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We study the dynamics of a driven atomic Josephson junction that we propose as a parametric amplifier. By
periodically modulating the position of the barrier, we induce a small current across the junction, serving as our
input signal. The pump field is implemented by modulating the barrier height at twice the Josephson plasma
frequency. The resulting dynamics exhibit parametric amplification of the signal through nonlinear mixing
between the signal and pump fields, which is encoded in a specific microscopic pattern of density waves and
phase excitations that can be addressed within the experimental cold-atom capabilities. This work paves the
way for tunable amplifiers in atomtronic circuits, with potential applications in several fields including precision
measurements and quantum information processing. At the same time, our analysis provides the microscopic
explanation of the general notion of parametric amplification occurring in nonlinear coherent devices.
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Parametric amplification is a fundamental concept in non-
linear physics: When the system’s natural frequency ω0 is
periodically modulated in time with frequency ωd (the pump),
a nearly resonant condition can be achieved for ωd ≈ 2ω0;
in this case, an energy transfer from the pump to the sys-
tem is induced [1]. This idea was implemented for classical
electronics [2] and then extended to quantum optics [3,4],
semiconductors [5], and superconducting materials [6–10].
Parametric amplifiers are extensively used in important tech-
nological sectors as radio astronomy [11], communications
[12], radar systems [13], spectroscopy [14], and sensing [15].
In quantum technology, parametric amplifiers have become
relevant for many applications ranging from the generation of
squeezed states [6,7,16], entanglement and nonclassical states
[17,18], and quantum-limited amplification [19] to quantum
computing [20], quantum sensing, and metrology [21,22].

Superconducting Josephson junctions (JJs) provide nonlin-
ear circuits that have been thoroughly employed to achieve
a parametric amplification. These devices amplify weak mi-
crowave signals with minimal added noise thus generating
high-quality amplification. When we apply a strong pump
field with frequency ωd at twice the Josephson plasma fre-
quency ω0, i.e., Ipump(t ) ∼ sin(2ω0), and a weak signal field
Isignal(t ) ∼ cos(ωst ), with frequency ωs ≈ ω0, the nonlinear
inductance of the Josephson junction produces parametric
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amplification through a nonlinear mixing process between
the signal and pump fields [23]. ω0 is determined by
ω0 = √

2eIc/(h̄C), where 2e is the electronic charge, Ic is the
critical current, and C is the capacitance. The idler modes
at frequency ωI = ωd − ωs ensure the energy conservation.
The signal mode at ωs is amplified as the pump energy is
transferred to it through the nonlinear mixing process.

Ultracold atoms have emerged as an ideal platform for
implementing and exploring atomtronic analogs of super-
conducting circuits [24–33]. One breakthrough was the
realization of JJs using weak links of ultracold-atom clouds
[34–38]. This not only has enabled the study of important
quantum effects, such as dc-ac Josephson effects [39–43],
current-phase relation [40,44], and Josephson-tunneling en-
hanced superfluidity [45], with remarkable accuracy and
control of the physical conditions, but has also laid the foun-
dation for the development of atom-based devices, such as
atomic quantum interference devices [28–30,46,47]. Theo-
retical studies have examined Josephson effects [48–50], the
implementation of universal set of logic gates [51], atomic
conductivity in pump-probe setting [52], or driven dynamics
[49,53–56]. Recently, quantized plateaus of chemical poten-
tial were predicted in driven atomic JJs [57], which are
the analog of Shapiro steps in superconducting JJs [58,59].
Atomic Shapiro steps were measured in Refs. [60,61], serving
as a basis for a pressure standard in atomic condensates.

With remarkable progress in the field of ultracold atoms,
driven matter-wave circuits are now well within experimental
reach. Here, we propose the implementation of a Josephson
parametric amplifier (JPA) using ultracold atoms. Our proto-
col relies on an atomic JJ in which we periodically modulate
both the position and height of the tunnel barrier [see Figs.
1(a) and 1(b)]. This can be realized in ultracold-atom ex-
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FIG. 1. Atomic JPA. (a) Simulation of a Josephson junction,
which consists of two two-dimensional clouds separated by a Gaus-
sian tunnel barrier of height V0 and width w (indicated by two
dotted vertical lines). We use V0/μ = 1.5 and w/ξ = 1.1, where
μ is the mean-field energy and ξ is the healing length. (b) Sketch
of the JPA protocol. We periodically modulate the barrier position
using x(t ) = x0 + x1 sin(2π fst ), where x1 is the amplitude and fs

