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Periodic kick drives are ubiquitous in digital quantum control, computation, and simulation, and are instru-
mental in studies of chaos and thermalization for their efficient representation through discrete gates. However,
in the commonly used Fourier basis, kick drives lead to poor convergence of physical quantities. Instead, here
we use the Walsh basis of periodic square-wave functions to describe the physics of periodic kick drives. In
the strongly kicked regime, we find that it recovers Floquet dynamics of single- and many-body systems more
accurately than the Fourier basis, due to the shape of the system’s response in time. To understand this behavior,
we derive an extended Sambe space formulation and an inverse-frequency expansion in the Walsh basis. We
explain the enhanced performance within the framework of single-particle localization on the frequency lattice,
where localization is correlated with small truncation errors. We show that strong hybridization between states
of the kicked system and Walsh modes gives rise to Walsh polaritons that can be studied on digital quantum
simulators. Our work lays the foundations of Walsh-Floquet theory, which is naturally implementable on digital
quantum devices and suited to Floquet state manipulation using discrete gates.

DOLI: 10.1103/8hkk-2c6d

Quantum simulation is a pillar of quantum technology with
numerous successes in the study of localization, thermaliza-
tion, chaos, and topology. These simulations fall under two
main categories: analog and digital. For each of these cate-
gories, periodic driving is instrumental in the investigation of
nonequilibrium physics within the paradigm of Floquet theory
and the design of synthetic matter via “Floquet engineer-
ing” [1-3]. Analog harmonic drives in optical lattices allow
the simulation of gauge fields and topological models that
are inaccessible in natural materials alongside dynamically
induced localization [4—7]. On digital platforms, inherently
nonequilibrium Floquet phases of matter can be simulated,
such as discrete time crystals [8—12]. Besides exactly im-
plementing discrete stepwise-continuous protocols, arbitrary
time dependence can be realized on digital platforms through
Trotterization, which introduces an associated discretization
(Trotter) error; it can cause Floquet heating in the system, and
its mitigation or potential beneficial use is an active area of
research [13-16].

Periodic kick drives composed of delta function trains are
exactly expressible on digital platforms. A paradigmatic ex-
ample is the kicked Ising model, which is key in the simulation
of exactly solvable unitary dynamics [17-22]. Even beyond
digital platforms, kick drives exhibit rich quantum dynamics;
they give rise to nonergodic and chaotic behavior [23-26] and
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play a key role in large classes of quantum control protocols
[27-30].

To solve perturbatively for the Floquet dynamics of
such systems, a periodic basis with period T = 27w /@ and
frequency w is used. In the frequency lattice construction
[31,32], the periodic part of the Floquet response—the
micromotion—is expanded in the space of periodic functions
Lo (see Fig. 1). The “lattice” here refers to the labeling of
Fourier basis functions exp(imwt ) with m € Z. The frequency
lattice is infinite; to study it numerically, the effective
Hamiltonian matrix must be truncated, yielding basis-
dependent results. For strongly periodically kicked systems,
the commonly used Fourier series has notable disadvantages:
A kick drive has constant Fourier series coefficients with
no sensible cutoff; moreover, the cutoff process induces a
strong ringing distortion called the “Gibbs phenomenon” [see
Fig. 2(c)] [33]. While these effects can be mitigated, they
point to the inadequacy of the Fourier basis to analyze digital
drives.

In this work, we introduce the periodic Walsh functions
{W,(¢)} as an alternative basis for L5. The Walsh basis is
a set of periodic, orthonormal, piecewise-constant functions
that only take values 1 as shown in Fig. 2(a). Historically, it
was used extensively in signal processing and has also seen a
recent revival in physics [34—41]. The Walsh basis truncates
via discretizing the signal in real space with a time step T /N,
where N is the number of basis functions. Dynamical equa-
tions contain the time derivative; when treated explicitly as
the time translation generator, we show that it takes a block-
diagonal form in the Walsh basis with an identical spectrum
to the Fourier.

