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Quantum magic, which accounts for the nonstabilizer content of a state, is essential for universal quantum
computation beyond classically simulable resources. However, the way magic builds up during structured
unitary dynamics remains largely open. Here, we investigate the generation and evolution of quantum magic
in discrete-time quantum walks (DTQWs)—a simple, tunable unitary model realizable on a wide range of
architectures. We use stabilizer Rényi entropy as a measure of quantum magic and investigate single- and
two-walker quantum walks on a one-dimensional lattice, considering a wide range of initial coin states. Our
results reveal that DTQW:s can dynamically generate significant magic, with the amount and structure dependent
on the initial state of the coin. In the case of a single walker, we found a nontrivial and complementary
relationship between magic and entanglement at long times. In the two-walker setting, even states close to
stabilizer form can evolve into highly magical states when subjected to quantum walk protocols. The generation
of magic can occur independently of entanglement growth, emphasizing its distinct role as a quantum resource.
We further show that the dynamical magic generation is robust under realistic noise—specifically, decoherence
in the coin degree of freedom—demonstrating that this process persists across noisy settings. Finally, we discuss
an experimentally feasible scheme to measure magic using current technology. Our findings position DTQWs as
accessible and controllable platforms for producing quantum magic, offering a fresh perspective on their role in
quantum information processing and reliable quantum computation.

DOLI: 10.1103/7rwg-lhpv

L. INTRODUCTION

Quantum resources such as entanglement, coherence, and
magic underpin the power of quantum technologies [1-5].
Among them, quantum magic—the nonstabilizerness of a
state—provides the computational leverage that lifts Clifford
circuits beyond classical simulability [4—11]. Although static
and circuit-based aspects of magic are well characterized, its
dynamical emergence under coherent, experimentally control-
lable evolution remains largely unexplored [8,12,13].

The question of how magic is generated, distributed, and
controlled under structured, experimentally controllable uni-
tary dynamics is still wide open. Previous studies, which
are very few, have focused on magic state distillation [7],
random circuits or Clifford+T gate sets [14], which priori-
tize analytic tractability or complexity-theoretic classification,
but often obscure the physical mechanisms that give rise to
magic [15-21]. In particular, the role of quantum interference,
spatial structure, and coherent propagation in generating
magic remains underexplored.
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In this work, we bridge this gap by investigating the gen-
eration and the dynamics of quantum magic in discrete-time
quantum walks (DTQWSs) [22,23]—a minimal and widely
studied model of unitary evolution with direct experimental
relevance. DTQWs offer several key advantages for probing
dynamical quantum resources. First, unlike Clifford circuits,
which cannot generate magic from stabilizer states, generic
DTQW dynamics are inherently non-Clifford, allowing magic
to arise naturally even in single-particle regimes. Second,
DTQWs preserve coherent interference and spatial corre-
lations, providing a setting where the structure of magic
generation can be directly linked to wavelike evolution. Third,
they have been successfully implemented in a range of exper-
imental systems, including photonic circuits [24-26], trapped
ions [27-29], and superconducting qubits [30-32] to name
a few and offer continuous tunability through control pa-
rameters [33]. While DTQWs are well studied as generators
of quantum resources like quantum entanglement [34,35],
quantum nonlocality [36,37], and quantum coherence [38],
their capacity to generate quantum magic has remained un-
explored. One of the very few studies along this direction is
Ref. [39], which investigates the generation of quantum magic
in continuous-time multiparticle quantum walks.

Here, we are interested in the following question: Can a
very simple model of DTQW on a one-dimensional lattice
generate a significant amount of quantum magic? We answer
this question affirmatively by exploring both single- and two-
particle DTQWs, initializing the coin state in various pure and
mixed states, including stabilizer, nonstabilizer, and Werner-
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type states [40]. To quantify magic, we use the stabilizer Rényi
entropy (SRE), a recently introduced and scalable measure of
quantum magic suited for dynamical studies [15-17]. In the
single-walker case, we analyze how the time evolution of SRE
depends on the initial coin state. We find that large initial SRE
does not necessarily correlate with large asymptotic values,
indicating that quantum walk dynamics can both enhance and
suppress initial magic. Importantly, our analytical treatment
of the long-time limit reveals a complementary relationship
between entanglement and SRE in the system, supporting the
view that magic constitutes a distinct resource. This suggests
a potential trade-off, reminiscent of a monogamylike rela-
tionship between the two resources. While a formal relation
remains to be established, our findings highlight that entan-
glement and magic are complementary but fundamentally
distinct aspects of quantum nonclassicality.

In the two-walker setting, we observe dynamical magic
generation from a variety of initial states, including those with
zero or high initial SRE. We highlight how interference-driven
evolution transforms initially stabilizer states into complex,
nonstabilizer configurations, and how the amount of magic
generated can be quantitatively tuned by the initial configu-
ration of the composite system. We also explore the dynamics
of quantum magic when the two walkers are initialized in
a Werner state, which interpolates between maximally en-
tangled and separable configurations, providing a means to
explore the full entanglement spectrum.