is the frequency. For the pump we modulate the barrier height, i.e.,
V (t ) = V0(1 + Ad cos(2π fdt )), where Ad is the amplitude and fd is
the frequency. (c) Sketch of the operation of a JPA. We modulate
the barrier height near twice the plasma frequency f0 of the JJ. The
signal mode at fd/2 + δ f is amplified and an idler mode at frequency
fd/2 − δ f is created, with δ f being the tuning parameter.

periments using digital micromirror devices [60,61]. In our
system, the modulation of the barrier position serves as the
input current signal, while the modulation of the barrier height
acts as a pump field. By tuning the pump frequency to twice
the Josephson plasma frequency, we induce nonlinear mix-
ing between the pump and signal modes [see Fig. 1(c)]. A
strong pump field drives the system into a regime where para-
metric amplification occurs. Our results are obtained using
classical-field dynamics, which include fluctuating bosonic
fields beyond the mean-field description [62–65]. Addition-
ally, the system dynamics are well captured by a driven circuit
model.

System and protocol. We consider a homogeneous cloud of
bosons confined in a box of dimensions Lx × Ly. We study the
dynamics of this system using classical-field dynamics within
the truncated Wigner approximation [62–65]. The system is
described by the Hamiltonian

Ĥ0 =
∫

dr
[

h̄2

2m
∇ψ̂†(r) · ∇ψ̂ (r)

+ g

2
ψ̂†(r)ψ̂†(r)ψ̂ (r)ψ̂ (r)

]
. (1)

ψ̂ (ψ̂†) is the bosonic annihilation (creation) operator. The
interaction g = g̃h̄2/m is given in terms of the dimensionless
parameter g̃ = √

8πas/�z, where m is the mass, as is the s-
wave scattering length, and �z = √

h̄/(mωz ) is the harmonic
oscillator length in the transverse direction. In the limit of a
large atom number N , we employ the classical-field represen-
tation, where the operators ψ̂ in Eq. (1) and the equations of
motion are replaced by complex numbers ψ . The initial states
ψ (r, t = 0) are generated in a grand canonical ensemble
with chemical potential μ and temperature T via a classical

Metropolis algorithm. This distribution captures fluctuations
of ψ (r, t = 0) around its mean field value. Finally, each initial
state is evolved according to the classical equations of motion

ih̄ψ̇ (r, t ) =
(

− h̄2

2m
∇2 + V (r, t ) + g|ψ |2

)
ψ (r, t ), (2)

which include the barrier potential given by V (r, t ) =
V0(t ) exp[−2(x − x(t ))2/w2], where V0(t ), w, and x(t ) are the
barrier’s strength, width, and location, respectively. We per-
form numerical simulations by discretizing space on a lattice
of size Nx × Ny = 100 × 200 with the discretization length
l = 0.5μm. To illustrate the key idea, we focus on a concrete
realization using 6Li2 molecules, though our protocol is ap-
plicable to any cold-atom degenerate gas. We set the density
to n ≈ 5.6μm−2, interaction parameter g̃ = 0.1, and temper-
ature ratio T/T0 = 0.06, with system dimensions Lx × Ly =
50 × 100μm2. The critical temperature T0 is estimated by
T0 = 2πnh̄2/(mkBDc), where Dc = ln(380/g̃) is the critical
phase-space density [66,67]. We use w/ξ = 1.1 and V0/μ ≡
Ṽ0 = 1.5, where ξ = h̄/

√
2mgn is the healing length and μ =

gn is the mean-field energy. To create the weak link at x(t ) =
x0 = Lx/2, we linearly ramp up V0 over 200 ms and then
wait for 50 ms. The density distribution n(x, y) = |ψ (r, t )|2
is shown in Fig. 1(a), which is averaged over the initial en-
semble. For the signal, we periodically modulate the barrier
position using x(t ) = x0 + x1 sin(2π fst ), where x1 is the am-
plitude and fs is the frequency [see Fig. 1(b)]. The resulting
barrier velocity v(t ) = v1 cos(2π fst ), with v1 = 2π fsx1, in-
duces an oscillating current across the junction. We calculate
the atom number NL(t ) (NR(t )) in the left (right) reservoir
to determine the imbalance z(t ) = (NL(t ) − NR(t ))/N , where
N = (NL + NR) is the total atom number. For the spectrum
analysis, we calculate the power spectrum

