PHYSICAL REVIEW RESEARCH 8, 013256 (2026)

General theory for nonzero subsymmetry-protected topological chiral boundary states
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Symmetry plays an important role in the topological band theory. Recently, the concept of subsymmetry-
protected topological (sub-SPT) phases [Nat. Phys. 19, 992 (2023)] suggests that chiral edge states can exist
in a system with broken symmetry. However, sub-SPT theory only focuses on the zero-energy edge states
in the half-filling gap, which limits its application. In this work, we extend the scope of sub-SPT phases
in both one-dimensional (1D) and two-dimensional (2D) multigap asymmetric systems through redefined
sublattices. In three typical asymmetric models without subsymmetry, we find that all the nonzero edge (corner)
states can be illustrated by sub-SPT chiral edge (corner) states after redefining sublattices. Moreover, these
nonzero chiral boundary states can exhibit some exotic properties, such as the topological bound states in
the continuum. As to the bulk-edge correspondence, a universal topological invariant Z is defined, which can
precisely predict the appearance of chiral boundary states in both 1D and 2D systems. Finally, we propose an
acoustic experiment where the nonzero chiral corner states are numerically observed. Our work exhibits a general
approach to study the topological properties of asymmetric systems, opening up possibilities for topological

phenomena.
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I. INTRODUCTION

In the last few decades, topological insulator has attracted
much attention in both quantum and classical systems [1-4].
Since the discovery of spin-orbit-induced topological insula-
tors [5,6], symmetry-protected topological (SPT) phases of
matter play an important role in the study of topological
band theory. In nontrivial SPT phases, symmetry-protected
topological edge states can be found for the systems under
open boundary condition (OBC) and the bulk-edge correspon-
dence can be established. For instance, based on the tenfold
classification [7,8], nontrivial topological phases protected by
antiunitary symmetry can be found. Moreover, in topolog-
ical crystalline insulators, topological edge states protected
by crystalline point group symmetry [9,10] are extensively
studied. As to the higher-order topological insulators [11,12],
symmetry-protected topological corner states are found theo-
retically and experimentally [13-19].

Recently, studies have shown that nontrivial topology
also exists in systems without certain symmetry. In the
SSH3 model with neither chiral symmetry nor spatial inver-
sion symmetry, the existence of topological edge states is
reported extensively [20-26] while the bulk-edge correspon-
dence is established through various approaches [22,27,28].
For one-dimensional (1D) biparticle asymmetric model, the

“Contact author: jiangxunya@fudan.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(1)/013256(19)

013256-1

topological nature of its edge states is investigated through
non-Bloch theory [29]. In these cases, exotic topological phe-
nomena such as the topological phase transition without gap
closing are observed, which go beyond the conventional un-
derstanding of the SPT phases.

Meanwhile, there has been a considerable interest to build
the bridge between SPT phases and asymmetric systems. One
intriguing example is the concept of subsymmetry-protected
topological (sub-SPT) phases [30]. By combining the chiral
operator with the sublattice projection operator, the chiral
symmetry can be defined within certain subspace. As a result,
robust chiral edge states can be observed in a system even
when the overall chiral symmetry is broken. By introduc-
ing the SPT phases into asymmetric systems, the sub-SPT
phase successfully provides a clear physical picture for the
edge states in asymmetric systems, leading to topological
phenomena in photonic systems [31] and superconducting
systems [32].

However, in the framework of sub-SPT phases, only the
zero-energy chiral edge states in the half-filling gap can
be well illustrated. For multigap asymmetric systems with
nonzero edge states, such as the SSH3 model mentioned
above, the sub-SPT theory fails to work. This strict restriction
on the edge state energy greatly hinders the application of
sub-SPT theory since any asymmetric model with more than
two sublattices is generally a multigap system with nonzero
fractional-filling gaps. Therefore, developing a more general
theory to explore the nontrivial topology in various asymmet-
ric systems is an urgent need.

On the other hand, redefining sublattices through represen-
tation transformation has been utilized to explore topological
phenomena, e.g., to construct topological bound states in the
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continuum (TBICs) in mirror-stacked systems [33,34], to re-
alize non-Abelian topological phases in acoustic systems [35]
and to reconstruct the topology of the Rice-Mele ladder [36].
With redefined sublattices, the original system can be divided
into effective subspaces where the nontrivial topological edge
states might appear. More importantly, as the effective onsite
energy of the redefined sublattices differs from the original
ones, the Fermi level of the redefined subspace also changes,
which results in an energy shift of the topological edge states.
With these merits, redefining sublattices could also have
great potential in expanding topological phases in asymmetric
systems.

In this work, by redefining sublattices, we extend the
sub-SPT phases to various asymmetric systems with nonzero
topological chiral edge states. We start from 1D systems,
investigating two typical asymmetric models without subsym-
metry, namely the SSHm model and the asymmetric SSH
ladder. We show that both models can be transformed into
several coupled subspaces with redefined sublattices. After
the transformation, each subspace is subsymmetric, which
supports sub-SPT edge states. Moreover, due to the effective
onsite energy, the energy of the chiral edge states shifts away
from zero. As to the bulk-edge correspondence, we find that
the chiral edge states originate from the Rice-Mele-like effec-
tive Hamiltonian. Based on the reduced wave function of the
effective Hamiltonian, a quantized topological invariant Z can
be defined through normalization. We show that the abrupt
change in Z directly corresponds to the appearance of chiral
edge states.

To take a step further, we then focus on 2D systems.
To illustrate our points, we construct the 2D BBH3 model.
Although the model itself is neither chiral symmetric nor
subsymmetric, sub-SPT chiral corner states can still be
found with redefined sublattices. These corner states exhibit
fundamental differences from the conventional topological
quadrupole corner states, e.g., they cannot be described by
quantized quadrupole moment while their existence are inde-
pendent of any spatial or chiral symmetry. The corner states
can even move into the bulk continuous spectrum, exhibiting
a new kind of TBICs. In terms of the topological invariant,
we introduce Z into 2D systems and establish the edge-corner
correspondence through the quantized normalized edge po-
larization p°I°. At last, we propose a laboratory acoustic
experiment to test topological phenomena of the asymmetric
BBH3 model, where nonzero chiral corner states could be
numerically observed.

Our work establishes a general theory to study the nonzero
chiral characteristics of the boundary states in various asym-
metric systems. By redefining sublattices, we extend the
concept of sub-SPT phases to multigap systems with nonzero
edge states. Moreover, the bulk-edge correspondence can be
universally established with a general topological invariant.

II. SUB-SPT CHIRAL EDGE STATES
IN 1D ASYMMETRIC MODELS

We would like to start with 1D asymmetric systems to il-
lustrate our theory step by step. Here, we consider two typical
asymmetric models, i.e., the SSHm model and the asymmetric
SSH ladder.

(a) (b)
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FIG. 1. (a) Schematic of the SSHm model. (b) Schematic of the
asymmetric SSH ladder. (c) Band structure of the SSH3 model vs
t; under OBC with #; =1 and #, = 2. (d) Band structure of the
asymmetric SSH ladder vs f under OBC with#t; =5, =1, =2,
ty =4,ts =1+ 1, and #c = ¢. In panels (c) and (d), the in-gap edge
states are marked by red and blue lines.

As shown in Fig. 1(a), the SSHm model is the 1D chain
model whose unit cell contains m sublattices [37]. The
Hamiltonian of the SSHm model can be written as

m—1
H, = Z ijcn,(jﬂ)c;j + tnCur1)16p,, + Hee |, (D
n j=1

where n is the index of the unit cell and j is the index of
the sublattice. Here, we only consider the nearest-neighbour
hoppings. When ¢; # t; and m is odd, both spatial inversion
symmetry and chiral symmetry are broken.

Meanwhile, the asymmetric SSH ladder is illustrated in
Fig. 1(b). Its Hamiltonian can be written as

_ i ¥ +
Hiadder = E 1Cn 1€ p + 02C011),1€, 5 +13Cn5C, ¢

n
T i T
+14C+1),5C, 6+ 16(Cn1C, 3 + CnaCpg)
+15(cnac) 5 + cnnch ) + Hee )

When #5 # 1, the spatial inversion symmetry is broken; when
1) # t3 and t # 14, the C, rotation symmetry is broken. On the
other hand, Hj,qder poOssesses chiral symmetry, which makes
the band structure symmetric around £ = 0.

The evolution of band structure for the asymmetric SSH3
model and the asymmetric SSH ladder under OBC is shown
in Figs. 1(c) and 1(d), respectively. The hopping parameters
are settot; =2 and r, = 2 for Fig. 1(c) and t; =5, 1, =1,
ty=2,t4 =4,ts =t + 1, and tc = ¢ for Fig. 1(d). The in-gap
edge states are marked by red and blue lines. Two critical
phenomena can be observed. First, the emergence of the edge
state does not coincide with gap closing, indicating that the
conventional SPT phase transition cannot happen in these
models. Second, all of the edge states exist in the fractional-
filling gaps, indicating that their eigenenergies are nonzero.
Therefore, the sub-SPT theory cannot be directly utilized to
illustrate their topological properties.
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FIG. 2. Schematic of the SSHm model with redefined sublattices
diagonalizing the subspace (a) H:_, and (b) HX _, marked by dashed
box. (c) The spatial distribution of the edge states of the SSH3 model.

