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Counterdiabatic (CD) driving provides a powerful route to fast and robust state preparation by suppressing
diabatic excitations during finite-time evolution. Yet, deriving analytical CD protocols for complex systems
remains challenging, motivating the development of variational approaches. These methods typically rely on
minimizing trace-based functionals to construct approximate control Hamiltonians. However, in unbounded
systems, such functionals can become ill-defined because of the unbounded bosonic Hilbert space, leading to
divergent cost functions and unphysical variational coefficients. Here, we introduce a variational optimization
framework equipped with physically motivated renormalization schemes that regularize the trace-based metric by
restricting it to relevant displaced and low-energy subspaces. As a paradigmatic example, we apply our method
to the quantum Rabi model beyond the dispersive approximation and identify two distinct CD contributions
that couple the atomic degree of freedom to the position and momentum quadratures of the field. These
terms suppress diabatic excitations across coupling regimes ranging from strong to deep-strong light-matter
interaction. We further formulate a fidelity-based quantum optimal-control strategy that bypasses the limitations
of trace-based variational methods. Finally, we show that the resulting CD terms can be implemented via
Floquet engineering through parametric modulation of the native Hamiltonian. Our results demonstrate that CD
driving can be consistently extended to continuous-variable systems with unbounded Hilbert spaces, providing
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a controlled and scalable framework for quantum control in strongly interacting light-matter platforms.

DOI: 10.1103/7wnd-t4xy

I. INTRODUCTION

The quantum Rabi model (QRM) [1] is one of the paradig-
matic models of quantum optics and quantum information
science, providing a minimal yet highly nontrivial description
of light-matter interaction between a two-level system and a
single bosonic mode. Since its original formulation and subse-
quent quantization [2], the QRM has served as a fundamental
platform for exploring nonclassical state generation [3-5],
parity-protected dynamics [6], superradiantlike critical behav-
ior [7-10], and strongly correlated spin-boson physics.

Beyond its theoretical relevance, the QRM has become a
unifying framework for understanding and engineering a wide
variety of quantum platforms, including cavity QED [11],
trapped ions [12], superconducting circuits [13—17], and pe-
riodically driven light-matter systems [18]. In trapped ions,
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analog quantum simulation has enabled the QRM to be ex-
plored across a broad range of coupling regimes, including the
strong- (SC), ultrastrong- (USC), and deep-strong-coupling
(DSC) domains [19-24]. In these regimes, the breakdown of
the rotating-wave approximation (RWA), phonon wave-packet
dynamics, and entangled ground-state features can be directly
probed [23]. In the USC and DSC regimes, counterrotat-
ing terms become essential, excitation-number conservation
breaks down, and the eigenstates acquire strongly nonclassi-
cal and highly entangled atom-field character. These regimes
are of fundamental interest and provide new opportunities
for quantum information processing [25,26] and quantum
sensing [27,28]. However, preparing and manipulating QRM
eigenstates across these regimes remains challenging. This
difficulty is particularly pronounced in strongly hybridized
and highly detuned regions, where small spectral gaps require
slow adiabatic ramps that often exceed experimental coher-
ence times [29]. This motivates the development of fast and
robust control for high-fidelity state preparation.

Shortcuts to adiabaticity (STA) [30,31], and in particu-
lar counterdiabatic (CD) driving [32-35], provide a natural
route to overcome these limitations. CD driving suppresses
diabatic transitions by supplementing a reference Hamil-
tonian with an auxiliary control term generated by the
adiabatic gauge potential (AGP) [36,37], thereby reproducing
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adiabaticlike dynamics in finite time. STA techniques have
already been applied to interacting spin-boson systems for
fast and robust nonclassical-state engineering [38], and CD
protocols have been proposed for the QRM in limiting cases
such as the dispersive regime [39]. Nevertheless, extending
CD methods to the full QRM parameter landscape remains
highly nontrivial. Exact CD constructions generally require
complete spectral information and often generate experi-
mentally inaccessible operator structures. Variational AGP
methods [40,41] offer a practical alternative by optimizing
an approximate control Hamiltonian within a restricted op-
erator ansatz. However, these approaches are typically based
on trace-based variational functionals over the full Hilbert
space or polynomial expansions, which become problematic
in continuous-variable systems. In the QRM, the bosonic
mode introduces an unbounded Hilbert space, causing the
standard trace-based variational action to depend pathologi-
cally on the Fock-space cutoff and, in the infinite-dimensional
limit, to yield unphysical or vanishing CD coefficients.

In this work, we adopt variational and optimization
techniques to extend previous dispersive-regime CD driv-
ing [39] to arbitrary detuning ratios across the SC, USC,
and DSC regimes and for different atom-field detunings.
Building on variational AGP methods, we first derive, in
Sec. II, a first-order CD ansatz containing two physically
distinct contributions: a photonic quadrature correction and an
atomic quadrature correction. The photonic term reproduces
the known dispersive-limit CD structure, while the atomic
term becomes essential beyond the dispersive approximation
and improves the driven-state fidelity in strongly hybridized
regimes. We then show that the standard trace-based vari-
ational metric becomes ill-defined because the unbounded
bosonic Hilbert space dominates the action. To overcome
this limitation, in Sec. III, we introduce physically motivated
renormalization schemes that restrict the variational metric
to relevant displaced, low-energy, and symmetry-informed
subspaces, thereby regularizing the optimization landscape
and restoring meaningful AGP coefficients. As a complemen-
tary route, Sec. IV reformulates the problem as a trace-free
optimal-control strategy based on final-state fidelity, which
bypasses the limitations of divergent trace functionals. Finally,
Sec. V shows that the resulting CD interactions can be dy-
namically generated through periodic modulation of the native
Hamiltonian, avoiding the need to introduce additional static
coupling terms.

Our results establish a controlled route for CD state
preparation in continuous-variable light-matter systems. More
broadly, they demonstrate that, in unbounded Hilbert spaces,
the choice of variational metric is not merely a numerical
detail but a fundamental physical ingredient of the AGP con-
struction. Standard metrics may fail to provide a well-defined
or physically meaningful optimization, making the design of
an appropriate cost function as important as the selection of
the operator ansatz itself. The proposed method, in contrast
to generic numerical pulse-shaping methods such as Gradi-
ent Ascent Pulse Engineering [42] or Chopped random-basis
quantum optimization [43,44], exploits the AGP as a physics-
informed operator ansatz designed to suppress the leading
nonadiabatic error channels. This provides a structured and
physically constrained optimization problem, where the rel-

evant control directions are selected from the CD theory
rather than from an arbitrary waveform parametrization. This
perspective provides a scalable framework for designing ex-
perimentally motivated CD protocols in strongly interacting
bosonic and hybrid quantum platforms.

