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Throughout its history, the theory of quantum error correction has heavily benefited from translating classical
concepts into the quantum setting. In particular, classical notions of weight enumerators, which relate to
the performance of an error-correcting code, and MacWilliams’ identity, which links enumerators of a code
to the ones of its dual, have been generalized to the quantum case. In this work, we establish a relationship
between the theoretical machinery of quantum weight enumerators and a seemingly unrelated physics experi-
ment: we prove that Rains’ quantum shadow enumerators—a powerful mathematical tool—arise as probabilities
of observing fixed numbers of triplets in a two-copy Bell sampling experiment. This insight allows us to
develop here a rigorous framework for the direct measurement of quantum weight enumerators, thus enabling
experimental and theoretical studies of the entanglement structure of any quantum error-correcting code or
quantum state under investigation. On top of that, we derive concrete sample complexity bounds and physically
motivated robustness guarantees against unavoidable experimental imperfections. Finally, we demonstrate the
feasibility of experimentally learning weight enumerators on a trapped-ion quantum computer. Our experimental
findings are in good agreement with theoretical predictions and illuminate how entanglement theory and quantum
error correction cross-fertilize each other once two-copy Bell sampling experiments are combined with the
theoretical machinery of quantum weight enumerators.

DOI: 10.1103/8h3b-brg1

I. INTRODUCTION

The ultimate goal in quantum technology is to see high-
fidelity quantum devices both actualized and justified. This
will require us to solve two major challenges that—each
individually—have received a great deal of attention. The
first challenge (actualization) poses the question “how can
we protect fragile quantum information against noise?” and
indeed, the theory of quantum error correction (QEC) allows
for the detection and correction of errors that arise over the
course of a quantum computation [1–3]. It is widely accepted
that QEC will be essential to the realization of full-scale
quantum computers [4], and so substantial efforts are being
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made that have led to impressive progress in hardware de-
velopment [5–13]. Of equal fundamental importance to the
development of use cases for quantum computers and, thus,
to the second challenge (justification) is the question “how
can we efficiently extract properties of a carefully constructed
quantum state?”. On the one hand, understanding what can
be learned from experimental data informs characterization
and benchmarking techniques [14–17], such as verifying the
ability to generate large-scale entanglement [18–22]. On the
other hand, and more provocatively, answers to this second
question should also foster our understanding of genuine
quantum phenomena, which could unlock applications. As
quantum devices are moving closer and closer toward fault
tolerance, the above questions become increasingly pertinent.
At the same time, they are seldom considered in tandem,
leaving exciting opportunity to do so.

The relationship between each challenge is not obvious
from the outset. Concepts from device characterization have
found their way into QEC, but not often vice versa. For
linear properties such as stabilizer violations and fidelities,
the learnability question has been largely resolved in the
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context of classical shadows [23–27]. However, not all quan-
tities relevant for QEC are linear. In the nonlinear regime,
leveraging parallel multicopy measurements will become
important [28–33]. The sample complexity of estimating non-
linear properties typically features an exponential separation
between the access models where multiple copies of a quan-
tum state are measured either (1) individually or (2) jointly in
an entangled basis. Most prominently, two-copy Bell sampling
enables efficient learnability of purities and squared Pauli
expectation values [11] with wide-ranging applications in
quantum machine learning [30,34] and topological data anal-
ysis [35]. Which other quadratic properties can be efficiently
learned via Bell sampling is subject of active research [36]. In
the contexts of error correction and mitigation, simultaneous
access to multiple copies is essential for benchmarking so-
called resources of magic [36–42] and for virtual distillation
[43–46]. Having said this, multicopy measurements are chal-
lenging to implement and experiments have just reached the
stage of two-copy Bell sampling [11,12,30,47–49].

Ever since its first steps were taken [50–60], QEC has been
deeply intertwined with concepts of classical error correction
[61–65]. On the combinatorial side, quantum weight enu-
merators (QWEs) [55–58] have generalized corresponding
classical notions, carrying results such as the MacWilliams
identity [see Eq. (5) below] into the quantum setting. The
trifecta of QWEs comprises Shor-Laflamme, Rains’ unitary,
and Rains’ shadow QWEs, which present the same infor-
mation from different angles. The Shor-Laflamme QWE
distribution (SLD) is best understood for stabilizer quan-
tum error-correcting codes (QECCs), where it coincides with
the Pauli-weight distribution of the code’s stabilizer group.
Strikingly, the SLD can be converted—via the quantum
MacWilliams transform—into what we call the dual SLD,
which is the weight distribution of the logical Pauli group.
Hence, from the SLD, one can infer the code distance d ,
i.e., the smallest weight of a logical Pauli operator. From a
complexity-theoretic point of view, this is interesting because
the problem of computing the distance of a linear code is
NP-hard [66]. In turn, also computing SLDs is NP-hard. Nev-
ertheless, recent advances involving tensor-network methods
are pushing the boundaries of computing SLDs in practice
[67–70], for example, through PlanqTN [70], a user-friendly
software implementation of the quantum LEGO framework
[67].

QWEs are also powerful from alternate perspectives. From
the very beginning [55,58], they were leveraged to rule out the
existence of QECCs with certain code parameters �n, k, d�,
where n and k denote the numbers of physical and logical
qubits, respectively. More recently, a set of criteria has been
found from QWEs to bootstrap codes that correct errors from
codes that merely detect them [71]. For modern efforts in
designing quantum low-density parity-check (qLDPC) codes
[72–76], Rains’ shadow enumerators provide bounds on pa-
rameters of asymptotically good qLDPC code families for
which the distance d scales like c × n for a nonzero constant
c > 0 [74,75]. In this context, it is shown that the constant is
bounded as c � 1/3 [58]. Despite these applications, however,
the physical interpretation of Rains’ shadow enumerators—
the central topic of this work—has remained a mystery for
almost three decades.

The physics behind Shor-Laflamme enumerators, on the
other hand, is well understood. Originally introduced for the
purpose of capturing the relationship between the entangle-
ment fidelity and average fidelity of codewords sent through
the local depolarizing channel [55], they have since then found
numerous other interpretations. In the literature on the geome-
try of quantum states and entanglement, SLDs are often called
correlation tensor norms [77–80], but they have also recently
appeared under the name sector length distribution [81–83],
which decomposes the purity Tr[ρ2] of an n-qubit state ρ

into n + 1 Pauli-weight sectors and conveniently shares its
acronym with the term Shor-Laflamme distribution. More-
over, SLDs in disguise have been employed in the study of
random quantum circuits [69,84] and of quantum chaos [85].
However, despite their physical connection to quantum entan-
glement, it is not clear under what circumstances SLDs can be
measured efficiently.

Suspecting a two-copy protocol for learning SLDs is not
far-fetched. A first clue is that SLDs decompose purities,
which can be efficiently measured in a two-copy learning
experiment [29]. The same is true for all (exponentially many)
squared Pauli expectation values, which enter the definition
of SLDs [Eq. (3)]. In this work, we develop a method to cir-
cumvent the need of evaluating sums over exponentially many
terms by establishing a direct connection between Rains’
quantum shadow enumerators and two-copy Bell sampling
experiments. The latter give rise to notions of singlet and
triplet probabilities, i.e., to the frequencies of measuring either
the single antisymmetric or one of the three symmetric Bell
states, respectively. Our main theoretical result (Theorem 1)
is that these triplet probability distributions are the same as
Rains’ quantum shadow enumerators. This surprising discov-
ery has several notable implications: (1) It provides a physical
interpretation for the theoretical machinery of QWEs; (2)
it enables exponential speedups in classical postprocessing
compared to brute-force approaches for computing QWEs
from Bell samples; and (3) it identifies the conditions under
which some enumerators can be efficiently estimated, while
others cannot.

Building on this, we develop here a rigorous framework
that incorporates a wide range of practical considerations
for learning QWEs. We then demonstrate the utility of
this framework through entanglement characterization exper-
iments conducted on a trapped-ion quantum processor.

In a first two-copy Bell sampling experiment, we investi-
gate a suite of six-qubit states and showcase how the QWE
machinery can be leveraged to reveal detailed information
about the multifaceted entanglement structure that differen-
tiates these states. Specifically, from the measured triplet
probability distributions, we compute the total i-body cor-
relations [Eq. (3)], averaged subsystem purities [Eq. (18)],
and a lower bound on the concurrence [Eq. (69)]. Of high
practical value is that all of this is possible without expensive
postprocessing or the need for updating readout circuits. Fi-
nally, to remove errors from the Bell samples, we propose and
implement a heuristic error mitigation strategy that heavily
relies on the QWE machinery itself.

In a second experiment, we directly measure the QWEs of
the �7, 1, 3� color code by performing transversal Bell mea-
surements on two copies of the maximally mixed logical state.
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Our experiment simultaneously constitutes a Bell measure-
ment on the logical level of this code. Therefore, we can detect
and correct errors on the Bell samples. After discarding all
outcomes with violated parity checks (ca. 57% of the data), we
can correctly (within error bars) infer the number of weight-i
stabilizers and logical Pauli operators for all i ∈ {0, . . . , 7}.
This observation can be regarded as an experimental signature
confirming that the probed QECC has distance d = 3.

Our work is organized as follows. We review QWEs and
the MacWilliams transform in Sec. II. Our main result that
QWEs can be understood in terms of two-copy Bell sampling
experiments is established in Sec. III. All our experimental
demonstrations are then reported in Sec. IV. We prove perfor-
mance guarantees concerning the scalability of our two-copy
learning protocol in Sec. V. Finally, in Sec. VI, we leverage
our insights to analyze the noise resilience of entanglement
for certain quantum states on up to n = 1000 qubits.

II. QUANTUM WEIGHT ENUMERATORS

In 1962, MacWilliams discovered that the Hamming
weight distribution of a classical linear code uniquely deter-
mines that of its dual, and vice versa [61]. Her discovery
sparked a research program about error-correcting codes
[62–65] that quickly found its way into the quantum realm
[55–60] once the first quantum error-correcting code had been
constructed [50]. At the core of the quantum weight enumer-
ator machinery lies the quantum MacWilliams transform, a
linear involution, M = (Mi, j )n

i, j=0 ∈ GL(Rn+1), which is tra-
ditionally formulated in terms of polynomial identities. Its
matrix entries

Mi, j = 1

2n

n∑
l=0

(
n − j

i − l

)(
j

l

)
(−1)l3i−l (1)

also appear as the coefficients in front of xi in the polynomi-
als f j (x) = 2−n(1 + 3x)n− j (1 − x) j [63]. In this section, we
reformulate this machinery from a fresh perspective. First, we
avoid the abstract language of polynomial rings, which allows
us to clarify the role of Rains’ shadow QWEs in the linear
algebra behind the MacWilliams transform. Second, follow-
ing the literature about sector lengths [77–83], we define all
QWEs in terms of quantum states ρ rather than code space
projectors �. The latter concept is recovered as a special case
(after appropriate renormalization) when specializing to

ρQECC = �

Tr[�]
, (2)

which carries the physical interpretation of the maximally
mixed state inside the code space of the QECC.

A. Shor and Laflamme’s QWEs

The first notion of QWEs reviewed here has been coined in
a seminal paper by Shor and Laflamme [55]. Readers without
any prior exposure to this topic might benefit from consulting
the examples in Appendix A before proceeding. For an n-qubit
state ρ, we define the Shor-Laflamme QWE distribution as

a[ρ] = (ai[ρ])n
i=0 ∈ Rn+1, where

ai[ρ] = 1

2n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

Tr[ρP]2. (3)

Here, wt(P) is the weight of an n-qubit Pauli operator P, i.e.,
its number of nonidentity tensor factors. Similarly, we define
the dual SLD, b[ρ] = (bi[ρ])n

i=0 ∈ Rn+1, where

bi[ρ] = 1

2n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

Tr[ρPρP]. (4)

The SLD and the dual SLD uniquely determine each other via

Ma[ρ] = b[ρ], (5)

which is known as the quantum MacWilliams identity [55].
Note that our normalizations of M, a[ρ], and b[ρ] differ from
those in Ref. [55], which has the advantage of M being self-
inverse and the purity of ρ decomposing into

Tr[ρ2] =
n∑

i=0

ai[ρ]. (6)

SLDs have various useful properties: (1) For every n-qubit
state ρ and every Pauli weight i ∈ {0, . . . , n}, the QWE ai[ρ]
is invariant under local-unitary operations [57], which implies

ai[�1 ⊗ · · · ⊗ �n] = ai[|0〉〈0|⊗n] = 1

2n

(
n

i

)
, (7)

for all pure product states �1 ⊗ · · · ⊗ �n; and (2) due to the
triangle inequality, ai[ρ] is convex in ρ. In other words, Shor-
Laflamme QWEs cannot increase under incoherent mixtures.
In combination, these two properties show

∃ i : ai[ρ] >
1

2n

(
n

i

)
�⇒ ρ is entangled, (8)

which we refer to as the i-body sector length criterion [77].
Under the physically well-motivated local depolarizing

noise channel, SLDs decay as [60]

ai
[
E⊗n

p [ρ]
] = (1 − p)2iai[ρ], (9)

where Ep[·] = (1 − p)[·] + p1
2 denotes the single-qubit de-

polarizing channel with error probability p ∈ [0, 1]. Inserting
Eq. (9) into Eq. (6) shows that purities decay as

Tr
[(
E⊗n

p [ρ]
)2] =

n∑
i=0

ai[ρ](1 − p)2i (10)

under local depolarizing noise. Our first technical contribution
is an analog of Eq. (10) for fidelities rather than purities:

Proposition 1. (Overlap decay under local depolarizing
noise). Let ρ be an n-qubit state, a[ρ] = (ai[ρ])n

i=0 ∈ Rn+1

its SLD, and p ∈ [0, 1] a depolarization probability. Then, it
holds

Tr
[
ρ E⊗n

p [ρ]
] =

n∑
i=0

ai[ρ](1 − p)i. (11)

Proof. See Appendix B. �
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Proposition 1 is especially useful for pure states of the form
� = |ψ〉〈ψ |, for which the overlap Tr[�σ ] with any other
state σ is the same as the fidelity 〈ψ |σ |ψ〉. Furthermore, if �

is a genuinely multipartite entangled (GME) stabilizer state—
which implies that the operator W = 1

2 − � is a GME witness
[86–89]—it follows that the noisy state σ = E⊗n

p [�] remains
GME as long as

n∑
i=0

ai[�](1 − p)i > 0.5. (12)

This and other entanglement criteria [Eqs. (8), (21), and (69)]
that can be tested via SLDs motivate computing them, which
has been achieved for Greenberger-Horne-Zeilinger (GHZ)
[90] and for one-dimensional periodic cluster states [91] by
counting their weight-i stabilizer operators.

Even in the more general case where

ρstab
QECC = 1

2n

∑
S∈S

S (13)

is the maximally mixed state [Eq. (2)] within the code space
of an �n, k, d� QECC with stabilizer group S [56], one can
find the i-body Shor-Laflamme enumerator

ai
[
ρstab

QECC

] = 1

2n
|{S ∈ S | wt(S) = i}|, (14)

by counting weight-i stabilizer operators. Similarly, one can
show (see Appendix C) that

bi
[
ρstab

QECC

] = 1

2n+k
|{P ∈ S⊥ | wt(P) = i}|, (15)

where

S⊥ = {P ∈ {I, X,Y, Z}⊗n | ∀S ∈ S : SP = PS} (16)

is the dual of S considered as an additive code over the field
F4 [65]. The latter can be understood as the set {I, X,Y, Z} of
single-qubit Pauli operators [56]. Other interpretations of S⊥
are as the normalizer of S , and as the logical Pauli group of
the QECC (both modulo global phases).

For an arbitrary �n, k, d� QECC with code state ρQECC as
in Eq. (2), the discrepancy between a[ρQECC] and b[ρQECC]
reveals the code’s distance

d = min{i > 0 | ai[ρQECC] < 2kbi[ρQECC]}. (17)

This is clear for stabilizer QECCs, where Ai = 2nai[ρstab
QECC]

and Bi = 2n+kbi[ρstab
QECC] are equal to the number of weight-i

stabilizers [Eq. (14)] and logicals [Eq. (15)], respectively, and
remains true for nonstabilizer QECCs [55].

B. Rains’ unitary QWEs

The second notion of QWEs can be explained in terms
of subsystem purities [57]. The reduced state ρS = TrSc [ρ]
on a subset of qubits S ⊆ {1, . . . , n} is obtained from ρ by
tracing out the qubits in the complement Sc = {1, . . . , n} \ S.
We denote the average of the subsystem purity Tr[ρ2

S ] over all
marginals of a fixed size i ∈ {0, . . . , n} by

a′
i[ρ] = 1(n

i

) ∑
S⊆{1,...,n}

|S|=i

Tr
[
ρ2

S

]
, (18)

which is the definition of Rains’ unitary QWEs with a more
physically motivated prefactor. Here, we will often refer to
the vector a′[ρ] = (a′

i[ρ])n
i=0 ∈ Rn+1 of Rains’ unitary QWEs

as the averaged purity distribution (APD). Following Rains,
we dually define b′[ρ] = (b′

i[ρ])n
i=0 via b′

i[ρ] = a′
n−i[ρ].

In the exact case without statistical errors, APDs and SLDs
carry exactly the same information about ρ since they can
be linearly converted into each other via a′[ρ] = T ′a[ρ] and
a[ρ] = T ′−1a′[ρ], where

T ′
i, j = 2n−i

(
n

i

)−1(n − j

n − i

)
, (19)

T ′−1
i, j = 2 j−n

(
n

j

)(
n − j

n − i

)
(−1)i+ j . (20)

Consider an n-qubit state ρ with a′
i[ρ] < a′

n[ρ] for some
subsystem size i ∈ {1, . . . , n − 1}. Since a′

n[ρ] = Tr[ρ2], this
implies the existence of at least one subset S, with |S| = i,
that is bipartite-entangled with its complement Sc [92,93]. In
particular, this shows

∃ i : a′
i[ρ] < a′

n[ρ] �⇒ ρ is entangled, (21)

which we refer to as the purity criterion. Empirically [91],
the most noise-robust version of this criterion is attained for
i = n − 1, where Rains’ unitary QWE takes the simple form

a′
n−1[ρ] = 1

n

n∑
i=1

Tr[(Tr{i}[ρ])2]. (22)

C. Rains’ shadow QWEs

When Rains introduced the notion of quantum shadow enu-
merators [58], he took inspiration from the classical coding
literature [94]. Here, however, we find it more instructive to
provide a physical introduction to this third notion of QWEs.
Let ρ be an n-qubit density matrix, ρ
 its transpose in the
computational basis, and ρ �→ ρ̃ the state inversion map,
where

ρ̃ = Y ⊗nρ
Y ⊗n (23)

is the spin-flipped state [95–98]. The name of ρ̃ stems from
the fact that in the case of a single qubit ρ = I+r·σ

2 with Bloch
sphere vector r ∈ R3 (also known as spin), the state inversion
map is flipping the spin as r �→ −r, i.e., ρ̃ = I−r·σ

2 . This
should not be confused with the bit “flip” channel ρ �→ XρX ,
where the spin is rotated around the x axis of the Bloch
sphere. In contrast, the state inversion map is a reflection and,
therefore, impossible to physically implement for an unknown
quantum state ρ. In technical terms, the state inversion map
ρ �→ ρ̃ is positive but not completely positive. Thus equipped,
we are now in the position to define Rains’ shadow enumera-
tors [58], ã[ρ] = (ãi[ρ])n

i=0 ∈ Rn+1, where

ãi[ρ] = 1

2n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

Tr[ρPρ̃P]. (24)

SLDs and APDs are not the only QWEs that can be trans-
formed into each other [recall Eq. (19)]. To achieve the same
for Rains’ shadow QWEs, we need the matrix T̃ = (T̃i, j )n

i, j=0
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whose entries

T̃i, j = (−1) jMi, j (25)

arise from MacWilliams’ transform [Eq. (1)] after alternating
the sign of its columns. Acting with this matrix on the SLD of
an n-qubit state, ρ yields its shadow QWEs. In other words,

ã[ρ] = T̃ a[ρ]. (26)

The inverse transformation (from shadow QWEs to the SLD)
is similarly given by

T̃ −1
i, j = (−1)iMi, j . (27)

In the special case where ρ = ρstab
QECC [recall Eq. (13)] for

some stabilizer group S , one can show (see Appendix C) that

ãi
[
ρstab

QECC

] = 1

2n+k
|{P ∈ S̃ | wt(P) = i}|, (28)

where the subset S̃ ⊆ {I, X,Y, Z}⊗n is defined as

S̃ = {P | ∀S ∈ S : PS = (−1)wt(S)SP}, (29)

in reminiscence of Eq. (16). While S⊥ is called the dual of S ,
the subset S̃ is known as its shadow [65]. This terminology is
rooted in the following characterization:

Proposition 2. (Rains’ shadow is a coset of the logical Pauli
group). Let S be the stabilizer group of an �n, k, d� QECC.
Then, it holds S̃ ∈ {I, X,Y, Z}⊗n/S⊥. In other words, we have

S̃ = PS⊥ (30)

for every P ∈ S̃ . Moreover, we have S̃ = S⊥ iff S admits
generators S1, . . . , Sn−k such that wt(Si ) is even for all i.

