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Boson sampling is a key candidate for demonstrating quantum advantage and has already yielded significant
advances in quantum simulation, machine learning, and graph theory. In this work, a unification and extension
of distinct forms of boson sampling is developed. The devised protocol merges discrete-variable scattershot
boson sampling with continuous-variable Gaussian boson sampling. Therefore, it is rendered possible to har-
ness the complexity of more interesting states, such as squeezed photons, in advanced sampling protocols.
A generating function formalism is developed for the joint description of multiphoton and multimode light
undergoing Gaussian transformations. The resulting analytical tools enable one to explore interfaces of different
photonic quantum-information-processing platforms. A numerical simulation of unified sampling is carried
out, benchmarking its performance, complexity, and scalability. Entanglement is characterized to exemplify the
generation of quantum correlations from the nonlinear interactions of a unified sampler.
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Introduction. The development of quantum information
processing [1] has been driven by the pursuit of physical
platforms capable of efficiently encoding, manipulating, and
transmitting quantum states while maintaining coherence and
scalability [2,3]. Among the various candidate systems, quan-
tum optical/photonic platforms [4,5] offer unique advantages
due to the weak interaction of photons with their environment
[6,7]. This intrinsic robustness against decoherence, coupled
with well-established optical control techniques, has lifted
photonics as a key architecture for quantum communication,
quantum computing, quantum sensing, and quantum simula-
tion [8,9].

Aside from single photons, which are the building blocks
for discrete-variable optical quantum information [10], a par-
ticularly important class of states is squeezed states, which
emerges from the family of Gaussian transformations that
redistribute quantum uncertainty between conjugate quadra-
tures of the optical field [11]. Such Gaussian states play a key
role in continuous-variable quantum information [12–14]. The
Gaussian nature of these states allows for deterministic state
preparation and transformation via linear optics and homo-
dyne detection [15].

Among all quantum technologies, boson sampling, intro-
duced by Aaronson and Arkhipov [16], is a quantum optical
implementation of a computational model that may surpass
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classical algorithms, overcoming the extended Church-Turing
thesis [17] and reaching quantum advantage. In its original
version, the protocol consists of sending single-photon states
through a randomly selected linear interferometer and per-
forming measurements at the output. The sampled probability
distribution, proportional to the modulus squared permanent
of the scattering matrix, falls in the #Pcomplexity class [18].
However, boson sampling experiments mostly rely on prob-
abilistic photon sources [19], limiting the boson sampling
scalability. To address this issue, many alternative models
were introduced: Scattershot boson sampling (SBS) [20–22]
improves the efficiency by using heralded photon pairs, while
Gaussian boson sampling (GBS) [23–25] leverages squeezed
states for the production of a large number of indistinguish-
able photons. In the GBS, the Hafnian of the scattering matrix
[26,27] built by the measured modes provides the required
#P complexity. Further applications of GBS can be found in
molecular vibronic spectra simulation [28], graph-based prob-
lems [29,30], state preparation [31,32], and machine learning
tasks [33,34].

More recently, however, many quantum information proto-
cols were designed on hybrid platforms where both discrete
and continuous properties are exploited [35]. Integrating
squeezing transformations into large-scale photonic quantum
networks presents an opportunity to take advantage of the best
of both encodings by entering the domain of non-Gaussian
quantum states [36].

In this work, we introduce a hybrid protocol for boson
sampling. The protocol entails feeding single photons to opti-
cal parametric amplifiers, followed by a Haar random linear
interferometer and photodetection. To describe this unified
boson sampler, we first develop an exact formalism com-
prising both Gaussian and photonic resources that harnesses
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the expectation values for momenta to arbitrary order. Our
method represents photons via derivatives of a Gaussian gen-
erating function that carries all the information about the time
evolution of the multiphoton system. We prove that the unified
boson sampler encompasses early sampling models, and we
validate this statement by determining the distance from SBS
and GBS. Furthermore, we study the computational time as a
function of the squeezing and the system size, providing a hint
about the complexity of the here-devised sampler. We finally
compute the entanglement negativity as a function of the mean
total photon number, highlighting the dependency on the input
photons as well as on the squeezing intensity.

Methods. In order to describe the dynamics of an M-mode
optical field, we introduce the vector of canonical variables
in phase space [37], âT = [â1, . . . , âM , â†

1, . . . , â†
M], in such

a way that canonical commutation relations can be recast as
[â, âT] = iJ where J = −i

[
1 0
0 −1

]
, with 0 and 1, respec-

tively, denoting the null matrix and the identity. (Note that Î
is the identity operator acting on quantum states.) Throughout
the work, bold quantities denote 2M-dimensional objects in
the space of canonical variables.

