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Quantum embedding methods, such as dynamical mean-field theory (DMFT), provide a powerful framework
for investigating strongly correlated materials. A central computational bottleneck in DMFT is in solving the
Anderson impurity model (AIM), whose exact solution is classically intractable for large bath sizes. In this
work, we benchmark a quantum-classical hybrid solver tailored for particle-hole symmetric AIMs, using the
variational quantum eigensolver to prepare the ground state of the model with shallow quantum circuits. The
solver uses shallow quantum ansätze and one set of variational parameters to prepare the ground state and its
particle and hole excitations, enabling the construction of the impurity Green’s function through a continued-
fraction expansion. We evaluate the performance of this approach across a few bath sizes and interaction strengths
under noisy, shot-limited conditions. We compare three optimization routines (COBYLA, Adam, and L-BFGS-
B) in terms of convergence and fidelity, assess the benefits of estimating a quantum-computed moment correction
to the variational energies, and benchmark the approach by comparing the density of states computed from the
impurity Green’s function against that obtained using a classical pipeline. Our results demonstrate the feasibility
of Green’s function construction on near-term devices and establish practical benchmarks for quantum impurity
solvers embedded within self-consistent DMFT loops.
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I. INTRODUCTION

Chemistry and condensed matter physics are governed
by the collective behavior of interacting electrons [1]. Since
the direct numerical solution of the Schrödinger equation is
computationally intractable for all but the smallest systems,
many different approaches have been devised that employ
various approximations to reduce the computational com-
plexity of solving the many-electron problem [2]. Among
these, density functional theory (DFT) [3,4] is a widely used
and popular method that, while theoretically exact, relies
on approximations to the exchange-correlation functional.
These approximations often fail to capture strong local cor-
relations, especially in systems exhibiting Mott physics or
dynamical electron localization. One method to reintroduce
electron correlation contributions missed by these approxi-
mations augments this approach with dynamical mean-field
theory (DMFT) [5–9], which maps the lattice model onto a
local Anderson impurity model (AIM) [10–12], providing the
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mean field that describes the electrons in a lattice. The impu-
rity model captures local dynamical fluctuations and becomes
exact in the limit of infinite spatial dimensions. This mapping
has been highly instrumental in describing correlated elec-
tron materials ranging from transition metal oxides to heavy
fermion systems.

Solving the AIM within DMFT typically requires compu-
tationally expensive techniques such as exact diagonalization,
continuous-time quantum Monte Carlo, or numerical renor-
malization group. Although accurate, these classical solvers
scale poorly with bath size and may struggle with real-
frequency or sign problems [6,13], limiting their application
to more complex systems. Furthermore, these methods can
also become computationally expensive at low temperatures
[14,15], where quantum entanglement and nonperturbative
effects like the Kondo phenomenon play a crucial role.

Quantum computing introduces approaches to solving im-
purity models with the potential to overcome some of these
limitations, owing to its ability to efficiently represent large
Hilbert spaces and capture strong electron correlations [8,16].
Some of these approaches construct a continued fraction
representation of the model’s Green’s function [17,18] from
quantum states that represent the ground state of the AIM and
the particle and hole excitations of such a state at the impu-
rity sites. The limitation of circuit depth in current quantum
hardware makes the optimization of a shallow parametrized
quantum circuit (PQC) via the variational quantum eigen-
solver (VQE) [19,20] a common strategy to prepare the
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AIM ground state in the noisy intermediate-scale quantum
era [21].

In this work, we evaluate the performance of a quantum
solver for AIMs with particle-hole symmetry that incorpo-
rates multiple quantum subroutines to construct the impurity
Green’s function. The focus on the half-filled case in the
present work serves as an important benchmark for our ap-
proach as this case has been extensively studied in the context
of understanding Mott insulators before its generalization
for inclusion in a DFT + DMFT workflow. To solve these
AIMs, we introduce a minimal yet expressive set of varia-
tional ansätze capable of preparing the model’s ground state
and the particle and hole excitations needed to compute the
impurity Green’s function using a common set of variational
parameters. This approach eliminates the computational over-
head associated with the separate optimization of circuits
preparing excited states [18], or the additional measurement
costs incurred by methods that rely on midcircuit measure-
ment [22]. We benchmark variational results against exact
diagonalization to assess the accuracy and robustness of this
ground-state preparation method. The corresponding excited
states are generated via structured parameter shifts applied
to the optimized ground-state circuit, avoiding the need to
reoptimize each excited state. The performance of the pro-
posed solver is evaluated by computing the impurity Green’s
functions for multiple values of the Hubbard interaction and
bath sizes. Finally, we analyze the computational overhead
associated with different variational optimization strategies,
including COBYLA, Adam, and L-BFGS-B, in the presence
of finite sampling noise. These resource estimates provide
realistic expectations for embedding this quantum solver into
DMFT workflows on current quantum hardware.

