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We propose a precise test of two fundamental gravitational constants using a detector concept that exploits the
dynamics of quantum phononic excitations in a trapped Bose-Einstein condensate (BEC), operable at the scale of
tabletop experiments. In this setup, the sensitivity is enhanced by approximately 2 orders of magnitude through
the use of a tritter operation, which mixes phononic excitations with the BEC’s ground state. The BEC exhibits
unique sensitivity to the two key components of the gravitational potential in A-gravity: the Newtonian GM/r
term and the cosmological constant A2, both entering the most general function following from a Gurzadyan’s
theorem. Using state-of-the-art experimental design, we predict that the gravitational constant G could be
measured with an accuracy up to 1077 N m?/kg’, representing an improvement by 2 orders of magnitude
over current measurements. Moreover, this experiment aims to establish the best Earth-based upper limit on
A at <1073' m~2, marking the first laboratory-based probe of the cosmological constant. Additionally, the
setup allows for the measurement of the distance-dependent behavior of each term in the gravitational potential,

providing a means to test modified gravity theories.
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Introduction. The current standard model of cosmology,
the ACDM model, aligns remarkably well with main cosmo-
logical data [1], yet the nature of both dark matter and dark
energy remains unexplained.

A key component of the ACDM model—dark energy—is
often associated with the cosmological constant A. Experi-
mentally, the existence of the A term is well established within
the standard ACDM framework.

Gurzadyan’s theorem [2] shows that the most general force
law consistent with the equivalence of gravitational forces
from a spherical mass and a point mass includes a A term
in the weak-field limit of general relativity:
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This form fits local Universe observations [3,4], describes
galaxy groups and clusters dynamics [5,6], and suggests re-
solving the Hubble tension via local and global flows [6-11].

Note that Eq. (1) satisfies the first condition of Newton’s
shell theorem (sphere-point equivalency) but not the second
one (force-free inside a spherical shell). The second term in
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Eq. (1) implies a nonzero force inside a shell, consistent, e.g.,
with spiral galaxy disk observations shaped by spherical halos
[12]. Thus, according to this theorem, gravity is described by
two constants, G and A, the latter recognized by Einstein as
a universal constant [13,14]. Its consequences were studied
in Ref. [15], and it plays a key role in conformal cyclic
cosmology, enabling rescaling of physical constants between
aeons [15-18].

It is therefore a principal issue if this theorem can also be
tested or at least be constrained in a laboratory experiment.
We propose tabletop experiments with trapped Bose-Einstein
condensates (BECs) to probe both fundamental constants of A
gravity and the distance dependence in Eq. (1). Despite quan-
tum sensors—ultraprecise sensitivities [19], tests of modified
gravity in such experiments are limited. In contrast, quantum
proposals to search for dark matter—via optomechanics [20],
atom interferometry [21], and BECs [22]—are more common.

Theoretical studies indicate that collective excitations in
trapped BECs are highly sensitive to gravitational effects
[22-27]. At nanokelvin temperatures, BEC excitations behave
as free quasiparticles (phonons) [28,29], responsive to grav-
itational field changes. Quantum metrology techniques, with
entangled phononic states, can achieve sensitivities surpassing
solid-state systems [30]. Resonant effects to periodic gravita-
tional changes can further enhance sensitivity [23,25,26,31].

A recent theoretical proposal uses phonon states in a
frequency interferometric protocol enhanced by a tritter op-
eration, mixing phonon modes with the BEC ground state to
improve sensitivity scaling as 1/,/N,Ny, where N,, is the num-
ber of squeezed phonons and N is the number of ground-state
atoms [22,32]. This outperforms earlier gravitational-wave
detection proposals [23].

Published by the American Physical Society
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FIG. 1. Experimental setup: an oscillating sphere of mass M, frequency €2, and amplitude 8 (right) at distance Ry > dg from a BEC of

length L (left).

