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Functional renormalization with interaction flows: A single-boson exchange
perspective and application to electron-phonon systems
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The functional renormalization group (fRG) is acknowledged as a powerful tool in quantum many-body
physics and beyond. On the technical side, conventional implementations of the fRG rely on regulators for
bare propagators only. Starting from Schwinger-Dyson and Bethe-Salpeter equations, we develop here an fRG
formulation where both bare propagators and bare interactions can be dressed with regulators. The approach
thus obtained is an extension of the multiloop fRG recently introduced for many-fermion systems. Using the
single-boson exchange decomposition, we show that the underlying flow equations are simply interpreted as
adding a regulator to the bosonic propagator and that such an extension scarcely changes the original structure
of the flow equations. Overall, we provide a framework for implementing approaches that cannot be realized
with conventional fRG methods, such as temperature flows for models with retarded interactions. For concrete
applications, we analyze the loop convergence of our formulation against a conventional cutoff scheme for the
Anderson impurity model. Finally, we devise a temperature-flow scheme that implements a cutoff in both the
propagator and the bare interaction, and demonstrate its validity on a model of an Anderson impurity coupled to

a phonon.
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I. INTRODUCTION

The renormalization group (RG) plays a significant role
for the understanding of many areas of physics, especially
through its implementation within the functional renormaliza-
tion group (fRG), which allows for designing powerful and
diverse approximation schemes to study a wide variety of
problems [1-6]. Most fRG approaches are designed from an
exact flow equation known as the Wetterich equation [7-9].
In recent years, a different philosophy has emerged, deriv-
ing flow equations instead from self-consistent equations,
such as the Bethe-Salpeter equations. This gave rise to the
multiloop fRG for many-fermion systems [10-12] (see also
Refs. [13,14] for related method developments for a bosonic
model), which led to many insightful applications in con-
densed matter theory, notably for quantum spin systems
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[15-17], the Anderson impurity model [18-20], and the two-
dimensional (2D) Hubbard model [21-25]. In particular, this
approach has been shown to provide quantitative approxima-
tions that go beyond the widespread one-loop (1£) truncation
of the fermionic fRG derived from a vertex expansion of the
Wetterich equation [5,9] (referred to as 1€ fRG). The multi-
loop fRG formulation keeps its ability to describe competing
orders in an unbiased manner while respecting key physical
many-body principles ranging from sum rules [18] to the
Hohenberg-Mermin-Wagner theorem due to its equivalence to
the parquet formalism [26,27].

The fRG flow can be pictured as an interpolation between
a solvable system (which gives the initial conditions for the
flow) and the more complicated system under consideration.
This evolution is controlled by the RG scale (also called
flow parameter). The latter can be chosen to correspond to
a momentum scale, in such a way that the fRG can be viewed
as a modern version of the Wilsonian momentum-shell RG
[28]. In the fRG, the regulator (also called cutoff function)
plays a central role. It is the function that introduces the
RG scale and implements the aforementioned interpolation
between exactly solvable initial conditions and the studied
correlated system. In practice, it is also used in particular to
control divergences that might occur throughout the RG flow.
Most fRG approaches, including those based on the Wetterich
equation or previous multiloop fRG implementations, rely
on a regulator inserted only in the bare propagator(s) of the
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theory. In this work, we develop an fRG scheme where the
bare propagator and the bare interaction of the studied model
are both dressed with a regulator. This provides extra flexibil-
ity that can be used to tackle problems in ways not achievable
by other more conventional fRG schemes.

The introduction of a regulator in the bare interaction
would notably give access to more correlated starting points
for the fRG flow. For example, one can naturally design an
fRG flow starting from dynamical mean-field theory (DMFT)
results [29,30] to treat a given lattice problem: This approach
is known as DMF?RG [31-33]. To extend this scheme to mod-
els with nonlocal interactions with a starting point for the fRG
flow set by, e.g., extended DMFT [34-38], one would need an
fRG scheme involving a regulator in both a bare propagator
and a bare interaction, as was discussed in Ref. [39]. Further-
more, the treatment of retarded interactions with temperature
flows [40], which use the temperature as RG scale, requires a
regulator that dresses a bare propagator and a bare interaction.
This strategy will be demonstrated in the present study.

Introducing a flow parameter in the bare interaction at
the level of the Wetterich equation leads in general to very
complicated flow equations, not suited to design efficient ap-
proximation schemes [41]. In this work, we thus consider a
different approach. In the spirit of the multiloop fRG, we
derive flow equations from the Schwinger-Dyson and the
Bethe-Salpeter equations with a regulator in both the bare
propagator and the bare interaction for generic fermionic
models with quartic interactions.

It should be noted that interaction flows, which involve
regulators in bare interactions, have also been developed in
the two-particle-irreducible (2PI) fRG [42] and in the two-
particle-point-irreducible fRG [43-45], which rely on flow
equations for Luttinger-Ward functionals [46] and density
functionals (as encountered in density functional theory), re-
spectively. Although these approaches are less widespread
than the fRG based on the Wetterich equation [which relies on
the one-particle-irreducible (1PI) effective action], they have
led to several successful applications to models of interest in
condensed matter physics and beyond [39,47-58].

In the present study, we formulate an interaction flow for
generic fermionic models. We derive flow equations for corre-
lation functions defined in the 1PI effective action framework
within a bosonization approach defined by the single-boson
exchange (SBE) decomposition of the two-particle vertex
V [59]. The SBE decomposition amounts to describing the
complicated frequency and momentum dependencies of V
in terms of fermion-boson vertices and bosonic propaga-
tors, which give direct access to susceptibilities, the relevant
objects for studying competing orders. In particular, the com-
putational and interpretative advantages of the SBE approach
have been demonstrated in the context of the 1¢ fRG [33,60],
and notably within the DMF?RG [33].

Hence, the merging of the SBE decomposition with the
multiloop fRG, which we will refer to as multiloop SBE fRG,
defines a fruitful framework to construct efficient and accu-
rate descriptions of many-electron systems that go beyond
the conventional 1¢ fRG [61]. The flow equations underly-
ing the multiloop SBE fRG were derived in Ref. [62] for
generic fermionic models, and applications to the 2D Hubbard
model were carried out recently [61], but all this was achieved

considering only a regulator in the bare propagator. In the
present study, we generalize the multiloop SBE fRG by in-
troducing a regulator in both the bare propagator and the bare
interaction, thus making this fRG scheme more amenable to
the treatment of nonlocal and retarded interactions, as ex-
plained previously.

This article is structured as follows. In Sec. II, we derive
the flow equations underlying our extension of the multiloop
SBE fRG scheme based on an interaction flow, after reviewing
the main ingredients of the SBE approach. As a next step, we
demonstrate the validity of these flow equations in two con-
crete models: the Anderson impurity model (AIM) [63] and
the Anderson-Holstein impurity model (AHIM) [64,65]. In
Sec. III, we present a numerical application with a simple flow
scheme featuring a cutoff only in the bare interaction. We ver-
ify its loop convergence, and compare it to conventional flow
schemes that utilize a cutoff only in the propagator. As a final
application, in Sec. IV, we devise a temperature-flow scheme
applicable to electron-phonon systems, where we supplement
the conventional scheme with a flow in the bare interaction. A
numerical application of this scheme is subsequently given for
the Anderson-Holstein impurity model. Concluding remarks
and future prospects are given in Sec. V.

II. FORMALISM

In this section, we first review the SBE decomposition
of the two-particle vertex and define our conventions. As
a next step, we derive an extended form of the multiloop
SBE fRG flow equations by including a regulator in both
the bare propagator and the bare interaction. This approach
defines our interaction flow and is the main outcome of this
work. We will derive these flow equations for translationally
invariant fermionic systems relying on energy conservation. In
Appendix B, we show separately how these equations can be
efficiently rewritten when SU(2) spin symmetry is fulfilled.
Readers familiar with the parquet and SBE decompositions
may directly move to Sec. IIC2, where we introduce the
concept of B reducibility, a key ingredient for the treatment
of nonlocal interactions, and to Sec. II D where the multiloop
SBE equations including the interaction flow are presented,
the main result of this paper.

A. Setting the stage

To present the SBE approach and then the multiloop SBE
fRG formalism with interaction flow, we consider a fermionic
system with the bare action

S[c, c] = —51'G&ir|101 - %Uyz'uzfl'?z'czch (D
where Gy and U are the bare propagator and the bare interac-
tion, respectively. Note that U is a crossing-symmetric vertex;
i.e., it satisfies U1/2f|12 = _U2’1’\12 = _U1’2’\21 = U2f1f|21. Fur-
thermore, the general index j encompasses all indices labeling
the Grassmann fields c¢; (and their conjugates c;). In this
paper, it includes a spin index o, a Matsubara frequency v, and
a spatial momentum Kk, i.e., j = (0}, iv;,k;) or j = (0;,k;)
with k; = (iv;, k;). Repeated indices are implicitly inte-
grated or summed over. Energy conservation and translational
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TABLE I. Frequency and momentum conventions for the two-
particle vertex V in each diagrammatic channel r, with r =
ph, ph, pp. Note that [---7 and |- - - ] round their argument up and
down to the nearest bosonic Matsubara frequency, respectively.

T
;;;EI\\\\ ph ph pp

Q, k —ky k; — ky k; +k;
Q,. Vi — Vi Vi — Vy Vv + v

k, k, k, k,

vy vy + [2pn/2] vy + |Q255/2] —1RQ,,/2]
Kk, ky ko ky

v, v+ [2,/2] vy + [207/2] vy — [€2,,/2]

invariance impose frequency and momentum conservation
laws, which imply the following relations for Gy and U:

Go.i1 = Gooy oy (kv k1) = 8k 1 Gooploy (K1), (22)
Ur2z = Uy oy)000, (ks ko k1, ko)
= 8k1r+k2/,k1+k2 Ual/azrlalaz(Qrv krv k;) (Zb)

The full propagator G and the two-particle vertex V (also
referred to as full vertex) obey equations identical to Egs. (2a)
and (2b), respectively. The frequency and momentum depen-
dencies of two-particle objects (e.g., the bare interaction U
or the two-particle vertex V) are parametrized in terms of
bosonic momenta Q, = (i2,, Q,) and fermionic momenta
k" = (iv", k), which are defined differently depending
on the diagrammatic channel r under consideration, i.e.,
the particle-hole (ph), the particle-hole crossed (ph), or the
particle-particle (pp) channel. Our conventions for those mo-
menta are provided in Table I for r = ph, ph, pp.

B. Parquet decomposition

The parquet decomposition of the two-particle vertex V,
which is now extensively used in quantum many-body tech-
niques (e.g., in extensions of DMFT [66,67]), also relies on
the aforementioned diagrammatic channels. This decomposi-
tion is defined as

V= + ¢ + bpp + I, 3)

where ¢, contains all two-particle-reducible (2PR) diagrams
contributing to V in the diagrammatic channel r. By defini-
tion, 2PR diagrams can be split into two disconnected parts
by cutting two propagator lines, usually termed as bubble [see
the definitions of Egs. (6)]: A 2PR diagram ¢, is then assigned
to a given diagrammatic channel r, depending on the nature
of that bubble. With this in mind, the irreducible vertex I°*!
is by construction the sum of all diagrams of V that are not
2PR in any channel r, i.e., 2PI. We refer to Fig. 1 for concrete
examples regarding this diagrammatic classification.

The 2PR vertices ¢, fulfill the Bethe-Salpeter equa-
tions [11,66,68],

¢,=Loll,oV=Voll,ol, 4

where the vertex I, contains all diagrams that are not 2PR in
channel r (or, equivalently, that are 2PI in channel r), i.e.,

I, =V — ¢, &)

28
s 18
SN

¢PP -

A

%P1 = X+ Yy X4 +...

FIG. 1. Examples of diagrams contributing to the parquet de-
composition (3). The vertices ¢, contain all diagrams that are 2PR
in channel r, whereas the diagrams that are 2PI (i.e., not 2PR in
any channel) are included in /°"'. By definition, the diagrams con-
tributing to ¢, can be split into two disconnected parts by cutting two
propagator lines that form the I1, bubbles defined by Eqgs. (6). The
bubbles IT,,, - o and IT,, are, respectively, made of two transverse
antiparallel, two antiparallel, and two parallel lines.

A

and the bubbles IT, are given as

Mppio12 = =GirpGoyt, (6a)
1212 = GrnGope, (6b)
22 = %GI/HGZ’\Z- (6¢)

The definition of the o product depends on the channel r
under consideration. Explicitly, we have

ph:  [AoBliyn = Ap B3, (7a)
ph: [AoBliype = AvazBiia, (7b)
pp:  [AoBlyyjnz = Ar3aBaaia, (7Tc)

where A and B are both arbitrary four-point functions, such as
¢ra Ir’ Hr, or V [62]

C. SBE decomposition

The SBE formalism provides an alternative decomposition
of the two-particle vertex V. It is based on another diagram-
matic criterion, called U reducibility, used to split the set of
2PR diagrams of ¢, into two subclasses of diagrams [59,62],
namely, U-reducible and U -irreducible diagrams. We review
the original SBE formulation in Sec. II C 1. For nonlocal inter-
actions, an extension by the notion of 3 reducibility is needed,
which is discussed in Sec. I1 C 2.

1. Original formulation based on U reducibility

We first define the meaning of U reducibility. A 2PR
diagram ¢, is called U-reducible if cutting any of the con-

tained bare interaction vertices, U = X, splits it into two
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(a)
Vo = X+§+§+...