II. PRELIMINARIES
A. Quantum Rabi model and its regimes

Our starting point is the quantum Rabi Hamiltonian (i=1)
[1,45]

Hr = wa'a + 5@ +g6.(a" + a). (D

This model describes the interaction between a two-level sys-
tem of transition frequency 2 and a single quantized bosonic
mode of frequency w, coupled with strength g. Here, @ and
a' are the annihilation and creation operators of the bosonic
mode, while 6; denotes the ith Pauli operator acting on the
two-level system. Despite its simple form, the QRM exhibits
a hierarchy of dynamical regimes [29,46,47], arising from the
competition between the bare frequencies and the light-matter
coupling strength, as illustrated in Fig. 1. To compare the
different regimes on equal footing, we work with the dimen-
sionless Hamiltonian obtained by rescaling energies by w,

A

r
HR = EI & + 56'1 + 776—)((&1— + &)1 (2)

where I' = Q/w is the frequency ratio and 1 = g/w is
the normalized light-matter coupling. Throughout this work,
we focus on the coherent dynamics generated by the
closed-system Hamiltonian. Dissipative processes, such as
spontaneous emission at rate y and photon loss at rate «, are
neglected under the assumption that («, y) < (w, 2, g) on the
timescales of interest. This allows us to isolate the role of CD
corrections across the different QRM regimes.

As illustrated in Fig. 1, for weak light-matter interactions
n < 1, the system remains in the SC regime [48]. In this limit,
the Hamiltonian preserves the continuous U(1) symmetry,
and therefore the system conserves the excitation number. In
the SC, the RWA is valid, and the dynamics are accurately
captured by the Jaynes-Cummings Hamiltonian [49]. As the
coupling strengths increase (0.1 < n < 1), the system enters
into the USC regime [19]. In this regime, counterrotating
terms are non-negligible, the RWA breaks down, and the U (1)
symmetry is replaced by the discrete Z, symmetry [50,51].
In the USC, the conserved operator is P = AZ(—l)aT‘A’, and
the state space is divided into two orthogonal subspaces with
even and odd parity. Finally, we identify the DSC regime, with
n 2 1 [21]. Here, the expectation number operator (#) is no
longer approximately zero, and the cavity state is represented
by a displaced state. Figure 1(d) exemplifies the macroscopic
occupation of the cavity, within a ground state described by
a Schodinger entangled cat state, i.e., |Wg) =~ JLE(|+X>|“) —
|—x)| —«)), where |£,) denote eigenstates of &, and « is
the interaction-induced displacement. Thus, by varying n and
I, the QRM provides access to a broad family of nontrivial
ground states with strong atom-field correlations.

Accessing the USC and DSC regimes poses notable exper-
imental challenges. Nevertheless, several works have found
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FIG. 1. Regime map of the QRM across the normalized parameter space. The diagram divides the landscape into representative regions
for different normalized couplings n = g/w and frequency ratios I' = €2 /w, including the SC (green), USC (red), and DSC (blue) regimes.
The SC-USC boundary is determined by the breakdown of the RWA, quantified by the fidelity condition F (|vc), |[¥r)) < 0.9. The USC-DSC
boundary is defined by the onset of appreciable field occupation, (/1) > 1, signaling the emergence of interaction-induced displacement. The
adjacent panels display the Wigner function and the Bloch sphere for representative light-matter states: (a) SC regime, ' = 1 and n = 0.1;
(b) USC regime, I' = 1 and n = 0.4; (d) entangled-cat regime, I' = 10~* and = 1; and (c) superradiant regime, I' = 10* and n = 1.0057,
where 1, = /Q/4w is the critical point [7]. The figure illustrates the qualitative changes in light-matter correlations across the different

regimes.

that linear [52] or nonlinear driving protocols [53,54] can
enhance the effective light-matter coupling. In such setting,
the normalized coupling can be parametrically controlled as

Neff = )"(t)nma)(a (3)

allowing the system to be driven into the USC or the DSC.
Here, A(t) describes the scheduling function and 7y is the
maximum attainable normalized coupling. To ensure adia-
baticity, the system must be evolved over long timescales.
However, decoherence and experimental constraints favor
short protocols to mitigate experimental noise and loss. In
this work, we use variational CD techniques to extend pre-
vious dispersive-regime CD [39] to arbitrary detuning ratios
I' across the SC, USC, and DSC regimes, enabling high-
fidelity ground-state preparation across the QRM parameter
landscape.

B. CD driving and variational AGP

CD driving, or transitionless quantum driving, is a quantum
control technique designed to suppress diabatic excitations
by adding an auxiliary control term to a reference Hamilto-
nian [32-35]. The objective is to reproduce the outcome of an
adiabatic evolution within a finite, and typically much shorter,
evolution time. The construction of the CD term starts by
introducing a time-dependent unitary transformation U () that
maps a reference orthonormal basis S into the instantaneous
adiabatic basis, D(t) = U(¢)S. In this rotating frame, the ref-
erence Hamiltonian 7:10 () is diagonal by construction, and the
Hamiltonian governing the dynamics becomes

~ 7T
HE) =00 Ho)0 (1) — ihﬁ(t)aUat(t). )

Here, the first term is the rotated reference Hamiltonian,
whereas the second is the inertial term or adiabatic gauge po-
tential responsible for diabatic transitions. Transitionless driv-
ing consists of engineering an auxiliary Hamiltonian Hcp (1)
satisfying

U™ (1)
at

so that it exactly cancels the inertial contribution in the adia-
batic frame [32]. The total Hamiltonian then reads

Ut HepU (1) = inO (1)

(&)

H(t) = Ho(t) + Hep (1) (©6)

and enforces evolution along the instantaneous eigenstates of
Ho (1) independently of the driving rate.

The main limitation of CD driving lies in the complexity
of the exact auxiliary term. Although formally exact, ana-
Iytic CD constructions are generally difficult to extend to
many-body or continuous-variable systems, since they require
spectral information about the instantaneous eigenstates of
the Hamiltonian. Moreover, the exact CD Hamiltonian often
contains highly nonlocal or experimentally inaccessible op-
erator structures. To circumvent these limitations, variational
approaches to CD driving have been developed [41]. Instead
of constructing the exact CD operator, these methods choose
an ansatz within a restricted operator space and optimize it to
approximate the exact AGP.