A. Sub-SPT phases in the SSHm model
with redefined sublattices

Due to its simplicity, we first investigate the SSHm model.
Here, we emphasize that we do not intend to repeat the results
of previous works [22,24,28], but rather to exhibit the nontriv-
ial topology of the edge states from the perspective of sub-SPT
phases. The edge states of the SSHm model under OBC can be
obtained analytically utilizing the non-Bloch theory [38,39].
After some calculation, one can see that the edge localized at
the left edge can be written as (Appendix A)

m

N
L)y =AY 27" 6P In, j), 3)
n=1

Jj=1

where |z71]| < 1, qb;.l) is the eigenstate of 7—[51_1, which is the
Hamiltonian of the subspace composed of the sublattices 1 to
m — 1 marked by dashed lines in Fig. 2(a).

Similarly, the edge localized at the right edge can be writ-
ten as

m

N
IRy =Ar Y 257> ¢ In. j). )

n=1 j=1

where |z| > 1, ¢;2) is the eigenstate of Hf;l,l, which is the
Hamiltonian for the subspace composed of the sublattices 2 to
m marked by dashed lines in Fig. 2(b).

To show the topological origin of the left-boundary edge

states |L), we perform a proper representation transformation

U to diagonalize HE: ,:

Vi 0
) Vo
M =UHL U= o NG
0 Vim—1y
In this representation, the sublattices are redefined as {|;’)},
j=1,...,m— 1. Then, the Hamiltonian of the SSHm model
can be written as
Vi 0 1y (k)
Va 1y (k)
H,, (k) = : ,
0 i Vim-1y — tan—1y (k)
th(k) 1 (k) tno1y () 0
(6)

where tjr(k)zwj/+vj/eik, and w; and vy can be
calculated by

i

wj = <n’ jlle|n7 m) = tm—l(bmfl’

vy = (n,mlHuln + 1, j') = tug] ™

Here, qbij 'is the component of the redefined |j’) on the original
sublattice |i) and H,, stands for the Hamiltonian of SSHm
model in Eq. (1). As shown in Fig. 2(a), H,,(k) is equivalent
to m — 1 SSH models:
(m—1)
H,= Y H+V;P, )
=

where

Hjs,SH = Z wjrc,,,mclyj, + vjrc(,,ﬂ),j/c}:,m +Hece 9
n

is the SSH model composed of |j’) and |m), V; is the effective
onsite energy of |j'), and Py =), |n, j')(n, j’| is the projec-
tion operator over sublattice | j'). These m — 1 SSH models are
not independent. As shown in Fig. 2(a), they share the same
sublattice |m). The coupling terms break the chiral symmetry
of each SSH model:

(m=1) (m=1)

t SSH SSH
ry > HPT % - Y HPY, (10)
= oy
where Iy =), |n, i) (n, {'| — |n, m){(n, m|.

However, the subsymmetry [30] on the redefined sublattice
|j') is still satisfied:

(m—1) (m—1)

ry ) HPTePr== ) HPP. D
j/=1/ j!zll
The subsymmetry protects the zero-energy chiral edge states
|L;) occupying sublattice |¢'):

(m=1Y

> HML) =0,

j/=1/

Py|Ly) = |Li). 12)

Together with Eq. (8), we can obtain
H,|Ly) = Vi|Ly). 13)
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Similar to the case of Rice-Mele model [36,40], the effective
onsite terms V; only shift the energy of the chiral edge state
without affecting its wave function and topological property.
Therefore, when |vy| > |wy|, i.e., |tm_1¢,{;71/tm¢{/| < 1, the
subsymmetry-protected chiral edge state with the energy of
V; can be found.

Following the same strategy, we can also illustrate the
topological origin of the edge states at the right boundary |R).
To be precise, here we perform another representation trans-
formation to diagonalize HX _| with the redefined sublattices

m—

|j”). The Hamiltonian can then be written as

0 t(k)  tr(k) on—1y"
11, (k) Vi 0
Hy (k)= | 13.(k) Var :
t(Tm_ 1y (k) 0 V(mfl)”

(14)

wheretjn(k) = wj» +v jne”‘ ,and w;» and v can be calculated
by

wj,, = (I’l, 1|Hm|n7 j”)’

vy = (n, " [Hyln +1,1). (15)

As shown in Fig. 2(b), H,, (k) also contains m — 1 coupled
SSH models sharing sublattice |1). As a result, the chiral edge
states occupying |j”) are subsymmetry-protected.

Taking the SSH3 model in Fig. 1(a) as an example, the
redefined sublattices can be written as

1) = 21+ 120, Vi =1,

2) = S5 = 2. Vo = .

1) = 22+ 13, Vi =1

)= S5 = Vo= (16

Therefore, chiral edge states occupying [1’) and |2") (|1”)
and |2”)) can be expected at E = +t; (E = +t,), which are
exactly the edge states plotted in Fig. 2(c).

We note that apart from the simplest SSHm model with
the nearest-neighbor hoppings only, the method introduced
in this section may also bring insights into the topology
of the extended SSHm model with long-range hoppings. In
Appendix B, we identify the differences between the intracell
and intercell long-range hoppings from the perspective of
subsymmetry-protected topology.

B. Sub-SPT phases in the asymmetric SSH ladder
with redefined sublattices

Next, we move on to the more complicated asymmetric
SSH ladder. While non-Bloch theory can be quite difficult
to analyze the topological nature of the asymmetric ladder
model [29], our method still works. As shown in Fig. 3(a),
we perform the representation transformation to diagonalize

(a)
1
o B O-;|e
| O pgm O B O B
— v
08P g @ -8 O
1
&3 @-.@mm
(b) :
- B @-;Em
1 o e —
L @sae W9 B
_— +
@z m -0 -&-
1
& @
(©) pytn  @m @8 0O 0o 0o OO Oo 0o oo 6o 0o
E0 B0 00 OO0 OO0 OO OO0 OO0 OO0 OO0 OO0
th 00 00O 00 OO0 00 OO0 o0 oo oo oo mo
2N +1 OO0 OO0 OO0 OO OO0 OO0 OO OO0 OO0 OO EE
00 00 00 00 OO0 00 00 00 OO0 OO0 Om
00 OO0 OO0 OO0 00 OO0 OO0 OO OO0 OO0 mO
we - 53 83 55 83 93 58 9 95 28 29 A
O OO0 00 00 OO0 o0 OO0 oo oo oo oo
4N+ 1" ®mm BE OO0 OO OO OO OO OO OO OO OO
m0 B0 00 OO0 OO OO OO0 OO 00 00 00
min . max

FIG. 3. (a), (b) Schematic of the asymmetric SSH ladder
with redfined sublattices diagonalizing the subspace composed of
(a) {|1), |3), |4), |6)} and (b) {|2), |3), |4), |5)}. In the redefined sub-
lattices, the onsite energies are distinguished by different colors,
while the hopping terms are 1/+/2 of the ones sharing the same color
in the original sublattices. The dashed lines indicate negative hop-
pings. (c) The spatial distribution of the edge states of the asymmetric
SSH ladder.

the subspace composed of the {|1), |3), |4), |6)}:

1
1) = ﬁ(ll) +13)), Vir =ts,

1
14') = E(W +16)), Vo =te,

1
3) = ﬁ(ll) —13), Vo = —t,

1
|6') = ﬁ(l4> —16)), Vo = —ts.

The Hamiltonian after transformation can be divided into
two coupled Rice-Mele ladders [36] sharing sublattices |2)
and |5):

a7

Hygger = HV o541 + HE 55,615 (18)
where H{lgf/fg,y’ 5) stands for the Rice-Mele ladder defined on
sublattices |a), |B), |¥), and |8). It is known that Rice-Mele
ladder supports chiral edge states occupying the opposite
sublattices. Based on the analysis above, the chiral edge
states occupying sublattices |1’), |4’) and |3'), |6') are sub-
symmetry protected. The detailed derivation can be found in
Appendix C. These are exactly the 4Nth and (2N + 1)th states
shown in Fig. 3(c).
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Similarly, we can also diagonalize the subspace composed
of the complement set {|2), |3), |4), |5)}:

" l
127) = —=(2) + |4), Vo =15,

V2
13") = %(B) +15), Var =15,
147) = %(IZ) —14), Vo = —ts,
I5") = %(I% —15), Vs = —ts, 19)

which also results in two coupled Rice-Mele ladders sharing
sublattices |1), |6) shown in Fig. 3(b):

RM
Hipgger = H{" 30.6) + Hil'0 50 6)- (20)

In this case, the chiral edge states occupying sublattice |2”),
|3”) and |4”), |5”) are subsymmetry protected, which corre-
spond to the (4N + 1)th and 2N'th states in Fig. 3(c).