The remainder of this paper is organized as follows.
In Sec. II, we describe the methods used to calculate the
continued-fraction representation of the impurity Green’s
function, present the ansatz architecture employed to approx-
imate the ground and excited states of the AIM, and introduce
the tested optimization routines. Section III reports our numer-
ical results, including variational ground-state preparation, the
fidelity and cost of optimization, moment-based energy cor-
rections, and Green’s function reconstruction. We conclude
in Sec. IV with a summary of our findings and a discussion
of future directions for integrating quantum impurity solvers
within dynamical mean-field theory workflows.

II. METHODS

In this section, we outline the workflow developed to
compute the impurity Green’s function. We first define the
Hamiltonian used to model the interacting impurity coupled
to a noninteracting bath, followed by a description of the
ansatz used to approximate its ground state via VQE and
the methods used to optimize it. To improve the variational
energy estimates, we discuss how to incorporate leading
corrections derived from a cumulant expansion based on low-
order Hamiltonian moments. Finally, we use our ansätze to
approximate particle and hole excitations and the parameters
of the optimized ground-state circuit, and describe the Krylov
subspace procedure used to construct the continued-fraction
representation of the impurity Green’s function.

A. The impurity model

This work focuses on single-impurity AIMs defined by the
Hamiltonian [10]

HAIM = Himp + Hbath + Hcoup,

Himp =
∑

σ

ε0n0σ + Un0↑n0↓,

Hbath =
Nb∑

k=1

∑
σ

εknkσ ,

Hcoup =
Nb∑

k=1

∑
σ

Vk (c†
0σ ckσ + c0σ c†

kσ
), (1)

where ε0 and εk are the single-particle energies of the im-
purity and the kth bath site, respectively, U is the Hubbard
interaction, Vk is the hybridization between the impurity and
the kth bath sites, Nb ∈ {1, 3, 5, 7} is the number of bath sites,
and σ ∈ {↑,↓} is the projection of the electron’s spin. The
operators c†

iσ and ciσ create and annihilate an electron with
spin projection σ in site i. The number operators niσ count the
number of σ electrons in orbital i.

In this work, we impose particle-hole symmetry on the
Hamiltonian by setting ε0 = −U/2, ensuring that the system
is half filled, and its ground state has spin projection Sz = 0 in
the absence of an external magnetic field, and set Vk = V for
all k.

These impurity models form the foundation of DMFT,
which maps the original interacting lattice problem onto a
self-consistently defined quantum impurity coupled to a non-
interacting bath. This mapping retains all local interaction
effects while approximating nonlocal correlations. The inter-
action between the impurity and the bath is described by the
hybridization function, which reflects the dynamical coupling
to the environment and must be updated iteratively through
the DMFT loop. In practical implementations, this continuous
bath is discretized into a finite number of orbitals, making
the bath size a crucial control parameter. As the bath size
increases, the model captures finer dynamical features, but
also becomes increasingly challenging to solve. These chal-
lenges motivate the development of quantum impurity solvers
[23,24] capable of efficiently handling large Hilbert spaces
and providing direct access to real-frequency observables.

Solving the impurity problem in DMFT involves comput-
ing the impurity Green’s function [5,6], which as a function
of the energy ω takes the form

Gi j (ω) = 〈ψ0|ci
1

ω − HAIM + E0
c†

j |ψ0〉

+ 〈ψ0|c†
j

1

ω + HAIM − E0
ci|ψ0〉 . (2)

Here, the ground state ψ0 of the AIM Hamiltonian (1) solves
the Schödinger equation

HAIM |ψ0〉 = E0 |ψ0〉 . (3)

Therefore, computing the impurity Green’s function involves
finding the ground state of the AIM (1), calculating its energy,
and evaluating the matrix elements on the right-hand side of
Eq. (2).
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FIG. 1. Spin-block ordering used to map the model’s spin-up and
spin-down sites onto a linear chain of qubits.

B. Variational ground-state approximation

Our quantum solver employs VQE to optimize a PQC
minimizing the variational energy

EVQE(θ) = min
θ

〈ψ (θ)|HAIM|ψ (θ)〉 , (4)

to find an approximation |θ〉 to the model’s ground state |ψ0〉.
To this end, the Hamiltonian (1) is recast in terms of spin
operators using the Jordan-Wigner transformation [25,26],

c†
i =

i−1∏
j=0

Zj ⊗ 1
2 (Xi − iYi) ⊗ · · · ,

ci =
i−1∏
j=0

Zj ⊗ 1
2 (Xi + iYi) ⊗ · · · , (5)

where Xi, Yi, and Zi are Pauli matrices acting on the space of
qubit i, which encodes the occupation of a single spin orbital
in the model.