Within this framework, the CD Hamiltonian is expressed
in terms of the AGP A, associated with the control parameter
(1), which generates the nonadiabatic response to the finite
control times, relating the infinitesimal displacement in the
control space §A with the corresponding corrections in the
Hilbert space [36]. Consequently, the CD term can be written
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as
Hep(t:3) = MDA F), (7

where X denotes the set of free parameters to optimize. Al-
though finding an exact closed form for the AGP is generally
not feasible, it can be approximated systematically using a
nested-commutator expansion,

!
AL @ 3)=i Y " xi) [Ho@), [FHo(@). ..., [Ho(t), 8 Fo()]11].

k=1 2k—1

)
This expansion describes the AGP in a series of kth nested
commutators [40,55,56]. Higher orders improve expressivity
but at the expense of generating more complex, nonlocal con-
trol terms. The expansion can therefore be truncated at low
order to retain only controls compatible with the hardware
capabilities and connectivity. Once the AGP structure is de-
fined, the variational coefficients X are optimized through a
minimization of the action functional [37,41],

S(t; %) = Tr[GT(1; )Gt )], ©

G(t; %) = B, Ho(t) — i[Ho(t), AV (1;3)]. (10)

Next, we evaluate the first-order AGP correction for the
time-dependent QRM, rewritten from Eq. (2),

. r
Hr(t) =a"a+ EOA'Z + A6 @ + a), (11)

with A(r) = sin® [ sin? (r¢/(27))/2] being the scheduling
function and 7 the evolution time. By combining Eq. (11) with
the nested-commutator expansion in Eq. (8), we can construct
the first-order AGP ansatz,

AV = xi(ml—is @ —a)+ 6@ +a)l.  (12)
Here, the first contribution, A, = —i né.(a’ — a), couples the

spin degree of freedom to the momentum quadrature of
the bosonic mode. This term compensates diabatic excita-
tions associated with the interaction-induced displacement
of the cavity field by correcting the motion along the con-
jugate quadrature, similarly to STA corrections in driven
cavities [57]. The second contribution, Aa = 17F6y(fff + a),
addresses diabatic errors originating from the interplay be-
tween the atomic term and the light-matter coupling. In
particular, it corrects the qubit dynamics induced by the time-
dependent interaction. Similar quadrature-mixing corrections
have been reported in the optimal control of superconducting
qubits through DRAG methods [58]. Figure 2 illustrates how
the two CD terms compensate diabatic evolution in phase
space and on the Bloch sphere for the field mode and the
two-level system, respectively.

To determine the variational coefficient, one would nor-
mally minimize the action functional S(¢; X). However, in the
QRM this procedure becomes ill-defined because the bosonic
Hilbert space is unbounded. The trace functional receives
contributions from increasingly highly excited Fock states,
making the variational metric vanish proportionally to the
Fock-space cutoff. This can be seen explicitly by evaluating
the action in a truncated bosonic basis. For the first-order AGP

(a) P s
I”’
’i
(Z) X
(b) ‘
(X)
L g

(Y)

FIG. 2. Schematic illustration of the CD corrections in the QRM.
(a) Phase-space trajectories of the cavity quadratures. The red path
corresponds to diabatic evolution without CD control, while the
blue trajectory shows the corrected evolution produced by the cavity
contribution A, = —iné, (@’ — &), which generates a spin-dependent
force in the momentum quadrature. (b) Bloch-sphere representation
of the qubit dynamics. The red trajectory shows the diabatic evolu-
tion, while the blue path shows the CD-corrected trajectory generated
by the atomic contribution A, = r)l"éy(&"' + a).

ansatz in Eq. (12), the minimizing coefficient is given by

—(14T7?)
1+ T4 4602 +422(0)n?[L + 2n — DI2]

x (1) = 13)

where n denotes the Hilbert space dimension of the field
mode, implying the Fock-space cutoff. A detailed derivation
is given in Appendix A. In the limit n — oo, the coefficient
tends to zero for finite I, yielding a vanishing CD correction.
This trivial result is not a physical prediction, but rather a
consequence of applying a full trace norm to an unbounded
Hilbert space. In contrast, in the dispersive limit I' — O,
the atomic contribution in Eq. (12) vanishes, and the cutoff-
dependent divergence disappears. In this limit, Eq. (13) gives
x1(t) — —1, and the CD Hamiltonian reduces to

Hep(t) = ik(t)né (@’ — a), (14)

which coincides with the CD ansatz previously obtained
in the dispersive regime [39]. This agreement validates the
nested-commutator construction in the regime where the trace
functional remains well defined. Beyond this limit, however,
the cutoff dependence of Eq. (13) shows that a regularized
variational metric is required.

From this point onward, we therefore adopt a multipa-
rameter formulation of the AGP, in which the cavity and
atomic contributions are treated as independent variational
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FIG. 3. Schematic representation of the effective low-energy
manifold of a cavity used to regularize the AGP optimization. The
histogram represents the population of the renormalization state (p)
entering the weighted trace functional. The populated Fock states
define the effective Hilbert-space region over which the variational
metric is evaluated.

components,
Ai = x. () A: + x.() A, (15)

This choice follows the broader variational CD strategy de-
veloped in quantum control and quantum computing [59-63],
where enlarging the physically motivated operator manifold
can improve the approximation to the exact gauge poten-
tial and enhance the performance of finite-time protocols.
In the present setting, independent variational weights allow
the photonic and atomic diabatic channels to be corrected
separately, increasing the expressibility of the CD protocol
beyond the single-coefficient nested-commutator ansatz.

III. REGULARIZED VARIATIONAL METRIC

As discussed above, variational CD driving provides a
powerful tool for approximating the AGP without requiring
the full diagonalization of the Hamiltonian. The cost function
defined in Eq. (9) measures how well a variational ansatz satis-
fies the gauge-potential equation, or equivalently, the distance
between the operator functional G(t;?c) and the generalized
force operator M, (t) generated by changes in the control
parameter A(r). The exact AGP is recovered when G(t;?c) =
—M,\(t) is satisfied [36,37]. It was already pointed out in
the original variational-CD formulation that the full trace
functional may be overly restrictive for determining approx-
imate AGP coefficients, since it includes contributions from
the entire Hamiltonian spectrum [41,64,65]. Therefore, the
optimization can be improved by restricting the suppression of
diabatic transitions to a physically relevant subspace, such as
a low-energy or low-temperature manifold, as schematically
illustrated in Fig. 3. This leads to the regularized action

S,(t; %) = Tr[pG' (t; X)G(t; %)), (16)

where p is a reference density operator that restricts the vari-
ational metric to the relevant subspace.

In this section, we explore physically motivated choices
of the reference density operator p within variational CD
protocols. Our objective is not merely to reduce the compu-
tational cost of the optimization, but to incorporate physical

prior information into the variational metric. By weighting the
trace over the displaced and low-energy regions explored by
the dynamics, this approach regularizes the action functional
and removes the unphysical divergences associated with the
unbounded bosonic mode of the QRM.

The reference operator p can be chosen to encode physical
information about the region of Hilbert space explored during
the driven evolution. A natural choice for the bosonic sector
in the QRM is a displaced thermal state,

1 o —hBwata Nt
pele, B) = ED(a)e D'(a), (17

where D(a) = exp(aa’ — a*a) is the displacement opera-
tor, B = (kgT)~!, and Z = Tr[e #"*%'?] is the harmonic-
oscillator partition function. This reference state incorporates
both thermal weighting and the interaction-induced displace-
ment of the bosonic mode.