Moreover, from the perspective of wave function, the edge
states in both the SSHm model and the asymmetric SSH
ladder also exhibit clear evidence of sub-SPT chiral property.
From Figs. 2(c) and 3(c), it is obvious that these edge states
always have zero amplitude over certain sublattice, which
meets the criterion of sub-SPT edge states [30,31]. We will see
in the next section that this chiral property helps us construct
the bulk-edge correspondence.

To sum up, by redefining sublattices, all of the nonzero
edge states in SSHm model and the asymmetric SSH ladder
can be understood as sub-SPT chiral edge states.

III. THE BULK-EDGE CORRESPONDENCE FOR
ASYMMETRIC SYSTEMS WITH NONZERO CHIRAL
EDGE STATES

In Sec. II, we show the hidden sub-SPT chiral edge states
in two 1D asymmetric models by redefining sublattices. How-
ever, as stated in Ref. [30], defining a topological invariant
in a system with subsymmetry is not straightforward. In
this section, based on isospectral reduction, we propose a
proper topological invariant to establish the bulk-edge cor-
respondence. For the asymmetric model with chiral edge
states, we show that its effective Hamiltonian might have a
Rice-Mele-like form. Then, the mirror symmetry of its
reduced wave function can be reconstructed through normal-
ization. Therefore, a quantized Z can be calculated by the
normalized reduced wave function. Based on the chiral prop-
erty of the nonzero edge states, the relationship between Z and
the appearance of chiral edge states is exhibited.

A. Chiral edge states in Rice-Mele-like effective Hamiltonian

To begin with, we would like to briefly introduce the
concept of isospectral reduction proposed in latent symmetry
[41-43]. For a system with a Hamiltonian #(k), the sublat-
tices in each unit cell can be divided into two sets: S and its
complement S. Here, set S is composed of all the sublattices
related to the intercell hopping terms. Then the Hamiltonian

PHYSICAL REVIEW RESEARCH 8, 013256 (2026)
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FIG. 4. (a) Schematic of the effective Hamiltonian of SSH3
model with § = {|1), |3)}. (b) Schematic of the effective Hamiltonian
of the asymmetric SSH ladder with S = {|1), |2), |5), |6)}.

can be represented as

| Hss(k)  Hgs
’H,(k)_[ Hes Hiﬂ ©2))

The eigenequation of H (k) can be reduced into the general-
ized eigenequation of set S:

Hs(k, E)ps(k) = Eds(k), (22)

with

Hs(k,E) = Hss — Hes(Hss — ED ™ Hss. (23)

If Hg(k, E) possesses mirror symmetry, H (k) is referred to as
being latent symmetric [41].

The merit of isospectral reduction is to describe a given
system with minimum sublattices while the intracell structure
is neglected. Comparing with the original Hamiltonian, the
effective Hamiltonian Hg might reveal the properties of the
system in a more fundamental way. For the SSHm model
discussed in Sec. I A, we can obtain Fg with § = {|1), |m)}.
In this case, Hs(k) takes the form of Rice-Mele model:

- vi(E)  h(k,E)
Hs(k,E)z[hT(kE) UZ(E)]. (24)

In particular, for the SSH3 model shown ~in Fig. 1(a), we
have S = {|1), |3)}. As shown in Fig. 4(a), Hs(k, E) reads as
[28,44]

2
4

He(k, E) = [ E

[T} —ik i
Vo + e

n ik
£ he } 25)
E

Meanwhile, for the more complicated asymmetric SSH
ladder discussed in Sec. II B, we have S = {|1),J2), |5), 16)}.
As shown in Fig. 4(b), its effective Hamiltonian Hg(k, E) also

exhibits a Rice-Mele form:

_ Y hk. E
AskEy=| R MEE) 26)
Wik, E)  Sh
with
1 + te* Islg
h(k,E) = E- . 27
k. E) [ W @7

The connection between nonzero sub-SPT chiral edge state
and Rice-Mele-like effective Hamiltonian can be illustrated

013256-5
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as follows. Recalling the fact that chiral edge states in the
latent SSH model with the effective Hamiltonian Hg(k, E) =
[hf(gfg) hi}%j)] can be found by solving E = v(E) [42], sim-
ilar strategy can be utilized to investigate the chiral edge states
in systems with Rice-Mele-like effective Hamiltonian. That is
to say, for any system whose effective Hamiltonian takes the
following form:

k- [0

Here, h(k, E) can be a matrix of any dimension, v;(E), v2(E)
are the effective onsite terms, and / is the identity matrix. Its
generalized eigenequation reads as

W EN e EY|[ea] _ a0
[h*(/«E) w(E)IM%(k)}—E[qu(k)]’ 29)

where the sublattice set S is further divided into two sets A and
B. In this case, Hs(k, E) also supports two chiral edge states
when E = v(E) and E = v,(E). These chiral edge states
have zero amplitude over sublattices B and A, respectively.
This conclusion can be checked by examining the two
sample models. For the SSHm model with Eq. (25), we have
A ={|1)} 2and B = {|3)}. Therefore, chiral edge states can be

found at % =F or % =E,ie., E = =t or E = *+1,. These
edge states have zero amplitude on sublattices |3) or |1),
which coincide with the topological properties of the SSH3
model shown in Figs. 1(c) and 2(c). On the other hand, for the
asymmetric SSH ladder with Eq. (28), we have A = {|1) , |6)}
and B = {|2) ,|5)}. Therefore, chiral edge states with zero

amplitude over sublattices {|2) , |5)} ({|1) , |6)}) can be found
2

withE = % (E = %), which are exactly the edge states shown
in Figs. 1(d) and 3(c).

h(k, E):|- (28)

v (E)I

B. The normalized Zak phase Z

Having shown that the nonzero sub-SPT chiral edge states
originate from a Rice-Mele-like effective Hamiltonian, we
would like to establish the bulk-edge correspondence by defin-
ing a proper topological invariant. For a given system with
Rice-Mele-like effective Hamiltonian 7:ls(k,E ), we define
HO(k, E) as its counterpart without onsite terms:

770 _ 0 h(k, E)
Hy(k,E) = [h*(k,E) 0 } 30)
If 7:[2 (k, E) further possesses mirror symmetry, i.e.,
M Hy(k, EYM, = Hy(—k, E), (3D

where M, = o, ® I, we can define the normalized reduced
wave function over set A and B, respectively,

Ba(k)

Us(k) = [d;B(k)

- 1
’ o k)= ———=
] #r () 2{¢o1¢5)

with 0 = A, B. It can be proved that (k) is mirror symmet-
ric, i.e., the normalized reduced wave function at =k is related
by M, up to a phase factor 6 (k) (Appendix D):

M s (k) = e Ofrg(—k). (33)

¢o(k), (32)

TABLE 1. Comparison between SPT phase transition and
sub-SPT phase transition.

Property SPT Sub-SPT
Topological Z 4
invariant

Gap closing at Yes No

critical point

Edge states Two-fold degenerate Nondegenerate
Parity change Degeneracy point in [1l-defined point in
mechanism adjacent bands single band

Therefore, the Zak phase defined by v/s(k) is quantized [45]:
Zp= i/dk(!ﬁf(k)laktﬁé(k)) =0or 7, (34)

where j is the band index.

For a system with mirror symmetric wave function, it is
well known that Zak phase can also be derived from the parity
of wave functions at the high-symmetry points [46]:

Z; =n[P;j(w)— P;j(0)] mod m, (35)

where Pj(kyp) = +1 (—1) stands for even (odd) parity of the
jth band wave function at the high-symmetry point ky = 0, 7.
In this sense, the topological phase transition manifests itself
in the change of parity. Generally speaking, P;(ky) remains
unchanged under the continuous deformation of certain sys-
tem parameter ¢ unless the wave function ¢;(kg) becomes
ill-defined. For the conventional SPT phase transition, this is
achieved when the jth band intersects with another band, i.e.,
there exists a gap-closing critical point ¢ = .. As illustrated in
Fig. 5(a), when ¢ passes t = ¢, the wave functions of adjacent
bands exchange their parities. Therefore, in SPT phases, the
degenerate edge states always come in pairs and the Zak
phases of adjacent bands always change simultaneously.

‘Meanwhile, for the normalized reduced wave function
Vi (k) defined in this section, we find another type of par-
ity change in asymmetric systems. Equation (32) shows that
Vi (ko) is also ill-defined when

1] <[]

i.e., the band-edge state is the eigenstate of chiral operator
I' = 0, ® I. As shown in Ref. [36], this is exactly the critical
point ¢ = ¢, of chiral edge state in Rice-Mele-like systems.
Therefore, as illustrated in Fig. 5(b), accompanied by the
appearance of chiral edge states, 1}5{ (ko) changes its parity by
passing the ill-defined point and the normalized Zak phase Z
of the jth band takes an abrupt change. Compared with the
conventional SPT phase transition, this type of parity change
does not require gap closing. Moreover, the normalized Zak
phase of each band changes independently and the edge states
do not have to come in pairs. These features are in good match
with the topological properties of sub-SPT chiral edge states
in asymmetric systems, indicating the bulk-edge correspon-
dence can be established. The differences between the SPT
and sub-SPT phase transition are summarized in Table I. It
is worth noting that Z equals to Z when additional mirror
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(c) band 2nd

band 3rd

111 J

t

N
=]

FIG. 5. Schematic of (a) SPT phase transition with gap closing
and (b) sub-SPT phase transition without gap closing. Here, ¢ stands
for the system’s parameter where ¢, is the critical point. The cor-
responding topological edge states are marked by red lines. In the
insets, we plot the bulk bands under different . The parity of the
wave function at the high-symmetry point k£ = 0, 7 is marked by
the sign 4+ (—) for even (odd) parity. The Zak phase or normalized
Zak phase is marked on the corresponding bands in panels (a) or (b),
respectively. The red cross in panel (b) stands for the high-symmetry
point where the normalized reduced wave function is ill-defined.
(c) The normalized Zak phase Z of the second and third bands for
the asymmetric SSH ladder.

symmetry is present, indicating that our invariant defined by
subsymmetry with redefined sublattices is still compatible
with the conventional SPT phase.

