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Laughlin charge pumping has provided critical insights into the topological classification of individual
materials, but remains largely unexplored in topological junctions. We explore Laughlin charge pumping in
junctions composed of a chiral topological superconductor sandwiched between two quantum anomalous Hall
insulators, driven by an adiabatically varying magnetic flux. Here, charge pumping can be mediated merely
by chiral Dirac modes or by the interplay of chiral Dirac and chiral Majorana modes (CMMs). In the former
case, a variation of one magnetic flux quantum induces the pumping of a unit charge, as the chiral Dirac mode
accumulates the full flux-induced phase. In contrast, in the latter case, pumping a unit charge requires a variation
of fractional magnetic flux quanta, determined by the device geometry and the parity of the number of enclosed
superconducting vortices. This unique feature results from the charge-neutral and zero-momentum nature of
zero-energy CMMs. Our work offers an experimentally viable pathway toward detecting CMMs and could also
inspire further research into Laughlin charge or spin pumping in diverse topological junctions, which are now
within experimental reach.

DOI: 10.1103/8drx-qktw

The celebrated Laughlin’s charge pump [1] operates in a
quantum Hall cylinder threaded by an axial magnetic flux.
When the flux is adiabatically varied by one flux quan-
tum, quantized charges are transferred through the cylinder.
Laughlin charge pumping has been previously observed in
two-dimensional electron gases [2,3], and more recently, in
ultracold atomic gases [4] and magnetic heterostructures of
topological insulators [5]. The number of quantized charges
is linked to the topological invariant, i.e., the Chern num-
ber, of quantum Hall states [6,7]. This profound connection
has spurred the topological classification of band insulators
through the Laughlin pumping of quantized charge or spin
[8–11]. Recently, junctions composed of quantum anomalous
Hall insulators (QAHIs) [12,13] with different Chern numbers
have been realized [14,15], opening the possibility of integrat-
ing distinct topological phases within a single sample. This
progress inspires us to explore the manifestation of Laughlin
charge pumping in topological junctions.

In this Letter, we study Laughlin charge pumping in a
junction composed of QAHI and chiral topological super-
conductor (CTSC) [16,17]. Both materials feature gapped
bulk states and gapless edge modes—chiral Dirac modes
(CDMs) in QAHI and chiral Majorana modes (CMMs) in
CTSC. CDMs propagate unidirectionally and are topologi-
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cally protected against nonmagnetic impurities [18], making
them promising for low-dissipation electronics. Tremendous
progress has been made in QAHI and CDM research [19,20]
since the pioneering experiment [21]. CMMs—like their zero-
dimensional, localized counterparts, Majorana zero modes
(MZMs) [22,23]—are considered strong candidates for im-
plementing topological quantum computation [24–27]. Their
propagating nature has been leveraged in the design of quan-
tum gate operations, potentially offering speed advantages
over those based on localized MZMs [26,27]. However,
despite intensive efforts, both MZMs and CMMs remain ex-
perimentally elusive [28–31]. The urgent need of effective
CMM detection protocols motivates the integration of CTSC
into our charge pump design.

As schematically shown in Fig. 1, our charge pump can
be designed using either of the two geometries that share
the same topology. It operates by adiabatically varying the
magnetic flux confined within a solenoid. We analyze the
flux variation required to transfer a unit charge into or out
of each lead. For lead-1, the charge pumping is mediated
by a single CDM, and a variation of one flux quantum is
sufficient. In contrast, for lead-2, the charge pumping arises
from the interplay of CDMs and CMMs, and the required
flux variation depends on multiple factors, as summarized in
Table I. Notably, for the N = 1 CTSC cases, variations of
fractional flux quanta are required. This is attributed to two
properties of zero-energy CMMs: (1) They decouple from the
magnetic vector potential due to their charge neutrality and
(2) they accumulate no dynamical phase because of their zero
momentum. These unique charge pumping features provide a
promising avenue for detecting CMMs. In addition, no charge
pumping occurs through lead-2 when a metal or conventional
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FIG. 1. Schematic diagrams of our charge pump based on a
QAHI-CTSC-QAHI junction. Charge pumping through the leads is
driven by an adiabatically varying magnetic flux confined at the
center. The empty circle in the CTSC region represents a vortex.
ϕ1, ϕ2 denote the angles between the dashed lines. Since geometries
in panels (a) and (b) share the same topology, we primarily focus on
panel (a) for analyses.

