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The advent of non-Hermitian physics has enriched the plethora of topological phases to include phenomena
without Hermitian counterparts. Despite being among the most well-studied uniquely non-Hermitian features,
the topological properties of multifold exceptional points, n-fold spectral degeneracies (EPns) at which also
the corresponding eigenvectors coalesce, were only recently revealed in terms of topological resultant wind-
ing numbers and concomitant Abelian doubling theorems. Nevertheless, a more mathematically fundamental
description of EPns and their topological nature has remained an open question. To fill this void, in this
article, we revisit the topological classification of EPns in generic systems and systems with local symmetries,
generalize it in terms of more mathematically tractable (local) similarity relations, and extend it to include all
such similarities as well as nonlocal symmetries. Through the resultant vector, whose components are given in
terms of the resultants between the corresponding characteristic polynomial and its derivatives, the topological
nature of the resultant winding number is understood in several ways: in terms of (1) the tenfold classification
of (Hermitian) topological matter, (2) the framework of Mayer-Vietoris sequence, and (3) the classification of
vector bundles. The classification scheme further predicts the existence of topological bulk Fermi arcs protected
by a Z,-invariant, induced by nonlocal symmetries, dubbed Z,-protected Fermi arcs. Our work reveals the
mathematical foundations on which the topological nature of EPns resides, enriches the theoretical understanding
of non-Hermitian spectral features, and will therefore find great use in modern experiments within both classical

and quantum physics.
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I. INTRODUCTION

The mathematical branch of topology has comprised an
important asset in theoretical physics during the last century,
with applications ranging from high-energy physics and topo-
logical quantum field theory [1] to modern photonics [2—4]. In
condensed matter physics, topology entered the stage during
the 1980s as of the discovery of the quantum Hall effect
[5] and is nowadays widely used in materials theory, e.g., in
terms of topological band theory [6]. Following the quantum
Hall effect, paramount discoveries revealing the importance
of topology in condensed matter physics include topological
phase transitions and topological matter (which was awarded
the 2016 Nobel Prize in Physics [7]), such as the gapped
topological insulators [8] and superconductors [9], as well
as the gapless phases in graphene [10] and Weyl semimetals
[11,12]. The latter is a three-dimensional material, realized
in, e.g., TaAs [13,14] and TaP [15], but also in photonic
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systems [16], where the valence and conduction bands touch
at points around which the excitation allows for a theoretical
description analogous to that of Weyl fermions. These elusive
particles were theoretically predicted by Hermann Weyl in
1929 in the context of high-energy physics [17] and are yet to
be observed as fundamental particles. In addition to providing
a fruitful connection to high-energy physics, this leads to
a range of exotic physical phenomena, including the chiral
anomaly [18-29] that results in negative magnetoresistance
[30-32].

The pointlike intersections between the valence and con-
duction bands in Weyl semimetals, naturally dubbed Weyl
points or Weyl nodes, are topological; they are characterized
by a nontrivial topological invariant, the first Chern number,
preventing them from appearing alone in a crystalline material
[6,11,12]. Thus, every Weyl node characterized by Chern
number +1 must necessarily be accompanied by a partner
characterized by Chern number —1. Physically, the nontriv-
ial Chern numbers are commonly interpreted as a charge,
or chirality, of the corresponding quasiparticle, and the con-
straint of having a vanishing net charge is referred to as
the Nielsen-Ninomiya theorem [19]. This is mathematically
equivalent to the Poincaré-Hopf theorem, which states that
the sum of singularities of a vector field on some manifold is
given by the corresponding Euler characteristic [33,34]. This
direct mathematical correspondence allows for a description
of Weyl semimetals and the Nielsen-Ninomiya theorem in
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FIG. 1. A schematic depiction of the relations between similarity and symmetry for non-Hermitian matrices. Although symmetries are
more directly connected to physical platforms, the topological properties of the eigenvalue degeneracies are more efficiently treated using
similarities. As the figure indicates, each of the similarities, (anti-)pseudo-Hermiticity and self skew-similarity, covers two physically relevant
symmetry relations. In terms of codimension of EPns, and their topological classification, the symmetries related to the same parent similarity
are deemed equivalent. It is, however, important to note that the corresponding physical implications and interpretations require studies on the
specific physical system, for which the symmetry relations are more tractable. This picture is inspired by Fig. 1 in Ref. [62], but is modified

and reproduced to match current purposes.

terms of a Mayer-Vietoris sequence of cohomology groups
[35,36], which further unravels the topological nature of Weyl
nodes.

In recent years, successful applications of topology have
expanded into the non-Hermitian regime, leading to the emer-
gence of a research field known as non-Hermitian topological
physics [37]. Despite violating the fundamental axioms of
quantum mechanics, non-Hermitian operators find a wide
range of applications within both classical and quantum
physics; they appear as, e.g., damping matrices [38], re-
flection matrices [2], or effective Hamiltonians [39], and
are commonly used to describe gain and loss in optical
systems [4], friction in mechanical metamaterials [40], mul-
tiwell dynamics in ultracold atoms [41], and environment
interactions in open quantum systems [42,43]. Relaxing the
Hermiticity constraint leads to several unique, yet ubiqui-
tous, physical phenomena, including the breakdown of the
conventional bulk-boundary correspondence [44-46] and the
non-Hermitian skin effect [40]. In terms of non-Hermitian
topological band theory [47], arguably the most apparent dif-
ferences from the Hermitian realm are the complex-valued
eigenvalues and different sets of left and right eigenvectors of
non-Hermitian matrices [48]. This leads to the existence of ex-
ceptional points (EPs) [49], eigenvalue degeneracies at which
the corresponding eigenvectors coalesce, thereby making the
matrix defective and nondiagonalizable. At EPs, the matrix is
rather cast into a Jordan block form, the appearance of which
reflects the order of the degeneracy—at an n-fold EP (EPn),
n eigenvalues and eigenvectors simultaneously coalesce, and
the parent matrix hosts an n x n Jordan block. The complex
eigenvalues furthermore allow for the possibility for them to
braid through the Brillouin zone, sourcing topology exclu-
sively connected to the eigenvalues. As a consequence, EPns
appearing in m X m-matrices, with m > n, are non-Abelian in
nature, while EPns in n x n-matrices display Abelian topo-
logical properties.

EPs are more common than ordinary Hermitian eigenvalue
degeneracies. Generic EPns are of codimension 2(n — 1),
meaning that their stable appearance requires the simultane-
ous tuning of 2(n — 1) parameters [37,47,50-53]. Thus, stable

EP2s appear already in matrices describing two-dimensional
systems, in contrast to the Hermitian counterparts that require
the simultaneous tuning of three parameters, and thus appear
in a stable fashion in three dimensions. Three-dimensional
non-Hermitian systems instead host potentially linked or knot-
ted contours of EP2s [54-60]. The codimension of EPns is
further reduced for matrices fulfilling some additional similar-
ity relation. For example, EPns in pseudo-Hermitian matrices
are of codimension n — 1, while for self skew-similar matrices
the codimension depends on the parity of n: They are of
codimension 7 for even n and n — 1 for odd n [61,62]. As
a consequence, similarity-protected EP2s appear in a stable
fashion already in one dimension, while EP3s and EP4s ex-
ist in two and three dimensions, respectively [63—71]. The
ubiquitous existence of EPs has various physical implications,
including enhanced sensing [72—78] and unidirectional lasing
[79-82], which highlights their importance.

Although being abundant in physically relevant systems
[recall that pseudo-Hermitian similar matrices include, e.g.,
parity-time (P7)-symmetric matrices and self skew-similar
matrices include the sublattice-symmetric ones (see Fig. 1),
both widely used in non-Hermitian optics and photonics
[2,83-85]], the topological nature of multifold EPs was just
recently uncovered [65,86]. Similarly to Hermitian Weyl
nodes, EPns emerging in n-band systems are bound to satisfy
an Abelian topological doubling theorem that prevents them
from appearing alone in periodic structures. This topological
classification is done by constructing a topological invariant
in terms of a resultant winding number, stemming from the
winding of a vector whose components correspond to the
resultant of the corresponding characteristic polynomial and
its derivatives. This comprises the natural extension to EPns
in n-band systems for arbitrary n of the discriminant number
characterizing generic EP2s (by counting the number of times
a closed curve around the EP2 crosses the concomitant bulk
Fermi arc) [53] and the resultant winding numbers character-
izing EP3s in Refs. [65,87]. The resultant winding number is
an Abelian topological invariant in the sense that it exclusively
characterizes the topology associated with EPns appearing in
n X n-matrices.
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TABLE I. A summary of the topological classification of EPns provided in this paper. For each similarity/symmetry (pseudo-Hermitian
similarity, PsH; self-skew similarity, SSS), the corresponding spectral constraint is listed, along with the codimension of EPns and the invariants
classifying them. Additionally, the topology induced by certain annihilations of EPns is listed, referred to as Gap Inv. Exhibiting nontrivial gap
topology indicates that the annihilation of EPns potentially induces bulk Fermi arcs that can only be gapped out by passing through an EPrn
again; this feature requires the presence of nonlocal symmetries. Apart from the case of EP2s in systems subject to pseudo-Hermitian similarity
(which is classified by a Z,-invariant), generic EPns and those induced by local similarities are classified by an integer-valued topological
invariant—the resultant winding number. More exotic topological features are, however, induced by EPns emerging at high-symmetry points
specified by nonlocal symmetries; the classification of these depends on the underlying symmetry, but also on the degree of the degeneracy.

Above, | x| denotes the floor function of x.

Sym. Gen. PsH SSS TP T/T C ct
Codim. EPn 2n —2 n—1 2151 2n—2 2n—2 2n —2 2n —2
Spec. Const. - A} = A&k} = Ak} = Ak} = Ak} = Ak} =
{A*(k)} () {A(=Kk)} {A*(=Kk)} {=A(-Kk)} {=A*(=Kk)}
0,n=2+4l Z,n=2+4l 0,n=2+4l Z,n=2+4l
Z, n even Zo,n=3+4] 0,n=3+4+4l 0,n=3+4l 0,n=3+4+4l
EPn Inv. Z Z, n odd Z 0,n=4+4] 2Z,n=4+41 Z,n=4+41 2Z,n=4+4]
Zo,n=2 Zoon=5+4l Zy,n=5+44] Zyyn=5+4 Z,,n=5+4l
0,n=2+4l 0,n=2+4l 0,n=2+4l 0,n=2+4l
Gap Inv. 0 0 0 Zo,n=3+4 0,n=3+4l 0,n=3+4] 0,n=3+4]
O,n=4+441 0,n=4+4] Zo,n=4+4] 0,n=4+4l
Zoon=5+4l Zyyn=5+441 Zyyn=5+4 Z,,n=5+4l

A. Summary of results

In this work, we generalize the topological classification
of EPns in n-band systems, rewrite it in terms of similar-
ity relations instead of symmetry relations, and extend it
to also include EPns protected by self skew-similarity. Not-
ing that generic EPuns, i.e., EPns appearing in the spectrum
of matrices without symmetries, are classified by winding
numbers in analogy to the topological (Hermitian) symme-
try class AIIl, while similarity-protected EPns are classified
by either the same winding numbers (EPns protected by
self skew-similarity and odd-fold EPns protected by pseudo-
Hermiticity) or Chern numbers (even-fold EPns protected
by pseudo-Hermiticity), we are able to reveal a connection
to vector bundle classifications previously unknown in non-
Hermitian systems. The classification in terms of Hermitian
symmetry classes is possible since the resultant vector around
EPns naturally induces a map to a Hermitian Hamiltonian
with chiral symmetry [except for EPns with n even protected
by (anti-)pseudo-Hermitian similarity, where the chiral sym-
metry is absent]. To further highlight their topological nature,
we take advantage of the form of the resultant vector and inter-
pret the doubling theorem for EP#ns in terms of Mayer-Vietoris
sequences within the framework of cohomology theory, which
in turn reveal the topological origin of the assigned invari-
ants. Complementary to this, we also unravel how nonlocal
symmetries enrich the topology of EPns. This leads to a
connection between the non-Hermitian bulk Fermi arcs and
Hermitian Dirac strings, suggesting topological phases in non-
Hermitian n-band systems without EPns. These phases are
sourced by (single) topologically protected bulk Fermi arcs
induced by nonlocal symmetries, Z,-protected Fermi arcs,
which are predicted to exist in several n-band systems in the
absence of EPns. The main result stemming from the topolog-
ical classification, including what type of invariants classify
the EPn topology and the “gapped” topology in the presence

of what similarity/symmetry, is summarized in Table I. Our
results broaden the interpretation of the topological properties
of EPns and non-Hermitian band structures in general. They
further make the field of non-Hermitian topological physics
accessible to people lacking a background in physics, but
rather possessing broad knowledge in algebraic topology and
geometry.

The rest of the article is structured as follows: In Sec. II, we
set the stage by reviewing the non-Hermitian topological dou-
bling theorems derived in Ref. [86], rewrite them in terms of
similarity relations instead of symmetry relations, and extend
them to also include EPns protected by self skew-similarity.
Section III further discusses the topological nature of the
derived invariants, while Sec. IV connects the topological
classification of EPns to vector bundle classification. Build-
ing further on the vector bundle formalism, interpreting the
doubling theorems as Mayer-Vietoris sequences is the topic
of Sec. V. Section VI extends the classification scheme to
also include EPns appearing in systems subject to nonlocal
symmetries, including time-reversal (7), particle-hole (C),
and inversion (Z) symmetries, which further unravels topo-
logical features relating to how EPns annihilate. Section VIII
discusses corollary results of our general framework. We con-
clude, place our results in a wider perspective, and discuss
potential future research directions in Sec. IX.