We propose a frequency interferometric method to mea-
sure G and A using a small oscillating mass near the BEC.
The tritter enhances sensitivity by about 2 orders of mag-
nitude beyond prior Newtonian acceleration measurements
[26]. Phonon squeezing of ~30.4 dB could yield gravitational
acceleration sensitivities as low as 107! m / s2, enabling mea-
surement of G with relative accuracy ~1077, 2 orders better
than current best values. This experiment could also set the
first Earth-based upper bound on A < 107" m~2. Given that
BEC spin squeezing routinely reaches 6-8 dB in laboratories
[33-35], this precision appears achievable [36-38].

The next section describes the experimental setup. The
third section introduces the quantum metrology framework
and predicted BEC sensitivity to gravity. The fourth section
presents estimated experimental precision. The final section
concludes.

Gravity from an oscillating mass. The gravitational force
on a mass m is defined by the potential ¢ as

Fg=—mV¢, )
where ¢ is given by Eq. (1):
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We consider an experiment with an oscillating sphere of
mass M ~ 100 g and frequency €2 placed near a BEC of length
L, confined in a uniform box trap [39], aligned with the oscil-
lation direction. The BEC (size L ~ 100 um) is positioned at
distance Ry > L from the source mass, which oscillates with
amplitude dg >~ 1 mm. The source mass radius is about 1—
2 cm, consistent with a tungsten sphere of radius ~1.1 cm and
mass near 100 g—realistic for laboratory conditions. Figure 1
illustrates the setup. The distance between the oscillating mass
center and a point in the BEC at coordinate x € [0, L] is

r(x,t) = Ro + g sin(2t) +x = Ro(1 + Ay,), “)

where A, = [8g sin(2t) + x]/Ro with |A, ;| < 1 for expan-
sion.

As derived in Appendix A, the amplitude of the
time-dependent acceleration on the BEC, a®F¢—our key

observable—is approximately

JBEC . 2% <MG AR3c2>
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where O(;—g) corrections to the Newtonian term are neglected

for simplicoity but can be included as needed. We use this
simplified form for a®E€ throughout the Letter.

Quantum metrology. Quantum metrology provides strate-
gies to optimize precision in estimating a parameter € encoded
by a unitary transformation U (¢) in a quantum state [24,40—
42]. Given the initial probe state, the optimal precision is set
by the quantum Cramér-Rao bound (QCRB):

1
VN, F(€)’

where N,, is the number of measurements and F(€) is
the quantum Fisher information (QFI) [43,44]. The QCRB
bounds all positive-operator-valued measurements and can
be saturated as N,, — oo. When the optimal measurement
is unfeasible, suboptimal schemes like heterodyne detection
may be used [42].

The QFI quantifies distinguishability between states differ-
ing infinitesimally in €. For Gaussian states, it is conveniently
computed via the covariance matrix formalism (CMF), where
a Gaussian state is fully described by its displacement vector
d and covariance matrix I'. In the complex representation
[45,46], they read

A

d=(A), (7a)
Iy = (AAT+ATA) —2(A) (AT, (7b)

AG >

(6)

where (-) denotes expectation with respect to p and A=
(Al, ... ,AN;A}L, ...,A}LV)T is a 2N vector of bosonic anni-
hilation/creation operators. Using CMF is natural here since
Bogoliubov transformations (Appendix A) are Gaussian and
act as symplectic matrices S(¢) ond and I':

d'(e) = S(e)d(0), T'(e)=S(e)I(0)S ().
In this formalism, the QFI takes the form [47,48]
F(e) = ITil(T(e) T ()] +2d (T ' (e)d(e).  (8)
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FIG. 2. Probe state preparation. Two phonon modes (green and
blue), initially in the vacuum state, undergo squeezing Usq (r) and are
then mixed with the BEC ground state (red) via the tritter 0t,(9 ). The
gravitational parameter is encoded by ng(aBEC). The inverse transfor-
mations are then applied, followed by phonon number measurement.

where dots denote derivatives with respect to €.

We implement a three-mode frequency interferometry
scheme [22], illustrated in Fig. 2, involving the BEC ground
state and two phonon modes n and [, whose sum resonates
with the mass oscillation frequency.