Under strong digital driving, quantum systems have a
piecewise continuous response. We demonstrate that for a
system driven with a delta function train, the response can be
captured by far fewer nonzero coefficients in the Walsh basis
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FIG. 1. (a) A kicked system (represented as a spin-1/2) obeying
the Schrodinger equation generically has a square-wave response in
the observables, via the micromotion |u,(t)). (b) Frequency lattice
states in the tensor product of the physical spin Hilbert space H
and the space of periodic functions, £ (schematic). Depending
on the choice of basis, the response is localized on the frequency
lattice labeled by mode number m. Wave functions are defined

y (1 |u () = Yp(m)f,u(t), where f,(t) represents Fourier or
Walsh modes.

as compared to the Fourier basis. Directly tied to this, we find
that the error in the quasienergies can be orders of magnitude
smaller in the Walsh than the Fourier basis when truncating
to the same number of modes. To illustrate this, we calculate
the time evolution of periodically kicked single-particle and
many-body mixed-field Ising model (MFIM).

We interpret the improved performance in the Walsh basis
via a single-particle localization problem; for an accurate de-
scription of the dynamics under truncation of the frequency
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FIG. 2. (a) Walsh basis functions for N = 4 basis elements along
with related trigonometric functions in a dashed line. This cor-
respondence only works for N = 4 since the roots of the Walsh
functions are not evenly spaced for N > 4. (b) Construction of the
Walsh basis from the Hadamard matrix for N = 4. (c) Example of
representing a function with discontinuities in different bases. The
Walsh (green) consistently undershoots for smooth variation; in con-
trast, the Fourier (orange) oscillates wildly near sharp discontinuities
(Gibbs phenomenon) for a periodic sawtooth wave (dashed black).

lattice, we find that the response must be localized in the
frequency lattice to minimize the truncation error. We quantify
localization through the participation entropy and demonstrate
that strong localization on the frequency lattice corresponds
to a more accurate description of the dynamics via the error in
the quasienergies.

Our work demonstrates that the Walsh basis can offer a
marked advantage over the Fourier basis in the setting of
strongly kicked systems. This has applications for digital
quantum simulators where many toy models for chaos and
thermalization use kick drives.

Walsh basis in a nutshell. The Walsh basis {W,, (1)} is a set
of N = 2" orthonormal step functions on [0, T']. For n = 1,
the Walsh basis elements are just the rows of the Hadamard

matrix,
1 1
H, = |:1 _1:|. (N

To find the Walsh functions for larger n, one uses the
Hadamard matrix of order 2", which is formed by taking the
tensor product n times of H,. An example of the correspond-
ing matrix for n = 2 is shown in Fig. 2(b). These periodic
functions are defined by a set of points t; = jT /2", where
j=0,1,...,2" — 1. Away from these points, the values of
the Walsh functions come from interpolating in a piecewise
constant manner [see Fig. 2(a)]. We label the states according
to natural ordering [42]; this means that the same function will
change its label in the basis, for different N. For instance, we
can label the Walsh function with a single root [e.g., W, (¢) in
Fig. 2(a)] as Wy/»(2), since this gives the correct label for any
N. In Figs. 2(a) and 2(b), we illustrate the Walsh functions
on the real line and the character table from which they are
derived for n = 2.

Both the Walsh and the Fourier are complete bases such
that their representations of functions should be equivalent;
however, under truncation, the corresponding approximations
differ. To render the frequency space finite, the Fourier basis
applies a sharp cutoff that discards any coefficients associated
with higher frequencies. By contrast, the Walsh basis maps
different frequencies onto each other; the time discretization
in the Walsh basis leads to distortion of the signal (aliasing)
because it cannot resolve the shorter length scale features of
a function [43]. If higher frequencies carry significant weight,
as in the presence of singularities, discarding higher frequen-
cies in the Fourier basis suggests that the Walsh basis can
outperform. Further details of the construction of the Walsh
basis, and the difference in the Walsh and Fourier coeffi-
cients due to the aliasing effect are discussed in detail in the
Supplemental Material [52]. We now detail the use of the
Walsh basis to solve the Floquet problem.

Quasienergy operator in the Walsh basis. The solution
to the Floquet problem, the evolution of a periodically
driven system with Hamiltonian H(t) = H(t + T), is given
by the eigenstates and eigenvalues of the Floquet Hamilto-
nian Hr alongside the kick operator K(¢) (cf. Supplemental
Material [52]).

The eigenstates and eigenvalues of the Floquet
Hamiltonian can be found from the quasienergy operator,

Ot) = H(t) — id,. @
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To diagonalize it, we write it as O in an extended frequency
space (Sambe space [31]), F = H ® L. H is the physical
Hilbert space associated with A (¢), and we promote the peri-
odic time dependence to its own Hilbert space, Lg [32]. The
inner product on F is ((u|v)) = T~! fOT dr (v(t)|u(t)).