To check the correction of our invariant, here we calculate
Z for the asymmetric SSH ladder. As shown in Fig. 5(c), Z
of the second (third) band exhibits an abrupt change atr = 6
(t =5), which coincides with the appearance of the chiral
edge states shown in Fig. 1(d). Moreover, the bulk-edge cor-
respondence established by Z is robust against subsymmetry
preserving disorder, which is shown in Appendix E.

Finally, we note that Z is a Z, invariant. That is to say, Z
remains unchanged when even number of edge states emerge
simultaneously from the same band (e.g., the second band
of the SSH3 model). In this sense, defining a Z invariant to
completely describe the number of the sub-SPT edge states
requires further investigation.

ty =t

(b) (©)s

S e ——

— @B ;
ﬁ—ﬁ— @- £I+I> ﬁ' @ 'E‘L' b-
o am

FIG. 6. (a) Schematic of the BBH3 model. The dashed lines
indicate negative hoppings. (b) The bulk bands of the BBH3 model.
All the bands are two-fold degenerate over the whole Brillouin zone.
(c) The band structure vs #, under OBC witht; =1, =2,and 3 = 1.
(d) The spatial distribution of the corner states, exhibiting typical
characteristics of chiral corner states. (e) Schematics of the BBH3
model with two types of redefined sublattices.

IV. SUB-SPT CHIRAL CORNER STATES WITH
REDEFINED SUBLATTICES IN 2D SYSTEMS

In this section, we would like to extend our theory into
2D systems where a new kind of higher-order topology can
be found. With redefined sublattices, sub-SPT chiral corner
states are discovered and topological phases can be defined.
These corner states exhibit fundamental differences with the
conventional quadrupole corner states. For example, they can-
not be described by quantized quadrupole moment while they
remain intact even when both chiral and spatial symmetry
are fully broken. Here, we construct the 2D BBH3 model as
a prototype to exhibit our findings. By breaking the spatial
symmetry, higher-order topological phase transition without
gap closing is observed. Even more, some of the chiral corner
states can move into the bulk continuum, exhibiting typical
characteristics of the TBICs. As to the topological invariant,
we introduce Z into 2D and the edge-corner correspondence
is established through the normalized edge polarization ¢

A. BBH3 model

Here, we consider a 2D model whose unit-cell structure
is shown in Fig. 6(a). It can be regarded as stacking the
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SSH3 model and its mirror-symmetric counterpart alterna-
tively along y direction. Mimic the BBH model [13], here
we introduce a 7 flux in each plaquette by setting negative
hoppings in y direction, which are marked by dashed lines in
Fig. 6(a). In this sense, we define this model as the BBH3
model. The Hamiltonian of BBH3 model can be written as

0 5] h hy O 0

5] 0 15 0 0 0

Yot 0 0 0 —h
Hopna ke ky) = | 3 6o 0 0 5 m| 6D

0 O 0 th O 151

0 0 —hi h t 0

where h; = t4e™ and hy = t; + t4¢ ™. The bulk bands of the
BBH3 model are shown in Fig. 6(b).

In terms of spatial symmetry, BBH3 model has projective
inversion symmetry PI_I’HBBH_; (ky, ky)Pr = Hepus(—ky, —ky)
with P? = —1. Along with the time-reversal symmetry T,
it gives rise to two-fold band Kramers degeneracy over the
whole Brillouin zone [47]. When t; = t,, BBH3 model is also
mirror symmetric in both x and y directions. Moreover, BBH3
model is neither chiral symmetric nor subsymmetric.

In the following, we would like to discuss the higher-
order topological properties of the BBH3 model under three
different settings. In Secs. IVB and IV C, we first consider
the mirror-symmetric case, i.e., f;, = f. In Sec. IV D, we in-
vestigate the general situation where #; # ;. Additionally, in
Sec. IVE, we introduce the asymmetric BBH3 model where
all the spatial symmetry is broken.

B. Sub-SPT chiral corner states in
mirror-symmetric BBH3 model

In this section, we first consider the corner states in mirror-
symmetric BBH3 model by setting #; = #,. The band structure
versus t4 under OBC with 1, =, = 2 and 73 = 1 is shown in
Fig. 6(c). When #4 passes the critical point, accompanied by
the closing and reopening of both gaps, four-fold degenerate
corner states localized at four corners can be observed in each
gap, which are marked by magenta lines in Fig. 6(c). The
indexes of the eight corner states are 2N 2 _1,2N?%,2N% + 1,
2N? +2 and 4N? — 1, 4N?, 4N? + 1, 4N? + 2, respectively,
indicating a filling anomaly [48], which further confirms their
nontrivial topology. In Fig. 6(d), we exhibit the spatial dis-
tribution of these corner states. All of them show typical
chiral characteristics in a way that the amplitudes of the wave
functions at certain sublattices remain zero.

To investigate the topological origins of these corner states,
we redefine the sublattices in a way similar to Sec. IIB.
As shown in Fig. 6(e), we first take the representation
transformation to diagonalize the subspace composed of
{11}, 12), |5), |6)}, which results in two coupled 2D Rice-Mele
models [36] sharing sublattices |3) and |4):

2 2
Hypyy = Hil 345 + Hy 5 he) (38)

where H| 2 EM 5) stands for the 2D Rice-Mele model defined
on sublattlces la), 1B), 1y), 18). Tt is known that 2D Rice-Mele
model supports four chiral corner states occupying one of the
sublattices. Therefore, the four chiral corner states occupying

the redefined sublattices [1), |2), |5'), |6'), respectively, are
subsymmetry protected.

As to the other four corner states, we perform another
representation transformation to diagonalize the subspace
composed of {|2), |3), |4}, |5)}. The Hamiltonian after trans-
formation reads as

— H2DRM

{6+ Hians g (39)

"
HBBH3

and the four chiral corner states occupying the redefined
sublattices |2”), [4"), |5”), |6”), respectively are also sub-
symmetry protected. Therefore, all of the eight corner states
shown in Figs. 6(c) and 6(d) are chiral corner states with
redefined sublattices.

C. The edge-corner correspondence for mirror-symmetric
BBH3 model

Generally speaking, the higher-order topology can be
described by two methods. One is the bulk-corner corre-
spondence where the topological property of the corner
state is illustrated by the quantized bulk invariant, such as
the 2D Zak phase [14] and the quadrupole moment [46].
The other is the edge-corner correspondence that relies on
the topological properties of the edge bands under ribbon
structure, such as the edge polarization [47,49] and the
effective boundary Hamiltonian [50]. In this section, we
surprisingly find that the bulk-corner correspondence fails
in the mirror-symmetric BBH3 model even though a quan-
tized bulk invariant can be calculated. However, the edge-
corner correspondence can still be established by the edge
polarization.

Firstly, we would like to exhibit the failure of bulk topo-
logical invariant. The presence of mirror symmetry M,, M,
and projective inversion symmetry P; guarantees vanishing
2D Zak phase as well as quantized quadrupole moment g,
[46]. In Fig. 7(a), we calculate g, versus 4 with t; =1, =2
and 13 = 1 at 1/3 filling, where an abrupt change from 0 to 0.5
can be observed at 74 = 1.86. The change of g,, is associated
with the vanishing of the Wannier band gap shown in Fig. 7(b)
as well as the change of nested Wilson loop p¥. The relation-
ship between ¢y, and p" satisfies the typical characteristics of
Type-I quadrupole topological insulator [49]:

Gry = 2p¥ Y. (40)

However, as shown in Fig. 6(c), the critical point of the
degenerate corner states is at #4 = 2, which is inconsistent
with g,,. That is to say, although a nontrivial bulk topo-
logical phase can be defined in mirror-symmetric BBH3
model, the bulk-corner correspondence cannot be estab-
lished. This mismatch between corner states and ¢y, indicates
a fundamental difference between our chiral corner states
and the conventional symmetric-protected quadrupole corner
states.