The BEC ground state approximates a coherent state
do lo) = agp |ov). Since squeezed states are optimal probes
for Bogoliubov transformations [49,50], we apply two-mode
squeezing on phonon modes:

On(r) = &5,

with squeezing parameter r = |r|e’” and phase ¥q € R. This
populates the modes parametrically. Sensitivity is enhanced
by mixing the coherent state and squeezed phonons via the
tritter transformation U,(6), generated by [32]

10) = " 167835, + b + P a0(B) + B, ©)
V2
with 8,9 € R. In the Bogoliubov approximation, a is re-
placed by +/N;. We assume that the condensate remains
largely undepleted by the squeezing and tritter transfor-
mations, with Ny = |w|?. For this, 6 must be sufficiently
small [22].

When the oscillating mass is active, gravity acts on
phonons via the two-mode squeezing Ug [Eq. (B8)], encoding
the parameter aBFC. The interferometry closes with inverse
transformations Usq(—r) and Uy (—0). Although less com-
monly discussed, inverse squeezing (antisqueezing) has been
theoretically proposed and experimentally demonstrated in
systems such as spinor BECs [51,52] and trapped ions [53].
These show that inverse squeezing can be realized by revers-
ing nonlinear evolution, approximately restoring the initial
state. For phonons, this reversal may be achieved by inverting
the modulation phase of the trapping potential. The inverse
tritter transformation is analogous to time-reversing a beam
splitter in linear optics; the details of its realization can be
found in Appendix A.

Finally, releasing the trap allows single-atom detectors to
measure atomic velocities, enabling estimation of the phonon
number in the final state [54].

Taking optimal phases ¥y = 7 /2 and ¢ = /4, and as-
suming large N, N, r, the QFI is

F(a®FC) ~ 8(|Myy |t /h)*60*NoN, (10)

quantifying the probe state’s sensitivity to the gravitational
force of the oscillating mass.

Experimental details and results. To estimate the sen-
sitivity to the minimal acceleration AaPEC, we consider a
one-dimensional (1D) ¥’Rb BEC trapped in a uniform po-
tential, as described in Ref. [39]. The atomic mass is m =
1.44 x 10~» kg, and the scattering length is agq = 99 rg [55],
where rg >~ 5.29 x 10~'! m is the Bohr radius.

To ensure phonons propagate in one dimension, we im-
pose the condition on the width-to-length ratio awp < 0.1
[56]. Typical BEC lengths L range between 50 and 1000 um
[57,58], and the number of atoms N, varies from 1.6 x 103 to
1.1 x 10° [59-61].

The maximum experimental duration ¢ is limited by
phonon and BEC half-lives, primarily determined by three-
body recombination, with the timescale given by

3
th = —=, 11
hi 202 (1D

where D = 5.8 x 10730 cmﬁ/s for 8Rb [62]. We select
phonon modes with low quantum numbers to optimize sen-
sitivity and ensure experimental feasibility [22].

Following the analysis in Ref. [36], we set the squeezed
phonon number to N, = 1100, corresponding to 30.4 dB of
squeezing. Although the experimental generation of phonon
squeezing remains challenging [54,63], theoretical proposals
suggest that such levels could be achievable under optimized
conditions [37,38].

Several experimental conditions are maintained to validate
our approximations:

(1) dilute gas regime: nolag|® < 1;

(2) Bogoliubov approximation: Nex. << Ny, where Nexe ~
;"—SN,, is the number of excited atoms;

(3) phonon regime: fiw; , < mc?;

(4) mode parity condition for resonance: [ + n is odd;

(5) low-temperature condition: kpT <« @, achievable
down to 0.5 nK [64];

(6) tritter angle 6 satisfies inequality (F3) in Ref. [22].

The number of measurements performed is N, = t/t,
where 7 is the total integration time. Combining Eq. (10) with
Eq. (6), the sensitivity is

awLin3N/2nl (1% — n?)?

16mNo8/LagttN, (12 + n?)’

