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Inner-shell x-ray lasing in x-ray free-electron laser-driven highly ionized plasmas
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We present an efficient time-dependent Maxwell-Bloch transport model for simulating inner-shell x-ray lasing
(XRL) in x-ray free-electron laser-driven highly ionized and excited nonlocal thermodynamic equilibrium plas-
mas. The model selectively retains all coherences between lasing levels together with nonradiative coherences
linking adjacent lasing transitions. This model fully accounts for all processes governing population evolution,
enabling accurate and efficient simulation of complex atomic systems. Applications to neon and argon gases
reveal distinct amplification behaviors across charge states. In neon, multiple lasing lines spanning low to high
ionization stages are identified, where low-charge-state transitions are strongly shaped by autoionization and
saturation, while high-charge-state transitions exhibit pronounced coherence signatures such as Rabi oscillations
and Rabi splitting. In argon, amplification is dominated by a few strong channels, while weaker ones are
suppressed by nonradiative coherence effects in A-type subsystems. Overall, our results demonstrate that laser
field-induced multilevel coherent coupling plays a crucial role in shaping XRL gain and spectra. This framework
provides a versatile and predictive tool for designing XRLs with tailored temporal and spectral properties, with

potential applications in ultrafast science, nonlinear x-ray optics, and precision spectroscopy.
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L. INTRODUCTION

x-ray free-electron lasers (XFELs) have revolutionized
the study of light-matter interactions by providing atomic-
scale spatial and femtosecond temporal resolution [1,2].
Their high-peak intensity and outstanding transverse coher-
ence have enabled breakthroughs in ultrafast imaging and
probing [3,4]. However, their limited longitudinal coher-
ence, with spectral bandwidths typically ~0.1%, hinders
applications in precision spectroscopy, nonlinear optics, and
coherent control [5-7]. To address this challenge, both
beam manipulation techniques (such as seeding and self-
seeding) [8—12] and alternative lasing schemes [13—16] have
been explored. Among these, atomic x-ray lasers (XRLs)
based on population inversion provide a promising path-
way toward spectrally narrow, temporally coherent x-ray
radiation.

Population-inversion-based atomic lasers were first pro-
posed in the 1960s [17] and experimentally realized in the
1980s [18,19], with diverse pumping schemes enabling lasing
from the visible to the extreme ultraviolet [20,21]. Extend-
ing photoionization-pumped XRLs to shorter wavelengths
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was challenging until the advent of XFELs. Thanks to their
extremely high-peak intensities, XFELs enabled the first ex-
perimental demonstration of a neon XRL at 849eV (1.46nm)
via rapid K-shell photoionization [14], producing ultrashort,
coherent x-ray pulses with narrow bandwidth and a stable
central frequency—key advantages over self-amplified spon-
taneous emission (SASE) XFELs. Since then, XFEL-driven
XRLs have been extended to higher photon energies and com-
plex systems. For example, Yoneda et al. realized a hard x-ray
laser at 8.27keV (0.15nm) in copper foils using both am-
plified spontaneous emission and seeded schemes [22]. Kroll
et al. demonstrated chemically selective stimulated Ko and
seeded KB emission in manganese systems [23,24]. Doyle,
et al. achieved seeded stimulated emission (SSE) at 5.9keV,
lowering the pump intensity threshold by nearly 3 orders of
magnitude [25]. Zhang, et al. generated intense, phase-stable
femtosecond hard x-ray pulse pairs via superfluorescence
and SSE, enabling attosecond-scale pump-probe studies [26].
Together, these results establish XFEL-driven XRLs as a pow-
erful platform for spectrally pure and temporally coherent
X-ray generation.

These experimental advances have, in turn, stimulated sig-
nificant theoretical developments. Two main approaches have
been pursued: (1) rate-equation models [27-32], which de-
scribe population dynamics by tracking the diagonal elements
of the density matrix and (2) Maxwell-Bloch (MB) for-
malisms based on the density-matrix method [33—44]. Using
rate equations, Rohringer and London [28] investigated
XFEL-pumped inner-shell lasing in neon and demonstrated
the feasibility of generating intense, subfemtosecond x-ray
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pulses via transient population inversion. Their model also
predicted the possibility of multiwavelength lasing from
different charge states. Although widely used to analyze am-
plified spontaneous emission, this framework treats stimulated
emission only at the rate level, without retaining the optical
phase and quantum coherence of the medium, thereby missing
coherence-driven phenomena. In contrast, the Maxwell-Bloch
formalism explicitly accounts for atomic coherence, coupling
the density matrix of the medium to the radiation field via the
macroscopic polarization term. This model has successfully
reproduced both XFEL- and plasma-pumped XRL experi-
ments [23,24,45,46]. However, its computational cost scales
quadratically with the number of atomic levels involved, mak-
ing full simulations of complex multilevel atoms or ions
impractical. As a result, density-matrix-based models are
usually restricted to simplified few-level systems [47], high-
lighting the need for approximate or hybrid methods that can
efficiently capture both population dynamics and coherence
effects in complex atoms.

To overcome these limitations, and building on the work of
Rohringer and London [28], we extend the theoretical treat-
ment to multilevel systems while incorporating essential co-
herence effects. Instead of propagating the full density-matrix
elements, we introduce a reduced model that retains only two
types of coherences: (1) optical coherences between lasing
levels and (2) those associated with nonradiative couplings be-
tween the terminal states of adjacent lasing transitions that are
connected via a common intermediate level (hereafter referred
to as nonradiative coherences). These two coherence types are
schematically shown in Fig. 1 (red solid and green dashed
arrows, respectively). Here, these nonradiative couplings re-
fer not to direct physical transitions between the terminal
states, but to quantum coherences in the density matrix that
arise from the common coupling of these states to a shared
intermediate state, thereby mediating quantum interference
between the corresponding lasing channels. All other coher-
ences are neglected in this reduced model. This truncation is
physically motivated, as it maintains the coherences most rel-
evant to stimulated emission and cascade amplification, while
significantly reducing computational cost. To simulate the
lasing process, we develop a one-dimensional Maxwell-Bloch
model. The atomic medium is described using a simplified
density-matrix representation that preserves full population
dynamics and the essential coherences. The model is cou-
pled with a dedicated Monte Carlo algorithm that computes
temporal population evolution, enabling simulations of large
multilevel systems while keeping computations tractable. As
case studies, we apply this method to simulate XFEL-driven
photoionization pumping in two atomic gases: neon, com-
prising 297 energy levels and 627 x-ray transitions included
in the propagation and amplification calculations, and argon,
involving 56 202 energy levels and 535 such transitions.