With the failure of bulk-corner correspondence, next we
would like to establish the edge-corner correspondence. As
shown in Fig. 7(c), here we consider the y-open ribbon struc-
ture of the BBH3 model. From the band structure shown in
Fig. 7(d), three pairs of edge bands marked by different colors
can be observed. We note that all the edge bands are two-fold
degenerate due to the projective inversion symmetry. When #4
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FIG. 7. The bulk-corner and edge-corner correspondence of the
mirror-symmetric BBH3 model. (a) The quadrupole moment gy, vs 4
at 1/3 filling. (b) The Wannier band v, (k,) and v,(k,) at 1/3 filling,
showing a topological phase transition at z4 = 1.86. (¢) Schematic
of the y-open ribbon structure of the BBH3 model. (d) The band
structure of the y-open system in panel (c). Three pairs of two-fold
degenerate edge bands are plotted in different colors, while the
parities of the lowest two edge bands at high-symmetry points are
marked by = signs. (e) The edge polarization of the lowest two edge
bands with the y-open ribbon structure vs #4.

passes the critical value, the edge gaps close and reopen while
the parity of the edge states at the high-symmetry point flips,
indicating the topological phase transition of the edge bands.

To exhibit the topological property of the edge band, we
can calculate its polarization:

pelee = L/dkx(tlfg(kx)lf)kﬂ/fg(kx))’

7 41

where v/ (k,) stands for the wave function of the jth edge
band. Figure 7(e) exhibits pS€ of the lowest two edge bands
[marked by magenta lines in Fig. 7(d)] versus #;. When
t4 =2, one can see an abrupt change from pi* =0 to
P2 = 40.5, which is consistent with the appearance of
the chiral corner states. In this way, the edge-corner corre-
sp(?ndence can be established through the edge polarization
pe ge.

We note that p®%€ is quantized only in mirror-symmetric
systems. Therefore, for the general BBH3 model discussed in
the next section, new method is needed to illustrate its higher-

order topology.

FIG. 8. (a) The band structure of the BBH3 model vs 4 under
OBC with t; =2, 1, = 3, and 13 = 1. (b) The band structure of the
y-open system. (c) Schematic of the effective Hamiltonian of the
y-open ribbon structure of the BBH3 model. (d) The edge polariza-
tion of the lowest two edge bands vs #,. The edge polarization is no
longer quantized due to the breaking of mirror symmetry. (e) The
normalized edge polarization vs #4.

D. Chiral corner states in BBH3 model without
mirror symmetry

By setting #; # f, in the BBH3 model, we can break the
mirror symmetry in both x and y directions while preserving
the spatial inversion symmetry. In this case, the band structure
versus t4 under OBC with #; = 2,1, = 3, and 3 = 1 is plotted
in Fig. 8(a). By breaking the mirror symmetry, the four-fold
degenerate corner states in each gap split into two sets of
two-fold degenerate corner states marked by different color
with different energy and different critical point. Meanwhile,
the emergence of the corner states is not accompanied by the
closure of the band gaps, exhibiting similar characteristics of
the asymmetric SSH3 model.

The split of the corner states can be understood through
the redefined sublattices. Based on the Hamiltonian defined in
Eq. (38) and Eq. (39), and the topological properties of 2D
Rice-Mele model, we can deduce the energies and the critical
points of chiral corner states as follows (Appendix F):

E = 41,
E =+,

ty > max{ry, 13},

t, > max{t, 13}, 42)
which matches the band structure in Fig. 8(a).

In terms of the edge-corner correspondence, as shown in
Fig. 8(b), three pairs of two-fold degenerate edge bands can
still be observed. However, due to the breaking of mirror
symmetry, the edge polarization in Fig. 8(d) is no longer quan-
tized. Meanwhile, we notice that the y-open ribbon structure
of the BBH3 model illustrated in Fig. 7(c) is effectively a
1D system, indicating that the methods introduced in Sec. III
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might be utilized. Therefore, in Fig. 8(c) we illustrate the
effective Hamiltonian Hs(k,, E) of the ribbon structure with
S ={l6n —35), |6n — 3), |6n — 2), |6n)}, wheren =1,..., N
is the index of the unit cell in y direction. Hg(k,, E ) show typ-
ical properties of Rice-Mele-like structure with A = {|6n —
5),16n)} and B = {|6n — 3), |6n — 2)}:

t

Astko By = | 2 MBI g
Wk, B Ly

Meanwhile, the effective Hamiltonian without onsite terms
ﬁg(kx) is mirror symmetric. Therefore, through the normal-
ization of the reduced wave function in Eq. (32), similar to
the normalized Z defined in Sec. III B, we can calculate the
normalized edge polarization:

p = ﬁ / dhe ] (k) 9, 0 (ko). (44)
The p5%¢° of the lowest two edge bands are shown in Fig. 8(e).
2% s quantized and an abrupt change from 5% =0 to
7298 — 40.5 can be observed at #; = 2, which coincides with
the band structure in Fig. 8(a).

It is worth noting that the normalized p<*€° also has the Z»
feature similar to the normalized Z defined in Sec. III B. That
is to say, it cannot describe the case where even sets of corner
states emerge simultaneously from the same edge band, such
as the edge bands marked in green in Fig. 8(b).

E. Chiral corner states in asymmetric BBH3 model
without any spatial symmetry

To take a step further, in this section we would like to
break the inversion symmetry in BBH3 model. As illustrated
in Fig. 9(a), we introduce the extra parameters #s and f¢ so that
all the spatial symmetry is broken. The Hamiltonian of the
asymmetric BBH3 model can be written as

0 # K h 0 0
n 0 t 0 O 0
hE oot 0 0 0 -
HASBBH3 (k)m ky) = hé* 02 0 0 fs h/lz s
0 0 0 15 0 16
0 0 —hf K 15 0

(45)

where h| = ts¢’ and ) = 13 + t4e™™. As a result, one can
see in Fig. 9(b) that the two-fold degeneracy of the bulk band
is lifted. Surprisingly, as to the band structure under OBC
shown in Fig. 9(c), the eight in-gap corner states remain intact.
Moreover, by turning the intercell hopping term f¢, the corner
states marked by red and magenta lines move into the bulk
continuum while their wave functions in Fig. 9(e) are still
localized at the corners, exhibiting the typical characteristics
of the TBICs.

In Fig. 9(e), we also find that these corner states exhibit chi-
ral characteristics. However, they can no longer be understood
as the subsymmetry-protected chiral corner states with the
redefined sublattices. When #; # ¢ and 1, # ts, as illustrated
in Fig. 9(d), the system after representation transformation
cannot be decomposed into two 2D Rice-Mele models since

(@) ) ©
_é t phat, 9| >
/ l | B0/
ts L [
R
y 1 —
x ' X M
(d N @- 5

R
@‘=ﬁ+)

| I— ‘
B g-—aw 9 +"?
ﬁ— @=\%(ﬁ— & ﬁ— @
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* *L_ 2 3 4 5
-------------- min f,l

FIG. 9. (a) Schematic of the asymmetric BBH3 model without
spatial inversion symmetry. (b) The bulk bands of the asymmetric
BBH3 model. (c) The band structure vs 7, under OBC with ¢; = 2,
tp =5,t3 = 1,15 = 4, and 1; = 3. (d) Schematics of the asymmetric
BBH3 model with two types of redefined sublattices. The system
can no longer be decoupled into two 2D Rice-Mele models since the
redefined sublattices on the opposite positions share different onsite
energies. (e) Spatial distributions of the corner states marked by stars
in panel (c). (f) The normalized edge polarization of the two lowest
edge bands vs #,.

the redefined sublattices on the opposite positions, for exam-
ple [1') and |5}, |2/) and |6'), etc., share different effective
onsite energies. Instead, these corner states can be explained
as the sub-SPT generalized chiral states [11,30] as they only
occupy one of the redefined sublattices. Based on the analysis
in Appendix G, we find that the energies and the critical points
of these corner states can be written as

E = +t;, t3 > max{t, 3},
E =+, t > max{t,t:},
E = *+t5, t4 > max{ts, 3},
E = +t5, t4 > max{t, 13}, 46)

which is consistent with the band structure in Fig. 9(c).
Moreover, as exhibit in Appendix H, these TBICs are ro-
bust against subsymmetry preserving disorder, indicating that
they are indeed topologically protected. As to the edge-corner
correspondence, in Fig. 9(f), we plot the normalized edge

polarization 52" of the lowest two edge bands. Two abrupt
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FIG. 10. (a) Acoustic design for the positive and negative hoppings. The size of the air cavity is setas w =/ =8 cm, h = 10cm, s =
3 cm, and d = 2 cm. (b) Schematic of the acoustic BBH3 model. (c) The bulk bands of the acoustic BBH3 model with dy =d; = 1 cm,
d, =d; =1.5cm, ds =0.5 cm, and dg = 1 cm. (d) The band structure vs dg for a finite-sized (5 x 5 unit cells) sample under OBC with

d1:d4:10m,d2

=d; = 1.5 cm, and ds = 0.9 cm. The corner states are marked by red and blue lines. (¢) The spatial distribution of the

corner states in acoustics BBH3 model. The other four corner states can be obtained by inversion symmetry. (f) The band structure of the
asymmetric BBH3 model under OBC withd; = 0.9 cm,d, =1.8cm,d; = 1.5 cm, dy = 1.2 cm, ds = 0.8 cm, and dg = 1.4 cm. The spatial
distribution of the chiral corner states marked by red points is plotted on the right side.

changes can be observed at t4 = t; and 74 = t¢ respectively,
which exactly correspond to the critical points of the two
lowest corner states.