Table I summarizes the key parameters and resulting sen-
sitivities for the $’Rb BEC setup. The speed of sound is
¢s = 1.9 mmy/s for a density ng = 10" cm™3, resulting in a
phonon frequency Q = wey(n +1)/L = 17.7Hz for the cho-
sen mode numbers. In addition, in Fig. 3 we illustrate AaPE¢
dependence on N, in the case of a less optimistic number of
phonons. One can see from this figure that sensitivity degrades
by a factor of 30 if the number of phonons decreases by 3
orders of magnitude, e.g., from 1000 to 1. Recent work aiming
at demonstrating entanglement produced a single phonon in a
two-mode squeezed state using a BEC of 3000 helium atoms
[65]. Theoretical studies indicate that achieving the sensitivi-
ties shown in Fig. 3 requires around 1000 squeezed phonons,
which in turn demands a condensate of approximately 10°
atoms [36-38]. Current experimental efforts are focused on
reaching this regime. The sensitivities to G and A can be

AGBEC ~

12)
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TABLEI. Experimental parameters and resulting sensitivities for
87Rb BEC. Sensitivities to G and A use Ry = 100 mm, 8z = 1 mm,
and M = 100 g via Eq. (13).

Parameter Symbol Value/ange
BEC length (um) L 150, 500, 1000
Width-to-length ratio awr 0.3,0.15, 0.05
Number of atoms Ny 10°
Squeezed phonon number N, 1100
Phonon mode numbers l,n 1,2
Single-run duration (s) t 1
Integration time (days) T 60
Atomic mass (kg) m 1.44 x 1075
Scattering length (m) ag = 99rg 5.24 x 107°
Tritter angle (rad) 6 0.31
Sensitivity x10~13 AaPFC (m/s?) 74,20, 4.8
Sensitivity x10~"7 AG (N m?/kg?) 37,10,2.3
Sensitivity x 103! AA (m™?) 25,6.7,1.6
derived from the acceleration sensitivity Aa®EC using
BEC Rg BEC I
AG = Aa”™ ——, AN = Aa”™—. (13)
2M (SR é R02

The relative uncertainty in G is estimated to be AG/G ~
1079, improving on the current precision of ~1073 [66], as-
suming experimental uncertainties in dg, Ry, and M are below
1079, achievable in vacuum environments [66]. A special dis-
cussion regarding the sensitivity to A is warranted. As shown
in Table I, the expected sensitivity to A is on the order of
10739 m~2, representing unprecedented accuracy for Earth-
based experiments. Nevertheless, this sensitivity should be
regarded as an upper bound, still about 20 orders of magnitude
above the actual value measured by the Planck experiment,

A = (1.09 £0.028) x 1072 m~2, (14)

as reported in Refs. [67,68].
Figure 4 displays simulated measurements of the accelera-
tion aPEC as a function of Ry (the distance between the BEC
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FIG. 3. Sensitivity Aa®EC as a function of the number of ini-
tial squeezed phonons N,. The plot shows AaPEC calculated using
Eq. (12) for varying BEC lengths, with N, ranging from 1 to 1100.
Increasing N, corresponds to enhanced sensitivity to a®E€.
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FIG. 4. Top panel: Simulated measurements of a®F¢ (blue cir-
cles) as a function of Ry, with the fit (red curve) used to determine
G and constrain A assuming sensitivity AaP®¢ = 4.8 x 107'8 m/s%.
Bottom panel: Relative deviation (a®*? — a™)/a™ (blue circles) and
expected relative accuracy Aa®F¢/a" (blue dashed line).

and the source mass), along with the best-fit curve used to
extract G and constrain A. The assumed experimental sen-
sitivity is AaPFC = 4.8 x 107'® m/s?. The fit utilizes the
functional dependence of the acceleration on Ry to improve
parameter estimation accuracy.

This analysis demonstrates that using a phonon interferom-
eter in an 3’Rb BEC can provide highly precise measurements
of Newton’s gravitational constant G and place bounds on the
cosmological constant A, although current sensitivity to A
remains far from the cosmological value.

Conclusions. We propose an Earth-based tabletop exper-
iment to precisely test the gravitational constant G and the
cosmological constant A using a detector concept that exploits
the dynamics of quantum phononic excitations in a trapped
BEC, with sensitivity enhanced by approximately 2 orders of
magnitude through a tritter operation.