superconductor (SC) replaces the CTSC. Thus, our charge
pump can identify whether a nominal CTSC is intact, a focus
of recent experiments [31–33].

Numerical simulations on a candidate platform. Based on
the theories [34–36], our charge pump could potentially be
realized by covering an s-wave SC on the top of a magnetic
topological insulator (MTI) thin film, as illustrated in Fig. 2(a)
for the geometry in Fig. 1(a). Notably, MTI-SC heterostruc-
tures matching the Fig. 1(b) geometry (without the central
hole) have been fabricated [31–33]. An individual MTI and an
MTI-SC hybrid can be described by the effective Hamiltonian
[37]

hMTI(k) =
(

Mz + Bk2 − μ D(kx − iky)

D(kx + iky) −Mz − Bk2 − μ

)
, (1)

hMTI−SC(k) = 1

2

(
hMTI(k) i�σy

−i�∗σy −h∗
MTI(−k)

)
, (2)

where k = (kx, ky) is the electron momentum, σy is the second
Pauli matrix, and Mz, B, D, μ, and � are parameters rep-
resenting the magnetic gap, inverse effective electron mass,
Fermi velocity, chemical potential, and pairing potential, re-
spectively.

These two models predict rich phase diagrams [37]. The
MTI can be a QAHI, normal metal, or normal insulator,
with the insulating phases distinguished by the Chern number
C [Fig. 2(b)]. Similarly, the MTI-SC hybrid can be either

TABLE I. Required magnetic flux variation δnf ≡ δ�/�0 for
adiabatically pumping a unit charge through lead-2 in Fig. 1 in three
relevant cases. δ� denotes variation of flux � and �0 = h/q is the
flux quantum, where h is the Planck constant and q is the elementary
charge. N is the number of CMMs hosted by the CTSC and nv is the
number of vortices within the CTSC. ϕ± ≡ ϕ1 ± ϕ2, with ϕ1(2) the
angles defined in Fig. 1.

N = 2 N = 1, nv = even N = 1, nv = odd

δnf 1 2π/ϕ+ 2π/ϕ−

FIG. 2. (a) An illustration of our charge pump based on an MTI
and an s-wave SC. (b), (c) Phase diagrams for an individual MTI and
an MTI-SC hybrid; see text for details. Black lines along with expres-
sions indicate the phase boundaries. (d), (e) Superpositions of wave
function probability amplitudes of the 40 lowest near-zero-energy
eigenstates. The parameter sets used for obtaining panels (d) and
(e) are marked by triangles and pentagrams, respectively, in panels
(b) and (c). a0 is the lattice spacing used in simulations [40].

a CTSC or a normal SC, classified by the Bogoliubov-de
Gennes Chern number N [Fig. 2(c)]. C and N also determine
the numbers of CDMs and CMMs at the edges of MTI and
MTI-SC hybrid, respectively. Notably, the C = 1 QAHI is
topologically equivalent (inequivalent) to the N = 2 (N = 1)
CTSC, as a CDM can be viewed as the combination of two
CMMs [37]. Experimentally, these phases can be accessed by
tuning μ and Mz using electrostatic gates and an out-of-plane
magnetic field, respectively. The latter may induce vortices
within the CTSC, with each vortex trapping an integer mul-
tiple of the superconducting flux quantum �s

0 = h/2q [38].
In the N = 1 CTSC, a vortex trapping an odd multiple of
�s

0 binds a single MZM at its core [39]. Hereafter, the term
“vortices” implicitly refers to such vortices.