II. NON-HERMITIAN DOUBLING THEOREMS

This section will be used to set the stage and introduce the
concepts of EPns and their concomitant doubling theorems,
as well as expressing them in terms of similarities rather than
symmetries. The doubling theorem explicitly means that EPns
of opposite topological invariants emerging within the same
n x n matrix annihilate upon merging. The classification is
further extended to also include EPns protected by self skew-
similarity. Generic EPns (i.e., EPns appearing in matrices
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without similarities) are treated in Sec. I A, while similarity-
protected EPns are treated in Sec. IIB, with Sec. IIB 1
focusing on pseudo-Hermiticity and anti-pseudo-Hermiticity,
and Sec. II B 2 on self skew-similarity.

A. Doubling of generic exceptional points

Consider an n x n matrix M(Kk), parametrized by k =
(k1 ..., k) € T™. The corresponding eigenvalues are ob-
tained from the characteristic polynomial,

n—2
P(0) =detM — Al = (=1 [ 2" = apd |, (1)
j=0

which is directly written in the retarded form, i.e., set-
ting TrM = 0 [61]. Here, a; : T™ — C, Vj e {0,...,n —2}.
From the characteristic polynomial, it can be shown that the
coalescence of I < n eigenvalues requires solving a set of
2(1 — 1) real equations. These generically comprise EPs, at
which M is not diagonalizable and has a Jordan normal form
with a Jordan block of size [. Consequently, the simultaneous
tuning of 2(/ — 1) real parameters is required in order for
the EPs to appear in a stable fashion. In other words, stable
[-fold EPs are generic in matrices parametrized by 2(I — 1)
parameters, which in this work corresponds to using parame-
ters taking values in T2(~1,

A recent work established that EPns appearing in n x
n-matrices can be topologically characterized by using a re-
sultant winding number [86]. The argument is based upon the
fact that at EPns, the characteristic polynomial has a series of
vanishing resultants, namely,

r; = Res[3] "'/ P,(0), 37 P,(1)] = 0,
j=ln—1. )

These resultants will all be directly proportional to the coeffi-
cients of the characteristic polynomial,

rpXaj—i, j:l,...,n—l, (3)

which can be explicitly shown by a straightforward calcula-
tion of the determinant of the Sylvester matrix defining the
resultant components in Eq. (2). The different resultants are
then collected in a resultant vector as

R = [Re(r)), Im(r)), ..., Re(r,—1), Im(r,,_)]". “)

The topological properties of the EPn are then encoded in a
map between (2n — 3)-spheres. Since EPns appear as points
in a 2(n — 1)-dimensional parameter space, they can be en-

J

closed by (2n — 3)-spheres. This induces a map from $2"3 in
the base space to $?"~3 in the space of resultant vectors, i.e.,

k R
— > —.
k| [R]

The degree of this map indicates how many times the map
winds around the EPn in the space of resultant vectors, and
this winding number can be calculated as

Wan_3 = Azn3 %

S2nf3
—2)!

R @)
Qri)y=1(2n —3)!
where n is the normalized resultant vector n = R/|R|. For
n = 2, this coincides with the discriminant winding number
[53]. Furthermore, this formula makes it apparent that the
sum of the winding numbers around all EPns on T2"~2 van-
ishes. To see this explicitly, denote that set of EPns as A =
{p1, ..., p}; ie., there are k distinct EPns on T2*~2. Using
Stokes theorem, the sum of all winding numbers can then be
written as

k

k
DW= yg Trl(n~"dn)®"—]
j=1"5%

j=1

(&)

Tr[(n~'dn)® ], (6)

Az =

= / dTr[(n"'dn)?"
TZ}I—Z\A

= / dTr{[d In(n)]?"}. ®)
’]I‘Zn—Z\A

The integrand dTr[d In(n)]**~3 vanishes by the second
Bianchi identity, which concludes the Abelian doubling the-
orem for generic EPzns in 2(n — 1) dimensions.

B. Doubling of similarity-protected exceptional points

When matrices take certain forms, i.e., when they fulfill a
similarity relation, the codimension of the EPs of the matrix
may decrease. Although from a physical point of view, it
is more relevant in a direct sense to speak of symmetries
instead of similarities, the latter has mathematical benefits
as one similarity relation covers several symmetry relations
simultaneously [62]. Therefore, the notion of similarities will
be employed here.

There are three main classes of similarity relations that
affect the codimension of EPs: (anti)-pseudo-Hermiticity and
self skew-similarity. Figure 1 shows how these are related to
respective symmetries. The similarities are defined as

n—2
Hen(k) = nHpy ™", n=n". =Pu0)=D"[1"=> a;M|. a;€R, ©
j=0
= a; €iR, n+jodd
_ T —1 _ 1t 1\ n__ aJ J ) )
Han(K) = ~THlpy(lOT ™, T=T%, = Ppu() = (-1)"| 2 Z(;ajx , {QJGR, ntheven, (0
J=
(=D (an = "2 aad), a>; € C, neven,
He(k) = —SHs(k)S™!, S=5", = P)= (= i) ! (11)

(=1 (W = X02] @ h¥H),

Pjy1 € (C, n Odd,
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withasj;1 = 0and ay; = 01in Eq. (11) for n even and odd, re-
spectively. These similarities affect the codimension of EPs in
different ways. Pseudo-Hermiticity [Eq. (9)] and anti-pseudo-
Hermiticity [Eq. (10)], however, can be considered equivalent
from this perspective, and can thus be treated simultaneously.
For this reason, the term pseudo-Hermiticity will henceforth
refer to both anti-pseudo-Hermiticity and pseudo-Hermiticity,
and we will only specify when necessary. Self skew-similarity
[Eq. (11)] differs from the two previous ones, mainly because
of the appearance of the coefficients in the characteristic poly-
nomial [61], and will hence be treated separately.

1. Pseudo-Hermiticity

Under the influence of pseudo-Hermiticity, EPns require
only the tuning of n — 1 real parameters, making them generic
in (n — 1)-dimensional parametrizations of an n x n matrix.
These cases are equivalent to the doubling theorems derived
for symmetry-protected EPns in Ref. [86] and are included
here for completeness. For an (anti-)pseudo-Hermitian matrix,
all components of the resultants will be real (imaginary).
Hence, the resultant vector components 7; are introduced as

rj = (—=DRes[d) '/ P,(0), 31 B, (V)] (12)

where the (—7) factor is only included for relevant components
of the anti-pseudo-Hermitian matrices. This resultant vector
then induces a map between (n — 2)-spheres centered around
EPuns, the degree of which gives the corresponding winding
number associated with the EPn. The winding number is
calculated in a completely analogous way to that for generic
EPns,

Wyn f Tr[(n~'dn)" 2. (13)
Sn—z

The primary difference lies in the dimension of the sphere
over which the integral is taken, and a concomitant doubling
theorem follows directly. For n = 3, this coincides with the
resultant winding numbers introduced in Refs. [53,65]. It is,
however, important to point out the case n = 2 as a special
case since the corresponding resultant vector is one dimen-
sional and hence a scalar. Moreover, the integral domain will
be S°, which comprises two points. Although integration over
discrete points is expected to give a trivial result, integration
on S° can be rigorously defined. To each point p on S°, one
assigns a signature denoted o (p), which evaluates to £1. The
integral over S is then defined as the sum of the function
values at the respective points, weighted by the corresponding
signature. In this sense, the above formula is still applicable.
To illustrate this, it is fruitful to study the example

Mg’Xz:(g (1)) R=keR. (14)

This matrix has an EP2 at k = 0, around which the winding
number is given by

1/ —4k 1/ © s
=— ] — =—= | sen(k).
2 oAk T T2 )8

Using the abovementioned definition of integration on S°, one
obtains

W = —3lsgn(—=p)a (—=p) + sgn(p)o (p)]. (16)

Choosing a signature on the points —p and p corresponds to
choosing an orientation. To stay consistent with the orien-
tation in higher dimensions, o (+p) = £1, and the winding
number becomes W = —1. Thus, the formula for the winding
number in Eq. (13) (and all concomitant doubling theorems
derived from it) is applicable for similarity-protected EPns
for any n > 2. It should be noted, however, that the zero-
dimensional winding number does not take integer values, but
rather values in Z,. This will be further explained in Sec. III.

2. Self skew-similarity

In contrast to the doubling theorems discussed above,
which can be directly extracted from the work done in
Ref. [86], EPns appearing in self skew-similar matrices are
not covered in that reasoning, which is why they have to be
treated separately. A self skew-similar n x n matrix has to be
studied in a slightly different way since the codimension of
the EPns differs depending on the parity of n. Keeping this in
mind, the resultant vector reasoning can be used also for self
skew-similar matrices, although it has to be modified.

When 7 is even, the codimension of an EP#n is n. Defining
the components of the resultant vector r; as

r2j-1 = Re[Res[8/ Y P,(1), 32 'P,(V]}, (A7)

rj = Im{Res[0} ¥ P,(1). 8" PW]}. (18)

where j € {1, ..., n/2}, gives a resultant vector R with n com-
ponents, whose singularities correspond exactly to the EPns
of the parent self skew-similar matrix. As before, the resultant
vector induces a map between (n — 1)-spheres, the degree of
which around the EPns defines the respective winding num-
ber,

w cxjé Tr[(n~'dn)" V7. (19)
Sn—l

Their corresponding sum is bound to vanish when occurring
on a torus. When n is odd, the codimension of an EPn is
n — 1, which is the same situation as for pseudo-Hermitian
systems. Importantly, the resultant vector has to be introduced
in a different manner, due to the different nature of the char-
acteristic polynomial. Defining the (n — 1) components, as in
Egs. (17) and (18), gives a resultant vector R that induces
a map between (n — 2)-spheres, and the corresponding dou-
bling theorem follows by the same reasoning as in the earlier
cases. This implies that EPns protected by self skew-similarity
also obey an Abelian doubling theorem, a result that comple-
ments that of Ref. [86].

III. TOPOLOGICAL NATURE
OF RESULTANT WINDING NUMBER

Complementary to the previous section, this section deals
with the nature of the topological invariant. Mapping the
resultant vector field to a Hermitian Hamiltonian of a topo-
logical insulator through the Clifford algebra establishes an
equivalence between the Abelian non-Hermitian eigenvalue
topology and the (Hermitian) tenfold way classification of
topological matter [88-91].

This provides an interpretation of the topological invari-
ants classifying EPns in terms of the tenfold way. Since this
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connection is different for generic and similarity-protected
EPns, these will be treated separately in Secs. III A and III B,
respectively.

A. Generic EPns

Consider an EPn at k = 0. As seen before, this naturally
induces a map

5211—3 — S2n—3 , (20)
kK R on
— H _’
lkl IR

which shows how a sphere around the EP»n winds around the
origin in the resultant space. Up to homotopy, this map is
an element of the homotopy group of spheres of the same
dimension, which is classified by integers

Ton-3($™73) = Z. (22)

The topological invariant can be thought of as the winding
number in symmetry class AIIl in odd dimensions [88-91].
There is a natural mapping to a chirally symmetric resultant
Hamiltonian of dimension 2"~! x 2"~!,

dimR

Hr(k) =Y ri(k)y’. (23)

j=1

Here, y' are 2n— 1 matrices of dimension 2"~! x 27!
satisfying {y, y/} = 28. Therefore, Hg (k) describes a 2"~!-
band model in the AIII class, where the chiral symmetry
operator is given by y,,_;. It should be noted that this is
generally not the most generic form of a 2"~!-band model,
but rather it describes a system with a generalized 2U"/21~!
“spin” degeneracy, with | x| denoting the integer part of x. The
Hamiltonian of such a model can be written in off-diagonal
form, and hence the resultant Hamiltonian becomes

0
Hg = (qT g). (24)

The higher-dimensional winding numbers are explicitly given

Won_s = Asn_s f Tl 'd® ), (25)
S2n—3

(n—2)!
Qriy~'2n —3)!’
which coincides exactly with Eq. (6). This implies that the re-
sultant winding number associated with a generic EPn can be

interpreted as a generalized winding number corresponding to
topological invariants of the Hermitian AIIl symmetry class.

(26)

Ay =

B. Similarity-protected EPns
1. Pseudo-Hermiticity

For EPns of codimension n — 1, the topological invariant
will have a different meaning depending on the parity of
n. When n is odd, the same reasoning as for generic EPns
can be employed, since a Hamiltonian defined as in Eq. (23)
will still obey the emergent chiral symmetry. The resultant
winding number will therefore define a map between (n — 2)-
spheres, which are classified by integers, Tya(S"2) = Z.

This means that the resultant winding numbers can be con-
sidered as topological invariants from symmetry class AIIl in
odd dimensions.

When 7 is even, however, the case will be different. The
Hamiltonian defined through Eq. (23) will then obey no
symmetries since it includes all y-matrices in the respective
dimension, and will thus be in symmetry class A. The re-
sultant vector still defines a map between (n — 2)-spheres,
classified by integers. For n > 2, the corresponding topologi-
cal invariants are therefore Chern numbers instead of winding
numbers [88-91]. In all generality, this means that EPns will
be classified by the [(n/2) — 1]th Chern number for even n.

The case n =2 requires additional care since the gen-
eral reasoning does not fully apply. The resultant vector
still induces a map between spheres, although now between
zero-spheres. Since 7((S°) = Z,, these maps are not classi-
fied by integers, but by some Z,-valued invariant. This can
be understood in the following way: Since S° consists of
two points, maps between different S° can only be of two
different kinds. Either the two points are sent to different
points or to the same, indicating a Zj-classification. That
one-dimensional systems subject to pseudo-Hermitian sim-
ilarity are classified by Zj-invariants is consistent with the
Z,-classification for one-dimensional P77 -symmetric systems
derived in Ref. [71]. The corresponding resultant Hamiltonian
derived from Eq. (23) will be a one-band model without chiral
symmetry. Moreover, restricting it to S° = {p, —p}, choosing
the signature o (+p) = *1 as before, the resultant Hamilto-
nian takes the form

Hgr(—p)o(—p) _ {—HR(—p),
Hg(p)o(p) Hgr(p).