Proof. See Appendix D. �
Note that Proposition 2 naturally generalizes Theorem 3 in

Chap. 3 of Ref. [64], which establishes the analogous result
for linear codes over F2. To our knowledge, Proposition 2
has not been explicitly formulated in the existing literature.
As a corollary, we obtain |S̃| = 2n+k . In this light, Eq. (28)
implies that ãi[ρstab

QECC] can be regarded as the probability that
a uniformly random Pauli operator P ∈ S̃ has wt(P) = i.

D. The quantum weight enumerator machinery

Now that we have reviewed the three notions of QWEs, let
us further illuminate their roles in the linear algebra behind
the quantum MacWilliams identity. Figure 1 visualizes this
situation for the instructive case of n = 5 qubits by means of a
commutative diagram. From top to bottom, the three rows de-
pict the MacWilliams identity expressed in the bases of SLDs,
APDs, and shadow enumerators. First, the top-center box
shows the matrix entries Mi, j from Eq. (1), with positive and
negative values in red and blue, respectively, where greater
color intensity indicates larger magnitude. The unfortunate
fact that |Mi, j | can attain exponentially large values (in n) is
highlighted by the broad color bar at the bottom of the figure.
In contrast, the matrices M ′ = T ′MT ′−1 and M̃ = T̃ MT̃ −1,
which correspond to the MacWilliams transform in the bases
of APDs and shadow enumerators, respectively, only contain
the entries −1 (yellow), 0 (white), and +1 (green). It is im-
portant that all matrices in Fig. 1 depend only on the number

FIG. 1. The self-inverse MacWilliams transforms M, M ′, and M̃
convert QWEs (left) into dual QWEs (right). They represent the same
linear map in three different bases of Rn+1 that correspond to Shor-
Laflamme QWEs (top), Rains’ unitary QWEs (center), and Rains’
shadow QWEs (bottom). The three transforms are related via basis
change matrices T ′, T̃ , and T̃ ′, e.g., M ′ = T ′MT ′−1. Plotted are the
matrix entries in the special case of n = 5 qubits, where red and blue
(green and yellow) colors show which matrices have entries that are
exponentially diverging (bounded by ±1) in the general case of n
qubits [99]. In Theorem 1, we show that Rains’ shadow QWEs ã[ρ]
are the same as the triplet probability distribution obtained in a Bell
sampling experiment on ρ ⊗ ρ, where ρ is any n-qubit state. Thus,
one can efficiently learn ã[ρ], which we experimentally demonstrate
in Sec. IV. Note that statistical errors on ã[ρ] never uncontrollably
spread onto Rains’ unitary QWEs a′[ρ] as the entries of T̃ ′−1 are
bounded by ±1 (also see Theorem 3). For some states ρ, however,
errors can unfavorably amplify during the transform to the SLD a[ρ]
since some matrix entries of T̃ −1 are exponentially large.

of qubits n, not on the state whose QWEs they act upon. For a
concise collection of all matrix definitions, see Appendix E.

The original MacWilliams identity [Eq. (5)] connects the
SLD, a[ρ], to the dual SLD, b[ρ], which are shown in the
upper corners of the diagram. Applying T ′ (top-right box)
converts them into the APD, a′[ρ] = T ′a[ρ], and to the dual
APD, b′[ρ] = T ′b[ρ]. The reverse transformation, T ′−1, is
shown in the top-left box. Both T ′ and T ′−1 are lower-
triangular matrices. While T ′ only contains non-negative
matrix elements, we can see that the signs of the entries of
T ′−1 follow a checkerboard pattern. Similarly, the transforma-
tion matrices T̃ and T̃ −1, shown in the center-right and -left
boxes, arise from M by flipping the signs of its columns and
rows, respectively. The transformation matrix T̃ ′ = T̃ T ′−1,
which directly converts the APD into Rains’ shadow enumer-
ators, i.e., ã[ρ] = T̃ ′a′[ρ], is shown in the bottom-right box.
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The color coding shows that its matrix entries,

T̃ ′
i, j = 1

2n

(
n

j

) i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1) j−l , (31)

suffer from exponentially large values. Fortunately, its inverse
(bottom-left box) has matrix entries,

T̃ ′−1
i, j = 1(n

i

) i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1)i−l , (32)

that are well behaved and, thus, displayed in green and yellow.
We have now explained all QWEs in Fig. 1, except for

the one in the bottom-right corner. This quantity is intro-
duced here for the first time (to our knowledge). We define
it as b̃[ρ] = M̃ã[ρ] and call it the dual shadow enumerator
distribution because it arises from Rains’ shadow QWEs by
applying the MacWilliams transform in the appropriate basis.
Note that, in a similar spirit, Rains defined the dual APD,
b′[ρ], by applying the antidiagonal matrix M ′ = T ′MT ′−1,
where

M ′
i, j = δi,n− j, (33)

as shown in the box at the very center of Fig. 1. In this basis,
it is clear (from the Schmidt decomposition) that a state ρ is
pure iff a′[ρ] = b′[ρ], which is equivalent to a[ρ] = b[ρ], and
to ã[ρ] = b̃[ρ]. Also, for SLDs, this criterion is lucid since
a[ρ] sums up to the purity while b[ρ] is always a normalized
probability distribution.

In linear-algebraic terms, this means that ρ is pure iff its
QWE distribution (in any basis) lies in the (+1)-eigenspace
of the MacWilliams transform (in the same basis). Since M is
self-inverse, its only other eigenvalue is given by −1. From
Eq. (33), we obtain Tr[M] = δn,even, which implies that the
(+1)-eigenspace of M has dimension � n+1

2 � whereas its (−1)-
eigenspace is � n+1

2 �-fold degenerate. We would like to point
out (for the first time to our knowledge) that the quantum
MacWilliams transform is diagonalized in the basis of Rains’
shadow enumerators. More precisely, we have

M̃ = T̃ MT̃ −1 = diag((−1)n, . . . ,−1, 1,−1, 1), (34)

as depicted in the bottom-center box of Fig. 1.
Let us summarize what we know about Rains’ shadow

enumerators at this point: (1) They have an obscure defi-
nition [Eq. (24)] that involves the spin-flipped state and an
exponentially large sum; (2) they provide a vector space ba-
sis of Rn+1 in which the quantum MacWilliams transform
is diagonal; (3) they were used [58] to derive a powerful
bound, d � n

3 + 2, that holds for all �n, k, d� QECCs; (4) for
stabilizer QECCs they carry the interpretation of the Pauli-
weight distribution over the coset S̃ of S⊥ that is defined in
Eq. (28); and (5) for arbitrary states they remain a normal-
ized probability distribution. The physical interpretation of
this probability distribution in the general case, however, was
hitherto unknown. In Theorem 1 below, we will establish such
an interpretation that was lacking for almost three decades:
Rains’ shadow enumerators are the probabilities of observing
fixed triplet numbers in a two-copy Bell sampling experiment.

In this light, we can finally understand the aforementioned
criterion “ρ is pure ⇔ ã[ρ] = b̃[ρ]”. By Eq. (43) below,

ρ is pure iff odd-singlet events are never observed, i.e., iff
ãn− j[ρ] = 0 whenever j is even. This, in turn, is equivalent to
ã[ρ] lying in the (+1)-eigenspace of M̃.

More importantly, however, this interpretation settles open
problems in quantum learning theory. It is well known that
all six QWE distributions in Fig. 1 can be approximated to
inverse-polynomial accuracy with polynomially many sam-
ples (both in n) in the single-copy access model, provided ρ

is a stabilizer state as in Eq. (13). Indeed, one first determines
an F2-linear basis of S using the algorithm from Ref. [100].
Then, one can sample from S , S⊥, and S̃ to approximate
a[ρ], b[ρ], and ã[ρ], respectively. From the shadow QWEs,
one can infer the remaining QWEs by applying benign trans-
forms in Fig. 1. In the general case, where ρ is an arbitrary
state, Theorem 1 implies that, given access to Bell samples
from ρ ⊗ ρ, one can efficiently learn the triplet probability
distribution, i.e., Rains’ shadow enumerators, ã[ρ]. As before,
this also grants access to b̃[ρ], a′[ρ], and b′[ρ] (also see
Appendix F). The situation changes drastically, if we are
instead given access to Bell samples from ρ ⊗ ρ̃. In this case,
our results imply that the resulting triplet probability distribu-
tion is equal to the dual SLD, b[ρ]. Finally, let us remark that
the learnable quantities in the ρ ⊗ ρ and ρ ⊗ ρ̃ access models,
respectively, are highlighted in Fig. 1 with a green and yellow
background.

III. LEARNING ENUMERATORS VIA BELL SAMPLING

Two-copy Bell sampling is a technique for certifying and
quantifying entanglement in many-body quantum systems
that is well established both in theory [36,101–104] and ex-
periment [11,30,47–49]. It crucially relies on the so-called
SWAP trick [105,106], which allows us to write the purity of
a single-qubit state ρ as

Tr[ρ2] = Tr[(ρ ⊗ ρ)SWAP]. (35)

SWAP = |0, 0〉〈0, 0| + |0, 1〉〈1, 0| + |1, 0〉〈0, 1| + |1, 1〉〈1, 1|
is the operator that decomposes the two-qubit Hilbert space
C2 ⊗ C2 into a direct sum of its symmetric and antisymmetric
subspace [107]. The former is three dimensional and spanned
by the triplet state vectors

|�+〉 = 1√
2

(|0, 0〉 + |1, 1〉), (36)

|�+〉 = 1√
2

(|0, 1〉 + |1, 0〉), (37)

|�−〉 = 1√
2

(|0, 0〉 − |1, 1〉), (38)

while the latter is one dimensional and spanned by the singlet
state vector

|�−〉 = 1√
2

(|0, 1〉 − |1, 0〉). (39)

The four vectors in Eqs. (36)–(39) form the Bell basis. In
practice, measurements in the Bell basis are usually realized
by applying a two-qubit CNOT gate and reading out control
and target qubits in the X and Z bases, respectively (see
Fig. 2). For our purposes, it suffices to differentiate triplets
from singlets (without fine-graining triplets), which amounts
to estimating the probability 〈�−|(ρ ⊗ ρ)|�−〉 of projecting
ρ ⊗ ρ into a singlet. Indeed, inserting the expression SWAP =
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FIG. 2. Quantum circuit for a Bell sampling experiment with
two copies of an n-qubit state ρ. As discussed in the main text,
this single-setting experiment allows us to learn the QWEs of ρ.
In the special case of ρ = ρQECC [Eq. (2)], this enables access to
the QWEs of any QECC under investigation. If the measurement
outcomes of a qubit pair (connected via a CNOT gate) are both equal
to 1, the qubits are effectively projected into a singlet, otherwise into
a triplet. By Theorem 1, the resulting triplet probability distribution
[Eq. (64)] is the same as Rains’ shadow QWEs [Eq. (24)], which can
be transformed into other QWEs as in Fig. 1.

1 − 2|�−〉〈�−| into Eq. (35), we can write

Tr[ρ2] = 1 − 2〈�−|(ρ ⊗ ρ)|�−〉. (40)

In the more general case where we have access to two copies
of an n-qubit state ρ, the situation is similar: perform a Bell
measurement on qubit pair (s, n + s) for all s ∈ {1, . . . , n}
and denote the outcome by αs ∈ {�±, �±}. Then, the overall
outcome of the two-copy Bell sampling experiment is

|α〉 =
n⊗

s=1

|αs〉s,n+s. (41)

Note that such Bell samples coincidentally have been dubbed
“circuit shadows” in Ref. [36], even though the relationship to
Eq. (29) had not yet been discovered. We denote the number
of singlets in |α〉 by

sing(α) = |{s ∈ {1, . . . , n} | |αs〉 = |�−〉}|. (42)

The purity of ρ can then be estimated as the difference be-
tween probabilities of finding an even and odd number of
singlets, respectively [49]. That is,

Tr[ρ2] = 1 − 2
∑

α∈{�±,�±}n

sing(α)=1 (mod 2)

〈α|(ρ ⊗ ρ)|α〉. (43)

Learning purities through two-copy Bell measurements is
remarkably efficient: only O(ε−2) samples are required for
estimating Tr[ρ2] up to additive error ε > 0. For a similar
result about QWEs, see Theorem 3 below. On the other hand,
all single-copy protocols for learning purities unavoidably
suffer from an exponential (in n) sample complexity [29]. This
example clearly illustrates the learning-theoretical advantage
of the paradigm of so-called quantum memories where part of
the postprocessing (after preparing copies of ρ) is performed

quantumly before the measurement [29–33]. Here, we extend
the power of quantum memories into the realm of QWEs.

A. How to learn sector length distributions
also known as Shor-Laflamme QWEs

Consider the 2n-qubit observable

�i = 1

2n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

P ⊗ P. (44)

Since Tr[(ρ ⊗ ρ)(P ⊗ P)] = Tr[ρP]2, we can reinterpret the
entries in the SLD a[ρ] = (ai[ρ])n

i=0 from Eq. (3) as two-copy
expectation values

ai[ρ] = Tr[(ρ ⊗ ρ)�i]. (45)

Inserting two identity operators, 1 = ∑
α |α〉〈α|, in the basis

of Bell pairs |α〉 from Eq. (41) yields

ai[ρ] =
∑

α,α′∈{�±,�±}n

〈α|�i|α′〉〈α′|(ρ ⊗ ρ)|α〉. (46)

To compute the matrix entries 〈α|�i|α′〉, we exploit that the
SWAP operator has the Pauli decomposition

SWAP = 1
2 (I ⊗ I + X ⊗ X + Y ⊗ Y + Z ⊗ Z ). (47)

After a little algebra, we find

�i = 1

2n−i

∑
S⊆{1,...,n}

|S|=i

∏
s∈S

(
SWAPs,n+s − 1

2

)
. (48)

Since all expressions of the form 〈α|SWAPs,n+s|α′〉 and 〈α| −
1
2 |α′〉 with α �= α′ vanish, the operator �i is diagonal in the
basis of Bell pairs. This already shows that it must be possible
to infer the expectation value ai[ρ] = Tr[(ρ ⊗ ρ)�i] via two-
copy Bell sampling [36]. To see how this can be achieved
with efficient computational complexity, let us make use of
elementary combinatorics: since we have i factors in each of
the

(n
i

)
terms in Eq. (48), there is the possibility that exactly

l ∈ {1, . . . , i} of the SWAP gates hit some of the sing(α) sin-
glet pairs while the remaining ones hit exactly i − l triplets.
Hereby, “hit” means that a singlet and a SWAP gate both have
nontrivial support on a fixed subsystem S. Because

〈α|SWAPs,n+s − 1

2
|α〉 =

{− 3
2 , if |αs〉 = |�−〉,

+ 1
2 , otherwise,

(49)

each such term contributes

〈α|
∏
s∈S

(
SWAPs,n+s − 1

2

)
|α〉 =

(−3

2

)l(+1

2

)i−l

, (50)

and since there are
(sing(α)

l

)(n−sing(α)
i−l

)
possibilities for this to

happen, we find the eigenvalue

〈α|�i|α〉 =
i∑

l=0

(
sing(α)

l

)(
n − sing(α)

i − l

)
(−3)l

2n
. (51)

Therefore, we can define an unbiased single-shot estimator
â = (âi )n

i=0 for the SLD as follows: perform a two-copy Bell
measurement, record the outcome α ∈ {�±, �±}n, and de-
clare âi = 〈α|�i|α〉 for every i ∈ {0, . . . , n}. Further applying
the transforms from Fig. 1, we obtain single-shot estimators
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for all six vectors of QWEs, e.g., b̂ = Mâ and â′ = T ′â for
the dual SLD b[ρ] and the APD a′[ρ], respectively. Since
〈α|�i|α〉 only depends on the number of singlets in |α〉, there
are 6(n + 1) elements of Rn+1 that the vector-valued esti-
mators â, b̂, â′, b̂′, ˆ̃a, and ˆ̃b may assume. To support future
experiments, we implement open-access functionalities [108].
The computational complexity is O(n2) (see Appendix G).
Sample complexity, on the other hand, is an entirely different
issue. Since 〈α|�i|α〉 takes exponentially large positive and
negative values, estimating SLDs by averaging over many
realizations of â may suffer from cancellation effects (also
see Sec. V B). This challenge seems to be inherent to SLDs as
all known protocols for measuring them have an exponential
worst-case sample complexity (see Appendix H).

B. How to learn averaged purity distributions
also known as Rains’ unitary QWEs

In Sec. III A, we have identified a single-shot estimator for
the APD a′[ρ] of an n-qubit state ρ that can be efficiently
(but not yet accurately) computed. This in itself is already
surprising, as averaging all subsystem purities of a given size
naively requires evaluating a sum over exponentially many
terms. As we show next, for APDs, the accuracy issue can be
resolved, thus paving the way for learning them in large-scale
experiments. The idea is to directly compute the single-shot
estimator â′ from the two-copy Bell measurement outcome
α ∈ {�±, �±}n instead of detouring through the SLD, where
errors could get amplified. To this end, we introduce a second
2n-qubit observable

�′
i = 1(n

i

) ∑
S⊆{1,...,n}

|S|=i

∏
s∈S

SWAPs,n+s (52)

for all i ∈ {0, . . . , n}. Leveraging the SWAP trick, we find

Tr
[
ρ2

S

] = Tr

[
(ρ ⊗ ρ)

∏
s∈S

SWAPs,n+s

]
(53)

for every S ⊆ {1, . . . , n}, and averaging over all such subsys-
tems of a given size |S| = i allows us to write the APD of ρ

[Eq. (18)] as

a′
i[ρ] = Tr[(ρ ⊗ ρ)�′

i]. (54)

As in the case of SLDs [Eq. (51)], �′
i is diagonal in the basis

of Bell pairs and its eigenvalues are given by

〈α|�′
i|α〉 =

i∑
l=0

(
sing(α)

l

)(
n − sing(α)

i − l

)
(−1)l(n

i

) . (55)

Hence, we can repeat the previous strategy and compute
the already-defined single-shot estimator â′ = T ′â as follows:
perform a Bell measurement on ρ ⊗ ρ and compute â′

i =
〈α|�′

i|α〉 from α ∈ {�±, �±}n. By Vandermonde’s identity
[109], Eq. (55) only takes values in the interval [−1, 1]. Thus,
statistical errors are no longer unfavorably amplified. We defer
formal proofs on efficiency and robustness of learning APDs
to Sec. V. In particular, we will show in Theorem 3 that the
sample complexity of measuring any given entry of the APD
is independent of n.