As demonstrated by Gurzadyan’s theorem, the fundamen-
tal constants we aim to test define the most general functional
form of the gravitational potential that satisfies the equiva-
lence between the gravitational forces of a spherical mass
and a point mass. The proposed experiment seeks to measure
G with an accuracy roughly 2 orders of magnitude better
than current measurements and to establish the most stringent
Earth-based upper limit on A, thereby pioneering the first
laboratory-based probe of the cosmological constant.

Our approach investigates the response of the collective
modes of a BEC subjected to an oscillating mass. Using quan-
tum metrology, we derive an expression for the sensitivity in
measuring the acceleration amplitude of the time-dependent

L042051-4
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component of the gravitational potential. This analysis as-
sumes a probe state where the condensed atoms are in a
coherent state and two phonon modes are prepared in a two-
mode squeezed state.

For the experimental parameters detailed in Table I, we
find that the proposed experiment is sensitive to accelerations
on the order of ~ 10~"m/s?, representing an improvement
of about 2 orders of magnitude in the current accuracy of
G measurements, achieving AG/G ~ 10~7. The experiment
would also establish the first Earth-based experimental up-
per bound on the cosmological constant A at approximately
1073 m~2. Moreover, this setup enables measurement of the
distance-dependent behavior of each term in the gravitational
potential, offering a level of sensitivity for testing modified
gravity theories.
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Appendix A: Gravitational potential and acceleration in-
duced by an oscillating mass in the BEC. The gravitational
potential generated by the oscillating mass in BEC at point x
as follows from Egs. (3) and (4) is given by

MG Ar(x, 1)2c?
r(x,t) 6

px,1) = — (AD)

The expansion of ¢(x, ¢t) around Ry up to the second order in
A, ; leads to the following expression for ¢(x, ¢):

P(x, 1)
=¢S(1— Aur + A2+ ) + 8 (1 +24,, + A2)),

(A2)

AROC

where qbo = —MG and ¢0 =— . The part of ¢(x, ¢) from
Eq. (A2) to Wthh the BEC experlment has essential sensi-
tivity (as we discuss below) is proportional to [x8g sin(€2t)],
originating from the A, and higher-order O(A3,) terms, and
is given by

)+ ) sin(S2) = aBFC(r)x,
(A3)

o)
PEEC(x, 1) = (95 (1 +
0

where “--” denotes O( )terms and

28r .

ag’ () =2 (@714 +¢g)sin(@n), (A4
0

which is the time-dependent part of the acceleration exerted

by the oscillating sphere on the BEC. The amplitude of this

acceleration, aBEC, is the key observable in our study, which

follows from the two equations above and is given by
JPEC ~ 20g <MG AR}c )

AS
R2 Ry 6 (AS)

2 .
5152 ) corrections to the first term
0

where we have omitted the O(

with constant G.

Appendix B: Quantum field treatment of BEC phonons. The
standard description of a Bose gas with two-atom interactions
[29], taking into account the gravitational potential of the
oscillating sphere, is given by

. . i PN O
A :/ qﬁ(——vuv&—mmx,rw 5\11*\1/)\1161%,
i Zm 2
(B1)

where V, is the trapping potential, g = 47whi’aq/m is the
two-atom coupling constant, m is the mass of the atoms in
the BEC, aq is the atomic scattering length, and V is the
confinement volume over which Eq. (B1) is integrated. To
produce a one-dimensional uniform density BEC in the x
direction, we set Vi, = 0 inside the trap and impose Neumann
boundary conditions at the potential walls. The stationary
part of the gravitational potential ¢(x,), as well as any
x-independent terms, does not contribute to the system’s
dynamics. The only term contributing to the gravitational
interaction is given by ¢&EC(x, 1) = aBFC(t)x, with aBFC(r)
given by Eq. (A4) [26]. The field operator can be expanded
as

B(r,1) = (Po(r) + D (x, ) /MO ()

where W (r) is the solution of the stationary Gross-Pitaevskii
equation, f’(r, t) is a small perturbation, u is the chemical po-
tential, and S0 = [ PSEC(1)d>x is the time-dependent energy
shift of the ground state.