(b)

X

-

s U = Bph + fph

FIG. 2. Diagrammatic classification underlying the SBE decom-
position of the two-particle vertex V in the ph channel. (a) Examples
of diagrams of the U-reducible vertex V,;, and the SBE rest function
M, introduced in the SBE decomposition based on U reducibility,
ie., Eq. (9). The vertex V,, is the sum of all diagrams of V that
are 2PR and U-reducible in the ph channel whereas the SBE rest
function M,;, contains all 2PR diagrams in the ph channel that are
not U-reducible. (b) Splitting of the bare interaction U into a bosonic
part B, and a fermionic part F,;,, which corresponds to Egs. (18)
and (20) for r = ph. (c) Examples of diagrams contributing to the
Bp-reducible vertex V[(]hB) and the corresponding SBE rest function

M I(f ) introduced in the SBE decomposition based on B reducibility,
i.e., Eq. (22). The vertices V](f ) and M;f ) include all Bpi-reducible

and 2PR B, -irreducible diagrams in the ph channel, respectively.

disconnected parts. In the opposite case, it is referred to as
U-irreducible. More specifically, the U-reducible diagrams
of ¢, are termed U-reducible in channel r. Therefore, all
U-reducible diagrams are also 2PR in the same channel r,
which reflects the two-particle nature of the bare vertex U.
The trivial exception is the bare interaction U itself, which is
indeed 2PI but U-reducible in all channels. Concrete exam-
ples for the diagrammatic classification underlying the SBE
decomposition are given in Fig. 2(a) for the ph channel.

Splitting the 2PR vertex ¢, into U-reducible and U-
irreducible contributions yields

¢ =V, +M, U, ®)

where V, contains all U-reducible diagrams in channel r,
which includes the diagram for the bare interaction U. As
mentioned previously, the bare interaction is 2PI itself and
should therefore not be contained in ¢,, hence the —U cor-
rection. As a result, M, collects all 2PR diagrams in channel r
that are U -irreducible.

We then infer the SBE decomposition by inserting Eq. (8)
into the parquet decomposition (3), which yields [59]

V=3 (VM -U)+1"
r=ph,ph,pp

Z v, + 7V _ 2y, 9)

where ZU'™ is the sum of all U-irreducible diagrams of V and
can be expressed as

Ui — ZM, +1 —U. (10)

The central idea of the SBE decomposition amounts to rewrit-
ing the vertices V, in terms of bosonic vertices, namely,
bosonic propagators w, and fermion-boson vertices A, (also
called Yukawa couplings or Hedin vertices). Owing to the
U -reducible nature of the diagrams contributing to V,, one
can indeed use the exact parametrization

vr(Qrs krs k;) = Xr(Qra kr) hd wr(Qr) b )\r(Qrs k,/)v (1 1)

with the e product defined in the same way as the o prod-
uct with Eq. (7), but excluding summation over frequencies
or momenta (i.e., the e product is only defined for spin
indices) [62].

It can be shown that the objects thus introduced by the
SBE decomposition satisfy the following self-consistent equa-
tions [62]:

w,=U+w,er,0ll,eU, (12a)
=U+4Uell,0A ewy, (12b)
Ar=1,+1,01Il,07Z, (12¢)
r=1,+T, 0,01, (12d)
M, = (I, —M,) o1l oI, (12e)
=7, 0, 0(Z —M,), (12f)

where the irreducible vertex Z, collects all diagrams that are
U -irreducible in channel r, namely,

7, =V —V,. (13)

Equations (12), which can be seen as the SBE versions of the
Bethe-Salpeter equations (4), are referred to as SBE equations.
They also rely on the identity vertices 1, defined only in spin
space [69]:

117h;crl/02/|0102 - 80'1/,0'2 80'2/,0‘17 (143)
ﬁ;a,raylalaz = SUW‘TI 802',‘72’ (14b)
1pp;(rl/oz/|tr]o'2 - 80'1/,0'1 80'2/,027 (14C)
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which are not to be confused with the identity vertices 1,,
defined with respect to all indices, that will also be involved
in our forthcoming derivations. The latter read

Lpnvjiz = 812 82,1, (15a)
jlﬁ;l'zfuz =8y,1 822, (15b)
Lppir2p2 = 81,1 80, (15¢)

with &; j = Ok &, 8s,,0,- The definitions of the identity vertices
1, and 1,, given by Eqgs. (14) and (15), are determined from
the conditions V. =1,eV =Vel,andV =1,0V =V o 1,,
respectively [70]. Those identity vertices are also used to
define inverses. More specifically, we have

A 'eA=AeA" =1,, (16)
with A a four-point object with respect to spin indices, and
B 'oB=BoB!=1,, (17)

with B a four-point object with respect to all indices (spin
indices, frequencies, and momenta). In particular, the bosonic
propagators W, = Wr,g, 0,|00,(Qr) and the fermion-boson
vertices A, = Ario,10, (010, (Or, k) introduced in Eq. (11) are
four-point vertices with respect to spin indices, but not with
respect to frequencies or momenta.

We have introduced the SBE decomposition and the related
equations. Let us focus on the merits of this approach. With
the parametrization of Eq. (11), we efficiently exploit the
frequency and momentum conservation laws [cf. Egs. (2)]
by replacing the two-particle vertex V(Q,, k., k.), with its
complex frequency and momentum dependencies, by sim-
pler objects, namely, A,(Q,, k,) and w,(Q,), which depend
on fewer frequencies and momenta. This particularly simple
frequency and momentum parametrization of the U -reducible
vertices V, thus makes the SBE approach very amenable to
efficient and computationally tractable approximations, while
also providing deeper physical insight.

Indeed, competing orders in many-fermion systems are
naturally described by introducing bosonic degrees of free-
dom, and this is exactly what the SBE approach does: The
parametrization (11) implicitly (i.e., without using a Hubbard-
Stratonovich transformation to include a bosonic field in
the theory) introduces bosons in our framework through
their bosonic propagators w, and fermion-boson vertices A,.
Furthermore, with the parametrization of Eq. (11), all U-
reducible diagrams contributing to V, are interpreted as the
exchange of a single boson with momentum Q,, which ex-
plains the name of the SBE decomposition. One can also
note that the U-irreducible diagrams contributing to the SBE
rest functions M, can be regarded as multiboson exchange
processes.

2. Extension to nonlocal interactions based on 1B reducibility

One advantage of our interaction flow is the possibility
of introducing a temperature flow for systems with retarded
interactions (cf. Sec. IV). For this, it is necessary to extend
the SBE formalism to the case of a nonlocal bare interac-
tion, where Us, 6, |010, (O, kr» k}.), introduced in Eq. (2b), does
depend on Q,, k,, and k. In this situation, the bosonic prop-
agators and the fermion-boson vertices also depend, in prin-
ciple, on those three momenta, namely, w, = w,(Q,, k, k.)

and A, = A,(Q,, k,, k). In particular, this can be directly
seen for the bosonic propagators at first order in the bare
interaction since w,(Q;, k,, k.) = U(Q,, k,, k.) + OU?). It
should, however, be emphasized that the parametrization
V, =X, ew,eA, is still valid for nonlocal interactions,
whereas its formulation in terms of simplified frequency and
momentum dependencies for w, and A, as in Eq. (11) is re-
stricted to local interactions within the SBE formalism based
on U reducibility, as originally developed in Ref. [59].

Importantly, the computational advantage of the SBE ap-
proach is completely spoiled if both w, and X, depend on
Q,, k,, and k.. However, the SBE decomposition can still
be efficiently generalized to nonlocal interactions by split-
ting the bare interaction U (Q,, k,, k) into a bosonic part B,
and a fermionic part F,, where the functions F, encompass
the whole fermionic momentum dependence of U (Q,, &, k..)
[71,72]. In other words, this amounts to setting

U(Qy. ky, k) = B (Qr) + Fr(Qy. ky, k), (18)

where U, B,, and F, are all four-point vertices with respect to
spin indices. Similarly to U, both B, and F, satisty relations
inherent to energy conservation and translational invariance,
namely,

B2 = Broyoyloe, ki, ko ki, ka)
= Brioy0y 1010 (Qr )y ey ko »
Froiz = Fropoyloo (ks ko lki, ka)
= Froyoyloros(Qrs krs K8k, thy ki ks (19D)
and thus, according to Egs. (2b), (18), and (19), we also have
Uiz = Brzjiz + Fraoa. (20)

We then introduce the diagrammatic criterion of 5 re-
ducibility by defining the vertex V®) as the sum of all
diagrams that are reducible with respect to the bosonic part
B, instead of the whole bare interaction U. We thus refer to
the latter diagrams as ,-reducible and, most importantly, the
vertex V3 can be parametrized as

VO, ke k) = 200, k) e wP(Q,) 0 ABN(Q,, KD,
Q1)

(19a)

which still allows us to work with objects whose frequency
and momentum dependencies are much simpler than those of
the full vertex V, namely, w®(Q,) and A(¥)(Q,, k). The SBE
decomposition of V then becomes

v=> (VP +M® -B)+1r" (22)

which is analogous to its original version formulated by
Eq. (9). Note in particular that the double-counting correction
now involves B3, instead of U.

Concrete examples of diagrams contributing to V;f ) and

M[(f ) are given in Fig. 2 with a comparison to the corre-
sponding vertices V;, and M, introduced in the original SBE
decomposition based on U reducibility. Essentially, the orig-
inal U-reducible diagrams in channel r are now subdivided
into B,- and F,-reducible parts:

V,=V® L v, (23)

023029-5
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where V) is B,-irreducible and is thus part of the revised
multiboson vertex M3,

MP =M, + VP - F, 24

which is 2PR in channel r but B,-irreducible [73].

For completeness, we review here the derivation of the SBE
equations within this formulation based on B reducibility,
following analogous steps as in Ref. [62] that focuses on U
reducibility [74].

We start by defining the B,-irreducible vertices,

B =y —vB, (25)

which are the counterparts of Z, defined by Eq. (13) for the
original formalism based on U reducibility. We can therefore
replace the full vertex V by V& + 75 in the Bethe-Salpeter
equations (4), which gives

¢ =10M,0V
=1L oI, o(V® +1¥)
=Loll,oV® +B. oI, o TP
+ U, —B)oM, o ITH, (26)

In that way, we have split the 2PR vertex ¢, into its B,-
reducible and B,-irreducible parts, i.e., I, o [T, o V) + B, o
M, 0Z® and (I, — B,) oI, 0 I®, respectively. Further-
more, we can also express ¢, as [see Eq. (8) for comparison]

¢ =5 L MB _ B, @7

where VB — B, and M® are the B,-reducible and B,-
irreducible terms, respectively. By identification, we obtain

VB — B, =Lol,o VP +B,01,0IP, (28a)
M® = (1, —B,)oTl, o TP, (28b)

Isolating V) on the left-hand side, Eq. (28a) can be
rewritten as

VB =0, —LoM) " o(B,+B, oM, 0 Z). (29

An insertion of the so-called extended Bethe-Salpeter equa-
tions (1, — I, o I1,)™! = 1, + V o I, [11,62] yields

VB =1, +Voll,)o (B, + B, oM, oZP).  (30)
Using relations such as 1, o B, =B, =1,eB, and B, o 1, =

B, =B, el,, as well as V=V + 7B we show from
Eq. (30) that

V,=(,+Voll,0l)eB,e(l, + 1,01, 0 I¥)
= (1,—i—I,(.B)ol'[rolr—l—Vr(B)ol'[,olr)oBr

o(L, + 1,010, 0 ZP)

=2 (L4 w® P o, 01,) e B, e AP, (31)

where the last line was obtained by replacing V}B) with its

SBE parametrization XiB) ew® o 1B) Eq. (21), and by using

the SBE equations for the fermion-boson vertices
AB) =1, 41,00, 0TP,

—(B
)»()

(32a)

1,+Z® oI, 01, (32b)

r =

Comparing our result in Eq. (31) with V& =

—(B . . . .
7 e w® o AB) we directly infer the following expression

for w®):
w® =B, +wP 1P o1, 0B, (33)

Note that, by following the reasoning just outlined from
Eq. (25), but starting from the Bethe-Salpeter equations in the
form ¢, =V oIl, o, instead of ¢, =1, o I1, oV, one can
also derive the equivalent expression

w® =B, + B oM, 0B, on ew®, — (34)
as well as the counterpart of Eq. (28b), namely,
MB =1B oM, o (I, — B,). (35)

Collecting the results thus obtained, i.e., Eqs. (28b) and
(32)—(35), we can therefore conclude that, in the language of
B reducibility, the SBE equations read

wﬁB) =B, + wﬁB) o)\.£B) oll,eB,, (36a)
=B+ Be0n euw®, (36b)
AB =1, 41,010, 0P, (36¢)
AP =1, +7® 011, 01, (36d)
MP =1, —B,)oM,oIP, (36e)
=7® oM, o, — B,). (36f)

The bubbles I, and the identity vertices 1, are still given by
Egs. (6) and (14), respectively. Our results in Egs. (36e) and
(36f) for M® can also be brought to a form analogous to
Egs. (12e) and (12f). With V, = VB 4+ v M ®B) — M, +
VA —Foand V=1+¢, =L, +V, =IB + VB we
indeed obtain

Ir =V _¢r
=IP +VE — (M, + VP - B, + V) —F)
=I5 - M, +B, -V + F,

— 18 _M® 4B, 37)
=MP = (1P - MP) o1, 0 P
=TIP o1, o (IP — MP). (38)

In what follows, the “(53)” superscript will be dropped
for conciseness of notation, i.e., the SBE vertices V, will
only contain B-reducible contributions while M, will col-
lect B-irreducible diagrams (including F-reducible ones).
The relations derived in Sec. IID are formulated within this
generalized SBE framework for nonlocal interactions, where
the original formulation based on U reducibility is directly
recovered by setting F, =0 (and therefore B, = U). This
generalization of the SBE formalism for nonlocal interactions
was already exploited in the context of the 1£ fRG [71,72]
to investigate the extended Hubbard model [75-78] and the
Hubbard-Holstein model [79-81]. It will also play an essential
role in Sec. IV where we consider a model of an Anderson
impurity coupled to a phonon, for which the fermionic bare
interaction JF, is nonzero.
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D. Multiloop fRG extended by the interaction flow

Let us now come to our main result, namely, a derivation
of the flow equations including a regulator dependence of
the bare interaction. For this, we start from the SBE equa-
tions (36) that we turn into flow equations by introducing
an RG scale A in both the bare propagator Gy and the bare
interaction U. This is achieved by performing the substitutions
Go — Gy and U — U* (with both B, — B2 and F, — FA
in principle). We stress again that most fRG approaches (in-
cluding the multiloop fRG [10-12,62]) are formulated with
a regulator inserted in Gy only [82], i.e., using Gy — G{]‘
while keeping bare interactions such as U A-independent. The
interaction flow generated by U — U* is thus a feature of
our forthcoming derivations. In this section, we determine the
underlying flow equations for a generic fermionic model given
by Eq. (1) with energy conservation and translational invari-
ance [see Egs. (2)] whereas the addition of the SU(2) spin
symmetry to this setup is treated specifically in Appendix B.