When sending k& — —k, the Hamiltonian transforms as fol-
lows:

Hy (k) = { 27

(28)

H - —Hg(p),
HR(—k)SO={ r(P)o(=p) ={ r(P)

Hr(—p)o(p) Hr(—p).

This implies that Hg (k) = —Hgr(—k), and consequently, the
resultant Hamiltonian satisfies particle-hole symmetry with
generator 1. This means that the classification falls into sym-
metry class D, which in the relevant dimension is classified by
Z,-invariants, consistent with all the above reasoning.

2. Self skew-similarity

Since EPns protected by self skew-similarity will be of
codimension n — 1 when n is odd, these are covered by
the reasoning above and will give topological invariants
belonging to symmetry class AllL i.e., winding numbers. In-
terestingly, this will also be the case for EPns when n is even.
This can be seen from the definition of the corresponding
resultant vectors. Due to the appearance of the characteristic
polynomial, the resultant vector will have an even number of
components for both even and odd values of n. Physically,
this can be seen as a consequence of one of the corresponding
bands being forced to be flat (i.e., one of the eigenvalues is
always 0) when 7 is odd. The resultant winding will therefore
be given in terms of the degree of a map between spheres
of odd dimensions, and maps between (n — 1)-dimensional
spheres classify both EPns and EP(n + 1)s for even n. This

033246-6



ABELIAN SPECTRAL TOPOLOGY OF MULTIFOLD ...

PHYSICAL REVIEW RESEARCH 7, 033246 (2025)

TABLE II. A summary of the topological classification of EPns, including their codimension, relation to Hermitian degeneracies and
symmetry classes, and their corresponding vector bundle interpretation. This provides the full topological picture of generic and similarity-
protected EPns from the abstract notion of vector bundles to concrete Bloch Hamiltonians via the notion of sections of the vector bundle (or,
equivalently, vector fields on the base manifold). The explicit dependence on the parameter k has been neglected for brevity, and | x| denotes

the floor function of x.

EPn type Generic Pseudo-Hermitian Self skew-similar
Codimension 2n—12 n—1 215]
Ho — 2?2 ry Ho — r_f:l ryt He — A%J ry
Resultant Hamiltonian R= 2y R= Dy R= D
{Hg, "'} =0 {Hg, y"} = 0,n odd {Hg, y?31} =0

Corresponding Hermitian deg 2"=1_fold protected

Topological invariant Class Alll, Z

TT?2 rank 2n — 2
R € T(TT>2)

Vector bundle
Vector field

2"7 -fold, prot., n odd 213)-1_fold protected
2% fold gen., n even
Class A, n even, Z
Class Alll, n odd, Z
Class D,n=2,7Z,
TT" ! rankn — 1

R e [(TT" 1)

Class Alll, Z

TT?%), rank 2[ %]
R e I(TT23)y

can be interpreted as topological invariants in symmetry
class AIIl. This marks a crucial topological difference be-
tween similarity-protected EPs of even order; if protected
by pseudo-Hermiticity, they are topologically classified by
Chern numbers, while those protected by self skew-similarity
are topologically classified by winding numbers. This fur-
thermore indicates deeper topological phenomena related to
the corresponding vector bundle classification, which will be
briefly discussed in the following section.

IV. VECTOR BUNDLE CLASSIFICATIONS

This section is devoted to commenting on the more fun-
damental and abstract picture provided by the above scheme
in terms of a more general vector bundle classification. The
key element here is the resultant Hamiltonian in Eq. (23).
Since the relations between Hamiltonians, vector fields, and
vector bundles have been clarified for vector bundles of rank
3 and higher (corresponding to systems in dimension 3 and
higher), rank 1 and 2 vector bundles will be treated separately
in Secs. IV B and IV C, respectively. Since this will build upon
the construction for higher-rank vector bundles, these will be
treated first in Sec. IV A. The results of the below reasoning
are summarized in Table II, and the conducted method is
illustrated in Fig. 2.

A. Vector bundle classification of EPns of codimension > 3

Due to the relation between EPns and Hermitian Hamilto-
nians expressed in terms of the corresponding resultant vector,
the vector bundle classification of EPns with codimension
larger than 3 will be analogous to the vector bundle classi-
fication of Dirac-like Hamiltonians provided in Ref. [36]. For
completeness, we summarize this classification scheme here,
with further details available in Ref. [36].

Denote by E an oriented real vector bundle of rank d over a
compact oriented base manifold M. Furthermore, assume that
this is accompanied by a spin® structure and a fiber metric g
on M. The spin structure naturally enables the construction

of a spinor bundle, usually denoted by S, i.e., the Hilbert
space. This bundle is sometimes also referred to as the Bloch
bundle. Then, there is a map ¢ from the exterior algebra bundle
of E, /\* E, via the Clifford algebra bundle CI(E, g), to the
endomorphism group of S, i.e., the group of operators on the
Hilbert space (among which are Hamiltonians). The map ¢
acts such that it relates sections of E to a Dirac Hamiltonian,
ie.,

éR)=R-y, ReTl(E). (29)

The Clifford bundle furthermore induces Clifford bracket re-
lations, meaning that an orthonormal frame in E, denoted by

Topological

A

" Classification

Concrete Bloch

e Vector Field
Hamiltonian b e T(E
€
H(K) = h(K) - 7(1) ()
w8 | D cg|Be
% =l I g § g
<Ey % =10A

Abstract Dirac-Type
Hamiltonian
c eT[CUE, g)]
c:I(E) - T[CUE, g)]

Representation

FIG. 2. A schematic illustration of the importance of the geo-
metric connection between Bloch Hamiltonians and vector bundles.
Understanding a Bloch Hamiltonian in terms of its corresponding
vector bundle construction allows for a mathematical relation to
vector fields. The formal connection to the corresponding vector
fields further allows for a more fundamental origin of the topological
features widely present in non-Hermitian matrices used to model
various systems of physical relevance. The classification scheme will
hence comprise a fruitful platform to enrich the theoretical under-
standing of these systems. For physical systems, E can be chosen
as the tangent bundle of the corresponding Brillouin torus, which
further enables a choice of constant y-matrices.
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{e:}d_,, is mapped to {c(e;)}_, in the Clifford bundle. These
are bound to satisfy c(e;)c(e;) + c(e;)c(e;) = 2g;;, which are
the usual Clifford bracket relations (this is the conventional
way to construct Clifford algebra structures). Identifying
¢(e;) = y;, the connection to the usual notation becomes more
obvious.

Given all these constructions, the line between vector bun-
dles and Dirac Hamiltonians is as follows (the phrasing below
is the same as used in Ref. [36] for the sake of clarity): A
section of the vector bundle £, R € I'(E), induces an abstract
Dirac operator, which is a section of the Clifford bundle,
c(R) e T[CI(E, g)]. This operator can be represented by a
concrete Dirac operator, defined as in Eq. (29). This acts on
the Bloch bundle. Above a point k € M, the concrete Bloch
Hamiltonian is defined as H (k) = R(k) - y(k), which acts on
the corresponding fiber of the Bloch bundles, which will be
isomorphic to C".

For the physical considerations of direct interest in this
work, the manifold M is taken to be the Brillouin torus, T?.
This simplifies numerous things, and especially it allows for
both the Bloch bundle and the vector bundle E to be trivial (E
then becomes the tangent bundle of T?). As a consequence,
the y-matrices can be taken constant [36].

The framework is now sufficient to extend this classifica-
tion to EPns of codimension larger than 3. This means that the
following EPns are covered here:

(1) Generic EPns forn > 3,

(2) EPns protected by pseudo-Hermitian similarity for
n >4, and

(3) EPns protected by self skew-similarity for n > 4.

The remaining EP#ns will be treated in subsequent sections.

Let us start with generic EPns. The resultant vector is of
dimensions 2n — 2, yielding a concrete Bloch Hamiltonian
R -y over a point k € T?*=2, This can be thought of as a
parametrization of a concrete Dirac operator, R - y, with R
now denoting a vector field, or, formally, a section over the
tangent bundle E of T?'~2, completing the connection to
vector bundle classifications.

Consider now EPns protected by pseudo-Hermitian simi-
larity. Then, the same reasoning as above holds, with 2n —
2 — n — 1. The classification for EPns and EP(n + 1)s pro-
tected by self skew-similarity is recovered by instead letting
2n —2 — n.

This concludes the vector bundle classification for these
EPns, and we now turn to resolving the remaining lower-order
cases.

B. Vector bundle classification of EPns of codimension 2

The reasoning for EPns of codimension 2 covers the cases
of generic EP2s, all similarity-protected EP3s, and EP2s
protected by self skew-similarity (which in some sense are
equivalent to generic EP2s).

Naturally, stable EPns of codimension 2 appear in a stable
fashion in two-dimensional systems. Therefore, the base man-
ifold M is to be taken as two dimensional in the corresponding
vector bundle classification. Since the procedure in Ref. [36]
specifically assumed that the vector bundle E is of rank d > 3,
physically motivated by the stability of Weyl nodes in three
dimensions, the same procedure must be performed for a

two-dimensional M. For physical reasons, we restrict our-
selves to M = T? here. Consequently, the vector bundle E
denotes the tangent bundle of T2. Let {e;, e;} denote an
orthonormal frame for E. As before, these are sent to the
Clifford algebra generators with the map ¢, and for d = 2,
they can be represented by two of the three Pauli matrices
acting on the Bloch bundle. Sections on E, R € I'(E) then
define abstract Dirac operators as ¢(R) € T'[CI(E, g)], which
can be represented as concrete Dirac operators as ¢(R) =
R - 0. Note that both R and ¢ have two components since
E is of rank 2. Therefore, the Dirac operators constructed
in this way are not complete Dirac operators, but they are
subject to an emergent symmetry with the symmetry generator
represented by the remaining Clifford generator/Pauli ma-
trix [cf. the resultant Hamiltonian in Eq. (23)]. The concrete
Bloch Hamiltonian above a point k € T? can then be written
as H(kK) = R(Kk) - 0 = r1(k)o! + r(k)o?, with o the sym-
metry generator. This is exactly the form of the resultant
Hamiltonian in Eq. (23) when dim(R) = 2, meaning that this
reasoning establishes the vector bundle picture of the topolog-
ical classification of EPns of codimension 2.

C. Vector bundle classification of EPns of codimension 1

Finally, EP2s protected by pseudo-Hermitian similarity re-
quire their own treatment since they are of codimension 1.
In this case, M = S!, and E can again be taken to be the
corresponding tangent bundle. The resultant Hamiltonian will
be a scalar, yielding a one-band model. The representation
of the Clifford generator, which is to be a self-adjoint endo-
morphism, will be given by unity 1. The sections of E will
be sent to themselves under the map ¢, i.e., ¢ : R — ¢(R) =
R -1 =R, and the concrete Bloch Hamiltonian will coincide
with R. It should be noted that in contrast to all the other cases,
the topological classification of similarity-protected EP2s, and
the corresponding vector bundle classification, is not given in
terms of some Hermitian band intersection governed by the
resultant Hamiltonian, but rather on the zeros of the eigenval-
ues of a one-band Hamiltonian. It should be noted that it still
corresponds to singularities of a vector field (or, equivalently,
sections) on M. This completes the connection between vector
bundles and the topological classification of EPns.

V. NON-HERMITIAN MAYER-VIETORIS SEQUENCES

The vector bundle classification allows for an alternative
and more direct topology-based approach to the arguments
presented in Secs. II and III. The topological nature of the
resultant winding number, as well as the doubling theorems
for generic and similarity-protected EPns, can be under-
stood in a cohomology framework, inspired by earlier works
on Weyl semimetals by Mathai and Thiang [35,36]. This
section merely comprises an alternative description of the
topological invariants and the concomitant doubling theorems
of EPns, with the advantage that it reflects their formal topo-
logical origin.

As previously, the different types of EPs will be treated
separately for the sake of clarity, starting with generic EPns in
Sec. V A, followed by those protected by various similarity re-
lations in Sec. V B. The relations between the reasoning in the
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Non-Hermitian
Hamiltonian with

o Topologically Protected
W Res. Winding ( Non-Hermitian Band

Global Winding ( Non-Hermitian
Doubling Theorem

A

Resultant
AVector‘

Hermitian Semimetal Chern/Winding _

Exceptional Points J L Degeneracies (EPs) J

Topologically Protected
Hermitian Band
Degeneracies

Global Charge Hermitian

>

Vector
Bundle

<

Vector Field with
Singularities

Hamiltonian with w
Nodal Points J t
w Local Index (

Z-Valued Index

k Doubling Theorem
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J L Theorem

FIG. 3. A schematic illustration of the relation between the physical and mathematical concepts describing the topological nature of EPns.
The key feature is the resultant vector, which is used to translate the non-Hermitian EPz to a Hermitian degeneracy, around which integration
domains are well defined and topological invariants can be consistently calculated. Using (and extending) the results of Mathai and Thiang in
Refs. [35,36], the connection to vector field singularities becomes apparent. The non-Hermitian doubling theorem can then be understood as a
Poincaré-Hopf theorem, whose topological origin is reflected in the corresponding Mayer-Vietoris sequences.

physical non-Hermitian system (through the non-Hermitian
matrices) and the mathematical notions are schematically il-
lustrated in Fig. 3.

A. Generic EPns

As a starting point, consider EP2s appearing in 2 x 2 ma-
trices. This will later be generalized to EPns in n x n matrices.