Here, we focus on the coherent unitary dynamics of the
ground state of the QRM and neglect dissipative effects. We
therefore take the zero-temperature limit of Eq. (17), for
which the bosonic reference state reduces to a displaced vac-
uum density matrix

pela, 00) = D(@)|0)(0|D () = |a){et]. (18)

To estimate the displacement value in the renormalized action,
we consider the limit of negligible atomic contribution, i.e.,
the dispersive regime

Haooolt) = wa'a + rt)gé (@’ + a). (19)

In the eigenbasis of &,, the bosonic Hamiltonian reduces to
two displaced harmonic oscillators, which can be solved ex-
actly as displaced Fock states,

(1)) = D@D, (20)

where the sign (&£) is fixed by the corresponding &y
eigenvalue. Guided by this exactly solvable limit, we use
the displacement scale |o(f)] = A(f)g/w to construct the
reference operator entering the regularized trace. In our imple-
mentation, the qubit sector is weighted uniformly, while the
cavity sector is centered around the two displaced branches.
The corresponding coherent reference operator is

Peon(?) = 1 ® (pear, 00) + pe(—a, 00))],  (21)

where T = (|1)(1+ |1){{]|) explores both possible states
of the qubit. The renormalized density matrix centers the
variational metric around the displaced low-energy manifold
relevant to the driven QRM dynamics.

The weighted trace in Eq. (16) provides a direct generaliza-
tion of the trace functional by incorporating the regularization
explicitly into the variational metric. This choice, however, is
not unique. We therefore investigate two related regularization
schemes and compare their performance. First, we replace the
Frobenius-type action used to evaluate the operator G(t; ¥) by
a finite-temperature norm [37],

Si(t;%) = (G*(1; %)), — (G 0))7 . (22)

Here, the angular brackets denote the expectation value with
respect to the reference state prn = V) (¥s|, Where the
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superradiant state is defined as [66]
W) = !
Sr - \/z

and o is the displacement parameter derived above. Com-
pared with the displaced-vacuum reference state in Eq. (21),
this superradiant state explicitly incorporates atom-field en-
tanglement. The variance-based metric evaluated with the
superradiant reference state allows us to assess whether in-
cluding atom-field entanglement in the regularized action
improves the variational protocol.

Finally, we introduce a filtered-trace action, in which the
reference operator is defined through an indicator function,

- 1
o = 1) @
Here, AV is a normalization factor and pé’j is the (7, j) matrix
element of the displaced vacuum state defined above, and y is
the threshold parameter, which indicates whether the density
matrix py is zero or unity. The threshold parameter y must be
chosen so that we eliminate Fock state contributions whose
probability is smaller than such a value. The filter renormal-
ization, unlike the previous weighted-trace schemes, enforces
the convergence not through functional regularization but
via domain restriction. The filter function, analogously to
Schwartz compact supports, preserves the value of observ-
ables while inducing convergence through the truncation of
the operator basis, suppressing contributions from highly ex-
cited states that are irrelevant to the driven dynamics. We set
y = le™>, to avoid that the rapid Poissonian decay of the
coherent-state Fock distribution neglects relevant states.
Although implemented differently, all three regularization
schemes follow the same physical principle: replace the uni-
form weighting of the full bosonic Hilbert space with a
metric concentrated on the region dynamically explored by
the system. Next, we numerically minimize the corresponding
regularized actions S(¢; X) and use the resulting coefficients to
construct the CD terms. Figure 4 compares the final ground-

state fidelity
F(p,0) =Tr(,//po/p), (25)

obtained with the different regularization schemes and with
the CD-free evolution, across various detuning and interaction
regimes. The simulations are conducted in three representative
configurations: the high-frequency-cavity regime [Fig. 4(a)],
the resonant regime [Fig. 4(b)], and the high-frequency-
atom regime [Fig. 4(c)], each explored at different coupling
strengths.

The results indicate that incorporating a physically moti-
vated reference state into the action functional significantly
improves the performance of the variational AGP optimiza-
tion. The regularized metrics lead to a systematic increase
in the final ground-state fidelity across all the considered
regimes, with the enhancement being particularly pronounced
at stronger coupling. Figure 4 shows that both the coherent-
state weighted trace and the filtered trace improve the
CD-assisted dynamics relative to the CD-free evolution. The
superradiant state, which explicitly includes atom-field cor-
relations, provides a noticeable additional improvement in

M@ la) + ) @[ —a)), (23)

0,

—~
)
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FIG. 4. Final ground-state fidelity vs normalized coupling
strength 7, comparing the standard action-based CD protocol (blue
dashed line), the renormalized-action protocol (red dash-dotted line),
the superradiant action (orange dotted line), and the filtered action
(green solid line) against the CD-free evolution (black solid line). Re-
sults are shown for (a) the high-frequency-cavity regime (I' = 0.1),
(b) the resonance (I' = 1), and (c) the high-frequency-atom regime
(' = 10). The simulations are performed at final time evolution

wr=1landy = le™.

the high-frequency-cavity and resonant regimes. In the high-
frequency-atom regime, where the cavity mode becomes more
strongly populated, the more restrictive nature of the filtered
metric is beneficial for the AGP optimization. A detailed
analysis of the role of the reference state is presented in
Appendix B, where we examine its influence on the topol-
ogy of the action functional and on the statistical correlation
between the action and the final fidelity. Interestingly, the
results further reveal that regularization not only removes the
cutoff-induced divergences associated with the bosonic mode,
but also reshapes the gradient landscape of the functional,
mitigating the emergence of barren-plateau-like regions.
Finally, we quantify the statistical relationship between the
minimized action and the resulting fidelity by computing the
Spearman’s rank correlation coefficient (see Appendix B).
The results, summarized in Table I, demonstrate that incor-
porating physical prior information into the variational metric
substantially improves the predictive power of the action func-
tional. This correlation indicates that the observed fidelity
enhancement is not a stochastic artifact, but rather a con-
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TABLE I. Spearman rank correlation coefficients r, between the
accumulated action and the final ground-state fidelity for the dif-
ferent parameter regimes (w, €2, g). The r, parameter represents the
monotonic relationship between both quantities, demonstrating that
the inclusion of renormalization schemes significantly enhances the
predictive power of the action functional.

(w, 2, 8) Action R action Superradiant Filter
(1, 1,0.25) —0.33 —0.56 —0.91 —-0.78
(1, 1,0.8) —0.15 —0.31 —-0.37 —0.21
(1,0.1, 1) —0.30 —0.87 —-0.97 —0.87
(1,10, 1) —0.18 —0.18 —0.18 —0.18

sequence of restricting the variational search to physically
relevant regions of Hilbert space.