We derive flow equations involving a flowing bare interac-
tion starting from the SBE equations in Sec. II D 1 and parquet
equations in Sec. II D 2. Further, we give an interpretation of
the flow equation for the bosonic propagator in Sec. IID 3 and
present the flow equation for the self-energy in Sec. IID 4.

1. Flow equations derived from the SBE equations
In what follows, we will repeatedly use the shorthand nota-
tion X = 9, X for any vertex X. Our present aim thus consists

in deriving expressions for the derivatives w,, Ary Ay, and M,
which will constitute our flow equations. In contrast to the
derivation in Ref. [62], we perform this after introducing the
RG scale A via Gp — G and, importantly, U — U*. All
objects in the SBE equations (36) depend on A, with the ex-
ception of the identity vertices 1,. By differentiating then both
sides of the SBE equations with respect to A, expressions for

Wy, Ar, Ay, and M, directly follow. For the SBE equation (36¢)
for M,, this yields
Mr = (Ir _Br)o I,0Z, + I —B,)o nr oZ,

+ U, —B)oM, oM, +1I —B), (39)
where the last term is obtained by replacing 7, according to
Eq. (37). Isolating M, on the left-hand side, Eq. (39) becomes

Mr = (ﬂr - (]r - Br) o Hr)_l

o[, —B)oM,oZ,+ U, —B)oll, oZ,

+ (I =B oM, o, — B]. (40)
The inverse (1, — (I, — B,) o I1,)~! can also be reexpressed
with the help of an extended Bethe-Salpeter equation. Indeed,
Eq. (38) has the same structure as the original Bethe-Salpeter
equation:

V:Ir+¢r:1r+vonrolra (413)
Ir = (Ir _Mr)+Mr = (Ir _Br)+Ir o 1—Iro(Ir _Br)
(41b)

The corresponding extended Bethe-Salpeter equations thus
take the following form:

L,+Voll, =1, —1LoIl,)",
I, +Z, 00, =1, - —B)oIl,) "

(42a)
(42b)

From Eq. (42b), the expression (40) for M, can be rewritten
as

M, =1, +Z,01I,)
o [(l, =B))oM, 0L, + (I, = B))oTl, 0 T,
+ (= B)o M, o, — Bl 43)
Rearranging the terms, we obtain
M,=T,0ll,0Z,+Z,0M,0( —B,)
+ (= B)ol, o
+Z,0M,0(, —By)oT, o, (44)
where we have used the relation
I, = —-B)+T oMo —B,), (45)

which follows from the SBE equation (36f) and Eq. (37).

We then focus on the flow equations for the fermion-
boson vertices. After performing the substitutions Gy — G
and U — U*, differentiating both sides of the SBE equa-
tions (36¢) and (36d) with respect to A leads to

Ar=1,00,0Z, 41,01, 07,
% =T, 0,01, +Z 00,01,

(46a)

(46b)

where Z, can again be replaced using Eq. (37), thus yielding
Ar=1,00,0Z +1,00,0M, +1 —B,), (47a)
N o=M, 41 —B)oM,0ol,+T, 0,01, (47b)

Inserting our expression (44) for M, in the right-hand sides
of Egs. (47) and then simplifying the equations thus obtained
with the SBE equations for the fermion-boson vertices [i.e.,
Egs. (36¢) and (36d)] yields

A=Aoll,0Z + A0, 0 —B)

+xr 0,0 —B)ol,oZ, (48a)
X =T oM, on +U —B)oTl, ok
+Z, 0,0 —B,)oIl, o, (48b)

Finally, we derive the flow equation for the bosonic propa-
gators w,. To that end, we first rewrite the SBE equation (36a)
by isolating w, on the left-hand side, namely,

w, =B,e(1, —A, 01l 0 Br)_l' (49)

Differentiating both sides of this equation with respect to the
RG scale A after introducing the latter via Go — G and
U — U*, we find

w, = Bre(l, — A 0, 0B,)"!
+wr°(}hronr+)\ror[r)'wr
+wr')"ronr08r°(1r_)"rOHrOBr)ilﬂ (50)

where w, was inserted on the right-hand side using Eq. (49).
We then replace A, with its expression (48a) and simplify
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the equation thus obtained by introducing A, through its SBE
equation (36d). This results in
wr = Br'(ll‘ _)Vr o 1_[roBr)_1 + wr°)\ro 1;Ir OXr'wr
~|—w,.A,ol‘[,o(i, —B,)oH,.oX,.w,
+wyrer 0, 0B, (1, — A, 0, 0B,)"". (51)

Furthermore, by comparing Eqs. (36b) and (49), one can di-
rectly infer that

A, —r oM, oB) =1, +10M,0xew,. (52
Inserting the last equality into Eq. (51) leads to

w,:w,ﬁokrol‘lroxrow,
+w,.)\,oH,oi,oH,oX,.w,+B,
+w,er 0T, 0B, + B ol 0h,ew,. (53)

Equations (44), (48a), (48b), and (53) give our final ex-
pressions for M,, )l,, A, and W, respectively. We collect them

below for clarity:

u'), =wr-)»rol;[,oxrow,
+wro)uroH,oj,oH,oxrow,+Br
+w,eh 0, 0B, 4+ B, oll, oA ew,, (54a)

A=A oll, 0L, + A oI, o —B)

+rr0, 0, —B)oI, 0T, (54b)
% =T oM, 0h +U —B)oTl, ok

+Z,0M,0(, —B)oTl, oA, (54c)
M, =T, 0M,0Z,+Z 00,0 — B,)

+U,—B)ol, o,

+Z, 0,0, —B,)oM,oZ,. (54d)

The original flow equations presented in Ref. [62], where
U= 0 was assumed, are straightforwardly recovered by set-
ting B, — 0. In the flow equations for Ary Ay, and M, such
terms always come with I, — B,. Only in the flow equation of
w,, there are three additional terms with an updated structure.

All these flow equations are exact, i.e., no approximation
has been made so far. Moreovgar, the right-hand sides of those

equations still involve w,, X,, A, and M, via the derivatives /.,
which reflects the self-consistent character of the SBE equa-
tions from which those flow equations are derived. In practice,
it is more convenient for the numerical implementation to
reorganize this structure based on the /, vertex by performing
a loop expansion of the flow equations. For this, the left-hand
sides of Egs. (54) are expanded as

o0 o0

wr = Z ng), ).\tr = Z)"Sal)ﬂ
=1 =1

- (0 . i

=Yk M=) MDY, (55)
=1 =1

whereas /, is rewritten on the right-hand sides according to

=Y 6= Y40 (56

r'#r r'#r £=1

In our numerical computations, we impose the only ap-
proximation

PP'=U=8+F, (57

which is analogous to the condition /?"' = 0 used in the origi-
nal version of the multiloop fRG where U = 0[10-12]. Note
that the latter approach with the approximation /2! = 0 yields
the results of the well-known parquet approximation (PA)
[10] obtained by iteratively solving the Bethe-Salpeter equa-
tions (4) together with the Schwinger-Dyson equation and
the condition I?*' = U. The parquet approximation neglects
totally two-particle-irreducible diagrams from fourth order
O(U*) on. At the same time, it yields full self-consistency
at the two-particle level.
Furthermore, Eq. (57) enables us to rewrite Eq. (56) as

[e.9]
=3¢ +U. with ¢ =3¢ (58
=1 r'#r
and the derivatives ¢ satisfy
5o =3
+ MY — B8 1. (59)

) — — .
.w,oA,+)L,owfl)-)\,+krow,o)»£e)

After expanding both sides of the flow equations (54) in that
way, we can infer the following relations: For £ = 1,

W = w, e, 01, 0 Ay 0w,

+w,.k,oH,.oUoH,ox,ow,+Br

+w,er, 0, 0B, +B,0M,0hew,, (60a)
AV =2, 00, 0T, 4+ A, 0, 0 F,
+iroM,0F ol 07, (60b)
) T oMl oh 4 F ol ok,
+Z,0M, 0 F oI, 04, (60c)
MY =T, 01,07+, 011, o F,
+F o, 0Z,+Z,0M,0F oM, 0Z, (60d)
for ¢ =2,
w? =0, (61a)
A® =), 0, 090, (61b)
=W o, o7, ©lc)
M® =¢V oM, 0T, + T, 0T, 0", (61d)
and, for £ > 3,
W =w,er, 0T, 0P oM, 00w, (62a)
A =3, 0l 0P
+a0M, 09 P o, 07, (62b)
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~(0) o _
A, =¢ VoM, on,

r

+7Z.01l, 0 (f)él_z) oIl oAy, (62¢)
Mr(e) = (ﬁgfl) oll,oZ,+7Z,01Il, 0 (]lﬁgil)
+Z oM, 09 P oM, 0Z,. (62d)

The derivatives .7-', in the 1£ flow equations (60) originate
from the expansion of the terms I, — BB, on the right-hand
sides of Egs. (54). From Eq. (58) [and therefore from our
approximation imposed by Eq. (57)], it indeed follows that

o0

=> 6"+ F. (63)

(=1

I - B,

Hence, almost all extra terms generated by the A dependence
of the bare interaction U are contained in the 1¢ flow equa-
tions. More precisely, the flow equations reported above at 2¢
and at higher loop orders by Egs. (61) and (62) coincide ex-
actly with the conventlonal SBE multiloop fRG equations for
which U = B, = F, = 0 [62], with the only exception that
¢(l) contains a contrlbutlon from Br, as can be seen from
Eq. (59). Note, however, that qbél) is only involved in the 2¢
and 3¢ flow equations, namely, Egs. (61) and (62) with £ = 3.

To summarize the procedure that led to the multiloop flow
equations (60)—(62), we have reshuffled the ¢(e) terms intro-
duced by the expansion of I across all loop orders of w,, A,

)»,, and M,, whereas the remaining terms involving either l'[,,
B,, or F, define their 1¢ contributions in Egs. (60). In con-
clusion, our results (60)—(62), which are exact apart from the
condition (57) imposed to the 2PI vertex I°F!, constitute the
multiloop SBE fRG flow equations within our interaction flow
scheme (where the bare propagator and the bare interaction
can both depend on the RG scale A), for a generic model with
an action of the form (1) relying on both energy conservation
and translational invariance.

In the limit of U = 0, these results reduce to the original
multiloop SBE fRG flow equations derived in Ref. [62]. Fur-
thermore, spin rotation invariance, i.e., SU(2) spin symmetry,
is always preserved for our analysis of the Anderson impurity
model and the Anderson-Holstein impurity model presented
in Secs. III and IV. Following Ref. [61], the flow equations de-
rived in this section for our interaction flow scheme can be
efficiently rewritten in terms of physical channels assuming
that SU(2) spin symmetry is respected. This is shown in detail
in Appendix B, especially for Egs. (60)—(62).

2. Flow equations derived from the parquet decomposition
and the Bethe-Salpeter equations

We note that our previous derivation of the flow equa-
tions underlying our interaction flow scheme is not unique.
Alternatively, Egs. (60)—(62) can be obtained starting from the
parquet decomposition with the Bethe-Salpeter equations (4),
instead of the SBE equations (36). Indeed, after introducing
the RG scale A as previously via Gy — Gy and U — U*%,
one can also differentiate the Bethe-Salpeter equations (4),
leading to the relation

qu=i,.ol_IrOV+I,oﬁroV+IroHroV, (64)

which, after exploiting the definition (5) of the irreducible
vertex I,, can be rewritten as

qS,:VonroV+f,oH,oV+VoH,of,
+Voll,op, —¢,o0ll, oV —¢,0ll,oV. (65)

Inserting ¢, = V o I, o I, and replacing ¢, by its expression
(64) in the last line of Eq. (65), we arrive at

by =Voll,oV+ILoll,oV+Voll, ol
+Voll,ol oIl oV. (66)

This equation is identical to that underlying the original
implementation of the multiloop fRG [10-12] since the A
dependence of the bare interaction U does not add any explicit
new terms to those generated by Gy — GA [83]. We then
expand I, in the right-hand side of Eq. (66) w1th the relation

(58) [which implements the approximation I =U set by
Eq. (57)] and ¢, in its left-hand side according to
o0
b= . (67)

This yields the multiloop fRG flow equations based on the
parquet decomposition for our interaction flow scheme:

¢V =Voll,oV+Voll,oU+Uocll, oV

+Voll,oUoIl, oV, (68a)

¢P =V o, 0V +Voll, 0", (68b)
¢ =V o, 0V 4V oI, 0 gl

+Voll, 09 oI, oV. (68¢)

In comparison to the original multiloop flow equa-
tions [10-12], a term including U only explicitly enters in
the 1£ flow equation. By inserting the SBE decomposition
V = A, e w, e A, + Z, [which follows from Egs. (21) and (25)]
on the right-hand sides of Eqs. (68) and rewriting their left-
hand sides usmg Eq. (59), we can infer all expressions of

w®, A0, A , and M® as given by Egs. (60)—(62). This
consistency between the derivation of the multiloop SBE fRG
flow equations obtained from the SBE equations or from the
Bethe-Salpeter equations based on the parquet decomposition
was already found in Ref. [62], but in the conventional frame-
work where U = B, = F, = 0.