Sω = |z(ω)|2, (3)

where z(ω) = (1/
√

Tn)
∫

dt z(t ) exp(−iωt ) is the Fourier
transform of z(t ). Tn is the sampling time for the numeri-
cal Fourier transform. The junction displays a well-defined
resonance at the Josephson plasma frequency f0, which we
determine by analyzing Sω at varying frequency, obtaining
f0 = 39.4 Hz in the limit of v1 → 0 (see Appendix A: Joseph-
son plasma frequency). For the parametric pump, we modulate
the barrier height, i.e., V (t ) = V0(1 + Ad cos(2π fdt )), where
Ad is the amplitude and fd is the frequency, as depicted in
Fig. 1(b). This alters the nonlinear inductance of the junction,
which gives rise to amplification of the signal due to energy
exchange between different modes. When V (t ) is modulated
at twice the plasma frequency, the system undergoes para-
metric amplification, where a signal at frequency fd/2 + δ f
is amplified and an idler at frequency fd/2 − δ f is created,
with δ f being the tuning parameter [see Fig. 1(c)]. In Fig. 2,
we demonstrate the parametric enhancement for the signal
at fs = 30 Hz with respect to the system without pump. The
system quickly reaches the steady state after 2–3 signal cycles
and the enhancement persists over long times as required
for robust amplification. The power spectrum exemplifies the
amplification in frequency space.

Characterization of the JPA dynamics. To characterize
the dynamical regimes we map out the imbalance spec-
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FIG. 2. JPA dynamics. Time evolution of the imbalance z(t )
demonstrating the amplification for the signal at frequency fs =
30 Hz and two different sets of signal and pump amplitudes:
(a) v1/vc = 0.21 and Ad = 0.9. (b) v1/vc = 0.42 and Ad = 0.5. vc

is the critical velocity above which the junction is resistive. The
results at Ad = 0 represent the system without the pump. Ts = 1/ fs

is the signal oscillation period. (c), (d) Power spectrum of the time
evolution in panels (a) and (b).

trum for signal frequencies between fs = 20 and 100 Hz,
which exhibits JPA resonances and other excitation peaks
(see the Supplemental Material [68]). Figure 3 highlights the
interplay between the signal and idler modes for the lowest
JPA resonance. The mode weights are controlled by the pump
amplitude. To describe the JPA dynamics, we introduce a
driven RSJ (resistively shunted junction) circuit model. The
barrier velocity results in a modulation of the current across
the junction given by I1 cos(ωst ), where I1 = v1Ic/vc in which
vc is the critical velocity associated with the critical current
Ic [68]. The barrier height modulation changes the tunneling
energy, which can be incorporated as Ic(1 + Ad sin(ωdt )). The
Kirchhoff law of the driven RSJ circuit reads

I1 cos(ωst ) = Ic(1 + Ad sin(ωdt )) sin φ − G	μ, (4)

where φ = φL − φR is the phase difference across the junc-
tion and G is the conductance [68]. The Josephson relation
for the phase dynamics is h̄φ̇ = −	μ, with 	μ playing the
role of the voltage across the junction. We numerically solve
Eq. (4) for various signal and pump parameters and obtain
the time evolution 	μ(t ). The values of Ic = 135 (103/s)
and h̄G = 59.8 are determined from the simulated current-
chemical potential relation [68]. With Ic and the effective
charging energy EC = 4(∂μ/∂N ), we estimate the Josephson
frequency ωJ = √

IcEC/h̄ and obtain fJ = 38 Hz in agreement
with the value of f0. The result of the spectrum |	μ(ω)|2 is
shown in Fig. 3(d), which captures the dynamical response of
the JPA. We note that the circuit model also describes higher
JPA resonance and other excitation peaks well [68].