This approach captures the full spatiotemporal dynamics
of x-ray generation, propagation, and amplification across
multiple lasing channels. Compared with rate-equation mod-
els, it explicitly incorporates coherence, while compared with
full density-matrix treatments, it offers orders-of-magnitude
computational savings. The method thus provides a scalable
and physically transparent framework for investigating multi-
channel coherent lasing dynamics in complex atomic systems.
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FIG. 1. Schematic illustration of the coherences retained in the
reduced Maxwell-Bloch model. The complete set of atomic energy
levels (left) is partitioned into constituent lasing subsystems (right),
which include ladder-type, A-type, and V-type three-level subsys-
tems, as well as two-level subsystems. The selection of subsystems
is based on the lasing transitions relevant under the XFEL-driven
population-inversion conditions, identified using criteria such as the
transition energy and the radiative decay rate. For the Ne example
considered in this work, we select lasing transitions whose radiative
decay rates exceed 10° s~!. Energy levels that do not participate
in any selected lasing transition are nevertheless fully included in
the rate-equation treatment of population kinetics, represented by
brown horizontal dashed lines labeled as | — —), where each | — —)
may denote multiple energy levels. Each level in this diagram
represents a fine-structure level characterized by the total angular
momentum J, without explicit resolution of magnetic sublevels M.
Energy levels included in lasing subsystems are shown as black
horizontal solid lines, numbered consecutively for visual clarity.
Red solid arrows indicate optical coherences between lasing levels,
whereas green dashed arrows indicate nonradiative coherences be-
tween terminal states of adjacent lasing transitions. These arrows
identify the nonzero off-diagonal density-matrix elements retained
in the reduced model; all other coherences are neglected. Notably,
subsystems 5 and 6 share the lasing transition |12) < [15), and
many other coupled subsystems of this type can arise. When a
lasing transition is shared by multiple three-level subsystems, the
time evolution of the corresponding optical coherence (e.g., p12.15)
must incorporate contributions from all subsystems containing that
transition. For example, the evolution of pj ;s is simultaneously
driven by nonradiative coherences from subsystem 5 (p;2,14) and sub-
system 6 (p13.15). This subsystem decomposition preserves complete
population coupling across the full atomic kinetics through the rate
equations, while restricting coherence tracking to localized two- and
three-level configurations. This reduces computational complexity
while retaining the essential quantum interference effects between
coupled lasing channels.

II. THEORETICAL METHOD

The MB formalism is a semiclassical model that describes
the coherent interaction between an electromagnetic field and
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a quantum system. It couples Maxwell’s wave equation for
the field propagation with the optical Bloch equations for
the quantum-state evolution. A core simplification within the
standard MB framework is the rotating-wave approximation
(RWA), which neglects the fast-oscillating, nonresonant terms
in the interaction Hamiltonian. The RWA significantly sim-
plifies the equations while remaining highly accurate near
resonance, making it an essential concept in laser theory and
coherent optics. A more general and classical treatment of the
MB formalism and the RWA can be found in standard texts,
e.g., Ref. [48], with the seminal application of RWA in quan-
tum and semiclassical radiation theories being demonstrated
in Ref. [49]. We model the propagation and amplification
of XFEL-driven atomic x-ray lasing using a one-dimensional
semiclassical MB formalism. The emitted x-ray field is treated
as a classical electric field under the slowly varying envelope
approximation (SVEA), and its propagation equation is de-
rived from Maxwell’s equations coupled to the macroscopic
polarization of the medium, which arises specifically from
the quantum coherence induced by the lasing transitions. The
medium is described quantum mechanically using a reduced
density-matrix representation.

The total linearly polarized electric field propagating
along the z axis is decomposed into its frequency com-
ponents, E(z,t) = Zi(_)j %[Si_,-(z, e~ +c.c.], where w;;
and &;;(z,t) are the angular frequency and the slowly vary-
ing complex envelope associated with the i <> j transition,
respectively. The polarization is decomposed analogously,
P(z,t) = Zi(_)j %[Pij(z, t)e~™@i' 4 c.c.], the polarization en-
velope is given by P;; = 2Nu;;p;;j, where N is the atomic
number density, ;; is the dipole matrix element for the i <> j
transition, and p;; is the off-diagonal density-matrix element
associated with this transition. Under the SVEA, the evolution
of the x-ray electric field envelope is given by [33,35,36]

d 10 b . wjj P 1
3—Z+za ij(Z’t)—lFOc 1 (2, 1), (1)
where c is the speed of light in vacuum and € is the vacuum
permittivity. We introduce the retarded-time coordinate, T =
t — z/c, which represents the time in the co-moving frame of
the propagating x-ray pulse. By transforming the coordinates
from (z,t) to (z, ), the propagation equation simplifies to
2&j(z,T) = i 522 Pj(z, 7). This expression highlights that,
in the co-moving frame, the field envelope at a given retarded
time t evolves only with propagation distance z.

In the reduced model, only two types of coherences are
explicitly retained: (1) optical coherences between lasing
levels and (2) nonradiative coherences between terminal states
of adjacent lasing transitions (see Fig. 1). Each selected lasing
transition is modeled as an independent two-level subsystem
when its upper and lower states do not participate in any other
selected transition. Whenever two selected transitions share a
common atomic level, they are instead grouped into a coupled
three-level subsystem to correctly capture population ex-
change and coherence between the shared state. This subsys-
tem construction follows directly from the selection of lasing
transitions, which identifies those most likely to undergo am-
plification during the propagation of the XRL pulse. Depend-
ing on the energy-level structure, the three-level subsystems
may be cast into one of three canonical forms: ladder type,

A type, or V type. This selective retention allows population
transfer through all permitted pathways in the atomic system,
while restricting the explicit tracking of coherences to local-
ized two- or three-level subsystems as illustrated in Fig. 1.
Coherences between the levels of selected lasing transitions
and levels not participating in any lasing transition are typ-
ically far off-resonant and decay rapidly due to dephasing,
and therefore contribute negligibly to the macroscopic polar-
ization and x-ray gain. While the basic lasing channels are
primarily described using simplified two-level or, more com-
monly, three-level subsystems, the model naturally includes
more complex coupled structures. For instance, as indicated
in Fig. 1, the coupled levels from |12) to |15) form a net-
work where multiple three-level subsystems share a common
transition. Consequently, our reduced Maxwell-Bloch model
tracks the full evolution of all populations (diagonal elements
of p) while retaining only the key coherences identified above.
The dynamics of the retained density-matrix elements are
governed by the Bloch equations under RWA [47,50].
Population dynamics (diagonal terms). The population dy-
namics of the density-matrix diagonal elements are given by

dpii(z, 1)
l?T = ijjRji = Pii ZRij
JF JF#L

- Z Im(pi5p5i/B) + Z Im (i pi /1),
J# Viall
(2)

where R;; denotes the rate of all incoherent microscopic pro-
cesses transferring population from level i to j. The last two
terms account explicitly for stimulated emission and absorp-
tion driven by the coherent x-ray field associated with the
retained coherences in the lasing medium.

Coherence dynamics (off-diagonal terms). For each three-
level subsystem with states {|1), |2), |3)}, we explicitly retain
coherences between lasing levels as well as one additional pair
of off-diagonal elements representing nonradiative couplings,
as illustrated below.