Using the orbital-to-qubit mapping depicted in Fig. 1 to
assign qubits along a linear chain to the model’s spin orbitals
leads to the expression

HAIM = C −
Nb∑

k=1

εk

2
(ZNb−k + ZNb+1+k ) + U

4
ZNbZNb+1

+ V

2

Nb∑
k=1

XNb−k

⎛
⎝ Nb−1∏

j=Nb+1−k

Z j

⎞
⎠XNb

+ V

2

Nb∑
k=1

YNb−k

⎛
⎝ Nb−1∏

j=Nb+1−k

Z j

⎞
⎠YNb

+ V

2

Nb∑
k=1

XNb+1

⎛
⎝ Nb+k∏

j=Nb+2

Zj

⎞
⎠XNb+1+k

+ V

2

Nb∑
k=1

YNb+1

⎛
⎝ Nb+k∏

j=Nb+2

Zj

⎞
⎠YNb+1+k, (6)

where C = −U/4 + ∑Nb
k=1 εk .

The expectation value (4) is calculated adding the expecta-
tion values of each term in the Pauli-strings’ decomposition of

the Hamiltonian, which can be estimated on a quantum chip
by measuring the state ψ (θ) in the Ngroup bases corresponding
to the commuting groups into which the Pauli strings are orga-
nized. The absolute error associated with the finite sampling
of the state is estimated as

ε ∼ O(
√

NPauli/Nshots ), (7)

where NPauli and Nshots denote the number of Pauli strings
defining the Hamiltonian and the number of measurements
taken on each basis [27,28].

The symmetries of the ground state arising from that
imposed on the Hamiltonian allow us to propose a highly
constrained PQC as an ansatz for the ground state. The first
component of this PQC, shown at the top left of Fig. 2, acts
on the impurity qubits initializing them to

|ψ (θ )〉 =
√

1

2

{
cos

(
θ

2

)
(|00〉 + |11〉)

+ sin

(
θ

2

)
(|01〉 + |10〉)

}
, (8)

a state that is symmetric under spin exchange.
Next, the half-filling gate at the top center of Fig. 2, which

“creates” an electron in a spin-orbital pair, is used to prepare
an initial state with the proper number of electrons. The most
general state with this electron number can be prepared by act-
ing the right number of Givens rotation gates, shown at the top
right of Fig. 2, on the initial state [29]. In this work, however,
we restrict the number of Givens rotations to those that can
be implemented within two layers after the initial state prepa-
ration (see, for example, the three-bath ansatz at the bottom
right of Fig. 2), thus constraining the PQC’s local depth in
an attempt to mitigate barren plateaus [30]. More expressive
symmetry-preserving ansätze including additional entangling
structures or repetitions of the variational layer have been pro-
posed and used to accurately prepare AIM ground states [22].
Here, we adopt a more constrained variant to maintain shallow
depths that could help with its optimization on present-day
noisy hardware, and allow for the preparation of particle and
hole excitations from the same parameter set, eliminating
additional optimization costs.

To enforce spin-exchange symmetry, we apply identical
unitaries to the top and bottom registers. The state prepared
by the PQC is

|ψ (θ)〉 =
∑

a

ca00a(θ) |a〉 ⊗ |00〉 ⊗ |a〉

+
∑

a

ca11a(θ) |a〉 ⊗ |11〉 ⊗ |a〉

+
∑

a

∑
b

ca01b(θ) |a〉 ⊗ |01〉 ⊗ |b〉

+
∑

a

∑
b

cb10a(θ) |b〉 ⊗ |01〉 ⊗ |a〉 , (9)

where a, b are bitstrings representing basis states of the bath
registers, and cai jb = cb jia. In particular, for the one-bath case
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FIG. 2. Building blocks used to construct symmetry-preserving ansätze (top), and ansätze for the ground states of particle-hole symmetric
AIMs with one, three, five, and seven bath sites (bottom). These ansätze first prepare a spin-exchange symmetric impurity state (with the top
left circuit), half fill the rest of the orbitals (with the top center one), and implements Givens rotation (via the top right circuit) to prepare states
with the proper number of electrons.

we have

|ψ (θ0)〉 =
√

1

2

{
cos

(
θ0

2

)
(|1001〉 + |0110〉)

+ sin

(
θ0

2

)
(|1010〉 + |0101〉)

}
. (10)

The ansätze for the ground states of single-impurity AIMs
with one, three, five, and seven bath sites are shown at the
bottom of Fig. 2. Notice that the ansatz for the one-bath case
is embedded within those for the ground states of AIMs with
more than one bath site.