To assess practical relevance, we examine the robustness of
magic generation against decoherence, incorporating a min-
imal coin dephasing model in the one-walker setting. We
find that DTQWs maintain significant levels of magic over a
wide range of noise strengths, demonstrating their viability as
noise-resilient generators of quantum resources. Finally, we
discuss an experimentally feasible protocol to measure magic
using coin state tomography, followed by the measurements
of the Pauli observables—well within reach of current tech-
nology available in DTQW platforms [41].

Through these findings, we demonstrate that DTQW:s serve
as a robust, natural, and controllable generators of quan-
tum magic. Their simplicity and accessibility for experiments
make them ideal platforms for exploring the dynamics of
magic. Our work contributes to the growing field of dynamical
magic by providing fresh insights into how quantum advan-
tages can arise and be manipulated through evolution, even
within systems made up of elements that can otherwise be
simulated classically.

The paper is organized as follows: In Sec. II, we introduce
the DTQWs and set up the notations for the article along with
the framework for quantifying quantum magic using stabilizer
Rényi entropy. Section III focuses on the dynamics of magic
in single-walker systems, examining its dependence on initial
coin states and behavior at very long times. In Sec. IV, we in-
troduce a very simple phase decoherence in the coin subspace
to investigate the robustness of the quantum magic in noisy
scenarios. In Sec. V, we extend our results to two-walker
systems, exploring how dynamics and initialization of the coin
states influence the generation of magic. We also discuss a
special case where the initial coin state is taken as a Werner
state, revealing interesting dynamical features. We conclude
in Sec. VI with a summary of key results, their implications

for quantum information processing, and the possible future
research directions, along with some foundational aspects of
our studies.

II. DISCRETE-TIME QUANTUM WALK

Quantum walks, the quantum analog of classical random
walks, have emerged as a versatile platform in quantum
information science [22,23,42]. They exhibit rich interfer-
ence patterns, allow for coherent control, and have been
widely studied in the context of quantum algorithms [43-45],
quantum computation [46—48], and entanglement generation
[34,35]. In both discrete-time and continuous-time frame-
works, quantum walks have provided insights into the spread
of quantum correlations and have been proposed for tasks
ranging from search problems to quantum simulation [38,49].

Here, we are interested in the discrete-time version of
the quantum walk. A discrete-time quantum walk models
the unitary evolution of a quantum particle, a walker, on a
one-dimensional lattice, governed by the internal states of the
walker, which are usually taken to be two-dimensional in the
case of a one-dimensional system and referred to as a coin.
The total Hilbert space is given by H = H¢ ® Hp, where
Hc is the coin space spanned by {|1),]})} and Hp is the
position space spanned by {|x) | x € Z}. The evolution pro-
ceeds through repeated applications of a unitary step operator
composed of a coin flip followed by a conditional shift. In this
work, we consider a Hadamard coin

1 /1 1
T

which acts on H¢, creating an equal superposition between
[1) and || ) states. The conditional shift operator S moves the
walker to the left or right depending on the state of the coin:

S=) N+ Dixl+ @ Ix = Dixl. ()

xX€Z

This operation entangles the coin and position degrees of
freedom, introducing quantum interference into the walk dy-
namics. The unitary operator for one step of the walk is
given by

U=S8HQI1p), 3

where 1p is the identity operator on Hp. For a given initial
state of the composite system, |W(0)), the state after ¢ time
steps evolves as

W) =U'wO)=>" Y W)@k, @

xeZ o=%,]

where W are the coefficients corresponding to the position x
and the coin state o = {|1), |)}. The total state at any time ¢
is a highly entangled state between position and coin degrees
of freedom and cannot be factorized into the individual states
of the subsystems. The coin operation under consideration is
Hadamard H that belongs to the Clifford group. While the
translation operator is nonlocal, we will see that this is the
only part of the dynamics that is responsible for the nontrivial
generation of several quantum resources in the system.

While discrete-time quantum walks have been extensively
studied for their entanglement properties, algorithmic ap-
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plications, and transport behavior, their role in hosting or
generating quantum magic has received no attention. Please
note here that when we say magic in quantum walk, it is the
magic content in the state of the walker, which is a two-level
system. Quantum magic refers to the nonstabilizer content of
a quantum state—that is, the degree to which it departs from
the set of stabilizer states. Since stabilizer states, along with
Clifford operations, can be efficiently simulated on classical
computers, the presence of magic is essential for achieving
true quantum advantage in quantum computational processes.
Quantifying magic is, therefore, central to understanding the
usefulness of a quantum system for providing quantum advan-
tage and enabling universal quantum computation.

Stabilizer Rényi Entropy

The Stabilizer Rényi Entropy is a quantifier of quantum
magic, which measures the extent to which a quantum state
deviates from the set of stabilizer states [50,51]. Stabilizer
states form a subset of quantum states that can be described
entirely by Clifford circuits and are efficiently simulable
on classical computers [4,5]. Quantum states with nonzero
magic, as captured by the SRE, represent a fundamental
resource as they are essential for universal quantum compu-
tation and cannot be simulated on a classical machine.

