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Resource-efficient entanglement detection in high-dimensional states via two-qubit witnesses
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This paper presents an efficient method for detecting entanglement in high-dimensional two-qudit states by
mapping the Hilbert space onto the space of two qubits. This transformation enables the use of well-established
two-qubit entanglement witnesses. The proposed approach is not restricted to any specific class of states,
successfully identifies a vast majority of pure entangled states, and requires a number of measurements that
does not increase with the dimensionality of the qudits. The method demonstrates solid sensitivity when applied
to two notable classes of states—incomplete-permutation-symmetric states and random pure states mixed with
white noise—and is shown to be feasible with current experimental techniques.
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I. INTRODUCTION

Natural quantum systems inherently store rich multidimen-
sional quantum information, spanning across superpositions
of more than two atomic [1], optical [2], or mechanical
modes [3]. The possibility of having entanglement between
quantum systems with a large number of degrees of free-
dom opens interesting perspectives in quantum information
science. Compared to qubit-based systems, entangled qu-
dits can bolster Bell nonlocality [4] and mitigate detection
loopholes [5], facilitate high-capacity noise-resilient quantum
cryptography [6], and provide a direct avenue for quan-
tum simulations of complex molecular and physical systems
[7-9]. Crucially, universal quantum computation with qu-
dits is viable in both circuit [10,11] and measurement-based
models [12], requiring less resource overhead in quantum
error correction and enhancing the execution of quantum
algorithms [13,14]. Recent experimental strides have demon-
strated impressive progress in generating and manipulating
high-dimensional entanglement [15-25].

This positions qudits as a compelling alternative to qubits
in quantum technologies. However, entanglement detection
in such systems remains a significant challenge. A com-
mon approach involves performing quantum state tomography
followed by the application of an appropriate entanglement
criterion to the reconstructed density matrix. From an experi-
mental perspective, this method poses considerable technical
difficulties, primarily due to the rapidly increasing resource
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demands. Specifically, for a bipartite system with local di-
mension d, full state tomography requires measurements in
d* distinct projections [26].

As a more practical alternative, entanglement can be de-
tected using witnesses, such as violations of high-dimensional
Bell inequalities (also known as the Collins-Gisin-Linden-
Massar-Popescu (CGLMP) inequalities) [4,27,28], or by
evaluating the fidelity of the unknown state with a maxi-
mally entangled state [29]. These methods usually require
significantly fewer measurements than full tomography. In
particular, fidelity-based approaches can be implemented
using structured measurement schemes, such as mutually un-
biased bases (MUBs) [30-32] or equiangular measurements
[33,34]. For example, in the case of MUBs, the detection
efficiency depends on the number and combinations of MUBs
employed in the process [35]. Unless all possible combina-
tions are used, which again scales unfavorably as tomography,
entanglement detection is not guaranteed even for pure states.
Although various strategies exist for selecting a subset of
k MUBs from the complete set, constructing MUBs itself
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FIG. 1. Conceptual diagram of the proposed method. A two-
qudit state is first subjected to a pair of local gates and then mapped
onto the space of a two-qubit state. Standardized two-qubit entan-
glement witnesses can subsequently be used. To increase detection
efficiency further, one can map the two-qudit space onto several
two-qubit states detecting entanglement in them in parallel.
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remains a nontrivial task. Moreover, the maximum number of
mutually unbiased bases is still unknown for general Hilbert
space dimensions.

In this paper, we propose a procedure that offers sev-
eral key advantages over previously developed schemes (see
Sec. VII for numerical comparison). First, our protocol is gen-
uinely universal in the sense that it is applicable to arbitrary
states without requiring prior knowledge. Second, the number
of measurements remains constant and does not scale with
the Hilbert space dimension, although the detection proba-
bility may decrease slightly with increasing dimension (as
we document numerically in Tables I and II). Finally, our
method reliably detects all pure entangled states and never
misclassifies a separable state. The approach is based on a
simple yet meaningful observation: Any pure bipartite qudit
state can be locally transformed into its Schmidt form, |y) =
Z;;(l) a;|jj), where r stands for the Schmidt number. The
state |v) is entangled if and only if » > 2 [36]. This implies
that any entangled state |y) can be mapped onto an entangled
qubitlike state |{/)y = N Z}:o a;|jj), where N denotes the

standard normalization factor. Moreover, if |1ﬁ)2 is entangled,
it follows that [y/) is also entangled. The central challenge lies
in reliably identifying |v/), as entangled among all possible
two-qubit reductions. For an unknown state, the number of
such two-qubit states scales as d*. In this work, we show how
this seemingly unfavorable scaling can be leveraged with high
efficiency, enabling entanglement detection even for mixed
bipartite qudit states.