C. Optimization methods

The estimation of the variational energy depends on finding
the parameters that best approximate the ground state, making
the choice of optimizer critical for the efficient and accurate
computation of this observable. Different optimization strate-
gies navigate the parameter landscape in distinct ways, each
presenting trade-offs between convergence speed, sensitivity
to sampling noise, and computational cost. To identify the
most effective approach, we examined three representative
optimization strategies employing gradient-free, first-order,
and quasi-second-order methods.

The constrained optimization by linear approximation
(COBYLA) gradient-free method [31] constructs a local lin-
ear model of the objective function by evaluating it at a
dynamical number of parameter points located within a hy-
persphere of radius ρ0, set in this work to π , centered at the
initial point. The parameters that minimize this model are then
chosen as a new center, and the procedure is repeated for a
new radius, ρ1 < ρ0. Hence, gradient-free optimizers have the

lowest measurement cost per evaluation, requiring only the
Ngroup circuit measurements needed to estimate the energy.

Adam was selected as a representative first-order optimizer
[32]. Gradient-based methods update the parameters along the
direction of the negative gradient, estimated on a quantum
computer using the parameter-shift rule,

∂EVQE

∂θi

∣∣∣∣
θ

= 1
2

[
EVQE(θ+

i ) − EVQE(θ−
i )

]
, (11)

with θ±
i a set of parameters in which the ith component of

θ is set to θi ± π/2. Although the number of measurements
per evaluation, Ngroup(1 + 2Nparams), is substantially higher
than that for gradient-free methods, first-derivative informa-
tion may help these optimizers converge the VQE in fewer
overall evaluations. Our Adam optimizations used an initial
learning rate η = 1, standard hyperparameters {β1, β2, ε} =
{0.9, 0.999, 10−8}, and initialized all momentum terms to
zero.

For comparison, we also tested the quasi-second-
order limited-memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS-B) algorithm [33], which approximates the inverse
Hessian from a limited number of past gradient estimates. In
this context, the number of measurements per evaluation is
that of a first-order gradient-based method.

Convergence for all optimizers was defined as either an
absolute estimate change |E (n)

VQE − E (n−1)
VQE | < 10−6, with E (n)

VQE
the energy estimated at iteration n, or a gradient norm
||∇θE (n)

VQE|| < 10−9.

D. Quantum computed moments approach

A key limitation of the VQE is that the extent to which
the state ψ (θ) and the estimated energy EVQE approximate
the true ground state and its energy strongly depends on the
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expressive power of the chosen ansatz and the convergence
of the optimization routine. The latter is severely affected by
errors in the expectation value and the presence of barren
plateaus.

The quantum computed moments (QCM) approach pro-
posed in Ref. [34] addresses this limitation by estimating a
correction to the variational energy from higher-order Hamil-
tonian moments μm = 〈ψ (θ)|Hm|ψ (θ)〉. In terms of a set of
cumulants cm, defined as

cm = μm −
m−2∑
p=0

(
m − 1

p

)
cp+1 μm−1−p, (12)

the Lanczos coefficients [35] defining the tridiagonal Hamil-
tonian in the Krylov basis built on ψ (θ),

HAIM =

⎛
⎜⎜⎝

a0 b1 0 . . .

b1 a1 b2

0 b2 a3
...

. . .

⎞
⎟⎟⎠, (13)

can be written as expansions in powers of 1/N [36],

a
 = c1 + 


(
c3

c2

)
1

N
+ O(N−2),

b2

 = 
c2 + 1

2

(
 − 1)

(
c2c4 − c2

3

2c2
2

)
1

N
+ O(N−2), (14)

with N the size of the system. For large 
 and N , these expan-
sions become series in powers of z = 
/N , in terms of which
the ground-state energy can be calculated as the infimum of
a(z) − 2b(z) for z > 0 [37,38]. At first order in z, this infimum
takes the approximate form

EINF ≈ c1 − c2
2

c2
3 − c2 c4

(√
3c2

3 − 2c2 c4 − c3

)
. (15)

Notice that this approximation, although no longer a
strict upper bound, incorporates corrections from higher-order
Hamiltonian moments in its second term, yielding a more
accurate estimate of the true ground-state energy than the
variational result alone. From a computational perspective,
this approach shifts part of the problem complexity away
from deep, highly expressible circuits to the measurement of
higher-order observables.

Corrections to the ground-state energy are particularly
relevant within the context of DMFT, as the accurate de-
termination of this quantity is important to stabilize the
self-consistency loop. By incorporating higher Hamiltonian
moments, one can potentially mitigate errors due to shallow
ansatz, sampling noise, and barren plateaus.

E. Green’s function as continued fractions

In order to extract physically meaningful observables
from the quantum-computed ground and excited states of
the AIM, we reconstruct the impurity Green’s function in
the real-frequency domain using a Krylov subspace-based
continued-fraction expansion.