(1) Ladder type
W =— %,032 + éuzz&z(ﬂzs — p22)
+ %legflpsl + S32, 3
W =— %,021 + éﬂzlgzl(/’zz — p11)
- §u325§2p31 + Sa1, “
—3;0318(;, D__ %pn + %Mmgnmz
— 2%_1//«32532/)21- ®)

Here, |2) <> |1) and |3) < |2) are lasing transitions, while
|3) <> |1) represents a nonradiative coupling between the ter-
minal states of the adjacent lasing transitions. I';; =T"; + T’
is the total decoherence rate for the off-diagonal density-
matrix element p;;. Here, I'; denotes the total decay rate of
level i, including both the total Auger decay rate and the
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total radiative decay rate. Elastic-collision-induced dephasing,
which perturbs the phase of the dipole without causing popu-
lation decay, is neglected in the present study. This is justified
by the relatively low ion densities under our XFEL-driven
conditions for Ne and Ar gases, where population-relaxation
processes dominate the decoherence dynamics. The term S;;
represents a stochastic source modeled as complex Gaussian
white noise with variance chosen such that the ensemble av-
erage reproduces the correct spontaneous emission rate of the
i < j transition. This stochastic approach was first discussed
in Ref. [33], to which Refs. [35,36] refer.

(2) A type

0p31(z, 1) r
e+ —l/«%l&l(mz - p11)

dt 2 2h
- ﬁﬂ32532,021 + S31, (6)
9p3(z, 1) r
QT =— %,032 + 25#22532(,032 — p22)
— ﬁﬂ%lg%lplz + 832, @)
9 (z,t) Iy ]
ol 1a £
o > P21+ 2hlL31 31023
i *
- ﬁ#32532,031~ (8)

Here, |3) <> |1) and |3) <> |2) are lasing transitions, while
|2) <> |1) represents a nonradiative coupling.

(3) Viype
w - _ %pm + ﬁﬂ%lgﬂ(l)% — p11)
+ ﬁﬂﬂt‘/’zm%z + 831, ©)
w - _ %pzl + 2hu21521(,022 pi1)
ﬁﬂ31£31023 + 21, (10)
% =— %P%z + 2%#21521:031
- $M3lg3lp12 an

Here, |2) <> |1) and |3) <> |1) are lasing transitions, while
|3) <> |2) represents a nonradiative coupling.

In multilevel systems, single coherence may be shared by
several three-level subsystems. If an optical coherence p;;
is shared across multiple subsystems (e.g., pi2,15 shared by
subsystems 5 and 6 in Fig. 1), it is still evolved by a single
equation [e.g., Egs. (3), (4), (6), (7), (9), or (10)], but any driv-
ing term must incorporate cumulative contributions from all
nonradiative coherences defined in all three-level subsystems
that contain the i <> j transition. Similarly, if a nonradiative
coherence p;; is shared, its evolution equations [Egs. (5),
(8), or (11)] must account for the cumulative influence of all
optical coherences of the two lasing transitions within every
three-level subsystem in which p;; acts as the nonradiative
coupling between states i and j. The sharing of optical or
nonradiative coherences therefore introduces coherence-level

cross-coupling between three-level subsystems, in addition to
the population-level coupling already present.

For comparison, we also consider a two-level approxima-
tion that retains only the coherence between the upper and
lower lasing states:

apji(zvt) F]l
ot 2 2h

The XFEL pump is treated as a photon flux, and its inten-
sity evolution is described by

alu(z,t) 10l(z, 1)
0z c ot

Pji + = thgjt(pjj pii)+Sji- (12)

= —u,(z, ), (2, 1), (13)

where I, represents the pump-laser intensity at photon energy
hv, and u/ is the dynamically evaluated effective absorp-
tion coefficient accounting for both absorption and stimulated
emission processes.

Equations (1)-(13) are solved self-consistently. The pop-
ulation dynamics [Eq. (2)] are treated using a Monte Carlo
algorithm that simulates ionization-relaxation processes over
a large atomic ensemble [51]. Monte Carlo approaches for
solving large collisional-radiative rate equation systems have
been previously discussed, e.g., by Peyrusse [52] and by Son
and Santra [53], providing methodological context for their
application to XFEL-driven atomic systems. The off-diagonal
elements of the density matrix [Egs. (3)—(11) or (12)] are
integrated using a Strang split-step scheme, which separates
the decay, field-driven coupling, and source terms to ensure
numerical stability and efficiency. The emitted x-ray field
[Eq. (1)] and pump-laser intensity [Eq. (13)] are solved using
the third-order Adams-Bashforth method. Ensemble averages
over multiple realizations account for the stochastic nature of
spontaneous emission.

III. RESULTS AND DISCUSSION

In this work, we theoretically investigate the propagation
and amplification of x-ray emission arising from the interac-
tions of an XFEL with atomic gases of neon (Ne) and argon
(Ar), respectively. The photon energies of the XFEL pulses are
set to 1400 eV for Ne and 4450 eV for Ar, both exceeding the
ionization energies of their hydrogenlike ions—1362.20 eV
for Ne®* and 4426.22 eV for Ar'’* [54]. These photon en-
ergies are above all K-shell binding energies, ensuring that
sequential photoionization can strip the atoms completely to
the bare nucleus. Under these conditions, the dominant ion-
ization pathway involves inner-shell photoionization followed
by the filling of the resulting core vacancy via autoionization
of outer-shell electrons [2]. To fully represent the ionization
pathways under XFEL irradiation, we include, for any ion
in ionization stage x, all electronic configurations obtained
by removing x electrons from the ground configuration of
the neutral atom. For example, for NeZt, starting from the
ground configuration of neutral Ne (1s22s22p%), all possi-
ble electron configurations consistent with the removal of
two electrons from the ground configuration are considered:
1s22522p4, 1s22s12p5, ls22s02p6, 1512s22p5, 1s12512p6, and
1592522p°, yielding six configurations and 17 fine-structure
levels. From Ne® to Ne!%*, this procedure produces 63 con-
figurations corresponding to 297 energy levels. Applying the
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same selection criteria to Ar’t —Ar'®t results in 1323 con-

figurations and 56202 energy levels in total. In the present
work, each fine-structure level included above is characterized
by its total angular momentum J, without explicitly resolving
the magnetic sublevels M. The populations within a given
J level are assumed to be equally distributed among its M
sublevels. This J-level treatment is justified because the dom-
inant ionization and decay mechanisms—1s photoionization,
Auger decay, and radiative decay—do not produce significant
alignment. At the photon energies used in this study, 1s pho-
toionization dominates and does not generate alignment in
the absence of electron-correlation effects [55]. While recent
theoretical studies have shown that electronic alignment can
be induced by a linearly polarized intense XFEL pulse in
atomic argon gas, resulting in nonuniform population among
M sublevels when L-shell electrons are initially ionized [56],
under the photon energies and pulse parameters used in the
present study, 2p photoionization is weak and this alignment
effect is negligible. Furthermore, Auger decay and radiative
decay do not create alignment when the initial state is un-
aligned. Therefore, any nonuniform population among the
M sublevels within a given J level remains negligible, so
treating each level at the J-resolved level is adequate for
describing the population kinetics relevant to the x-ray lasing
gain in this work. Nevertheless, the current framework can
be naturally extended to incorporate M-resolved population
dynamics and coherences, which will allow future investiga-
tions of polarization-dependent features of the emitted x-ray
radiation.