3. Katanin substitution for bosonic propagators

We stress that the SBE framework itself allows for a very
compact and elegant formulation of our interaction flow de-
rived from self-consistent equations. To see this more clearly,
we introduce the polarization P, (or bosonic self-energy
[62,84]) defined as

P.=A.0Il,0l,=1,0TIl, OX,. (69)

As a next step, we derive a flow equation for P, within our
interaction flow scheme. Differentiating the first equality with
respect to the RG scale yields

P.=io0ll,0l,+A01l,01,. (70)
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Replacing 4, by its expression (54b) and then simplifying the
terms obtained with the SBE equation (36d) leads to

P.=Xoll,on +A 0,0 —B)oI,oxr,. (71)

With Eq. (71), we can rewrite the flow equation (54a) in a
more compact form as follows:

wrzwrof’,.w,
+w,er, 0, 08,00, 0A ew, + B,
+w,er 0T, 0B, + B, o, 0hew,. (72)

The terms in the last two lines of Eq. (72) can also be further
simplified with the help of the SBE equations (36a) and (36b),
which are equivalent to

wyer.0ll, 01, = erBr_l —1,,

lroH,oX,.wrzBr_'-w,—lr.

(73a)
(73b)

Combining these two relations with Eq. (72), we obtain a
particularly simple expression for w,:

Wy =w,ePew, +w,eB e B e B lew,.  (74)

Since  z(w;)=—w,lew, 0w, ! and  9z(B;) =
—B e B, « B!, this can be rearranged as
In(wy')=0A(B") = P. (75)

This is consistent with the fact that w, satisfies a Dyson
equation where P, plays the role of the self-energy, namely,

w''=8"-p, (76)

which is equivalent to the SBE equations (36a) and (36b).

Therefore, all additional terms generated by the A depen-
dence of the bare interaction U (i.e., all terms depending
explicitly on B, or F;) in the SBE flow equations (54) can be
obtained via the substitutions I, — I, — B, in each of those
flow equations and w, — w, — w, ¢ dp (Br‘l). w, in the flow
equation expressing w,. We also stress that introducing a
regulator for the bare interaction, and especially for B,, gives a
direct control on bosonic fluctuations, as it regularizes bosonic
propagators through Eq. (76).

An interesting connection can be observed between the last
substitution applied to w, and the Katanin substitution [85],
which is applied to the single-scale propagator S = G|2:0
(usually considered in the 1£-fRG approach; see Appendix A)
as

S>G=S+GXG, (77)

with all indices left implicit. The expression of G in the sub-
stitution (77) follows directly from the Dyson equation G~ =
G,' — %, namely, G = —G(3,G"')G =S+ G G where
S = —-G(0,G, 1G. Returning to the case of the bosonic prop-
agator w,, the substitution w, — w, — w, e dp (Br’l) oW,
which follows from the interaction flow, i.e., U # 0, can be
seen as a Katanin substitution for the bosonic propagator:

(78a)
(78b)

w, = Sw, +w,ePrew,,
—1 .
Su, = —w,.aA(B, )-w, = w,|p o,

where S, is the bosonic counterpart of the single-scale prop-
agator S. The latter is added to the flow of w, retroactively in

contrast to the fermionic Katanin substitution where the term
GXG (i.e., the counterpart of w, e P e w,) is added.

The identification of the single-scale propagator S, in the
flow equation for the bosonic propagator underlines the fact
that a flowing interaction, i.e., U (or B,) comes along with a
direct regularization of bosonic fluctuations. The SBE formal-
ism is equivalent to a Hubbard-Stratonovich theory where U
takes the role of the bare bosonic propagator [33,69]. Whereas
previous fRG approaches with both fermionic and bosonic
regulators were sensitive to the cutoff scheme [86-88], our
formalism guarantees regulator independence at multiloop
convergence.

4. Self-energy flow equations

The flow equations (54) or (60)—(62) determine the flow
of the two-particle vertex V. They should be coupled with a
flow equation for the self-energy ¥, which directly contributes
to Egs. (60)—(62) via the bubbles I1,, defined from the full
propagator G in Egs. (6). In the conventional fRG where the
regulator is introduced in the bare propagator only (i.e., with
U = B, = F, = 0), this self-energy flow equation is deter-
mined from the Wetterich equation [7-9]. When starting from
the Wetterich equation, however, adding a regulator in the bare
interaction, and thus allowing the derivative U to be nonzero,
drastically increases the complexity, which is demonstrated in
Appendix A.

Another self-energy flow equation was formulated by
differentiating the Schwinger-Dyson equation [12,22,23,25],
which echoes the derivation of the multiloop fRG equa-
tions for the two-particle vertex from the Bethe-Salpeter
equations. This version was actually shown to be advan-
tageous as compared to the conventional self-energy flow
equation in multiloop fRG studies of the pseudogap physics in
the 2D Hubbard model [22,25], when treating momentum de-
pendencies within the truncated-unity fRG approach [8§9-91],
which is now very widespread in condensed matter applica-
tions [33,60,92-97]. We will thus follow this route and derive
a self-energy flow equation for our interaction flow scheme by
differentiating the Schwinger-Dyson equation [66,98],

Zin = —Ur2Grpy — %U1/2'\43G2\2/G3\3/G4|4'V4/3/|12, (79)

which can be rewritten in terms of the bubbles I, defined by
Eqs' (6)3

L=G - (U+3UocIyoV), (80a)
=-U+3Uocl;0oV)-G, (80b)
Y=G-(U+Uol,,oV). (80c)

Here, we have introduced the - product defined as follows:

[A-Glin = Ar12Gap,
= —Gop A2 = =[G - Al

(81a)
(81b)

with A an arbitrary four-point object [69,99].

Introducing the RG scale in the bare propaga-
tor and the bare interaction through Gp — G{ and
U — U” as before, Eqs. (80) can be turned into the
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following flow equations:

X=G - (U+3iUoMyoV)
+1G-(UolloV+UollyoV)
+G-(U+3UocT,oV),

Y=—(U+3Ucll;oV)-G

(82a)

—%(UoﬁpjoV+UoHp70V)'G

—(U+3UoM;0V)-G, (82b)

X=G-U+UoM,,oV)
+G-(Uolly,oV+Uolly,oV)

+G-(U+Uol,oV). (82¢)

Equations (82) are all exact. By adding one of these three
self-energy flow equations to the set of differential equa-
tions formed by Egs. (60)—(62) and imposing a condition
for the 2PI vertex, e.g., the parquet approximation /2Pl =
U, Eq. (57), we obtain a closed system of equations. It
is also worth noting that, in the SBE framework based on
U reducibility, the Schwinger-Dyson equation can be sim-
plified efficiently by combining Egs. (80) with the relation
wreA, =U 4+ U olIl, oV [99]. This SBE formulation of the
self-energy flow equations (82) is presented in Appendix B
for SU(2)-spin-symmetric systems, and will be used in our
study for the Anderson impurity model with a local inter-
action (i.e., with F, = 0). In the SBE formalism based on
B reducibility, we have instead the relation w, e, = B, +
B, oIl oV, which does not enable us to replace the full
terms U o I1, oV = (B, + F,) o 1, o V in Egs. (80) by the
simpler structures w, e A, — 3, if F, is finite. In the case of
the Anderson-Holstein impurity model where the fermionic
bare interactions F, are nontrivial, we will therefore employ a
self-energy flow equation from Egs. (82).

III. NUMERICAL RESULTS FOR LOOP CONVERGENCE
WITH INTERACTION REGULATORS

In this section, we demonstrate by a numerical analysis that
our flow equations can be solved with similar convergence
behavior to that of a conventional flow scheme. In particular,
we illustrate numerically the loop convergence of our equa-
tions by applying them to the Anderson impurity model. To
rule out the role of a propagator regulator in convergence,
we consider a simple multiplicative regulator introduced ex-
clusively in the bare interaction that interpolates between the
noninteracting and interacting models, which we refer to as
“U-flow (2025)”. This can be seen as the simplest implemen-
tation of our interaction-flow scheme, which only amounts to
switching on adiabatically the bare interaction throughout the
flow, starting from the noninteracting theory.

We benchmark its performance against self-consistent SBE
calculations [that result from solving equations (12) self-
consistently], and against another analogous flow scheme
based on a regulator in the bare propagator only within the
multiloop fRG. To highlight the features emerging from our
modified flow equations, we focus on an impurity model
without momentum dependence. While momentum depen-

dence generally increases the complexity of the problem, this
complication is generic to all fRG schemes and is not spe-
cific to our scheme. In particular, applying our approach to
momentum-dependent models does not introduce additional
regulator-induced or conceptual complications beyond those
inherent to conventional fRG schemes. Further benchmarks
on finite loop truncations and on another model, the Hubbard
atom (HA) [100], are presented in Appendix C.

A. Model definition and flow schemes

The Anderson impurity model (AIM). The AIM exhibits
full SU(2) spin symmetry, and by frequency conservation,
one has Go.s |5, (iV1]iV2) = 84,,0,8iv,,iv, Go(iv). It is then also
convenient to work in physical channels (see Appendix B for
details).

The AIM consists of an impurity coupled to a fermionic
bath. It is relevant in the self-consistency cycle of DMFT
and has become an important benchmark model for 1¢ fRG
[101,102] and multiloop fRG [18-20] computations. The bath
degrees of freedom can be integrated out to yield a bare
propagator given by

. 1
Go(iv) = -

v—u—AW)’ (83)

where A(v) is the hybridization function. We consider a bath
with a box-shaped density of states with half bandwidth D
and an isotropic hybridization strength V. The corresponding
hybridization function takes the form

W2 D
A(w)=i— arctan [ — ). (84)
D v
This can be simplified in the so-called wideband limit D —
oo so that the hybridization function reduces to

Dlim A() =isgn(v) Ay, (85)

where V is scaled in such a way that A is kept finite. As
the model fulfills SU(2) spin symmetry, we here use physical
channels X = D, M, SC, which are defined in Appendix B. In
these channels, the bare interaction is given by

Up =Usc = —Um = —-U, (86)

where U is a Hubbard interaction parameter (not to be con-
fused with the bare vertex from Sec. II). In terms of the
B + F-splitting, the situation corresponds to Bx = Ux and
Fx =0.

In this model, the criterion for weak coupling, where the
parquet approximation (PA), Eq. (57), becomes quantitatively
accurate, is governed by the requirement that

max |[[Tx(i2 = 0)Ux| ~ v < 1. 87
X TAg
When satisfied, we can expect good quantitative accuracy in
our multiloop scheme up to O([BU /4]*).
Flow schemes. To properly benchmark our flow equations,
we utilize a simple multiplicative regulator [103] exclusively
in the bare interaction.
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U-flow (2025). We consider a scheme specified by mak-
ing the bare model dependent on a flow parameter A in the
following way:

U)? = AUy (BQ = ABx, ]:5/(\ = A]:x),
Gy = Go,

(88a)
(88b)

where A flows from At = 0 to Agfnag = 1. We stress here
that the bare propagator does not flow. At the beginning
of the flow, we have U)? mt = (), the noninteracting system.
The intermediate steps in this flow clearly correspond to
solutions of the family of models with the respective bare
interaction AU.

An analogous flow scheme based on introducing a regula-
tor only in the propagator was developed in previous works.

U-flow (2004). Introduced in Ref. [104], it is specified by
a multiplicative regulator in the bare propagator as

GA = AGy, (89)

where A flows from Ajy = 0 to Agpa = 1. This regulator
is a result of multiplying the quartic interaction part of the
action by A2, and then absorbing it away from the quartic
part through a redefinition of the fields c;, ¢; — «/KEi, \/Kci
leading to A appearing next to the bare propagator Gy in
Eq. (89). We stress that the bare interaction U in this scheme
does not flow. Nonetheless, intermediate steps of the flow can
be interpreted to correspond to an interacting theory at various
bare interaction values after rescaling the vertex functions by
appropriate powers of A. In particular, the rescaled vertex
A%V at step A corresponds to a system with bare interaction
A2U. This is in contrast to U-flow (2025), where the vertices
at intermediate steps of the flow need noft be rescaled.
Intuitively, while both give flows of increasing interaction
strength, the difference between the U-flow (2004) and U-
flow (2025) schemes can be thought of as follows. In the
U -flow (2025), the propagator (i.e., the kinetic energy) is fixed
while the Hubbard interaction (i.e., the potential energy) is in-
creased during the flow. On the other hand, the U-flow (2004)
does it by keeping the potential energy fixed, but by reducing
the kinetic energy, so that the relative interaction strength
increases along the flow. As we will see, when truncating the
multiloop series, these two flow schemes become distinct.