Our charge pump is modeled by Eqs. (1) and (2), incor-
porating magnetic flux, vortices, and leads (see Sec. SI of
the Supplemental Material [40] for detailed descriptions of
the model and numerical simulations). To simulate charge
pumps composed of the C = 1 QAHI and the CTSC with
N = 2 or N = 1, we use two representative parameter sets
marked in Figs. 2(b) and 2(c). In the absence of leads and
magnetic flux, we calculate the wave functions of the 40
lowest near-zero-energy eigenstates, whose probability ampli-
tudes are superposed in Figs. 2(d) and 2(e). The dark regions
highlight the spatial distributions of topological edge modes.
Since they are expected to arise at interfaces between topo-
logically inequivalent gapped phases, we identify CDMs at
the QAHI-vacuum interfaces and CMMs at the CTSC-vacuum
interfaces in both Figs. 2(d) and 2(e), while CMMs appear at
the QAHI-CTSC interfaces only in Fig. 2(e).

We define n f (t ) ≡ �(t )/�0 to measure the applied flux
�(t ). At time t , the cumulative pumped charge (in units of
the elementary charge q) through lead-m (m = {1, 2}) in the
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FIG. 3. Simulations (markers) and fittings (solid lines) of cumu-
lative pumped charge through (a) lead-1 and (b)–(d) lead-2 for the
cases indicated in the boxes. λ is the electron hopping amplitude
at the lead-QAHI interfaces. Fittings in panels (a)–(c) are based on
Eq. (7) and the Q2 expressions in Table II, with fitting parameters re

m

and βe
m. The linear behavior in panel (d) agrees with the analytical

Q2 in Table II. Parameters used in the simulations are the same as
Figs. 2(d) and 2(e).

zero-temperature limit can be evaluated using the adiabatic
scattering formulation [10,41–45]

Qm(t ) =
∑
m′η

∫ t

0

dτ

2π
ση Im Tr

[
dSηe

m′m

dn f
Sηe†

m′m

]
dn f

dτ
, (3)

where η = {e, h}, σe(h) = ±1, and Sηe
m′m is the scattering matrix

describing the conversion of an electron at the Fermi level (set
to zero) in lead-m into an electron (η = e) or hole (η = h)
in lead-m′. The scattering matrices can be obtained by the
Mahaux-Weidenmüller formula [46], as elaborated in Sec. SI
of the Supplemental Material [40]. We focus on the case
where n f increases linearly in time and numerically compute
the Sηe

m′m at zero energy (see Sec. SI of the Supplemental
Material [40] for details).

To simulate realistic charge pumping in the presence of
leads, we examine various electron hopping amplitudes λ at
the lead-QAHI interfaces. The markers in Fig. 3 show the sim-
ulated results of Q1 and Q2 in different CTSC cases. We are
interested in the flux variation δn f required to vary Q1 or Q2

by one unit. Figure 3(a) shows that δn f = 1 for Q1. This result
is tied to the inner QAHI edge and thus is independent of the
properties of the CTSC. In contrast, Figs. 3(b)–3(d) show that
δn f for Q2 depends on multiple factors: the geometry param-
eters ϕ± ≡ ϕ1 ± ϕ2 (see ϕ1,2 in Fig. 1), the Chern number
N of the CTSC, and the number nv of vortices within the
CTSC. Specifically, δn f = 1 [Fig. 3(b)] for the N = 2 CTSC,
while δn f = 2π/ϕ+ [Fig. 3(c)] or δn f = 2π/ϕ− [Fig. 3(d)]
for the N = 1 CTSC cases. Moreover, in Fig. 3(d), Q2 varies
linearly with n f , independent of the value of λ. These unique

FIG. 4. Propagation routes of topological edge modes. While the
QAHI edges host one CDM (white lines), the CTSC edges can host
(a) two or (b) one CMM (red and blue lines). CDMs convert into
CMMs at vertices A and C, while inverse processes occur at vertices
B and D.

charge pumping features also appear in the pump geometry in
Fig. 1(b), as demonstrated in Sec. SII of the Supplemental Ma-
terial [40]. To facilitate identifying fractional flux variations,
we suggest fabricating devices in which ϕ+ and ϕ− deviate
significantly from 2π and 0, respectively.