II. THEORETICAL FRAMEWORK

Let us consider a bipartite d-level (qudit) system described
by the density matrix p; in C¢ ® C¢. Our method begins with
an optional local unitary transformation, (U4 ® Vp), which
does not affect the entanglement but can help improve detec-
tion in some cases (see Fig. 1). Subsequently, the two-level
subsystem is selected for each party using the operator M =
MpP, @ MgP,. Here, My = 0)4(0| 4+ |1)4 (1| represents a su-
perposition of projection operators acting on subsystem A and
p=Y" 7} (i| denotes a permutation operator with 7 ®)
being the kth permutation of d levels. The same construction
applies to subsystem B, with operators My and P,. The indices
k and [ are chosen randomly. In essence, the operator M
projects the bipartite qudit system into a two-qubit system,
with the permutation operators introducing randomness in the
selection of levels. The resulting two-qubit state can then be
analyzed using standard tools for entanglement detection in
two-qubit systems. In particular, the resulting two-qubit state
given by

MdeT
= (D
Tr[M paM ]
can be further written in a form
1 -
P2 = Z<1®1+a-6®]l+]l®b~8

3
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where 1 stands for the identity operator, ¢ is the vector of
standard Pauli matrices, and 4, b € R3. The coefficients T =
Tr[pr0, ® 0,] form a real 3 x 3 matrix. To detect entangle-
ment, we use the fully entangled fraction

FEF,,(p2) = imax(0, Ttv/R — 1), 3)

where the real symmetric matrix R = T T. Entanglement is
witnessed whenever FEF,,(p;) > 0 [37]. If entanglement is
not detected in the first trial, the procedure can be repeated
with different level combinations and/or local unitaries. We
quantify the effectiveness of our method by the sensitivity, de-
fined as the conditional probability of detecting entanglement
given that the state is entangled [38].

Note that FEF,, was chosen as the entanglement witness
due to its practical experimental accessibility. The correlation
matrix R can be obtained from the matrix 7' using standard
two-qubit quantum state tomography, which requires only 16
measurement settings per iteration [39]. Alternatively, R can
be extracted from collective measurements [40,41] on two
copies of the state, reducing the requirement to just ten pro-
jective measurements (see, e.g., Ref. [42]). Importantly, this
procedure does not scale with the system dimension d x d,
making it efficient even for high-dimensional systems. Nev-
ertheless, FEF,, can be substituted with any other two-qubit
entanglement witness better suited to a specific experimental
platform.

To assess the experimental feasibility of our protocol
across different physical implementations, we identify three
key requirements that must be met: (1) the capability to gen-
erate genuine two-qudit entangled states, (2) the feasibility
to filter arbitrary two-level subsystems within each qudit,
which is essential for isolating the relevant qubitlike compo-
nents, and (3) the capability to implement single-qudit local
rotations. In addition to these, there is an optional require-
ment in cases where collective measurements are desired,
and (4) the ability to perform Bell state projections on these
subsystems. Thanks to recent progress in quantum optics,
all of these requirements—including the optional one—are
currently within reach. They are satisfied in systems based
on multirail single-photon encoding [43], and even more
convincingly in platforms using orbital angular momentum
encoding. The latter has emerged as a particularly promising
candidate for high-dimensional optical quantum communica-
tion, with strong experimental support from recent studies
[44-48].