Let p be a quantum state describing # qubits. The stabilizer
Rényi entropy of order « is defined as [50]

T P 20
> pep, ITr(oP)] ) )

> pep, ITr(pP)?

where P, are the n-qubit Pauli group string operators given
by P, = {1, o, 0y, 0,.}*" with 0;’s being the standard Pauli
operators for a single qubit. The coefficients ¢, = Tr(pP,),
along with an appropriate normalization, constitute a valid
probability distribution. Then, the quantity defined above is
the Rényi entropy associated with the probability of a quan-
tum state when expanded in the basis of Pauli strings.

For the current work, we use the stabilizer Rényi entropy of
order 2 for several reasons. First, it provides a computationally
efficient measure with a closed analytical form for both pure
and mixed states through Pauli expectation value summation.
Recent theoretical work has rigorously established that SREs
with o« > 2 are monotones for magic-state resource theory,
making o = 2 the minimal order guaranteeing monotonic-
ity [50,52]. Furthermore, SRE-2 is experimentally accessi-
ble via Pauli tomography [50,53,54]. Mathematically, it is
expressed as

1
My (p) = | —a 10g<

Y pep, ITr(pP)I*
M(p) = —log [ =L ——— ), 6)
Zpgp” [Tr(oP)|
and for a pure state |\V), it reduces to
1 4
M(p):—ilog(z [(W|P|W)] ) (7)

PeP,

The SRE has several desirable properties: It is invariant under
Clifford operations, additive under tensor products, and non-
increasing under stabilizer-preserving operations [50]. These
characteristics make it particularly well suited for analyzing

magic generation in dynamical systems such as quantum cir-
cuits [16,17].

In Refs. [55-57], the upper bound of SRE of order «, for a
d-dimensional Hilbert space, was provided, which reads

1 14 (d —1)d+ 1)1
Ma(i¥) < 7 log y .

So, for « =2 and for single- and two-qubit systems,
this bound results in Mj(|¥)) < log(3/2) ~ 0.4055 and
Ma(|¥r)) < log(5/2) =~ 0.9163, respectively. We should note
here that these bounds can be achieved (if possible) for pure
quantum states in d-dimensional Hilbert space.

®)

III. DTQW WITH ONE WALKER

Building upon the framework of discrete-time quantum
walks and the utilization of stabilizer Rényi entropy as a
quantifier of quantum magic, we are now ready to focus on
the dynamics of magic generation within a single-walker con-
text. The aim is to analyze how a quantum walker, initialized
in a general coin superposition state and when subjected to
unitary evolution on a one-dimensional lattice, generates and
accumulates magic over time.

We assume that the walker is initially localized at the origin
of the lattice, with the coin represented by an arbitrary pure
state, parametrized using the Bloch sphere. The initial state of
the total system thus reads

|W(0)) = (cos(8/2)11) + €?sin(0/2)[1)) ® |x = 0), (9)

where 6 € [0, 7] and ¢ € [0, 27r]. Such systematic consider-
ation of all arbitrary initial states for the coin in our analysis
effectively captures all possible single-qubit coin operations,
as any initial state can be reached by a suitable unitary [58].

We evolve the quantum walk with the time evolution oper-
ator U, and the total density matrix at time ¢ is written as

p(t) =U'p(O)U™Y. (10)

At each time step, we analyze the reduced coin state [pc(7)]
obtained by tracing out the position degree of freedom, and
compute the SRE given in Eq. (6) to quantify the amount of
magic generated in the coin subsystem. Note that the SRE
formulation naturally extends to mixed states using an appro-
priate normalization factor as given in Eq. (6), maintaining
essential properties including invariance under Clifford opera-
tions and monotonicity under stabilizer-preserving maps [50].

In Fig. 1, we plot the time evolution of stabilizer Rényi
entropy for the walker localized at |[x = 0) and two distinct
initial coin states: (a) a pure state |1) and (b) a superposed
state [W(0))e = (1) + €”/4|1))/+/2. The difference between
the two initial states is in the initial amount of quantum magic.
The state |1) initially has zero magic, while the other choice
of initial state has finite magic initially. In Fig. 1(a), the
SRE remains zero after one step and shows a rapid increase
after that, which is followed by a saturation, suggesting that
quantum magic accumulates quickly and stabilizes as the walk
proceeds. The zero magic after the first step can be ascribed to
the fact that the state after the first step of the quantum walk is
a Bell-like state and is maximally entangled. In the other case
shown in Fig. 1(b), the amount of magic is suppressed by the
dynamics, and we again observe a saturation as time increases.
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FIG. 1. The SRE as a function of time for the initial state of coin
to be (a) [¥(0))c =[1), and (b) [W(0))c = (|1) +€™*[]))/V/2,
while lattice part is localized in both the cases at |x = 0). The plots
in the inset show the growth of nonstabilizerness at initial time steps.
The system size is taken to be 1001 for both plots.