Mechanisms of the unique charge pumping. To unveil
the underlying pumping mechanisms, we perform model-
independent analytical analyses with reasonable assumptions:
(1) To derive the zero-energy scattering matrices in Eq. (3), we
consider only the gapless edge modes of the pump and neglect
bulk contributions—an approximation valid for systems with
sufficiently large sizes and considerable topological gaps, as
in Figs. 2(d) and 2(e). (2) Since a CDM effectively couples
to a single conduction channel in a lead, we simplify the
scattering matrices in Eq. (3) to bη

m = ∑
m′η′ Sηη′

mm′a
η′
m′ , where aη

m
(bη

m) denotes the amplitude of the incoming (outgoing) η-type
single mode in lead-m. (3) As the inner and outer edge modes
in Figs. 2(d) and 2(e) are well separated, we neglect the charge
transfer between lead-1 and lead-2.

Based on our earlier analysis of Figs. 2(d) and 2(e), we
depict the spatial distributions of CDMs (white lines) and
CMMs (red and blue lines) in Fig. 4. The arrows indicate
the chirality of the edge modes. We adopt the convention
that electron-type CDMs propagating clockwise accumulate
negative flux-induced phases. At the interface between lead-m
and its nearest QAHI edge, the amplitudes aη

m,edge and bη

m,edge
of incoming and outgoing η-type CDMs are formally related
to the amplitudes aη

m and bη
m by a scattering matrix [47](

bη
m

bη

m,edge

)
= eiαη

m

(
rη

m itη
m

itη
m rη

m

)(
aη

m

aη

m,edge

)
, (4)

where the real numbers rη
m and tη

m =
√

1 − (rη
m)2 are reflection

and transmission amplitudes at both sides of the interface,
and αη

m is associated with the effective charge at the interface
[47]. The intrinsic particle-hole symmetry imposes rh

m = re
m,

t h
m =−t e

m, and αh
m = −αe

m.
We first derive Q1. In Figs. 4(a) and 4(b), the circular

motion of an electron-type CDM along the inner QAHI edge
accumulates a flux-induced phase e−2iπn f and a dynamical
phase e−iθd . Due to spin-momentum locking [48], this mo-
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tion is accompanied by a 2π spin rotation, giving rise to a
π Berry phase [49]. Therefore, ae

1,edge = e−i(2πn f +θd +π )be
1,edge.

Combining this with Eq. (4) yields

See
11 = H

(−n f , re
1, α

e
1, β

e
1

)
, She

11 = 0, (5)

H (n f , r, α, β ) = r + ei(2πn f +β )

1 + rei(2πn f +β )
eiα, (6)

where βe
1 = αe

1 − θd . For a linearly increasing n f over time,
substituting Eq. (5) into Eq. (3) gives (see Sec. SIV of the
Supplemental Material [40])

Q1 = F
(−n f , re

1, β
e
1

)
, (7)

F (n f , r, β ) = n f − 1

π
arg

1 + rei(2πn f +β )

1 + reiβ
. (8)

Evidently, the second term of F vanishes for integer n f , in-
dicating that a variation of one flux quantum pumps exactly
a unit charge through lead-1. As shown in Fig. 3(a), the
simulations of Q1 are well fit (solid lines) by Eq. (7) using
parameters re

1 and βe
1.

