:

Si =5 s, (i#j. 1<i.j<N),
bIrl

Si—5 S;+rxProtein (1<i,j<N, r=1), @

.8
Protein — .

Specifically, let S(z), X(¢z) denote the gene state and
the protein count in the system at time f. Let a;; (i #
Jj» 1 <1i,j < N) denote the transition rates between gene
states without production of proteins; let bErJ] 1<i,j<
N, r > 1) denote the rates of generating r protein molecules
in a single burst and the gene transitioning from S; to
S;; and let § denote the degradation rate of proteins.

Define a;; := — Z%é, aiy — ZQ’ZI > by,l for 1 <i<N,
1

Do := (@i j)nsn> Dy i= (B Dy for r=1,2, .., and D :=
Do+ Y 72, D,. Assume throughout this study that the se-
quence {bg }}@, has finite moments of all orders, namely,
322 bt < oo forany n € N and 1 < i, j < N. In partic-
ular, D is well defined. For convenience, we refer to N as the
order of the model (1).

III. TIME-DEPENDENT SOLUTION TO CHEMICAL
MASTER EQUATION
Let IP; j(m;t) denote the probability that S(r) = S; and
X (t) = m, given the Dirac initial distribution concentrated at
S$(0) =S; and X(0) =0. The CME governing P; ;(m;t) is
1<i,j<N,meN)

N c© N
9 .
5y Diimit) = ?:1 ag jPis(mit) + ) Y BIPim — 1)

r=1 s=1
+ (m+ 1)8]P’,-,j(m + 1;1) — mS]P’i,j(m;t),
@)

where IP; j(m; 1) is conventionally taken as zero when m < 0.
Using the generating function method, we conclude that the
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analytical solution to Eq. (2) is, for m = 0,

k
1](0 l) _eTCDOZe + Z Z / |:l_[(1 - Ol(l, tx))ls:|

k=11,....[; =1 s=1

] K(tity, ... tizly, ..., Le;dt, 3)

and, form > 1,

,,<mt)—Z > /[
my+-tnmy=m

k=111,...h; >1
o<m <ly,..., 0<my <y,

k

(.,

s=1 s

e/ K(t:1, ...

)a(t» )" (1 —a(, ts))l“"“]

Sl oo I ejde. (€]

In EqS 3) and (4), @ :={(t1,1,..., )] 0<h < <

<t <t} S RK alt, ty) i= exp[—8(t —t,)]; ( ) denotes
the binomial coefficient; and {ex}s | are standard ba-
sis vectors in RY where e, is the column vector with
a 1 in the sth position and O elsewhere. The fam-
ily of functions {K(t;t1, ..., 40, ..., k)1 is defined
as follows: K (#;11;1y) := ePi Dy ePoU=10 K (t;11, 12511, ) :=
ePoi py ePoe=tip, ePo=0) “and K(t5t), ..., ti3hy, ..., ) i=
eDn!]DZl eDo(Iz*tl)Dl2 .. .leileDO(tk*[k—l)leeDﬂ(t*tk) for k> 3.
The exponential of a square matrix, e.g., C, is defined by
Ci=300, Cr kL.

Although Egs. (3) and (4) are not directly suitable for
numerical computation, they serve as a starting point for
further analysis, which yields fine properties of the steady-
state probability distribution. We first proceed by calculating
the time-dependent expressions for binomial moments of the
protein number distribution and take the temporal limit. This
is partially motivated by the well-known binomial moment
method. The (matrix-form) binomial moments are defined as
[Bu()]ij =Y pey ()Pij(n;0), 1< i, j <N, meN. For
technical reasons, we mainly consider the coarse-grained
(scalar) binomial moments (in steady state), namely, B, :=
lim,_ oo ' B(1)1, m € N, where w € RV*! is the invariant
distribution of the underlying Markov chain characterized
by D, and 1€ RV*! is a column vector with all ones.
Throughout the study, we assume that D is irreducible, so
that it admits a unique invariant distribution. The coarse-
grained (scalar) PMF (in steady state) is defined similarly
by P, :=1lim,_, " P(m;1)1, n € N, where [P(n;0)])i; =
P j(m;t), 1<i,j<N, neN.

