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We show that quantum advantage in distributed sensing can be achieved with noisy quantum networks that
only distribute noisy entangled states. We derive a closed-form expression of the quantum Fisher information
(QFI) for estimating the average of local parameters using Greenberger-Horne-Zeilinger-diagonal probe states,
a representative distributed sensing scenario. From the QFI, we obtain the necessary condition to achieve
quantum advantage over the optimal local sensing strategy, which can also serve as an optimization-free
entanglement detection criterion for multipartite states. We further explore the impacts from imperfect local
entanglement generation and local measurement constraint, and our results imply that the quantum advantage is
more robust against quantum network imperfections than local operation errors. Notably, these implications still
hold when we explicitly consider dephasing during the sensing dynamics. Our results significantly advance the
understanding of the achievability of quantum advantage in noisy distributed sensing. They also offer practical
guidance for real-world implementation of quantum sensor networks.
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I. INTRODUCTION

Distributed quantum sensing (DQS) [1–3] is one of the
most important applications of quantum networks [4,5]. It
is expected to surpass classical sensing techniques in areas
ranging from magnetometry [6–9], phase imaging [10], preci-
sion clocks [11], energy applications [12], all the way to the
exploration of fundamental physics [13,14], including search
for dark matter [15] and measuring stability of fundamental
constants [16]. Over the past decade, DQS has attracted great
theoretical interests [17–24]. Various DQS protocols have
been proposed under ideal conditions [25–32]. On the other
hand, along with the experimental demonstration of concept
in small-scale matter systems [33], the analysis of realistic
DQS has also emerged recently, for instance, DQS with noise
in signals [34–37], atomic ensemble partition for DQS [38],
and DQS with probabilistic quantum network operations [39].
However, the state-of-the-art progress in quantum network-
ing [40–42] demonstrates that remote entanglement has much
higher infidelity than local operations, so the process of initial
state preparation will be the major error source for DQS in
the near term. Despite its critical importance and necessity,
the systematic analysis of DQS with imperfect state prepa-
ration surprisingly remains largely unexplored. In this work,
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we focus on studying the possibility of realizing quantum
advantage in DQS with noisy quantum networks, which can
only distribute noisy entangled states.

We first specify the initial probe state, the parameter
encoding process, and the estimation objective as follows.
In a general DQS task, the objective is to estimate global
function(s) of local parameters, where a generally differ-
ent parameter xi is encoded on sensor node i, as shown in
Fig. 1. In this work, we consider the canonical simple example
of estimating the average of local parameters [43] that are
distributed at distant network nodes. This task can be decom-
posed into three steps: (1) preparation of the initial probe
state, (2) encoding the parameters on the probe state, and
(3) performing measurement on the encoded state to extract
information about the parameters. We assume that when there
is no decoherence, the parameter encoding has the standard
phase accumulation form U (x) = exp[−i(

∑d−1
i=0 xiHi )], where

x = (x1, . . . , xd )T ∈ Rd is an array of d parameters located at
d sensor nodes in the network and Hi = 1

2

∑n−1
k=0 σ (i,k)

z is the z
component of collective spin for the n local qubit sensors on
node i.

Under the aforementioned unitary encoding channel, the
optimal probe state for this problem has been shown to be the
global Greenberger-Horne-Zeilinger (GHZ) state [1,2], i.e.,
a GHZ state |GHZ〉 = (|0 . . . 0〉 + |1 . . . 1〉)/

√
2 involving all

the sensors on each sensor node. Therefore, we choose this
global GHZ state as the target initial probe state to prepare
in the quantum network of sensors. The preparation of the
probe state over a quantum network can be decomposed into
two steps. First, the quantum network will distribute a d-qubit
GHZ state across all d sensor nodes, with each node having
one qubit. Each node can then perform local entanglement
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generation [44–54] to extend the size of the global GHZ state:
By entangling (n − 1) additional quantum sensors per node,
the global GHZ state will have nd qubits in total. Note that
only (d − 1) Bell pairs are needed to distribute the d-qubit
GHZ state over the d nodes (see Appendix A). Therefore,
such global GHZ states are arguably the easiest to generate
by future quantum networks that primarily distribute Bell
pairs [4,5], which further justifies why we choose them as the
probe states.

Given noisy quantum networks, the prepared initial probe
state has to be a mixed state. In this work, we as-
sume that the initial probe state is GHZ diagonal: ρ0 =∑

a λa|ψa0〉〈ψa0| with all λa being nonzero, where a is the
index of the pure GHZ basis state |ψa0〉. The GHZ basis
states that we consider are superpositions of computational
basis states, e.g., (|0 . . . 00〉 ± |1 . . . , 11〉)/

√
2, |0 . . . 01〉 ±

|1 . . . , 10〉)/
√

2, etc. Such states can be understood as the
result of a pure GHZ state undergoing Pauli channels. The
model of Pauli errors [55] can be justified as follows: In
principle, one can perform Pauli twirling [56–58] to transform
error channels into Pauli channels, or stabilizer twirling [59]
to cancel off-diagonal density matrix elements under a sta-
bilizer basis. Many real-world noise processes during state
preparation already tend to destroy the coherence between
different GHZ basis states, and twirling just makes this
aspect more explicit and systematic. This assumption of
GHZ-diagonal states also facilitates our analytical studies, for
which we analytically derive the quantum Fisher information
(QFI) [60,61], which characterizes the lower bound of pa-
rameter estimation variance, the quantum Cramér-Rao bound
(QCRB). Further details about the justification of why we
consider GHZ-diagonal initial probe states can be found in
Appendix B.