Bose-Einstein condensation is achieved assuming that
the temperature 7 of the Bose gas is much smaller than
the condensation’s critical temperature so that the ground
state becomes macroscopically occupied. Making the Bo-
goliubov approximation, we can replace the field operator
with a classical mean-field function Wy(r) = ag ¥o(r) —
/Noro(r), where Ny corresponds to the number of atoms in
the ground state of the BEC. The perturbations are f?(r, t) =
Zn £0 a,(t) Y, (r), where &Z and @, are the creation and anni-
hilation atom operators, satisfying the commutation relation
[a,, &}'] = 8,;. To help solve the equations of motion, it is
convenient to apply the Bogoliubov transformation

{9(1‘7 1) = Z (un(r)l;ne_iw”t + Un(l')l;zeiw"t)7

n

(B3)

where bf and b, are the Bogoliubov mode creation and
annihilation operators obeying [b,,, lSlT] = 6§,y and w,, is the cor-
responding mode frequency. The mode functions u,(x), v,(x)

L042051-5
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follow the stationary Bogoliubov-de- Gennes equations and
satisfy the orthogonality relation f (upu; — vy V) d?x = 8.
The energy spectrum is given by the dispersion relation

(o) = (cihky)* + (BPK2 [2m)’, (B4)

where

¢y 1= \/gno/m = Jamagnoh/m (B5)

is the speed of sound, ng is the BEC’s density, and k,, = nr /L
is the mode number with n € Z*. In the low-energy limit
(hw, K mc?), the dispersion relation is w, = c¢sk,. The Bo-
goliubov modes in this limit correspond to phonons. In the
interaction picture, we can rewrite the Hamiltonian as the sum
of a diagonal part, H© = Do hwnB;l;n : (where :: denotes
normal ordering), plus an interaction term H), which will be
specified in what follows. We will consider resonant effects
between the phononic modes and the oscillation frequency of
the mass. In particular, we consider that the mode numbers
satisfy the condition ng :=n+1 = LQ/(wcy), with ng an
odd integer, which corresponds to the resonance condition
Q ~ w, + w;. In this case, the main contribution from the
interaction Hamiltonian up to second order in the phonon
operators under the rotating wave approximation [26] is

AD = = 3" i(—1)2|M, P B}b} — bub).  (B6)
l<ng

for n # [, where the transition amplitude is given by
|~ MO Y= (1)
" 2V2nl(n? — 12)73¢

where ¢ = /i/(x/2mc;) is the healing length.

(B7)

The time evolution of the phonon modes is given by the
operator U (¢) = exp (iH"t /1), which explicitly reads

U@)=exp | = > (=12 |\My|(B}b] — bubi)t /R

l<ng
(B8)

This unitary operator corresponds to a two-mode squeezing
transformation, parametrized by a®EC.

Appendix C: Inverse tritter operation. The tritter Hamilto-
nian, inspired by beam-splitting-like couplings applied to the
BEC’s ground state and phonon modes, is given by

Ay = h0N2[e a} (b, + by) + e ag(b] + b)),

which can be realized through suitable modulation of the
trapping potential or through Bragg difraction [69,70]. While
experimental demonstrations of beam-splitting operations are
available, the inverse operation is less commonly reported.
The corresponding unitary operator U, = exp(—iﬁtrt /h) can
be inverted by changing the sign of the phase ¥ — ¥ + m,
thus flipping the sign of the Hamiltonian. This is analo-
gous to time-reversing a beam splitter in linear optics. In
cold-atom setups, such coupling between the condensate
and phonon modes can be implemented via Bragg diffrac-
tion using two counterpropagating laser beams tuned to
excite phonons from the ground state or return the exci-
tations to the ground state. Controlling the phase of these
beams enables reversal of the interaction Hamiltonian, thereby
implementing U, .

These mechanisms, while technically challenging, are
within reach of current experimental capabilities and form
a promising direction in quantum sensing and information
protocols using phononic degrees of freedom.
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