IV. OPTIMAL AGP

In the previous section, we found that increasing the
light-matter coupling can strongly enhance the cavity pho-
ton population. Accurately describing this regime requires
increasing the bosonic Fock-space cutoff, which in turn makes
the full trace action increasingly ill-conditioned. Although the
regularized metrics introduced above mitigate this problem,
it is useful to develop a complementary strategy that avoids
trace-based functionals altogether.

To this end, we formulate a fidelity-based quantum
optimal-control approach to determine the AGP coefficients.
The goal is to construct CD protocols that remain effective
across broad frequency and coupling regimes without relying
on the full trace action. Similar difficulties arise in other
CD settings, for instance, near quantum phase transitions,
where small spectral gaps make trace-based constructions
challenging. Several alternative strategies have been proposed
to address these issues, including efficient CD paths [65], ge-
netic optimization schemes [67], mean-field CD driving [68],
and polynomial CD expansions [69,70]. Inspired by these
optimization-based approaches, we determine the AGP pa-
rameters by maximizing a final-state fidelity through the
following cost function:

C(x)
2

El

= ‘<%(r)| exp (—i /O Hr(t) + i(r)fh@)dt) [Wo(0))
(26)

where |W,(0)) is the analytic ground state at r =0 and
[Wo(t)) is the ground state, obtained numerically in the
truncated bosonic Hilbert space. In this approach, the AGP
coefficients X are treated as time-independent variational pa-
rameters optimized to maximize the overlap between the
evolved state and the target final ground state.

To preserve the physical interpretation of the CD correc-
tion, we constrain the optimization so that the AGP does not
artificially replace the native Hamiltonian dynamics. By con-
struction, the AGP itself is independent of the control velocity
A(t); the protocol duration enters only through the CD Hamil-
tonian ?:LCD(t) = i(t)fl,\. Consequently, the CD contribution
becomes negligible for slow protocols and dominant only in

the impulse regime. Without an additional scale constraint,
a direct fidelity optimization could generate unrealistically
large AGP coefficients that improve the final overlap but no
longer represent a physically meaningful CD correction. We
therefore require the AGP norm to scale with the natural
light-matter coupling scale,

AL = O(), @27

where || - || denotes the operator norm and 7 is the normalized
light-matter coupling. This constraint is consistent with the
analytical scaling of the first-order AGP in Eq. (13) and pre-
vents the optimized CD term from overwhelming the native
QRM dynamics.

Figures 5(a) and 5(b) compare the final ground-state fi-
delity of the unassisted evolution and the optimized CD
protocol over a broad range of frequency ratios I' and normal-
ized coupling strengths 7. The unassisted dynamics exhibit
pronounced fidelity loss in strongly coupled and highly de-
tuned regimes, where diabatic excitations become significant.
In contrast, the optimized CD protocol substantially improves
the final fidelity throughout the explored parameter region.
Figures 5(c) and 5(d) show the relative norms of the optimized
atomic and photonic AGP components, normalized by the
norm of the QRM Hamiltonian IIfla,CH/ |Hz|l. These panels
reveal the complementary roles of the two CD channels. The
atomic correction is most relevant in regimes where the atomic
frequency strongly affects the dynamics, while the photonic
correction dominates when the cavity displacement induced
by the light-matter coupling is the leading diabatic mecha-
nism.

We further compare the optimized CD protocol with the
analytical CD expression obtained in the dispersive regime
from Eq. (13). Figure 6 shows the resulting infidelity,

I(p,0) =1—=F(p,0), (28)

as a function of the frequency ratio for several coupling
strengths. The optimized AGP protocol systematically out-
performs the dispersive analytical construction across the
considered regimes, reducing the infidelity by approximately
one order of magnitude. These results confirm that the
additional atomic CD contribution provides a quantitative
improvement in ground-state preparation beyond the disper-
sive approximation. They also highlight the robustness of
the trace-free AGP optimization, which remains effective in
strongly hybridized and highly detuned regimes.

The fidelities reported represent ideal upper bounds,
since environmental noises and dissipation have not been
included. In an open quantum system, the dynamics
must be described using the Lindblad equation p(f) =
Lilp@)] = —ilH @), o] + Y, 7 ()DL (1), ¥, be-
ing the damping rates and D[L, (1)]p(t) = LM(t),o(t)L; (t) —
%{L;(I)Lﬂ(t), p(t)} the Linblad superoperator for the L,
jump operator [39,71]. Nevertheless, the CD protocols derived
within unitary dynamics can remain effective in open sys-
tems. Recent studies in circuit QED [57,72] prove that unitary
CD can be used in dissipative dynamics of a lossy bosonic
mode, maintaining the evolution within a time-dependent
decoherence-free subspace and extending the coherent control
in dispersive readout at high power. Therefore, these results
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FIG. 5. Simulated CD dynamics across the Rabi parameter space, with a dimensionless evolution time wt = 1. (a) Ground-state fidelity
of the unassisted Hamiltonian as a function of the normalized coupling strength 7 = g/ and the frequency ratio I' = Q/w. The fidelity
landscape exhibits a pronounced degradation in the strong-coupling and highly detuned regimes, reflecting diabatic excitations. (b) Ground-
state fidelity under CD driving using the optimized AGP. The assisted protocol restores high-fidelity transport across the entire parameter
domain, substantially suppressing the diabatic errors that dominate the unassisted dynamics. (c), (d) Relative norms of the optimized atomic
and photonic AGP components, respectively, showing the distinct dynamical contribution of the CD corrections. These panels underscore how
the CD correction suppresses diabatic errors, and how the atomic and photonic AGP components compensate for them in distinct regions of

the parameter space.

establish regularized CD driving as a promising route toward
fast and robust control of continuous-variable and hybrid
quantum systems under realistic dissipative and noise-limited
conditions.

Infidelity
=
N

—_
oI
(=)}

0.1 1.0 2.0 3.0 40 50 6.0 7.0 80 9.0 10.0
r

FIG. 6. Infidelity of the analytically derived CD protocol (dashed
lines) and the variationally optimized CD protocol (solid line), eval-
uated across a range of coupling strengths and frequency ratios. The
optimized AGP achieves uniformly lower infidelity, typically by an
order of magnitude, demonstrating the robustness of the optimized
protocol.