We proceed to derive Q2 along the same lines. As illus-
trated in Figs. 4(a) and 4(b), three scattering processes are
common: (1) The electron-type and hole-type CDMs leaving
lead-2 convert into two CMMs γ1,2 at vertex A; (2) two CMMs
γ ′

1,2 convert into CDMs at vertex B and then again into CMMs
γ3,4 at vertex C; (3) two CMMs γ ′

3,4 convert into CDMs toward
lead-2. These scattering processes can be formulated as(

γ1

γ2

)
= Sin

A

(
eiχ1 0

0 e−iχ1

)(
be

2,edge

bh
2,edge

)
, (9)

(
γ3

γ4

)
= Sin

C

(
eiχ3 0

0 e−iχ3

)
Sout

B

(
γ ′

1

γ ′
2

)
, (10)

(
ae

2,edge

ah
2,edge

)
=

(
eiχ2 0

0 e−iχ2

)
Sout

D

(
γ ′

3

γ ′
4

)
, (11)

where χ1 = ϕ1n f + θd1, χ2 = ϕ2n f + θd2, and χ3 = (2π −
ϕ1 − ϕ2)n f + θd3 + π . They include both flux-induced (n f

terms) and dynamical (θ terms) phases picked up by the
CDMs. χ3 also absorbs the π Berry phase. The particle-hole
symmetry and the unitarity of scattering matrices follow Sin

X =
1√
2

(
1 1
i −i

)
and Sout

X = Sin†
X [50,51].

The edge modes around the CTSC are quite distinct in
Figs. 4(a) and 4(b), leading to different relations between the
amplitudes γ and γ ′ appearing in Eqs. (9)–(11). In Fig. 4(a),
the scattering between two CMMs along the same edge of
the N = 2 CTSC is effectively described by planar rotations

[52,53]:

(
γ ′

1
γ ′

2

)
= U (δ1)

(
γ1

γ2

)
and

(
γ ′

3
γ ′

4

)
= U (δ2)

(
γ3

γ4

)
, with

U (δ) =
(

cos δ sin δ

− sin δ cos δ

)
. Substituting these relations into

Eqs. (9)–(11) yields

ae
2,edge = ei(2πn f +φ0+π )be

2,edge, (12)

with φ0 = θd1 + θd2 + θd3 + δ1 + δ2. The edge modes accu-
mulate the full flux-induced phase 2πn f , since the two CMMs

TABLE II. Analytical results related to lead-2 for different CTSC
cases. βe

2a = αe
2 + φ0, βe

2b = αe
2 + θ+, and the functions H and F are

defined in Eqs. (6) and (8), respectively.

N = 2 N = 1, nv = even N = 1, nv = odd

See
22 H (nf , re

2, α
e
2, β

e
2a ) H ( ϕ+

2π
nf , re

2, α
e
2, β

e
2b) 0

She
22 0 0 −ei(ϕ−n f +θ− )

Q2 F (nf , re
2, β

e
2a ) F ( ϕ+

2π
nf , re

2, β
e
2b) − ϕ−

2π
nf

between vertices A and B (C and D) in Fig. 4(a) are equivalent
to a CDM, as mentioned earlier.

In Fig. 4(b), the amplitudes associated with the CMMs
obey the relations γ ′

1 = γ1eiδAB , γ ′
2 = γ4eiδBC , γ ′

3 = γ3eiδCD , and
γ ′

4 = γ2ei(δAD+π+nvπ ), with δXY the dynamical phase accumu-
lated by a CMM as it propagates between vertices X and Y .
The last relation involves the π Berry phase and the phase
windings [39,54–56] associated with the vortices, each of
which is assumed to bind a single MZM. Importantly, these
relations do not include any flux-induced phases. This is
because charge-neutral CMMs decouple from magnetic vec-
tor potential, as discussed in Sec. SIII of the Supplemental
Material [40]. Substituting these relations into Eqs. (9)–(11)
yields (