B. Numerical results

In principle, for a complete multiloop fRG calculation, one
must calculate and sum up each term in the multiloop series
for the vertex derivatives, Eqs. (55). This series, however, can
be terminated at a finite loop order where the remaining terms
are smaller than a chosen error. The correctness of this relies
on the assumption that the multiloop series converges—a re-
quirement made plausible by the fact that mf and (m + 1)¢
terms differ by a product of a bubble and a vertex. Moreover,
the flow equations exhibit coupling between the self-energy
derivative 3 and the vertex derivatives, which needs to be
resolved iteratively at each step of the flow. When the mul-
tiloop expansion is truncated at a fixed loop order n, we
refer to this as an n¢ calculation. In a similar vein, one may
fix a maximum number of self-energy iterations. Technical

details and frequency parametrization in the implementation
are given in Appendix D.

We performed calculations for the AIM at 8 =5, Ag =
/5, and U = 1.4. This choice of parameters satisfies the
convergence criterion, Eq. (87). For the chemical potential,
we take u = —U /2, which corresponds to half filling.

In Fig. 3, we show results for the susceptibilities xx
and the fermion-boson vertices Ax of fully converged mul-
tiloop calculations, marked as “ocof”, for the U-flow (2025),
and benchmark them against fully converged U-flow (2004)
calculations, as well as self-consistent results of the SBE
equations (12) in the parquet approximation, i.e., I**' = U,
Eq. (57), which we abbreviate as PA. We also show the
1£ results for the two flow schemes (with a fixed number
of Ny = 2 self-energy iterations). Note that at half filling,
there is a degeneracy between the superconducting X = SC
and density X = D channels, so that xp = xsc and Ap =
Asc. Additionally, Fig. 4 shows the imaginary part of elec-
tronic self-energies. Overall, we find excellent quantitative
agreement with the self-consistent solution of the SBE equa-
tions (12) in the PA, demonstrating the convergence of our
flow equations (60)—(62).

In Fig. 3, we also show the average number of multi-
loop corrections (averaged over the self-energy iterations and
denoted by (N,)y) and the number of self-energy iterations
(denoted by Ny ) that were required at each step of the flow to
reach multiloop convergence. We find these numbers for the
U-flow (2025) to be nearly identical to those of the U-flow
(2004). As discussed in the previous section, although both
schemes implement the same RG flows, the two flow schemes
are nonetheless distinct. This can be seen in the results: The
two flow schemes yield different results at truncated loop
order, as can be seen from the finite 1¢ results. Thus, we
have demonstrated that our flow equations also converge if
there is no regulator in the bare propagator but exclusively in
the bare interaction. Furthermore, the convergence rate of our
flow equations is similar to that in the conventional multiloop
fRG U-flow (2004), which relies on a regulator in the bare
propagator only.

IV. BEYOND PROPAGATOR CUTOFFS: TEMPERATURE
FLOWS FOR RETARDED INTERACTIONS

In Sec. III, our interaction flow was applied as a simple
example of a flow scheme with a regulator in the bare in-
teraction to straightforwardly implement the idea of a flow
in the microscopic interaction of the system [see U-flow
(2025)]. The flexibility to deform both the propagator and
bare interaction, however, goes beyond this simple applica-
tion, as it provides full control over the flow of the bare
couplings of the interacting theory. To demonstrate this, we
here present a first practical application that requires taking
full advantage of this flexibility. To this end, we address
the problem of developing a flow scheme wherein the RG
flow corresponds to lowering the temperature of the system.
Such a scheme aligns well with the intuition that an RG
scale can be loosely interpreted as a temperature scale, and
rather makes this idea concrete. For Hubbard models, this
problem was addressed in the temperature-flow scheme first
introduced in Ref. [40]. Recently, this approach was adapted
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FIG. 3. Bosonic frequency dependence of susceptibilities and fermion-boson vertices for the AIM in the magnetic and density channels at
B=5U =14, Ay =m/5, and at half filling. The results are shown at 1¢ and oo/ (fully converged) multiloop order for the two flow schemes
specified in the text. Note that the D and SC channels are degenerate, i.e., xp = xsc and Ap = Agc. The insets in the left-hand panels show the
same susceptibilities as the corresponding main panels, but magnified around €2 = 0. It is observed that, like the U-flow (2004), the U -flow
(2025) converges to the PA solution, which, by construction, does not depend on the choice of a cutoff scheme. The panels on the right-hand
side show the average number of loop corrections per self-energy iteration (N;)s and the corresponding number of self-energy iterations Ny

at each step of the flow.

for spin systems [105]. The convenience of this scheme has al-
ready been exploited to efficiently perform temperature scans
for phase diagrams [95,105-108] and to naturally calculate
various thermodynamic variables expressed as derivatives of
temperature throughout the flow. As we show below, the origi-
nal temperature-flow scheme [referred to as “T-flow (2001)”]
is limited to systems with only static interactions, and is

—0.05 1

=== U-flow (2004)

S aeaaas U-flow (2025)
/x
—0.15{ & A o
. .
R
1 5 9 13 17
v/(nT)

FIG. 4. Imaginary part of the self-energy from the 1¢ fRG and
the converged multiloop fRG (ocof) compared to the self-consistent
result in the PA. The results are obtained for the AIM with the same
parameters as in Fig. 3 for two flow schemes.

therefore not applicable to models featuring retarded bare
interactions, such as those in electron-phonon systems after
phonons have been integrated out. To remedy this limitation,
one must allow the bare interaction to flow as we show below.

A. Temperature flow for instantaneous interactions

We briefly review the idea behind the temperature-flow
scheme of Ref. [40], which we will refer to as “T-flow
(2001)”. Our starting point is an action of the form in Eq. (1),
which we rewrite here focusing on frequency dependence
and making the Matsubara frequency summations and their
normalization factors explicit:

— B |
Slc,c]=-T E Civ, Go;iu,|mciw
il)]

1
3 —
=T E Z(]iv{ivé\ivlivzciv; Civécivzcivl s (90)

ivy,ivy,iv|

where we have invoked energy conservation with iv) = iv; +
ivy — iv] in the second line. The main step is to switch to
rescaled fields

) = T *ce(iv), EGv) = T¥*eiv), 91)
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where the new variable ¥ = v/T is a dimensionless Matsub-
ara frequency. This brings the action to the form

S[¢, ¢l = — Z Cin, (TI/ZGO;ivllivl)_lEiﬁ]
iV
1 = = ~ ~
- Z ZUiul’iuéhvlivzcz’f); Ciw, Cin, Ciy, - (92)

iD1,i02,i7]
In this way, if U is, e.g., a Hubbard interaction, all 7 depen-
dence has been shifted to the bare propagator. Regarding T
as an RG flow parameter in the flow-dependent propagator,
one arrives at flow equations, which at intermediate steps
can be interpreted as the physical state of the system at the
corresponding temperature:

T-flow (2001). This scheme is implemented by

Gl (iv) = T'*Go(iv), (93)

where the flow parameter starts at 7' = oo and ends at
the desired T Note that this regulator is not purely
multiplicative since the temperature dependence enters also
the Matsubara frequency iv = in T (2n + 1). Furthermore, the
physical self-energy at temperature T is ¥ = /T X7, where
%7 is the self-energy calculated throughout the flow.

Clearly, this construction only works as long as the bare
interaction function itself does not depend on temperature.
A situation where this is not the case is for retarded inter-
actions, in which the bare interaction depends on Matsubara
frequencies. A physically relevant example of this is a result
of integrating out phonons that couple linearly to the fermions
yields, and hence U — U (iQ2) depends implicitly on temper-
ature through the transfer Matsubara frequency iQ2 = 2z nT.
Another example is in a high-energy fermionic system where
retardation effects of the Coulomb interaction due to the finite
speed of light must be included.

B. Temperature flow for retarded interactions

The freedom of using a regulator in the interaction allows
to develop an RG flow in temperatures even for systems with
retarded interactions. To this end, we consider a paradig-
matic model, in which phonons couple linearly to the fermion
density.

The Anderson-Holstein impurity model (AHIM). This
model describes an Anderson impurity where additionally the
mechanical vibration of the impurity site from its equilib-
rium position is taken into account [65]. Previously, it has
been analyzed in the 1£-fRG approach [109]. In this model,
the electron density at the impurity is coupled to a phonon,
which we take to have a fixed frequency wy, with electron-
phonon coupling g. The bare impurity-electron propagator is
still given by Eq. (83). Integrating out the phonon degrees of
freedom, one ends up with a density-density interaction of the
form

U1z = =8y 450141, (857,01 801,00 — 87,0801, )
x U(ivy — iv}), (94)
with the coupling function
. e
U(i2Q)=U — Vym, 95)

where U is the Hubbard repulsion and the ratio Vi = 2g%/wy
is the effective phonon-induced electron-electron interaction
strength. The ratio Vj is independent of the impurity mass
Mo, whereas wy ~ 1/4/Mio,. Thus, exchanging one of the
chemical constituents of the impurity with its isotope changes
only wy. Relevant to our discussion is the antiadiabatic limit
Mion — oo, for which the coupling U (i2) — U becomes
instantaneous. Here, Uy = U — Vg represents the effective
instantaneous part of the interaction. The quantity wq thus
also controls retardation; the smaller wg, the more the retarded
nature of the interaction becomes apparent.

B + F-splitting. For a treatment of this model within the
SBE formalism, which keeps the pure bosonic nature of the
bosonic propagators intact, a I3+ F-splitting is necessary.
Note that, in general, this splitting is not unique. Following
Ref. [72], we set

BX = lim

iv—>0,iv/—

OUX(iQ,iv, '), (96)

which ensures that By contains the instantaneous part of the
interaction. The following expressions are found in the physi-
cal channels:

0?2
Bp(i€2) = —Uefr — Zvym,
Bsc = —Bwm = —Ukr, o7
for the bosonic parts and
(v =)

.7-"D(iv, iU/) = fM = —./—"sc = 2VH (98)

v—v)2+aw}
for the fermionic parts.

Temperature flow. As discussed previously, a flow that uses
the temperature as a flow parameter, as implemented in the
T-flow (2001) scheme, is not valid for our system, since the
bare interaction contains nontrivial temperature dependence
through the dependence on Matsubara frequencies. However,
this issue can be remedied in a natural and straightforward
way by interpreting the residual 7" dependence of our bare
interaction, after the rescaling in Eq. (91), as dependence on
the RG scale. As a result, we no longer have Bx = Fx = 0;
instead, we have the following updated scheme.

T-flow (2025). Similarly to the T'-flow (2001), a regulator
in the propagator G! is implemented by Eq. (93), with the
temperature T playing the role of the flow parameter starting
at Tinir = oo and ending at a chosen final temperature. The
bare interactions [Egs. (97) and (98)] depend implicitly on
the temperature through the dependence on the Matsubara
frequencies iQ2 =i2nTn or iv =inT(2n+ 1), with n € Z.
The scale derivatives for the bare interaction are given by

. d . .
Bo(iQ) = =2V K" (i), Bsc =Bu =0,  (99)
for the bosonic parts and

. . . d
Fh(iv,iv') = Fy = —Faec = 2VHd—TKT(iv — i), (100)
for the fermionic part, where
SnzTnza)(z)

IR ® o
[@xTnY + 3]’

d . .
—K' (i2nTn) = —
dT
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FIG. 5. Susceptibilities and fermion-boson vertices for the AHIM at inverse temperature B = 5, hybridization parameter Ay = /5,
Hubbard interaction U = 1.4, phonon frequency wy = 1, electron-phonon coupling g = 0.5, and at half filling from the fully converged
multiloop equations (cof). The T-flow (2001) that does not implement the necessary flow of the interaction fails qualitatively, whereas the
T-flow (2025) yields results that lie on top of the self-consistent solution of the SBE equations in the PA.

Throughout the flow, the vertex V7 and the scaled self-energy
VTET correspond to the vertex and the self-energy of the
model at temperature 7.

We note that the conventional 7'-flow (2001) can be recov-
ered from the T-flow (2025) if we set dK7 /dT = 0. At high
temperatures, this term scales as dK7 /dT ~ 1/T3, and there-
fore, the limitations of the T-flow (2001) scheme are expected
to become most apparent as the temperature decreases.

C. Numerical results: Application to the Anderson-Holstein
impurity model

We consider the AHIM with effective hybridization Ay =
/5, half filling, i.e., u = —U/2, and a similar parameter set
to that considered for the AIM in Sec. III. Additionally, here,
the impurity is coupled to a phonon mode of frequency wy = 1
with electron-phonon coupling g = 0.5.

To begin, we performed calculations comparing fully con-
verged multiloop calculations in the 7-flow (2025) and the
T-flow (2001) schemes with Ty = 1/8 and B = 5. As a
benchmark, we also compare against the result of the self-
consistent PA calculation for the same parameters at inverse
temperature 8 = 5.

The results are shown in Fig. 5 for the susceptibilities
and fermion-boson vertices. Note that due to the nonzero Fx
in this model, Ax does not in general decay asymptotically
to 1 when iv — +ioo; see also Ref. [71]. Unsurprisingly,

the T-flow (2001) does not converge to the PA solution, as
expected in dealing with a model with retarded interactions.
Within the T-flow (2025) scheme on the other hand, which
includes the necessary flow of the bare interaction, we find
excellent agreement.

The results show that the finite frequency phonon, which
couples preferentially to the density of electrons, leads to the
breaking of the pseudospin symmetry of the AIM responsible
for the degeneracy between the density D and superconduct-
ing SC channels. While in the AIM the D and SC channels
are degenerate (cf. Fig. 3), in the AHIM, the renormalized
susceptibility xp and the fermion-boson vertex Ap at Q2 =
0 are increased compared to xsc and Agc. This underlines
enhanced phonon-driven density fluctuations relative to the
superconducting ones.