To quantify the overall amplification, we define a di-
mensionless gain Gs = Sω(Ad )/Sω(0) − 1, where Sω(Ad )
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FIG. 3. Nonlinear mixing in the power spectrum Sω = |z(ω)|2 for
signal frequencies between fs = 28 and 52 Hz at Ĩ1 ≡ I1/Ic = 0.42.
For each column, the spectrum is normalized by its maximum value
Sω,m. (a) Without pump, the spectrum mainly displays the central
peak at fs = f . (b), (c) In the presence of pump there is another peak
at fd − fs (indicated by white dashed line), located at the frequency
of the signal mirrored at the plasma frequency f0. The case of fs =
f0, where signal and idler are at the same frequency, is a special case
known as the degenerate case. (d) The result of the RSJ circuit model
for Ĩ1 = 0.42 and Ad = 0.8; see text.

represents the signal peak value and Sω(0) corresponds to the
result without pump. In Fig. 4(a), we demonstrate that Gs

initially increases approximately quadratically with Ad, and
then reaches a maximum for a value of Ad, that decreases
with increasing Ĩ1 = I1/Ic. For larger values of Ad, the gain
Gs decreases due to the dephasing dynamics as explained in
the subsequent discussion. While the nonlinear increase is
captured by the circuit model, the model fails to describe the
decrease beyond the maximum, primarily visible for larger Ĩ1.
Figure 4(b) presents the signal-to-noise ratio (SNR), defined
as S̄ω/	S̄ω, where we compute the mean signal value S̄ω =
〈Sω(Ad ) − Sω(0)〉 and the noise 	S̄ω from the variance deter-
mined by 	S̄2

ω = 〈(Sω(Ad ) − Sω(0) − S̄ω )2〉. Here, 〈·〉 denotes
a statistical average over 100 samples of the ensemble. The
SNR depends on both Ad and Ĩ1, with a visible increase with
increasing Ad. The maximal regime of the SNR is in the
same regime as the maximal gain Gs, suggesting that this
is the optimal regime of operation. In Figs. 4(c) and 4(d),
the simulation results obtained at a higher temperature of
T/T0 = 0.3 show a noticeable reduction in overall gain, while
still exhibiting a qualitatively similar trend to that observed
at T/T0 = 0.06. Thermal fluctuations suppress the Josephson
plasma frequency f0 and the critical current Ic, resulting in
f0 = 35.2 Hz and Ic = 103 (103/s) for T/T0 = 0.3 (see Ap-
pendix A: Josephson plasma frequency and Ref. [68] for
details).

Figure 5(a) shows the average total number of vortices in
the system, determined by calculating the local phase winding
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around each lattice plaquette and averaging over both the time
evolution and the initial ensemble (see Appendix B: Dephasing
dynamics for details). The increase in vortex number coin-
cides with the slowdown and eventual reduction of the gain
observed in Fig. 4(a), confirming that vortex excitations are
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the primary dissipation mechanism limiting the amplification.
During time evolution, the junction phase undergoes phase-
slippage events, where the local phase difference at the barrier
exceeds π [see Figs. 5(b) and 5(c)]. These events result in the
creation of vortex-antivortex pairs near the junction, providing
a dissipation channel for the injected pump energy. When
averaged over many realizations, these stochastic slippage
events give rise to dephasing in the imbalance dynamics, as
shown in Fig. 5(d). This dephasing reflects the cumulative im-
pact of vortex formation, which gradually suppresses coherent
amplification and ultimately sets the limit for the achievable
gain.

To understand the underlying nonlinear mechanism of the
JPA, we examine the time evolution of the density and the
phase at the junction in Fig. 6. Without pump, the barrier
velocity modulation results in a smooth excitation of the den-
sity, which is created by the change of junction phase that
is synchronized with the signal frequency. When the pump
field is on, there are higher-order density excitations that result
from the modulation of the phase by the pump field. These
can be explained with a perturbative solution of the equa-
tion Ĩ1 cos(ωst ) = (1 + Ad sin(ωdt )) sin φ, assuming a small
modulation parameter Ad and expanding φ as φ = φ0 +
Adφ1 + O(A2