The operator Q has eigenvalues ¢,, = ¢, + mw, where
m € Z. These eigenvalues, known as quasienergies, are
defined modulo mw. In figures, we rescale to define di-
mensionless Floquet phases 6, = ¢,T. The corresponding
eigenvectors, the Floquet modes, are expressed as |u,, (1)) =
€™ |u,(t)), with the phase factor accounting for the modular-
ity. The integer m is referred to as a photon index, since it can
be intuitively thought of as the number of photons dressing the
state. Previously, the Fourier basis has been used to decom-
pose |u(t)) as |am(t)) = |a) €™, and these are expressed as
|, m)) in the extended space.

To instead write the operator QO in the Walsh basis,
one needs to handle the derivative operator with care; on
a piecewise-constant basis, the derivative is not necessar-
ily equal to the generator of continuous time translations
as it is for a continuous basis. Indeed, in the Walsh basis,
the derivative is not the generator of translations for finite
N, as becomes evident from their different spectra. How-
ever, the translation generator G, defined thoroughly in the
Supplemental Material [52], agrees exactly with the truncated
spectrum of the derivative for any N. Hence, in the Walsh
basis, G is used in place of the derivative in Eq. (2); in the
extended space associated with the Walsh basis, Eq. (2) reads
asQ=H — iG. Properties of G in the Walsh basis, such as its
block diagonality, and truncation of the frequency lattice are
discussed further in the Supplemental Material [52].

Basis comparison for a kicked Ising model. We focus on
a kick drive that is an up-down kick with zero average, V (1),
as illustrated in red in Fig. 1(a); this choice is motivated by
its antiderivative being a single Walsh mode and is made for
simplicity. The Q operator for the Fourier and Walsh bases is
shown in the Supplemental Material [52] for the case of this
kick drive.

To compare the bases, we quantify their accuracy in repro-
ducing the Floquet dynamics via the quasienergy phases 6, for
the MFIM:

L-1

L-2
H=-> Joio;, — Y (hof+hV(t)}). (3
i=0 i=0

The error is defined by subtracting off the exact result:
ABhasis = |Obasis — Bexact|- When comparing the Walsh with the
Fourier basis, the Walsh always has an even number of modes
(i.e., N = 32), whereas the Fourier basis benefits from having
an odd number due to symmetry (i.e., N = 31).

First, comparing the two in the single-particle limit of
Eq. 3) (/ =0 and L = 1), we plot the quasienergy spectrum
and errors at finite truncation in Figs. 3(a) and 3(b), respec-
tively. Although the Fourier basis outperforms the Walsh basis
for weakly kicked drives, the Walsh performs much better
than the Fourier basis for strongly kicked drives. For zero
field strength, the response of the spin, |u(t)), is time inde-
pendent, and this is a single mode in both bases; hence, they
perform equally well. For weak kicking, the smooth response
is marginally better captured by the Fourier [Fig. 3(a) for
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FIG. 3. Single-particle quasienergies from a kick drive [see
Fig. 1(a)]. Panel (a) is the quasienergy spectrum for w = 10 and
h, = 4.5, showing the superior performance of the Walsh basis over
the Fourier. Panel (b) quantifies the error over a range of parameters,
showing that Walsh outperforms Fourier the most for strong kick
drives. In the orange region, the Fourier basis better approximates
the quasienergies, and in the green region the Walsh performs better.
N = 32 (31) modes used in both plots.

small kick field shows very little difference]. When h, ~ 7 /4,
the discontinuities are significant enough to favor the Walsh
basis. Along the line 4, = 0, the exact quasienergies are zero,
which is perfectly calculated by Fourier due to its reflection
symmetry for an odd number of modes.

In the many-body case [Fig. 4(a)], we see that the Walsh
basis (green) is orders of magnitude closer to the exact numer-
ics than the Fourier (orange) for intermediate kick strengths
less than 7 /2. In addition, the Walsh basis (green) outper-
forms the Fourier basis (orange) over a broad parameter range,
as illustrated in Fig. 4(b). For larger values of the kick field,
h, [44], the Walsh basis outperforms by at least an order of
magnitude. These larger h, are relevant to several models
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FIG. 4. (a) Many-body quasienergy spectrum for L = 3 spins
and N=32 (31) modes with / =1 and h,T = 1.1x. The Walsh
basis outperforms the Fourier. (b) Comparison of the error in the
dimensionless quasienergy phases calculated using the Walsh and
Fourier basis to the same level of truncation, N =64 (63) modes,
for L = 6 spins. Green indicates that Walsh is more accurate than the
Fourier, and orange means the opposite. Apart from very small kick
fields, the Walsh basis outperforms over a large parameter regime. At
large kick fields, in the black region, there is an error with respect to
the exact solution by more than 1% in both bases.
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involving kick drives to explore thermalization, localization,
and nonequilibrium phases since this is where the drive plays
a significant role. Alongside the qualitative reasons we dis-
cussed for the poor behavior of the Fourier basis in the
presence of kick drives, we now give compelling reasons why
the Walsh is the appropriate basis.