C. Rains’ shadow QWEs are triplet probabilities

To complete the analogy between SLDs, APDs, and Rains’
shadow QWEs, we should look for a third observable, �̃i.
The solution is surprisingly simple and constitutes our main
theoretical discovery.

Theorem 1. (Physical interpretation of shadow QWEs). Let
ρ be an n-qubit state and ã[ρ] = (ãi[ρ])n

i=0 its vector of Rains’
shadow QWEs from Eq. (24). For all i ∈ {0, . . . , n}, we have

ãi[ρ] = Tr[(ρ ⊗ ρ)�̃i], (56)

where we denote the projector onto the i-triplet subspace by

�̃i =
∑

α∈{�±,�±}n

sing(α)=n−i

|α〉〈α|. (57)

In other words, the ith Rains’ shadow QWE of ρ carries the
interpretation of the probability for observing a fixed number
of i triplets in a Bell sampling experiment on ρ ⊗ ρ.

Proof. Let t[ρ] = (t j[ρ])n
j=0, where

t j[ρ] =
∑

α∈{�±,�±}n

sing(α)=n− j

〈α|(ρ ⊗ ρ)|α〉. (58)

We have to show ã[ρ] = t[ρ], which is equivalent to the claim
a[ρ] = T̃ −1t[ρ]. By Eq. (27), we can write

T̃ −1
i, j = 1

2n

n∑
l=0

(
n − j

i − l

)(
j

l

)
(−3)i−l . (59)

Let us express a[ρ] in terms of triplet probabilities. The term
〈α|�i|α〉 in Eq. (51) only depends on j = n − sing(α), the
number of triplets in α. This means that we can split up the
sum and separate terms. Expanding Eq. (46) yields

ai[ρ] =
n∑

j=0

∑
α∈{�±,�±}n

sing(α)=n− j

〈α|�i|α〉〈α|(ρ ⊗ ρ)|α〉

=
n∑

j,l=0

(
n − j

l

)(
j

i − l

)
(−3)l

2n
t j[ρ]. (60)

Since the summand in Eq. (60) is zero for l > i, we can
exchange the order and write instead l �→ i − l , obtaining

ai[ρ] = 1

2n

n∑
j,l=0

(
n − j

i − l

)(
j

l

)
(−3)i−l t j[ρ]. (61)

This shows a[ρ] = T̃ −1t[ρ], which completes the proof. �
Having established a connection between the physics

of two-copy Bell sampling experiments and the powerful
machinery of QWEs, we are now in the position to trans-
fer valuable ideas from one paradigm to the other (see
Appendix I).

Corollary 1. (Physical origin of shadow inequalities). For
every n-qubit state ρ and all i ∈ {0, . . . , n}, we have

ãi[ρ] � 0, (62)

and the bound d � n
3 + 2 for arbitrary �n, k, d� QECCs fol-

lows from Theorem 15 in Ref. [58].
Proof. Probabilities cannot be negative. �
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Corollary 2. (Bounds on the average number of triplets).
Let ρ be an n-qubit state and (ãx[ρ])n

x=0 its shadow QWEs.
The average number of triplets obtained in a two-copy Bell
sampling experiment can be bounded as

3n

4
�

n∑
x=0

ãx[ρ]x � n, (63)

and these bounds are tight.
Proof. See Appendix I 2. �
In light of Sec. II and Theorem 1, it now becomes clear

how one can learn QWEs of QECCs in experiments: first,
prepare two copies of the maximally mixed logical state ρQECC

[Eq. (2)] and perform pairwise Bell measurements as in Fig. 2.
Then, either (1) estimate the QWEs directly from the Bell
samples using the single-shot estimators from Secs. III A and
III B or, equivalently, (2) estimate Rains’ shadow enumerators
ã[ρQECC] and then apply the transforms from Appendix E.

D. QWEs and entanglement

The idea of quantifying entanglement via QWEs is not
new. Already in Ref. [110], it was shown that from SLDs it
is possible to compute generalized Meyer-Wallach entangle-
ment measures (which are conceptually equivalent to APDs).
In this section, we discuss important entanglement measures
that have been defined in terms of triplet probabilities. By
applying Theorem 1, it is now possible to efficiently compute
these measures whenever the SLD or the APD is analytically
available. Later, in Sec. VI, we will showcase theoretical
applications of the connections established in this section.

A direct consequence of Theorem 1 is that Rains’ shadow
QWEs [Eq. (24)] of an n-qubit state ρ can be written as

ãi[ρ] =
∑

α∈{�±,�±}n

sing(α)=n−i

〈α|(ρ ⊗ ρ)|α〉. (64)

Hence, it makes sense to refer to ã[ρ] = (ãi[ρ])n
i=0 as the

triplet probability distribution (TPD) of ρ. By applying the
linear maps from Fig. 1, it is possible to extract useful prop-
erties from TPDs. For example, the final row of the vector
equation a′[ρ] = T̃ ′−1ã[ρ] reads

Tr[ρ2] = a′
n[ρ] =

n∑
j=0

(−1) j ãn− j[ρ], (65)

which is a condensed version of Eq. (43). Conversely, the final
row of ã[ρ] = T̃ ′a′[ρ] is equivalent to

ãn[ρ] = 1

2n

n∑
i=0

(
n

i

)
a′

i[ρ] = 1

2n

∑
S⊆{1,...,n}

Tr
[
ρ2

S

]
. (66)

In other words, the probability for obtaining n triplets (zero
singlets) is equal to the average over all subsystem purities.
Thus, ãn[ρ] < 1 implies that at least one of the marginals of
ρ (including ρ itself) cannot be pure. Conversely, every pure
state � with

1 − ãn[�] > 0 (67)

must be entangled. Therefore, the quantity

C[�] = 1 − ãn[�] (68)

is of central importance.

A few historical comments are in order. Originally, C[�]
was studied under the name concurrence in the modified form
2
√

C[�] [101–104]. Recently, concurrences have regained
some attention [111–114] in the form of Eq. (68). We also
prefer this version of the concurrence as it avoids superfluous
notation and, thus, can be read off directly from the TPD.
For these reasons, in this work, the term concurrence will
henceforth always refer to Eq. (68).

Via convex roof extension, it is possible to generalize this
concept to the case where ρ is an arbitrary mixed state [104].
While the resulting concurrence C[ρ] is in general difficult to
compute, it can always be lower bounded via [104,113]

C[ρ] � 1

2n
+
(

1 − 1

2n

)
Tr[ρ2] − ãn[ρ]. (69)

In combination with the QWE machinery, this bound is ex-
tremely powerful. Indeed, provided we know the SLD a[�]
of a pure state �, Eq. (9) yields the SLD of the locally depo-
larized state ρ = E⊗n

p [�]. This, in turn, determines Tr[ρ2] =∑
i ai[ρ] as well as the all-triplet (zero-singlet) probability

ãn[ρ] = 1

2n

n∑
i=0

3n−i ai[ρ], (70)

which is all we need to evaluate the bound in Eq. (69).
Note that Eq. (70) is the final entry of ã[ρ] = T̃ a[ρ]. The

first row of the same equation allows us to compute the zero-
triplet (all-singlet) probability

ã0[ρ] = 1

2n

n∑
i=0

(−1)iai[ρ] (71)

from the SLD of ρ. In terms of subsystem purities, it can be
expressed as

ã0[ρ] = 1

2n

n∑
i=0

(−1)i

(
n

i

)
a′

i[ρ]

= 1

2n

∑
S⊆{1,...,n}

(−1)|S|Tr
[
ρ2

S

]
. (72)

Yet, another expression is obtained by inserting i = 0 into the
original definition of Rains’ shadow QWEs [Eq. (24)],

ã0[ρ] = 1

2n
Tr[ρρ̃]. (73)

For a pure state � = |ψ〉〈ψ |, the quantity Tr[��̃] = 2nã0[�]
is an entanglement measure that is known as its n-tangle [97].

To summarize, the two end points of the TPD ã[�] of a
pure state � directly correspond to two important entangle-
ment measures: concurrence C[�] and n-tangle Tr[��̃]. In
particular, both of them follow from the SLD a[�]. While the
concurrence lends itself to an entanglement detection protocol
with an efficient sample complexity [104], the opposite is
true about the n-tangle. Being an overlap between two pure
states, Tr[��̃] is upper bounded by 1. Therefore, the zero-
triplet probability ã0[�] is exponentially small by Eq. (73),
which implies that exponentially many samples are required
to resolve Tr[��̃] up to constant additive error [115]. Nev-
ertheless, concurrence and n-tangle are useful notions as they
quantify how much a given state is entangled, thus comple-
menting the i-body sector length criterion [Eq. (8)] and the
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purity criterion [Eq. (21)], which certify that a given state
is entangled. Finally, note that, in the � ⊗ �̃ access model,
Tr[��̃] is learnable via Bell sampling.

IV. EXPERIMENTAL DEMONSTRATIONS

We have now reviewed the theoretical machinery of QWEs
in Sec. II and established a strong connection to Bell sampling
in Sec. III by identifying collections of 2n-qubit observables
(and showing they are diagonal in the transversal Bell basis)
for measuring QWEs. Having available these definitions is
what will enable us in Sec. V to derive rigorous performance
guarantees. Before that, however, we want to put the theory
built so far to the ultimate test and implement experiments
on a state-of-the-art quantum processor. Besides scientific
curiosity, the main motivation for the presented experiments
is to demonstrate that the proposed protocol does not rely on
idealized assumptions. In particular, we aim to verify that the
protocol remains viable in the presence of real-world noise
sources and experimental imperfections.

Two-copy Bell sampling has the following experimental
requirements: (1) Since we need to prepare two approximate
(see Theorem 2 below) copies of the same state in two quan-
tum registers, it is beneficial to work with an experimental
platform for which physical parameters exhibit little to no
variation between the qubits; (2) considering that the two
registers eventually need to be read out via pairwise Bell
measurements, we also require a certain degree of connec-
tivity. For example, if we wanted n linearly connected qubits
at the preparation stage, we would overall require at least a
2 × n rectangular connectivity. Both requirements are met by
all-to-all connected trapped-ion quantum computers.

In this section, we report experimental demonstrations of
single-setting QWE measurements carried out on our trapped-
ion quantum processor, as described in Ref. [116]. We trap
sixteen 40Ca+ ions in a macroscopic linear Paul trap, where
the electronic states are controlled via laser pulses. Each ion
encodes one qubit into the electronic Zeeman levels |0〉 =
|42S1/2, mJ = −1/2〉 and |1〉 = |32D5/2, mJ = −1/2〉, which
are connected via an optical quadrupole transition at a wave-
length of 729 nm. Coulomb interaction between the ions gives
rise to collective motional modes, which are used to mediate
entangling operations between any desired pair of qubits.
Single ion addressing with 729 nm light allows for arbitrary
single- and two-qubit operations. The native gate set consists
of arbitrary physical rotations around the x and y axes of the
Bloch sphere and virtual rotations [117] around the z axis for
single-qubit operations, as well as the maximally entangling
two-qubit Mølmer-Sørensen gate exp(iπ

4 X ⊗ X ) [118]. The
latter is equivalent to a CNOT gate up to local rotations [119].

We begin by presenting experimental results on a variety
of six-qubit states in Sec. IV A, before reporting a proof-of-
principle demonstration of the direct measurement of QWEs
of QECCs in Sec. IV B.

A. Direct measurement of QWEs for states

For our first experiment, we separate the sixteen ions into
three groups with different purposes. On each end of the linear
trap, we devote six ions to host one copy of a quantum state

ρ that is our approximate experimental realization of a pure
target state � on n = 6 qubits. The remaining four ions in
the center of the chain serve as a buffer zone to suppress
the effect of laser fields leaking from one copy to the other.
We prepare six different states that exhibit various features
of entanglement, and directly measure their triplet probability
distribution in the two-copy Bell sampling experiment from
Fig. 2. The measured TPDs (blue and yellow) are plotted in
the bottom panel of Fig. 3. Recall from Theorem 1 that the
TPD is equal to the distribution ã[ρ] of Rains’ shadow QWEs.
Hence (recall Fig. 1), we can transform the measured TPDs
into Shor-Laflamme QWEs a[ρ] = T̃ −1ã[ρ] (pink) and into
Rains’ unitary QWEs a′[ρ] = T̃ ′−1ã[ρ] (green), which are
plotted in the top and central panels of Fig. 3, respectively.
In addition to the raw experimental data (red dots), we also
present in Fig. 3 error-mitigated results (green dots), obtained
through a heuristic strategy described in Appendix J.

Let us introduce the six states whose measured QWEs
are displayed in Fig. 3. Our first target state �1 = |0〉〈0|⊗6

is a pure product state without any entanglement. Second,
�2 = |�+〉〈�+|⊗3 is the state of three maximally entangled
two-qubit Bell pairs without entanglement between the pairs.
All other target states are GME. First, the projector �3 onto
|GHZ〉 = 1√

2
(|0〉⊗6 + |1〉⊗6), followed by �4 and �5 that

project onto the graph state [120] vectors

|Line〉= CZ1,2CZ2,3CZ3,4CZ4,5CZ5,6|+〉⊗6, (74)

|Cycle〉= CZ1,2CZ2,3CZ3,4CZ4,5CZ5,6CZ6,1|+〉⊗6, (75)

respectively, where |+〉 = 1√
2
(|0〉 + |1〉) and CZi, j is the

controlled-Z gate between qubits i and j. Finally, we construct
a circuit (Appendix K) requiring only seven CNOT gates for
preparing an absolutely maximally entangled (AME) six-qubit
state �6 = |AME〉〈AME| [121].

All states from above are stabilizer states. Therefore, their
i-body sector length [Eq. (3)] is not only interpretable as a
term contributing to the purity [Eq. (6)], but also as the (nor-
malized) number of weight-i stabilizer operators [Eq. (14)].
For �1, whose stabilizer group is {Zr1 ⊗ · · · ⊗ Zrn | r ∈ Fn

2 },
we thus expect a symmetrical binomial distribution [Eq. (7)],
which is in excellent agreement with raw experimental ob-
servations in Fig. 3 (top-left panel). For the remaining five
states, we find experimental SLDs (pink) revealing various
expected entanglement features despite noticeable amounts of
noise. For all measured states, the n-body sector length cri-
terion [Eq. (8)] certifies the presence of entanglement. More
precisely, the difference a6[ρ j] − 2−6 (SLD insets) is strictly
positive. The theoretical maximum, a6[�3] − 2−6 = 0.5, is
attained by the ideal GHZ state [82]. Also in our experiment,
we observe that the GHZ state has the largest n-body sector
length amiti

6 [ρ3] = 0.32(2) among all measured states. Since
this value exceeds 1

4 + 2−nδn,odd, we can conclude that ρ3 is
not semiseparable [[122], Eq. (185)]. We find that the GHZ
state is closely followed by the three Bell pairs for which
amiti

6 [ρ2] = 0.26(2). Concerning the other sector lengths, we
can see that the i-body criterion certifies entanglement in ρ4

and ρ5 for i = 5, as well as in ρ2 and ρ6 for i = 4.
As �2 is clearly triseparable, care should be taken when

relating an[ρ] to multipartite entanglement [123]. A more
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FIG. 3. Experimentally measured QWEs for six different states ρ j on n = 6 trapped-ion qubits per copy. From 10 000 two-copy Bell
samples per state, we simultaneously estimate the SLD (top), APD (center), and TPD (bottom). Respectively, these carry the interpretation
of contribution to the purity [Eq. (6)], the averaged subsystem purity [Eq. (18)], and the observed triplet probability estimates [Eq. (64)].
In the TPD picture, we distinguish bins of even (blue) and odd (yellow) singlet numbers to highlight their positive and negative impacts,
respectively, on the global purity Tr[ρ2

j ]. Bootstrapped error bars show 95% confidence intervals. Insets show quantities whose positivity
certifies entanglement by the n-body sector length criterion (top), purity criterion (center), and concurrence criterion (bottom), where “raw,”
“miti,” and “ideal” refer to raw experimental (dark red dots), experimental results with error mitigation as described in Appendix J, and ideal
theoretical values (gray background), respectively. For all states (except for the first) and all criteria, entanglement is experimentally verified.

holistic analysis of QWE features can help. A pure state
� is called m-uniform iff ai[�] = 0 for all 1 � i � m (see
Appendix K). Such is impossible if � has a pure marginal
of size m (which would be necessarily unentangled with its
complement, e.g., �2 is not 2-uniform) and negating this state-
ment shows in which sense m uniformity can be interpreted
as an extremal form of multipartite quantum entanglement.
In the design of our experiment, we have selected states of
increasing levels of multipartite entanglement as measured by
m uniformity: �1 is 0-uniform, �2, �3, �4 are 1-uniform,
�5 is 2-uniform, and �6 is 3-uniform. Our experimental re-
sults confirm that ai[ρ j] almost vanishes for the predicted
combinations of i and j. Therefore, we can largely rule out
systematic errors that generate few-body Pauli correlations,
which are expected to be absent. Moreover, we generally ob-
serve ai[ρ j] � ai[� j] in Fig. 3, also when ai[� j] is nonzero.
This provides further diagnostic information about the error
mechanisms in the reported experiment as coherent overrota-
tions in the preparation circuit and nonunital noise, e.g., the
amplitude damping channel [124], could increase ai[ρ]. Since
we do not see any such effects, we attribute the noise affecting
our states to entropy-increasing errors primarily.

Let us segue to a discussion about averaged purity dis-
tributions, a′[ρ] [Eq. (18)], by pointing out again that the
global purity Tr[ρ2

j ] arises in all three pictures: it is the
sum [Eq. (6)] of all sector lengths (pink), the rightmost en-
try [Eq. (18)] of the APD (green), and the alternating sum

[Eq. (65)] of triplet probabilities (blue for positive, yellow for
negative). In the APD picture, the hallmark of entanglement
[Eq. (21)] is an increase of a′

i[ρ j] with i, which is clearly
observed at the right of the APD for all entangled states. The
averaged purity a′

i[ρ1] of the unentangled product state, on
the other hand, monotonically decreases with the subsystem
size i, as expected. The purity criterion [Eq. (21)] can be
quantified as well: in the APD inset of Fig. 3, we show the
measured values of the purity difference a′

6[ρ j] − a′
5[ρ j]. As

with an[ρ] − 2−n before, here a positive value of the purity
difference certifies entanglement. In all cases (except for �1

of course), we would ideally expect a′
6[� j] − a′

5[� j] = 0.5
(which is simultaneously the theoretical maximum); however,
we observe (raw) values between 0.211(6) for �5 and 0.285(5)
for �6. This implies that the purity criterion clearly detects
entanglement in ρ2, . . . , ρ6 despite significant noise levels.
Bell readout error mitigation further boosts these purity dif-
ferences by about 22%–32% as shown in the APD inset of
Fig. 3. We can also see that—on average—the marginals of
the AME state are (as expected) more mixed than for lesser-
entangled states such as the GHZ state, e.g., by looking at
a′

3[ρ j]. More generally, we find a′
i[ρ j] < a′

n[ρ j] for all i ∈
{3, 4, 5} (and all j �= 1), which implies the existence of at
least one entangled bipartition of size i versus n − i of every
state ρ j under investigation. Note that measuring APDs (in
contrast to SLDs) is always scalable (see Theorems 2 and
3 below).
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Finally, consider the TPDs [Eq. (64)] that are shown in
the bottom panel of Fig. 3. Among the three QWEs, TPDs
can be most straightforwardly extracted from Bell samples
simply by counting triplets. By Theorem 1, TPDs are the same
as Rain’s shadow QWEs [Eq. (24)] and, in accordance with
Corollary 2, we observe in Fig. 3 that all measured TPDs
concentrate toward larger triplet numbers. Overall, we ob-
serve fair experimental agreement with theoretical predictions
(gray/yellow bars for values that are smaller/larger than ex-
pected).