In both cases, we see rapid oscillations in the dynamics, with
the amplitude of the oscillations also sensitive to the initial
state. The probability of finding the walker at odd (even) lat-
tice sites vanishes for even (odd) time steps, and this could be
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0 /4 /2 3r/4 T 0 nl4
0
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/2
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a possible reason behind the oscillatory behavior of the magic
with time. We observe similar oscillations in the dynamics of
entanglement in a discrete-time quantum walk [59]. Here, we
should clarify that the oscillations shown in Fig. 1 are those
of the SRE, which quantifies the nonstabilizer (or the magic)
content of the coin state, not its von Neumann entropy. While
von Neumann entropy tracks information or entanglement
between coin and position—oscillating persistently around a
constant average—SRE measures non-Clifford resource gen-
eration and depletion. These two quantities are fundamentally
different. The higher final SRE in the superposition case
highlights the crucial role of initial coin coherence in facil-
itating magic generation. This indicates that superposed coin
states are more effective at populating nonstabilizer subspaces
over time.

Further, in Fig. 2, we investigate the SRE as a function of
both time and the Bloch sphere angle 6 for fixed values of ¢ as
(@9 =0,(b)¢ =mn/4,and (c) ¢ = /2. The time dynamics
of the quantum walks indicate that the generation of magic
depends in a nontrivial manner on the choice of the initial
coin state. For ¢ = 0, the SRE shows a strong dependence
on 6, peaking at intermediate values. If we look at the right
side of Fig. 2(a), we see a black region, which corresponds
to a lack of magic in the system and indicates that for some
values of 6, the system has a considerable amount of magic
initially, but it decays very rapidly. As the ¢ increases, the
regions of high magic shift and broaden, indicating increased
sensitivity of magic generation to initial phase coherence. For
¢ = m /2, the density plot suggests periodic dependencies on
6 and underlines the constructive role of coin state superposi-
tion. Another nontrivial feature to note in the case of ¢ = /2
is that the magic after the first step is zero and peaks at the
second time-step irrespective of the 6 value.

A. SRE at asymptotic time

Even for our simple setting of a single walker with a
fixed coin operator, closed-form analytical expressions are
not available except for the long-time limit, due to the
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FIG. 2. The SRE as a function of time and the parameter 6 in the initial state of the coin for (a) ¢ =0, (b) ¢ = /4, and (c) ¢ = 7 /2. We
can see the oscillating patterns in the density plots for almost all the values of the parameters 6 and ¢; however, they have different amplitudes

and oscillation rates. The system size is taken to be 1001 for all the plots.
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FIG. 3. Top row: The SRE for different initial coin states, parametrized using the Bloch sphere representation, atr = 0. Middle and Bottom
rows: The SRE and von Neumann entanglement entropy in the asymptotic limit as a function of the 6 and ¢ from Eq. (9), respectively. We
also plot the projection of the Bloch sphere in x-y, y-z, and z-x planes for clarity. We observe a complementary behavior of SRE and the von

Neumann entropy in the long-time limit.

fundamental complexity of quantum interference across ex-
ponentially many paths [42].

So, we now investigate the saturation levels of SRE at
the asymptotic time limit for a fixed localized position of
the walker and different initializations of the coin state. By
following the calculations of Refs. [42,60,61], we can write
the reduced density matrix of the coin at large time as

. A B
(0
where

C=bQGB+~2—2sin’0 + sin(26) cos ¢),
B =b;(1 —2sin®6 + sin(20)(— cos ¢ + iv/2 sin ), (12)
with
2—1
b = V2 . (13)
2V2
The trace constraint leads to A + C = 1. Now, using the re-

duced state of the coin given in Eq. (11), we can estimate the
SRE at asymptotic time, and the results are plotted in Fig. 3.

In the top row of Fig. 3, we plot SRE on the Bloch sphere
[62] for all the possible values of 6 and ¢ in the allowed
range at t = 0 and we can identify exactly eight states that
saturate the bound given by Eq. (8). In the Middle and the
Bottom rows of Fig. 3, we compare SRE and von Neumann
entanglement entropy (for the reduced density matrix of the
coin), respectively, at asymptotic time across a range of 8 and
¢. In the subsequent columns, we also plot the projection of
the Bloch sphere in x-y, y-z, and z-x planes that provides a
better representation of the behavior of the two quantities for
different parameters. The results show that high initial SRE
does not always lead to high asymptotic values, implying that
the dynamics of quantum walk can both enhance and suppress
initial magic.

The oscillations reported here are in the stabilizer Rényi
entropy, not the von Neumann coin entropy classically
reported for DTQWs. While entropy quantifies informa-
tion content, SRE quantifies computational nonstabilizer
resources. We observe regimes where SRE and entropy oscil-
late out of phase, underscoring different physical mechanisms.