Understanding errors via frequency lattice localization.
There are several intuitive explanations for why the Walsh
basis outperforms the continuous Fourier basis for kick drives.
Since kick drives are periodic in frequency space with con-
stant Fourier coefficients ¢, ~ O(1), imposing a cutoff is a
poor approximation since we discard infinitely many rele-
vant frequencies. The aliasing effect creates several copies
of the true spectrum (see the Supplemental Material [52]),
which preserves the translational symmetry of the kick drive
in frequency space, giving the Walsh basis an advantage in
representing these singular functions at finite truncation.

Physically, accurate reproduction of the dynamics under
truncation can be understood through localization on the fre-
quency lattice L. The response of the system to the drive,
encoded by the Floquet states |u,(¢)), can have many modes
when expanded in a given time-periodic basis. Through trun-
cation, we implement a cutoff on these modes. Hence, if
|u,(2)) are well localized in photon space for a given basis,
we expect to get a good approximation by truncating in that
basis. We emphasize that the basis should be optimized to the
response, |u,(t)), rather than the drive. Rather surprisingly,
this means that the Walsh basis is a poor basis to capture
dynamics induced by square wave drives despite having a
single-mode spectrum (see the Supplemental Material [52]).

In the Fourier case, the localization problem is a general
Wannier-Stark model in 1D; there is a linearly varying on-site
potential (due to —id, = —i6) along with some tunneling
elements that appear off diagonal corresponding to an ef-
fective Hamiltonian in Sambe space H =) jol ® &j& i+

> Hi-p® &j& i, where the operator a' creates a virtual

“photon” with frequency jw on the space L.

The case of a harmonic drive is well approximated by the
Fourier basis; this corresponds to nearest-neighbor tunneling
and exponentially localized eigenstates. In contrast, a generic
kick drive has eigenstates that do not appear to decay with
distance at all in the Fourier basis due to the all-to-all coupling
in H with constant magnitude.

For the Walsh basis, the nondiagonal form of the derivative
means that the mapping to a Wannier-Stark ladder is no longer
possible. However, in the high-frequency regime, it is possible
to approximate the time dependence of the response, |u,(t)) =
exp(—iK(t)) |u,(0)), using the van Vleck expansion [2,45].
The time evolution of the response is generated by the kick
operator K(t),

exp(—iK (1)) =exp|:— i / dsH(s)} +0W™?). &

Hence, in the high-frequency regime, using Eq. (4), we can
guess at the form of the time evolution and pick a basis accord-
ingly. In particular, the Walsh basis performs well for the kick
drive V(1) = Wy,2(t) since the response, e~ KO oWy, (1) +
O(w™?) [inset of Fig. 5(a)]. Away from the high-frequency
regime, we can turn to other indicators of localization.

-1 0 1
~@ GO -
— - T

g W&lSh = 04 102 <A9)
= & &
@ <2
2 -
= = 0
]
E aps
g S
o e
g &2
g
%D 0 T 1
= 4 0o 7 3
Kick Field, hq

Log mode label, log,,(m)

FIG. 5. (a) Spin-up component of the response of a kicked
two-level system, defined via (1 |u(t)) = Y, imfu(t), where f,,(t)
denotes the orthonormal basis (Fourier and Walsh; see legend). Main
plot shows the modes; the inset—their time evolution, which is
close to a square wave at high frequencies. Dashed (solid) lines
indicate the low- (high-) frequency regime. At high frequency, the
signal is strongly localized in the Walsh basis and follows a 1/m
power-law decay otherwise. (b) Difference in quasienergy errors,
(AB) = AOpw = |AOF| — |Aby |, and photon participation entropy
[AS; Eq. (5)] highlighting the similarity between localization and
associated error, scaled by a factor of 10? (see text box). The errors
are computed over all spins; localization is only shown for the spin-
up component. The singular behavior near 7,7 = 0 comes from the
degeneracy of U(T, h, = 0) = 1. Data obtained using Eq. (3) with
L = 1; for panel (a) w, h, = 10, 7 /2.