V. TOPOLOGICAL CHIRAL CORNER STATES IN 2D
ASYMMETRIC ACOUSTIC CRYSTALS

Mimicking the experimental realization of the acoustic
BBH model [17,51], in this section we propose an experi-
mental design to realize the asymmetric BBH3 model and
the corresponding chiral corner states. Here, we utilize the
air cavity working at the P,-dipole modes to emulate the
sublattices of the tight-binding model. As shown in Fig. 10(a),
the size of the air cavity is set to w = = 8 cm, & = 10 cm,
which presents a P.-dipole mode with eigenfrequency wy =
1716 Hz. By connecting two identical air cavities with tubes,
the effective Hamiltonian of the composed system can be

written as [17]
H — |:a)() K iI’
K wo

where k stands for the coupling strength between the P,
modes. For positive (negative) coupling, the [1, 1]7 ([1, —1]7)
eigenmode has a higher frequency. As shown in Fig. 10(a),
the positive and negative hoppings can be obtained through
different types of connecting tubes between the air cavities,
i.e., the straight tubes marked in blue and the twisted tubes
marked in yellow. Meanwhile, the coupling strength can be
tuned by the width of the connecting tube d. Based on these

47

results, we design the acoustic BBH3 model, whose unit cell
structure containing six air cavities is shown in Fig. 10(b).
We first consider the special case with d; = dy and d, =
d3, which corresponds to the BBH3 model discussed in
Sec. IV D. The six dipole bulk bands are plotted in Fig. 10(c).
Similar to the tight-binding model, the bands are almost two-
fold degenerate. In order to demonstrate the corner states,
in Fig. 10(d), we plot the band structure versus ds for a
finite-sized (5 x 5 unit cells) sample under OBC. As expected,
two pairs of two-fold degenerate in-gap corner states marked
by different colors can be observed with the critical points
de¢ = d; and d¢ = d, respectively, which shares similar prop-
erty with the band structure of the BBH3 model in Fig. 8(a).
Figure 10(e) shows the spatial distributions of the acoustic
corner states. They also exhibit typical chiral characteristics
in a way that only some of the air cavities in each unit cell are
occupied. At last, we consider the general case with d; # dy
and d, # ds, which corresponds to the asymmetric BBH3
model discussed in Sec. IV E. In Fig. 10(f), we find that two
eigenstates marked by red circles are still chiral corner states
even though they move into the bulk continuum. Therefore,
all the topological chiral corner states obtained in Sec. IV can
be realized in the acoustic crystals proposed in this section.

VI. CONCLUSION

In summary, utilizing redefined sublattices, we extend the
sub-SPT phases to three different multigap asymmetric mod-
els, i.e., the SSHm model, the asymmetric SSH ladder, and the
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2D BBH3 model. With redefined sublattices, each system can
be divided into several coupled subspaces with subsymmetry.
Due to the effective onsite energy of the redefined sublattices,
nonzero chiral boundary states can be identified. Moreover,
these nonzero boundary states exhibit some exotic properties.
For example, the corner states in the BBH3 model can move
into the bulk continuous spectrum with proper parameters,
showing the characteristics of TBICs. In terms of topolog-
ical invariant, we define a universal topological invariant,
namely the normalized Zak phase Z, through the Rice-Mele-
like effective Hamiltonian. Based on the chiral property of
the boundary states, the bulk-edge correspondence can be
properly established. Finally, we propose an experimental re-
alization of the acoustic BBH3 model and the nonzero chiral
corner states are numerically observed. Our work discovers
the sub-SPT chiral characteristics of the boundary states in
various asymmetric systems. By redefining sublattices, we
extend the concept of sub-SPT phases to multi-gap systems
with nonzero edge states. Moreover, we find that models with
entirely different structures might share the same topological
origins. In this sense, we believe our findings can advance the
understanding of the topological properties of the asymmetric
systems.
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APPENDIX A: NON-BLOCH THEORY FOR SSHm MODEL

In this Appendix, we would like to analytically derive
the wave functions of the possible edge states in SSHm
model. For the SSHm model with N unit cells under OBC,
its eigenstates take the form |W) = 1/A ZnN | ZT:l Y jln, J)

with ¥, j = ¥ j(21, 22) = clqb(]) "4 ¢(2)zg, where A is the
normalization coefficient, z, € C is the generahzed complex
momentum with o = 1, 2. |¥) should satisfy the bulk con-
dition, i.e., {z,, ¢;°‘)} are the solutions of the following bulk
equation with a given E:

o] 1
Ha| P | = £ *|. (A1)
b b

where H,,(z) can be obtained by applying the substitution
¢* — z to the momentum-space Hamiltonian H,,(k) of the

SSHm model:
) 151 tm/Z_
hn 0 1%
1% 0 13
Hu(z) = . .
tn—3 0 tn—2
Im—2 0 tn—1
| tmZ t—1 0 |

(A2)

From Eq. (A1), we have z;z, = 1. Without loss of generality,
let |z1| < |z2]- On the other hand, |W) should also satisfy the
boundary condition:

Myleci, e2]” =0, (A3)
with
_| P@) P(z2)
=[50 o) Ay
where  P(z,) = —1,¢@ and  Q(z4) = —1,¢*. When

det[M;] = 0, the nontrivial solutions of Eq. (A3) are exactly
the eigenstates of the SSHm model under OBC.

For |W) representing the localized edge states, we have
|z1] < 1 < |z2|. Together with zN“ — 0, one can obtain

det[M;] = —2) *'P(21)Q(z2) = 0.

Two solutions can be obtained from Eq. (AS5), i.e., P(z;) =0
and Q(z2) =0

For P(z;) = 0, it follows that ¢! = 0. Substituting into
Eq. (Al) yields

(A5)

T T
Hﬁ—l[ (1) B ¢(1) ] :E[¢(l),.. ¢(1) ]
tu®( V21 + tu1 9l =0 (A6)
where
0 5] 0
5] 0 15
HE = (A7)
tm—3 0 tm—2
0 tin—2 0

is the Hamiltonian of the subspace composed of the sub-
lattices 1 to m — 1. Moreover, Eq. (A6) indicates that
", ... q‘),(nl)l]T is the eigenstate of HL . When |z| =
[t— 1(])(1) /tmqﬁ(l)l < 1, |¥) stands for the edge estate local-
ized at the left boundary of the system:

N
Ly=A,) 47"y ¢ In, j).
n=1 j=1

Since Hgyp—1 18 (m — 1)-dimensional matrix, there are m — 1
different eigenstates. Therefore, SSHm model has at most m —
1 left-boundary edge states.

Similarly, for Q(z,) = 0, it follows that ¢>§2) = 0, which
yields

2) 01T 2)
HE (057, ... 6P =E[¢5,....
2
D + 195722 = 0,

(A8)

s,
(A9)
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where H¥ _| is the Hamiltonian of the subspace composed of

the sublattices 2 to m. When |z3| = 1,62 /167 | > 1, |W)
stands for the edge estate localized at the right boundary of
the system:

N m
IRy =Ar Y 257" Y ¢ In, j). (A10)
n=1 j=1

Since ’Hffkl is also (m — 1)-dimensional, at most m — 1
right-boundary edge states can be obtained. In summary, all
the possible edge states of the SSHm model are given by
Eqgs. (A8) and (A10). It is worth noting that similar methods
can also be utilized to analyze the topological chiral edge
states in the disordered SSH model [52].

APPENDIX B: THE BREAKING OF SUBSYMMETRY BY
INTERCELL LONG-RANGE HOPPINGS IN THE
EXTENDED SSH3 MODEL

In recent years, the topological property of the sys-
tems with long-range hoppings has attracted much attention
[19,53-56], including the extended SSH3 model [25,26,57].
In previous study of the extended SSH3 model, the intracell
and intercell long-range hoppings are equally treated, while
their differences are not highlighted. From the perspective of
subsymmetry-protected topology with redefined sublattices,
in this Appendix we would like to distinguish these two
kinds of long-range hoppings from the perspective of sub-SPT
phases.

As illustrated in Fig. 11(a), here we consider the topolog-
ical properties of the extended SSH3 model with only the
intracell long-range hopping #; and the one with only the in-
tercell long-range hopping #4, respectively. The band structure
under OBC is shown in Fig. 11(b), where two pairs of two-fold
degenerate edge states can be observed for both models.

However, we find that the topological properties of the
edge states in these two cases are quite different. Since both
of the extended SSH3 models considered here are mirror sym-
metric, we can analyze their topological properties from filling
anomaly and the quantized Zak phases [48]. In Fig. 11(b),
we find that the indexes of the edge states with 3 are N,
N + 1, 2N, and 2N + 1, which satisfies the filling anomaly.
In contrary, the indexes of the edge states with 74 are N — 1,
N, 2N + 1, and 2N + 2 and the filling anomaly is violated.
In Fig. 11(c), we also calculate the Zak phase for both cases,
which further confirms that the edge states with #; are topo-
logically nontrivial while the ones with #, are trivial.