Our results reveal an interesting and nontrivial trade-
off between quantum magic and coin-position entanglement
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in discrete-time quantum walks involving a single walker.
When entanglement entropy reaches its maximum, the re-
duced coin state tends to be closer to the stabilizer polytope,
resulting in minimal magic, and vice versa. Strong en-
tanglement operationally “delocalizes” non-Clifford features
into nonlocal correlations, while high local nonstabilizerness
suppresses the ability to establish maximal bipartite entan-
glement. Although this phenomenon resembles a monogamy
relation, it is more accurately characterized as a complemen-
tarity or a “monogamy-style trade-off” between two distinct
resources.

Formalizing this behavior within a unified resource-
theoretic framework—potentially through an inequality that
constrains the sum of entanglement and magic—remains an
intriguing open problem. Addressing this could yield deeper
insights into the interplay of quantum resources under unitary
dynamics.

This complementary pattern between the two resources
suggests that while both are forms of nonclassical corre-
lations, they may not be simultaneously maximized. This
supports the idea that magic captures a distinct type of re-
source compared to entanglement.

IV. DECOHERENCE IN DTQW

In the previous section, we have seen that the uni-
tary evolution of discrete-time quantum walks can generate
a significant amount of quantum magic in the coin sub-
space. However, its practical utility depends critically on
its performance and fidelity under noisy settings. In real-
istic quantum systems, interactions with the environment
are unavoidable, which are unwarranted for quantum re-
sources, including quantum magic. Therefore, to evaluate the
resilience of magic in our setup, we introduce a minimal
decoherence model and study its effect on the generation and
persistence of quantum magic in the single-walker quantum
walk.

Since our primary aim is to investigate the magic content
specifically in the coin subspace, it is natural to examine
how decoherence affects this same subspace. Thus, we im-
plement a simple yet insightful model of decoherence in
the coin space via dephasing-type measurements. At each
time step, the coin undergoes a partial projective measure-
ment in the o, basis, characterized by the two measurement
operators [62]

My = 5(1 £ hoy), (14)

where A € [0, 1] quantifies the strength of the decoherence.
When A =0, the operators reduce to My = %]1, corre-
sponding to no decoherence, while A = 1 corresponds to
full projective measurement in the computational basis and
washes away all the quantum coherence in the system.

The associated Kraus operators that govern the quantum
channel are taken as the positive square roots of the measure-
ment operators:

Es= M. (15)

These operators act on the coin degree of freedom and model
weak measurement or dephasing, depending on the strength A.

0.30.
(a) —\ = 0.000
0.25 A = 0.001
~X\=0.010
~\=0.100
0.20 ~X\=0.200
§O.15 ““““““““““““““““““““
0.10
0.05
0.00
0 200 400 600 800 1000
t
0.30, )
(b) A =0.0-A=0.6
0.25 A=02-A=08
A=04-A=1.0
0.20
%‘0.15
0.10
\
- J/\/\/\/\
0.00
0 10 20 30 40 50

FIG. 4. The time evolution of the SRE for a fixed initial
coin state, |W(0))c = |1), under varying decoherence strengths A.
(a) Long-time behavior of M(p) up to ¢t = 1000 for weak deco-
herence values. A small but nonzero values of A lead to gradual
damping of oscillations, while strong decoherence suppresses magic
more rapidly. (b) Short-time dynamics of M (p) for a broader range
of decoherence strengths. While strong decoherence quickly kills
magic, weak and moderate decoherence still allow nontrivial oscil-
lations and a delayed decay of magic, indicating robustness at early
times. The lattice part is localized at |x = 0).

The effect of this channel is incorporated in the dynam-
ics of the DTQW by utilizing the full density matrix of the
composite system. The full density matrix of the system p(¢)
evolves according to [62]

p(t) =Y (E:®@1p)UpOWU (Ef @ 1),  (16)
=%

where E are the Kraus operators. This evolution is iterated
over multiple steps, and the reduced coin state is obtained at
each time by tracing over the position degrees of freedom. We
then compute the SRE of the coin state to assess how magic is
affected by the presence of decoherence.

To investigate the dynamical stability of quantum magic
under the decoherence model explained above, we compute
the time evolution of the M(p) of the reduced coin state for
a fixed initial condition and various values of the decoherence
strength A. The results are shown in Fig. 4, with Fig. 4(a)
covering a long timescale (¢ < 1000) and Fig. 4(b) zooming
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FIG. 5. Stabilizer Rényi entropy M(p) at time ¢ = 50 as a function of the initial coin state parametrized by 6 € [0, 7] and ¢ € [0, 27)
for decoherence strengths A = 0, 0.01, 0.10, and 0.20. While the maximum SRE decreases with increasing A, the overall landscape pattern
remains qualitatively similar across these cases, indicating robustness in the structure of magic generation. For example, for 1 = 0.1 we see a

reduction of only ~20% in the peak value of the SRE.

into the short-time dynamics (¢ < 50) for more detailed inves-
tigation.