Let us start our discussion of the TPDs with the all-triplet
probability ãn[ρ]. For pure product states, we would never
find any singlets, i.e., ã6[�1] = 1. This prediction is closely
matched by our experimental observation ãraw

6 [ρ1] = 0.94(1).
Moreover, Fig. 3 reveals that almost all of what is miss-
ing from ãraw

6 [ρ1] has leaked into ãraw
5 [ρ1] = 0.06(1), where

just one singlet was measured. The difference between even-
singlet (blue) and odd-singlet (yellow) probabilities [Eq. (65)]
equals the global purity Tr[ρ2] = a′

n[ρ]. In particular, we find
a′

6
raw[ρ1] = 0.89(1), where “raw” refers to the fact that read-

out errors (mainly due to CNOTs) are mathematically included
as noise on the state ρ1 (see Appendix J for details).

For the other (entangled) states, we see that the all-triplet
probability ãmiti

6 [ρ j] remains slightly below each respective
value of ã6[� j]. In general, any value of ãn[ρ] below unity is
intimately linked to a loss of purity of a state ρ, its marginals,
or both [Eq. (66)]. Then, the probability missing in ãn[ρ] must
reappear in some of the ãi[ρ]’s, which correspond to either
an even or odd number of singlets. Whenever the number of
singlets is even (and positive), we can conclude the existence
of mixed marginals [Eq. (66)] that cannot be traced back to
losses of global purity [Eq. (65)]. In other words, Bell samples
with an even (nonzero) number of singlets (blue) are the
hallmark of entanglement in the TPD picture. On the other
hand, measurement outcomes with an odd number of singlets
(yellow) always stem from mixedness [Eq. (65)]. Both effects
are simultaneously captured in the lower bound [Eq. (69)] on
the concurrence C[ρ] (see TPD inset of Fig. 3).

Among the entangled states studied here, the GHZ state
has the smallest ideal concurrence, C[�3] = 0.484(1). This is
because the concurrence C[�] = 1 − ãn[�] of a pure state �

equals one minus the weighted sum over the APD [Eq. (66)]
and—for the GHZ state �3—the APD has comparatively
large entries (because all nontrivial marginals are mixtures
of just two computational basis states). At the other extreme,
the ideal AME state �6 has maximally mixed marginals
and, accordingly, the largest possible concurrence, C[�6] =
0.719(1). Our experimental observations qualitatively match
these theoretical predictions: among the entangled states ρ j ,
the experimental GHZ (AME) state minimizes (maximizes)
the lower bound on C[ρ j]. In particular, this shows that
also the concurrence criterion is robust enough to detect
entanglement in our experiment—even without error mitiga-
tion. We stress the fact that (in contrast to an[ρ] − 2−n and
a′

n[ρ] − a′
n−1[ρ]) the concurrence C[ρ] is an entanglement

measure. In all cases, we find that Bell readout error mitiga-
tion significantly increases the measured lower bound on the
concurrence.

We also see in Fig. 3 that Bell samples with zero triplets
are almost never observed. This is easily explained as the

corresponding probability ã0[ρ] is exponentially suppressed
in the number of qubits n, which relates to the fact that
ã0[ρ] (leftmost blue bar) equals the alternating weighted sum
[Eq. (72)] over the APD of ρ (green). Finally, let us point out
that if our experimental states ρ j were pure, then ã0[ρ j] would
be (exponentially) proportional to yet another entanglement
measure known as the n-tangle [Eq. (73)].

The above discussion illustrates how various entanglement
properties can be read off from the three QWE distribu-
tions. For supplementary theoretical examples on how other
distinct quantum features manifest themselves in QWEs,
we refer the interested reader to Appendixes L and M. In
Appendix L, we elaborate on the subtle differences between
coherent superpositions and incoherent mixtures whereas Ap-
pendix M exemplifies characteristics of various many-body
states.

Finally, note that two-copy Bell sampling has also been
performed in complementary experiments using reconfig-
urable atoms [11,49]. From the raw data of those experiments
it is possible to compute QWEs.

B. Direct measurement of QWEs for QECCs

In the previous subsection, we have experimentally in-
vestigated QWEs of pure target states. Let us next turn our
attention to QECCs. As we established in Sec. III C, the
QWEs of a QECC can be directly measured via Bell sampling
from ρ⊗2

QECC, where ρQECC [Eq. (2)] is the maximally mixed
state within the code space. In principle, this protocol (Fig. 2)
has the desirable single-setting property (see Appendix H),
provided one can deterministically prepare ρQECC. Alterna-
tively, one could update the state preparation circuit on a
shot-by-shot basis as ρ⊗2

QECC is physically indistinguishable
from a uniformly at random (and independently for each copy)
prepared logical computational basis state. Fortunately, this
second protocol can be derandomized when the number of
qubits is small. This is best explained for an �n, 1, d� code
with logical state vectors |0〉L and |1〉L. Assume that the logi-
cal bit flip gate XL admits a transversal implementation, which
is the case for all stabilizer codes [1] and some nonstabilizer
codes [125]. Then, it suffices to perform Bell sampling from
just two different input states, namely, |0, 0〉L and |0, 1〉L.
Indeed, since QWEs are invariant [57] under local-unitary
gates such as XL ⊗ XL, the TPDs arising from |1, 1〉L and
|1, 0〉L, respectively, ideally coincide with those from |0, 0〉L

and |0, 1〉L. Hence, there is no need for taking Bell samples
from |1, 1〉L and |1, 0〉L [126].

We perform the described two-setting experiment for the
seven-qubit color code [53,127,128] and present the measured
QWEs and their dual QWEs in Fig. 4. The seven-qubit color
code is a �7, 1, 3� stabilizer QECC that is well explored
in experiments [7,11,129–139]. For our purposes, it suffices
to directly prepare logical states using a circuit with eight
CNOT gates per copy [136] without resorting to sophisticated
fault-tolerant preparation circuits [7,136–138,140,141]. This
time, we use a buffer zone of only two ions to separate the
two seven-qubit copies on our trapped-ion quantum device.
In all three QWE pictures, we can see that—in contrast to
Fig. 3—the target state ρ ideal

QECC is not a pure state and that our
experimental realization ρ

exp
QECC is even more mixed. Indeed,
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FIG. 4. Experimentally measured QWEs (left) and dual QWEs
(right) of the seven-qubit color code. In total, 20 000 Bell samples
are averaged over two input settings: |0, 0〉L and |0, 1〉L. From this,
we estimate SLD (top), APD (center), and TPD (bottom). For TPDs,
we use blue (yellow) color to highlight that even (odd) singlet counts
have a positive (negative) impact on the global purity. Shaded (gray)
segments correspond to raw QWE values that are larger (smaller) in
magnitude than in the ideal case. Besides raw data (left red dots),
we also show error-corrected (centered blue dots) and postselected
(right green dots) QWEs, respectively, for which Bell samples with
violated parity checks are either corrected or simply discarded. Boot-
strapped error bars show 95% confidence intervals. Note that, for
some �n, k, d� codes, measurements of Ai = 2nai[ρQECC] and Bi =
2n+kbi[ρQECC] QWEs are limited to intermediate system sizes, but
TPD and APD measurements are always scalable; see main text in
Sec. V. The organizational similarity to Fig. 1 is intentional.

for a pure state, each of the three QWE distributions would
have coincided—by MacWilliams’ identity [Eq. (5)]—with its
respective dual. This is clearly not the case in Fig. 4 as the
distributions in the left panels do not coincide with those on
the right. In quantitative terms, we can most easily read off the
global purities a′

7[ρ ideal
QECC] = 0.5 and a′

7[ρexp
QECC] = 0.228(1)

from the APD (green); however, the same information is con-
tained in the SLD (pink) and TPD (blue and yellow), whose
sum [Eq. (6)] and alternating sum [Eq. (65)], respectively, also
yield the global purity. Since the MacWilliams transform is
diagonal in the TPD basis [Eq. (34)], the odd-singlet (yellow)
bins are negated when passing to the dual TPD b̃[ρ] = M̃ã[ρ]
(bottom right in Fig. 4). The fact that these bins are occu-
pied, i.e., ã[ρ] �= b̃[ρ], thus causes the aforementioned loss in
Tr[ρ2] = ∑n

i=0 b̃i[ρ]. Similarly, since M ′ is the antidiagonal
matrix [Eq. (33)], the dual APD, b′[ρ] = M ′a′[ρ], is just
the reversed APD. Therefore, a′[ρ] �= b′[ρ] implies the exis-
tence of marginals whose purity distinguishes them from their

complementary marginal, which—by virtue of the Schmidt
decomposition—again implies that ρ is a mixed state.

Despite being mixed (both by construction and by noise),
our state ρ = ρ

exp
QECC is nevertheless entangled as certified

by the averaged subsystem purities a′
3[ρ], . . . , a′

6[ρ], which
are all clearly smaller than a′

7[ρ]. The maximal difference
is a′

7[ρ] − a′
4[ρ] = 0.20(2) > 0. Also, in the TPD picture,

entanglement is observed as the all-triplet probability ã7[ρ] =
0.163(1) is sufficiently small to grant a nontrivial lower bound
[Eq. (69)] on the concurrence C[ρ] � 0.13(1) [142]. Finally,
the i-body sector length criterion [Eq. (8)] for i = n − 1 cer-
tifies the presence of entanglement in ρ

exp
QECC as we observe

araw
6 [ρexp

QECC] = 0.14(3) > 0.06 � a6[|0〉〈0|⊗7].
The n-body sector length criterion, however, does not re-

veal that ρ is entangled as araw
7 [ρexp

QECC] − 2−7 = 0.006(11)
is not undoubtedly positive within error bars. This is to be
expected as Ai = 2nai[ρ ideal

QECC] (top-left panel in Fig. 4) is
the number of weight-i stabilizer operators—and the �7, 1, 3�
code does not have any full-weight stabilizers. In the ideal
case, the Pauli-weight distributions of the stabilizer group S
and its normalizer S⊥ [Eq. (16)] are given by

A = (1, 0, 0, 0 , 21, 0 , 42, 0 ), (76)

B = (1, 0, 0, 21, 21, 126, 42, 45), (77)

respectively, from which we can read off the distance d = 3 of
the code [Eq. (17)] as the smallest index i > 0 for which Ai <

Bi. Moreover, A1 = A2 = 0 is equivalent [55] to the fact that
the seven-qubit color code (in contrast to its larger cousins) is
a nondegenerate QECC.

In Fig. 4, we see that the SLD results are severely impacted
by errors. On the one hand, the 21 weight-4 stabilizer opera-
tors (together with all other weight-4 Pauli operators, whose
expectation values ideally vanish) only actualize a total of

27araw
4

[
ρ

exp
QECC

] = 10.6+2.0
−1.8 < 21 = 27a4

[
ρ ideal

QECC

]
(78)

squared Pauli expectation values. Similarly, we only find

27araw
6

[
ρ

exp
QECC

] = 17.8+3.4
−3.0 < 42 = 27a6

[
ρ ideal

QECC

]
, (79)

which we mainly attribute to the 42 weight-6 stabilizer op-
erators. On the other hand, as we explain below, we observe
that 27araw

5 [ρexp
QECC] = 5.0+3.4

−3.0 and 27araw
7 [ρexp

QECC] = 1.7+1.4
−1.6 are

higher than their ideal value zero. Despite these systematic
errors due to experimental imperfections—which only ampli-
fied over the transform of (dual) TPDs to (dual) SLDs—we
can still correctly infer the distance d = 3 as well as the fact
that the investigated code is nondegenerate from the raw data.

Let us point out an interesting noise characteristic that
is observed in both the SLD and the dual SLD in Fig. 4:
The experiment underestimates (gray background) the num-
ber of Pauli operators P ∈ S and P ∈ S⊥ when n − wt(P)
is even, whereas that of the opposite case is overestimated
(pink shaded bars). We explain this as follows. First, we have
Ai = 0 in Eq. (76) for all odd i, which means that S only
contains even-weight stabilizers. Hence, Proposition 2 implies
that—for the investigated code—Rains’ shadow S̃ [Eq. (29)]
coincides with the normalizer S⊥ [Eq. (16)]. For enumerators,
this implies that ã[ρ ideal

QECC] = b[ρ ideal
QECC] is a (+1)-eigenvector

of the TPD-to-dual-SLD transform T̃ ′−1M̃ from Fig. 1. The
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impact of noise is easily understood in the TPD picture, where
it manifests itself in the increased occurrence of odd-singlet
events (within the constraints of Corollary 2). In our case,
we see that the largest deviation from the ideal case is that
some of the probability ã5[ρ] (blue) has leaked into ã4[ρ]
and ã6[ρ] (yellow), which correspond to two, three, and one
singlet, respectively. As the measured vector ã[ρ] still has a
fairly large overlap with its ideal version, it is unsurprising
that b[ρ] = T̃ ′−1M̃ã[ρ] is fairly close to ã[ρ], which is indeed
what we observe in Fig. 4. Note that the top-right panel dis-
plays Bi = 2n+kbi[ρ] = 256 × bi[ρ], which enumerates the
weight-i logical Pauli operators of the code.

Besides the raw data (red dots), we also show in Fig. 4
the QWEs that are obtained when error correction (blue dots)
or detection (green dots) is performed before the QWEs
are estimated. Here, it is important to note that—for color
codes—all Clifford gates and, therefore, also Bell measure-
ments can be implemented transversally. Thus, we can regard
the here-reported experiment as logical Bell sampling. Lever-
aging a lookup table decoder for the �7, 1, 3� code, we can
effectively (in classical postprocessing) project ρ

exp
QECC onto

the logical code space without discarding any data. Alterna-
tively, we can postselect for events without detected errors by
discarding all Bell samples where at least one parity check
is violated. Here, we can keep 4067 and 4458 Bell sam-
ples (from 10 000 each) for |0, 0〉L and |0, 1〉L, respectively,
where no errors are detected. Averaging the resulting two
TPDs then results in the displayed error-detected, postselected
QWEs.

We can see in Fig. 4 that the error-corrected QWEs (blue
dots) are generally closer to their ideal values than in the
raw case (red dots). Therefore, our experiment demonstrates
the hallmark of QEC: noise removal. Furthermore, Fig. 4
reveals that the postselected data (green dots) are in good
agreement with ideal predictions. However, this comes at the
expense of increasing the statistical uncertainty. Even when
accounting for error bars, the error detection results surpass
those of error correction. This showcases the practical ad-
vantage of error detection over correction for small qubit
numbers.

Before wrapping up this section, we should mention that,
although we limited ourselves to experiments with stabilizer
states and codes, the general case can be treated analogously
(see Appendix N for an example). Another interesting test bed
for studying nonstabilizer codes is the one from Ref. [125]
whose QWEs played an important role in their discovery. The
logical basis states of these exotic codes are superpositions
of Dicke states [Eq. (95)], which can be prepared via entan-
glement carving [143–148]. Proof-of-principle entanglement
carving experiments have been reported for neutral atoms
trapped in optical lattices [149,150] and optical tweezers
[151], as well as for ions in a segmented Paul trap [152]. As
such, we anticipate that the outlined experiment will be within
reach in the near future.

V. SCALABILITY CONSIDERATIONS

Now that we have experimentally demonstrated that QWEs
can be measured via two-copy Bell sampling, we turn to the
pressing question of scalability. Specifically, we analyze two

potential scalability bottlenecks. For one, we assess how state
preparation and measurement errors propagate into errors on
the measured quantities in Sec. V A. Second, in Sec. V B, we
investigate the effect of statistical errors arising from finite
sample sizes. In brief, we find that scalable measurements are
always possible for TPDs and APDs but not always for SLDs.

A. Robustness guarantees against experimental imperfections

To analyze how robust the two-copy Bell sampling
protocol for measuring QWEs (recall Fig. 2) is against experi-
mental imperfections, we continue to develop our theory from
Sec. III. The first step is to revisit the two-copy observables.

Lemma 1. (Operator norms of two-copy observables). The
operator norms of the observables from Eqs. (44), (52),
and (57) are given by ‖�i‖∞ = 3i

(n
i

)
/2n, ‖�′

i‖∞ = 1, and
‖�̃i‖∞ = 1.

Proof. The upper bounds follow from an application of
the triangle inequality to the respective definitions and from
the fact that Pauli and SWAP operators have unit operator
norm. Conversely, the matching lower bounds follow from
〈�|�i|�〉 = 3i

(n
i

)
/2n and 〈0|�′

i|0〉 = 〈0|�̃i|0〉 = 1, where
|�〉 = |�−〉⊗n and |0〉 = |0〉⊗2n. �

In other words, luckily, the TPD and APD observables �̃i

and �′
i, respectively, have operator norms that are constant

and small. The operator norm of the SLD observable �i, on
the other hand, blows up exponentially in general but not if i
is constant. In light of the next result, one can thus robustly
confirm that a promised pure input state is m-uniform if m is
a sufficiently small constant. Indeed, operator norms relate to
the sensitivity to experimental imperfections as follows.

Theorem 2. (Robustness guarantees for learning QWEs).
Let ρ be an n-qubit state, ai[ρ] ∈ {ai[ρ], a′

i[ρ], ãi[ρ]} one of
its QWEs, and �i ∈ {�i,�

′
i, �̃i} the corresponding two-copy

observable from Eqs. (44), (52), and (57). From Bell sampling
experiments, we can estimate ai[ρ] up to a systematic error
of ε > 0 if experimental imperfections are below ε/‖�i‖∞.
More precisely, ε = ‖�i‖∞‖σ − ρ ⊗ ρ‖1, where σ denotes
the effective experimental 2n-qubit state that incorporates all
preparation and readout errors (including those from CNOT

gates). Therefore, TPDs and APDs can be learned robustly
while SLDs—in the worst case—cannot.

Proof. Since we have effectively implemented σ instead of
ρ ⊗ ρ, our estimator âi = Tr[�iσ ] for ai[ρ] = Tr[�i(ρ ⊗ ρ)]
is biased. Indeed, the systematic error is given by

|âi − ai[ρ]| = ‖�i(σ − ρ ⊗ ρ)‖1 (80)

and Hölder’s inequality yields

|âi − ai[ρ]| � ‖�i‖∞‖σ − ρ ⊗ ρ‖1 = ε, (81)

which completes the proof. �
How does the error ‖σ − ρ ⊗ ρ‖1 relate to experiments?