All Gaussian transformations preserve canonical commu-
tation relations [14], are closed under matrix multiplication,
and form the complex symplectic group [38,39] SpC(2M ) =
{T ∈ C2M×2M | TJT ∗T = J}, where we denote with ∗T the
Hermitian conjugation for phase-space matrices, while reserv-
ing the † symbol for operators acting on the Hilbert space of
states. Therefore, any unitary operator T̂ as a Gaussian trans-
formation in Hilbert space can be expressed by the action of a
complex symplectic matrix on vectors of canonical variables
T̂ âT̂ † = Tâ. Further, a generic T ∈ SpC(2M ) can always be
written as four blocks made by M × M complex matrices [40]
T = [U V

V ∗ U ∗
]

subject to the symplectic constraints UU ∗T −
VV ∗T = 1, UV T = VU T. Linear interferometry (V = 0)
is now identified with the group of unitary transformations
U(M ), which turns out also to be isomorphic to the maximal
compact subgroup of SpC(2M ) [41].

We may decompose Gaussian matrices with the so-called
Bloch-Messiah decomposition [42] as T = LSR, with L, R
being M-mode unitaries and S taking the form S = [

σU σV
σ ∗

V σ ∗
U

]
,

with σU = diag(σu1 , . . . , σuM ) and σV = diag(σv1 , . . . , σvM )
containing the 2M singular values of T , obeying σui =√

1 + |σvi |2. This identity stems from the singular value
decomposition [43] when applied to symplectic matrices.
Thus, Bloch-Messiah states how any Gaussian operation can
be decomposed into a linear interferometric transformation
(unitary rotation), followed by single-mode squeezing (diago-
nal matrices) and another linear transformation [44].

To compactly describe input photons, we refer to the for-
malism of generating functions [45]. For M-mode photon
states, it turns out that the matrix

⊗M
k=1 |nk〉〈nk| can be equiv-

alently described by the operator �̂n̄ = 1
n̄!

∏M
k=1 ∂nk

xk
Ê (xk )|x̄=0̄,

with Ê (xk ) = xn̂k
k =: e−(1−xk )n̂k :, and “: · · · :” denoting the

normal ordering prescription [46]. Furthermore, we utilize
a multi-index notation, namely, x̄ = (x1, . . . , xM ). For each
mode k, Ê (xk ) simultaneously encodes the full information
of all photon-number states. Such compact writing allows
for efficient computations of statistical moments of the field

and was proven to be also useful for the description of
thermal states, Fock states, and detector performance char-
acterization. In particular, the generating function formalism
can easily be adapted to describe photon losses by replacing
: exp {−(1 − x)} :→: exp {−η(1 − x)} :, with η denoting the
quantum efficiency [47,48].

To achieve the normally ordered form of matrices describ-
ing propagated input states, we rely on the group theoret-
ical properties of Gaussian Hamiltonians. In particular, for
M-mode Gaussian transformations ladder operators turn out
to be an infinite-dimensional representation of an sp(2M +
2) subalgebra [49,50]. Thus, tacking operations on group
elements that only involve products is representation indepen-
dent [51], meaning that the reordering of operators can be
performed into a simpler, finite-dimensional representation.
Combining the aforementioned technique with the Bloch-
Messiah decomposition leads to a normally ordered form for

T̂ = e− 1
2 â†U −∗TV T â†

e− logU ∗T(â†â+Î/2)e
1
2 âV ∗TU −∗T â, (1)

(see the Supplemental Material [52]). Previously, similar tech-
niques were shown to be useful, e.g., in Refs. [53–55]. From
the above result, we can compute the normally ordered time
evolution of photon-number states:

�̂′
n̄ = ∂ n̄

x̄ :
exp

{
1
2 âT

[
A B

BT A∗

]
â
}

n̄!| det[U ]|
√∏M

i=1 Di

:

∣∣∣∣∣∣∣
x̄=0̄

, (2)

with

D = diag(1 − XU −∗V ∗XV TU −T),

A = −V ∗U − + U −TXD−V ∗TU −∗TXU −,

B = −(1 − U −∗TXD−U −), (3)

where X = diag(x1, . . . , xM ) and a superscript “–” denotes
the inverse (cf. Supplemental Material [52]). Next, we show
how this formalism unifies the description of any process
involving generation, transformation, and detection of any
photon-number state combined with Gaussian resources, thus
subsuming previous results, e.g., in Refs. [56,57]. Notice that
a complementary analysis of the above scenario has been
developed in terms of loop Hafnians in Refs. [58–60].