In Fig. 4(a), we observe that in the absence of decoherence
(A = 0), the magic exhibits persistent oscillations around a
stable average value, indicating sustained nonstabilizer con-
tent in the system. As decoherence is introduced, even at
extremely small values (A = 0.001 and 0.010), the oscillations
become damped over time, but the system still retains a sig-
nificantly large amount of steady-state magic. As we further
increase the decoherence strength (A = 0.100), the damping
becomes more significant, and the magic decays gradually
toward a lower asymptotic value. At stronger decoherence
(A = 0.200), we observe a rapid suppression of magic, with
the SRE decaying to near zero over a few hundred steps.
However, we observe a presence of a significant amount of
SRE for times ¢t < 50.

x107°

2
16
3m/2 /5
4

< ™
3
2

/2
1

0

0 /2 ™
0

FIG. 6. Stabilizer Rényi entropy M(p) at time ¢t = 50 as a func-
tion of the initial coin state parametrized by 6 € [0, 7] and ¢ €
[0, 2r) for A = 0.50, where the magic is suppressed almost across
the various initial configurations. The maximum SRE in this case is
~6.5 x 1073, indicating the near-total fragility of magic under strong
decoherence.

So, we focus on the short timescale for a more detailed
investigation of the behavior of the quantum magic at early
times, which is particularly important for understanding the
robustness of magic over experimentally relevant timescales.
For weak to moderate decoherence strengths (A = 0.2, 0.4),
the magic initially grows and exhibits oscillatory behavior
similar to the unitary case (A = 0), although with visibly re-
duced amplitude. These oscillations persist over several tens
of time steps, suggesting that magic generation is relatively
robust against moderate decoherence in the short term. For
larger values of A (0.6, 0.8, and 1.0), the magic quickly decays
to zero after just a few steps, indicating that strong deco-
herence effectively suppresses nonstabilizer features almost
immediately.

Together, these observations indicate that quantum magic
generated via DTQWs is moderately robust to weak and even
intermediate levels of dephasinglike decoherence, especially
over short-to-intermediate timescales. This is of particular
importance because it makes quantum magic generated in
the DTQW setting a usable resource in near-term quantum
devices operating under realistic noise levels, provided that
decoherence can be sufficiently controlled.

To further investigate the sensitivity of magic generation
to the initial coin state under decoherence, we compute SRE
M(p) at a fixed time ¢ = 50 for a full range of pure coin states
parametrized on the Bloch sphere and is given in Eq. (9).

We present results in Figs. 5 and 6 for decoherence
strengths A = 0, 0.01, 0.10, 0.20, and 0.50, respectively. As
expected, the introduction of decoherence leads to a progres-
sive suppression of the generated magic. However, a notable
observation is that the overall pattern or structure of the magic
landscape remains qualitatively intact for A < 0.20. That is,
the regions of the Bloch sphere that yield relatively higher or
lower magic in the unitary case continue to exhibit the same
relative behavior under weak and moderate decoherence.

The maximum values of M(p) across the Bloch sphere
drop significantly with increasing A. Specifically, the peak
SRE values for A = 0, 0.01, 0.10, and 0.20 are approximately
Max = 0.20, 0.20, 0.16, and 0.07, respectively. These val-
ues indicate that while very weak decoherence (A = 0.01)
has little effect on the maximum achievable magic, stronger
noise rapidly diminishes the capacity of the system to generate
high-magic states.
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To further illustrate the fragility of magic under strong
decoherence, we plot SRE for A = 0.50 in Fig. 6, where
the observed maximum value of M(p) drops to just 6.5 x
1073, effectively vanishing for all practical purposes. At this
strength, the quantum walk is no longer capable of maintain-
ing any significant nonstabilizer character, regardless of the
initial coin state.

These observations confirm that while quantum magic in
DTQWs is initially robust across a broad class of initial
conditions, it becomes increasingly fragile under stronger de-
coherence. Still, the structural persistence of the landscape
under moderate noise suggests that controlled experimental
environments may preserve useful levels of magic for a mean-
ingful duration of the dynamics.

V. DTQW WITH TWO WALKERS

A natural extension would be to probe the quantum magic
with two walkers that provide more freedom as the number
of parameters in the initial state of the two coins increases.
To keep the analysis simple, we consider a straightforward
extension of the discrete-time quantum walk of one walker
to get a quantum walk with two walkers. The structure of
the composite Hilbert space is H = H¢, @ He, ® Hp, ® Hp,,
and correspondingly, the time evolution operator for a unit
time step reads

U = (SH)(S1H), a7

where S and S, are the shift operators for the first and second
walker, respectively, and were introduced in the previous sec-
tion. We use the Hadamard coin for both walkers. Note, we
are skipping writing the identity explicitly to avoid clutter.