A2 x 2 matrix parametrized by k € T? has a characteristic
polynomial of the form

P, K) = A% — ap(k). (30)

Suppose P>(A; k) has [ eigenvalue degeneracies, which cor-
respond to EP2s. The resultant vector field, whose zeros,
or equivalently singularities, capture the EP2s of the parent
matrix, is

R(k) = {Re[ag(k)], Im[ao(k)]}" . €29

The EP2s can therefore be thought of as isolated singularities
of a vector field on T?, and their topological nature can
be described by employing a Mayer-Vietoris argument. By
choosing a cover of T? as

1
=T\ {pi,.. i} U] [ D}, (32)

i=1

meaning that T? is punctured k times, corresponding to the
singularities, and the punctures are covered with solid disks
around the punctures, the Mayer-Vietoris sequence in coho-
mology (with integer coefficients and denoting {py, ..., p;} =:

A) then becomes

i
= HY(T?*) — HYT*\ A) @ H* (]_[D%)

i=1

I
— Hd<T2 \AN ]_[D%) — H*N(T?) > ..., (33)
i=1
The part relevant for revealing the topology of EP2s can be
extracted by setting d = 1, giving

1
> H'(T?» > H(T*\A) @ H' (]_[D,?)
tj;

!
— H! <T2 \AN ]_[Dl?) — HX(T?) =0, (34)
i=1

which put on an explicit form reads
s rer 'L L S0 35
Let us now try to decipher this. The leftmost term describes
the topology of one-dimensional slices of the nonpunc-
tured torus, which physically means that it is classifying
one-dimensional insulator topology. Since there are two in-
dependent choices of subcircles on T? (corresponding to the
two different generating cycles of the torus), a topological
classification requires a pair of integer invariants. Puncturing
T? vyields additional topological properties, with the one-
dimensional insulator topology remaining. An /-punctured T >
is homotopy equivalent to a wedge sum of 2 + [ — 1 circles;

033246-9



MARCUS STALHAMMAR AND LUKAS RODLAND

PHYSICAL REVIEW RESEARCH 7, 033246 (2025)

puncturing T2 once leaves a space topologically equivalent to
a one-dimensional skeleton of T2, which is a wedge sum of
two circles. Any additional punctures give rise to additional
circles in the wedge sum, resulting in an extra factor of Z'~!
in the second term on the left. The next term defines the local
charges, or topological indices, around each puncture, while
the rightmost term represents the two-dimensional insulator
topology.

Having interpreted all the groups, let us now think about
the maps «, 8, and y, keeping in mind the sequence is ex-
act [meaning that ker(8) = im(«) and ker(y ) = im(8)]. This
means that the one-dimensional insulator topology is still
present when puncturing the torus, but it does not affect the
individual invariants of the punctures, since 8 o « = 0. Here,
o and B are given by their respective restrictions on repre-
sentative differential forms. The map y is the sum of each
component in Z*; i.e., it sums all the different topological
invariants of the singularities. The sequence then tells us
that if these singularities exist on a torus, the total sum of
their indices must vanish (since y o 8 = 0). Therefore, we
can conclude that the sum of the topological indices of the
singularities of the vector field defined from the resultants
of the characteristic polynomial of the parent non-Hermitian
matrix has to vanish.

The above reasoning is directly generalized by considering
a characteristic polynomial of the same form as in Eq. (1),
which hosts an n-fold degeneracy. Recall that n-fold degenera-
cies are characterized by a vanishing resultant vector R, which
defines a vector field on T2"~2, Its singularities (zeros) corre-
spond exactly to the EPns of the parent n x n matrix. Using
a similar covering of T2"~2 as before, i.e., removing points
corresponding to the singularities and filling them in with
solid (2n — 3)-balls, the relevant part of the Mayer-Vietoris
sequence looks as follows:

RN HZn—3 (T 2n—2)

!
N HZn—3(r]r2n—2 \ A) D H2n—3 (]—[ Di2n_3>

i=1

~0

1
- H2n—3 (]_[ SiZn—3> N HZn—Z(TZn—Z) N 0’ (36)
i=1

which results in
s g2 S g2t Bl Yo o 37

The meaning of these different parts is a straightforward
generalization of the two-dimensional case, with the most
important part being that the reasoning with the topological
indices can be directly applied—an index is assigned to every
singularity, the sum of which has to vanish globally if the
singularities are located on a torus.

B. Similarity-protected EPns

Since the codimension of similarity-protected EPns will
be different depending on the similarity, EPns protected by
pseudo-Hermiticity will be treated separate from those pro-
tected by self skew-similarity.

1. Pseudo-Hermiticity

The initial reasoning below will include similarity-
protected EPns for n > 3. The covering of T? in terms of
a punctured torus and disks of appropriate dimensions does
not result in any additional topological properties as long
as H4(D*) = 0. However, for d = 0 it does since H*(D*) ~
Z. This means that the covering will induce nonphysical
topological properties when the relevant Mayer-Vietoris se-
quence includes such terms, which will be the case for
similarity-protected EP2s. Moreover, these are classified by
Z,-invariants, meaning that the cohomology groups with inte-
ger coefficients will not be what classifies similarity-protected
EP2s. Thus, the Mayer-Vietoris sequence will not provide any
relevant information for similarity-protected EP2s.

Following the same reasoning as for generic EPns, i.e., by
covering the Brillouin torus with a punctured torus and disks
of appropriate dimension centered around the punctures, the
relevant part of the Mayer-Vietoris sequence looks like

N Hn—Z(Tn—l)

I
— anz(rﬂ"nfl \ A) @ HV!72 (]_[ D:12>

i=1

~0

1

i=1
Writing this out gives

s S e S Lo 0, 39)
where the maps «, 8, and y are defined as previously. The ex-
actness of the sequence directly generates a doubling theorem
for the topological indices assigned to the singularities, just as
for the generic EPns.

2. Self skew-similarity

Since the topological classification of EPns protected
by self skew-similarity for odd n is shown to follow
from the topological classification of EPns protected by
pseudo-Hermitian similarity, this section will be devoted to
the remaining case, namely, EPns protected by self skew-
similarity for even n. The Mayer-Vietoris sequence will then
take the following form:

1
s Hn—l(Tn) - Hn—l(r]rn \ A) @Hn—l (]_[D?—l>

i=1

~0

i
— H"! (]_[ S;H) — H"(T") — 0. (40)

i=1

Writing this out explicitly results in

s S e ' L7 Ln 50, @

where the maps «, 8, and y are defined as previously. Again,
the exactness of the sequence yields a doubling theorem for
the topological indices assigned to the singularities.

This implies that the doubling theorems for generic and
similarity-protected EPns have a direct interpretation in terms
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of the exactness of Mayer-Vietoris sequences, which further
enriches their topological interpretation.

VI. NON-LOCAL SYMMETRIES:
EXTENSION OF CLASSIFICATION SCHEME

Apart from the similarities acting locally in momentum
space, there are several other similarities and symmetries that
act nonlocally in momentum space. These are commonly
referred to as time-reversal symmetry (7), particle-hole sym-
metry (C), parity (P) symmetry, and inversion (Z) symmetry
[61]. These symmetries do not affect the codimension of
EPns, but their presence have a significant impact on the topo-
logical features of systems as they give rise to high-symmetry
points. EPns emerging at these points do not fall into the same
classification scheme as those emerging away from the high-
symmetry points. The subject of this section will therefore be
to clarify how the topology of such EPuns is affected under the
influence of these symmetries. For the sake of clarity, the treat-
ment will be separated such that the symmetries that affect the
eigenvalue topology differently are treated separately.

The results of this section will be derived using the follow-
ing representation of the y-matrices:

Y=o eI’le---,
V=nelele: -,

V=000 ele- -, 42)
V=30 ele: -,
V¥W=mRn®o®- .-,

In terms of these, the charge-conjugation matrices take the
form

C,=013mR05 ®: -, (43)
C_C=0mQRo01®0® -, (44)
which satisfies
nyk __ ne—1 V”» nodd,
") =xCey"Cy = {_yn, 1 even, (45)

meaning that C; flips the sign of even-numbered y-matrices,
while C_ flips the sign of the odd-number y -matrices.

A. The impact of high-symmetry points

Before starting to investigate the impacts of nonlocal sym-
metries specifically, we need to emphasize the importance and
impact of high-symmetry points [also referred to as time-
reversal-symmetric-momenta (TRIM) in the context of T~
symmetry]. How these points affect classification schemes of
band degeneracies is well studied within the Hermitian regime
[8], and the same principles are also valid in non-Hermitian
systems. Generally, a system subject to some symmetry allows
for the existence of EPns anywhere in the Brillouin zone, both
at and away from the high-symmetry points. The topology
of EPns emerging away from high-symmetry points is still
classified in terms of the resultant winding number, and these

are still constrained to obey a doubling theorem. The reason
for this is that there is no way to enclose such an EPn (and
such an EPrn alone) by a surface on which the symmetry is
preserved. The topological invariant of such an EP# is hence
calculated on a symmetry-breaking surface, and can therefore
not be considered to be intrinsically related to the presence of
the symmetry.

If an EPrn instead emerges exactly at a high-symmetry
point, it can generally be enclosed by a surface on which the
symmetry is preserved. Such EPns might hence differ topo-
logically from those emerging elsewhere in the Brillouin zone.
Again, it is fruitful to make the comparison to 7 -symmetric
Weyl semimetals, in which Weyl nodes away from the TRIM
points obey the conventional Nielsen-Ninomiya theorem, but
give rise to an additional Z,-topology when emerging at the
TRIM points.

When talking about the impact on the topological prop-
erties of the EPns by the symmetries, we are exclusively
referring to the topology of EPns emerging at the high-
symmetry points, since the topology of the remaining EPns is
already contained within the classification scheme developed
previously.

B. Time-reversal” and parity symmetry

In non-Hermitian systems, there exist two different T
symmetries since taking complex conjugation and matrix
transposition of a non-Hermitian matrix are not equivalent
actions. This gives rise to a 7' symmetry, which affects the
characteristic polynomial in the same way as P symmetry
does. These symmetries are defined as

CiH" (k)C ' = H(—k), (46)
PHXK)P~' = H(—K), 47

and their corresponding characteristic polynomials will look
like

n—2
Pep (k) = (—=1)"| 2" = D" a;(k)i/ |,
j=0
ajk) e C, ajk)=a;j(—k). (48)

Since the parent non-Hermitian symmetry is nonlocal in
momentum space, it will be reflected as an emergent symme-
try in the resultant vector, which reads

r2m+l(k) = Re[am(k)]v erJrZ(k) = Im[am(k)] (49)

The parent non-Hermitian 7 and 7P symmetries give rise to
an emergent symmetry in the resultant vector,

ri(k) = rj(=k); (50)

i.e., the resultant vector components are necessarily even func-
tions of momentum if its parent non-Hermitian system is 7'
or P-symmetric. Before introducing the resultant Hamilto-
nian, it is fruitful to take a second look at Egs. (48) and
(50). Assuming the existence of an EPn at some k = k;, the
symmetry enforces the existence of a “symmetric partner” at
k = —k;. Around these, the characteristic polynomials and
the resultant vectors are equivalent. As a consequence, these
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TABLE III. Symmetry classes classifying the eigenvalue topology of n-band systems subject to nonlocal symmetries. The classification
yields three different scenarios: one common for T and P symmetries, one common for 7, Z, and C symmetries, and one for Ch. myy
describes symmetry-induced eigenvalue topology from EPns appearing at the high-symmetry points in terms of (d — 1)-dimensional cuts not
including these EPns (very much in analogy to how Chern numbers for Weyl nodes are defined [11]). 7, describes symmetry-induced topology
of the full d-dimensional system when the EPns are gapped out, and therefore describes the possibility of having topologically nontrivial bulk
Fermi arcs, Z,-protected Fermi arcs, in the spectrum, something that is explained in Sec. VII. These require moving through a phase including
an EPr in order to be removed from the spectrum, while trivial bulk Fermi arcs can be “gapped” out without passing through such a phase.
For 7' and P symmetries, these exist when the number of bands are odd, while C symmetry requires 4 + 4m and 5 + 5m number of bands for
their existence. For the remaining symmetries, 7, Z, and ct symmetries, this feature is unique to 5 + 4m number of bands.

TP T.Z,C c
n d TT* cer Class a1 Ty TT* cer Class  my_; Ty TT* cer Class a1 Ty
2 2 +1 —1 CI 0 0 +1 -1 BDI Z 0 +1 —1 CI 0 0
3 4 -1 -1 CII Zy Zy —1 —1 BDI 0 0 +1 +1 BDI 0 0
4 6 -1 +1 DIIT 0 0 -1 +1 BDI 27 0 +1 —1 CI Zy Zy
5 8 +1 +1 Zy Zy +1 +1 Zs Z +1 +1 Zy Zs

BDI

BDI BDI

two EPns necessarily have the same resultant winding num-
ber; 77- and P-symmetric partners of EPns are equivalent.
By the doubling theorem, stating that the sum of all winding
numbers must vanish when taken over the full Brillouin zone,
there must be an additional 7 - or P-symmetric pair of EPns
with opposite winding numbers; the minimal number of EPns
is increased from 2 to 4 as a consequence of the symmetry.
Similar features are well established for Weyl semimetals
subject to 7 symmetry, where the minimal number of topolog-
ically nontrivial Weyl nodes is known to be 4 when 7 squares
to —1 [11].

Employing the resultant Hamiltonian introduced in
Eq. (23), the eigenvalue topology is governed by

2n—2

Hr(k) =) rj(k)y’.

j=1

D

The symmetry in the resultant vector corresponds to a
Hamiltonian with both 7 and C symmetries, given by the
charge-conjugation matrices C; and C_, respectively, since

2n—2
C:HR(K)Cy' = Ce Y [ri(k)(y/)ICs!
j=1
2n—2 '
=+ ) [rj(k)y’]
j=1
2n—2 .
=+ [ri(-k)y’]
j=1

= +Hg(—Kk). (52)

The corresponding symmetry class to which this resultant
Hamiltonian belongs depends on the EPn in the parent non-
Hermitian model. A summary of this is found in Table III.
Due to the properties of the charge-conjugation matrices
for different values of d = 2n — 2, different additional topo-
logical features will emerge depending on the value of n.
Two- and four-band models fall into classes CI and DIII,
respectively, and are hence expected to not yield any addi-
tional topology, whereas three- and five-band models belong

to classes CII and BDI, respectively, meaning that they allow
for a Z,-invariant. For larger n, Bott periodicity provides the
complete picture for arbitrary n: The symmetry classes are
periodic in d with a period of 8, meaning that the classification
of n-band models is periodic in n with a period of 4.