As σ is the imperfect experimental realization of ρ ⊗ ρ, there
must be some quantum channel E such that σ = E[ρ ⊗ ρ].
We find the bound

‖σ − ρ ⊗ ρ‖1 � ‖E − I‖1→1, (82)

as an immediate consequence of the definition

‖E − I‖1→1 = max
‖ω‖1�1

‖E (ω) − I (ω)‖1 (83)
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of the one-to-one norm, which lower bounds the well-known
diamond norm. In the latter norm, the distance between two
Pauli error channels equals twice the total variation distance of
the corresponding Pauli error probability vectors [153]. Thus,

‖E − I‖1→1 � 2(1 − p0), (84)

if E is a Pauli channel with error-absence probability p0. For
example, for the local depolarizing noise channel E = E⊗n

p ,
we have p0 = (1 − 3p/4)n. Thus, for every constant value
p > 0 of noise per qubit, p0 is exponentially suppressed in
n; i.e., the QWEs of ρ and E⊗n

p [ρ] may, unsurprisingly, ex-
hibit significant differences. Nevertheless, as the measured
state σ = E⊗n

p [ρ] ⊗ E⊗n
p [ρ] is still a two-copy state, the Bell

sampling protocol remains to give rise to an unbiased mea-
surement of QWEs, however, for the noisy state E⊗n

p [ρ]. For
examples of many-body quantum states with a noteworthy
amount of noise yet interesting QWEs, see Appendix M.

A more serious issue is if the two copies become entangled
with each other. Let us model such a scenario via a collection
of m coherent overrotations

E = m◦
i=1

Ui, (85)

where each quantum channel Ui implements the unitary

Ui = exp (−itiHi ) (86)

for some small times ti > 0 and error Hamiltonians Hi acting
on an arbitrary number of qubits. Using standard arguments
[154], we find the bound

‖σ − ρ ⊗ ρ‖1 � 2
m∑

i=1

min
φ∈[0,2π )

‖Ui − 1eiφ‖∞. (87)

For each term in Eq. (87), we can insert Eq. (86), which yields

min
φ

‖Ui − 1eiφ‖∞ = min
φ

‖e−i(tiHi+φ) − 1‖∞

= 2 min
φ

∥∥∥∥ sin

(
tiHi + φ

2

)∥∥∥∥
∞

� ti min
φ∈R

‖Hi + φ‖∞

= ti
λmax[Hi] − λmin[Hi]

2
, (88)

where we have used the unitary equivalence of the operator
norm as well as the bound | sin(x)| � |x|. Here, the difference
�[Hi] = λmax[Hi] − λmin[Hi] is the spectral width of the error
Hamiltonian Hi. We have thus established the bound

‖σ − ρ ⊗ ρ‖1 �
m∑

i=1

ti �[Hi], (89)

which makes the physical intuition “the error on the prepared
state remains small if errors in the preparation circuits are
neither too frequent nor too strong” mathematically precise.

B. Sample complexity bounds

Sample complexity bounds are essential for predicting the
run-time of an experiment prior to its execution. Let us denote
by N the number of Bell samples α1, . . . ,αN ∈ {�±, �±}n

taken from two copies of an n-qubit state ρ by repeatedly

executing the learning protocol described in Fig. 2. The next
result settles the question how large one has to select N in
order to ensure accurate estimation of the various QWEs.

Theorem 3. (Sample complexities for learning QWEs). Let
ρ be an n-qubit state, ai[ρ] ∈ {ai[ρ], a′

i[ρ], ãi[ρ]} one of its
QWEs, and �i ∈ {�i,�

′
i, �̃i} the corresponding two-copy

observable from Eqs. (44), (52), and (57). Let ε, δ > 0 be
fixed target accuracy parameters. For every i ∈ {0, . . . , n}, it
is sufficient to gather

N = �[�i]2

2ε2
ln

(
2

δ

)
(90)

many Bell samples from ρ ⊗ ρ to ensure a statistical er-
ror of |âi − ai[ρ]| < ε with probability at least 1 − δ, where
�[�i] � 2‖�i‖∞ is the spectral width of �i. Moreover, if we
want that |âi − ai[ρ]| < ε holds for all i ∈ {0, . . . , n} simulta-
neously, then

N = maxi �[�i]2

2ε2
ln

(
2(n + 1)

δ

)
(91)

Bell samples from ρ ⊗ ρ are sufficient.
Proof. For every sample α ∈ {�±, �±}n, the single-shot

estimator 〈α|�i|α〉 takes values in the spectrum of �i. There-
fore, Höffding’s inequality establishes the first claim. The
second claim follows similarly by applying a union bound
argument and the triangle inequality. �

Theorem 3 has a few immediate consequences. For one,
we have �[�̃i] = 1 since �̃i is a projector. Hence, we only
need at most N = ε−2 ln(2/δ)/2 samples to estimate any
triplet probability ãi[ρ] of interest. This should not come as
a surprise as two-copy Bell sampling allows us to directly
sample from the TPD ã[ρ]. Similarly, for every subsystem
size i of interest, estimating the averaged purity a′

i[ρ] re-
quires only up to N = 2ε−2 ln(2/δ) samples as �[�′

i] = 2, by
Lemma 1. For SLDs, on the other hand, the situation is more
delicate because ‖�i‖∞ = 3i

(n
i

)
/2n can be exponentially

large. Therefore, in general, exponentially many Bell samples
are required to estimate the i-body sector length ai[ρ]. For
any constant value of i, however, ‖�i‖∞ is exponentially
small in n. As such, the total amount of squared i-body Pauli
correlations, i.e., Ai[ρ] = 2nai[ρ] can be estimated using just
N = (3i

(n
i

)
)2ε−2 ln(2/δ)/2 = O(n2iε−2 ln(1/δ)) many Bell

samples. This shows that checking constant-m uniformity
of a promised-to-be-pure input state is not only robust
(Theorem 2) but also sample efficient (Theorem 3). A re-
lated application involves determining a lower bound for the
distance of a QECC. We should point out, however, that—
while this does constitute a valid strategy with the additional
single-setting benefit (Appendix H)—directly measuring all∑m

i=1 3i
(n

i

)
low-weight Pauli operators may require fewer

samples.
Let us stress the fact that Theorem 3 only concerns the

worst-case sample complexity for measuring QWEs. While
this suffices to guarantee sample-efficient learnability of TPDs
and APDs, we need to take a closer look in the case of
SLDs. To this end, we point out that the statistics arise from a
multinomial distribution. As such, we can explicitly compute
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FIG. 5. Number N of Bell samples that is required for reaching
a variance σ 2 = 10−4 of the Shor-Laflamme quantum weight enu-
merator (also known as sector length) distribution (SLD) for various
states as a function of the number n of qubits. For some states, e.g.,
half-filled Dicke states [Eq. (95)], estimating SLDs up to constant
additive error has exponential sample complexity. In the average case
of a 2-design, however, a constant number of Bell samples suffices.

the variances

σ 2
i = 1

N

n∑
j=0

∣∣T̃ −1
i, j

∣∣2ã j[ρ] − 1

N

⎛
⎝ n∑

j=0

T̃ −1
i, j ã j[ρ]

⎞
⎠

2

(92)

of the individual estimators âi for ai[ρ], from which the total
variance of the SLD follows as

σ 2 = E

[
n∑

i=0

(ai[ρ] − âi )
2

]
=

n∑
i=0

σ 2
i , (93)

where the expectation value is over different realizations of
an N-sample experiment. Since T̃ −1

i, j takes exponentially large
values for small triplet counts j � n/2 [155], the variance σ 2

of the SLD highly depends on where the TPD concentrates.
While Corollary 2 guarantees that the mean of the TPD is
never smaller than 3n/4, it does not prevent the existence
of heavy tails of the TPD around j ≈ n/2 triplets. Indeed,
such issues occur, e.g., for Dicke states with a constant filling
fraction and for GHZ states, see Appendix M for a visual
impression.

Fixing a target variance of σ 2 = 10−4 for the SLD, we
solve Eq. (93) for the number N of required Bell samples and
plot the result in Fig. 5 as a function of the number n of qubits.
The sample requirements highly depend on the specific state,
for which we insert the corresponding QWEs into Eq. (93).
We investigate various Dicke state families (whose QWEs are
treated in Sec. VI below), GHZ and cycle graph states (whose
QWEs are taken from Ref. [91]), and average-case states. For
the latter, we compute N in Fig. 5 by inserting [106]

E|ψ〉∼μ2 ai[|ψ〉〈ψ |] =

⎧⎪⎪⎨
⎪⎪⎩

1

2n
, if i = 0,

3i
(n

i

)
2n(2n + 1)

, if i > 0,

(94)

into Eq. (93), where μ2 is an arbitrary 2-design, e.g., that of
uniformly random stabilizer or Haar-random states [16]. Also
note that the output distribution of brickwork circuits is an
approximate 2-design after linear depth [156].

We can see in Fig. 5 that the curves for GHZ (purple) and
half-filled Dicke states (red), which lie almost on top of each
other, are quickly diverging: Even for a moderate number of
n = 50 qubits, one would need more than 1016 Bell samples to
achieve an SLD variance of σ 2 = 10−4. Also, for third-filled
(orange) and quarter-filled (yellow) Dicke states, the sample
requirements scale exponentially in n. For a constant number
e of Dicke excitations, e.g., e = 20 (dark blue) and e = 1
(bright blue), on the other hand, the sample requirements
asymptotically [157] decrease with n. Indeed, for n > 100
qubits, less than a few thousands (tens) of Bell samples are
required for e = 20 (e = 1). Finally, the sample requirements
of average-case (dark green) and cycle graph states (bright
green) show almost no dependence on n, namely, N ≈ 104

and N � 3 × 103, respectively.
The exponential behavior of the sample requirements for

GHZ and Dicke states with a constant filling factor is easily
explained by the aforementioned heavy tails of the respective
TPDs around j ≈ n/2 triplets. When the number e of Dicke
excitations is constant, however, N decreases in the regime
n > 2e because the QWEs become increasingly similar to
those of a pure product state (this was formally proven for
e = 1 in Appendix D of Ref. [91]). For the latter, a single
Bell sample is sufficient because the TPD of |0〉⊗n has a
vanishing variance. Furthermore, we attribute the observation
that average-case and cycle graph states feature the same qual-
itative behavior to an earlier observation [91] that cycle graph
and other cluster states have SLDs that are closely matched by
random states. For them, the TPD only features a single peak
at j = 3n/4 triplets that is sufficiently concentrated to prevent
an uncontrolled spread of statistical errors via Eq. (93). For a
depiction of the QWEs of Dicke, cycle graph, and GHZ states
on n = 200 qubits, see Appendix M.

Our discussion of Fig. 5 shows that the situation is not
as concerning as it might seem based on an initial look at
Theorem 3. While some states do require exponentially many
Bell samples to estimate the SLD up to constant additive er-
ror, for most states, the sample requirements are manageable.
Moreover, such states include cluster states, which are highly
entangled but can be easily prepared using a constant-depth
circuit.

VI. THEORETICALLY ANALYZING THE PERSISTENCE
OF ENTANGLEMENT AGAINST LOCAL NOISE

In this final section, we showcase how the machinery of
QWEs can be leveraged to theoretically predict how much
noise certain entangled states are able to withstand with-
out becoming fully separable. Specifically, we analyze Dicke
states in the context of local depolarizing noise. We expand
on earlier strategies [91] in two ways: First, we exploit that
not only the n-body sector length and the purity criterion can
be tested via SLDs but also the concurrence and the fidelity
criterion—a connection that we have established in the present
work. Second, we demonstrate for concrete examples that the
strategy of Ref. [91] is not just limited to stabilizer states.
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0.0

FIG. 6. Noise robustness of the presence of entanglement in W
states (e = 1) and half-filled Dicke states (e = � n

2 �) for various en-
tanglement criteria described in the main text as a function of the
number n of qubits. If the noise level p is below any of the curves, the
locally depolarized state E⊗n

p [�e] is necessarily entangled according
to the corresponding criterion.

Denote by n and e the number of qubits and excitations,
respectively, of a Dicke state vector∣∣Dn

e

〉 = 1√(n
e

) ∑
x∈Fn

2 : |x|=e

|x〉, (95)

where |x| is the Hamming weight of x ∈ Fn
2 . Leveraging the

Schmidt decomposition of |Dn
e〉 [158], we find that the purity

of every subsystem S containing |S| = i qubits (and therefore
also their average) is given by

a′
i[�e] =

e∑
j=0

(( i
j

)(n−i
e− j

)
(n

e

)
)2

, (96)

where we have introduced the notation �e = |Dn
e〉〈Dn

e |. Ap-
plying the matrix from Eq. (20), we find a[�e] = T ′−1a′[�e].
Observe that in the SLD basis, local depolarizing noise acts
diagonally [Eq. (9)], i.e., a[E⊗n

p [�e]] = E (p)a[�e], where

E (p) = diag(1, (1 − p)2, . . . , (1 − p)2n). (97)

By transforming back to Rains’ unitary QWEs (also known as
APD) or forth to Rains’ shadow QWEs (also known as TPD),
we can compute

a
[
E⊗n

p [�e]
] = E (p)T ′−1a′[�e], (98)

a′[E⊗n
p [�e]

] = T ′E (p)T ′−1a′[�e], (99)

ã
[
E⊗n

p [�e]
] = T̃ E (p)T ′−1a′[�e] (100)

from Eq. (96). This, in turn, allows us to numerically find
the largest noise value p for which certain criteria certify the
presence of entanglement. In Fig. 6, we show the results for
W states (e = 1) and half-filled Dicke states (e = � n

2�). The
n-body sector length criterion (pink) and the fidelity criterion
〈Dn

e |ρ|Dn
e〉 > f n

e (black) can be tested on the level of SLDs
via Eqs. (8) and (11), respectively, where the fidelity bounds
f n
1 and f n

n/2 are taken from Refs. [159] and [158], respectively.
For f n

n/2, we assume n to be even. The purity criterion, a′
n[ρ] =

Tr[ρ2] > 1
n

∑
i Tr[Tri[ρ]2] = a′

n−1[ρ] (green), is testable via

Eq. (99). By Theorem 1, ã j[E⊗n
p [�e]] can be interpreted as the

probability to observe j triplets in a Bell sampling experiment
with two noisy copies of �e. Thus, we can also find the largest
value of p for which the lower bound on the concurrence
C[E⊗n

p [�e]] from Eq. (69) is still positive (blue).
Using brute-force density matrix calculations, we also

compute the largest value of p for which the positive partial
transposition (PPT) criterion (dark gray) and its relaxation
to the p3-PPT criterion (bright gray) certify entanglement
[160–163]. We point out that the choice of bipartition is of
crucial importance here. For the purity criterion, we find it
to be best practice to probe entanglement across a bipartition
of size n − 1 versus 1 while bipartitions of size � n

2� versus
� n

2� lead to better noise thresholds for PPT and p3-PPT. We
observe in Fig. 6 that the PPT criterion, which we can only
evaluate for a small number qubits, leads to the best lower
bound on the noise threshold. For very large qubit numbers,
we can still apply the QWE machinery and we find that the
purity criterion leads to better results than the concurrence
criterion [Eq. (67)] for both W states and half-filled Dicke
states. The n-body sector length criterion yields poor results
for W states; however, we find that half-filled Dicke states can
withstand an astonishing amount (p � 0.28 for all n � 52)
of depolarizing noise per qubit before an[E⊗n

p [��n/2�]] falls
below 2−n.

Having said this, we stress that this noise threshold only
concerns the presence of entanglement according to that cri-
terion. Detecting entanglement in the laboratory, however,
remains challenging as we just saw in Fig. 5.

In conclusion, entanglement criteria based on QWEs have
several theoretical advantages over other criteria such as PPT
and p3-PPT: (1) they can handle local noise as easily as global
noise; (2) they can be easily applied to very large system sizes;
and (3) they can test multiple criteria at the same time.

VII. DISCUSSION

In this work, we have established a concrete physical inter-
pretation of the long-standing mathematical concept known
as quantum shadow enumerators: they can be understood as
the triplet probability distribution that arises in a two-copy
Bell sampling experiment (Theorem 1). This insight led us to
a fruitful connection between quantum error correction and
entanglement, where shadow enumerators and Bell sampling
occupy pivotal roles, respectively.

Prioritizing practicality, we made strides to strengthen
this connection. For one, we have showcased—both ex-
perimentally and theoretically—how the weight enumerator
machinery from quantum error correction can be repur-
posed as a powerful tool for entanglement characterization
and, more generally, for benchmarking the performance of
quantum devices. Conversely, we have explained and ex-
perimentally demonstrated how various notions of quantum
weight enumerators (e.g., the numbers of fixed-Pauli-weight
stabilizer and logical operators of a probed quantum error-
correcting code) can be directly measured via two-copy Bell
sampling. In this context, we have also clarified how er-
ror correction relates back to Bell sampling: for self-dual
Calderbank-Shor-Steane codes, Bell sampling can be re-
garded as a logical protocol, which grants compatibility with

023318-17



DANIEL MILLER et al. PHYSICAL REVIEW RESEARCH 8, 023318 (2026)

the error correction capabilities of the code whose weight
enumerators are being measured. In vivid terms, the exper-
iment corrects itself. We demonstrated this possibility on
our trapped-ion quantum processor using the example of the
seven-qubit color code. Furthermore, to support quantum state
analyses beyond the paradigm of quantum error correction,
we have developed and implemented natural error mitigation
strategies, which make heavy use of the quantum weight enu-
merator machinery themselves.

Besides the rich information one gains about entanglement
and QEC-related properties, our protocol has yet another use-
ful application: When the QWEs of a target state are known in
advance, directly measuring QWEs constitutes an extremely
sample-efficient one-sided test—with the additional practi-
cal benefit of being single-setting—for bugfixing quantum
circuits and spotting implementation errors early on. In this
context, it is important to note that QWEs are local-unitary
invariants [57]; hence, incorrect QWEs cannot stem from in-
correct single-qubit unitaries in the final layer of a preparation
circuit. This informs where to look for mistakes.

Acknowledging the impossibility of completely eliminat-
ing errors, we have proven rigorous robustness guarantees
against experimental imperfections (Theorem 2). In a similar
spirit, we have derived concrete sample complexity bounds
(Theorem 3), thereby revealing a surprising distinction in the
hardness of estimating various instances of quantum weight
enumerators via Bell sampling: while triplet probabilities
(also known as shadow enumerators) and averaged purities
(also known as unitary enumerators) can always be measured
in a scalable manner, estimating sector lengths (also known
as Shor-Laflamme enumerators) has an exponential worst-
case sample complexity. By investigating the origins of this
issue, we were able to show that, fortunately, the average-case
sample complexity remains unaffected. In conjunction with
our reduction of the computational postprocessing complex-
ity from exponential to polynomial, these advances pave the
way for blue-sky research into the fundamental entanglement
structure of large-scale quantum states. This is complemented
by the fact that Bell sampling is a single-setting protocol that
allows for extremely fast data acquisition in practice.

Moving past the direct applicability of our developments,
we envision several future research directions. With two-copy
Bell measurements, one can efficiently probe certain quadratic
properties of a quantum state ρ; however, there also exist
many higher-moment entanglement criteria [162–166]. In this
context, one could explore existing generalizations [167–169]
of the weight enumerator machinery in the ρ⊗k scenario for
k � 3. In a different direction, one may consider properties
that are not quadratic within a single state, but rather involve
multiple states. A more general notion of quantum weight
enumerators pertains to Tr[ρσ ] instead of Tr[ρ2], allowing
for a straightforward translation of the purity aspects of this
work into the trace overlap between different states [55,57].
This plausibly opens up methods and applications in state
comparison and fidelity estimation. In this work, we have
placed heavy emphasis on the connection between the “big
three” quantum weight enumerators, but this does not mean
that they constitute everything there is to be discovered about
enumerators. There are conceivably other, yet undiscovered,
enumerator variants where the triplet probability distribution

framework may reveal interesting connections. For example,
recent proposals for “circuit” and “signed” enumerators could
potentially benefit from the TPD connection [170,171].