We conclude that the binomial moments in steady state are
all finite and have the following expressions:

1
Bl = gnTcll,

1 = T _ -1
m—z > x'C(hsly - D)
k=1 li++lh=m
Ly 21

x Cp[(ly + 1)8Iy — D17'Cy,
I+ -+ LSy — DTG,

By,

m=2, (5

where C, := Z;’ir ('Z)Dn and Iy denotes the N-dimensional
identity matrix. Note that {C,},>; are all well defined since
we assume moments of all orders of {b ]},>1 exist. In Eq. (5),
the summation is taken over all ordered partitions of m into
positive integers. For example, when m = 3, the summation
includes four ordered partitions: [y =3; [y, =1, =2; [} =
2,hb=1;and [y =1, = 1,13 = 1. From Eq. (5), one can
readily calculate low-order binomial moments and, conse-
quently, important summary statistics such as the noise and
the Fano factor. The analytical results are reported in Supple-
mental Material [31] and are consistent with existing studies
[22]. In general, direct computation based on Eq. (5) quickly
becomes impractical as m grows, because of the combinato-
rial enumeration needed to determine the integer partition of
m. Actually, matrix computations within the summation are
relatively fast; therefore, the computational bottleneck is in-
dependent of the order of the model (V) and is combinatorial.
We later provide a combinatorial approach to overcome this
issue in certain cases.

If D, = c¢.D; (r > 2) for some constants ¢, > 0 (r > 2),
and D, is diagonal, the model (1) reduces to the one
in Ref. [22].

IV. ASYMPTOTIC ANALYSIS OF STEADY-STATE
PROBABILITY MASS FUNCTION

We derive the upper bound for the PMF by repeatedly
applying an analog to Theorem 4.1.2 in Ref. [32], the Holder
inequality, and the submultiplicativity of operator norm.
Specifically, we have (forn > 1)

p<y Y [T 1o

k - ..
k=1 Iy ++l=n Fhh+h)---(h +
A

L)’ (6)

where the infinity norm of a matrix, denoted by || - ||, i
the maximum absolute row sum of this matrix. By definition,
IICr ]l o has the same units as b[’) (1<i,j<N)forr > 1,and
the upper bound in Eq. (6) is dimensionless.

In general, Eq. (6) cannot be further simplified. However,
when {D,},>; follows a geometric distribution, we obtain
elegant results. We note that this assumption is reasonable,
since the number of proteins generated during one burst has
been experimentally shown to approximately follow a geo-
metric distribution [4,5]. Specifically, we now assume D, =
AM7IDy (r > 1), where A € (0, 1) is the parameter of a geo-
metric distribution. Equation (6) then reduces to

1 2 \'T IDile 1"
P, < — , N, (7
\n!<1—,\> [am—,\) "e ™

For any ¢ >0 and m e N, {™ :=T(¢ +m)/T(¢) is the
Pochhammer symbol, where I'(¢) is the Gamma function. A
combinatorial identity is developed to prove Eq. (7), which
overcomes the complexity bottleneck of enumerating ordered
partitions of integers. The upper bound in Eq. (7) converges
to zero if and only if A € (0, 1/2) or A = 1/2 and ||D; ||« /8 <
1/4. In particular, when A € (0, 1/2), it follows from Eq. (7)
that the PMF of the protein copy number is bounded
from above by a constant multiple of a negative binomial
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distribution. See Fig. S1 of Supplemental Material [31] for
numerical verification.

When A € (0, 1/2), the steady-state probability distribu-
tion of the protein copy number is light tailed, since the
moment generating function M[{P,}I(s) := Z;’;O P, exp(ns)
is finite for s € (0, In(1 — A) — In A). Based on the Chernoff
method [33], we also estimate the tail probability of the
protein copy number. Specifically, for m > ||D|l/[6(1 —
20)(1 — A)], we have

ZP" < |:||D1||oo + mdr(l — /\)]
e m&(1 — 1)2

D1 lloc
SA(1 — 2) T
x [1 + u] . 8)

1D1lloo

The above estimation of the moment generating function and
the tail probability generalizes the heavy-tailed law for tran-
scription models [34-36].

V. FAST SOLVER FOR STEADY-STATE
PROBABILITY DISTRIBUTION

There are two motivations for examining the recurrence re-
lation among subsequent binomial moments. First, according
to Eq. (5), many terms in the summation are repeatedly recom-
puted if all binomial moments are computed independently.
Second, the binomial moment equations [18] are decoupled
for the first-order chemical reaction system (1); therefore,
higher-order binomial moments are linear combinations of
lower-order binomial moments in steady state. In this study,
we derive the recurrence relation directly from Eq. (5). A
formal but more direct approach is to apply the binomial
moment method as performed in Ref. [22]. Based on Eq. (5),
we have

BO =1y, Bm = (Z Bm—ncn> (mdly — D)_l’
n=1

C))

|
Bmz%n (Zsm_,, ,,)1, m>1.

A numerical implementation of Eq. (9) is given in Algorithm
S1 of Supplemental Material [31].

According to Algorithm S1 of Supplemental Material [31],
binomial moments up to arbitrary orders can be obtained
recursively. Formally, the PMF can then be constructed based
on the following identity [20]:

P=Y (-~ (’:)B neN. (10)

However, for the series (10) to converge, the term (”')B,,
should converge to zero as m grows, implying that the se-
quence {B,,},eNn converges to zero. We prove that when the
burst size follows a geometric distribution with parameter
A € (0, 1/2), the PMF can be reconstructed through Eq. (10).
When the burst size follows a geometric distribution with
parameter A € [1/2, 1), the series (10) may diverge and the

PMF cannot be readily recovered. In Fig. S2 of Supplemental
Material [31], we provide examples where all orders of bino-
mial moments exist but lim,,,_, oo B, = 00.