C. Particle-hole symmetry

In non-Hermitian systems, particle-hole (C) symmetry is
defined as

C_H"(k)C-' = —H(-Kk) (53)
and affects the characteristic polynomial as
n—2
Pe(hsk) = (=1 A" = ;)M |,
j=0
ajk) e C, aj(k)=(—1""a;(~k).  (54)

The constraints on the coefficients in the characteristic poly-
nomial will result in different cases depending on the parity of
n. This will have a significant impact on the topology, and we
will therefore treat even and odd n separately.

1. The case of an odd number of bands

When 7 is odd, the coefficients of the characteristic poly-
nomial are bound to satisfy the following relations:

_ —Rela;(—Kk)], jeven,

Rela; (k)] = {Re[a J(—K)  Jjodd, (53)
_ —Im[a;(—Kk)], j even,

tma; ()] = {Im[a J—K)]. Jjodd, (56)

meaning that the real and imaginary parts are both either even
or odd in k. Defining the components of the resultant vector
as

rmt1(K) = Re[a,(K)],  rpupn—1(k) = Im[a, (k)],

i.e., by placing all the real parts after each other, followed by
the imaginary parts, we obtain the real vector field r(k). The

(57)

033246-12



ABELIAN SPECTRAL TOPOLOGY OF MULTIFOLD ...

PHYSICAL REVIEW RESEARCH 7, 033246 (2025)

parent non-Hermitian C symmetry is reflected in the defining
the components of the resultant vector as

rm+1(K) = Re[a, (K], rpsn-1(k) = Im[a,(K)],  (58)

i.e., by placing all the real parts after each other, followed by
the imaginary parts, we obtain the real vector field r(k). The
corresponding resultant Hamiltonian,

2n—2
Hr(k) = ri(k)y’, (59)
j=1
will therefore satisfy
2n—2
Hi(—k) = Y ri(-k)(y')*
j=1
2n—2

=) =1y
j=1
B {—HR<k),

CyC_Hr(k)(C:C-)™". ©0

Thus, the resultant Hamiltonian is C-symmetric with unity as
generator and 7 -symmetric with generator C,C_, leaving it
in symmetry class BDI.

2. The case of an even number of bands

When 7 is even, the coefficients of the characteristic poly-
nomial instead satisfy

Rela;(—k)], Jj even,
Re[a;(K)] = {_Refa Bl jodd (61)
J ’ )
Im[a;(—Kk)], Jj even,
Imia; (k)1 = {—ImEa J(—K)L,  jodd. 62)

For even n, there will always be a larger number components
of the resultant vector even in k. Hence, the previous repre-
sentation of the charge-conjugation matrices cannot be used
to identify the emergent symmetries of the resultant Hamilto-
nian. For this particular case, the following representation will
be used instead:

Cp = (@)% 2, €= (07)®" 2 (63)

This means that C, swaps the sign on y-matrices with index
je{2,3,6,7,10,11, 14, 15, ...}, while C_ swaps the sign on
y-matrices with index j € {1,4,5,8,9, 12, 13, ...}. With this
representation of the charge-conjugation matrices, the resul-
tant vector is defined as

r2m+l(k) = Re[am(k)]v r2m+2(k) = Im[am(k)] (64’)

Recalling that conjugation swaps the sign of even-indexed y-
matrices, Hg (—k) will take the form

Hy(—k) =Y " r(R)y’ = rik)y/, (65)
jel_ jely

meaning that the sign is swapped on the terms with index
jel-=1{2,3,6,7,10, 11, 14, 15, ...}, while it is preserved
for j el ={1,4,5,8,9, 12, 13, ...}. Recalling how Cy acts

on the y-matrices, we can conclude
CoHz(—k) (€)™ = £HR(K), (66)

so the resultant Hamiltonian is 7-(C-) symmetric with C,
(C-) as generator, leaving it in symmetry class CI.

To recap, the eigenvalue topology of non-Hermitian sys-
tems subject to C symmetry is classified within symmetry
class CI when the number of bands is even, and in symmetry
class BDI when the number of bands is odd, as displayed in
Table III. Hence, the classification scheme predicts symmetry-
induced topology when the number of bands isn = 4, 5 + 4m,
for some positive integer m. Below, the cases n = 3,4, 5 will
be discussed separately. We emphasize that the case of n = 2
is equivalent to that of 7 symmetry treated in Sec. VIB.

D. The remaining symmetries

Since the remaining symmetries eventually result in the
same topological classification, they are treated within the
same subsection. We will, however, explicitly show this claim
by deriving the resultant Hamiltonians corresponding to each
symmetry separately.

1. Time-reversal and inversion symmetry

In terms of eigenvalue topology, the influence of 7 and 7
symmetry will be similar because of how they affect the corre-
sponding characteristic polynomial. The different symmetries
are defined as

TH 0T = H(-k), (67)
T H'(K)Z-' = H(—k). (68)

The corresponding characteristic polynomials for systems
subject to any of these symmetries will be of the form

n—2
Prz k) = (=1 | " =Y a;(0n |,
j=0
aj(k)e C, a;k)= aj(—k). (69)

Since a;(k) = a}*(—k), it follows that the real parts of a;(k)
are even functions of k, while the imaginary parts are odd
functions of k. The resultant vector components,

ramt1(K) = Re[a, (K], (70)
ramt2(K) = Im[a,, (K)], (71)
are bound to obey
Pam+1(K) = romy1 (—K), (72)
ramt2(K) = —romia(—K). (73)

The corresponding resultant Hamiltonian reads
2n—2
Hr(k) = ri(k)y’, (74)

Jj=1

with r;(k) satisfying Eqgs. (72) and (73). This means that
Hg (k) obeys both Hermitian 7 and C symmetries with I and

033246-13



MARCUS STALHAMMAR AND LUKAS RODLAND

PHYSICAL REVIEW RESEARCH 7, 033246 (2025)

C.C_ as generators, respectively, i.e.,

Hg(k) = Hg(-k), (75)

Hr(k) = —C,C_Hg(—k)(C,C_)". (76)

The topological classification of these systems is summarized
in Table III. An important difference compared to the previous
case is that the resultant Hamiltonian will always be in sym-
metry class BDI—the behavior of the symmetry generators
does not change preserving the symmetry class. Consequently,
the topological invariant will instead differ vastly, taking Z-
values for EP2s, even numbers for EP4s, and Z,-values for
EPSs, while EP3s are predicted to be topologically trivial.

2. Particle-hole’ symmetry

Just as for 7 symmetry, there exist two different kinds of
C symmetries for non-Hermitian systems. In addition to the
ordinary C, there is also CT defined as

T_H*K)T ' = —H(—k), (77)
with a characteristic polynomial of the form
n—2
P (k) = (=1 | A" = "a; ()M |,
j=0
ajk) € C, a;(k)=(—1)"aj(-k). (78

Just as for ordinary C, the coefficients of the characteristic
polynomial will behave differently depending on the parity of
J and n. Starting again by assuming » to be even, a;(k) obey

. _ Rela;(—k)], Jj even,
Rela; (k)] = {—Re[a,(—k)], jodd, (79
_ —Im[a;(—Kk)], jeven,
Imia; (k)1 = {Im[a J(—K) Jjodd. (80)
By defining the resultant vector as
rm+1(K) = Re[a, (K)], 1)
rn—H—m(k) = Im[an—Z—m(k)]v (82)

the C' symmetry is reflected in the resultant vector compo-
nents as

ram+1(K) = romy1(—K), (83)

Pamy2(K) = —ramp2(=K); (84)

i.e., the odd numbered components are even functions of
momentum, while the even components are odd functions of
momentum. Therefore, the following holds for the resultant
Hamiltonian:
2n—2
i\ k
Hg(—k) = Y ry(—=Kk)(y’)
j=1
2n—2

= riky/
j=1

_ JH®&),

- {—C+CH(k)(C+C)", (85)

which means that Hg (k) is 7- and C-symmetric with genera-
tors I and C;.C_, respectively.
When 7 is odd, a;(k) are constrained as

_ —Re[a;(—Kk)], jeven,

Rela; (k)] = {Re[aj(—k)], jodd, (86)
_ Im[a;(—k)], Jj even,

Imla; (k)] = {—Im[aj(—k)], j odd. (87)

This means that the real and imaginary parts of a;(k) change
roles, and consequently, so do 7 and C symmetries in the
topological classification. Hence, Hg(k) will be 7- and C-
symmetric with generators C.C_ and I, respectively. The
topological classification is summarized in Table III and co-
incides with that of 7" and Z symmetries.

E. Mayer-Vietoris arguments and vector bundle classification

The symmetry-induced topological properties of EPns of
codimensions 2n — 2 are not as directly apparent in terms of
cohomology groups. Although the global charge-cancellation
theorem, in terms of the symmetry-violating resultant winding
number, follows, adopting the same method as in Sec. V
will not provide any information related to the symmetry. In
particular, it will not result in a minimum number of four
EPns, which is a consequence of the nonlocal symmetries.
To encode this information, the cohomology reasoning has to
be modified. Earlier works have successfully provided such a
cohomology description of the topological invariants appear-
ing in (Hermitian) systems subject to 7 symmetry through
the classification of quaternionic vector bundles (for 77 =
—1) [92,93], “real” Bloch bundles (for 77* = +1) [94],
and equivariant and twisted cohomology and homology [95].
These studies, however, are restricted to low-dimensional
cases, with four-dimensional systems being the most abstract
systems treated. Since a cohomology picture describing the
symmetry-induced spectral topology of EPns would be based
on a general classification, it comprises, to our knowledge, an
open mathematical research question. It is therefore beyond
the scope of the current manuscript and left for future works
of an even stronger mathematical character.

VII. NONLOCAL SYMMETRIES: EXAMPLE MODELS
AND PHYSICAL INTERPRETATIONS OF THE
4-INVARIANT

To complement the abstract classification scheme devel-
oped in the previous section, this section is devoted to provide
a physical picture and interpretation of the predicted topo-
logical invariants. By using the mapping to the resultant
Hamiltonian, Sec. VII A provides the physical manifestation
of the m,-invariants describing the topology in the absence
of EPns. These claims are then strengthened by specifically
considering the cases of two (Sec. VII B), three (Sec. VII C),
four (Sec. VIID), and five (Sec. VIIE) bands, respectively,
before the fully general case is treated in Sec. VII F.

A. Topological invariants

In Table III, both the m,_;- and m,-invariants are listed
since they provide complementary information. The ;-
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invariant provides topological information more directly
related to EPns appearing at the high-symmetry points; by
enclosing the EPn by a symmetry-preserving sphere on which
no EPns exist, the topological invariant calculated on that
sphere is assigned the topological invariant for the EPn. Note
that only the EPns appearing at the high-symmetry points
can be enclosed by a sphere preserving the symmetry; a
symmetry-preserving surface enclosing an EPn away from
the high-symmetry points must also necessarily enclose the
symmetry partner EPn (otherwise the symmetry is broken).
The nontrivial 7r;_-invariants indicate that, in addition to the
resultant winding number, there is an invariant further classi-
fying EPns appearing at the high-symmetry points in a manner
similar to Hermitian Kramers degeneracies. The Z,-invariants
are reminiscent of the Fu-Kane-Mele (FKM) invariant, mean-
ing that these EPns further act as FKM monopoles [95]. The
4—1-invariant is not uniquely given by Z,; for systems sub-
jectto T, Z,or C',itis instead given by Z (n = 2) or 27Z (n =
4). This indicate that these EPns act as monopoles of Z and
27 flux. When the m,;_-invariant is trivial, it instead suggests
that these additional invariants are not present, meaning that
there are no additional monopole fluxes.

The m,-invariants indicate that the EPns are responsible
for further interesting topological phenomena when they are
gapped out. In terms of the resultant Hamiltonian, the eigen-
value topology of a non-Hermitian n-band model without
EPns can be understood in terms of the eigenvector topology
of a fully gapped Hermitian system through the resultant
Hamiltonian. It has to be stressed that although the resul-
tant Hamiltonian is fully gapped, the same conclusion cannot
be drawn for the non-Hermitian parent system. A nowhere-
vanishing resultant vector only means that the non-Hermitian
system hosts no EPns, while there is nothing forbidding
the existence of EPms for m < n. The m,-invariants exclu-
sively take Z,-values. To draw some intuition for what these
Zr-invariants (and their absence) mean in terms of the non-
Hermitian eigenvalue topology, it is again fruitful to resort to
their interpretation in terms of Hermitian eigenvector topol-
ogy. There, the Z,-invariants can be related to what is known
as Dirac strings [95] and their topological stability. Dirac
strings emerge between Hermitian nodal points and are the
sources of their topological properties. When nodal points are
gapped out in specific ways with respect to the high-symmetry
points, the Dirac strings remain in the absence of the nodal
points. Although not present in non-Hermitian spectra, there
is one feature whose properties are analogous to those of the
Dirac strings, namely, the bulk Fermi arcs [37]. Having topo-
logically nontrivial Dirac strings means that they cannot be
removed from the spectrum without passing through a gapless
point. The same holds true for bulk Fermi arcs; topologically
nontrivial bulk Fermi arcs can only be removed from the spec-
trum by passing through an EP. Table III therefore tells us that
n-band systems without EPns host potentially topologically
nontrivial bulk Fermi arcs on the surface of EP(n — 1)s. In
other words, the Z,-invariant indicates that, when present,
there exist two topologically different gapped phases, induced
by how the EPns are annihilated; it indicates the existence
of an even or an odd number of nontrivial bulk Fermi arcs,
and hence predicts the existence of a single topologically pro-
tected symmetry-induced bulk Fermi arc, which we refer to as

a Z,-protected Fermi arc, in several n-band models without
EPns. These Zj-invariants are explicitly given by the Z,-
invariants known from the tenfold classification of topological
insulators, calculated from the corresponding (Hermitian) re-
sultant Hamiltonians (see, e.g., Refs. [8,89,91,95]).