In this case, we initialize the walkers in localized states in
position, and the coins to be in a superposition, which reads

[W(0)) = x) ® lx1 =0) ® [x2 =0), (18)
with
1x) = (cos(6/2)[11) + € sin(0/2)[L 1)), (19)

where we again use the Bloch spherelike parametrization for
the state of the two coins with 8 € [0, 7] and ¢ € [0, 27].
We choose this parametrization for the state of the two coins
because it allows us to explore two extremes, a product state
(for 6 = 0) and a maximally nonlocal entangled state (for
6 = m /2), for the case of pure states.

Note that in this case, the full state space of a two-qubit sys-
tem is huge (15-dimensional and 7-dimensional if we restrict
ourselves to only pure states), which makes it impractical to
perform an exhaustive scan over all possible configurations
for the initial state of the two coins. Even numerically, a blind
exploration of such a parameter space would be extremely
demanding in terms of computational resources, while not
necessarily providing deeper physical insight. To address this,
we adopted a strategic and physically meaningful approach in
selecting representative subspaces of initial states.

In Fig. 7, we present the time evolution of SRE for four
different composite initial coin states: | x) = |11), a Bell state
Ix)=UM) + |¢¢))/«/§, a Bell state after the application
of a magic gate T to the first coin, and a two-qubit state
with maximal magic [57], [x) = (It1) +ilt}) +ill1) +

1.00.
=)
[T+ 1)
0.80 —ET® 1)}(\ T+
—M1,4,i,4

10 20 30 40 50
t

FIG. 7. The SRE as a function of time for the different initial-
ization of the coins at + = 0. Here, T is the single-qubit magic gate
and [1,4, 7, i] represents [x) = (111) +il14) +il41) +ilL1))/2 a
two-qubit state with maximal amount of magic [57]. Surprisingly, we
see that an entangled state, a magic-enhanced state, and a state with
initially maximal magic show limited growth in magic over time,
while a simple product state results in significantly higher SRE. The
system size is taken to be 101 x 101.

il4{))/2. The magic gate for a single qubit is given by

I
T= <0 gi9/4)- (20)

As expected, the application of the magic gate enhances the
magic at time ¢ = 0, confirming its role in injecting nonsta-
bilizer components into the state. To our surprise, here, an
entangled state, a magic-enhanced state, and the state with
initially maximal magic show limited magic growth over time,
while a simple product state produces significantly higher
SRE, which is highly counterintuitive at this stage.

In Fig. 8, we generalize the observations of a single walker
in Fig. 2 to the two-walker case. We are plotting the SRE
as a function of time and 6 for various fixed ¢ values in the
allowed range from Eq. (18). For all phases investigated, the
SRE again shows a sensitivity toward 6, although the patterns
are more structured and peaked compared to the single-walker
scenario. In this case, we do not see a region where magic ex-
periences a total death as the walk evolves. Also, we observe
a periodic behavior with 6 for all the values of the phase. The
results indicate that magic generation in multiwalker systems
is not as sensitive to the initial state of the system as in the case
of a single walker. On the other hand, we see one similarity in
this case, which was also present in the case of single-walker
and at phase value ¢ = 7 /2. The magic is zero after the first
step of the quantum walk, irrespective of the initial amount of
magic in the system.

We further compare the SRE for several initial coin states
at two time points # = 0 and ¢ = 50 in Fig. 9. Although all
states begin with similar or zero SRE, their values diverge
significantly over time. This divergence highlights the cru-
cial role of dynamics in transforming initially classical or
low-magic configurations into more complex states with a
higher amount of magic. The results demonstrate that even
states that are close to stabilizer form can evolve into highly
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FIG. 8. The SRE as a function of time and the parameter @ in the initial state of the coins, |x) = cos(8/2)|11) + € sin(6/2)|] ) for
(@)¢p =0, (b) p =m /4, and (c) ¢ = /2. The dynamics involving two walkers retain the oscillatory pattern, as was the case with one walker,
but with an additional symmetry. The system size is taken to be 101 x 101.
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FIG. 9. The SRE for the different initial states of the coin given
by Eq. (19) at (a) t = 0 and (b) # = 50 time steps. We observe that
the magic disperses in the system and has almost a correlation with
the initial amount of magic in the system. The states with initially no
magic evolve to a highly magical state. Here, the system size is taken
to be 101 x 101.

magical states when subjected to quantum walk protocols.
This showcases the potential of such systems in generating
valuable computational resources.