III. INCOMPLETE-PERMUTATION-SYMMETRIC STATES

We demonstrate the application of our method on a spe-
cial subgroup of the nontrivial family of mixed states, the
incomplete-permutation-symmetric states, which contains all
bipartite states for finite dimension d, invariant under cer-
tain symmetry (see Refs. [49,50] for details). This particular
choice of states is motivated by their relative complexity,
which provides a meaningful challenge for entanglement de-
tection, while still allowing us to effectively evaluate the
protocol’s efficiency. Moreover, it enables us to demonstrate
an experimentally practical strategy for mitigating the seem-
ingly unfavorable scaling of detection efficiency with system
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dimension. The two-qudit ICPS states are defined as

1 —
pur(@. v) = VIY) (Yl + —7—L *
where
r=2
W) =a Y LD +alr=De=1) 6
j=0

with r denoting the Schmidt rank of |/,),0 < o < 1/4/7 — 1
and o, = /1 — (r — 1)a2. In other words, these states py,
denote a mixture of pure states in their Schmidt form with
white noise. Note that for r = d and « = 1/+/d the state pg,
reduces to the isotropic states [51].

By analyzing all possible permutation operators P; and P,
(see Appendix B), one finds that for the best combination
of permutation operators without the use of local unitaries
FEF,,(p2) > 0 when

1
1+d%a?’
1
1+d%aa,’
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In particular, these conditions coincide with those that de-
fine the boundaries between state regimes characterized by
various negative eigenvalues of partially transposed py, [49].
Specifically, a single condition being satisfied corresponds to
a single negative eigenvalue, whereas both conditions holding
simultaneously indicate two negative eigenvalues. The above
analytically proves that our method can detect all entangled
ICPS states via the two-qubit FEF,,. The remaining question
is its sensitivity.

In Appendix B, we derive an upper bound on the detection
sensitivity, given by (2(:)12);2. Even in the most favorable case
(r = d), this limits the detection probability to no more than
ﬁ, which decreases rapidly as d increases. This behavior
stems from the reduced degrees of freedom in the state [,)
imposed by the Schmidt decomposition, which confines the
entanglement to pairs of identical levels across both subsys-
tems.

Our protocol provides a remedy to the aforementioned
scaling issue. It significantly enhances the sensitivity by dis-
tributing the entanglement across a larger number of levels.
This is accomplished by applying a local unitary transforma-
tion (LUT) to one or both subsystems prior to the action of the
projective operators P, and P;.

IV. LOCAL UNITARY TRANSFORMATION

As an example of LUT, let us consider the qudit Hadamard
gate

HO == ) okl ®)

where w = exp(Z2n /d), with Z denoting the imaginary unit,
and k and [ representing basis elements. Exemplary results
for r =d =5 are presented in Fig. 2. As shown, applying
a single Hadamard gate (1 ® H?) to one of the qudits sig-
nificantly enhances the protocol’s sensitivity, especially for
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FIG. 2. Colormap of the method sensitivity (%) for various ICPS
states parametrized by their visibility v and balancing parameter
o for r =d = 5. The operators on top of each subplot denote the
operation performed on the respective qudits before selecting qubit
subsystems. The final subplot (at least one succeeds) shows the
success probability that at least one of the three preceding detections
succeeds. While this strategy requires at most three times the amount
of measurements, it delivers substantially improved sensitivity. Note
that even such increase in the number of measurements does not
defeat the significant reduction in comparison to tomography. Striped
area represents separable states.

highly entangled ICPS states, in some cases reaching perfect
detection. However, certain weakly entangled ICPS states re-
main undetectable with this approach. In contrast, applying
Hadamard gates to both subsystems (H“) ® H?) does not
boost sensitivity as strongly as a single gate, but substantially
increases the range of detectable entangled states compared to
the single-gate approach

To illustrate the impact of the Hadamard gate on sensi-
tivity across a broader range of parameters, Table I presents
typical results for the ICPS class, averaged over uniformly
distributed o and v, for various values of d and r. The results
demonstrate consistently high sensitivity, largely independent
of the dimension of the system. Notably, for r = d, the typical
sensitivity appears to converge to around 36% (at least for
d < 10) when a single Hadamard gate is applied. It is sig-
nificantly higher than in the case without the Hadamard gate
(1 ® 1). The introduction of a second Hadamard gates to both
subsystems nicely complements the single sided Hadamard
gate for states of Schmidt rank » = 2. Overall, when all three
detection scenarios are considered (At least one of the above
succeeds), the total sensitivity reaches approximately 45% for
d = r =9, representing a 20-fold improvement over the case
of no transformation. It should be noted that, even in the most
challenging case of r = 2, the sensitivity remains relatively
high, reaching about 38% for d = 9