In the examples considered in this work, the ion den-
sity is relatively low. Consequently, during the interaction
of intense XFEL pulses with atomic gases, photoioniza-
tion induced by the laser field is the dominant channel,
while electron-impact ionization, excitation, and recombina-
tion contribute only marginally. The produced free electrons
can also escape efficiently from the dilute gas, further sup-
pressing collisional effects. A comparison of simulations with
and without these electron-impact processes shows only mi-
nor differences in the resulting ionic populations. Therefore,
under the present low-density conditions considered in this
work, such microscopic collisional channels are omitted, and
the dominant atomic processes retained in this work are
photoionization, autoionization, and spontaneous emission.
Direct double autoionization [57,58] is also included because
it plays a significant role in the overall ionization dynamics
during XFEL interactions [51,59]. Stimulated emission and
absorption driven by the emitted x-rays are included for all
transitions actively involved in the propagation and amplifica-
tion process, as described in Eq. (2). All atomic data required
for the simulation—including energy levels, photoionization
Ccross sections, autoionization rates, and spontaneous emission
rates—are generated using detailed level accounting with the
Flexible Atomic Code [60].

A. Propagation and amplification of x-ray emission
in XFEL-neon gas interaction

We first discuss the interaction between the XFEL pulse
and a Ne atomic gas. The XFEL pulse is assumed to
be a Gaussian laser pulse with a peak intensity of 5.5 x

Ne@1400ev |10
5
108 2
\ =
g 106 X
g \ %)
g \ g
59 N =
v Joa 2
a
402 #
=<

e 100

50 75
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FIG. 2. Temporal evolution of the population fractions of various
Ne ionic charge states during the interaction between an XFEL and
a Ne atomic gas. The XFEL pulse has a photon energy of 1400 eV, a
peak intensity of 5.5 x 10'7 W /cm?, and a Gaussian temporal profile
with a pulse duration of 50 fs.

10”7 W/cm? and a duration of 50 fs. Figure 2 shows the
temporal evolution of the population fractions of various Ne
ion charge states during the interaction of the XFEL pulse
with the Ne gas. The populations are obtained by solving rate
equations for the local atomic response to the XFEL pump,
prior to considering the propagation and amplification of the
emitted x-rays. The XFEL pulse irradiates the Ne gas from
—75 to +75 fs, with the peak intensity reached at r = Ofs. As
seen in Fig. 2, the neutral Ne atoms are rapidly ionized, with
their population fraction dropping below 103 by # = 0.55 fs.
The ions from Ne™ to Ne’* are rapidly produced but quickly
further ionized, resulting in short lifetimes. At the end of
the XFEL pulse (t = 75fs), the dominant ionic charge-state
distribution is Ne”* (0.38%), Ne®* (6.42%), Ne’t (30.65%),
and Ne'®* (62.46%).

To theoretically simulate the propagation and amplification
of x-ray emission generated in the interaction between an
XFEL and a Ne atomic gas, we assume an ion density of
the Ne gas of 5 x 10"%cm™ and a total medium length of
10 mm. This work simultaneously models the propagation and
amplification of 627 x-ray transitions with transition energies
above 840 eV and spontaneous emission rates greater than
10°s~! in Ne ions. These 627 x-ray transitions form 3051
pairs of adjacent transitions (i.e., two transitions sharing a
common energy level), which correspond to 3051 three-level
subsystems. Many of these 3051 three-level subsystems share
common coherences.

Figure 3 shows the theoretically simulated spectral dis-
tributions of the 627 x-ray transitions emitted during the
interaction of the XFEL with the Ne gas at medium positions
z=0.1, z=1.57, and z = 10.0mm. As shown in Fig. 3,
when the emitted x-rays propagate to z = 0.1 mm, the ampli-
fication effect is still negligible, and the spectral distribution
is mainly governed by the evolving ion populations under
XFEL-Ne interaction and the spontaneous emission rates of
the x-ray transitions. Upon propagation to z = 1.57 mm, the
intensities of several x-ray lines are amplified by several or-
ders of magnitude, especially those emitted from Ne®* and
Ne’* ions. After propagation to z = 10.0 mm, only a limited
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FIG. 3. Spectral distributions of x-ray emission at different prop-
agation distances in the Ne gas medium during the interaction
with an XFEL. Solid lines represent results simulated using the
three-level approximation, while dashed lines correspond to the
two-level approximation. The XFEL pulse has a peak intensity of
5.5 x 107 W/cm? and a pulse duration of 50 fs. The ion density of
the Ne gas is 5 x 10" cm~3, and the total medium length is 10 mm.

number of transitions undergo strong amplification and re-
main clearly visible in the spectrum, whereas most others
experience little to no amplification and remain too weak to
be observed. The prominent amplified x-ray transition lines
originate from

(1) Ne™: ls2s22p6 S) —> 1522s22p5 (2P3”/2) and
152522176 28) —» 1s22s22p5 (2P1”/2),

) Ne**:  1s25%2p*  (PDsp) — 15%25%2p° (D%,
1s2s22p* (Ds)pp) — 1s22s22p° Py, and

152522 p* (2D3/2) — 1s%25%2p° (zDg’/z),

(3) Ne¥t:  1s2s2p7  (*Dsp) — 1s°252p  (CP5)).,
1s2s('$)2p> (2D§/2) — 1s2252p? (2P3/2), and
1s2p4 (2D5/2) — ls22p3 (2Dg/2),

(4) Ne*:  1s2p*  (Dsp) — 1s2p  (*P§,)  and
1s2p2 (2D3/2) — 1s22p (2Pl"/2),

(5) Ne¥™: 252p (CPy) — 1s2s (3S), 2s2p (‘P) —
1s2s (1S), 2p2 (3P1) — 1s2p (3P5), 2p2 (3P2) — 1s2p (3Pf),
2p? CPy) — 1s2p CPY), and 2p* (*D,) — 1s2p (' PY),

(6) Ne"*:2p (PP§),) — s (S).

In Ne’t, only the 2p3/» — 1sy,, transition exhibits strong
amplification in our simulations. The 2p;,, — 1sy,, line con-
tributes negligibly to the observed gain because its population
inversion is extremely small under the present XFEL-driven
conditions. In principle, microfield-induced Stark mixing
could couple the 25/, and 2p, levels of H-like neon, whose
separation is only the Lamb shift. However, because both
levels remain weakly populated under the present XFEL con-
ditions, the resulting redistribution has no appreciable effect
on either the population inversion or the x-ray gain. For this
reason, neglecting Stark mixing does not significantly affect

the calculated population inversion or x-ray gain, although
including these microfield effects would be worthwhile for
future extensions of the model at higher plasma densities.