Finally, we highlight a well-known connection between
Bell sampling and the Hong-Ou-Mandel effect from quantum
optics [48,172–175]. An important application of this effect
is to assess the indistinguishability of two photons, which
can be regarded as a quantum-optical analog to estimating
state overlaps on digital quantum computers. The latter can
be achieved by performing transversal Bell measurements on
two different input states. In this work, we have focused on
the digital version of this protocol. It would be interesting
to explore the implications of our developments for quantum
optics and, more broadly, for analog quantum simulations.

Note added. Recently, we became aware of a comple-
mentary result that interprets them as probabilities in SWAP

tests [176]. We regard these two viewpoints as independent
perspectives on an interesting problem.

ACKNOWLEDGMENTS

The authors express their gratitude toward Marine De-
marty, Sofienne Jerbi, Ferdinand Schmidt-Kaler, David C.
Spierings, and Nikolai Wyderka for their insightful discus-
sions. This work has been supported by the Quantum Flagship
(Millenion [177], for this is the result of a joint-node collab-
oration, and PasQuans2 [178]), the BMFTR (RealistiQ [179],
QSolid [180], MUNIQC-Atoms [181], DAQC [182], QuSol
[183], Hybrid++ [184], PasQuops [185]), the Munich Quan-
tum Valley (K-8), the BMWK (EniQmA), the QuantERA
(HQCC), the Cluster of Excellence MATH+, the DFG (CRC
183 and SPP 2514: 563402549), the Einstein Foundation (Ein-
stein Research Unit on Quantum Devices), Berlin Quantum
[186], and the ERC (DebuQC [187]). This research was spon-
sored by IARPA and the Army Research Office, under the
Entangled Logical Qubits program, and was accomplished
under Cooperative Agreement No. W911NF-23-2-0212. The
views and conclusions contained in this document are those
of the authors and should not be interpreted as representing
the official policies, either expressed or implied, of IARPA,
the Army Research Office, or the U.S. Government. The U.S.
Government is authorized to reproduce and distribute reprints
for Government purposes notwithstanding any copyright no-
tation herein. The Innsbruck team acknowledges funding by
the European Union under the European Research Coun-
cil (ERC, QUDITS, 101039522), by the European Union’s
Horizon Europe research and innovation programme under
Grant Agreement No. 101114305 (“MILLENION-SGA1” EU
Project), and by the Office of the Director of National In-
telligence (ODNI), Intelligence Advanced Research Projects
Activity (IARPA), via US Army Research Office (ARO) Grant
No. W911NF-21-1-0007. Views and opinions expressed are,
however, those of the authors only and do not necessarily
reflect those of the European Union or the European Research
Council Executive Agency. Neither the European Union nor
the granting authority can be held responsible for them.
We also acknowledge support by the Austrian Science Fund
(FWF Grant-DOI 10.55776/F71) (SFB BeyondC), the Aus-
trian Research Promotion Agency under Contract No. 897481
(HPQC), and the Institut für Quanteninformation GmbH.

023318-18



EXPERIMENTAL MEASUREMENT AND A PHYSICAL … PHYSICAL REVIEW RESEARCH 8, 023318 (2026)

APPENDIX A: ELEMENTARY EXAMPLES OF QWES

In this Appendix, we illuminate the general theory of
quantum weight enumerators using two simple examples,
to improve the accessibility of the various interpretations
and applications reviewed in Sec. II. Consider the two state
vectors |0, 0〉 and |�+〉 = 1√

2
(|0, 0〉 + |1, 1〉). An important

difference between them is that |0, 0〉 is only correlated in
the Z basis, while |�+〉 is perfectly (anti)correlated in three
different bases, namely, 〈0, 0|(Z ⊗ Z )|0, 0〉 = 1, 〈�+|(X ⊗
X )|�+〉 = 〈�+|(Z ⊗ Z )|�+〉 = 1, and 〈�+|(Y ⊗ Y )|�+〉 =
−1. The term “weight” in QWE refers to the weight of mul-
tiqubit Pauli operators. The expressions above are examples
of weight-2 Pauli correlations. It turns out that the only other
nonvanishing correlations are given by 〈0, 0|(I ⊗ I )|0, 0〉 =
〈�+|(I ⊗ I )|�+〉 = 1 (weight 0) and 〈0, 0|(Z ⊗ I )|0, 0〉 =
〈0, 0|(I ⊗ Z )|0, 0〉 = 1 (weight 1). The Shor-Laflamme QWE
distribution allows us to distinguish the two states by sum-
marizing the information above into normalized vectors of
the form a = (a0, a1, a2) that are defined in full generality in
Eq. (3). In our example, we have

a[|0, 0〉〈0, 0|] = (0.25, 0.5, 0.25), (A1)

a[|�+〉〈�+|] = (0.25, 0.0, 0.75). (A2)

Note that a2[|�+〉〈�+|] = 0.75 is 3 times as large as
a2[|0, 0〉〈0, 0|] = 0.25, reflecting the fact that |�+〉 is per-
fectly correlated in 3 times as many bases as |0, 0〉. This
suffices to prove that the state |�+〉 is entangled: Indeed, the
well-known entanglement criterion for n-qubit states ρ,

Tr[ρ(X ⊗n)]2 + Tr[ρ(Z⊗n)]2 > 1 �⇒ ρ entangled, (A3)

applies here. More generally, QWEs provide a framework for
a powerful generalization of this entanglement criterion [see
Eq. (8)].

Another way to demonstrate that |�+〉 is entangled is by
examining the purities of its subsystems. The set {1, 2}, which
labels the qubits, has four subsets: �, {1}, {2}, and {1, 2}.
Thus, any two-qubit state ρ has four marginals: the (trivial)
zero-qubit state ρ� = 1, the one-qubit states ρ{1} and ρ{2},
and the global state ρ{1,2} = ρ. For |0, 0〉 and |�+〉, the single-
qubit marginals are |0〉〈0| (pure) and 1/2 (maximally mixed),
respectively. Thus, the single-qubit subsystem purities are
given by Tr[|0〉〈0|2] = 1 and Tr[(1/2)2] = 0.5, respectively.
This information is captured by Rains’ unitary QWEs, which
are vectors of the form a′ = (a′

0, a′
1, a′

2) that are defined in
full generality in Eq. (18). The entries of a′ are (averaged)
subsystem purities, where the subscripts refer to subsystem
sizes. In our example, we have

a′[|0, 0〉〈0, 0|] = (1.0, 1.0, 1.0), (A4)

a′[|�+〉〈�+|] = (1.0, 0.5, 1.0). (A5)

Since the entries of a′[|�+〉〈�+|] obey a′
2 > a′

1, we can
conclude that |�+〉 is entangled [see Eq. (21)]. These two
features, Pauli correlations and subsystem purities, are in fact
two sides of the same medal: one can always convert the SLD
into the vector of Rains’ unitary QWEs, and vice versa [57].
This relationship is thoroughly discussed in Sec. II.

APPENDIX B: OVERLAP DECAY IN TERMS OF SLDS

In this Appendix, we prove Proposition 1. Let ρ be an
arbitrary n-qubit state. Expanding it in the Pauli basis yields

ρ =
∑

P∈{I,X,Y,Z}⊗n

Tr[ρP]

2n
P. (B1)

By linearity of the locally depolarizing channel E⊗n
p [·], we

find E⊗n
p [ρ] = ∑

P
Tr[ρP]

2n E⊗n
p [P]. Since also Tr[·] is linear, the

overlap decay between ρ and E⊗n
p [ρ] follows as

Tr
[(
E⊗n

p [ρ]
)
ρ
] =

∑
P,Q

(1 − p)wt(P) Tr[ρP]

2n

Tr[ρQ]

2n
Tr[PQ],

(B2)

where we have used E⊗n
p [P] = (1 − p)wt(P)P. Further exploit-

ing the fact that Tr[PQ] = δP,Q2n, we find

Tr
[(
E⊗n

p [ρ]
)
ρ
] =

∑
P∈{I,X,Y,Z}⊗n

(1 − p)wt(P) Tr[ρP]2

2n
. (B3)

Therefore, we can write

Tr
[(
E⊗n

p [ρ]
)
ρ
] =

n∑
j=0

(1 − p) j
∑

P∈{I,X,Y,Z}⊗n

wt(P)= j

Tr[ρP]2

2n

=
n∑

j=0

(1 − p) ja j[ρ], (B4)

which completes the proof.

APPENDIX C: DERIVATION OF DUAL AND SHADOW
ENUMERATORS

In this Appendix, we provide a unified derivation of the
well-known fact that—for a QECC with stabilizer group S—
the abstract definitions of dual Shor-Laflamme QWEs and
Rains’ shadow QWEs from Eqs. (4) and (24) simplify to the
Pauli-weight distributions over the logical Pauli group S⊥ and
its coset S̃ , respectively.

In both cases, we will use the so-called SWAP trick [105],
which asserts for arbitrary n-qubit operators A and B,

Tr[AB] = Tr[(A ⊗ B)�], (C1)

where � = ∏n
i=1 SWAPi,n+i is the operator that exchanges

two n-qubit registers. Inserting A = Pρ and B = Pσ for P ∈
{I, X,Y, Z}⊗n and two n-qubit states ρ and σ , yields

Tr[ρPσP] = Tr[(ρ ⊗ σ )(P ⊗ P)�]. (C2)

The Pauli decomposition � = 1
2n

∑
Q∈{I,X,Y,Z}⊗n Q ⊗ Q allows

us to write (after a little algebra),

(P ⊗ P)� = 1

2n

∑
Q∈{I,X,Y,Z}⊗n

(−1)δPQ,QP Q ⊗ Q. (C3)

Combining Eqs. (C2) and (C3) finally yields

Tr[ρPσP] =
∑

Q∈{I,X,Y,Z}⊗n

(−1)δPQ,QP Tr[ρQ]Tr[σQ]

2n
. (C4)
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Let us begin with deriving the dual SLD. Inserting Eq. (C4)
with ρ = σ into Eq. (4), we find

bi[ρ] = 1

4n

∑
P,Q∈{I,X,Y,Z}⊗n

wt(P)=i

Tr[ρQ]2(−1)δPQ,QP . (C5)

If, more specifically, ρ = ρstab
QECC is the code state from

Eq. (13), then the map {I, X,Y, Z}⊗n → R,

Q �−→ Tr
[
ρstab

QECCQ
]2 =

{
1, if Q ∈ S,

0, if Q �∈ S,
(C6)

is the indicator function on the stabilizer group S of the
QECC. Here, we sightly abuse notation and treat stabi-
lizer groups as subsets of {I, X,Y, Z}⊗n, effectively ignoring
phases, which are irrelevant in this context. Using Eq. (C6),
we can simplify Eq. (C5) into

bi
[
ρstab

QECC

] = 1

4n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

∑
S∈S

(−1)δPS,SP . (C7)

Clearly, the inner sum in Eq. (C7) equates to |S| = 2n−k if
P is contained in the dual S⊥, which is defined in Eq. (16).
Conversely, if P �∈ S⊥, the inner sum in Eq. (C7) vanishes.
Therefore, the map {I, X,Y, Z}⊗n → R,

P �−→ 1

|S|
∑
S∈S

(−1)δPS,SP , (C8)

is the indicator function on S⊥. In conclusion, bi[ρstab
QECC] is the

probability that a uniformly random logical operator P ∈ S⊥
has wt(P) = i, which proves Eq. (15).

Finally, let us derive an analogous result for Rains’ shadow
QWEs. This time inserting σ = ρ̃ into Eq. (C4), we find

Tr[ρPρ̃P] = 1

2n

∑
Q∈{I,X,Y,Z}⊗n

Tr[ρQ]Tr[ρ̃Q](−1)δPQ,QP . (C9)

Further using Tr[ρ
Q] = (−1)δQ,Q
 Tr[ρQ] and accounting
for a potential minus sign (if Q and Y = Y ⊗n anticommute),
we can write

Tr[ρPρ̃P] = 1

2n

∑
Q

Tr[ρQ]2(−1)δQ,Q
 + δQY,YQ + δPQ,QP .

(C10)

Since Q = Q
 iff the number of Y operators in Q is even and
QY = YQ iff the combined number of X and Z operators in
Q is even, we obtain

(−1)δQ,Q
 + δQY,YQ = (−1)wt(Q). (C11)

As above, we now specialize to the case ρ = ρstab
QECC. Inserting

Eqs. (C10) and (C11) into Eq. (24) yields

ãi
[
ρstab

QECC

] = 1

4n

∑
P∈{I,X,Y,Z}⊗n

wt(P)=i

∑
S∈S

(−1)wt(S)+δPS,SP (C12)

in direct analogy to Eq. (C7). This time, the inner sum
in Eq. (C12) equates to |S| = 2n−k if P ∈ {I, X,Y, Z}⊗n is
contained in the shadow S̃ , which is defined in Eq. (29).

Conversely, if P is not contained in S̃ , then the inner sum in
Eq. (C12) vanishes. Therefore, the map {I, X,Y, Z}⊗n → R,

P �−→ 1

|S|
∑
S∈S

(−1)wt(S)+δPS,SP , (C13)

is the indicator function on Rains’ shadow S̃ . This shows that
ãi[ρstab

QECC] is the probability that a uniformly random P ∈ S̃
has wt(P) = i, which proves Eq. (28).

APPENDIX D: THE SHADOW IS A COSET OF THE DUAL

In this Appendix, we prove Proposition 2. First, let Q ∈ S̃
be an arbitrary element in the shadow and consider the op-
erator L = PQ. For all stabilizers S ∈ S , we thus have PS =
SP(−1)wt(S), QS = SQ(−1)wt(S), and therefore LS = SL; i.e.,
L ∈ S⊥ is a logical Pauli operator. We have thus shown the
first inclusion S̃ ⊆ PS⊥. For the other inclusion, consider
Q ∈ PS⊥, i.e., Q = PL for some L ∈ S . Then, we have SQ =
SPL = PSL(−1)wt(S) = PLS(−1)wt(S) = QS(−1)wt(S), which
proves S̃ ⊇ PS⊥.

Concerning the addendum, consider the case S̃ = S⊥ first.
Then, comparing Eqs. (16) and (29) shows that S cannot
contain elements whose weight is odd. Conversely, if S is
generated by even-weight stabilizers, then all elements in
the Abelian group S have an even weight (Lemma 8 in
Ref. [191]), and the anticommutativity condition in Eq. (29)
is vacuous. This then shows S̃ = S⊥ and completes the proof.

APPENDIX E: NOTATIONAL OVERVIEW

For convenience, this Appendix explicitly repeats the ma-
trix entries for all nine transforms that are displayed in Fig. 1.
As always, let n be the number of qubits. The MacWilliams
transforms are given by

Mi, j = 1

2n

i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1)l3i−l , (1)

M ′
i, j = δi,n− j, (33)

M̃i, j = (−1)n+iδi, j (34)

in the bases of Shor-Laflamme, averaged subsystem purity,
and triplet probability distributions, respectively. To transform
SLDs into APDs and back again, one has to use the lower-
triangular matrices with entries

T ′
i, j = 2n−i(n

i

) (n − j

n − i

)
, (19)

T ′−1
i, j =

(n
j

)
2n− j

(
n − j

n − i

)
(−1)i+ j . (20)

To transform SLDs into TPDs (Rains’ shadow QWEs) and
back again, one must apply the Krawtchouk matrices whose
entries are given by

T̃i, j = 1

2n

i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1) j−l 3i−l , (25)

T̃ −1
i, j = 1

2n

i∑
l=0

(
n − j

i − l

)(
j

l

)
(−3)i−l . (27)
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FIG. 7. Operator norms of the linear maps acting on Rn+1 from
Fig. 1 as a function of the number of qubits. Except for T̃ ′−1, M ′, and
M̃, all norms are growing exponentially. Hence, in general, one has
to work with an increased numerical precision when transforming
between QWEs.

Finally, one can also directly convert APDs into TPDs, and
vice versa, via

T̃ ′
i, j = 1

2n

(
n

j

) i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1) j−l , (31)

T̃ ′−1
i, j = 1(n

i

) i∑
l=0

(
n − j

i − l

)(
j

l

)
(−1)i−l . (32)

As the colors in Fig. 1 illustrate, the only matrices from the
above that never unfavorably amplify numerical imprecision
(theory) and statistical errors (experiment) of the QWEs are
M ′, M̃, and T̃ ′−1.

APPENDIX F: OPERATOR NORMS OF QWE
TRANSFORMATIONS

In Lemma 1, we have analytically computed the operator
norms of the two-copy observables �i,�

′
i, and �̃i, which

are all highly degenerate. Indeed, in Sec. III we have shown
that these operators are diagonal in the basis of Bell pairs
|α〉 [Eq. (41)] and that their eigenvalues only depend on the
number of singlets in |α〉 but not on their position within |α〉.
The core of the efficiency of the quantum weight enumerator
machinery is to lift this degeneracy by replacing �0, . . . , �n

and �′
0, . . . , �

′
n with T̃ −1 and T̃ ′−1, respectively. In the pro-

cess, the operator norms do not remain the same. In Fig. 7,
we show the operator norms of T̃ −1 and T̃ ′−1 alongside those
of the other transformations from Appendix E. We see that
‖T̃ −1‖∞ (red) grows exponentially while ‖T̃ ′−1‖∞ (green)
increases sublinearly. This is easily explained as the behav-
ior inherited by their corresponding 2n-qubit observables.
Note that we have strong numerical evidence for ‖T̃ ′−1‖∞ �
1.25

√
n. Concerning the other transformations, we see that

the exponentially growing operator norms of T̃ , T̃ −1, and M
all coincide (orange) since these matrices are obtained from
one another merely by modifying the signs of certain columns
or rows. The worst operator norm is that of T ′ (red), which
transforms SLDs into APDs. Also, that of T̃ ′ (blue) grows

exponentially albeit less quickly. Finally, we see ‖M ′‖∞ =
‖M̃‖∞ = 1 (cyan) as these are the bases in which the self-
inverse MacWilliams transform is a symmetric matrix and,
therefore, orthogonal.

APPENDIX G: COST REDUCTION
FOR MACWILLAMS’ TRANSFORM

From a naive perspective, precomputing the transformation
matrices M, T̃ , T̃ −1, T̃ ′, and T̃ ′−1 from their definitions in
Appendix E has a cost of O(n4). Here, we show how this
complexity can be reduced to O(n2) by identifying useful
recurrence relations between matrix entries. With these sim-
plifications, precomputing on a standard laptop all 6(n + 1)
single-shot estimators from Sec. III A requires, e.g., less than
3 s for n = 1000 qubits per copy.

In order to compute T̃ ′−1, for example, we start by omitting
the factor 1/

(n
i

)
, which can be reapplied later. According to

Eq. (32), the first row then consists of all ones while the first
column contains the binomial coefficients with alternating
signs, i.e., (−1)i

(n
i

)
for i ∈ {0, . . . , n}. The crucial insight is

that in each 2 × 2 block of this matrix, the lower-right entry is
just the sum of the other three entries. Following this prescrip-
tion, the entire matrix can be built up from top to bottom and
left to right in O(n2) steps. Finally, each row is divided by the
absolute value of its first entry, thus completing the calculation
of T̃ ′−1.