Unified boson sampling. Having developed a formalism
to analytically describe Gaussian transformations of photon
states, we can incorporate both the SBS and the GBS in our
model and describe the physics that lies in between; i.e., we
can give a joint description of these boson sampling problems,
a protocol that we dub unified boson sampling (UBS). For
simplicity, let Nin = Nout = N single input and output pho-
tons. By calling G the matrix in the exponent of Eq. (2), it
can be shown (see the Supplemental Material [52]) that prob-
ability outcomes are described by the following expression:

PN→N = 1

| det[U ]|
∑

S

Haf
(|U −1V |◦2

(β̄,β̄ )

)

× ∂N−|β̄|
∏

i/∈S ∂xi
Haf(GS )

∣∣∣∣
x̄=0̄

, (4)
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FIG. 1. Implementation of a unified boson sampler. Input pho-
tons, generated via parametric down-conversion processes (PDCs)
and conditional measurements, are fed into optical parametric am-
plifiers (OPAs) to generate squeezed photons. The latter are mixed
by a Haar-random unitary (UHaar) before an array of photodetectors
projects the state onto one element of the photon-number basis.

where S runs over the sets {1, . . . , N} and | · · · |◦2 stands
for the elementwise modulus square of a matrix. Given β̄

the subset of derivation variables, the notation (β̄, β̄ ) stems
from the subtraction of the β̄rows and columns. GS indicates
the submatrix selected by the modes in which photons are
detected at the output.

The UBS can be compared to the aforementioned standard
boson sampling algorithms. It is proven in the Supplemental
Material [52] how the probability distribution of the UBS
reduces to the SBS one when sending V → 0; i.e., one obtains
the squared permanent of a submatrix of the (now unitary) U
block of T . The GBS limiting case, i.e., the Hafnian of GS , is
more easily recovered by sending Nin → 0. Furthermore, the
result in Eq. (4) can also be rewritten using the Faà di Bruno’s
formula as

PN→N = 1

| det[U ]|
∑

S

Haf
(|U −1V |◦2

(β̄,β̄ )

)

×
∑
π∈�

Haf
(
GS

[i, j]

) ∏
B∈π

(k,l )∈(i, j)

∂ |B|GS
kl (x̄)∏

r∈B ∂xr

∣∣∣∣∣
x̄=0̄

, (5)

with � being the set of partitions of the indices {1, . . . , N −
|β̄|}, B the size of each partition, i = i1, . . . , i|π |, j =
j1, . . . , j|π | indices belonging to each partition π , and [i, j]
standing for the removal of all i, j rows and columns.
Equation (5) points out how the number of Hafnians that
should be computed for each probability grows as the number
of partitions of N − β̄ elements. This quantity scales with the
Bell number of N − β̄, showing a superexponential behavior
in the number of Hafnians and thus an increased complexity.

Our results are generalized to multiple photons per mode
by means of MacMahon’s theorem [61], by removing/adding
multiple rows and columns conditioned to the number of
initial as well as the number of measured photons. However,
since the complexity of the Hafnian increases with the rank
of the matrix [62], any boson sampling implementation usu-
ally tries to avoid multiple clicks in the same detector. For
realizing UBS, we outline an experimental setup in Fig. 1,
in which multiple seeded-generated single photons undergo a
Gaussian transformation performed by K independent
single-mode optical parametric amplifiers, followed by a

FIG. 2. Average L1 distances between UBS and SBS (dP) and
GBS (dH) for different numbers M of modes in the so-called
saturated scenario as a function of the squeezing ζ . On the left
vertical axis, we display the average distance between UBS and
GBS (dashed, red curves), while on the right one between UBS
probabilities and the permanents in SBS (solid, blue curves). We
have a minimum distance for dP and a maximum for dH at ζ = 0 dB
(no squeezing, pure SBS regime), while we have a maximum for
dP and a minimum for dH at ζ = 8 dB (high value of squeezing
intensity, approaching the GBS regime). Statistical fluctuations from
the Haar-random selection are displayed via bars.

Haar-random unitary matrix [63] and a postselection onto
N-photon events.

Numerical simulations. Our UBS renders possible to con-
tinuously transition from SBS to GBS, exploring the full
intermediate regime. To this end, we simulate multiple rounds
of the UBS. We study the L1distance between the UBS prob-
abilities and the Hafnians, dH = |PUBS − PGBS|, and similarly
to the permanents, dP = |PUBS − PSBS|, both as a function of
the squeezing in the region ζ ∈ [0, 8] dB. Such distances show
the behavior of UBS probability distributions, displaying their
deviations from those associated with SBS and GBS. For
derivatives, we harness automatic differentiation techniques
widely popular for neural network training tasks, as they are
proven to perform with high precision [64,65]. We compute
the distances for 12 values of ζ in the aforementioned interval,
in a range from two to six modes for a saturated scenario,
defined as N = 	M/2
 and K = M. The same was done in a
diluted scenario, where K = N = 	M/2
 [52].

We run the simulation multiple times to avoid biases in the
choice of particular unitaries or photon patterns, which are
randomly generated. The sample variance over Haar-random
unitaries is given by the average estimator, i.e., (σ/Nsample )1/2

with σ the standard deviation for the average over the runs,
and Nrun = 50. Furthermore, in Fig. 2, we can observe an
intersection point around ζ ≈ 3 dB, representing a midpoint
of UBS between GBS and SBS.