For Ne™, Ne®*, Ne>*, and Ne’", the amplified radiation
primarily originates from x-ray emission involving single
1s-hole states. In contrast, for Ne?t, Ne*t, and Ne®t, the
amplified radiation mainly arises from double 1s-hole states,
but their amplification is significantly weaker, as is evident
from Fig. 3. The limitation originates from the very low
population of the corresponding double-hole states. Although
sequential XFEL photoionization of single-hole states can
produce double-hole states, under the present intensity condi-
tions, most single-hole ions (Ne™, Ne**, and Ne’*) undergo
rapid autoionization before a second inner-shell ionization
occurs. As a result, although double-hole states are generated
during the dynamics, their populations remain too small to
establish a strong population inversion. Moreover, the pop-
ulations of single-core-hole states in even charge ions (e.g.,
Ne?*, Ne*', and Ne®") are also strongly depleted, since
most of these ions are produced through fast Auger decay
of lower charge states before an additional photoionization
can occur, rather than through sequential photoionization that
preserves the 1s vacancy. Consequently, the resulting Ne?™,
Ne**, and Ne®* ions are predominantly produced without
a ls hole. A possible route to mitigate this bottleneck is to
enhance the double-hole population by tailoring the excita-
tion conditions. In particular, tuning the XFEL photon energy
or combining multiple wavelengths may resonantly access
and stabilize these double-core-hole states. Indeed, Mazza,
et al. have demonstrated that two-color XFEL excitation can
efficiently populate 1s~2np double-core-hole states in Ne™
[61], suggesting that similar multicolor strategies could, in
principle, be extended to higher charge states to alleviate the
present limitation.

For comparison, Fig. 3 also presents the results at z =
10.0 mm using the two-level approximation, where only the
627 pairs of off-diagonal density-matrix elements associated
with the x-ray transitions are retained. Apart from a dis-
tinguishable difference near 859.3 eV, the overall spectral
features from the two approximations remain in close agree-
ment. The difference observed near 859.3 eV appears as a
variation in the spectral profile of the 1s2s?2p* (*Ds ) =
1s225%2p° (2P3"/2) transition, which originates from the ef-
fects of nonradiative coherences. Certain transitions exhibit
significant spectral deviations due to nonradiative coherences,
indicating that a three-level treatment is necessary to accu-
rately capture their dynamics. The specific conditions under
which nonradiative coherences become essential will be dis-
cussed in the following section.

Among the 627 x-ray transitions propagating and amplify-
ing through the medium, eight transitions reach or approach
saturation. The evolution of the peak intensities of these XRL
pulses as they propagate through the gas medium is shown in
Fig. 4. Here, saturation is defined as the intensity at which the
rate of stimulated emission equals the total decay rate (includ-
ing spontaneous emission and autoionization) of the upper
lasing state [28]. These include transitions from low-charge-
state ions—specifically, the 152s22p°(2S) — 15°25s%2p° (2P3"/2)
line of Ne™ and the 1525*2p* (®Ds)y) — 1s*25°2p> (?D¢ 1)
line of Ne**—as well as transitions from high-charge-
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FIG. 4. Evolution of the peak intensities of XRL pulses
corresponding to the transitions 1525*2p° (2S) — 15°25°2p° (*P§),),
1s2s*2p*  (*Dsp) — 15°25°2p° (zDg’/z), 1s2p*  (*Dsp) —
1s%2p (2P3”/2), 2s2p (3P2”) — 1525 (S), 2p* CP) — 1s2p (3P(;’),
207 CP)— 12p (P2, 207 (CP)— 1s2p (P, and
2p (2P3"/2) — 1s (®S) as functions of the propagation distance
of the XRL pulses in the medium. Solid lines represent results from
the three-level approximation, while dashed lines correspond to the
two-level approximation. Solid and dashed lines of the same color
indicate the same transition.

state ions, including the 1s2p? (*Ds;) — 1s°2p (2P§’/2)
line of Ne’*; the 2s2p (3P20) — 1s2s (39), 2p2 CP) —
1s2p (3P00), 207 CP) — 1s2p (3Pl”), and 2p* CP) —
152p (3PY) lines of Ne®*; and the 2p (*P§),) — 1s (°5) line
of Ne’*.

For comparison, Fig. 4 also presents the results from the
two-level approximation as dashed lines. The peak-intensity
evolution curves obtained from the two approximations are in
close agreement except for the 207 CP,) — 1s2p (3P1”) tran-
sition. All these transitions exhibit rapid exponential growth
during the initial propagation stage, followed by a grad-
ual decrease in gain slope as the XRL saturates. Figure 4
shows that the peak intensity evolution of the 2p*> (3P,) —
1s2p (3P¢) XRL pulse simulated with the three-level approx-
imation closely follows that of the two-level approximation
during the initial propagation. However, after the XRL pulse
reaches the position z ~ 2.3 mm, the amplification rate under
the three-level approximation decreases noticeably compared
to the two-level case. This reduction arises from the effects of
nonradiative coherences, which will be analyzed in detail in
the following section.

1. Propagation and amplification of x-rays emitted from
low-charge-state ions

Due to the substantial differences in the lifetimes of inner-
shell excited states between high- and low-charge-state ions,
the propagation behavior and spectral characteristics of x-rays
emitted from high-charge-state ions can differ markedly from

T T T T T T T T T T T T —~
, (a) 0.0 mm (b) 6.19 mm (¢) 10.0mm 10 g
0.06 - i - ~ I == XFEL — 5! ;"
/ Y u B PN 8 <
= ' Psz 1
S : i ; X
2 004 y 1 F ; | 1 F P 46 =2
3 \ \ <
2 i \ A . =
= 4 1 / ! T i 5 14 Z
002 [/ B L : B L ; ! g
' YA ! N / R
S/ N A * o
I
0 P 1 1 \\I Q.2 1 1 \"L A.2” 1 1 1 T} 0 <
-60 30 0 30 60 -60 -30 0 30 60 -60 -30 0 30 60
Retarded time (fs) Retarded time (fs) Retarded time (fs)
T T T T T T T T T T T
1 (0.0mm- [ (€)6.19mm-| [ () 10.0mm 1
z )
E 08| 1 1 H08 E
S £
g — XRL B
E‘ 0.6 1 F 1 F 0.6 g
S 04l 4 F 4 F Joa &
20 T
J 3
g2t 1F 1F H02&
0 L L L L L L L L L L L 0
-60 -30 0 30 60 -60 -30 0 30 60 -60 -30 0 30 60
Retarded time (f5) Retarded time (f5) Retarded time (f5)
a T T T T -
= IF (200mm- [ !\(h) 619mm- [ (i)10.0mm 1 =
E} E}
! 1 !
g 3 1t Jos g
2z | — XRL z
5 B 171 106 g
2 £
1
§ - Co 1 r H04 §
& - 41 F H02 &
| |
& ¥ &
> b I Seepoo 0o X

o - - i Sasoy
848.8 849.2 849.6 848.8 849.2 849.6 848.8 849.2 849.6
Photon energy (¢V) Photon energy (¢V) Photon energy (eV)

FIG. 5. Time evolution of the populations of the upper level
15252p°(>S) and the lower level 15°25*2p>(*Py),) of the radiative
transition 1525°2p°(*S) — 15*25*2p>(*Py),) at positions z = 0.0,
7 =16.19, and z = 10.0 mm in the medium, together with the inten-
sity profile of the XFEL pump pulse as a function of time, and the
time-domain and frequency-domain spectra of the XRL normalized
to the respective maximum values. In panels (g), (h), and (i), the
blue dashed lines and green dashed lines represent the Lorentzian
and Gaussian line-shape functions, respectively, that best fit the XRL
spectral profiles.

those emitted by low-charge-state ions. In the following, we
discuss these two categories separately.