Since the model lacks coupling between spin-up and spin-
down orbitals, the off-diagonal elements of the impurity
Green’s function (2) vanish identically. The diagonal matrix

FIG. 3. Ansätze for particle (left) and hole (right) excitations of
the groud state of AIMs with one bath site, preparing the states
N c†

iσ |GS〉 and N ciσ |GS〉 with spin projections σ =↑ (top) and
σ =↓ (bottom).

elements can be expressed as continued fractions [39]

Gii(ω) = 1

ω + E0 − ap
0 − (bp

1 )2

ω+E0−ap
1−···

+ 1

ω − E0 + ah
0 − (bh

1 )2

ω−E0+ah
1−···

, (16)

where ap
n and bp

n are the Lanczos coefficients of HAIM on
the Krylov basis built on top of c†

i |ψ0〉, and ah
n and bh

n the
corresponding coefficients on the basis built on top of ci |ψ0〉.

The ansätze in Fig. 3 can be used to prepare normalized
versions of these particle and hole excitations.The PQCs at
the top of the figure prepare the states

|φ(θ0)〉 = cos

(
θ0

2

)
|0111〉 + sin

(
θ0

2

)
|1011〉 ,

|χ (θ0)〉 = cos

(
θ0

2

)
|1000〉 + sin

(
θ0

2

)
|0100〉 , (17)

with one and three electrons. For the parameter π − θ0,

|φ(π − θ0)〉 = N c†
i↑ |ψ (θ0)〉 ,

|χ (π − θ0)〉 = N ci↑ |ψ (θ0)〉 , (18)

with |ψ (θ0)〉 the one-bath state in Eq. (10) and N a normal-
ization constant. Similarly, the PQCs at the bottom of Fig. 3
prepare states proportional to c†

i↓ |ψ (θ0)〉 and ci↓ |ψ (θ0)〉.
Substituting the one-bath ground-state ansatz embedded in

the ansätze for the ground states of AIMs with more than one
bath site, with the PQCs shown in Fig. 3, and replacing θ with
a new parameter set in which θ0 is replaced by π − θ0, yields
the corresponding particle and hole excitations N c†

iσ |ψ (θ)〉
and N ciσ |ψ (θ)〉, with σ ∈ {↑,↓}.
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Using the ansätze for the particle and hole excitations, we
compute the Lanczos coefficients in Eq. (16) as [40,41]

an = �′
n−2�n

�′
n−1�n − 1

+ �′
n�n − 1

�′
n−1�n

,

b2
n = �n�n−2

�2
n−1

, (19)

with

�n =

∣∣∣∣∣∣∣∣

μ0 μ1 . . . μn

μ1 μ2
...

. . .

μn μ2n

∣∣∣∣∣∣∣∣
,

�′
n =

∣∣∣∣∣∣∣∣

μ1 μ2 . . . μn+1

μ2 μ3
...

. . .

μn+1 . . . μ2n+1

∣∣∣∣∣∣∣∣
(20)

Hankel determinants. Since the number of Pauli strings, and
therefore the number of quantum circuits, involved in the es-
timation of μm increases rapidly with m, we estimate Lanczos
coefficients up to order n = 2, corresponding to the com-
putaion of moments up to μ5.

Preparing particle and hole excitations enables the direct
evaluation of the moments μm, rather than the indirect ground-
state-based approach in which powers of the Hamiltonian are
dressed with creation and annihilation operators [17]. This
construction reduces the number of Pauli strings entering the
moments’ estimation and the number of shots required to
achieve a target absolute error ε.

F. Classical reference calculations

To validate our quantum ansatz, we also perform classi-
cal calculations of the Green’s function. For the model sizes
investigated in the present paper, exact diagonalization of the
Hamiltonian is easily accomplished without the need for high-
performance computing resources. We follow the procedure
outlined in Sec. II E to represent the Green’s function as a
continued fraction with its coefficients being determined using
Lanczos iteration. For this, we first construct a basis for the
ground-state calculations, which consists of all sets of creation
operators that preserve the total charge and spin for the half-
filled system considered here, i.e., a total of 2

( Nb+1
(Nb+1)/2

)
of basis

states. The Hamiltonian for the AIM can be represented as a
sparse matrix and we first find the lowest eigenvalue state |ψ0〉
with the ground-state energy E0. Using this, we can apply
creation or annihilation operators to this vector and follow
Eq. (2) to calculate the many-body Green’s function using the
continued fraction in Eq. (16), where the coefficients can be
obtained using Lanczos iteration [39,42].