To further benchmark the model, we report the compu-
tational time as a function of system size in Fig. 3. We fix
the squeezing intensity to the midpoint value ζ ≈ 3 dB, as we
observe no changes in the computational time as a function of
the squeezing parameter (cf. Supplemental Material [52]). In
Fig. 3, we plot the averaged computational time as a func-
tion of the input and output photon numbers Nin and Nout.
We can see that, even for low dimensions, the computational
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FIG. 3. Average computational time for the UBS at ζ ≈ 3 dB.
The average was taken over ten rounds of simulation for each
(Nin, Nout ) pair. The computational time increases more significantly
with the input when compared to the output, pointing out the super-
exponential behavior, captured through Eq. (5).

time scales more rapidly with the number of input photons
with respect to the output photon number, capturing the
increased complexity given by the presence of non-Gaussian
input states.

Finally, we study quantum correlations within the UBS.
More specifically, we apply the Shchukin-Vogel criterium
[66] to a matrix of second-order moments: The presence
of negative eigenvalues on a matrix of moments certifies
entanglement. We quantify the bipartite entanglement by
computing the logarithmic negativity log2(2N + 1) of the
quantum states, with N being the absolute value of the sum
over negative eigenvalues of the partially transposed matrix of
moments of the quantum field, i.e., N = |∑i λ

(<0)
i |. We focus

on an M = 2d-mode scenario for d = 6 and different number
of input photons Nin = {2, 4, 6, 8} equally split between the
subsystems, a case of particular interest for qudit technologies
[56]. To this end, we too fix UHaar = 1√

2

[
1 i1
i1 1

]
, where 1

represents a d × d identity matrix. The computation of mo-
ments is given by the following formula (see the Supplemental
Material [52]):
〈
âk1

1 · · · âkM
M â† l1

1 · · · â† lM
M

〉

= (−1)
∑M

i=1 ki ∂ n̄
x̄ ∂ k̄

ȳ∗ ∂ l̄
ȳ

n̄!| det[U ]|
e

1
2 yTG−y

√
det [−G]

∏M
i=1 Di

∣∣∣∣∣∣∣
ȳ=0̄,ȳ∗=0̄,x̄=0̄

,

(6)

with yT = [−y∗
1, . . . ,−y∗

M , y1, . . . , yM ].
To perform the numerical computations, we rely on a

second-order Richardson interpolation [67] of the central
finite-difference technique for derivation. (For a comprehen-
sive analysis on the error estimation of the simulation, see the
Supplemental Material [52]). In Fig. 4, we show the behavior
of the logarithmic negativity as a function of the mean total
photon number. Each curve represents a different number of
input photons, and each point on the curves stems from a
particular squeezing, highlighting the dependency of the en-
tanglement on the two different quantities. From this analysis,

FIG. 4. Quantum correlations of the UBS. The logarithmic neg-
ativity of the unified boson sampler for the bipartite scenario is
plotted as a function of the mean photon number. Different curves
correspond to different total numbers of input photons in a 12-mode
scenario, while points on each curve represent different squeezing
intensities ζ . Deviations from the purely Gaussian regime are more
marked for low squeezing values and high number of initial photons.

we can see how in the high-squeezing region, the negativity
converges to a purely GBS regime, as the number of input
photons becomes more negligible for increasing values of
squeezing. Conversely, in the low-squeezing region, for any
fixed ζ , we observe significant deviations between different
Nin.

Conclusions. In this work, we propose an advanced model
of boson sampling, called unified boson sampling, encom-
passing Gaussian and scattershot samplers as special cases.
We develop the formalism to exactly characterize our unified
sampler, harnessing the theory of generating functions and
representations of the symplectic group. This allows us to
compute quantum-physical quantities by means of derivatives
of a normally ordered operator containing the Gaussian nature
of the time evolution together with photon-number states.
Then, we present a theoretical proposal to implement the
devised protocol using state-of-the-art components. In numer-
ical simulations, we quantify the distinctiveness of our UBS
and the Hafnian and permanents from common samplers in
terms of distances. This is done for different numbers of
modes and squeezing values. We further analyze the computa-
tional time as a function of the squeezing and the system size.
This quantity might serve as a benchmark of the complexity
of the UBS. Finally, we certify the amount of entanglement in
the UBS apparatus via the logarithmic negativity, highlighting
the different contributions of photon numbers and squeezing.
Future research is needed in order to thoroughly prove the
potential application of the unified sampler, in particular, to
test its performances and its complexity under photon losses.
However, the generating function formalism straightforwardly
generalizes to account for photon losses that always affect sin-
gle photons and squeezed states, providing analytical and nu-
merical tools for the description of experiments within reach.
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