As an example of x-ray emission from a low-charge-
state ion, we consider the 152s22p° (2S) — 1s225%2p° (21’3”/2)
transition line of Ne™. Figures 5(a)-5(c) show the temporal
evolution of the populations in the upper level 152s*2p° (2S)
and the lower level 15*25*2p> (*Py),) along with the time-
dependent intensity of the XFEL pump pulse at medium
positions z = 0.0, z = 6.19, and z = 10.0 mm. Here, retarded
time is used to account for the propagation delay of light in
the medium. During propagation, absorption and reshaping
reduce the XFEL intensity and shift its peak to later retarded
times. At z = 0.0 mm, the peak intensity is 5.5 x 10'7 W cm?
att = 0.0 fs. After propagating to z = 10.0 mm, it decreases
to 4.4 x 10" W cm?, with the peak shifted to r = 5.23 fs. At
z = 0.0mm, the upper-level population reaches a maximum
of 6.85% att = —32.65 fs, and the population inversion peaks
at 6.2% att = —32.9 fs. With propagation, the growing XRL
pulse induces stimulated emission, leading to a gradual re-
duction of the population inversion. Figures 5(d)-5(f) show
the normalized temporal profiles of the emitted XRL pulses
at the corresponding medium positions. At z = 0.0 mm, the
XRL pulse duration (full width at half maximum, FWHM)
is 27.6 fs, primarily determined by the upper-level popula-
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FIG. 6. Normalized (a) temporal and (b) spectral profiles of the
XRL pulse for the 1525*2p° (*S) — 15*252p° (*P§),) transition as a
function of propagation distance in Ne gas.

tion. As the pulse propagates, it first narrows due to coherent
amplification. At later stages, saturation reduces the popula-
tion inversion, shifting the maximum amplification to later
times and leading to pulse broadening with the formation of
a secondary peak. Figures 5(g)-5(i) present the normalized
spectral profiles of the emitted XRL pulses. At z = 0.0 mm,
the spectrum is dominated by spontaneous emission, with
Lorentzian and Gaussian fits yield linewidths of 0.27 and
0.38 eV (FWHM), respectively. The Lorentzian value agrees
with the measured linewidth of 0.27 eV for the 152522p° (25)
state of Ne™ [62], confirming that the initial XRL line shape
is Lorentzian. As the pulse propagates and amplifies, the
spectrum gradually becomes Gaussian-like, but at saturation,
secondary peaks appear and the profile departs from a Gaus-
sian form.

Figure 6 shows the evolution of the normalized tem-
poral and spectral profiles of the XRL pulse for the
152522p° (*S) — 15°25°2p> (*PY),) transition as it propa-
gates through the gas medium. As shown in Fig. 6(a), the
retarded time corresponding to the pulse intensity maximum
initially shifts to later times, and then shifts back to ear-
lier times. The initial delay is due to absorption and gain
dynamics, while the subsequent advancement results from
pulse reshaping under local amplification and saturation.
The pulse duration decreases rapidly at first and then more
gradually, reaching a minimum of 9.1 fs at z = 8.29 mm.
Beyond this point, secondary peaks appear, gradually broad-
ening the pulse. From Fig. 6(b), the spectral width decreases
sharply from the natural linewidth of 0.27 to 0.14 eV at
z=2.41mm. It then increases slightly to 0.16 eV at z =
7.35 mm before gradually decreasing again. These temporal
and spectral dynamics are consistent with the results reported
for 152522p® — 15?2522p° of Ne™ in Ref. [35].

2. Propagation and amplification of x-rays emitted from
high-charge-state ions

As an example of x-ray emission from a high-charge-state
ion, we consider the 2s2p (3P2”) — 1525 (3S) transition of
Ne®*. Figure 7 presents the time evolution of the populations
of the upper level 252p (3P2”) and the lower level 152s (S),
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FIG. 7. Time evolution of the populations of the upper level
252p (CPY) and the lower level 1525 (3S) of the radiative transition
252p CP¢) — 1525 (3S), along with the time-domain and frequency-
domain spectra of the XRL for this transition (normalized to the
maximum value), at positions z = 0.0, z = 3.78, and z = 5.25mm
in the Ne gas medium.

along with the normalized temporal and spectral profiles of
the XRL pulse at medium positions z = 0.0, z = 3.78, and
z=15.25mm. At z =0.0mm [Fig. 7(a)], the population of
the upper level rises rapidly at about + = —30 fs, reaches
a peak of about 2.6% at about + =7 fs, and then decays
gradually. The lower level also increases rapidly, peaking at
about 1.8% slightly earlier, and subsequently decreases be-
fore slowly recovering. The maximum population inversion
reaches approximately 1.6% around t = 17 fs. The corre-
sponding XRL temporal profile [Fig. 7(d)] rises from about
t = —32 fs, peaks near t =40 fs, and has a duration of
roughly 130 fs. The spectral profile [Fig. 7(g)] is Lorentzian
with a natural linewidth of 0.01 eV. At z = 3.78 mm, the
upper-level population reaches 2.55% at t = 11.3 fs, while
the maximum population inversion is 1.45% at ¢ = 20.35 fs
[Fig. 7(b)]. Stimulated emission drives pronounced Rabi os-
cillations between the populations of the two levels, producing
a secondary peak in the temporal profile of the XRL pulse
[Fig. 7(e)] accompanying the dominant amplification peak.
The XRL pulse reaches its maximum intensity at t = 50.05
fs, with an effective FWHM duration of 18.0 fs determined
by the dominant peak. The corresponding spectrum exhibits a
Rabi doublet with a 0.1 eV splitting [Fig. 7(h)], a signature
of coherent population oscillations. Further propagation to
z = 5.25 mm enhances the amplification. The Rabi oscillation
frequency increases, as evidenced by faster population oscil-
lations [Fig. 7(c)]. The upper-level population peaks at 2.53%
att = 12.8 fs, with a maximum population inversion of 1.38%

013010-8



INNER-SHELL X-RAY LASING IN X-RAY ...