The choice of the Hadamard gate is particularly appealing
experimentally due to its ease of implementation. However,
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TABLE 1. Sensitivity (in percent) of our procedure on the ICPS (incomplete-permutation-symmetric) class of states p,; with various
Schmidt ranks r and dimension d x d. The first column describes the operation on the two qudits before picking individual pairs of levels
corresponding to the tested qubits.

dxd 3x3 3x3 4%x4 4x4 5x5 5%x5 6x6 6x6 7x7 7Tx7 8x8 8x8 9x9 9x%x9
r 2 3 2 4 2 5 2 6 2 7 2 8 2 9
Single two-qubit choice

1 11 10.8 28.5 2.8 13.6 1.0 7.7 0.4 5.1 0.2 3.7 0.1 2.7 0.1 2.1
2 1®HY 272 682 133 528 7.7 50.1 52 404 37 425 27 376 2.1 36.7
3) HY@H® 647 552 540 413 468 326 427 273 40.8 244 38,6 218 372 196
At least one of the above succeeds 73.4 814 594 683 503 60.7 452 526 426 516 40.1 473 384 453
Parallel approach

1 11 10.8 28.5 56 162 20 133 1.3 139 0.7 10.0 0.5 9.8 0.3 7.7
2 1®HY 272 682 264 660 154 626 153 637 11.0 609 11.0 63.1 8.6 59.8
3) HY @ H®D 64.7 552 540 413 502 41.0 499 439 492 41.6 495 441 487 421

At least one of the above succeeds 73.4 814 644 767 56.6 709 557 71.1 535 674 538 69.1 521 662

a natural question arises: Can arbitrary LUTs enhance sensi-
tivity in a similar way? To investigate this, we analyzed the
typical sensitivity of ICPS states under randomly sampled
LUTs, averaging over n = 10° uniformly distributed unitary
matrices (see Fig. 3). The results closely match those obtained
with the Hadamard gate, indicating that the observed improve-
ment in sensitivity is not unique to the Hadamard gate but
reflects a more general effect.

V. PARALLEL DETECTION

The probability of successfully detecting entanglement in
two-qudit states can be further enhanced by simultaneously
selecting multiple pairs of levels, as illustrated in Fig. 1. This

approach maps a bipartite d-level system onto L%J two-level

subsystems, denoted by ,oék) fork=1,2,..., L%J. Detecting
entanglement in any one of these subsystems is sufficient to
confirm entanglement in the original two-qudit state. This
parallel detection approach significantly enhances sensitivity,
particularly for large d (see Table I). Importantly, because
all two-qubit measurements are performed in parallel, the
overall number of required two-qudit state preparations does
not increase. However, implementing parallel measurements
across multiple subsystems poses additional experimental
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FIG. 3. Colormap of the method sensitivity (%) for various ICPS
states under random unitary transformation for r =d = 5. Plot
(a) corresponds to local unitary performed on one subsystem, while
in colormap (b) random local unitary was applied to both subsystems.
Striped area represents separable states.

challenges. When this method is combined with LUT applied
to pg, the typical sensitivity reaches approximately 66% for
r =d = 9. Even in the most demanding scenario of minimal
rank (r = 2), the sensitivity remains high, reaching about
42%. Importantly, a further increase in d does not appear
to significantly reduce sensitivity, as suggested by the trend
observed in Fig. 4. This highlights the scalability and effec-
tiveness of the combined strategy.