III. RESULTS

The results presented in this section, used to assess the per-
formance of the proposed quantum solver, were obtained from
classical simulations of the quantum subroutines involved in
the computation of the impurity Green’s function (2). These
simulations solved the AIM described in Sec. II A, with

FIG. 4. Best absolute relative error between true ground-state
energies and variational estimates for them obtained from noiseless
simulations. For models with seven bath sites, the proposed ansatz
can yield energy estimates accurate to within about 5% of the true
ground-state energy.

Hubbard interactions U ∈ {2, 4, 6, 8}. To account for the
potential for the optimizer to become trapped in local minima,
the VQE results for AIMs with one, three, and five bath sites
reported here are averaged over simulations initiated from
ten distinct starting points. Moreover, each optimization was
repeated five times to mitigate statistical errors arising from
the finite number of shots used to evaluate the variational es-
timates. For the more computationally demanding seven-bath
case, simulations were performed using a single initialization,
with two optimization repeats. The scalability of the solver
with respect to the number of bath sites is assessed by averag-
ing results over the different values of U , initializations, and
optimization repetitions. As discussed in Sec. II C, the ansatz
was optimized using a gradient-free method (COBYLA),
a first-order gradient-based method (Adam), and a quasi-
second-order gradient-based method (L-BFGS-B) to compare
the performance of different optimization strategies.

A. Ground-state optimization

The ansatz proposed for the ground state does not span
the full n-qubit Hilbert space and therefore may struggle to
approximate the true ground state of the AIM as the number
of bath sites increases. To assess the performance of our
ansatz, we compared ground-state energies obtained via clas-
sical diagonalization with those produced by noiseless VQE
simulations. Figure 4 shows the absolute relative errors δE ≡
abs([Eideal − Eexact]/Eexact ) produced by these simulations.For
AIMs with five and seven bath sites, the ansatz was capable
of yielding variational energies that deviate from the exact
ground-state energy by approximately 5%.

In practice, the variational energy is estimated from a finite
number of measurements, causing sampling noise that may
impede convergence to the best achievable approximation
to the ground state. To quantify this effect, we performed
VQE simulations with a varying number of shots for AIMs
with one and three bath sites and Hubbard interaction
U = 2. The resulting absolute relative errors, δE ≡
abs([Esamp − Eideal]/Eideal ), are shown in Fig. 5.
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FIG. 5. Averaged absolute relative error between converged vari-
ational energies in the presence and absence of sampling noise.
Simulations solving AIMs with on-site energy U = 2 and one (top)
or three (bottom) bath sites show a decrease of the relative error
with the number of shots. Means and standard deviations result from
simulations initiated from ten distinct starting points, each repeated
five times to account for optimization difference due to sampling
noise.

These values show that for all three optimizers, the relative
energy error decreases as the number of shots per commuting
group increases. The rate and stability of this improvement
depend strongly on whether gradients are used in the op-
timization. Across the range of shots, COBYLA exhibits
large errors, indicating that sampling noise can cause the
gradient-free search to get trapped in local minima or termi-
nate early. In contrast, gradient-based methods can achieve
higher accuracy, but doing so requires information about sec-
ond derivatives. For the best-performing optimization method
(L-BFGS-B), relative differences of roughly 2% are achieved
in the one- and three-bath cases from 100 and 2500 mea-
surements per quantum circuit, respectively. This behavior
highlights that reliable gradient information and accurate
Hessian approximations are crucial to avoid noise-induced
convergence to suboptimal states.

Using relation (7), we estimate that absolute errors ε ∼ 0.1
on each energy estimate can be achieved with 700, 2500,
5000, and 7500 shots per commuting group for AIMs with
one, three, five, and seven bath sites, respectively.

FIG. 6. Comparison between averaged total number of shots re-
quired by different optimization methods to converge VQEs solving
single-impurity AIMs with Nb ∈ {1, 3, 5, 7}.

B. Optimization performance, fidelity, and cost

We use the number of shots required to converge the VQE
as a metric of the subroutine’s quantum cost. Figure 6 shows
the scaling of this cost with the number of bath sites for
the three different optimization methods.The costs presented
there, which are averages over all runs that solved AIMs
with the corresponding number of bath sites, highlight the
differences in computational expense between the tested opti-
mization methods.

The COBYLA optimizer measures the lowest number of
shots per evaluation and thus exhibits the best scaling with Nb.
Unfortunately, without the computation of a gradient pushing
in the direction of maximum change, the objective function
tends to get stuck in local minima, as reflected by the larger δE
values for this method in Fig. 5. The gradient-based Adam and
L-BFGS-B optimizers substantially increase the number of
circuit measurements per evaluation, leading to worse scaling
than that of COBYLA. Furthermore, results in Fig. 5 from
runs using the Adam optimizer suggest that sampling errors in
the gradient estimate can push the optimization toward local
minima, yielding larger δE values. This effect seems to be
mitigated via the estimation of the inverse Hessian carried on
by the L-BFGS-B optimizer.