V. PERSPECTIVES ON EXPERIMENTAL
IMPLEMENTATION

Having derived the optimized AGP, we now ask whether
its operator structure can be realized experimentally. In our
theoretical proposal, the QRM Hamiltonian is supplemented
by two CD contributions defined in Eq. (12). While the native
light-matter interaction term, proportional to o é.@" + a),
couples the atomic degree of freedom to the position quadra-
ture of the field, the additional CD involves cross-quadrature
couplings. In particular, they couple the atomic and field
quadratures in combinations that are not generally present
in standard realizations of the QRM and may therefore be
challenging to implement directly. To overcome this difficulty,
we propose a Floquet-engineering strategy that dynamically
generates the required operator structure without introducing
additional control terms [73,74]. The central idea is to exploit
high-frequency periodic modulations to synthesize an effec-
tive Hamiltonian whose dynamics reproduce the desired CD
corrections [40,75]. The Floquet theory states that a periodi-
cally driven Hamiltonian He(t) = He(t + T) can be mapped
onto an effective time-independent Hamiltonian % through

4T
exp(—i’;’:LFT) = ’f‘exp <—i/ 7:LE(t)d1>, (29)

where T = 2m /v is the driving period and 7 denotes the
time ordering. In the high-frequency regime, the effective
Hamiltonian can be derived systematically using the Mag-
nus expansion. This approximation formulates the effective
Hamiltonian as a controlled series of nested commutators
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in powers of v~! (see Appendix C) that allows to engineer
approximate AGP into the evolution. In order to achieve the
desired structure, we define the stroboscopic Hamiltonian as

Fp(6) = Fe(t) + vi cos(W[A(1)aa + Ay()6.]
0

+ A0 P emé.@a" +a), (30)
with
O =) Besin(2k — Do), 31
k=1

where vy is a reference frequency scale, A.(r) and A,(t)
are slowly varying cavity and atomic modulation envelopes,
respectively, and B; are Fourier coefficients defining the
interaction-modulation profile. The additional modulation
functions A.(t)/A,(t) provide an independent degree of free-
dom for shaping the effective AGP operators generated by
the nested commutator independently. Restricting the Mag-
nus expansion to leading order and retaining only the first
harmonic of the interaction modulation, the stroboscopic ef-
fective Hamiltonian, up to the order O(v~2), becomes

64a s ot +ay+ MPAes 4t — a)},

Vo : 2vp

7:217 = 7:[R + )»(t)|:
(32)

where A. and A, are the envelope-averaged amplitudes. Im-
portantly, the emergent interaction terms reproduce exactly
the operator structure of the first-order adiabatic gauge po-
tential derived in Eq. (12). By appropriately tuning the
modulation amplitudes A.(¢) and A,(t), the coefficients of
the effective Hamiltonian, the optimal variational parameters
can be matched to those obtained in the previous sections. In
this way, the desired CD trajectory is realized dynamically
through periodic driving, without the need to introduce ad-
ditional static couplings into the Hamiltonian. Equation (32)
has been derived by considering the first-order Magnus Ex-
pansion. This approximation is valid in the fast-oscillating
regime, v > {w, 2, g}, where higher-order ME can be ne-
glected as its contribution decays as O(v~'). However, at
finite frequencies, higher-order ME must be considered. The
next leading order correction will induce amplitude shifts o
A(m|[7:£R, 3,\7:[R]|n) for the first-order ME and new couplings
o A2(m|d, Hgl|l) (118, Fg|n) in the Floquet Hamiltonian [40].
We compare the exact CD-assisted evolution with its
Floquet-engineered implementation in Fig. 7. The fig-
ure shows the time evolution of the cavity occupation (n)
[Fig. 7(a)] and the atomic polarization (o) [Fig. 7(b)] for
different total evolution times. The dynamics are driven at
resonance in the DSC regime, and the AGP parameters are
obtained from the variance-based metric introduced in the
previous section. The results demonstrate that the CD trajec-
tory of the Rabi system can be faithfully reproduced without
explicitly engineering additional static interaction terms. The
laboratory frame dynamics exhibits rapid micromotion around
the evolution generated by the effective Floquet Hamiltonian,
recovering the target trajectory at stroboscopic times t = nT'.
Increasing the driving frequency reduces the finite-frequency
deviations and improves the agreement with the effective

(@) 1 b
4
-0.2
3 -04
T 5
~2 =06
1 0.8
0 -1.0
000 025 050 075 1.00 000 025 050 075 1.00

t/t t/t

FIG. 7. Comparison between exact CD evolution (dashed red)
and Floquet-engineered CD dynamics (solid blue) in the QRM at
resonance (I" = 1) in the DSC ( = 1.5), where panel (a) time evolu-
tion of the cavity excitation number (/i) and panel (b) time evolution
of the atomic polarization (6;). The simulations are performed for
a dimensionless final time wt = 1, with Floquet driving frequency
v/w = 40 and reference frequency scale vy = 1.

dynamics. Between stroboscopic times, however, the system
does not necessarily follow the ideal CD trajectory, and the
corresponding micromotion may produce appreciable oscilla-
tions in measured observables. This effect must therefore be
considered when selecting the measurement time or switching
off the periodic drive. At stroboscopic times, the mean error
is err & 0.12%, confirming that Floquet engineering provides
an experimentally viable route to implement CD control in the
quantum Rabi model.

Although parametric modulation requires additional con-
trol over the qubit, field, and coupling frequencies, which
is not typically available in most experimental realizations,
there nevertheless exist platforms capable of supporting its
implementation. Several theoretical proposals for Floquet-
engineered CD protocols have been put forward for systems
such as superconducting circuits [76,77] and nitrogen vacancy
centers, where even an experimental realization has also been
demonstrated [78]. In the case of superconducting circuits, the
high degree of device tunability has been shown to enable
large coupling strengths [79]. When combined with recent
advances in parametric modulation [80,81], this level of con-
trol could eventually permit the exploration of the model in
the USC and even DSC regimes. Floquet engineering of both
artificial atoms and resonators (cavities) has been proposed
and experimentally implemented in Refs. [80,82-84]. In all
cases, the parametric driving is realized through multitone
flux modulation, with modulation frequencies spanning the
range v = 71.5-227.5 MHz [80] and relative drive amplitudes
of (A;,Ay)/w = (0.1,5.0) [80]. These drive amplitudes can
be increased to values upper bounded by the electronic capa-
bilities of the experiment. The drive amplitude must be con-
strained to avoid multistate excitation phenomena as observed
in measurement-induced state transition or drive-induced state
transition [84].

VI. CONCLUSION

We have developed and benchmarked a regularized vari-
ational CD framework for the coherent QRM that remains
effective across a broad parameter landscape, from the
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strong- to the deep-strong-coupling regimes and for different
detuning conditions. The resulting AGP suppresses diabatic
transitions originating from both the atomic and bosonic
degrees of freedom, enabling high-fidelity ground-state prepa-
ration beyond previous dispersive-regime CD proposals. We
also derived an analytical expression for the first-order AGP
coefficient, which correctly reproduces the dispersive limit
but becomes cutoff dependent outside this regime. This be-
havior highlights the need for a controlled regularization of
the variational metric in unbounded bosonic Hilbert spaces.
More broadly, in unbounded Hilbert spaces, the variational
metric should be regarded as a physical ingredient of the AGP
construction, rather than as a purely numerical choice. This
perspective opens a route to designing regularized CD pro-
tocols for broader classes of continuous-variable and hybrid
quantum systems.