d ). At zeroth order, we obtain φ0 ≈ Ĩ1 cos(ωst ),
which explains the smooth oscillation of the phase without the
pump. The first-order term gives φ1 ≈ −Ĩ1 cos(ωst ) sin(ωdt )),
highlighting the intrinsic nonlinear mixing between the pump
and signal field. In Fig. 6(d), the perturbative solutions consis-
tently capture the dynamics of our atomic JPA.
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Conclusions and outlook. We have studied the dynamics
of a driven atomic JJ using classical-field simulations. The
JJ is formed by coupling two two-dimensional atom clouds
with a tunnel barrier, where we periodically modulate both
the position (input signal) and the height (pump) of the barrier.
By tuning the pump frequency to twice the Josephson plasma
frequency, we have demonstrated parametric amplification for
the signal. Our system works in the hertz frequency range,
which is beyond the operating range of the superconducting
JPAs, thereby offering potential for low-frequency signal de-
tection and precision sensing of slowly varying fields, such
as gravitational or magnetic fields [69–71]. The current cold-
atom technology allows to accurately image the microscopic
dynamics of the system [60,61]. In this case, we have an
unprecedented access to the density and phase microscopic
dynamics at the junction responsible for the amplification and
the intrinsic nonlinear mixing between the signal and pump
fields. Our results can be experimentally probed using in situ
imaging and matter-wave interferometry, where the former
enables measurement of the density imbalance and the lat-
ter allows detection of the underlying JPA mechanism. Our
proposed protocol can be implemented in driven Josephson
junctions experimentally realized in Refs. [60,61].

Our findings have broad implications for the understanding
of the basic mechanism on which parametric amplification
relies in quantum systems. For the specific case of quan-
tum electronics devices, while the microscopic phase-density
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FIG. 8. (a) Junction phase φ(t ) for a single sample at Ĩ1 = 0.42
with (continuous line) and without pump (dashed line), during the
time interval between 4 and 7.5 cycles. Ts is the signal oscillation
period. (b) Snapshots of the phase distribution θ (x, y) at times near
seventh cycle, for the same sample and parameters as in panel (a).
The vertical dashed lines denote the location of the driven barrier.
Vortices (triangles) and antivortices (dots) are identified based on the
local phase winding; see text.

dynamics can be inferred through suitable Josephson cur-
rent measurements, their direct experimental probing is out
of the reach of current techniques, such as scanning probe
microscopy.
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Appendix A: Josephson plasma frequency. The protocol
with periodic modulation of the barrier position results in
coherent oscillations of the current across the junction, as
demonstrated by the time evolution of the imbalance z(t )
across the junction in the main text. Since the system behaves
as a driven harmonic oscillator, a maximum response is ex-
pected at the resonant frequency of the junction. To identify
this resonance, we calculate the power spectrum of the imbal-
ance, |z(ω)|2, using a numerical Fourier transform. In Fig. 7,
we show |z(ω)|2 determined for various values of the modula-
tion amplitude x1 at temperatures of T/T0 = 0.06 and 0.3. The
spectrum features a resonance peak, which we track at varying
x1. Using a linear scaling approach, we determine the reso-
nance frequency f0 in the limit of vanishing x1, which gives
f0 = 39.4 and 35.2 Hz for T/T0 = 0.06 and 0.3, respectively.

Appendix B: Dephasing dynamics. Here, we elaborate on
the dephasing dynamics observed in the density imbalance at

large pump amplitudes Ad. During time evolution, the junction
phase exhibits strong fluctuations that lead to the formation of
vortex-antivortex pairs near the junction. This is confirmed by
analyzing the phase distribution in individual samples across
the ensemble. Figure 8 shows the time evolution of the phase
field θ (x, y) during the interval in which the junction phase
undergoes a strong change. Vortex excitations are identified
by computing the phase winding around the lattice plaquette
of size l × l using

∑
� δθ (x, y) = δxθ (x, y) + δyθ (x + l, y) +

δxθ (x + l, y + l ) + δyθ (x, y + l ), where θ (x, y) is the phase
field of ψ (x, y) and the phase differences between sites are
taken to be δx/yθ (x, y) ∈ (−π, π ]. We identify a vortex (an-
tivortex) by a phase winding of 2π (−2π ). The total number
of vortices Nv is obtained by counting all vortices and antivor-
tices in a given sample. This number is then averaged over
the initial ensemble and the time evolution between 5 and 15
cycles.
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