PHYSICAL REVIEW RESEARCH 8, 013010 (2026)

10 1.0 10
9 9
~ 8 08 8
E
g 7 7 2
= =z
§ 6 0.6 6 E
g 5 5 5
g, 04 4 z
g 3 3 E
S 02 2
1 1
0 0.0

0 30 60 90 120150
Retarded time (fs)

1007.2 1007.4 1007.6 1007.8
Photon energy (eV)

FIG. 8. Evolution of the normalized (a) time-domain spectrum
and (b) frequency-domain spectrum of the XRL for the transition
252p 3P¢) — 1525 (3S) as the XRL pulse propagates through the Ne
gas medium.

att = 21.35 fs. The XRL temporal profile [Fig. 7(f)] develops
two additional secondary peaks accompanying the main peak,
reaches its maximum intensity at ¢ = 39.2 fs, and exhibits a
further shortened pulse duration of 10.5 fs. The corresponding
spectral profile [Fig. 7(i)] shows an increased Rabi splitting of
0.16 eV.

The systematic evolution of the temporal and spectral
profiles of the XRL pulse for the 2s2p (3P2”) — 1525 CS)
transition is summarized in Fig. 8. As shown in Fig. 8(a),
the retarded time of peak intensity initially shifts to later
times during propagation, but shifts back to earlier times once
strong amplification and pulse reshaping occur. The pulse
duration decreases rapidly from ~130 fs, then more gradually
between z = 0.5mm and z = 2.5mm. Beyond z ~ 2.9 mm,
secondary peaks emerge in the temporal profile, though the
effective duration remains governed by the strongest main
peak. The pulse duration continues to decrease, reaching a
minimum of 8.5 fs at z = 10.0 mm. Figure 8(b) shows the cor-
responding spectral evolution. The XRL spectrum is initially
Lorentzian, determined by the natural linewidth. Coherent
amplification gradually makes the profile more Gaussian-like,
and further propagation induces broadening and splitting,
forming an Rabi doublet at z = 3.04 mm. The splitting in-
creases with propagation distance, reaching 0.3 eV at the
end of the medium. These features—including Rabi oscilla-
tions, spectral splitting, and pulse reshaping—are consistent
with previous studies on high-charge-state XRLs under SASE
XFEL pumping [36].

3. Effects of nonradiative coherences on x-ray propagation
and amplification

Our calculations demonstrate that the gain curves (Fig. 4)
and spectral profiles (Fig. 3) obtained within the three-level
and two-level approximations can differ substantially. This in-
dicates that coherences associated with nonradiative couplings
may strongly influence both the amplification dynamics and
the spectral characteristics of the emitted x-rays.

As a representative case, we consider a A-type
three-level system comprising a common upper state
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FIG. 9. (a) Evolution of the peak intensities of XRL pulses for
the 15 25> 2p® (*S) — 15* 25> 2p° (*P{),) transition in the three-level
(solid line) and two-level (dashed line) approximations. (b) Time
evolution of the populations of the upper level 1s2s%2p® (2S) and
two lower levels 1525 2p° (*P§,,) and 15?25 2p° (*P{,) at z =
10.0 mm. Normalized temporal (c), (e) and spectral (d), (f) profiles
of the XRL pulse for the 15 25> 2p° (2S) — 1s?25°2p° (Py),) tran-
sition in the three-level (c), (d) and two-level (e), (f) approximations,
as functions of the propagation distance in the Ne gas medium.

152522p°% (2S) and the two lower states 15 2s%2p° (2P3"/2)
and 1s%25>2p> (*P{),), which correspond to the radiative
transitions  1s2s%2p°  (2S) — 152252 2p° (2P3"/2) and
1s2522p° (*S) = 1s?25*2p° (°P{,). We analyze the
coherence between the two lower states to illustrate how
off-diagonal density-matrix elements associated with
nonradiative couplings affect XRL propagation and spectral
evolution.

Equations (6) and (7) show that such nonradiative coher-
ences become effective only when the electric field of one of
the adjacent radiative transitions becomes sufficiently strong.
The field strength of the 1s 257 2p6 (S) — 15%2s? 2p5 (2P1”/2)
transition, with a dipole moment of 0.075 a.u. [smaller
than 0.106 a.u. for the 1s2s?2p° (2S) — 15%25%2p° (2P§’/2)
transition], remains relatively small during propagation. Con-
sequently, the coherence between the two lower states exerts
only a minor influence on the amplification and spectral pro-
file of the stronger 1s2s>2p° (28) — 1s>2s22p° (2P30/2) line.
In contrast, once the 1525>2p° (3S) — 15?25 2p° (*Py),)
transition is sufficiently amplified, the resulting strong field
allows the same coherence to significantly alter the amplifica-
tion rate and spectral profile of the weaker 1s2s?2p° (2S) —
15225*2p> (*P}),) line. This asymmetric influence, where a
strong transition controls a weaker one via a shared coherence,
is a clear manifestation of quantum interference in the lasing
medium. This coherence-induced coupling is analogous to
the interference mechanisms underlying electromagnetically
induced transparency [63] and lasing without inversion [64].

This effect is clearly seen in Fig. 9(a): At the early
stage of propagation, both the three-level and two-level ap-
proximations predict nearly identical gain curves for the
1s2522p° (28) — 1s%2s22p° (2P10/2) XRL. However, once
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the intensity of the 1s2s%2p°® (2S) — 15?252 2p° (ng/z) line

reaches 9.59 x 10> W cm? at z = 6.5 mm, the amplification
of the 152s%2p° (2S) — 152252 2p° (2Pl"/2) line in the three-
level approximation begins to lag behind that in the two-level
approximation. At z = 10.0mm, the final peak intensities
differ by more than an order of magnitude, indicating that
coherence between the two lower levels suppresses the am-
plification of the weaker transition once the stronger line
dominates the field dynamics. Figure 9(b) further shows that
the population dynamics of the upper and lower levels at
z=10.0 mm are nearly identical for both approximations.
Therefore, the discrepancy in the calculated gain curves of
the 1s2s22p° (3S) — 1s22s22p° (2P1U/2) transition cannot
be ascribed to population differences but instead arises from
the coherent coupling between the 1s>2s>2p> (>P: Py,) and

152252 2p° (2P10/2) levels induced by the intense laser field.

The role of these coherences is further manifested in the
spectral evolution. As shown in Figs. 9(c)-9(f), at short prop-
agation distances both approximations yield nearly identical
temporal and spectral proﬁles Beyond z = 6.5 mm, however,
the strong field of the 1s2s2p% (°S) — 1s*2s?2p° (*P. 52)
transition couples the two lower levels, giving rise to a sec-
ondary peak in the temporal pulse profile as well as a quantum
interference-induced spectral splitting in the spectrum of the
weaker 15252 2p% (2S) — 152252 2p° (ZPI"/Z) transition. Be-
cause the photon-energy separation between the two lines is
only 0.09 eV and the stronger transition dominates in inten-
sity, the spectral features of the weaker line cannot be resolved
in Fig. 3.