The difference between intracell and intercell long-range
hopping can be understood from the perspective of subsym-
metry. In Fig. 11(d), we plot the schematics of both models
with the redefined sublattices in Sec. II A. It clearly shows that
the intracell long-range hopping 3 only affects the value of
effective hoppings while the subsymmetry remains intact. The
intercell long-range hopping #4, on the other hand, introduces
long-range hoppings in the redefined sublattices and therefore
breaks the subsymmetry. The difference between #; and ¢4 also
manifests itself in the spatial distribution of the edge states.
As shown in Fig. 11(e), the edge states of the extended SSH3
model with #; exhibit clear evidence of topological chiral
edge states as the amplitude of the wave function on certain

Intracell Hopping t;

Intercell Hopping t,

V2

(e)
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FIG. 11. (a) Schematics of the extended SSH3 models. In the
left column, only the intracell hopping #; is considered. In the right
column, only the intercell hopping 7, is considered. In this panel, the
parameters are set to f; = 1, t, = 3, and #; = 1 for the left column
and ty = 1,1, =2, and t, = 5 for the right column. (b) The energy
spectrum of the extended SSH3 models. The edge states are colored
in red, while their indexes are marked in the figure. (c) The bulk
bands of the extended SSH3 models. The Zak phases are marked
on the corresponding bands. (d) The schematics of the models with
redefined sublattices. The dashed lines indicate negative hoppings.
(e) The spatial distribution of the edge states.

sublattice is pinned to zero. For the edge states with #4, the
chiral characteristics cannot be observed.

It is worth noting that same conclusion can be drawn for
any extended SSHm model: As long as the long-range hop-
pings are kept intracell, the model can always be transformed
into the form shown in Figs. 2(a) and 2(b) while chiral edge
states with zero amplitude at sublattice 1 or m can be ob-
served.
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APPENDIX C: DETAILED DERIVATION OF THE SUB-SPT
CHIRAL EDGE STATES IN ASYMMETRIC SSH LADDER

In this Appendix, we would like to give a detailed form
of Eq. (18) and show that the edge states are subsymmetry
protected. Hj, 4., can be written as
= Higier + Higgier +16Pr4 = 16Py6'

Hypgger (C1)

where

HD

ladder 7=, 2cn+1 g +

Z\/_C” 2cnl \/E ﬁcnvscn,l’

15 171
+ —=Cp ch ’ + ———
N ﬁ V2

" 1% ts

t
H® _ E 1 i
ladder — ﬁcn,zcnﬁ’ + ﬁcn 2Cn+l 3 ﬁcn,Scn,y

15 ¥ 13 ¥ Iy

Ecnicn,é’ - EcnvSCn,@ - E

T T
—=Cp SCn &4 + Cn+l,5cn‘4/ + H-C~7

+ cn+1,5c,'1’6, + H.c.,

(€2

and P, g stands for the projection operator over sublattice |o),
|B). We note that the relationship between Eqs. (18) and (C1)
reads as

RM M
H{l'q2,5 4y — Hladder + t6P1'74"

RM 2)
Hy' 5.6 = H|

ladder [6P3’,6’ :

(C3)

For ngd)der + ngj)der, the subsymmetry over |1’), |4') and |3'),
|6') are satisfied:

(1) (2) _ (1) (2)
(1)[Hladder Higgaer T ) P14 = —[Hygger T Higager P14
(1) _ (D
1—‘(2) [Hlddder + Hladder]F(Z)Pyﬁ/ - _[Hlddder + H]ddder]Py,G/’

(C4)

where F(]) = P]/'4/ — P2'5 and F(z) = P3/,6/ — P2,5. Therefore,
the zero-energy chiral edge states occupying sublattices |1'),
|4’y and |3'), |6') are subsymmetry protected:

2

(i)
Z Hladder|R1’~4’)

i=1

2
— (i) —
- ZHladder|R3’v6’) =0
i=1

PrylRyy) = |Rya), PyelRye) = IRy¢).
(C5)
Together with Eq. (C1), we have
Hypgger R 4) = 16|Rv 4),  Hypgger IRy 6) = —16|R367),
(Co)

i.e., chiral edge states can be found in asymmetric SSH ladder
at £ = +t.

APPENDIX D: THE SYMMETRY OF THE NORMALIZED
REDUCED WAVE FUNCTION

In this Appendix, we would like to show that the re-
duced wave function of the effective Hamiltonian satisfying
Egs. (28) and (31) can reconstruct its symmetry through nor-
malization. The generalized eigenequation in Eq. (29) can be

decoupled into two parts:
h(k, E)h' (k, E)pa(k)
' (k, EYh(k, E)$p(k)

= M(E)pa(k),
= M(E)¢p(k),

with M(E) = [E — vi(E)][E — v2(E)].
Eq. (31) one can get

h(k,E) = h'(—=k, E).

(D1

Meanwhile, from

(D2)

Since all the systems under consideration here have time-
reversal symmetry, we have @u(k) = ¢i(—k), ¢p(k) =
¢} (—k). Therefore, the second equation in Eq. (D1) can be
rewritten as

h(—k, E)h'(—k, E)pp(k) = M(E )¢p(k),

which indicates that the difference between ¢g(k) and ¢4 (—k)
is up to a constant

¢p(k) =

Following the normalization performed in Eq. (32), we
have gp(k) = €*®dy(—k), da(—k) = ¢} (k), and gp(—k) =
¢p(k). It is easy to see that the normalized reduced wave
function vg(k) is mirror symmetric:

- 1 Pa(k
Mt = [1 Mef“’%()—k)}
_ ei@(k)|:
e

Pa(—k)
“Ogatk)

Furthermore, as long as W(k) is well defined, it has a definite

parity at the high-symmetry point ky = 0, 7:

M s (ko) = £rs5(ko).

(D3)

Cie? O pa(—k). (D4)

] — "0 f(—k). (DS)

(D6)

APPENDIX E: ROBUSTNESS ANALYSIS OF THE CHIRAL
EDGE STATES AND NORMALIZED ZAK PHASE Z
AGAINST DISORDER

In this Appendix, we we would like to investigate the
robustness of the chiral edge states of the asymmetric SSH
ladder introduced in Sec. IIB as well as the behavior of
the normalized Zak phase Z against random disorder. Here,
we introduce the following disorder Hamiltonian H” to the
system:

H Hhorlzontal + (E 1 )

vemcal ’

” _ n n,.t
where horizontal — Zn Stl Cn,lC'L2 + 8t2 Cry1,16n,2 +

8t§‘c2 3Cn,4 + &ZCZH 4Cn4 + H.c. stands for disorder in the
hor1zontal hopplng terms and Hical = 2om Stg‘cz 1Cn3 +

8t5 0365 + 8t5 n2Cna + 8t6 n.4Cn6 + H.c. stands for
disorder in the vertical hoppmg terms. The disorder terms
{6/} are random numbers that follow a uniform distribution
in [—w, w], where w is the disorder strength.

To calculate the topological invariant in disordered system,
we also introduce the real-space form of the jth band normal-
ized Zak phase Z;, which can be expressed in a Bott index
style:

Z; = Im{In[det(US'I:jXﬁs,j)]}, (E2)
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FIG. 12. The robustness of edge states and the behavior of the
normalized Zak phase against random disorder. Schematic of the
effects of the disorder terms with the redefined sublattices with
the disorder (a) in the horizontal hopping terms or (b) in the vertical
hopping terms. Here, 8f; stands for the disorder of the #; hopping
terms. The robustness of edge states in the second gaps against two
kinds of random disorder. Parameters are settot; = 5,6, = 1,13 = 2,
ty = 4,15 =3, and t, = 4. (e), (f) The corresponding real-space nor-
malized Zak phase Z of the third band vs the disorder strength w.

where l75, =Ll |1ﬁ5), ...] denotes a set of the normalized
reduced eigenstate over set S of the jth band. X is the position
operator:

N
X =Y iyl (E3)

=1 ieS

where [ is the index of the unit cell, i is the index of the
sublattice over set S, and N is the total number of the unit cells
in the system. In the following calculation, we take N = 50.
In Fig. 12, we exhibit the spectrum versus w under OBC
and the corresponding real-space Z with two different kinds
of disorder. In Fig. 12(a), disorder only exists in the hori-
zontal hopping terms H” = H|/ ... In Fig. 12(b), we have
H" = H. .- Based on the analysis in Sec. IIB, Hj .. .o
stands for the disorder of the effective hopping terms, which
preserves the subsymmetry of the redefined sublattices. On
the other hand, H., .., introduces disorder to the effective
onsite energy terms, which breaks the subsymmetry. As a
result, the edge states in Fig. 12(c) are pinned to E = —fs,
—t¢ while the edge states in Fig. 12(d) deviate considerably
from their original values as the disorder strength grows. As
to the topological invariant, one can see that Z sticks to 7 in

Fig. 12(e) and Z fluctuates dramatically in Fig. 12(f). These
results clearly show that the chiral edge states are robust
against the symmetry-preserving disorder while our topolog-
ical invariant can establish the bulk-edge corresponding even
in the presence of strong disorder (i.e., w > 1).