Additionally, we perform 15 separate PA calculations at
logarithmically spaced inverse temperatures between 7 = 10
and T = 0.2. The results are then compared to single 7-flow
(2001) and T-flow (2025) calculations that are stopped at
Thna = 0.2 and are displayed in Fig. 6 for the self-energy,
and in Fig. 7 for the density susceptibility at the zero and first
Matsubara frequencies.

Whereas the static susceptibilities, obtained from the two
T-flow schemes, are still in good agreement, which we
can attribute to the vanishing of diTKT(iQ) at iQ2 =0, the
susceptibility at finite frequencies displays nonmonotonic-
ity with temperature in the 7-flow (2001) scheme. As this
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FIG. 6. Imaginary part of the self-energy obtained for different
temperatures within the 7-flow (2001) and 7-flow (2025) calcu-
lations against 15 self-consistent PA calculations of temperatures
between T = 10 and T = 0.2 for the AHIM with the same parame-
ters as in Fig. 5. The T -flow (2001) exhibits a clear discrepancy with
the PA results, especially for 7 < 1, whereas the results extracted
from the T-flow (2025) calculation agree quantitatively with the PA
calculations across the entire temperature range.
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FIG. 7. Density susceptibility evaluated at its zeroth and first
bosonic Matsubara frequency and obtained for different temperatures
within the 7-flow (2001) and the T-flow (2025), corresponding to
the results shown in Fig. 6. The first Matsubara frequency of the
density susceptibility in the 7-flow (2001) in general deviates from
the self-consistent PA result, and starts to do so drastically for T < 1
and shows a nonphysical nonmonotonic behavior with 7. On the
other hand, the T-flow (2025) yields excellent agreement with the
PA results.

nonmonotonicity is absent in the T-flow (2025) as well as
the self-consistent PA, we interpret it as nonphysical. We
mention in passing the recent finding that connects the finite
Matsubara-frequency components of the susceptibility to the
entanglement of the system [110,111].

As expected, we find that the 7-flow (2001) starts to fail
drastically for T < 1, whereas the T-flow (2025) scheme con-
verges squarely to the self-consistent PA results for all 7.

V. CONCLUSION

In this work, we have introduced an extension of the
multiloop fRG that incorporates regulators in both the
bare propagator and the bare interaction, derived from the
Bethe-Salpeter and Schwinger-Dyson equations. In the SBE
formalism, these equations take a particularly transparent
form, where they can be interpreted as a Katanin-type sub-
stitution for the SBE bosonic propagators. The resulting flow
equations remain compact and computationally feasible. As a
result, one gains complete control over the bare theory and
thus virtually full control over how the RG flow explores
theory space.

In a numerical application to the Anderson impurity model,
we demonstrated loop convergence when a flow parameter
is introduced in the bare interaction, comparing it to the
conventional multiloop fRG when only the bare propaga-
tor is flowing. Furthermore, the enlarged flexibility of our
equations allows to design a temperature-flow scheme with
an RG flow interpreted as lowering the temperature of the
system for models with retarded interactions, a possibility
that has been absent in schemes that only involve regulators
in bare propagators. A demonstration on an Anderson im-
purity model coupled to phonons, coined Anderson-Holstein
impurity model [64,65], confirms that this temperature-flow
scheme yields physically consistent results, contrasting it with
the original application of temperature-flow scheme that only
utilizes a regulator for the bare propagator [40].

For the future, we see a large number of potential appli-
cations. The unprecedented control of the RG procedure in
our flow equations opens the door to many interesting pos-
sibilities. For example, RG flows that start from a reference
system such as the DMF?RG find another perspective to be
used even for systems with nonlocal interactions, by turning
on the nonlocal part of the interaction throughout the flow.
In terms of potential approximations or improvements, note
that, since in the fermionic action, the bare interaction couples
to four fields whereas the bare propagator only couples to
two fields, the interaction flow implicitly relates two-point
with four-point correlation functions. This might be benefi-
cial for exploring flow schemes that respect Ward-Takahashi
identities [18,46] and other exact functional relations to sys-
tematically improve RG flows beyond what is possible in
standard fRG approaches.

Another family of applications of our equations is in
problems concerning optimal control of fermionic quantum
systems. There, one seeks an optimal sequence of steps to
adjust a number of knobs, which may involve changing
parameters in both the propagator and the interaction, to arrive
at a final state while minimizing a certain cost, such as the
response of the system.
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APPENDIX A: INTERACTION FLOW AND
CONVENTIONAL fRG FORMALISM BASED
ON THE WETTERICH EQUATION

In Sec. II, we have formulated an fRG approach based
on an interaction flow starting from self-consistent equa-
tions [either the Bethe-Salpeter equations (4) or the SBE
equations (36)], which is not the predominant way to derive
flow equations in the fRG community. In most applications
[6], fRG approaches are designed from the Wetterich equation
[7-9], which can be derived from the generating functional

Z[J,J] = / De De e Stecicitendy (A1)
for a model with classical action S[c, c], e.g., Eq. (1). The 1PI
effective action [/, /] is defined as the Legendre transform
of W[J,J] = In(Z[J, J]) with respect to the source fields J
and J, with = SW[J Nand ¢ = EW“ J1 By introducing the
regulator via Gy — GO in the generatmg functional (A1) and
slightly modifying the Legendre transform defining I'[yr, ¥/],
one can then derive from this modified Legendre transform
an _exact 1¢ equation expressing the derivative d, Iy, y]=
I'[¥, ¥]1, known as the Wetterich equation. In practice, this
equation cannot be solved exactly (unless for very simple spe-
cific cases) and one must design an approximation scheme to
extract information from it. The choice of this approximation
scheme crucially depends on the problem under consideration.
To study competing orders in condensed matter theory, the
most widespread approach is the vertex expansion [3,5,9],
which consists in expanding both sides of the Wetterich equa-
tion with respect to the fields ¥ and ¥ [112]. From this
expansion, one can then extract an infinite hierarchy of ex-
act flow equations that take the form of expressions for the
derivatives

w,w:o)

(A2)

0 8Ty, ¥l
3AF(2),,|, ,1531\(_ _W 14
Yy 8V 8 - - 8Yn

With this setup, the approximation that is typically imple-
mented consists in retaining only the flow equation of the
self-energy % ~ I'® and that of the two-particle vertex V ~
'™, while ignoring the contribution of higher-order vertices
(i.e., T =0 form > 4) to close the set of differential equa-
tions thus obtained. This defines the so-called level-2 or 1¢
truncation of the fRG. It has led to numerous insightful studies
of many-fermion systems [5,6]. For more technical details on
the treatment of the Wetterich equation based on the vertex
expansion, we refer to the review [5] and the textbook [3].
The question that we want to address at the present stage
is how this widespread approach, i.e., the level-2 truncation
obtained from the vertex expansion of the Wetterich equation,
is modified when a regulator is added in the bare interaction
U. More precisely, we consider once again the substitutions
Gy —> G{)\ and U — U* in the classical action S[c, c] of the
form (1), but this time we follow the aforementioned pro-
cedure of the vertex expansion starting from the generating
functional Z[J, J] of Eq. (A1) to determine a closed set of flow
equations for the self-energy X and the two-particle vertex V.
The differential equations thus obtained are depicted in Fig. 8.
Even though we are still considering the fermionic model of
Eq. (1) with complex Grassmann fields, we do not represent
propagator lines with arrows in this figure to make the dia-
grammatic expressions less cluttered. We only want to focus
here on the general structure of the diagrams involved in those
equations, which will be sufficient to make our point. Most of
the diagrams shown in Fig. 8 involve the derivative U and are
thus generated by the substitution U — U*. In fact, setting
U = 0 in the flow equations of Fig. 8, the latter reduce to the
much simpler and well-known 1£-fRG equations, namely,

(A3a)

G)r=|v

vi= |V V

(A3b)

We can see with Fig. 8 that most of the U-dependent
diagrams generated by the interaction flow have a more
complicated nested loop structure, which would significantly
increase the cost of the underlying numerical treatment. For
that reason, we conclude that formulating the interaction flow
within the conventional fRG approach of the vertex expansion
combined with the level-2 truncation does not constitute an ef-
ficient approximation scheme to study many-electron systems,
at least for fermionic models with a quartic interaction [such
as the studied model based on Eq. (1)] [113]. One might try
to design further approximations to treat the flow equations of
Fig. 8, but we can also point out that, within the interaction
flow formulated within the multiloop SBE fRG framework in
Sec. 11D, the terms depending explicitly on U, more precisely
on B or ]-',, exhibit a 1¢£ or a 2¢ structure at most (e.g.,
]: olIl,0oZ, and Z, o II, 0.7: oI, o Z,, respectively, have
a 1¢ and a 2¢ structure). Hence, although the substitution
U — U* also generates additional terms in this framework,
it does not noticeably reduce the efficiency of the multiloop
SBE fRG approach.
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1% 1%
-@—:V+V ol o+ v vl o+ |v vl + |v| |ol| )+ |U
v U U Vi |U 1%
vi= |V V+///+ /+ +
v |V 1% v |V Vi |U
1%
+ + |V ol |V| + |V vl + |U
Vi |U

FIG. 8. Diagrammatic representation of the flow equations resulting from the vertex expansion of the Wetterich equation [3,5,9] generalized
by introducing a regulator in both the bare propagator G, and the bare interaction U, i.e., by introducing the RG scale A via the substitutions
Gy — G and U — U™ in the classical action (1). The equations shown in this figure are obtained from the level-2 truncation, which
means that all diagrams involving the 3-particle vertex or higher-order vertices are ignored. Solid lines with a dash represent the single-scale
propagator S = G|s_,, whereas the other solid lines correspond to the full propagator G.

It should be stressed, however, that this feature of our
interaction flow is not inherent to the SBE framework, but is
rather due to the fact that we started our derivation from self-
consistent equations, thus circumventing the expansions at the
origin of the diagrammatic expressions of Fig. 8. This can be
seen notably from the multiloop fRG equations underlying
our interaction flow scheme within the parquet decomposi-
tion, i.e., Egs. (68). Indeed, the diagrammatic structure of the
U-dependent terms in the latter equations is also of 1£ or 2¢
nature at most. In fact, it is known that, without any inter-
action flow (U = 0), the 1¢ flow equation (A3b) combined
with the parquet decomposition of V' coincides with Eq. (68a)
(e, dV =V oIl oV for U = 0) if the single-scale prop-
agator S = Gly_, [represented by a solid line with a dash
in Eq. (A3b)] is replaced by the derivative G [11], which is
known as the Katanin substitution [85]. Hence, the interaction
flow approach developed in this study from the Bethe-Salpeter
or the SBE equations can also be directly related to the con-
ventional 1¢-fRG scheme and can be used to improve or go
beyond the latter. We note in passing that, even though our
discussion was fully focused on the two-particle vertex V,
or vertices introduced via its decomposition (¢,, w;, A, A
and M,), similar remarks can be made for the self-energy flow
equations (82). Each of these equations involves U-dependent
terms with a 1£ or a 2¢ structure, which are of the same
complexity as the other terms like G- (U oI, oV) already
present when U = B, = F» = 0Vr. This stands in stark con-
trast to the expression of ¥ shown in Fig. 8.

APPENDIX B: SU(2) SPIN SYMMETRY
AND PHYSICAL CHANNELS

In this Appendix, we rewrite the multiloop SBE fRG flow
equations (60)—(62) for SU(2)-spin-symmetric systems in a

compact manner by introducing physical channels. We note
that this was already done in Ref. [61] for the multiloop
SBE fRG flow equations withoqt interaction flow [i.e., for
Egs. (60)—(62) with U =B, = F, = 0], so we also refer to
this work for more details on our forthcoming derivations. It
can be shown that SU(2) spin symmetry imposes the follow-
ing relations for the full propagator G and the full vertex V
[114]:

G = Goy 1o, (ki k1), (Bla)
= 85,0, G(ky |k1), (B1b)
Vionz = Voo o (ks ko Lk, k2)
= 80y.0180y.0V T kv, K [k ko)
~ 801028030V W (kKo lki, ka),  (Ble)

with VI = Vii14y - In subsequent equations, we will repeat-
edly use the shorthand notations

A7 = A(f()’|(f()’7 AUF = Aa?\a?a AGE = A(fﬁl?{h (B2)
where A denotes an arbitrary four-point object with respect
to spin indices. Note that 1 = |, | = 1. We can also infer
from Eq. (Blc) that the SU(2)-spin-symmetric two-particle
vertex V only has six nonzero spin components, which reduce
to three distinct components according to the relations
vil=vit. (B3

vt = VH, v = VM,

Similarly, for SU(2)-spin-symmetric systems, the objects in-
troduced in the SBE formalism, i.e., Wry Ar, and M, are also
fully determined by their 11, 1, and 1] spin components
[69,115].