The levels 1s2s*2p* (*Dsp), 1s25%2p® (*D2 ¢)), and
15%2s22p° (2P30/2) form a A-type three-level system, with

transition energies at 862.99eV for 1s2s*2p* (*Ds;p) —
15%2s22p° (2D5/2) and 859.30eV for 1s25s22p* (*Ds;y) —
1s%2s22p° (2P0 2). In this system, the coherence between the
two lower levels modifies the spectral profile of the XRL
emission from the 1s2s%2p* (2D5/2) — 1s22s%2p* (*P /2)
transition, resulting in a clear difference between the three-
level and two-level approximations (Fig. 3). Similarly, the
A-type system composed of 2p* (PPy), 1s2p (PP?), and
1s2p (3P§ ) exhibits coherence effects between the lower states
1s2p (3P1") and 1s2p (3P2”). This coherence leads to observ-
able differences in the XRL gain curve of the 2p?> (*P,) —
1s2p (PY) transition when comparing the three-level and
two-level approximations (Fig. 4).

B. Propagation and amplification of x-ray emission
in XFEL-argon gas interaction

We next investigate the propagation and amplification of
x-ray emission induced by an XFEL pulse in an Ar atomic gas.
The XFEL pulse has a peak intensity of 1.5 x 10" W/cm?
and a duration of 30 fs; the Ar ion density is 1 x 10" ecm—3,
and the total gas length is 11 mm. A slightly longer medium
(compared to the 10 mm used for neon) is chosen to en-
sure that several Ar transitions reach full saturation within
the simulation domain. Among all possible x-ray transitions,
535 with the strongest population inversion are selected for
simulation. These form 1009 pairs of adjacent transitions,
corresponding to 1009 three-level systems.

——— Ar 1525°2p"35°3p" ’S - 152572p"3573p° 7P,

——— A 128°2p°3s%3p° s > 15°252p°3573p" P,

Peak intensity (W/cmz)

Ar' 2p3p [)34, 1s3p P:
— A 2p3s KP; S 1s3s°S B

A 2s2p 3P; 152578

Al 2P, 5 1s%s

3 ! ! ! ! ! ! L L L L
0 1 2 3 4 5 6 7 8 9 10 11
Propagation distance (mm)

FIG. 10. Evolution of the peak intensities of XRL pulses

corresponding to the transitions 1s52s?2p%3s?3p°  (2S) —
15°2s*2p°3s%3p° CPy)), 15252 p°3523 p° (S) —
15%2522p°3s%3p° (ZPl”/z), 2p3p  (CD3)— 1s3p  CPY),
2p3s  CPY) — 1s3s  (3S), 2s2p (P — 1s2s (S), and

2p (P 32) — s (3S) as functions of the propagation distance
of the XRL pulses in the medium. Solid lines represent results from
the three-level approximation, while dashed lines correspond to the
two-level approximation. Solid and dashed lines of the same color
indicate the same transition.

After propagation through the medium, only six XRL
transitions reach peak intensities above 10'* W/cm? in
both the three-level and two-level approximations. These
are the 152572p%3s?3p° (°S) — 15*25*2p°35*3p° (*P§),) and
1525*2p°3s?3p% (3S) — 15725*2p3573p% (*P{,) transitions
of Art; the 2p3p (°D;3) — 1s3p (CPY), 2p3s (CP§) —
1s3s (3S), and 252p (*PY) — 1s2s (3S) transitions of Ar'®*;
and the 2p (2P3”/2) — 1s (3S) transition of Ar!”*. Figure 10
illustrates the evolution of their peak intensities with propaga-
tion distance. For most transitions, the gain curves predicted
by the three-level and two-level approximations are nearly
identical. A notable exception is the 152s?2p%3s?3p°® (25) —
15°25%2p°35?3p° (°P{),) line, whose final peak intensity

decreases from 8.49 x 10'* W/cm? (two-level) to 4.33 x

10" W/cm? (three-level), which results from nonradiative
coherence effects between the levels 15*252p°3s°3p% (*F5),)
and 1522s*2p33s%3p° (ZPI”/Z).

The spectral evolution of amplified XRL pulses in Ar
is qualitatively similar to that in Ne, but high-charge-state
transitions exhibit more complex dynamics than low-charge-
state ones. Figure 11 presents the normalized temporal and
frequency-domain profiles of the 2s2p (3P2”) — 1525 (CS)
XRL pulse during propagation. In the time domain, once
the pulse reaches sufficient intensity, stimulated emission and
absorption induce several secondary peaks. These peaks grad-
ually decay, while shifts in the maximum population inversion
generate additional secondary peaks, indicating a continuous
reshaping of the pulse profile. In the frequency domain, the
spectrum initially splits into a Rabi doublet and subsequently
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FIG. 11. Evolution of the normalized (a) time-domain spectrum
and (b) frequency-domain spectrum of the XRL for the transition
252p (CPY) — 1525 (3S) as the XRL pulse propagates through the Ar
gas medium.

evolves into a dominant main peak accompanied by several
weaker secondary spectral peaks. The 2p (2P3”/2) — 1s (35)
transition exhibits a similar spectral evolution.

IV. CONCLUSION

We have developed an efficient time-dependent trans-
port simulation method, based on a reduced Maxwell-Bloch
model, to investigate the amplification of atomic XRLs driven
by XFELs in neon (Ne) and argon (Ar) gases. By selec-
tively retaining all coherences between lasing levels together
with the nonradiative coherences linking adjacent lasing tran-
sitions, our method achieves computational efficiency and
scalability while faithfully capturing the essential physics of
XFEL-atom interaction and population evolution. This ap-
proach effectively bridges between rate-equation descriptions
and full density-matrix treatments, offering a scalable tool for
modeling XRL amplification in complex atomic systems.

Our simulations provide detailed insights into the dynam-
ics of highly charged ions in atomic gases under XFEL
irradiation. In Ne, multiple lasing lines spanning from low
to high charge states were identified. Low-charge-state lines
are significantly affected by autoionization and saturation ef-
fects, while high-charge-state lines exhibit more pronounced
coherence-driven features such as Rabi oscillations and spec-

tral splitting. For double-core-hole states, we found that their
limited populations severely limit amplification, suggesting
strategies such as multicolor XFEL driving to resonantly en-
hance and stabilize these states. In Ar, amplification dynamics
are dominated by several strong lasing channels, where certain
high-charge-state transitions display more complex spectral
evolution features than those in Ne. These results reveal
possible control mechanisms of XRL output through careful
tuning of XFEL parameters and charge-state dynamics.

A key finding is the critical role of nonradiative coherences
in multilevel systems. These coherences not only modify the
gain by suppressing specific transitions, but also give rise to
quantum interference-induced spectral features that are en-
tirely absent in two-level approximations. Such effects clearly
demonstrate the limitations of two-level models and under-
score the necessity of our reduced density-matrix approach
for capturing the full dynamics. This highlights the practical
importance of including such coherences for accurate predic-
tions of XRL amplification.

Overall, our work demonstrates a versatile and physically
transparent simulation framework, explains the underlying
ionization and lasing dynamics across charge states, and re-
veals the critical impact of multilevel coherences on XRL
amplification. Beyond Ne and Ar gases, the method can
be extended to three-dimensional propagation, higher-density
media, and even solid targets, thus providing a scalable tool
for designing XRLs with tailored spectral and temporal prop-
erties for frontier applications in ultrafast science, nonlinear
x-ray optics, and precision spectroscopy.
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