VI. RANDOM QUASIPURE STATES

In order to evaluate the performance of our procedure in
realistic noisy conditions, we test it on randomly generated
pure states affected by white noise

42
This particular choice of noise is well justified for practical
purposes [52-54]. The random pure states were generated
by applying a random unitary matrix uniformly distributed
according to Haar measure to a fixed pure state, as described
in Ref. [55]. For three representative noise levels (20%, 40%,
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FIG. 4. Graphical representation of sensitivity for the ICPS class
of states p,; with various dimension d and r either equal to 2 or
the maximal value d. Empty symbols represent the single two-qubit
choice, while the full symbols correspond to the parallel approach.
The text on top denotes which unitary transformation was performed.
“At least one suceeds” refers to the three pairs of LUTSs sequentially
performed (see caption of Fig. 2).
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TABLE II. Sensitivity (in percent) of detecting entanglement in a quasipure state for various dimensions and white noise levels 1 — v.

dxd 3x3 4 x4 5x5 6x6 7x7 8§x 8 9x%x9
Single two-qubit choice

(1) Noise level 20% 96.0 95.2 95.0 94.7 94.6 94.6 94.6
(2) Noise level 40% 759 73.6 72.5 72.0 71.7 71.4 71.3
(3) Noise level 60% 28.6 28.2 28.1 279 27.8 27.9 279
Parallel approach

(1) Noise level 20% 96.0 99.8 99.8 100.0 100.0 100.0 100.0
(2) Noise level 40% 75.9 94.0 93.2 98.2 98.0 99.4 99.5
(3) Noise level 60% 28.6 50.8 49.5 64.4 64.0 74.5 74.0
and 60%), we generated 10° random states and subjected ACKNOWLEDGMENTS

them to our entanglement detection procedure, simplified as
no LUTs are needed, since the set of random states is invariant
under application of a fixed LUT. The results in Table II
indicate that for the most prominent high-purity states (noise
below 20%) our procedure provides nearly perfect sensitivity,
at least up to d < 9, in both single two-qubit and parallel
detection approaches. While sensitivity decreases with in-
creasing noise, it seems to be stable or even improves with
dimension when using the parallel strategy. In the noisiest
case (noise level of 60%), the parallel approach still yields
a sensitivity of 74% for d = 9. Remarkably, these results
are achieved with no more than 16 measurement settings,
independent of the system dimension d x d, underscoring
the protocol’s practical efficiency. They also confirm that
ICPS states are among the most difficult to detect. In real-
istic settings, such as when the state is misaligned with the
computational basis or subject to random local unitaries due
to noisy quantum channels [56,57], our protocol remains ef-
fective without the need for local unitary adjustments, further
simplifying its implementation.

VII. CONCLUSION

The proposed protocol exhibits strong sensitivity in detect-
ing entanglement in a wide variety of high-dimensional two-
qudit states. Our protocol is based on two key requirements
that can be met across different physical implementations.
In contrast to previous work, this protocol is not limited
to a particular class of states. Specifically, within the ICPS
states of d =5 it successfully identifies 56.6% and 70.9%
of states of r =2 and r =5, respectively. The MUB pro-
tocol performance on the same class of states yields 42.4%
and 67.1%, while the CGLMP protocol detects only 0.0%
and 11.7% of these states. Our method is especially effec-
tive for quasipure random states, reliably identifying nearly
all (>99.8%) random entangled states of d =5 with up to
20% white noise. Note that both the MUBs and CGLMP
protocols detect less than 0.8% of these states. Contrary to
MUB and CGLMP protocols, our protocol does not require
any a priori information about the encoding bases, resulting
in such a significant performance advantage on random states.
Importantly, the number of measurement settings required
does not increase with the dimension of the tested two-qudit
state. Combined with its experimental feasibility, this protocol
presents a promising approach for advancing quantum infor-
mation processing using high-dimensional quantum systems.

The authors thank CESNET for data management services
and J. Cimrman for inspiration. The authors acknowledge
support by the project of the Czech Science Foundation (25-
17253S).
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APPENDIX A: EFFICIENT IMPLEMENTATION VIA
COLLECTIVE MEASUREMENTS

Collective measurements, i.e., measurements on two or
more identical copies of studied state, present a more efficient
method for extracting properties of quantum states, compared
to standardly used measurements on only one copy. For exam-
ple, given two copies of a single-qubit state, one can determine
its purity using just one measurement setting [59]. To acquire
the same information with only one copy of a given state, one
would need to perform a full state tomography, consisting of at
least four measurements in the so-called minimum basis set.
Another example is the universal entanglement witness that
requires only one measurement on four copies of a two-qubit
state [37], to determine whether the state is entangled or not,
which is again a task requiring a full quantum state tomog-
raphy consisting of at least 4 x 4 measurements considering
only one copy.