In what follows, we will show, both through simple toy
models and through abstract general arguments, that the Z,-
invariants physically manifest exactly as Z,-protected Fermi
arcs. These arguments will make it clear why topological bulk
Fermi arc cannot emerge in systems with trivial 7r;-invariant
and furthermore show that they indeed exist in the cases where
the m -invariant is Z,. The key lies in how the symmetry-
induced spectral constraints make the eigenvalues “mirror”
themselves or each other in the Brillouin zone.

B. The case of two bands

Since the 7 -invariant is predicted to be trivial for all non-
local symmetries, it is sufficient to study only one example to
illustrate how the bulk Fermi arc is gapped out. Consider a
two-band model described by

0 1
o = (aR<k> +iay (k) 0)’ (88)
ar(kK) = cos k, + cosk, — mg, (89)
1
ar(k) = cosk, + 3 cos’ ky — my. 90)

The coefficients of the characteristic polynomial of H (k) in
Eq. (88) are even, and thus satisfy the constraints induced
by 77, P, and C symmetries. The corresponding real and
imaginary spectra are presented in Fig. 4 for different values
of mg and m;. The symmetry constrains the minimum number
of EP2s to be 4, giving two open bulk Fermi arcs (in both real
and imaginary energy). Even when these EP2s are annihilated,
the bulk Fermi arcs still persist, forming closed curves within
the Brillouin torus. Importantly, these can be removed entirely
without the EP2s reappearing, meaning that the system does
not have to pass through a gapless phase in order for the bulk
Fermi arcs to vanish.

The reason for why the parity of the a;(k) (recall that ct,
T, and Z symmetries constrain a;(k) to be odd rather than
even) does not matter can be understood from the expressions
defining the Fermi arcs. These are given by [57]

Re[A(k)] =0 <= Im[x*(k)] =0, Re[+*(k)] <O,

oD
with E (k) denoting the eigenvalues of H (k). The gapping pro-
cess can therefore be done completely independent of a;(k)
and just by tuning ag(K) to reach a parameter regime where
it is positive definite, something that does not have to occur
through an EP.

C. The case of three bands
1. Time-reversal® and parity symmetry: toy model

For the case of three bands, Table III indicates that the
process illustrated in Fig. 4 is not always allowed—the clas-
sification frameworks predict the existence of Z,-protected
Fermi arcs that can only disappear by passing through an
EP3 in systems subject to 7' and P symmetries. This can
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FIG. 4. Real and imaginary parts of the eigenvalues of the Hamiltonian given by Eq. (88) in panels (a)-(e) and (f)—(j), respectively. The red
points illustrate 7 -symmetric EP2s, with their concomitant bulk Fermi and i-Fermi arcs highlighted with the yellow lines in panels (a)—(e)
and (f)—(j), respectively. Varying the parameters mg and m; causes the EP2s to move in the Brillouin zone, shown in panels (a)—(c) and (f)—(h).
Eventually, the EP2s overlap pairwise, causing them to annihilate and thus gapping out the spectrum. The annihilation of the EP2s does not
cause the bulk Fermi and i-Fermi arcs to vanish, but rather to close, as shown in panels (d) and (i). The triviality of the second homotopy group
for two-band models in two dimensions suggests that these are not topological, but can be removed from the spectrum without passing through
a spectral phase including an EP2. This is confirmed in panels (e) and (j), where increasing the value of m; causes the bulk Fermi arcs to vanish.
Consequently, the 7 and P symmetries do not induce any additional topological spectral features in two-dimensional two-band systems.

be visualized by considering a model of the following form:

0 1 zk)
Hx)=| 0 o 1 | (92)
ztk) 0 0

The unitary operator, C,., defining the time-reversal symmetry
is

0
C+= 0
1

S - O

1
0], 93)
0

and the characteristic polynomial of H (k) reads
Ps(s k) = =3 + 21 (K)22(K)A + 21 (K). %4

Here, k denotes a four-dimensional momentum vector and z; »
are continuously differentiable functions of k taking complex
values. The symmetry constraint forces zj 2(k) = z; 2(—k).
The discriminant of this polynomial takes the form

D, (k) = —z1(K)[27z1 (K) + 423 (K)], 95)

which indicates that H (k) has degenerate eigenvalues when
z1(k) =0 or 27z;(k) + 4z%(k) = 0. On the twofold degener-
ate subspace defined by 4z; (k) + 27z§(k) = 0, there will be
arcs where all the eigenvalues have identical real parts—these
define the bulk Fermi arcs that are claimed to source the topol-
ogy indicated by Table III. On this subspace, the eigenvalues
read

RHIE
Ma(k) = —[42,(0)]'72, ls(k)Z[g} .6

Constraining the system to the degenerate surface corresponds
to solving for two of the momentum components. For the sake
of illustration, we choose z; = —k2 — k)z, +i(m —k? — kyz) on
the degenerate surface. The real and imaginary parts of the
corresponding eigenvalues are displayed in Fig. 5. By varying
m, the bulk Fermi arcs change accordingly and are eventually

gapped out when m goes from being positive [Figs. 5(a)-5(c)
and 5(f)-5(h)] to being negative [Figs. 5(e) and 5(j)]. Exactly
when m = 0 [Figs. 5(d) and 5(i)], the system hosts an EP3,
marking the transition from the nontrivial to the trivial phase.
This is fundamentally different from the two-band system
studied above, where the bulk Fermi arc was allowed to disap-
pear without passing through a gapless point. This lone bulk
Fermi arc is the simplest example of a Z,-protected Fermi arc.

2. The remaining symmetries: general arguments

Since all the remaining symmetries are classified within
symmetry class BDI when n = 3, their topological properties
will be treated simultaneously. The reasoning will, however,
be carried out using the spectral constraint induced by C
symmetry,

A} = {-A(-K)}, o7

keeping in mind that the other cases can be obtained through a
change of basis. The argument here will be of a more general
kind than those carried out for the example models above.
The symmetry-induced spectral relations can be imposed
in several ways, but Table III predicts that the systems remain
topologically trivial regardless of this choice. Start with the
case where the symmetry-induced spectral relations take the
form
rj(k) =—x;(=k), j=1,2,3. (98)
Such a system may host two-dimensional surfaces of EP2s
and pointlike EP3s located on the surfaces of EP2s. The un-
derlying symmetry enforces the surfaces of EP2s to appear
in a symmetric fashion in the Brillouin torus; any surface of
EP2s needs to have a symmetric partner at opposite momen-
tum. However, there is nothing forbidding the EP2 surface
to be symmetric in itself. Assume therefore that there exist
EP2s forming one symmetry-preserving sphere around a high-
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FIG. 5. Real and imaginary parts of the eigenvalues of the Hamiltonian given by Eq. (92) in panels (a)—(e) and (f)—(j), respectively. The
red points illustrate EP3s, with their concomitant bulk Fermi arcs highlighted with the yellow lines in panels (a)—(e). Varying the parameter
m causes the bulk Fermi arcs to change form within the Brillouin zone. When m changes sign, the bulk Fermi arcs either disappear (from
positive to negative) or appear (from negative to positive). This necessarily happens through a gapless point, i.e., an EP3, which then marks a
topological phase transition point, something that did not happen in the two-dimensional case illustrated in Fig. 4. This is an example of how

the nontrivial eigenvalue topology manifests in non-Hermitian systems subject to 7' or 7P symmetry in four dimensions.

symmetry point as
Sgpr = (k1 11 (K) = Ao(K)}. 99)

Assume further that there exist two pairs of EP3s on this
sphere of EP2s, which are connected by a bulk Fermi arc.
The EP3s can be merged pairwise (cf. Fig. 6 where such a
process is schematically depicted) and will hence result in a
bulk Fermi arc along the equator. When shrinking the size of
the sphere of EP2s, it will eventually reach a critical point at
the origin of momentum space. Since all eigenvalues are odd
functions of momentum, they all necessarily vanish when k =
0, making it seem as if the system necessarily passes through
an EP3 when the bulk Fermi arc is gapped out. Although the
origin marks a threefold eigenvalue degeneracy, this does not
comprise a stable EP3; the coefficients of the characteristic
polynomial do not all necessarily vanish at these points since
only half of them are odd in k [cf., e.g., Egs. (61) and (62)].
This means that the threefold eigenvalue degeneracy can be
gapped out by an infinitesimally small symmetry-preserving
perturbation, which furthermore breaks Eq. (98); having all
eigenvalues being odd in k is not a stable symmetry-induced
spectral constraint. Therefore, the corresponding bulk Fermi
arcs can be gapped out without passing through an EP3, con-
firming that they are trivial.

A A A A N

Now, choose instead the spectral relations to be, e.g.,

(k) = =1 (=Kk), Aa(k) = —23(=K), (100)

and consider a sphere of EP2s made up by
(S20) " = (k2 (k) = M (), (101)
(SZp2) ™ = fk : 1K) = As(K)), (102)

where +(—) denotes the upper (lower) hemisphere. Extra
care has to be taken on the equator though. Parametrize the
equation as a circle by some angle ¢. Then, letting

k) =i k), ¢ €[0,7), (103)
the symmetry induces that
rMKk) =2A3(k), ¢ €[m,2m). (104)

The fact that A is odd means that its value on the upper hemi-
sphere must be reflected with a sign in the lower hemisphere.
Hence, A; needs to cross a zero somewhere on the sphere of
EP2s, meaning that for some k = kg, A(ko) = L2(ko) =0
But since Ay(k) = —A3(k), also A3(kg) = 0, and since this
threefold eigenvalue degeneracy necessarily occurs at nontriv-
ial k = Ko, this point comprises an EP3. Therefore, in such a
system the EP3 cannot be completely gapped out, meaning

No EPn

EPn
)

FIG. 6. An illustration of how the annihilation of EPns (black and blue dots) on a symmetry-preserving sphere of EP(n — 1)s (red sphere)
potentially leads to topologically nontrivial bulk Fermi arcs (yellow arcs). Here, the symmetries constrain the sphere to be centered around
the origin of the Brillouin zone. The bulk Fermi arcs connect EPns of opposite resultant winding numbers. Since the underlying symmetry
enforces the minimal number of EPns to be 4, an EPn can annihilate by merging with another to whom it is not connected by a Fermi arc.
This leads to a bulk Fermi arc symmetric on the sphere in the absence of EPns. Whether the Fermi arc is topological or not depends on which
eigenvalues coalesce to form the sphere of EP(n — 1)s, the number of bands, and what symmetry is present, which is explained in Sec. VII.
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that the information stemming from the m;-invariant is not
applicable. This explains why the m;-invariant is predicted to
be trivial for n = 3.

D. The case of four bands

The classification scheme predicts the existence of a
nontrivial Z,-valued topological invariant in non-Hermitian
C-symmetric four-band models. Interestingly enough, this
case can be understood directly from the behavior of a
degree-four polynomial. Consider a polynomial of the form

Py(A) = A — aod? — a1h — ay, (105)

where the k dependence has been neglected for brevity and
will be reintroduced when appropriate. P4(A) has a triple root
(corresponding to EP3s in our physical models) when the
discriminant vanishes, and, additionally, the quantity

Ao = a3 — 12a5 =0, (106)

for nonzero a, and ay. The triple root of P, is furthermore a
root of its second derivative, P;, which means that it is also
the root of the remainder r(A) obtained when dividing P, by
P/. The Euclidean algorithm yields

A2 B4 10¢2
PV =P/)|-— =) —-aA —ap— ——. (107
4(A) = Py ( )( B 72) @k —ag— — (107)
Therefore, the triple root can be written as
1 5a3
A= —— 2. 108
0 @ (ao + 36 ) (108)

This means that three of the eigenvalues are given by X at the
EP3s. The remaining eigenvalue is furthermore given by

Ay = =3Ai23 = =3, (109)

which follows from the trace of the parent non-Hermitian
matrix being zero. Using Eq. (106), this simplifies further as

2 2
o=-2
9611

Now, when Ao = 0, the discriminant of P4 takes the form

(110)

4a2\’
Dy = —(Tz) + aj(4ay)* — 274}, (111)
and solving D, = 0 yields
a3 = aj, (112)
which means that the triple root can be written as
Xo =:|:\/;:= +/a,. (113)

Now, the difference between the symmetries can be under-
stood directly from the induced spectral constraints. For the
sake of clarity, the symmetries yielding different topological
classifications will be treated separately.

1. Particle-hole symmetry

The C symmetry-induced spectral relation reads {AL(k)} =
{—=A(—Kk)}. Thus, assuming that the threefold eigenvalue de-
generacy discussed above takes the form of a sphere centered

around the origin, all four eigenvalues coalesce with value 0
when the radius of the EP3 sphere is taken to be zero. Con-
sequently, a>(0) = 0 necessarily. Since a;(k) = —a;(—k), it
also vanishes at the origin. To make sure that Eq. (106) still
holds, also ay(0) = 0. This means that all coefficients of the
characteristic polynomial vanish at the origin when shrinking
a sphere of EP3s, and thus a bulk Fermi arc located on this
EP3 sphere can only be gapped out by passing through an
EP4, which means that it is topologically nontrivial—it is a
Z,-protected Fermi arc. This explains why the 7,;-invariant
for C-symmetric systems is Z, for n = 4.