Finally, we extend our analysis to include the mixed states
for the choice of the initial state of the coins, for which we
choose Werner states [40], which again allows us to probe
the two extremes, maximally mixed and maximally entangled
states. Werner states are a family of mixed states that is given
by a convex sum of a maximally entangled state and a maxi-
mally mixed state. It reads

1
p(p) = pldH) (@ + (1 —p)f, Q1)

where |®F) (| = (|11) + [41))/+/2 is a Bell state, 1/4 is
the maximally mixed state on the two-qubit Hilbert space, and
p €10, 1] is a mixing parameter. For p = 1, the state is pure
and maximally entangled, while for p = 0, it is fully mixed
and contains no correlations, quantum or classical. In Fig. 10,
we again investigate the time evolution of the SRE for the
reduced density matrix of the two coins states for different
values of p and observe oscillating behavior as in the previous
cases. Surprisingly, we observe that magic can be generated
dynamically even when the initial state has no magic (p = 1),
whereas in other cases where the initial state has high magic
(p =~ 0.6), the magic decays over time. This counterintuitive
behavior highlights that the time evolution under the quantum
walk is capable of redistributing and transforming quantum
resources in a nontrivial way. It also suggests that initial magic
is not always a reliable predictor of long-term behavior.

Note, for the sake of completeness, we also explored the
initial states of the form

X) = (cos(8/2)|1}) + €? sin(6/2)|4 1)) (22)

along with the initial state given in Eq. (19), and we observed
the same dynamics, qualitatively.

VI. CONCLUSION AND OUTLOOK

In this work, we have shown that DTQWs serve as flexible
generators and controllers of quantum magic. By evolving
single- and two-particle walks from various initial coin states,
we found that quantum walk dynamics can both produce and
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FIG. 10. The SRE as a function of time for the case when two
coins are initialized in a combined Werner state with parameter p.
The Werner states comprise states with magic ~0.20; however, the
dynamics of quantum walk suppress it as the system evolves. The
system size is taken to be 101 x 101.

reshape magic in nontrivial ways. For a single walker, large
initial magic does not guarantee large asymptotic magic—the
walk can amplify or diminish magic depending on interfer-
ence effects.

Furthermore, our analytical results in the asymptotic
time limit revealed a complementary trade-off between
coin-position entanglement and quantum magic: Maximal
entanglement often coincides with minimal magic. Although
a complete mathematical inequality is still needed, our
results provide an empirical foundation for future theoretical
developments and can serve as a pivotal point. In the
two-walkers case, even walks starting from stabilizer states
become highly nonstabilizer due to coherent interference.
We demonstrated that the generated magic in two-walker
DTQWs can be tuned via the initial coin entanglement (for
example, by varying Werner-state parameters), highlighting a
high degree of control.

Importantly, our key findings are rooted in a theoretical
model that directly connects to experimental implementa-
tion. Given that the stabilizer Rényi entropy relies solely
on tomographic measurements of the reduced coin state and
the Pauli measurements (which scale as 4" with the number
of qubits of n), the magic dynamics predicted in the one-
dimensional case can be investigated in various experimental
platforms. For example, photonic quantum walk systems us-
ing integrated waveguide arrays [41,63] and atomic quantum
walks in optical lattices [64] have already demonstrated the
precise control and measurement capabilities required for
our protocol [specifically the number of time steps (~50)
and system size (=~ 100)]. In Ref. [41], the authors explored
the robustness of entanglement as a marker for topological
phases in quantum walks [65-67] at asymptotic timescales.
Furthermore, we have shown that this process is robust to
realistic experimental imperfections, such as decoherence in
the coin degree of freedom. Quantum magic persists across

a broad range of noise strengths, suggesting that DTQWs
can serve as reliable test beds for studying dynamical re-
source theories in near-term quantum devices. This makes
our predictions directly testable on existing quantum walk
platforms. Our results bridge static resource theories and dy-
namical quantum walks, showing how non-Clifford resources
naturally emerge in simple coherent evolutions.

Looking ahead, there are several natural extensions of this
work. One direction is to consider more general classes of
initial coin states—beyond the Bell-like superposition states
and Werner-like mixtures studied here—in the two-walker
setting, to examine how different forms of initial quantum
correlations influence the subsequent dynamics of magic
and entanglement. Another promising avenue is to explore
more complex quantum walk architectures, such as higher-
dimensional walks or systems with many walkers, to assess
how magic generation scales with system size and dynam-
ical complexity [68,69]. Recently, the magic generation has
been proposed in a non-Hermitian setting [70], and it would
be interesting to expand this analysis to quantum walks, as
quantum walk systems have been instrumental in exploring
non-Hermitian physics.

Finally, investigating the impact of noise and decoherence
on magic generation—especially beyond minimal models—
will be crucial for evaluating the practical viability of these
ideas in near-term experiments and analog quantum simula-
tors.

These results also raise an intriguing foundational ques-
tion. In particular, from the complementary behavior of the
quantum magic and quantum entanglement as shown in
Fig. 3, one may ask whether there exists a conserved or
reference-frame-invariant combination of quantum magic and
entanglement, analogous to recent demonstrations of an in-
variant sum of entanglement and subsystem coherence under
quantum reference frame transformations [71]. A path to find
a solution to this question could reveal deeper structural prin-
ciples of dynamical quantum resource theory. In that spirit,
discrete-time quantum walks may serve as a valuable platform
for exploring these ideas, potentially revealing fresh principles
of dynamical quantum resource theory. We need to see how
far quantum walk systems can take us to understand these
fundamental questions.
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