Similar instructions are found for the remaining matrices.
Specifically, M has almost the same boundary conditions as
T̃ ′−1 (up to normalization), only that (−1)i

(n
i

)
appears in the

last column instead of the first one. The matrix can then be
completed according to Mi, j = 3Mi−1, j+1 + Mi−1, j + Mi, j+1.
Moreover, we again stress the fact that the two matrices T̃ and
T̃ −1 arise from M by changing signs of odd rows and columns,
respectively. It is therefore not necessary to recompute T̃ and
T̃ −1 from their definitions when M is already known.

This approach is limited by numerical precision when
adding numbers of largely differing orders of magnitude;
however, this issue can be avoided by using integers until
the application of normalization factors. In general, storing
most of the transformation matrices with exponential operator
norm in standard IEEE 754 64-bit floating point format is only
possible until n = 1029. Until then, we find that the recursive
method yields an enormous speedup compared to the naive
approach.

APPENDIX H: BENEFITS OF SINGLE-SETTING
PROTOCOLS

In this Appendix, we discuss different strategies for learn-
ing the sector length distribution (SLD) of an n-qubit state
ρ. In particular, we discuss for which experimental setups
the single-setting property of the two-copy Bell sampling
protocol, which is developed in the main text of this paper,
constitutes a game-changing advantage over randomized pro-
tocols.

Recall from Eq. (3) that the i-body sector length ai[ρ]
of an n-qubit state ρ is defined as the normalized sum of
Tr[ρP]2 over all 3i

(n
i

)
Pauli operators P with wt(P) = i. Thus,

a brute-force approach for learning the entire SLD a[ρ] is to
first measure all Pauli expectation values (or just their squares)
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and then to compute the corresponding sums. Clearly, such a
learning protocol suffers from an exponential postprocessing
cost. However, even if we had infinite classical computational
power, how can we obtain all Tr[ρP]2 in the first place? A
naive strategy uses classical shadows [23–27] (unrelated to
Rains’ shadow), where individual copies of ρ are measured
after applying a random unitary U drawn from a suitable
ensemble of readout circuits. While each such measurement
enables for all r ∈ Fn

2 access to Tr[ρU †ZrU ], which is the
expectation value of a Pauli operator if U is a Clifford circuit,
the classical shadow approach has several drawbacks: (1)
measuring all Tr[ρP]2 to constant additive precision provably
requires exponentially many samples in n [32]; (2) the readout
circuits are often—but not always [192,193]—challenging to
implement reliably; and (3) for many experimental setups, the
randomized nature of classical shadows is highly undesirable
in practice as updating the readout circuit on a shot-by-shot
basis can slow down experimental data acquisition by several
orders of magnitude.

While issue (3) can be solved in principle via sophisti-
cated techniques such as partial compilation [194], doing so
requires expensive hardware and sophisticated software im-
plementations. Moreover, such solutions can only reduce the
slowdown without ever fully eliminating it.

In some regards—it circumvents issues (2) and (3)—a
better alternative is based on single-setting informationally
complete measurements. These can be realized by embedding
each qubit into a ququart at the readout stage [195,196] and
enabling access to Tr[ρP] for all P ∈ {I, X,Y, Z}⊗n simulta-
neously without the need of ever altering the readout circuit.
However, just as classical shadows, also single-setting infor-
mationally complete measurements fall into the paradigm of
single-copy access protocols, which all suffer from problem
(1). Two-copy Bell sampling, on the other hand, allows us to
measure Tr[ρP]2 for all P up to constant error with a number
of shots that is constant in n [34]. However, it was hitherto
unclear whether and how one can also avoid the classical
postprocessing cost and under what circumstances errors on
the individual Tr[ρP]2 may or may not conspire when they
are added up in the SLD. As we show in Sec. III A, the
exponential postprocessing cost can always be avoided. The
more subtle issue about sample complexity is discussed in
Sec. V B.

APPENDIX I: ON TRIPLET PROBABILITY
DISTRIBUTIONS

In this Appendix, we translate results from the sec-
tor length literature into the picture of triplet probabilities.
First, we express moments of triplet probability distribu-
tions in terms of few-body Pauli correlators, in Appendix
I 1. The question that which probability distributions may or
may not arise in Bell sampling experiments is addressed in
Appendix I 2.

1. Moments of triplet probability distributions

Consider an n-qubit state ρ and denote the ith moment of
its TPD ã[ρ] = (ãx[ρ])n

x=0 by

〈x̃i〉 =
n∑

x=0

ãx[ρ]xi. (I1)

Simplifying the ith component of a[ρ] = T̃ −1ã[ρ] and de-
noting by Ai[ρ] = 2nai[ρ] the unnormalized version of
Shor-Laflamme QWEs, we find

A1[ρ] = 4〈x̃〉 − 3n, (I2)

A2[ρ] = 8〈x̃2〉 − (12n − 4)〈x̃〉 + 9

(
n

2

)
, (I3)

A3[ρ] = 32

3
〈x̃3〉 − (24n − 16)〈x̃2〉 (I4)

+ 54n2 − 90n + 28

3
〈x̃〉 − 27

(
n

3

)
. (I5)

Rearranging Eq. (I2) yields the TPD’s mean

〈x̃〉 = 3n + A1[ρ]

4
. (I6)

Similarly, by inserting Eq. (I6) into Eq. (I3) we obtain the
second moment of the TPD,

〈x̃2〉 = A2[ρ] + (3n − 1)(3n + A1[ρ]) − 9
(n

2

)
8

, (I7)

as well as its variance

〈x̃2〉 − 〈x̃〉2 = 2A2[ρ] − A1[ρ]2 − 2A1[ρ] + 3n

16
. (I8)

Note that, for pure graph states [120], A1[ρ] is equal to the
number of isolated vertices, while A2[ρ] counts leaves and
twin pairs of the underlying graph [91].

In principle, we could go on and express the ith moment
〈x̃i〉 of the TPD as a linear combination of A0[ρ], . . . , Ai[ρ].
When

ρ = 1

|S|
∑
S∈S

S (I9)

is a pure stabilizer state or, more generally, the maximally
mixed state of a stabilizer QECC with stabilizer group S ,
we can compute Ai[ρ] = |{S ∈ S | wt(S) = i}| in classical
run-time O(ni ), which is efficient if i is constant. Similar is
true for matrix product states with a low bond dimension.

2. Bounds on triplet probability distributions

For every n-qubit state ρ, the TPD ã[ρ] is a discrete prob-
ability distribution on the finite set {0, . . . , n}. However, not
every mathematically well-defined probability distribution on
{0, . . . , n} can be physically realized as a TPD arising in a
two-copy Bell measurement. For example, from Eq. (24), we
know that the zero-triplet probability ã0[ρ] = Tr[ρρ̃]

2n of any
state ρ is upper bounded by 2−n. This bound is tight and
attained iff ρ is pure and ρ = ρ̃, e.g., for half-filled Dicke
states and GHZ states, assuming n even. At the other extreme
of the distribution, however, we can have probabilities as large
as ãn[|0〉〈0|⊗n] = 1. These observations are manifestations of
an even more general asymmetry in TPDs that we are going
to unfold now.

Recall from Eq. (I6) that the mean 〈x̃〉 of any TPD can
be expressed in terms of the (unnormalized) one-body sector
length A1[ρ] = 2na1[ρ]. From its definition [Eq. (3)], it is
clear that A1[ρ] cannot be negative. Hence, we can lower

023318-22



EXPERIMENTAL MEASUREMENT AND A PHYSICAL … PHYSICAL REVIEW RESEARCH 8, 023318 (2026)

bound the mean of the TPD via

〈x̃〉 � 3n

4
, (I10)

which implies that one will always observe a fairly large
number of triplets in two-copy Bell sampling experiments.
The bound in Eq. (I10) is tight and attained for the maximally
mixed state whose triplet probabilities

ãi

[
1

2n

]
=
(

n

i

)
3i

4n
(I11)

are binomially distributed since every Bell measurement ran-
domly (with equal probability 25%) results in one of three
triplets or in a singlet. This proves Corollary 2. Conversely,
we recover the well-known bound A1[ρ] � n by inserting the
trivial bound 〈x̃〉 � n into Eq. (I6). More generally, it has been
shown [81] that

0 � Ai[ρ] �

⎧⎪⎪⎨
⎪⎪⎩
(n

1

)
, if i = 1 and n � 1,(n

2

)
, if i = 2 and n � 3,(n

3

)
, if i = 3 and n � 5,

(I12)

which directly translates into bounds on linear combinations
of mean, variance, and skewness of admissible TPDs via
Eqs. (I2)–(I8). Unfortunately, there cannot exist a nontrivial
lower bound on the TPD’s variance as the example of any pure
product state shows. Nonetheless, yet another bound on lin-
ear combinations of sector lengths (Corollary 9 in Ref. [81])
translates into

n∑
i=0

(
n − i

2

)
(2i + 2 − n)ãi[ρ] � 0 (I13)

for all n-qubit states ρ. For example, inserting n = 3 into Eq.
(I13) yields ã1[ρ] � 3ã0[ρ], which is a nontrivial result about
two-copy Bell sampling experiments. Finally, the fact that the
GHZ state maximizes n-body correlations [82,197],

0 � An[ρ] � An[�GHZ] = 2n−1 + δn,even, (I14)

also translates into a bound on linear combinations of triplet
probabilities.

Next, let us discuss the polytopes of admissible QWEs for
n = 2 qubits (see Fig. 8). It was shown in Ref. [81] that a
putative SLD a = (a0, a1, a2) can be physically realized (i.e.,
a = a[ρ] for some two-qubit state ρ) iff a ∈ R3 is contained
in the convex hull of

a[|�+〉〈�+|] = 1

4
(1, 0, 3), (I15)

a[|0, 0〉〈0, 0|] = 1

4
(1, 2, 1), (I16)

a
[
|0〉〈0| ⊗ 1

2

]
= 1

4
(1, 1, 0), (I17)

a
[
1

4

]
= 1

4
(1, 0, 0). (I18)

In Fig. 8, we depict (without any loss of information a
two-dimensional cross section through) the resulting sector
length polytope (pink). By applying the basis change ma-
trices T ′ and T̃ from Fig. 1, we convert the SLD polytope
into the corresponding polytopes of admissible two-qubit

FIG. 8. 2D cross sections through 3D polytopes of admissible
QWEs for n = 2 qubits. SLDs (pink) were characterized in Ref. [81]
and the admissible APDs (green) and TPDs (blue) follow via the
transforms T ′ and T̃ from Fig. 1. Each polytope is the convex hull
of four vectors of QWEs for the states |�+〉〈�+|, |0, 0〉〈0, 0|, 1/4,
and ρ4 = 1

2 (|0, 0〉〈0, 0| + |0, 1〉〈0, 1|). The thickened gray boundary
lines precisely correspond to pure states. In darker regions, all states
are entangled. However, also in lighter regions, entangled states do
exist, e.g., the Werner state [198] ( 1

3 + ε)|�+〉〈�+| + ( 2
3 − ε)14 is

entangled for every ε > 0 (red dot at ε = 0) [160].

averaged purity distributions (green) and triplet probability
distributions (blue). In each basis, we have available one en-
tanglement criterion [recall Eqs. (8), (21), and (67)], namely,

(1) a2[ρ] > 1
4 �⇒ ρ entangled (n-body sector length),

(2) a′
2[ρ] > a′

1[ρ] �⇒ ρ entangled (purity), and
(3) ã2[ρ] > 1 − 3ã0[ρ] �⇒ ρ entangled (concurrence).
We highlight the regions of definitively entangled states

with a darker haze in Fig. 8. Coincidentally, all three criteria
are equivalent in the present case of n = 2 qubits. For n � 3,
on the other hand, Fig. 6 clearly shows that the three entan-
glement criteria are no longer equivalent. Note that also for
n = 3 qubits, the set of admissible QWEs is known to be a
polytope (the convex hull of seven four-dimensional vectors)
[81], while it is a grand open challenge to fully characterize
the admissible sets of SLDs, APDs, and TPDs in the general
case of n � 4 qubits.

Finally, let us remark that—for small qubit numbers—
QWEs are strong enough to detect multipartite entanglement.
For example, every three-qubit state ρ and every four-qubit
state σ with a3[ρ] > 3/8 and a3[σ ] > 7/16, respectively,
must be genuinely multipartite entangled [81].

APPENDIX J: ERROR MITIGATION FOR LEARNING
WEIGHT ENUMERATORS

In this Appendix, we introduce two error mitigation
techniques designed to heuristically reduce noise in exper-
imentally measured quantum weight enumerators. The first
technique addresses both state preparation and Bell mea-
surement (SPABM) errors, as it is designed to reproduce the
QWEs of a pure state. The second technique targets only
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errors in the Bell measurement circuit, which are primarily
due to noisy CNOT gates. Both techniques share the general
limitation of error mitigation strategies in that they are not
scalable. In our case, the obstacle is that Shor-Laflamme dis-
tributions cannot always be measured efficiently. In Sec. IV A,
however, we report on a two-copy Bell sampling experiment
with n = 6 qubits per copy, where this restriction is not yet
prohibitive. While both mitigation strategies could be applied
in principle, we only apply the second one to the experimental
data produced in this work. As this choice aims to remove
only the readout noise from the Bell measurements, it allows
us to investigate the entanglement structure of the noisy states
produced by our quantum computer, which is the focus of our
experimental demonstration.

To remove all SPABM errors, our first mitigation strategy
makes the heuristic assumption that all noise processes can
be effectively combined into a local depolarizing error chan-
nel, E⊗n

p , with a single unknown error parameter p ∈ [0, 1].
By Eq. (9), such noise reduces the ith Shor-Laflamme QWE
by a factor of (1 − p)2i for all i ∈ {0, . . . , n}. We therefore
determine the parameter p such that

n∑
i=0

amiti
i [ρexp] = Tr

[
ρ2

targ

]
(J1)

under the condition (1 − p)2iamiti
i [ρexp] = araw

i [ρexp], where
ρtarg and ρexp denote the target state and its experimental
realization, respectively. For most applications, one will work
with Tr[ρ2

targ] = 1.
The second mitigation strategy removes only Bell mea-

surement errors, leaving state preparation noise intact. This
is appropriate for characterizing the noisy states generated
by current prototypes of quantum computers. To this end,
we adopt a weaker heuristic assumption than in the previ-
ous case, namely, that the effective noise (when errors are
backpropagated from the Bell measurements onto the state)
acts diagonally on the SLD. In other words, different-body
sector lengths do not interfere with one another. Unlike the
local depolarizing model, where each i-body sector length is
reduced by the factor (1 − p)2i, we instead allow each to be in-
dependently reduced by its own parameter λi. To calibrate the
λi values, we use the reference state �1 = |0〉〈0|⊗n, for which
preparation errors can be neglected. Its measured QWEs,
araw

i [ρ1], are smaller than the ideal values ai[�1] = (n
i

)
/2n due

to Bell measurement errors. This motivates the definition

λi = araw
i [ρ1](n
i

)
/2n

(J2)

for all i ∈ {0, . . . , n}. For all other states ρ j under investiga-
tion, we reuse these damping factors to define the mitigated
SLDs via

amiti
i [ρ j] = λ−1

i araw
i [ρ j]. (J3)

By definition, we thus have amiti
i [ρ1] = ai[�1]. For the other

states, we generally expect araw
i [ρ j] � amiti

i [ρ j] � ai[� j].
Further applying the transforms T ′ and T̃ from Appendix E
to the vector amiti[ρ j], we can also obtain mitigated values for
Rains’ unitary enumerators and Rains’ shadow enumerators.

In the experiment reported in Sec. IV A, the application
of this second mitigation strategy yields the damping vector

FIG. 9. Realizations of six-qubit AME states as graph states with
nine (left) and ten (right) edges, respectively.

λ = (1, 0.957, 0.919, 0.885, 0.852, 0.819, 0.785), which is in
excellent agreement with the local depolarizing noise model,
i.e., λi ≈ (1 − p)2i, corresponding to an effective per-qubit
error rate of p ≈ 0.02.

APPENDIX K: PREPARING SIX-QUBIT AME STATES
WITH ONLY SEVEN CNOTs

In this Appendix, we present a preparation circuit for a six-
qubit state that is absolutely maximally entangled. Recall that
a pure state � = |ψ〉〈ψ | is called m-uniform iff all of its m-
body marginals are maximally mixed, i.e., iff

a1[�] = · · · = am[�] = 0. (K1)

By the Schmidt decomposition, the largest value of m for
which there is any hope for Eq. (K1) to hold is m = � n

2�. In
this case, � is called an AME state. For qubits, such AME
states only exist for n ∈ {2, 3, 5, 6} parties [199].

A six-qubit AME state can be realized in form of a cylinder
graph state or a wheel graph state whose graphs are displayed
on the left and right of Fig. 9, respectively. However, in the
graph state paradigm, the number of edges (here 9 and 10)
is precisely equal to the number of two-qubit gates in the
corresponding preparation circuit. We can do better by leaving
the graph state paradigm. Via a randomized search over low-
depth Clifford circuits, we discover an AME state that can be
prepared with only seven two-qubit gates (see Fig. 10). To
our knowledge, this reduces the CNOT cost of the best AME
state preparation circuit from 9 to 7. This is also the circuit
that we used in our experimental demonstration presented in
Sec. IV A.

FIG. 10. Preparation circuit for a six-qubit absolutely maximally
entangled state. This circuit requires fewer CNOT gates than the naive
graph state preparation circuits from Fig. 9.
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1.0

1.0

FIG. 11. QWEs for a parametrized superposition (top) and mixture (bottom) of |0〉⊗n and |1〉⊗n for n = 20 qubits. See Eqs. (L1) and (L2)
for precise definitions. Vertical slices through the plots (rotated clockwise by 90◦) correspond to QWE distributions of a given state, similar to
Fig. 3. The three distributions show the same information in different vector space bases of Rn+1 as discussed in Fig. 1.

APPENDIX L: QWEs FOR SUPERPOSITIONS VERSUS
MIXTURES

Here, we showcase how superpositions and mixtures may
differently manifest themselves in the three distributions of
quantum weight enumerators. For concreteness, we consider
the following two families of parametrized n-qubit states.
First, a superposition state �sup(p) = |ψ (p)〉〈ψ (p)| with state
vector

|ψ (p)〉 = √
p|0〉⊗n +

√
1 − p|1〉⊗n (L1)

and second, the corresponding incoherent mixture

ρmix(p) = p|0〉〈0|⊗n + (1 − p)|1〉〈1|⊗n. (L2)

Note that |ψ (1 − 2/n)〉 recently appeared as a logical state
of an �n, 1, 2� code that was used to construct a family of
�n, k, d� QECCs (for every k, d = const), which have logical
states with vanishingly small geometric entanglement in the
limit of large n [200]. This is somewhat surprising because,
under very mild assumptions, logical states are highly entan-
gled [200].