This feature can be specifically illustrated by considering a
toy model of the form

0 10 0
o _@ 0 0 1
ap(k) + c(k)c(—k) @ # 0

which satisfies C symmetry with generator
0O 0 0 i
0 0 —i 0

=10 i o o (115)
—i 0 0 0

Here, k denotes a six-dimensional momentum vector. The
corresponding characteristic polynomial reads

Py = At — [—C(k) +2C(_k)}xz
- [w} — ap(k). (116)

The extra term c(kK)c(—K) in the lower left corner does not
alter the reasoning, but it simplifies the characteristic polyno-
mial and is therefore placed there for convenience. Assuming
that three of the eigenvalues form an EP3 sphere centered
around the origin, the eigenvalues read

xl.z,3<k>=i,/“zék), A4<k>=i,/3“22(k), (117)

with a;(k) := [c(K) + c(—k)]/2. Now, assume that a sphere
of EP3s centered around the origin is formed by tuning four of
the six momentum components. The eigenvalues constrained
to this EP3 sphere can therefore be described as a two-
dimensional problem. The spectrum, constrained to the sphere
of EP3s, is presented in Fig. 7 with the specific choice,

ar(k) = —k; — k; +i(k; + k; —m), (118)
for various choices of m € R. Note that this is the form of
a>(k) when constrained to the sphere of EP3s, and hence
it does not pass through the origin of momentum space un-
less m = 0. Hence, m is directly related to the radius of the
sphere of EP3s. When m > 0, a bulk Fermi arc is formed
[cf. Figs. 7(a)-7(c)], which is gapped out as soon as m < 0
[cf. Fig. 7(e)]. However, this transition necessarily happens
through an EP4 emerging at m = 0 [cf. Figs. 7(d) and 7(i)],
meaning that the bulk Fermi arc is indeed Z,-protected.
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FIG. 7. Real and imaginary parts of the eigenvalues of the Hamiltonian given by Eqgs. (114) and (118) constrained to a sphere of EP3s
centered around the origin of momentum space in panels (a)—(e) and (f)—(j), respectively. The red points illustrate EP3s, with their concomitant
bulk Fermi arcs highlighted with the yellow lines in panels (a)—(e). Varying the parameter m causes the bulk Fermi arcs to change form within
the Brillouin zone. When m changes sign, the bulk Fermi arcs either disappear (from positive to negative) or appear (from negative to positive).
This necessarily happens through a gapless point, i.e., an EP4, which then shows that a topological phase transition happens also in four-band
systems subject to C symmetry in six dimensions; this feature is not present for any other symmetry when the number of bands is even.

2. The remaining symmetries

The symmetry-induced spectral constraints for the remain-
ing symmetries do not constrain the fourth eigenvalue to any
specific value at the origin. Therefore, the eigenvalue not
being part of the EP3 sphere does not necessarily take the
value zero at the origin. It can in fact take any value (7/P
symmetry), any real value (7 /Z symmetry), or any imaginary
value (C" symmetry), and thus it is not constrained to coalesce
with the other eigenvalues when the radius of the EP3 sphere
is taken to zero. Hence, a bulk Fermi arc located on such
an EP3 sphere may be removed from the spectrum without
passing through an EP4, which means that it is trivial. This
explains the trivial mg-invariant for these symmetries when
n=4.

E. The case of five bands

Table III indicates that all symmetries give rise to a gapped
topological phase in five-band systems, classified by a Z,-
invariant. In the cases of 7 and P symmetries, this invariant
will be discussed in the following subsection. Here, we fo-
cus on the remaining symmetries simultaneously, as they all
belong to the BDI class. Again, the reasoning will be carried
out specifically for the spectral constraint given by {A(k)} =
{=A(=K)}.

Assume that the symmetry is reflected in spectral con-
straints of the form A;(k) = —A;(—k) for j =1,2,3 and
M4(k) = —As(—k). Let then furthermore a sphere of EP4s be
made up by

Stps = (k2 1K) = ho(k) = Ay(k) = As(K)}.  (119)

There will be a reflection of both A; and A, on opposite
hemispheres, but since A3 is not involved in the EP4-sphere
at all, these reflections will not induce an EP5 (this situation
should be compared to the three-band case within the BDI
class, treated in Sec. VII C, where EP3s on a sphere of EP2s
could not be annihilated). Therefore, EP5s can be created,
moved, and annihilated—all in a symmetric fashion. Such a
process will form a bulk Fermi arc. Shrinking the radius of
the EP4 sphere to 0 will result in a symmetry-induced EP5

at the origin. To see that this will indeed result in an EP5,
we again need to look at the coefficients of the characteristic
polynomial, given by Eqs. (61) and (62). At the origin, the
characteristic polynomial takes the form

Pe(r, 0) = =A% 4+ a2(0)A% + ay(0), (120)

since ap 2(K) = ap2(—Kk) and a; 3(k) = —a; 3(—k). The cor-
responding eigenvalues are

43(0) =0,

\/a()(O) :tz ,/a(z)(O) + 4a2(0)

NG )
where £ and 4, are independent of each other, and the four
different components define the four remaining eigenvalues
(the ordering is unimportant). Since the origin is surrounded
by a sphere of EP4s, the four eigenvalues that are degenerate
on the sphere remain to be so at the origin. Having A; 245
all coalescing at the origin forces ay(0) = a,(0) = 0. Hence,
shrinking the sphere of EP4s to a point indeed results in an
EP5, meaning that the bulk Fermi arc can only be removed by
passing through a phase including an EP5. This explains the
nontrivial 7r,-invariant for n = 5.

To understand the generalization to an arbitrary number of
bands is provided by Bott periodicity in d; the same topol-
ogy is expected as d — d + 8, which means that identical
outcomes are expected when n — n + 4.

(121)

A1,2,4500) = £

(122)

F. Schematic arguments for the general cases

Finally, this section outlines how to find the physical man-
ifestation of the Z,-valued m,-invariants in systems with an
arbitrary number of bands. The procedure will be performed
exclusively for systems subject to 7" or 7P symmetry, but can
be modified in a completely analogous manner to reproduce
the general cases also for the remaining symmetries.

The feature illustrated in Fig. 5 is not unique to three-band
systems subject to the symmetry-induced spectral constraint
{A(k)} = {—A(—K)}, but is rather expected generically in TT-
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and P-symmetric systems with an odd number of (at least
three) bands. The Z,-invariant expected in these systems can
be understood in terms of a schematic argument involving
the bands rather than looking at specific models. To see this,
consider again a three-band system in a four-dimensional
momentum space. Assume that the symmetry enforces spec-
tral relations between the three eigenvalues as

r(k) = A1(=k),  Az(k) = A3(=k). (123)

Assume further that the system hosts a sphere of EP2s located
symmetrically around the high-symmetry point. Consider first
the case when the sphere of EP2s corresponds to a region in
momentum space where

820, = {k : Aa(k) = A3(k)}, (124)
with four symmetry-induced EP3s appearing symmetrically
around the origin of momentum space. The EP3s can be anni-
hilated to form a bulk Fermi arc corresponding to the equator
of the sphere (cf. Fig 6). When decreasing the radius of the
sphere, the bulk Fermi arcs will shrink accordingly. When the
sphere is shrunk all the way to a point, the spectral constraints
are still fulfilled, and the EP2 surface can be completely
gapped out without passing through an EP3. Consequently,
the bulk Fermi arcs are also removed without passing through
an EP3, indicating that it is topologically trivial—the symme-
try has to be reflected differently in the spectral constraints in
order for the existence of a Z,-protected Fermi arc to be made
possible.

Second, consider the case when the sphere of EP2s is
instead made up partly by a region where A;(k) = A(k)
and partly by a region where A;(k) = A3;(k). Note that
whenever A;(K) = X,(Kk), the symmetry induces A;(—k) =
A3(—Kk). This means that the upper and lower hemispheres are,
respectively, defined as

(S25) " = (K 2 A1 (K) = Aa(K)), (125)

(52) " = (K : A (k) = A3 (K)}. (126)

Further, as in Sec. VIIC2, choose half the equator linking
the two hemispheres to be A; = A, and the other half to be
A1 = A3 in a fashion consistent with the symmetry. Assume
now that on the sphere, there are four symmetry-induced
EP3s. Naturally, if 1;(k) = X,(k), then the symmetry en-
forces A1 (—Kk) = A3(k), but the latter does not result in any
additional surfaces of EP2s (it still corresponds to points on
the same sphere of EP2s). The EP3s can annihilate in the same
fashion as before, forming a bulk Fermi arc as the equator of
the sphere. When the radius of the sphere is decreased, the
bulk Fermi arc shrinks accordingly. When the sphere turns
to a point, the symmetry now enforces all three eigenvalues
to coalesce, as a consequence of how the EP2 sphere was
originally constructed. Hence, the sphere of EP2s becomes
a symmetry-induced EP3. This means that the bulk Fermi
arc cannot be annihilated from the spectrum without passing
through a phase where the system hosts an EP3, and con-
sequently, it is a Z,-protected Fermi arc. This procedure is
illustrated in Fig. 6.

This argument can be straightforwardly generalized to an
arbitrary number of eigenvalues. If n is an even number, there
is no way to construct a sphere of EP(n — 1)s such that the
spectral constraints enforce it to induce an EPn when the

radius is taken to 0. If n is an odd number, the sphere of
EP(n — 1)s is constructed in a way analogous to the one
above. With spectral constraints

MK) = A(=k),  Aj(k) =24 (=K),

jef2, .on—1}, (127)

the sphere should be partly made up by, e.g., a region where
Al =Xy =---=X,—; and partly by a region where 1| =
-+« = Ay—2 = A,. Annihilating the EPns such that the bulk
Fermi arc forms the equator of the sphere, decreasing its
radius will eventually induce an EPn, making the bulk Fermi
arcs topological. The illustration provided in Fig. 6 applies
also to this general case with the sphere corresponding exactly
to the sphere of EP(n — 1)s.

VIII. COROLLARIES

The above classification scheme not only applies to point-
like EPns but also extends to other structures. In Sec. VIIT A,
the case of the so-called nondefective EPs is discussed, while
Sec. VIIIB is devoted to consequences in systems hosting
EPns of higher dimensions. Section VIII C discusses topolog-
ical properties of systems in the absence of EPns.

A. Nondefective EPs

In addition to the previously studied EPns, there are eigen-
value degeneracies corresponding to points where the parent
matrix vanishes (or, more correctly, is proportional to the
identity matrix). These have obtained several different names
in the literature based on the situation in which they appear,
all based on their similarity to Hermitian degeneracies. Some
examples are Dirac points [47] and diabolic points [96-99].
Here, they will be referred to as nondefective EPs, as in
Ref. [67]. This name is chosen based on that these points seem
to be nondefective locally, in the sense that the Hamiltonian is
diagonal at the point, but there exists no infinitesimally small
neighborhood of the point where the system remains stable
and diagonalizable.

Following a similar reasoning as for EPns, it becomes
clear that the nondefective EPs are bound to obey a separate
doubling theorem, meaning that they are topological. This
reasoning is applicable for both generic systems and those
subject to similarities. For some non-Hermitian matrix

M=d.y, (128)

with d : T* — C” and y the vector of y-matrices in the ap-
propriate dimensions, nondefective EPs correspond to points
where

Re(d) = Im(d) = 0. (129)
Introduce another (real) vector as
V = [Re(d)), ..., Re(dy), Im(d)), ..., Im(d,)]”, (130)

and from the vector V, a Hermitian matrix can be defined in
a way similar to how the resultant Hamiltonian in Sec. III is
defined,

(131)

M= i vy,
i—1
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TABLE IV. A summary of the topological classification of nondefective EPns, including their codimension, relation to Hermitian
degeneracies and symmetry classes, and their corresponding vector bundle interpretation. This classification is obtained in a manner equivalent
to the one used for EPns, the difference here being the codimensions, and thus the rank of the vector bundle classification. This provides the
full topological picture of generic and similarity-protected nondefective EPns, from the abstract notion of vector bundles to concrete Bloch
Hamiltonians via the notion of sections of the vector bundle (or, equivalently, vector fields on the base manifold). The explicit dependence on
the parameter k has been neglected for brevity, and | x| denotes the floor function of x.

NDEPn type Generic Pseudo-Hermitian Self skew-similar
Codimension 2> =2 n*—1 2L§J -1
e 2?2 i n?—1 i 2 -1 i
Hermitian operator M= Zg:l vy M =ZZ,.:1 vy M= Zi:lj vy
M,y -1} =0 (M, y"} =0, nodd M, y?51y =0

Corresponding Hermitian deg (2”2*l )-fold protected

Topological invariant Class AIlL, Z

TT2-2 rank 222 — 2
Ve I(TT?*2)

Vector bundle
Vector field

n2-1

2 7 -fold, prot., n odd

)12

217 1=1_fold protected
nt-2

2 7 -fold gen., n even

Class A, n even, Z
Class Alll, »n odd, Z

Class AIll, Z

n2
TT25 ) rank 2% — 1
Ve D(TT"1/"2)

TT"!, rank n® — 1
Ve(TT" )

with v; denoting the components of V. As for the eigenvalues
of the resultant Hamiltonian, the eigenvalues of M will display
a generalized “spin” degeneracy. The winding number of the
vector V around the origin will give a topological invariant
for the nondefective EP. In generic systems, this will amount
to a winding of (2n? — 3)-spheres, while in pseudo-Hermitian
systems it will be a winding number of (n> — 2)-spheres. For
self skew-similar systems, the nature of the winding number
will depend on the parity of n. For n even, the winding will be
around (n? — 2)-spheres, and for # odd it will be around (n> —
3)-spheres. In summary, the corresponding winding numbers
will be given by

W o @ (v idv),
SX

m? -3, generically,

- : .
]2 preudo-Fflermiticity. 35
n*> —2, neven, self skew-similarit
n*—3, nodd, .

where v = (V/|V|). The topological nature of these non-
defective EPs is summarized in Table IV, where also the
corresponding vector bundle classification is listed (note that
this follows directly from the reasoning applied to EP#ns in
Sec. IV).