Additionally, the truncation error may be introduced during
the computation of {C,},>;. Fortunately, analytical expres-
sions for {C,},>1 can be derived under three distinct yet
reasonable assumptions.

(1) Burst size follows geometric distribution. This assump-
tion has been introduced above. When D, = A’"'D; (r > 1)
for some given A € (0, 1), we have (for r > 1)

At 1
szl’ D=D0+mD|. (11
Across several examples, we compare our results with those
obtained using the stochastic simulation algorithm [37-39]
and the finite state projection algorithm [40], as shown in
Fig. 2.

(2) Burst size follows Poisson distribution. When the
burst size follows a Poisson distribution, namely, D, =
(@""'/rDy, r > 1 for some positive real number o, we also
obtain analytical expressions (for r > 1)

r

r—1

1
C, = e*Dy, D=Dy+ —(*—1)D,. (12)
o

r!
(3) Burst becomes negligible for large sizes. During the
gene expression process, the probability that large numbers of
proteins are simultaneously produced is negligible. Therefore,
we may assume D, = Oy for all r strictly exceeding a given
threshold rpax. In such cases, C, = Oy for r > rpax + 1,
and the sum C, = Y™ (")D,, 1 < r < ryax, involves only
finitely many terms. This assumption is also a prerequisite
for numerically studying models in Eq. (2) via the stochastic
simulation algorithm and the finite state projection algorithm,
since they only admit a finite number of reaction pathways.
Empirically, as the truncation level ry,, increases, the com-
puted probability distribution converges rapidly to the exact
distribution corresponding to the full, untruncated model. See
Fig. 3 for examples.

VI. SPECIAL CASE: MODEL OF ORDER 1

We now connect our results to those in Ref. [16] by study-
ing the case where N =1 in Eq. (1) and the burst size of
proteins is geometrically distributed. This setting corresponds
to a constitutively active gene with translation events occur-
ring according to a Poisson process. Assume that {D,},>;
follows a geometric distribution with parameter A € (0, 1/2)
and N = 1. Note that D, is a non-negative real number. Based
on Egs. (5) and (10), we derive that the steady-state distribu-
tion of the protein count is a negative binomial distribution
(forn € N):

X D,
" SA(1 =)

which is consistent with existing results [16].

(n)
i| (11— A)Dl/ISX(I*l)l’ (13)

n!

VII. ANALYSIS OF APPROXIMATION ERROR

Finally, we compare low-order moments of the protein
number distribution in full gene expression models and
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FIG. 2. Probability distribution of protein copy number verified by stochastic simulation and finitestate projection. This figure presents the
steady-state probability distributions of the protein copy number for nine representative examples. For each case, our approach (abbreviated
Binomial Moments Solver) is illustrated by stem plots, the stochastic simulation results are shown as semi-transparent histograms, and the
finite state projection results are displayed as line plots with markers. The PYTHON package GillesPy2 [41] is used with C++4 solver to
implement the stochastic simulation algorithm. Model parameters and computational details, including the truncation strategy, are described

in Supplemental Material [31].

models under the burst approximation. Upper bounds of the
difference between low-order moments are established us-
ing functional analysis. Recall that, as shown in Fig. 1,
the burst approximation is conceptually an approximation
technique to simplify the following full gene expression
model:

Si 58, (i#), 1<i,j<N),
Z[j
Si —5 §;+mRNA (1 <i,j<N),
mRNA —% ¢, (14)
mRNA — mRNA + Protein,

.8
Protein — 0.

In Eq. (14), the parameter § carries the same meaning as
in Eq. (1), while Zil-,j, bi; (1<1i,j<N),v, and u denote
the transition rates among gene states without transcrip-
tion, the transition rates with production of one mRNA
molecule, the translation rate, and the mRNA degradation
rate, respectively.