To address the divergences arising from the bosonic
mode beyond the dispersive regime, we introduced physi-
cally motivated regularization strategies that incorporate prior
knowledge of the QRM directly into the variational cost
function. We explored three complementary approaches: (1)
a weighted trace based on displaced coherent states, (2) a
variance-based metric evaluated with respect to a superradi-
antlike reference state, and (3) a filtered trace that restricts
the metric to the physically supported Fock-space domain.
Across regimes, these approaches regularize the optimization
landscape and improve the correlation between the variational
action and the resulting ground-state fidelity, thereby enhanc-
ing the reliability of AGP optimization. Complementarily, we
adopted a fidelity-based quantum optimal-control perspective
that bypasses trace-based functionals and enables robust high-
fidelity state preparation across the explored Rabi parameter
space. Finally, we showed that the resulting CD terms can
be implemented via Floquet engineering by parametrically
modulating the native couplings of the Hamiltonian, mak-
ing the protocol compatible with platforms such as nitrogen
vacancy centers and highly tunable superconducting-circuit
devices.

ACKNOWLEDGMENTS

The authors would like to thank J. Casanova, M. Garcia de
Andoin, and F. Motzoi for useful discussions and insightful
comments. The project was partially supported from the
Basque Government through the ELKARTEK program,
project “KUBIBIT—Kuantikaren Berrikuntzarako Ikasketa
Teknologikoa” (KK-2025/00079) and Newhegaz project
(KK-2025/00074). F.A.C.-L. thanks the German Ministry for
Education and Research, under QSolid, Grant No. 13N16149
and Horizon Europe program via project QCFD (101080085,
HORIZON-CL4-2021-DIGITAL-EMERGINGO02-10), pro-
ject OpenSuperQPlus100 (101113946, HORIZON-CL4-
2022-QUANTUM-01-SGA). P.G.-A. acknowledges support
from UPV/EHU Ph.D. Grant No. PIFG 22/25. X.C.
appreciates Project Grant No. PID2021-126273NB-100
funded by MCIN/AEI/10.13039/501100011033 and by
“ERDF A way of making Europe” and “ERDF Invest in your
Future,” the Severo Ochoa Centres of Excellence program
through Grant No. CEX2024-001445-S.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

APPENDIX A: ANALYTIC DERIVATION OF AGP

In this Appendix, we derive the analytic expression for the
AGP coefficient at first order in the nested-commutator expan-
sion. To this end, we combine the AGP defined in Eq. (12)
with the action formalism introduced in Egs. (9) and (10).
First, we evaluate the operator G(t; X), which reads

G(t:%) = 6,(@" + ) + x1 ()T + 1)6.@" +a)
+ 2ix1 (TG, (a" — &) + 20 (t)nx; (t)

— 2A(t)nTxy (1)6.(a" + a)*. (A1)
Substituting this expression into the trace action gives
S(t:%) = (1 +2x, )T+ 1)
+x1 (02T + 1) Tl ® (@ + 2)°]
— 4x1 (1)’ T? Tr[l,2 ® (@' — @)°]
+ 40 0 51 (1) Tr[laxa ® Ly ]
+ 4O N T2 x1 (1) Tr[laye ® @ 4+ 2)*]. (A2)
Using Tr(A ® B) = Tr(A)Tr(B), along with
Tr((@" 4+ a)*) = n(n + 1), (A3a)
Tr((@" —a)*) = —n(n + 1), (A3b)
Tr(lyxy) = n+ 1, (A3c)
Tr((a" 4+ a)*) = n@2n* +n — 1), (A3d)

the action can be evaluated explicitly as a function of the
Rabi parameters and the Fock-space cutoff. Here, n denotes
the Fock-state cutoff and N = n + 1 is the dimension of the
Hilbert space. Taking the derivative of the action with respect
to x;(t) yields

3S(1;%)/0x1(t) = (4T + 1) 4 4x; (1) (T? + 1)?
+ 16x, ()OI + 1)
+ 164 x () (n + 1)
+ 16A()*n*T2x, ()n2n* +n — 1). (Ad)

By setting 0.5/0x;(¢) = 0 and solving the equation, we obtain
the analytical coefficient that minimizes the action:

1412
1+ T4+ 602+ 40120 (L + 2n — DI2)
(AS)
This expression reveals that, in addition to the parame-
ters explicitly appearing in the quantum Rabi Hamiltonian,
the AGP coefficient also depends on the truncation of the
bosonic Hilbert space. In the large-cutoff limit, n — oo, the
coefficient vanishes for finite I', reflecting the dimensional-
ity problems of the trace action in an unbounded bosonic
Hilbert space. In contrast, in the dispersive limit ' — 0, the
cutoff-dependent contribution disappears and the expression

x() = —
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FIG. 8. Action landscape and corresponding gradients for different variational CD cost functionals, evaluated as functions of the AGP
coefficients. The figure shows both the action value and its gradient at resonance in the USC regime, evaluated at time ¢ = 0.5t. Panels
are grouped as (a), (e) standard trace action, (b), (f) coherent-state weighted trace, (c), (g) variance-based superradiant metric, and (d), (h)
filtered-trace functional. The results show that the regularized metrics not only reduce the overall magnitude of the action but also reshape the
optimization landscape, suppressing barren-plateau-like regions and restoring useful gradient information.

recovers the known dispersive-regime CD correction [39].
This result provides both an analytical benchmark for the vari-
ational construction and a clear diagnosis of the divergence
problem addressed in the main text.

APPENDIX B: RENORMALIZATION TRACE SCHEMES:
OPTIMIZATION LANDSCAPES AND CORRELATIONS

We analyze how the choice of reference operator affects
the variational action associated with the QRM. Our goal is to
show that regularization does more than reduce the effective
dimension of the search space: It also modifies the topology
and gradients of the optimization landscape, thereby improv-
ing the relation between the minimized action and the final
state-preparation fidelity.