We can view frequency lattice localization as a semiquan-
titative predictor for the error in the quasienergies. The errors
can be quantified via the localization of the modes, |u,(?)),
using the photon participation entropy,

S == Puln(Py). ®)

where we trace over states |«) € H to define a probability
of occupying the mth mode, P, =), [{({am|am))|?, inde-
pendent of the physical state |o). While other localization
measures such as the inverse participation ratio also capture
this localization, the logarithm present in the photon partic-
ipation entropy makes it drop off in value less steeply for
extended states and leads to a marginally better comparison
with the error. In Figs. 5(b) and 5(c), we see that a large photon
participation entropy (delocalized in the up spin component)
corresponds to a larger error. The participation entropy qual-
itatively predicts when solutions from truncation are more
accurate. This demonstrates clearly how choosing the optimal
basis of L for a given drive can be understood as a problem in
single-particle localization physics. We have omitted the spin-
down component since this suffers from resonance effects in
the first Floquet Brillouin zone.

Resonances in the spectrum can lead to disagreement
between error and delocalization due to strong hybridiza-
tion between physical and photonic degrees of freedom, also
known as polariton states; averaging over the physical de-
grees of freedom becomes a coarse approximation. Depending
on parameters, the polaritons behave differently. Arbitrarily
weak drive generically gives a “Fourier” polariton where one
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spin component hybridizes with exp(imwt ). However, for kick
field h, = w /2 and h,T < 1, one observes a “Walsh” polari-
ton where a component hybridizes with W,,(¢).

Both the spin-down component and polariton are discussed
further in the Supplemental Material [52].

Discussion and outlook. We have shown that Floquet anal-
ysis can be performed consistently in the Walsh basis. For
kicked drives, we demonstrated that the Walsh basis more
accurately describes the time evolution, when compared to
Fourier, at a given truncation level in both single- and many-
particle systems. The superior performance of the Walsh basis
can be traced back to the response of the system (rather than
the drive): The square-wave time dependence of the Floquet
modes is naturally expressed in the Walsh basis. Physically,
we explain the increase in truncation error as a delocalization
of the Floquet modes on the frequency lattice (Lg); measures
of localization, such as the photon participation entropy, cap-
ture the relative accuracy of periodic bases in describing the
Floquet dynamics.

While localization entropy generally predicts the error
well, it can jump sharply near resonances. In the high-
frequency regime, resonances introduce factors ¢”* into the
response, delocalizing it across several modes in non-Fourier
bases, even if it remains confined within a particular Floquet
zone. When states of H in a Floquet zone have different local-
ization behavior, tracing over H can lead to an incorrect error
estimate. Moreover, convergence is not generally guaranteed
in the Fourier or the Walsh basis, as the number of modes
N — oo. However, there is still asymptotic validity in the
solutions obtained for finite N.

In practice, the Walsh basis has recently seen a surge
of interest in several research areas of quantum physics. It
is being actively investigated for the advantages it offers
over alternative bases in both theoretical and experimental

settings in quantum sensing and control [40,46]. The Walsh
basis offers a promising tool for designing digital shortcuts to
adiabaticity on quantum simulators, such as by extending Flo-
quet counterdiabatic driving [14,47-50] to periodically kicked
drives. Similarly, in quantum computation and simulation,
recent works have investigated the Walsh basis to efficiently
encode the action of Pauli gates [39,41,51]. Our study gives
rise to a natural reformulation of the inverse-frequency ex-
pansion, which reduces the computational cost of effective
Hamiltonian calculations by eliminating contributions from
certain expansion orders (see the Supplemental Material [52]).
Curiously, interaction with the drive can also give rise to
Walsh polaritons (see Fig. S1(d) of the Supplemental Material
[52]) in the presence of particularly strong kicks—where spin
or particle degrees of freedom hybridize with the drive in
one of the Walsh modes; this opens up exciting and natural
possibilities for studying polariton physics on digital quantum
simulators.

Advancing the toolbox of periodic drives, we have quanti-
fied the performance of the Walsh basis and established it as a
competitive tool. Our work opens up pathways to think about
and utilize digital Floquet drives on noisy intermediate-scale
quantum (NISQ) devices.
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