Collective measurements on two copies of two-qubit states
have recently earned an increased attention. One of the many
possible scenarios has the same geometry as the entanglement
swapping protocol, therefore can be readily applicable in near-
future quantum communications. It is also experimentally
more feasible than the universal entanglement witness. The
second qubits from both copies are together subjected to a
nonlocal projection

S=1—4w (v |, (A1)
with [W~) = (|01) — [10))/+/2 being the singlet Bell state,
while the first qubits are projected locally (see Fig. 5).

By having two identical copies of a two-qubit state ﬁi;z,
where the subscript denotes the subsystem and superscript
their dimension, the resulting state has a form of /A)gbxz ® i)[zl,;z.
One can draw the pairs of local projections imposed to a
and ¢ from many sets, but in practice one choose either
eigenvectors of the Pauli matrices o; or the minimal basis set
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W\

FIG. 5. Scheme of the collective measurements on two identical
copies of a two-qubit state. Parties b and b’ are projected nonlocally
onto the Bell singlet state, while parties a and @’ are locally projected
onto the minimal basis states [39] defined by projectors IT; and IT;.

{ITy, I,, I3, 14} [39] for both a and d/, while b and b’ are
projected nonlocally using projector from Eq. (Al). Due to
the symmetry of the measurement scenario, the symmetric
projections L ® K and K ® L, where L and K are arbitrary
projectors, give the same information, reducing significantly
the number of measurements for the symmetric choice of
bases.

There exist a quite straightforward method of extracting
the individual matrix elements of R from the obtained mea-

surement results using the mean values of ¢:
2x2) o A(2X2
Rij = Ti[p5 " @ by 'Sow (0 @ 0))aa ], (A2)

and a simple transform between the results obtained using the
minimum basis set IT; and the correlation matrix

R=WMY'am', (A3)
where M is the transformation matrix
1 s ) K
1 s -5 =S
M = 1 —s & —s (Ad)
1 -5 -5 K

and the elements of 7 correspond to the measured values of
the projectors IT; ® IT;:

mij = Te[p P @ PSSy (T ® T )aa |- (AS)

Considering the aforementioned symmetry I1;; = I1j;, the
total number of measurements amounts only to 10. Several
quantities can be calculated using the R matrix; however, we
will focus on the FEF-based witness discussed in main text.

TABLE III. Sensitivity for ICPS state of Schmidt rank r and
dimension d x d under the two possible outcomes determined by a
specific permutation of levels [see Eqs. (B2) and (B3)].

Sensitivity
Equation (B2) W
Equation (B3) ﬁ
Equations (B2) and (B3) o

APPENDIX B: DERIVATION OF SENSITIVITY
FOR ICPS STATES

By analyzing all possible permutation operators Py and P,
we find that the reduced state p, always takes one of four
distinct forms, independent of the values of d and r. These
forms correspond to different scenarios based on the condi-
tions:

(Ol =
(1) =

oIy =1,

() =1, (B1)

where we assume, without loss of generality, that i < j. The
scenarios are classified as follows: (1) The above conditions
hold for i, j =0, ..., — 2. (2) The conditions hold for i =
0,...,r—2and j =r— 1. (3) Conditions (B1) are violated
fori, j=0,...,r—2. (4) Conditions (B1) are violated for
i=0,...,r—2and j =r — 1. This classification arises due
to the inherent symmetry of ICPS states. Consequently, the
function defining the FEF in Eq. (3) also follows one of four
possible expressions. However, only two of these can become
positive and hence are relevant for entanglement detection,
given by

3d*va?® -1
2+u(d?a?-2) ’
d?o| dara, +1-(r—2)e |

4o (@2 —4)— (2%

FEF,(02) = (B2)

(B3)

To find the sensitivity of the protocol, one has to consider the
number of permutation operators giving positive outcome of
Eq. (B2) (the number of 2-combinations from the set of r —
1 elements) and/or Eq. (B3) (r — 1 possible choices) divided
by the total number of operators P, and P;. The results are
presented in Table II1.
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