B. EPns in higher dimensions

Although the above classification scheme revolves around
zero-dimensional EPuns, it can be directly generalized to EPns
of higher dimensions. In other words, the scheme is not
limited to EPns in 2n — 2 (for generic systems and systems
subject to nonlocal symmetries), n — 1 (for systems subject
to pseudo-Hermitian similarity or odd-band models subject
to self skew-similarity), or n (for even-band systems sub-
ject to self skew-similarity) dimensions, but extends to any
higher-dimensional space as long as the EPns comprise a
coalescence of all eigenvalues. An intuitive picture of how this

can be done can be extracted from the case of EP2s appearing
as closed curves in generic systems in three dimensions. A
curve of EP2s in three dimensions can potentially host both
nontrivial ;- and m;-invariants. For instance, it may carry
a nontrivial Chern number due to the eigenvector topology.
However, the eigenvalue topology has a trivial invariant 7,.
This can be illustrated by considering a sphere enclosing the
curve of EP2s. This induces natural map from the sphere to
the the normalized resultant vector, which will be homotopy
equivalent to a circle. Such maps are classified by m,(S'),
which is known to be trivial. Consequently, the topological
properties of EP2s in any dimension are directly determined
by the behavior of the resultant vector along a circle winding
around the manifold of EP2s. In other words, the topology is
characterized by a map between circles in the base space and
circles in the space of resultant vectors.

Similarly, the Abelian eigenvalue topology of EPns is gen-
erally described by the maps between spheres in the base
space and spheres in the space of resultant vectors. The di-
mension of the spheres is 2n — 3 for generic EPn, n — 2 for
EPn protected by pseudo-Hermitian similarity or self skew-
similarity (for odd values of n), or n — 1 for EPns protected
by self skew-similarity (for even values of n).

C. Topology of systems without EPns

As has already been investigated for systems subject to
nonlocal symmetries in Sec. VI, the classification scheme
relating non-Hermitian eigenvalue topology to Hermitian
eigenvector topology through the resultant Hamiltonian does
also say something about Abelian topology in the absence of
EPuns. Since this has already been resolved for systems subject
to nonlocal symmetries, this section will again be devoted
to generic systems and systems subject to local similarities.
Recalling that the generic (similarity-protected) EPns them-
selves are classified by a m;,_3 (7,_,)-invariant, the gapped
topology is given by a my,—» (m,—)-invariant. Quite sur-
prisingly, this predicts that the eigenvalue topology of both
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FIG. 8. Real and imaginary parts of the eigenvalues of the Hamiltonian given by Eq. (133) in panels (a)—(e) and (f)—(j), respectively. The
red points illustrate generic EP2s, with their concomitant bulk Fermi and i-Fermi arcs highlighted with the yellow lines in panels (a)—(e) and
()—(j), respectively. By first increasing the magnitude of my while keeping m; fixed, the EP2s eventually merge into a single EP2 [panels
(b) and (g)], which is then immediately gapped out when my, is increased further [panels (c) and (h)]. While the (real) bulk Fermi arc is now
forming a closed curve, the imaginary energy is completely gapped. This imaginary energy gap is kept when increasing the magnitude of m,
[panels (i) and (j)]. In the real spectrum, varying m; instead shrinks the Fermi arc [panel (d)], to a point where it is fully removed [panel (e)].
Since this is occurring without passing through a gapless phase including an EP2, the Fermi arcs are not topological, explaining the trivial

m,-invariant predicted by the classification scheme.

generic and similarity-protected systems is trivial in the ab-
sence of EPns. At first glance, this seems to contradict earlier
results, such as the nontrivial braiding properties observed in
gapped non-Hermitian systems. However, a nontrivial braid is
often accompanied by a nontrivial Fermi arc, highlighting a
connection between braids and the existence of bulk Fermi
arcs. The ability to form nontrivial braids in, for example,
two-dimensional systems arises because the braid is nontrivial
along a noncontractible circle on the torus, an aspect not
captured by homotopy groups between spheres, but rather by
those between the torus and the sphere [100]. Consequently,
the trivial m,-invariants derived using the resultant vector
formalism do not prohibit the existence of topologically non-
trivial bulk Fermi arcs that lie along any of the generating
directions of the Brillouin torus in generic and similarity-
protected non-Hermitian systems. What trivial m -invariants
do say is rather that bulk Fermi arcs existing in the absence
of EPns that do not span any of the generating directions of
the Brillouin torus can be removed from the spectrum without
necessitating the system to undergo a spectral phase transition
involving an EPn.

To illustrate this claim, it is fruitful to resort to a low-
dimensional example with few bands for intuition. Consider
a Hamiltonian given by

0 1
k) = (aR(k) + iay (k) 0)’ (133)
ar(k) = sink, — mg, (134)
ar(k) = my — cos k, — cosk,, (135)

for some real-valued mass terms mg and m;. Figure 8 shows
the corresponding real and imaginary spectra. Upon varying
mg and my, the two EP2s connected by an open bulk Fermi
arc [Figs. 8(a) and 8(f)] can annihilate in such a way that
the spectrum is left with a closed bulk Fermi arc in the

real spectrum [Figs. 8(b)—8(d)], while the imaginary spectrum
only comprises the merged EP2 [Fig. 8(g)] before it becomes
completely gapped [Figs. 8(h)-8(j)]. As the magnitude of my
is increased, the bulk Fermi arc is shrinking [Figs. 8(c) and
8(d)] to eventually be removed completely [Fig. 8(e)]. If the
Fermi arc was to be topological, such a process would require
passing through a spectral phase including an EP2, but this
is not the case here since the imaginary spectrum is kept
fully gapped throughout this process. It is possible since the
generic and (local) similarity-protected non-Hermitian spectra
are not constrained as the spectra of nonlocal symmetrical
systems—there are no points acting as the TRIM points. It
should be noted, however, that the EP2s could equally well
have been annihilated along any of the generating directions of
the Brillouin torus. This would result in one noncontractible,
yet closed, Fermi arc spanning through all k, or k,. As men-
tioned above, such Fermi arcs are not classified by the strong
topological invariants from resultant vector formalism, since
they are not classified by maps between spheres, but rather
by maps from the weak topological invariants given by the
homotopy groups between a torus and a sphere [100]. In other
words, the resultant vector formalism captures local topology,

e., topological properties of points in the Brillouin zone,
rather than global topology of the full Brillouin zone.

IX. CONCLUDING REMARKS
A. Summary

In this work, we have classified the Abelian eigenvalue
topology of generic EPns, as well as EPns protected by
local similarity relations and nonlocal symmetries, using a
rigorous mathematical framework. Concretely, by encoding
of EPns in resultant vectors as singularities of vector fields
on a Brillouin torus of appropriate dimensions, both generic
and (local) similarity-protected EPns are classified in terms
of Mayer-Vietoris sequences. Furthermore, the exactness of
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these sequences leads to corresponding doubling theorems
for EPns. These theorems ensure that EPns, similar to de-
generacies in Hermitian matrices such as Weyl points, must
appear in pairs within the Brillouin torus. The Mayer-Vietoris
sequences partly provide a geometric interpretation of the
topological classification of EPnus, as it is related to the under-
lying classification of vector bundles, which is also worked
out. Apart from the interpretation in terms of Mayer-Vietoris
sequences, the topological classification scheme of EPns pro-
vided in Ref. [86] is furthermore extended to also include
EPns protected by self skew-similarity. Through this classi-
fication, it becomes apparent that most generic and (local)
similarity-protected EPns are classified by generalized wind-
ing numbers corresponding to topological invariants of the
Hermitian symmetry class AIIL. The exceptions are EPns for
even n protected by pseudo-Hermiticity, which instead are
classified by Chern numbers in symmetry class A whenn > 2
and a Z,-invariant in class D when n = 2. In contrast to
the local similarities, nonlocal symmetries do not impact the
codimension of EPns, but instead induce additional eigen-
value topology. This is shown to be intimately related to how
EPns are created and annihilated, as the symmetry-induced
topology is sourced by topologically nontrivial bulk Fermi
arcs connecting the EPns. Upon annihilating the EPns, the
bulk Fermi arc itself can become topological, meaning that
it can only be removed from the spectrum by again passing
through an EPn. This predicts the existence of lone bulk
Fermi arcs protected by a Z,-invariant, naturally dubbed Z,
Fermi arcs. It is finally shown that the general framework is
not limited to pointlike EPns, but also leads to interesting
conclusions for nondefective EPns, EPns of any dimension,
and n-band systems without EPns. On a general level, the
classification scheme describes Abelian eigenvalue topology
of EPns in non-Hermitian systems in terms of the tenfold way
and Hermitian eigenvector topology.

B. Discussion and outlook

The general topological classification of EPzs, and the fun-
damental understanding of it, is of direct physical relevance
in a large variety of modern research areas. Generic EPns
are realized in various systems with synthetic dimensions,
such as Floquet systems [101]. As for similarity-protected
EPns, pseudo-Hermitian matrices include the P7 -symmetric
ones commonly used in optics. Here, P77 -symmetric matrices
are used to describe reflectivity, or as effective Hamiltonian
descriptions of photonic crystals with balanced gain and loss
[2—4]. Self skew-similar systems include non-Hermitian Lieb
lattices, which comprise yet another important extension to
the non-Hermitian realm in photonics [83—-85]. Further de-
veloping and increasing the theoretical understanding of the
topological nature of EPns will thus provide a stronger ground
in all these, to mention only a handful, highly relevant re-
search fields, which demonstrates the vast potential possessed
by fundamental classification schemes.

Recent works have furthermore started to investigate what
the physical consequences of having a nonorientable Brillouin
zone, instead of the ordinary torus, are [102]. On such man-
ifolds, doubling theorems are modified and seem to take the
form of mod 2 charge-cancellation theorems (meaning that

the indices/invariants locally assigned to singularities globally
sum to an even number). Including these results in a more
systematic and general classification scheme is desirable, and
something to decipher in future works, in both the Hermitian
and non-Hermitian realms.

The striking similarity between the classification of EPns
protected by pseudo-Hermitian similarity for even n and Weyl
semimetals, although connecting the eigenvalue topology of
EPns to the eigenvector topology of Weyl nodes, suggests
a potential prediction of topological surface states in non-
Hermitian systems. This stems from the existence of surface
Fermi arcs in Weyl semimetals. One way of viewing this
is from the respective Mayer-Vietoris sequences, which are
equivalent for the two cases. For example, when describing
Weyl semimetals, the Poincaré-dual sequence in (relative) ho-
mology groups is used to mathematically predict the existence
of and to understand the topological properties of the surface
Fermi arcs. Since the Mayer-Vietoris sequence of EP4s yields
the very same Poincaré-dual sequence of homology groups as
three-dimensional Weyl semimetals, it predicts the existence
of something topologically equivalent to Fermi arcs in the
space of resultants of the parent pseudo-Hermitian matrix.
Though being topological surface states in a resultant space,
it is by no means guaranteed that these will correspond to
surface states in the parameter space of the parent matrix.
One should further take into account that the bulk-boundary
correspondence is fundamentally different for non-Hermitian
systems compared to Hermitian ones and that it further breaks
down at the EPs due to the coalescence of eigenvectors
[44—46]. Nevertheless, topological features in the space of
resultants necessarily reflect some topological feature in the
parent matrix, although the exact relation between these two
might not be obvious. Revealing this connection would further
increase the understanding and impact of Chern numbers in
non-Hermitian topological band theory and comprise a highly
interesting and relevant question to answer in future works.

The classification of the Abelian topology of EPns pro-
vides a strong theoretical foundation to be used to further
develop this field. Naturally, unraveling non-Abelian topology
corrections physically stemming from adding more bands,
or, mathematically, from placing an existing n x n Jordan
block into a larger square matrix, is one possible direction.
A particularly interesting phenomenon directly linked to this
is the appearance of different kinds of EPs of a particular
order in the same matrix. A recent work has initiated such
a study, albeit still within the Abelian regime, by classifying
“Hopf EPs” [103]. These are exactly EPs whose codimension
is generically higher than what is expected from the conven-
tional argument based on counting constraints. Additionally,
the breakdown of the Abelian classification based on the
resultant winding number is also emphasized through the in-
troduction of “fake EPs”—points in momentum space where
the resultant winding number is nontrivial despite the absence
of an EP. These phenomena arise exclusively when the size of
the matrix is larger than the degree of the degeneracy, showing
the importance of extending the existing Abelian classification
schemes to the non-Abelian realm in future works.

Despite being developed to unravel the topological prop-
erties of EPns in non-Hermitian systems, the classification
schemes may find profound implications also in Hermitian
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band structures. Arguably, the most prominent example is
given by EPns protected by nonlocal symmetries and the
intricate relation between bulk Fermi arcs in non-Hermitian
systems and Dirac strings in Hermitian systems. This serves
as an additional physical motivation to further unravel the
underlying vector bundle structure related to 7 -symmetric
systems in dimensions beyond 4. This would not only further
deepen the understanding of the symmetry-induced topol-
ogy related to EPns, but also provide a more fundamental
description of the generalizations of FKM invariants and
their corresponding monopoles in Hermitian systems. Conse-
quently, this provides a recipe toward explicit constructions of
higher-dimensional topological insulators models with non-
trivial Z,-topology using simpler non-Hermitian models. The
resultant Hamiltonians corresponding to the non-Hermitian
toy models studied in Sec. VII comprise concrete such
examples.

Finally, it is again worth emphasizing the striking con-
nection between abstract mathematical concepts and physical
properties of direct experimental relevance. Bridging these

seemingly distant fields is done through the theoretical
framework of topological band theory and, more concretely,
here in terms of Abelian classification schemes of the
topological properties of EPns. Extending this venue further,
and simultaneously elucidating its topological and physical
consequences, comprises a highly relevant step toward un-
raveling the full richness of non-Hermitian topological band
theory.
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