As a next step, we introduce the physical channels,
originally introduced to diagonalize the Bethe-Salpeter equa-
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tions with respect to their spin indices for SU(2)-spin-
symmetric systems [66]. In what follows, physical channels
will be referred to with the letter X (as opposed to r for dia-
grammatic channels). More precisely, we define three physical
channels called magnetic (M), density (D), and superconduct-
ing (SC) channels that satisfy [116]

A =All - A;,f - —AI%, (B4a)
_ 4™ N

Ap = Al + Al (B4b)

Asc = A,T,,f, (B4c)

where the vertices A, on the right-hand sides can be any four-
point object with respect to spin indices, with the exception
of the fermion-boson vertices A, and the bubbles IT,. The
physical channels for the fermion-boson vertices are defined
as

— M N IR
ha = AL =2l = 4tk (B5a)
—_ M N
o=+ Atk (B5b)
hsc = Aby — by, (B5¢)

whereas the physical channels for the bubbles will be defined
later with Eqgs. (B26). The definitions (B5) are chosen such
that the vertices Vx satisfy

Vx(Q, k, k') = Ax(Q, k)ywx(Q)Ax(Q. k), (B6)

for X = M, D, SC. In the case of the SC channel for example,
one can use the definition of the e product in the pp channel
[i.e., Eq. (7c) for spin indices only] to obtain

. vA N
Vsc =V,
= [pr oWppe )‘pp]N

= Mppit ooy Wppioroyloasy M pprosoy |1
B SR NI LN NP AL S NP
= AppWpphpy +AppWppdpy T A w0,
T Tl
T AppWpphpp
= TN fl
=y —2pp )w;j ()‘;; - )‘%)’ (B7)
where the last line follows from the crossing symmetry of
wp(Q) [in the form of wll(Q) = —wli(Q)]. By setting
wse = w;[f [in accordance with Eq. (B4c)], Asc = )»IT,[% -
)»[T;g [in accordance with Eq. (B5c)], and Asc = X[T,; —A
Eq. (B6) is directly recovered for X = SC. This is how our
definition (B5c) for Agc is derived and the analogous rela-

tions for the other two channels [i.e., Eqs. (B5a) and (B5b)]
can be inferred in the same way. Furthermore, we note that
)»;Z + )»Z,f = —l—)»l% in the definition of Ay given by Eq. (B5a)
differs by a minus sign from A;),I + A;,f = —A% in Eq. (B4a).
This originates from the fact that the fermion-boson vertices
obey different crossing symmetry relations as compared to
other vertices like w, or M, [i.e., A, in Eq. (B4a)] [117].
Finally, we can also make another remark on the conjugates
Xx, which are defined analogously to Eqs. (B5). It can be
shown that, under time-reversal and crossing symmetry, we
have [33,69]

*x = Ax, (B8)

for X = M, D, SC. This property will be used in the rest of
this Appendix, therefore assuming that time-reversal symme-
try is also respected.

In order to rewrite the multiloop SBE fRG flow equa-
tions underlying our interaction flow scheme, i.e., Eqs. (60)—
(62), for SU(2)-spin-symmetric systems, we will also evaluate
and simplify sums over frequencies and momenta that take the
form

Aoll, oB, (B9)

with TT, replaced by its derivative IT, in some of the terms
of the 14 flow equations (60). Here, A and B are four-point
objects with respect to frequencies and momenta that satisfy
the relations

Aky, kylki, ko) = A(Qr, ks k), 4k ki +1o» (B10a)
B(ky, ky ki, ko) = B(Qy., kr, k;)Sk,+iy ki +k» (B10b)
which also apply to the whole term A o I, o B, i.e.,
[AoI1, o Bl(ky, ko |ki, k2) =[A o T1, o BI(Q,, kr, k..)
X Sk theys Ky Ak - (B11)

Moreover, frequency and momentum conservation laws for
the full propagator yield

G(kylky) = G(k1)d, k, - (B12)

Combining the latter equality with the definitions (6) for the
bubbles leads to

[ pn(ky, ky ki, k2) = —G(ka)G(k1)8ky 4y Oky ks (B13a)

s Ik, ky ki, ko) = Gk )G (k2)dg,, k Sky ke (B13b)

pp’ T,p ki, kylki, ko) = 3G(k)G (k)8 4, Sy oko- (B13c)

From Egs. (B10), (B11), and (B13), it follows that
J

[A 0 Tl 0 BUQpis ko kiy) = > A Ky Kiy) o T Qs Ky ) 0 BQoi, Ky, KLy, (Bl4a)
ki

[A o T, 0 BQy, kp—h, k;fh) = ZA(Qp—h, kﬁ, k;)Lh) o I15:(00 k;7) «B(Qy, k#, k}’)fh), (B14b)
g

pp’ k/pp).npp(Qppv k/p/p)°B(Qpp7 kpp’ k;;p)v (B14C)

[A o T, 0 BUQpp, kpp, k) = ZA(Qppv

k"

I
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where

Q h Q ph
th;(rl/azrlalaz (Qph’ kph) = _Gaz/\(rl (Vph + ’771)—‘ ’ kph + Qph) G(rl/\(rz <vph - LT[J s kph) P
QW K Q,Th K
Moo o102 Qo Koi) = Gorvton | Vi + | 5 1 K + Qi | Gyl | Vi = | 57 |- K |-

1 Q Q
Hypioyoyi010:(Cpps Kpp) = EGU]’lgl (L%J — Vpp, Qpp — kpp) Goylo, (Vpp + [%—" kpp>~

Note that Egs. (B14) are still valid if the bubbles IT, are
substituted with their derivatives IT,.

We then turn to the evaluation of the sums over spin indices
in the flow equations (60)—(62) for the SU(2)-spin-symmetric
case. For this, we recall our definition of the e product [in
accordance with that of the o product in Egs. (7)] between
two arbitrary four-point objects with respect to spin indices A
and B:

Ph . [A . B]O'l/0'21|17]0'2 = A0'40'21‘63O'ZBO'1/0'3|0'|0'4 s (B16a)

ﬁ . [A .B]O‘l/02/|0102 - Aal/a4\a30230302/|0104 s (B16b)

pp [A L B]olrazrlalaz = A61/0'2/|O'3O'4B(73(74|O'](72 . (B16C)

Repeated spin indices [03 and o4 in Eqgs. (B16)] are
summed over their two configurations 1 and |,. When SU(2)
spin symmetry is preserved, the four-point objects manip-
ulated in our formalism (A = w,, A,, M,, ...) orlly have Asix
nonzero spin components (ATT, A¥Y, ATV AVT ATV Jand AV,
Using this property together with the definition (B16) for the
e product, we find

ph: [AeB]V = ATVBTY
[AoB]N = ANBM —i—AwBN,

[AeB]'T = AMB 4 AVIBTY (B17a)
Dh: [AeB]Tt = Al

[A«B]'"t = ATTBI 4 AT BT,

[AeBITV = AMBY £ ATBY (B17b)
opt [AeB]' = AMBI,

[A,B]ﬂ — ANBH ;AT BT,

[AeB]™ = ANBN £ AT BT (B170)

which can be extended to products between three vertices,
thus yielding

ph: [AeBeC]! = AT £ AT RO
+ AV BN CM AV BH Y
[AeBoC]M = AT BMCH 4 AN BN
LAYBNCM £ ANBH O (B18a)
Ph: [AeBeCIM = AT BN, (B18b)
pp: [AeBeCIT = ATV 1 aTlgHCtY
+ANBTAiciAT +AF¢B¢¢C¢7’

(B15a)
(B15b)
(B15¢)
{
[AeBeC]TV = At BN CT 4 AT B CTY
1At Bt L AT g CIt (B18e)

where C is also an arbitrary four-point object with respect
to spin indices [118]. When rewriting the generic flow equa-
tions (60)—(62), Egs. (B18) will be often used with B = II,.

The SU(2) spin symmetry also implies that l'[N = l'[ig =0

and H;‘,f = l'[j; = 0, as can be seen by comblmng Eq. (B1b)
with the definitions of the bubbles given by Egs. (6). In that
case, Eqs. (B18) can be rewritten as

ph: [AeTl,yeBI" =AM TIIBM + AV B,
[AeTl,eBI™ = ANTIIIB 4 AV T BT,
(B19a)

. _ N ANt ety
ph: [AeTeBl™ = ANTIBY, (B19b)

. Mo AN Rt it plt
pr: [AeTl,,eBI™ = AT BT 4 AT BT,

N ANt ptd Ngitpit
[AeTl,, e Bl = AN TIN BT + ATV T BT
(B19¢)

These equations also hold if each bubble IT, is substituted
with its derivative ﬁ,.

We have thus introduced a set of relations that we can
use to rewrite efficiently the generic flow equations (60)—(62)
for SU(2)-spin-symmetric systems. We focus on the 1£ flow
equations for the bosonic propagators given by Eq. (60a).
According to the definitions of our physical channels set by
Egs. (B4), the 1¢ corrections for the bosonic propagators for
the physical channels satisfy

S0 (1O

Wy = W (B20a)
(15) — w(lhﬁ)TT LW (IZ)N (B20b)

g = wioT (B20c)

One can then insert the expressions of w!!9 for r =
ph, ph, pp given by Eq. (60a) in the right-hand sides
of Eqgs. (B20) which, after simplification using some of
the relations that we have just introduced [Eqs. (B14),
(B18), and (B19) in particular], would lead to the 1¢
SBE fRG equations in physical channels for our interaction
flow scheme. Let us illustrate how this is done in detail
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for the term

~(1¢
"

=w,er,0ll,0U oIl oA, ew,, (B21)

which is involved in the expression of w!'® in Eq. (60a). The

contributions of w( 9 to (1@) wl()w) and w(m in Egs. (B20)

read
17};/1[0 _ _;U%zm
= —[ijokpjo prho Uo l'[pfho)\ﬁo wpfh]N,
(B22a)
ﬂ«}g@) — 17);1}:5)?? + IT}LIhZ)N

= [w,,h o)\.ph o th o U o th (@) )"ph . w,,h]M
+ [wph ')\ph o th oUo th o )\ph . w,,h]N,

(B22b)

(10 _ =101
Wsc = Wy,

ppodppe w,,,,]”
(B22¢)
|

= [wppeApp 0 Hp,,oUo

~(1@)

~(1e)

+ [Apn(Q, k) o TT(Q, k) o [U © Ty 0 Apn1(Q, k)T,
o (0) = 2(wsc(0))? Z([A,,,,(Q k) e I,,(Q, k) e [U o T, 0 Ay (Q, k)T

~(1@)

— Dopp(Q. §) « T, (Q, k) o [U © TT,, 0 4,10, )TTH).

(Q) = —(wn(Q))* Y D@, k) o TTr(Q. K)o [U
k

Equations (B18) can then be used to evaluate some of the
sums over spin indices with A =C =w, and B= 2, oIl, o
U o I1, o A, for r = ph, ph, pp, which gives

~(1¢ .
Wy = —(wn)* Ay 0 Ty o U o Ty o A,
(B23a)
~(1¢ .
05" = (wp)2(TApn 0 My 0 U o Ty 0 app]!!
+ Ao pyolUolyonryl™),  (B23b)

~ (1)
e = 2(wsc)*([App 0 My 0 U o T, 0 4,1 T

—Dyppo Ty ol oMy, on,l),  (B23c)

15

with wy = —w., wp = +wph, wse = w;]f, and
Eq. (B23c) also follows from the relation wglf =—wl,

which reflects the crossing symmetry of w,,. As a next step,
we perform some of the sums over momenta and frequencies
in Egs. (B23) by considering Eqs. (B14) with A = A, and
B =U oTl, o A, for r = ph, ph, pp. This yields

I 0 410, o1t (B24a)

(@) = (wp(Q)) Y _([2pn(Q, k) o Ty (Q, k) o [U 0 Ty 0 A ](Q, k)T
k

(B24b)

(B24c)

We can then exploit Eqs. (B19) to evaluate the o products in Eqgs. (B24), which leads to

~(ll)

wy (Q) =

~(1Z)

wp (Q) =

N(u)

(wn(Q)) Y am(Q. D)Iu(Q. k)[U o T 0 21" (Q. k).
k

(wp(@)* Y Ap(Q, KTp(Q, k)T © Ty 0 kpn] " (Q, k) + [U © T, 0 2] ™ (Q, K)),
k

Q) = (wsc(@P Y Asc(Q. MTTsc(Q. kU o Ty 0 App] Q. k) — [U 0 Ty 0 4,1 TH(Q. ).
k

(B25a)

(B25b)

(B25¢)

We have used here the definitions of the physical channels for the fermion-boson vertices 1y, i.e., Egs. (B5), and for the

bubbles Iy, i.e.,

Mw(Q. k) = Mp(Q. k) = ~N111(Q. k) =

Q Q
Msc(Q. k) = 2MM(Q, k) = GQEJ -v,Q— k>G<u + [ﬂ k),

where G(v, k) =

H;,j (0, k) =

(B26a)

oo 2hra)elc-[2]2)

(B26b)

G(k) was already introduced in the right-hand sides of Eqgs. (B12) and (B13). Finally, one can proceed with

the same reasoning to treat the sums involved in the terms U oTl, o A, in Eq. (B25), namely, by using Eqs. (B14) and then
Egs. (B19) with A = U and B = A, for r = ph, ph, pp. In that way, we obtain

~(l€)

kK

By (Q) = (wx(@)* Y Ax(Q, Hx(Q, HUx(Q, k, K)TTx(Q, K )x(Q. k),

(B27)
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for X = M, D, SC, and Uy is defined following Eq. (B4) as

Ug=U"—-U™=—UM, (B28a)
Up=U"+U™, (B28b)
Usc = U™ (B28c)

To derive Eq. (B27) for X = SC, we also used the relation

D WO K k) = UNQ. K )T K )hsc(Q. k) =2 U™, K, T (Q. K )Asc(Q. k), (B29)
12 K
that follows from the crossing symmetry of U, I1 pp» and A,,. Each term involved in the right-hand sides of the generic flow

equations (60)—(62) can be treated in the same way as 17)515), still by exploiting Eqgs. (B14), (B18), and (B19) to obtain a final

contribution in the form of Eq. (B27). This procedure yields the following flow equations:
i’ (Q) = (wx(2) Y Ax(Q. bTIx(Q, k)Ax(Q. k)
k

+(wx(@) Y Ax(Q. Hx(Q. U (Q. k. K)TTx(Q. K)Ax(Q. k) + Bx(Q)

kK

+wx(Q) Y 0x(Q, HIX(Q, K)Bx(Q) + Bx(Q)TTx(Q, H)Ax(Q, k), (B30a)
k

AP0 =Y ax(Q. K)TIX(Q KITx(Q. K k) + Y ax(Q. KT (Q. K )Fx(Q. K, k)
.