APPENDIX F: THE DETAILED TOPOLOGICAL
PROPERTIES OF THE CHIRAL CORNER STATES
IN BBH3 MODEL

In this Appendix, we would like to deduce the energies and
the critical points of the chiral corner states in BBH3 model.
The two 2D Rice-Mele models defined in Eq. (38) can be
written as

nh H -t H
2DRM 142 1 2DRM _ 142 2
Hiv 345 [ } M 346y = [

rt rt
H 0 HI 0
(F1)
with
gy = L[ tuet ntne™
1= \/5 —13 — l4€lk" h + l‘4eilk*' ’
;L [t ue™ 5+ 1e®
"= ﬁ[ i+ ue®  h—nyemh | 2)

Based on the topological property of 2D Rice-Mele model
[36], for 7—[{21[,)%1,\15,}, when the intercell hopping exceeds the
maximum of intra-cell hoppings, i.e., #4 > max{t, t3}, there
exist chiral corner states occupying sublattice |1’), |5’) with

=1t,. For 7—[{2, 3.4.¢) chiral corner states occupying sub-
lattlce |2}, |6') with E = —f; can be observed also when
ty > max{t, 13}.

The two 2D Rice-Mele models defined in Eq. (39) can be
written as

4 "
}2DRM U HPRM 0 H;
{1,27.47,6) = v T3 56 = i ’

H" b HY' —nh
(F3)
with
= 1 [ f+ 1t 4 me‘f’?}
ﬁ R L S R
1 ik —ik,
Hy = ﬁ[g + Zik —t3tl++tije—ikx}' (F4)

Therefore, when t, > max{t;, 13}, there exist chiral corner
states occupying sublattice [2”), |47} (|3}, |5”)) with E = t,
(E = —2‘2).

APPENDIX G: THE GENERALIZED CHIRAL CORNER
STATES IN ASYMMETRIC BBH MODEL

In this Appendix, we would like to analyze the properties
of the generalized chiral corner states in the asymmetric BBH
model. As shown in Fig. 13(a), the Hamiltonian of the asym-
metric BBH model can be written as

0 mi nmy 0
x 0 0

Hasger (ky, ky) = Z% 0 0 ZZ , (GD
0 my my O
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(a) (b)

FIG. 13. (a) Schematic of the asymmetric BBH model. (b) The
band structure vs f5 under OBC with t{ =1, t, =3, 1 = 2, and
ty = 4. The spectrum is divided into three regions according to the
number of zero-energy corner states. (¢) The quadrupole moment
qxy Vs ts. (d) The quadrupole winding number N,, vs t5. (e), (f) The
band structure of the x-open ribbon structure at (¢) s = 3 and t5 = 4.
(g) The Wannier band vs #s at half filling. The edge polarization pf.“ge
is marked by red and blue lines.

where m; =t + t5€ik*, my; =1t + t5ef"kv", m3 = —I4 — 2‘567”(’,
and my = t3 + tse’**. With the unequal intracell hopping
terms, both the mirror symmetry and spatial inversion symme-
try are broken. As to the nonspatial symmetry, the asymmetric
BBH model has time-reversal symmetry and chiral symmetry.
The band structure versus #5 under OBC with t; = 1, 1, = 3,
ty =2, and t4 =4 is plotted in Fig. 13(b), which can be
divided into three regions according to the gap-closing points
ts = 3 and t5 = 4. In these three regions, the number of the
zero-energy corner states is N =0, N =2, and N = 4, re-
spectively. This is quite different from the conventional BBH
model [13] and the extended BBH model [55], where the
number of the zero-energy corner states has to be a multiple
of 4. The difference is also verified through the bulk invariant.
Although both the quadrupole moment g,, and the quadrupole
winding number N,, are quantized due to chiral symmetry

[55,58], neither of them is able to establish the bulk-corner
correspondence.

The properties of the zero-energy corner states can be ex-
plained through the generalized chiral symmetry. For a system
composed of n sublattices in each unit cell, the generalized
chiral symmetry is represented as [11,59]

Fn_l,H,‘Fn=’Hi+1, i=0,...,l’l—2,

n—1
> H; =0,
j=0

where H is the system Hamiltonian and I',, is the generalized
chiral operator:

(G2)

-2
et

r, = (G3)

;2=
n

e

For the zero-energy corner state protected by the I, its wave
function only occupies one of the sublattices [11]. Obviously,
Haseeu(ky, ky) possesses the generalized chiral symmetry I'4.
Therefore, the zero-energy corner states |C,) occupying sub-
lattices @ = 1, 2, 3, 4 should satisfy

(BICa) = bap, B =1,2,3,4,
Haseeu|Co) = 0.
Therefore, we have
ICy) :
|C) : ts > max{ty, 14},
ICs3) :

|Cs) @ ts > max{ts, 14},

(GH
ts > max{ty, i},

ts > max{rn, 13},
(GS)

which coincides with the band structure exhibited in
Fig. 13(b).

The topological property of the asymmetric BBH model
can be described through the edge polarization p®. In
Figs. 13(e) and 13(f), we plot the band structure of the
x-open ribbon structure. Due to the breaking of spatial inver-
sion symmetry, the degeneracy of the edge bands marked in
blue and red is lifted. As a result, they share different topolog-
ical transition points, which corresponds to the gap-closing
points in Fig. 13(b). It is worth noting that the edge bands
are not isolated from the bulk bands, so the p‘“‘“‘ge cannot be
directly calculated by Eq. (41). Instead, in Fig. 13(g), we cal-
culate the Wannier spectrum vy, at half filling. The edge states
in vy, marked in color stands for p°ee where the abrupt change
takes place at 5 = 3 and 5 = 4, respectively, indicating the
edge-corner correspondence is established.

As to the subsymmetry property, the chiral corner states
occupying sublattice |«) is preserved as long as the following
relationship is satisfied [30]:

n—1
> HP. =0,
j=0

where H; is defined in Eq. (G2), F, is the projection opera-
tor P, = |a){|. Meanwhile, the onsite term over sublattice

(Go6)
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FIG. 14. Robustness analysis of the TBICs. Schematic of (a) the original asymmetric BBH3 model, (b) the asymmetric BBH3 model with
loss mask, and (c) the asymmetric BBH3 model with loss mask and subsymmetry-preserving disorder. The parameters are settot; = 2,1, = 8§,
t3 =06,14 =5,15 = 1, and t, = 5. The spectra of (d) the original BBH3 model, (e) the BBH3 model with loss mask, and (f) the BBH3 model
with loss mask and disorder under OBC. In panel (f), the spectra of ten different configurations are presented. The TBICs pinned at the real
axis are marked by red stars. (g)—(i) Spatial distributions of the TBICs with E = —8 marked in panels (d)—(f), respectively.

a, V, only shifts the energy of the chiral corner states
without affecting its spatial distribution. Therefore, for the
asymmetric BBH3 model with redefined sublattices shown
in Fig. 9(d), the generalized chiral corner states occupying
sublattices [17), |27}, |5'), |6'), |27), |13"), |4”), and |5") are
preserved, which are exactly the eight corner states shown in
Figs. 9(c) and 9(e).

APPENDIX H: ROBUSTNESS ANALYSIS OF THE
GENERALIZED CHIRAL TBICS PROTECTED
BY SUBSYMMETRY

In this Appendix, we would like to show that the TBICs
observed in Sec. IV E is protected by the subsymmetry with
the redefined sublattices. To verify this point, we utilize
the method introduced in Ref. [31] to test the robustness
of the TBICs against symmetry-preserving perturbations.
For the asymmetric BBH3 model with t; =2, = 8§, t3 = 6,
t4 =5,t5 = 1,and tg = 5, two TBICs marked by red stars can
be found in Fig. 14(d). We first use a “loss mask” to cover the
asymmetric BBH3 model, shown as the gray shadow region

in 14(b). Here, the loss mask means that we introduce onsite
losses (i.e., imaginary onsite energy) at every sublattice in the
shadow area. As exhibited in Fig. 14(e), all the modes that
overlap with the shadow area are decaying (i.e., the energy
of the eigenstate has nonzero imaginary part) except for the
TBICs marked by red stars. This is a natural result as the loss
mask is designed to avoid the TBICs.

Next, we consider random disorder in the hopping terms.
Since the TBICs shown in Fig. 14(h) occupy the redefined
sublattices |3”), to preserve the subsymmetry, the hopping
term #, is set to be unperturbed. For other hopping terms, the
disorder is introduced as ] = ; + &t;, where 8¢; are random
numbers that follow a uniform distribution in [—w, w], where
w is the disorder strength. In Fig. 14(f), we plot the overlap of
the complex spectrum of the disordered BBH3 model under
ten different configurations with w = 1. One can easily see
that the TBICs marked by red stars are still pinned at the
real axis, exhibiting the fact that these localized states do not
couple to the decaying bulk states. In summary, we show that
these TBICs are robust even in the presence of loss mark and
disorder, which confirms that these BICs are topological and
protected by subsymmetry.
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