These cost differences are considered together with the
accuracy results discussed in Sec. III A. In ideal simulations,
the proposed ansatz produces ground-state energies that differ
from the exact values by at most a few percent for Nb � 7, as
shown in Fig. 4, indicating that the ansatz retains a reasonable
ground-state fidelity across the range of bath sizes studied in
this work. In the presence of sampling noise, COBYLA is
more prone to being trapped in shallow local minima, espe-
cially at low shot counts. This leads to larger energy errors
despite its lower circuit cost. The gradient-based optimizers
make more efficient use of the measurement statistics. For a
fixed target accuracy, they achieve smaller relative energy er-
rors at moderate shot numbers, with L-BFGS-B providing the
most favorable balance between accuracy and quantum cost.

These results highlight a trade-off between circuit depth,
optimizer robustness, and measurement overhead. Gradient-
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TABLE I. Number of Pauli strings in Hn up to n = 4, number of
commuting groups in Hn with n ∈ {4, 5}, and number of shots per
group required to achieve absolute errors ε ∼ 10−1 on estimates for
μn with n ∈ {4, 5}.

NPauli Ngroup Nshots

Nb H H 4 H 5 H 4 H 5 μ4 μ5

1 6 23 24 2 2 2K 2K
3 18 1190 2146 60 63 110K 185K
5 30 10 995 33 672 278 597 1M 3M
7 42 47 000 212 222 859 2143 4M 18M

free methods minimize the raw number of circuits but can
incur a significant accuracy penalty, particularly when mea-
surements are noisy. Gradient-based methods require more
circuits but deliver higher-fidelity approximations to the im-
purity ground state.

C. Energy correction estimates

As discussed in Sec. II B, the variational energy can be
refined by incorporating higher-order Hamiltonian moments
measured in the optimal state. Starting from the moments μn

up to n = 4, we used the approximation to the infimum (15).
This approximation corrects the raw variational estimate c1

with fluctuations encoded in c2, c3, and c4, which capture
increasingly nontrivial dynamical correlations beyond those
described by the shallow ansatz alone.

For consistency, the number of shots used to estimate μ4

is increased to achieve an absolute error of ε ∼ 10−1. These
numbers are listed in Table I. From those, the total number
of shots required to compute the correction to the variational
energy are approximately 4.0 × 103, 6.6 × 106, and 2.8 × 108

for the one-, three-, and five-bath cases.

The AIMs considered here provide a controlled setting
to assess the effectiveness of this correction, since the exact
ground-state energies are available from classical diagonal-
ization. For each VQE run, we compute the absolute relative
error, both for the bare variational estimate EVQE and for
the infinum approximation EINF. As shown in Fig. 7, the
correction estimate systematically reduces the absolute rela-
tive error introduced by both ansatz limitations and sampling
noise. For the gradient-free optimal states, the correction
yields a substantial reduction for both the three- and five-
bath cases, indicating that higher-order moments can partially
recover correlation energy that the variational state fails to
capture. Gradient-based optimizations already yield smaller
variational errors, particularly L-BFGS-B, yet, they also ben-
efit from the correction. The largest relative gains appear in
the larger-bath regimes. Computation of the QCM correction
requires additional measurements to estimate higher-order
Hamiltonian moments. For the three-bath case, this overhead
is comparable to the VQE optimization cost for the L-BFGS-B
optimizer, as shown in Fig. 6. In the five-bath case, computing
this correction is more expensive than solving the variational
problem.

Since the QCM energy is not constrained to the upper
bound, it can overshoot the energy for individual runs. How-
ever, the cumulant-based estimate provides, on average, a
closer approximation to the exact ground-state energy. In the
DMFT context, this improvement in the impurity ground-state
energy is particularly valuable, as it can improve the stability
of the self-consistency loop without requiring deeper ansatz
for the ground state.

D. Green’s function construction

To assess the accuracy with which the proposed solver
can reconstruct the impurity Green’s function, we estimated
particle and hole Lanczos coefficients (14) from Hamiltonian

FIG. 7. Average absolute relative error δE between the exact ground-state energy and its variational estimate for AIMs with three (left),
five (center), and seven (right) bath sites. Bars compare the variational energies obtained with the COBYLA, Adam, and L-BFGS-B methods
to the corresponding QCM-corrected estimates (“+QCM” labels). Each bar height is averaged over all interaction strengths and random
initializations.
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moments computed on the states prepared by the particle and
hole excitations. These estimates were computed for every
parameter set found by simulated VQE runs optimized via the
L-BFGS-B algorithm, and averaged to obtain mean values for
the Lanczos coefficients for a given number of bath sites and
Hubbard interaction.