By symmetry (QWEs are local-unitary invariants), we can
assume 0 � p � 0.5 without loss of generality. Then, �sup(p)
is entangled for all values of p �= 0, whereas ρmix(p) is al-
ways fully separable. This form of entanglement is a global
property as both states share exactly the same marginals and,
in consequence, the same (averaged) subsystem purities

a′
i[�sup(p)] = a′

i[ρmix(p)] = 1 − 2p(1 − p) (L3)

for 0 < i < n. For i = 0, on the other hand, we have
a′

0[�sup(p)] = a′
0[ρmix(p)] = 1 by normalization. The only

difference that is thus captured by the APD are the global
purities a′

n[�sup(p)] = 1 and a′
n[ρmix(p)] = 1 − 2p(1 − p),

respectively. As discussed in the main text, we can convert
APDs into SLDs and TPDs. We plot all of them for both
parametrized states on n = 20 qubits in Fig. 11. The differ-
ences are subtle but clearly visible.

Let us first discuss the sector length distributions (pink),
which are displayed in the left panel of Fig. 11. They
look mostly the same for �sup(p) and ρmix(p). In fact, they
precisely coincide in all entries except for the last—a prop-
erty inherited from their APDs [Eq. (L3)] because T ′−1

[Eq. (20)] is a lower-triangular matrix. For p = 0, we still have
�sup(0) = ρmix(0) and the SLD is given by the symmetrical
binomial distribution—the SLD unique to pure product states
[Eq. (7)]. As we increase p, we see that a[�sup(p)] continu-
ously changes until the SLD

ai[�GHZ] = 1

2n

(
n

i

)
δi,even + 1

2
δi,n (L4)

of the GHZ state �GHZ = �sup(p = 0.5) is reached [90]. Sim-
ilarly, the odd components of a[ρmix(p)] converge to zero until
the SLD

ai[ρrep] = 1

2n

(
n

i

)
δi,even (L5)

of the maximally mixed state ρrep = 1
2 |0〉〈0|⊗n + 1

2 |1〉〈1|⊗n

within the n-qubit repetition code space is reached. Note that
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�sup(p) lies within this subspace too. We analytically find
(assuming n is even)

an[�sup(p)] = 1

2n
+ 2p(1 − p), (L6)

an[ρmix(p)] = 1

2n
. (L7)

Therefore, the n-body sector length criterion [Eq. (8)] identi-
fies �sup(p) as entangled for all values of p ∈ (0, 0.5], while
an[ρmix(p)] is as large as possible given the fact that ρmix(p) is
a separable state. Finally, note that the GHZ state maximizes
the n-body sector length among all n-qubit states [82,197].

Next, consider the central panel of Fig. 11, where we have
plotted the averaged purity distributions. As mentioned above,
the APDs (green) coincide except for a′

n[�sup(p)] = 1 and
a′

n[ρmix(p)] = 1 − 2p(1 − p). Hence, also the purity criterion
[Eq. (21)] detects entanglement in �sup(p) for all values of
p ∈ (0, 0.5], while ρmix(p) again only meets the separability
bound without surpassing it.

Last but not least, the triplet probability distributions are
shown in the right panel of Fig. 11. Here, we use blue and
yellow colors to distinguish the cases of even and odd singlets,
respectively. In other words, we are—strictly speaking—
depicting the dual TPD b̃ rather than the TPD ã itself.
Recall that the two are related via b̃i[ρ] = (−1)n−iãi[ρ] for
all n-qubit states ρ; i.e., by Eq. (65), we can always write
Tr[ρ2] = ∑

i b̃i[ρ]. Consistently, we only find yellow stripes
emerging in the plot of ρmix(p) but not for �sup(p) as the
former becomes increasingly mixed as p grows, whereas the
latter remains pure. Also here (in the TPD picture), the QWEs
of the two parametrized states otherwise show similar fea-
tures. For p = 0, both TPDs are completely concentrated in
the all-triplet bin, i.e., ãi[�sup(0)] = ãi[ρmix(0)] = δi,n as is
the hallmark of pure product states. As p is increased, this
probability is redistributed into the other bins—indicating
mixedness. For �sup(p), this mixedness is only found in
the marginals, thus certifying entanglement. For ρmix(p), the
mixedness has nothing to do with entanglement. Indeed, we
analytically find (assuming n is even)

ãn[�sup(p)] = 1 − 2p(1 − p)

(
1 − 2

2n

)
, (L8)

yielding the concurrence C[�sup(p)] = 1 − ãn[�sup(p)], as
well as

ãn[ρmix(p)] = 1 − 2p(1 − p)

(
1 − 1

2n

)
. (L9)

From this follows that the concurrence C[�sup(p)] > 0 certi-
fies entanglement for p ∈ (0, 0.5], while the lower bound on
C[ρmix(p)] from Eq. (69) is identically equal to zero. Simi-
larly, we find (if n is even)

ã0[�sup(p)] = 4p(1 − p)

2n
, (L10)

which yields the n-tangle Tr[�sup(p)�̃sup(p)] = 4p(1 − p).
Unsurprisingly, the latter reaches its maximal possible value
for p = 0.5. For completeness, we remark

ã0[ρmix(p)] = 2p(1 − p)

2n
. (L11)

However, as the state is mixed, Eq. (L11) does not carry the
interpretation of the rescaled n-tangle here.

APPENDIX M: QWES OF MANY-QUBIT STATES

In this Appendix, we present and discuss various illustra-
tive examples for the three distributions of quantum weight
enumerators. These are (1) Shor-Laflamme QWEs also known
as sector lengths, which stratify the purity by Pauli weight; (2)
Rains’ unitary QWEs also known as averaged purities; and
(3) Rains’ shadow QWEs also known as triplet probabilities.
Specifically, we consider the following three families of quan-
tum state vectors: ∣∣Dn

e

〉 = 1√(n
e

) ∑
|x|=e

|x〉, (M1)

|GHZe, 0n−e〉 =
( |0〉⊗e + |1〉⊗e

√
2

)
⊗ |0〉⊗n−e, (M2)

|Cyclee,+n−e〉 =
e∏

s=1

CZs,s+1mod e|+〉⊗n. (M3)

Each state family is parametrized by an integer e. For Dicke
state vectors |Dn

e〉, this integer is the number of excitations,
which we vary from e = 0 to e = n/2. Further increasing e
would not lead to any QWEs as |Dn

e〉 is local-unitary equiva-
lent to |Dn

n−e〉 = X ⊗n|Dn
e〉. From GHZ and cycle graph states

with e entangled qubits, meanwhile, we construct families of
n-qubit states by simply appending n − e qubits in a pure
product state.

For |Dn
e〉 and |GHZe〉, we already know the QWEs from

Eqs. (96) and (L4), respectively. Similarly, those of |Cyclee〉
were computed in Eq. (21) of Ref. [91]. Leveraging the con-
volution [81]

a j[ρ ⊗ σ ] =
j∑

i=0

ai[ρ] a j−i[σ ], (M4)

together with Eq. (7), we can thus compute the SLDs of
|GHZe, 0n−e〉 and |Cyclee,+n−e〉. This then allows us to
calculate the respective APDs and TPDs by applying the
transforms T ′ and T̃ from Appendix E.

In Fig. 12, we display all QWEs for the three discussed
state families in the case of n = 200 qubits. In the (pink)
picture of sector length distributions, we see that increasing
e causes a movement of the SLDs mean value from n/2
toward sectors of larger Pauli weight. Thereby, distinct fea-
tures manifest themselves, depending on the state family. This
observation is consistent with the fact that, for pure states, the
mean value of the SLD must lie in the range between n/2 and
3n/4 [91].

For Dicke states, we see in the top-left panel of Fig. 12 that
a significant proportion of the SLD remains around n/2 for all
values of e. Meanwhile, a second peak emerges. By increasing
e, this peak gives rise to a curved ridge that deeply extends
into the high-weight sector until full Pauli weight is reached
around e � n/2. The region between this curved ridge and the
one at Pauli weight n/2 is significantly occupied by the SLD.
Toward larger values of e, an interferencelike pattern arises
in this region. Precisely at half-filling, the odd-weight sector
lengths “destructively interfere” in the sense that we observe
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1.0 1.0 1.0

FIG. 12. Quantum weight enumerators of noiseless parametrized states defined in Eqs. (M1)–(M3) on n = 200 qubits. Shown are Shor-
Laflamme distributions (top, pink), averaged purity distributions (center, green), and triplet probability distributions (bottom, blue). On the y
axis of each panel, the index i in the entry of the respective distributions [recall Eqs. (3), (18), and (24)] is varied. On the x axis, we vary the
parameter e from Eqs. (M1)–(M3). This figure illustrates that QWEs can capture various distinct entanglement features of QWEs.

ai[|Dn
n/2〉〈|Dn

n/2|] = 0 for all odd values of i. We explain the
latter observation as follows: The half-filled Dicke state is
invariant under the state inversion map [Eq. (23)]. Therefore,
TPD [Eq. (24)] and dual SLD [Eq. (4)] coincide with each
other and, since the state is pure, also with the SLD. This also
explains the subtle feature that, for e = n/2, SLD (pink) and
TPD (blue) of the Dicke state are exactly the same.

The second state family, cycle graph states |Cyclee,+n−e〉,
shows a different behavior in the top central panel of Fig. 12.
Here, the SLD only features a single peak, whose center
moves from n/2 for e = 0 entangled qubits to 3n/4 for e =
200. At the same time, the width of the peak slightly de-
creases. This is explained as follows: For e = 0, we have a
pure product state, whose SLD is a symmetric binomial dis-
tribution [Eq. (7)]. For e > 0, the SLD of |Cyclee〉 is strikingly
similar to that of a random state [91], which is very close to an

asymmetric binomial distribution centered at 3e/4 [Eq. (94)].
Note that, for graph states, mean and variance of the SLD can
always be expressed in terms of the numbers of isolated ver-
tices I , leaves L, and twin pairs T of the corresponding graph;
see Corollary 3 of Ref. [91]. Here, these invariants are given
by I = n − e, L = 0, and T = (n−e

2

) + 2δe,4, which implies
that mean and variance of the SLD are given by (2n + e)/4
and (4n − e + 4δe,4)/16, respectively. This explains the posi-
tion and width of the ray in the of central panel of Fig. 12 as a
function of e.

Finally, consider in the top-right panel of Fig. 12 the SLD
for the third state family: GHZ states in a tensor product
with pure product states. Here, we observe qualitatively differ-
ent features compared to the already-discussed state families.
Similar to the case of Dicke states, we see two ridges in the
SLD: again, a horizontal one at Pauli weight n/2, and a second
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one that increases from weight n/2 at e = 0 to weight n at
e = n. This time, however, the second ridge is straight (not
curved) and there are no interference patterns between the
two ridges. The reason for the observed pattern is this: From
Eq. (L4), we know that the SLD of |GHZe〉 arises from the
symmetrical binomial distribution

(e
i

)
/2e after redistributing

all odd-weight sector lengths into the weight-e bin. Convo-
luting with the ordinary binomial distribution

(n−e
j

)
/2n−e via

Eq. (M4) smeers out both the centered distribution as well
as the peak at e, resulting in the observed pattern. We also
point out that at the very right of the SLD (just as in the
case of Dicke states), all odd-weight sector lengths vanish,
which again causes the curious feature that that, for e = n,
SLD (pink) and TPD (blue) of |GHZn〉 precisely coincide.

Let us next turn our attention to the (green) averaged purity
distributions in Fig. 12. In general, we observe the following
pattern: When the size |S| of the subsystems S whose purities
Tr[ρ2

S ] are averaged [Eq. (18)] is decreased from |S| = n, the
value of the APD decreases from 1 until, at |S| = n/2, it starts
to increase again, which results in a symmetric pattern with a
horizontal symmetry axis. The symmetry is easily explained
by the fact that—by virtue of the Schmidt decomposition or,
alternatively, by MacWilliams’ identity—for pure states, a
marginal has the same purity as its complement. The decrease
of the APD value with decreasing |S| reflects that the global
state is pure and (if e > 0) entangled. Therefore, some of
its marginals are mixed, which causes the drop in the APD.
Quantitatively, however, we can easily distinguish the three
state families: The GHZ state (center right) has fairly pure
marginals, which are only mixtures of |0〉⊗e and |1〉⊗e; taking
the tensor product with the pure state |0〉⊗n−e only increases
the subsystem purity, which is visible as a dark green shade in
the top- and bottom-left corner of the APD panel of the GHZ
state. For Dicke states (center left), the values of the APD
become significantly smaller than for the GHZ states, show-
casing in which sense Dicke states can be regarded as more
entangled than GHZ states. For cycle graph states (center),
the APD drops to even smaller values, which is unsurprising
because generic states have exponentially small subsystem
purities.

Last but not least, consider the (blue) triplet probability
distributions in the bottom of Fig. 12. These are the QWEs that
can be straightforwardly measured in two-copy Bell sampling
experiments. For all three state families, we see that for e = 0
the zero-singlet probability is equal to 100%. When e is in-
creased, the probabilities of measuring more than zero singlets
increase, however, only for even singlet counts. In accordance
with Corollary 2, all TPDs concentrate in the upper half (low
singlet count) of their respective panels. The fact that odd-
singlet counts are never observed is easily attributed to the fact
that the global state is always pure [Eq. (65)]. Moreover, the
occurrence of nonzero-singlet counts is due to entanglement
in the states for e > 0, which can be quantified in terms of the
concurrence [Eq. (68)].

Looking more closely at the TPDs in the bottom of Fig. 12,
we see that Dicke states have nonzero probabilities for all
allowed triplet counts above n − e. For large e, the TPD of
Dicke states (bottom left) has a heavy tail in the center of
the distribution at n/2 triplets. Similarly, for |GHZe, 0n−e〉
(bottom right), we observe one ray that extends down to

n/2 triplets; a second (less visible) horizontal ray (supporting
half the TPD) remains in the zero-singlet bin. On the other
hand, for |Cyclee,+n−e〉, the TPD panel (bottom center) only
features a single ray that connects n triplets for e = 0 and
3n/4 triplets for e = n. The observed fact that the TPDs of the
Dicke and GHZ states exhibit heavy tails around n/2 triplets,
while those of the cluster state do not, explains the sample
requirements discussed in Fig. 5.

Besides Fig. 12, where we show the QWEs of ideal states,
we also show those of slightly perturbed states in Fig. 13. This
time, we apply p = 0.01 of local depolarizing noise per qubit.
The QWEs of the noise states are computed as explained in
Sec. VI. We see that many of the entanglement features that
we just discussed survive in the presence of such small noise.
In particular, the SLD features (pink) qualitatively remain the
same. This is unsurprising because local depolarizing noise
acts diagonally on SLDs [Eq. (9)].

APPENDIX N: QWEs OF AN APPROXIMATE
QECC FROM A CFT

Here, we investigate quantum weight enumerators of an ap-
proximate quantum error-correcting code whose logical basis
states are derived from a conformal field theory (CFT). More
precisely, we consider the approximate QECC that encodes
k � �(ln ln n) logical qubits into the low-energy sector of
the critical transverse-field Ising model, H = −∑n

i=1(Zi +
XiXi+1 mod n). In the limit of n → ∞, this code family has a
finite threshold against Y and Z but not against X errors. For
any finite value of n, however, this code can only approxi-
mately correct X and Z errors [201].

We restrict ourselves to the case of n = 8 logical and k = 1
physical qubits, as this corresponds to the largest instance
of a recent experimental demonstration [202]. Via numerical
diagonalization, we compute the logical basis vectors |0̄〉 and
|1̄〉 with eigenenergies approximately −10.25 and −10.05, re-
spectively. As expected, these are not stabilizer states. Indeed,
their stabilizer 2-Rényi entropies [203],

M2(|ψ〉) = − log2

⎛
⎝ ∑

P∈{I,X,Y,Z}⊗n

|〈ψ |P|ψ〉|4
2n

⎞
⎠, (N1)

are found to be M2(|0̄〉) ≈ 3.05 and M2(|1̄〉) ≈ 2.50. Next, we
compute the QWEs of �0 = |0̄〉〈0̄|, of �1 = |1̄〉〈1̄|, and of
ρ = ρQECC = 1

2 (|0̄〉〈0̄| + |1̄〉〈1̄|), the maximally mixed state
inside this code. The results are shown in Fig. 14.

First, we observe a[�0] �= a[�1]. Due to the local-unitary
invariance of QWEs, this implies that the logical X gate of the
investigated code cannot be implemented transversally. Next,
we can infer—from all three QWE distributions—that the log-
ical basis states are entangled: (1) Their n-body sector lengths
(pink), a8[�0] ≈ 0.104 and a8[�1] = 0.173, clearly exceed
the classical bound, 2−n ≈ 0.004; (2) their subsystem purities
(green), a′

i[�0] and a′
i[�1], are smaller than 1 (their global

purity); and (3) from their triplet probabilities (blue), we
find that their concurrences C[�0] = 1 − ãn[�0] ≈ 0.431 and
C[�1] ≈ 0.486 as well as their n-tangles 2nã0[�0] = 0.0625
and 2nã0[�1] = 0.125 are strictly positive. Applying Eq. (69)
to the TPD of ρ, the mixed code state, unfortunately results in
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1.0 1.0 1.0

FIG. 13. Same as Fig. 12 but with local depolarizing noise of strength p = 0.01 on every qubit. Due to the noise, we find nonzero-triplet
probabilities ãn− j[ρ] > 0 [Eq. (64)] for odd numbers j of singlets (yellow). This figure illustrates that many QWE entanglement features
observed in Fig. 12 are stable under small noise.

a trivial lower bound on its concurrency, C[ρ]. Nevertheless,
also this state is entangled: First its n-body sector length
a8[ρ] ≈ 0.0055 still exceeds the classical bound of 2−n and,
second, we observe a′

i[ρ] < a′
n[ρ] = 1

2 , which implies the
existence of an entangled partition of size i versus n − i for
all i ∈ {4, 5, 6, 7}.

Having discussed the entanglement structure of our ap-
proximate QECC, let us next turn to its error-correcting
capabilities. To this end, we are plotting (beige) the rescaled
dual SLD, 2kb[ρ], in the background of the code’s SLD
(pink). Recall from Eq. (17) that the code distance can be
inferred as the smallest index i for which the inequality
ai[ρ] � 2kbi[ρ] is strict. In the bottom-left panel of Fig. 14 we
see that this is already the case for i = 1. This is unsurprising
because—as an approximate QECC—the exact distance of the

code is trivially given by d = 1. To understand which type of
single-qubit errors the code suffers most from, we compute the
different contributions to A1 = 2na1[ρ] and B1 = 2n+kb1[ρ].
We find that each qubit j contributes Tr[ρXj]2 = Tr[ρYj]2 =
0 and Tr[ρZj]2 ≈ 0.327 to A1. Similarly, the contributions to
B1 are given by 2Tr[(ρXj )2] ≈ 0.607, 2Tr[(ρYj )2] ≈ 0.006,
and 2Tr[(ρZj )2] ≈ 0.332. Hence, X errors are (as expected)
the main cause of problems. The contribution of Y and Z
errors, on the other hand, is much smaller albeit also nonzero,
reflecting the fact that Y and Z errors can only be corrected
approximately.

Last but not least, we point out that the average fidelity
and the entanglement fidelity under the local depolariz-
ing channel can be computed from the QWEs of any
code [55].

023318-29



DANIEL MILLER et al. PHYSICAL REVIEW RESEARCH 8, 023318 (2026)

1.0

0.0

1.0

0.0

1.0

0.0

FIG. 14. Quantum weight enumerators of the logical basis states (top, center) and the code state (bottom) for a physically inspired
approximate quantum error-correcting code with n = 8 physical qubits. This code is defined in terms of a critical transverse-field Ising model
[201] and was recently demonstrated experimentally [202]. As discussed in Appendix N, their weight enumerators reveal that these three states
are entangled.
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