To this end, we compute the action values over a range of
AGP parameters for the QRM at resonance in the USC regime.
The top panels of Fig. 8 show that the regularized metrics ef-
fectively stabilize the magnitude of the action and suppress the
cutoff-induced growth associated with the bosonic Hilbert-
space truncation. The effect of regularization, however, goes
beyond dimensional reduction. The lower panels of Fig. 8
show the corresponding gradient landscapes, computed using
second-order central finite differences. These results demon-
strate that the reference states reshape the gradient structure
of the action functional. In particular, the unregularized trace
action exhibits a barren-plateau-like region in the atomic com-
ponent [Fig. 8(e)], whereas the regularized metrics restore
finite gradients and provide a more favorable landscape for
minimization. The origin of the manifold reshaping can be
explained by examining the interdependence of the action and

the Fock space size. In the CD definition, one can see that the
function depends on the ladder operators & and &', which in-
troduce an /i = a'a dependence when the action functional S,
is defined. This dependence makes the action pathologically
dependent on the Hilbert size and progressively distorts the
optimization landscape. These excited states are not visited
during the evolution, but by construction, they dominate the
action behavior. This effect can be observed in Figs. 8(a)
and 8(e), where the high-energy excited states make the func-
tional diverge in the field axis. The regularized method, in
turn, cuts the contribution of the high-excited states, focusing
the search on the state regions that can be explored during the
evolution. By suppressing the contribution of the high-energy
Fock states, the regularization makes the action more sensitive
to the physically relevant AGP parameters, thereby producing
a better-conditioned gradient landscape.

Finally, we investigate the reliability of the action as a fig-
ure of merit for optimizing the AGP coefficients in unbounded
systems and examine how regularized metrics improve its
predictive power. To this end, we analyze the statistical
correlation between the final ground-state fidelity and the
accumulated action, defined as

1
s — / IFeE W),
0

where F;(¥;)) denotes one of the action functionals de-
fined in the main text and X represents the AGP coefficients.
Figure 9 illustrates the relationship between the final ground-
state fidelity and the normalized accumulated action across
different resonance and interaction regimes with different
AGP parameters X. We compare the standard trace action
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FIG. 9. Comparison between the accumulated normalized action and the final ground-state fidelity for different regularized metrics. The
panels correspond to (a) the SC regime (w, I', n) = (1, 1, 0.25), (b) the USC regime (1, 1, 0.25), (c) the high-cavity-frequency regime
(1, 0.1, 1), and (d) the high-atom-frequency regime (1, 10, 1). In each panel, we compare the standard trace action, the coherent-state
weighted trace, the variance-based superradiant metric, and the filtered-trace protocol for different AGP coefficients X. The results show
how physically motivated regularization improves the correlation between action minimization and state-preparation fidelity across distinct

light-matter regimes.

with three alternative schemes: the coherent-state weighted
trace, the variance-based superradiant metric, and the filtered-
trace functional. In the SC, USC, and high-cavity-frequency
regimes [Figs. 9(a)-9(c)], the regularized metrics substan-
tially enhance the correlation between the action and the final
fidelity, indicating that restricting the metric to a physically
relevant subspace improves its predictive capability. In con-
trast, in the atom-frequency-dominated regime [Fig. 9(d)],
the improvement is weaker, indicating limitations of these
reference-state choices in that regime.

To quantify the correlation between the accumulated action
and the final fidelity, we compute Spearman’s rank correlation
coefficient,

cov[R[X], R[Y]]

OR[X]OR[y]

Iy =

where R[X] and R[Y] denote the rank variables associated
with the datasets X and Y, cov[R[X], R[Y]] is their covari-
ance, and og[x] and ogpy; are their standard deviations. The
Spearman correlation coefficient takes values in the range
of ry € [—1, 1], quantifying the strength and direction of the
monotonic correlation. The values of r; obtained from our
analysis are summarized in Table I (Sec. III), providing a
quantitative comparison of the predictive power of the differ-
ent action-based metrics across the considered regimes.

APPENDIX C: FLOQUET ENGINEERING
OF THE ADIABATIC GAUGE POTENTIAL

Floquet theory provides a powerful framework to treat
periodic differential equations of the form

x(1) =AMx(@), A@)=AC+T). (ChH

The Floquet’s theorem guarantees that the solution of x(¢) can
be decomposed into a product of a periodic component P(¢) =
P(t 4+ T) and a time-independent exponential factor F:

x(t) =P(t)exp (tF). (C2)

The Floquet theory can be translated into the quantum
mechanics formalism [73,74]; hgre, the eyolution of a pe-
riodically driven Hamiltonian Hg(¢) = Hg(t + T) can be

expressed over one period via the time-independent Floquet
Hamiltonian A Fl
) +T
exp(—iHrT) =T exp <—i/ ’HE(r)dr), (C3)
t

with 7 the time-ordering operator. The complete instanta-
neous Hamiltonian can be written as

He(t) = P(tYHFP' (1) + i, PP (1), (C4)

where P(t) = exp —iK(¢) is the micromotion operator gen-
erated by the kick operator k(7). Here, we also set i = 1.
In general, obtaining the Floquet Hamiltonian exactly is not
feasible. However, in the high-frequency regime

v > {w, 2, g},

with v = T, the Floquet Hamiltonian can be constructed
perturbatively using the Magnus expansion,

N 1 7. 1 [T ro N
= — dt+— | d , Ndt’
A T/O ) t+2iT/0 r/o [FLe (), Pl ()t

+00™). (C5)

The nested commutator structure of Eq. (C5) naturally mirrors
the structure of the AGP, making Floquet engineering a direct
route to implement CD driving. We consider a periodically
modulated Hamiltonian for the Rabi problem:

He@) = HR(t)+ [A (1) cos(vi)a‘a + A, (r) cos(vt)5:]

o0
+AY " Besin((k — Dvné (@' +a),
k=1

(Co)

where Hg(t) is the time-dependent Rabi Hamiltonian, A.(¢)
and A,(¢) are the slow-varying envelope amplitudes, v, is
the renormalization frequency, B; are the Fourier coefficients,
and n is the renormalized coupling constant. By deriving the
Magnus equation for the oscillating Hamiltonian, we get the
leading term

NP Y N
HY = fo Ar(t)dt, €7
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which captures the average dynamics of the bare Hamiltonian.
In the first order of correction, only the cross-term contribu-
tions survive, and the Hamiltonian can be written as

ALY = ——(A[ a'a, 6.

T "+ a)])

+a)] +Aul6;, 6:(a

X [ / cos (vt) sin ((2k — 1)vt')drdt’, (C8)
o Jo

where A/, are the envelope-averaged amplitudes, and the
integral is

T pt
I = / / cos (vt) sin ((2k — D)vt")dtdt’
o Jo

T k=1,
= {o kst ©)

Thus, only the first harmonic contributes at leading order, jus-
tifying truncation to k = 1. By substituting the commutators
in the Magnus expression, one gets

Ay = A[ﬁ” Cig.(a" — )+ ﬂ"A“am
Vo

+ &)]. (C10)
This reproduces exactly the operator structure of the CD
Hamiltonian derived from the AGP. Higher-order Magnus
terms generate more expansion of the AGP, providing a
systematic route to engineer increasingly accurate AGP ap-
proximations. These contributions are suppressed by higher
powers of v. In higher orders, the integral /; is not longer
zero for k > 1, and the integral can be expressed in terms of
Bessel functions J;(v/vp), leading to a more complex control
scenario.
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