The resulting Lanczos coefficients were used to construct
an averaged continued-fraction representation of the Green’s
function for each AIM. From this representation, we then
computed the corresponding density of states (DOS),

DOS(ω) = − 1

π
Im{Tr[G(ω)]}, (21)

and compared it with that obtained from the exact Lanczos
coefficients computed classically from the particle and hole
excitations of the ground state determined via classical diago-
nalization.

This comparison is shown in Fig. 8. The peaks in the
DOS for one-bath AIMs, shown at the top of the figure, are
reproduced with very good accuracy for all values of the
Hubbard interaction, as shown in the top row of the figure. As
the interaction strength increases, the spectrum progressively
splits into lower- and upper-Hubbard-like features, and the
average DOS tracks the relative weight of these peaks across
all interaction values.

Results for three-bath AIMs, shown in the middle row of
Fig. 8, capture the main features of the exact DOS over the
full frequency window. This shows that, once a reasonably
accurate variational ground state has been obtained, the com-
bination of excited-state ansatz and Lanczos-based continued
fractions yields a reasonable and compact representation of
the impurity Green’s function.

Due to the significantly higher simulation cost, the five-
bath case averages were evaluated using a reduced number
of configurations. Specifically, the optimization was repeated
only twice per initialization to gather statistical information.
These results provide valuable insight into the applicability of
our ansatz and VQE-based reconstruction to larger systems.
Results for this case, shown at the bottom of Fig. 8, high-
light how deviations from the true ground state lead to poor
agreement with the true DOS for some values of the Hubbard
interaction. Improving the construction of the Green’s func-
tion for larger bath cases will prepare states closer to the true
ground state for the corresponding AIMs.

The additional measurements needed to estimate the Lanc-
zos coefficients and evaluate the continued fractions result in
a quantum cost comparable to that of the VQE optimization in
the three-bath case. For larger AIMs, however, this subroutine
becomes the dominant cost, as the number of Pauli strings in-
volved in the estimation of μ5 grows rapidly with the number
of bath sites.

IV. OUTLOOK

In this work, we evaluated the performance of a hy-
brid quantum-classical solver computing the impurity Green’s
function of particle-hole symmetric AIMs. The solver uses
shallow symmetry-preserving ansätze to prepare the ground
state of the model and its particle and hole excitations from

the same set of variational parameters, enabling the construc-
tion of the continued-fraction representation of the Green’s
function via the estimation of Hamiltonian moments on the
excited states.

Our comparison of different optimization strategies high-
lights practical cost-performance trade-offs, that will become
increasingly relevant as the complexity of the AIM grows.
Simulations show that a “good” variational approximation to
the model’s true ground state leads to a DOS, computed from
the constructed Green’s function, in good agreement with that
obtained from a classical pipeline. As the approximation to the
true ground state deteriorates with the number of bath sites
due to constraints imposed on the ansatz, the fidelity of the
computed DOS decreases with this number accordingly.

Therefore, improving the accuracy with which the true
ground state is approximated via refinement of the ansatz and
implementation of more efficient optimization strategies is
paramount to further enhance the fidelity of the constructed
Green’s function, particularly for larger and more complex
models for which the impurity site represents highly corre-
lated orbitals. The proposed ansatz can be modified to prepare
states with other electron numbers, enabling the treatment
of systems beyond the half-filled case. Moreover, increasing
the number of Givens rotation layers will allow the ansatz
to prepare more general states, albeit at the cost of increased
circuit depth, which may exacerbate the barren plateau prob-
lem. An additional route to improved fidelity is adopting a
more expressive ansatz in which the impurity block includes
additional entangling operators (e.g., ZZ-type interactions),
as explored in symmetry-preserving hardware-adaptable cir-
cuits for AIMs [22], or the bath block includes double-
excitation operators. In this work, we focus on a constrained,
shot-limited benchmark, and we treat the accuracy-cost
trade-off of such augmented ansätze as a natural follow-on
study.

A relevant direction for future work is the integration of
the quantum impurity solver into a one-shot DFT + DMFT
framework, followed by its extension to a fully self-consistent
scheme. Realizing this program will require improved scal-
ability of the solver’s subroutines, together with enhanced
robustness via error-mitigation strategies suited to noisy
intermediate-scale quantum devices. Progress along these di-
rections would push forward toward simulations of correlated
real materials with a quantum-accurate treatment of local elec-
tron interactions.
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FIG. 8. Comparison between DOS constructed using the proposed quantum solver (green solid lines) and the classical pipeline (black
dashed lines). The shown density of states corresponds to AIMs with one (top), three (middle), and five (bottom) bath sites, with Hubbard
interactions U = 2 (left) and U = 8 (right).
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