ae
2,edge

ah
2,edge

)
=

(
eip+g+ e−ip−g−
eip−g− e−ip+g+

)(
be

2,edge

bh
2,edge

)
, (13)

where p± = χ1 ± χ2 and g± = ± 1
2 ei(δAD+π+nvπ ) +

cos χ3−eiδBC

2(1−cos χ3eiδBC ) e
i(δAB+δCD ). For the N = 1 CTSC, the hosted

CMM with velocity vM exhibits the dispersion E = h̄vMk
[40,55,57]. Therefore, zero-energy CMMs have zero
momenta, so δAB = δBC = δCD = δAD = 0, which reduces
Eq. (13) to

ae
2,edge = ei(ϕ+n f +θ++π )be

2,edge, (14)

ae(h)
2,edge = e∓i(ϕ−n f +θ−∓π )bh(e)

2,edge, (15)

for nv being an even or odd number, respectively, with ϕ± =
ϕ1 ± ϕ2 and θ± = θd1 ± θd2. Remarkably, the prefactors ϕ±
of n f indicate that the edge modes do not accumulate the full
flux-induced phase. As is evident from the above derivations,
this results from the charge-neutral and zero-momentum na-
ture of zero-energy CMMs.

By combining Eqs. (3) and (4), and each of Eqs. (12), (14),
and (15), we derive the corresponding scattering matrices
and cumulative pumped charge, as listed in Table II, whose
fourth row implies the results in Table I. The simulated Q2 in
Figs. 3(b) and 3(c) are well fit (solid lines) by the formulas
in Table II. The fitted values indicate that smaller reflection
amplitudes re

m result in smoother charge pumping curves. The
linear behavior in Fig. 3(d) is also captured by our analytical
expression.

Discussions. The above analyses are performed at zero
temperature. At finite temperatures, the cumulative pumped
charge is obtained by integrating Eq. (3) multiplied by
−∂E f (E ) over E [43,47], where f (E ) is the Fermi distribu-
tion. Given the aforementioned linear dispersion, E = h̄vMk,
of the CMMs in the N = 1 CTSC, finite-energy electrons
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traversing the CTSC accumulate nonzero dynamical phases
δXY . This prevents the reduction of Eq. (13) to Eqs. (14)
and (15). Consequently, the observation of the fractional
charge pumping requires sufficiently low temperatures, where
dephasing effects that disrupt phase accumulation are also
suppressed.

We discuss scenarios where a metal or conventional
SC replaces the CTSC. While half-quantized two-terminal
conductance plateaus in QAHI-CTSC-QAHI junctions were
initially considered a hallmark of CMMs [58], later theories
[59–61] and recent experiments [31–33] suggest that such
plateaus can also arise if the CTSC behaves as a metal. In
our charge pump, however, replacing the CTSC with a metal
prevents charge pumping through lead-2. This is because the
edge modes connected to lead-2 do not form a phase-coherent
loop enclosing the applied flux, due to the absence of gap-
protected chiral edge modes at the metal-vacuum interfaces.
The same reasoning and conclusion apply to a conventional
SC, even if chiral Andreev modes form at the QAHI-SC
interfaces [62].

Summary. We have unveiled unique Laughlin charge
pumping in QAHI-CTSC-QAHI junctions driven by an adia-

batically varying magnetic flux. Specifically, when the CTSC
hosts a single CMM, pumping a unit charge through the
outer lead requires a variation of fractional magnetic flux
quanta, due to the interplay of CDMs and CMMs. Observing
the predicted unique charge pumping features would provide
strong evidence for the existence of CMMs. Similar junc-
tion architectures have been proposed as building blocks for
CMM-based topological quantum computation [26,27]. These
junctions could potentially be realized in MTI-SC hybrid sys-
tems, which are actively studied experimentally [63–68]. Our
findings also suggest that diverse topological junctions may
exhibit distinctive Laughlin charge or spin pumping behav-
iors, with potential fundamental or practical implications for
mesoscopic transport.
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