Under the notations in Eqs. (1) and (14), two models are
related by the following identities:

.
rl _ v u T ..
b,»,j—<u+v> —u+vb,,,, I<i,jsSN, rz1,
szaJ+;1;aﬁ 1<i#j<N. (15)

The relation (15) can be interpreted as follows. Once tran-
scribed, an mRNA molecule is subject to two competing
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FIG. 3. Probability distribution of protein copy number with
different truncation levels. The burst size is assumed to follow
a Poisson distribution parametrized by «. The figure shows the
steady-state PMF of the protein number with varying truncation
levels rpax. The four panels correspond to o = 0.1, 0.3, 0.5,
and 1.0, and within each panel the distributions obtained with
Tmax = 1, 2, 3, and 5 are compared. The off-diagonal entries of Dy are
zero,D; = ((0.2,0.2,0.1,0.8), (0.2, 0.2,0.1, 0.8), (0.1, 0.1, 0.1, 0),
(0.8,0.8,0,0.8)),and 6 = 1.

reaction pathways, namely, degradation and translation. More
specifically, this can be seen as the competing binding of de-
cay complexes that promote degradation and the recruitment
of initiation factors that engage the ribosome for transla-
tion. Since the probability of initiating translation rather than
degradation is v/(u + v), the number of protein molecules
produced from a single mRNA molecule follows a geometric
distribution with parameter u/(u + v). Hence, Eq. (15) readily
follows.

Low-order moments of mRNA and protein copy numbers
in Eq. (14) can be formally obtained by applying the bino-
mial moment method [17,21]. By comparison with Eq. (5),
we conclude that the first-order binomial moment, namely,
the expectation of the protein copy number, remains exact
under the burst approximation, while higher-order binomial
moments are explicitly altered when the burst approximation
is applied. In particular, upper bounds can be derived for the
absolute difference between the corresponding low-order bi-
nomial moments of the two models. For example, denoting the
second-order binomial moment of the protein copy number in
Eq. (14) by B,, we have

v(u + v)?

2 (u+8)
(u+v)*

2u58(u + §)

By Eq. (16), the absolute difference converges to zero at the
rate of O(u~2) when u — oo and the other parameters remain

|By — By| < D1 lloo

IDIIZIDllo.  (16)

% =@~ Error |B,— Byl i
To - '\.\ Analytical Bound for |B> - B,| |
= i S| i+ Reference Decay with Slope —2 |
] \'\E == Log--Log Fit of Error: -2.030 i
¢ o= \~w\ —- Log-Log Fit of Analytical Bound: -2.073 |
=%
o
=T_ =
_— 0
g2
¥ -
=
—
M
o
— B!
o=
S 2 '3
- 10 10 10

Degradation Rate of mRNA Molecules u

FIG. 4. Approximation error with respect to second-order bino-
mial moments. The absolute error |B, — Ezl and its analytical upper
bound (16) are plotted against the mRNA degradation rate  on a log-
arithmic scale. Dashed lines with square markers indicate the bound,
solid lines with circular markers indicate the computed absolute er-
ror, and the dotted line represents a reference decay rate. Dash-dotted
lines show the corresponding log-log fitted slopes. In this example,
Dy, Dy, and § are the same as those in Fig. 3. Additionally, v = 2 and
u € [10, 1000].

fixed, as numerically verified in Fig. 4. Notably, #/5 > 1 does
not guarantee the validity of the burst approximation.

VIII. CONCLUSIONS

In this study, we systematically analyze gene expression
models under the burst approximation with multiple gene
states and arbitrary burst size distributions. An analytical so-
lution to the corresponding CME is derived and exploited in
two directions. On the one hand, we derive several inequalities
for the PMF, the moment generating function, and the tail
probability, using functional analysis. When the burst size
is geometrically distributed with its parameter in (0, 1/2),
the probability distribution of the protein copy number is
bounded by a scaled negative binomial distribution and is
light tailed. The tail probability is estimated using the Cher-
noff method. On the other hand, we propose fast solvers
for the steady-state distribution of the protein count in three
special cases, namely, when the burst size is geometrically
distributed, Poisson distributed, or negligible beyond a certain
threshold. Additionally, we show that our results are consis-
tent with those in Ref. [16] and examine the validity of the
burst approximation by estimating the approximation error
in terms of low-order binomial moments. We conclude that,
although Eq. (1) is usually seen as a surrogate for full gene
expression models, only the expectation of the protein num-
ber distribution is preserved, whereas higher-order moments
generally differ.

Several directions for future work naturally arise from this
study. First, the analytical solution to the CME may be further
analyzed to estimate the mixing time of the corresponding
Markov chain. Second, when the burst size is geometrically
distributed with parameter A € [1/2, 1), we have identified ex-
amples in which the binomial moment method fails to recover
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the PMF. The computation of the PMF in such cases re-
mains open, and general conditions guaranteeing the success
of the binomial moment method also remain to be established.
Third, models formulated via the CME implicitly assume the
Markov property, whereas many physical systems are highly
non-Markovian. This suggests that stochastic gene expression
modeling should be extended to more general stochastic pro-
cesses, such as those described by the generalized chemical
master equation [42]. Finally, in practice, the model valid-
ity is typically assessed from a top-down perspective. For
example, the model parameters can be estimated by fitting
the predicted protein number distribution to experimental
data [12,43,44]. The development of appropriate statisti-
cal inference frameworks remains an important research
objective.
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