k!
+ D ax(Q. KX (Q. KN Fx(Q. K k) x(Q. K" Ix(Q. k. k), (B30b)
k' k"
M (Q. k. K) =y Tx(Q. k. K)Ix(Q. K"V Ix(Q. K", k) + ) | Tx(Q. k. K" )Tx(Q. k") F(Q. K", k')
K k

+ ) Fx(Q, k, KIX(Q, K)Ix(Q, K", k')

k"

+ Z IX(Q? kv k//)HX(Qs k//)]_'—X(Qv k//v km)HX(Qs km)IX(Q» kms k/)v (B3OC)

Kk
wd(0) =0, (B31a)
MW,k =Y ax(Q, KX (Q, K )L (Q, K, ), (B31b)

k'

MPQ. k, k) =" (0, k, KTIX(Q, K)Ix(Q, k", k) + > Ix(Q, k. K)OTIX(Q, K¢ (0. k', k), (B3lc)
k’/

k!/
and, for £ > 3,
Wi (Q) = (wx(2))’ Y 2x(Q, HTIX(Q, k)d§ > (Q, k, KHTIx(Q, K)Ax(Q, k), (B32a)
k,k'

M. 0) = > Ax(Q. K)TIx(Q, K)$L (0. K k)
2

+ Y (@, X (Q, )Y (0, K, K TIx(Q, K)Ix(Q, K", k), (B32b)
K k"
M (Q kK = ) by ™(Q. k. K)TIx(Q, K VIx(Q. K. K) + ) Tx(Q. k. k) (Q.K )by~ (Q. K" &)
K K
+ ) Ix(Q, kKO (Q, K)dE ™20, K", K"k (Q, K"V Ix(Q, K", k), (B32c)
Kk

023029-22



FUNCTIONAL RENORMALIZATION WITH INTERACTION ... PHYSICAL REVIEW RESEARCH 8, 023029 (2026)

where X = M, D, SC. We recall that all objects defined in physical channels (i.e., labeled by the letter X) are defined by
Egs. (B4), with the exception of the fermion-boson vertices Ax and the bubbles ITx given by Egs. (B5) and (B26), respectively.

We also have the following expressions for Zx:

T = Myt + PP =P (g — @) — PP Pighe + Fy,
I = Mp — 2PP > Phgy 4 2PPP= Pl — pPPPhpee o LpPphgyy — o) + Fo,

Isc = Msc + 5P 7P (¢p — dm) — PP PPy + Fsc,

where
¢x = Vx + Mx — By, (B34)

and the vertices Vx(Q, k, k') still satisfy Eq. (B6) [with
Eq. (B8)]. P"~" are the projection matrices, which trans-
late conventions between our different channel notations set
by Table I for frequencies and momenta. Note that, for our
numerical implementation, we use the expressions of the pro-
jection matrices P*~" given in Refs. [25,119]. Furthermore,
the derivatives qﬁg)(Q, k, k') can be written as

) = APPTG — 6) - P 3
q;(ﬁ@) — _2pp7h—>phq§1(\ﬁ) + ZPW’_)”théEC) _ pppﬁpihqgélc)
+ LR (G0 — G0, (B35b)
P = Lpr=rr (60 — ) — PPIPGD  (B3Se)
with
) = VO + MO — Bxdi, (B36)
and
V(0. k. K) =30, bHwx(Q)2x(Q. k)
+ Ax(Q. by (@)2x(Q. k)
+Ax(Q. Hwx (@A (Q. k). (B3T)

The results (B30)—(B32), with Egs. (B33) and (B35), are the
multiloop SBE fRG flow equations underlying our interac-
tion flow scheme in physical channels. The corresponding
initial conditions for the flowing objects are given by w)‘é‘"“ =
Bg, ax™ =1, and My =0, where Ajy is the initial
value for the RG scale A. They are valid for fermionic
systems with a classical action consistent with Eq. (1), pos-
sessing translational-invariance and energy conservation [see
Egs. (2)] and respecting time-reversal and SU(2) spin symme-
try [see Egs. (B1) and (B8)].

(B33a)
(B33b)
(B33c)

Regarding the self-energy flow equations, we explained in
Sec. I D 4 that we will notably consider the Schwinger-Dyson
equation rewritten within the SBE framework [99] for the
studied models with F,, = 0 (Hubbard atom and AIM). Under
the same assumptions as those used to derive the flow equa-
tions (B30)—(B32), this formulation of the Schwinger-Dyson
equation reads in the magnetic channel [99]

20 = Y wm(@in(Q. K)Gk + Q). (B38)
0

where k = v+ L%J, k), with O = (2, Q) and k = (v, k).
Introducing the RG scale A via the substitutions Gy — G

and U — U™, we obtain the following flow equation from
Eq. (B38):

S(k) =Y im(@am(Q, DGk + Q)
0
+ ) wn(Q)im(Q. DGk + Q)
o

+ > wnm(@an(Q. K)GK + ). (B39)
0

Following Ref. [99], relations analogous to Egs. (B38) and
(B39) can also be derived in the D and SC channels. Since the
right-hand side of Eq. (B38) does not explicitly involve the
bare interaction U, the flow equation (B39) does not contain
any additional U-dependent term compared to its counterpart
used in a conventional fRG approach relying on a regulator
introduced in the bare propagator only (with U = 0). In the
main text, we consider additionally a model with nontrivial
fermionic bare interactions F,, the AHIM. In this case, the
form in Eq. (B39) is no longer valid (cf. Appendix B in
Ref. [99]), and we must in this case work directly adapt
the self-energy flow equation (82a) to SU(2)-spin-symmetric
systems to arrive at

- . i . o - Q- N\, .,
T(iv) = — Z 20(iv —iv— > —UIQ) |G — iv, V)W | i — iv, iv + 5 v )GGY)
v, - L < - L -

i .y . iQ . i : . . .y . . . iQ - lv/ .y .

— Z 2U v —iv — S|~ U@Q) Iy (i2 — iv, iv)Vm| i2 — iv, iv + 5 , W )G>YY)
iv,iQ - S - L -

(.. i o | . ey (e Q- N\, .,

— Z 2U v —iv — > |) - UGQ) Iy (i2 — iv, iv)Vum| i2 —iv, iv + 3 , )G
iv',iQ - S - L -
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FIG. 9. Susceptibilities and fermion-boson vertices for the HA in the magnetic and density channels at 8 = 1, U = 2, and at half filling.
Similarly to Fig. 3, the results are shown at 1¢ and oo (fully converged) multiloop order for the two flow schemes defined in Sec. III A. Note
that the D and SC channels are degenerate, i.e., xp = xsc and Ap = Agc. The insets in the left-hand panels show the same susceptibilities as
the corresponding main panels, but magnified around €2 = 0. The panels on the right-hand side show the average number of loop corrections

per self-energy iteration (V,)s and the corresponding number of self-energy iterations Ny at each step of the flow.

.y . iQ . . . .y . . . iQ_iV/ .y e )
_ Z |:2U (zv —iv— {7J) — U(ZQ{| My (2 —iv, iv )VM(lQ — v, iv + {TJ v >G(lv )

i
=Y UGv —iv)G@v') = Y Uiv — )GV, (B40)
{
with Vyy = V1T — v, requirement that
) _BU
APPENDIX C: RESULTS FOR THE HUBBARD max TIx(iQ2 = 0)Ux| ~ - = 1. (C2)

ATOM AND 2¢ FRG

Here, we provide benchmarks for the Hubbard atom (HA).
Additionally, we comment briefly on the performance of the
U -flow (2025) in the 2¢ fRG.

The HA describes a system consisting of a localized site,
which can host up to two electrons (one with spin-up and
another with spin-down). It is SU(2)-spin-symmetric and
satisfies frequency conservation. The HA is an important
benchmark for the Hubbard model at strong interactions,
where the hopping is negligible. The bare propagator is given
by

1
Go(iv) = - ; (ChH
w—pu
where o is the chemical potential. The bare interaction is
given by the on-site Hubbard-like interaction of Eq. (86). In
this model, the criterion of weak coupling is governed by the

We performed calculations for the HA at § =1 and U =
2, at half filling. This parameter choice satisfies Eq. (C2).
Once again, we benchmarked the performance of the U-flow
(2025), similar to what is discussed in Sec. IIl. The corre-
sponding results are shown in Fig. 9 for the susceptibilities
and the fermion-boson vertices. The conclusions we draw are
exactly the same. In particular, the U-flow (2025) converges
to the self-consistent PA result in a very similar manner to that
of the U-flow (2004). Thus, we have shown loop convergence
of our flow equations with an interaction in the regulator only
yet for another model.

Although both flow schemes reach full convergence within
a comparable number of loop corrections and self-energy
iterations, the results of the 1£ calculations for both the U-
flow (2025) and the U-flow (2004) look quite different. To
investigate this further, we performed 2¢-fRG calculations for
both the AIM and HA. The corresponding results are shown
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FIG. 10. Susceptibilities and fermion-boson vertices at 1¢ and 2¢ truncations for the HA (left) and the AIM (right), for the same set of

parameters as Figs. 3 and 9.

in Fig. 10 for the susceptibilities and fermion-boson vertices
and in Fig. 11 for the self-energies.

In the 1¢ truncation, the U-flow (2025) scheme actually
performs worse than the U-flow (2004). In the 2¢ truncation,
both results are improved, but the relative improvement from
1€ is larger for the U-flow (2025). This can be seen particu-
larly from the fermion-boson vertices Ax. Thus, it appears that
the U-flow (2025), while it performs worse at low loop orders,
converges with a higher rate for higher loop orders.

In the 2PI formalism, it has notably been observed that
interaction flows similar to the U-flow (2025) perform worse
overall than schemes involving Gy — G{)‘ [49]. An aspect of
nonregularizing flow schemes like the U-flow (2004) or the
U-flow (2025) is that they consider all frequency modes at
every step of the flow, an effect that leads to an overestimation
of fluctuations in truncated flow equations [104]. As such, we
conclude that the U -flow (2025) scheme, which we introduced
here only for its simplicity as a test ground for loop conver-
gence, should be avoided at low loop orders.

However, there is an important caveat. At finite loops and
especially at low loop orders, the results still depend on the
choice of the regulators (i.e., on the functions G{)‘ and U%).
This could be improved by identifying the functions G{)\ and
U” that optimize the 1¢ (or other low-order) truncation(s)
within our scheme. This substantial task is beyond the scope
of our paper (see notably Ref. [120] for a detailed study of
regulator dependence in the context of other fRG approaches).
We stress that our interaction-flow scheme provides more
freedom and flexibility to perform such optimization since
it relies on two regulators (G(’)\ and U?) instead of one in
traditional fRG approaches (only G2).

N
é 4 === U-flow (2004)
03 ,5/ ------ U-flow (2025)
' * A1
x v 2
1 3 5 7 9

Im>3(v)

FIG. 11. Imaginary part of the self-energy at the 1¢ and 2¢ trun-
cations for the HA and the AIM with the same parameters as Figs. 3
and 9 for the two flow schemes defined in Sec. III A. The converged
oo/ results (not shown) lie exactly on top of the corresponding result
from the self-consistent PA.
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APPENDIX D: TECHNICAL ASPECTS AND FREQUENCY
PARAMETRIZATION

In this Appendix, we specify the technical aspects of
the numerical calculations performed in Secs. III and IV
and Appendix C. All vertex objects are calculated inside
finite frequency boxes. An algorithmic advantage of SBE-
fRG formulations is that under usual circumstances (in the
symmetry-unbroken phase), their complexity decreases as
their importance increases. The most important objects being
the bosonic propagators wx, depend on only one bosonic
argument, whereas the multiboson/rest functions My, often
found to be less important [60,61,71,72], depend on one
bosonic and two fermionic arguments. As such, it is natural
to choose bigger frequency boxes for wx, smaller for Ax and
smallest for the rest functions M. In what follows, we specify
the number of positive Matsubara frequencies that define the
boxes of frequencies calculated and stored for each object
every step of the flow.

(1) 240 fermionic frequencies for the self-energy ¥ and
its derivative 2.

(2) 1536 bosonic frequencies for the bosonic propaga-
tors wy, Wy, and the bubbles ITx, ITx, and 1536 fermionic
fermionic for the bubbles Iy, I1x.

(3) 48 bosonic frequencies for the fermion-boson vertices
Ax, ng ) as well as the rest functions My, M)(f ) and irreducible
vertex derivatives ¢>§f ).

(4) 48 fermionic frequencies for the fermion-boson ver-

tices AX,ng), and 24 fermionic frequencies for the rest

functions My, M)(f ) and the irreducible vertices I')(f).

Outside of the boxes, the objects take on constant asymp-
totic values. In particular, care must be taken when U # 0 that
W satisfies

. O ey 1 5 .
iﬂlirg:loo wy (i€2) = igliriloo Bx(i0)3e.1.

(D)

For more details on the asymptotics of the other SBE objects
even when Fx # 0, we refer the reader to Ref. [72].

For the multiloop convergence criterion, we choose a tol-
erance &y = 1074, so that we cut the multiloop series at £*
when max [V 9| < ey. For convergence in self-energy itera-
tions, we choose a tolerance e, = 1073, i.e., we stop iterating
once updating the self-energy changes the vertex by less than
&se. For all our calculations (including those performed with
the 1¢ and 24 truncations), we also use > = 0 as initial guess
for the derivative of the self-energy for the first self-energy
iteration. We refer the interested reader to Ref. [61] for more
details.
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