Next, we derive the condition for quantum advantage over
the optimal local sensing protocol from the QFI and demon-
strate how the condition serves as an entanglement detection
criterion for multipartite states in Sec. II. We demonstrate
quantum advantage in distributed sensing when ignoring de-
coherence during the encoding dynamics in Sec. III, where
we consider scenarios of increasing practicality, namely, with
noiseless local entanglement generation, imperfect local en-
tanglement generation when scaling up the number of local
sensors, and local measurement constraint, respectively. We
then explicitly include the influence of individual sensors’
dephasing during parameter encoding dynamics in Sec. IV.
Finally, we summarize the results and provide further discus-
sion in Sec. V.

II. CONDITION FOR QUANTUM ADVANTAGE

The condition for quantum advantage is formulated in
terms of the QFI for the estimation of the average of all
local parameters. With the QFI, we can further obtain an
optimization-free criterion for detecting entanglement in mul-
tipartite states, which has a clear operational interpretation.

A. Derivation of the QFI

To derive the QFI for the average of all local parameters,
we start with the QFI matrix (QFIM) [62–65] for the d local

parameters. According to the assumed parametrization uni-
tary, for a general GHZ-diagonal nd-qubit initial probe state
ρ0 where each of the d sensor nodes holds n qubit sensors,
the QFIM for parameters x is F (x) = (1 − C)n2Jd , where Jd

is the d-by-d matrix of ones, and C captures the quality of the
initial probe state, and it is analytically calculated as

C =
∑

(a,b)∈S

4λa0λb0

λa0 + λb0
, (1)

where λa0 is the eigenvalue corresponding to GHZ basis state
|ψa0〉 and S denotes the set of index pairs (a, b) without double
counting, such that |ψa0〉 and |ψb0〉 are GHZ states expressed
as superpositions of the same pair of computational basis
states but with opposite relative phase. For instance, for three-
qubit GHZ states (|000〉 ± |111〉)/

√
2 is such a pair. Note that

C is not necessarily a constant and in general depends on n,
and its dependence is determined by error models.

Our parameter to estimate is θ1 = vT
1 x, where v1 ∝

(1, . . . , 1)T . For concreteness, we follow the convention in
Refs. [1,2] and choose v1 = (1, . . . , 1)T /

√
d , which is nor-

malized under the 2-norm. Then, we are able to transform
the QFIM for the global parameter θ1, where the transforma-
tion could be operationally realized by constructing additional
(d − 1) normalized vectors v2, . . . , vd , such that vT

i v j =
δi j [62]. Consequently, we have

F (θ ) = d (1 − C)n2

⎛
⎜⎜⎝

1 0 . . . 0
0 0 . . . 0
...

...
. . .

...

0 0 . . . 0

⎞
⎟⎟⎠, (2)

where θ = (vT
1 x, . . . , vT

d x), and the only nonzero entry is
the QFI for θ1 of our interest: F (θ1) = d (1 − C)n2, which
incorporates effects from both the network (d) and local re-
sources (n2). The details can be found in Appendix C. Given
the analytical formula of calculating the C term for the QFI,
we have a lower bound of QFI for all possible GHZ-diagonal
states with a fixed fidelity, whose proof is also in Appendix C.

Proposition 1. For d-qubit GHZ-diagonal states with a
fixed fidelity F ∈ (0, 1), the lowest QFI for estimating the
average of d local parameters is d (2F − 1)2.

The worst-case scenario corresponds to that all errors in the
initial probe state are indistinguishable from the signal. On the
other hand, the QFI for noisy GHZ state can be equal to that
for noiseless GHZ state, which can be interpreted as that when
probe state errors can be distinguished from the signal, it is
still possible to extract the information encoded in the “noisy”
components of the probe state.

B. Comparison with the optimal local strategy

To demonstrate quantum advantage, the comparison base-
line should be the optimal local sensing strategy where each
sensor node can estimate the local parameter to the best accu-
racy possible under the resource constraints, and we then use
the estimated values to approximate their average.

It is well known that the GHZ state is the optimal
probe state for local phase estimation [66], and indeed us-
ing separate GHZ states on each sensor node is the best
local strategy (without any quantum communication between

033040-2



QUANTUM ADVANTAGE IN DISTRIBUTED SENSING … PHYSICAL REVIEW RESEARCH 8, 033040 (2026)

sensor nodes) for estimating the average of local parame-
ters [1,2]. The variance of this indirect estimation can be
calculated through propagation of error [64]: Varlocal(θ̂1) =∑d

l=1( ∂θ1
∂xl

)2Varlocal(x̂l ), where we use the QCRB of local GHZ
state with n qubits so that Varlocal(x̂l ) = 1/(n2μ), where μ is
the number of samples. Noticing that ∂θ1/∂xl = 1/

√
d , we

immediately have Varlocal(θ̂1) = 1/(n2μ). Therefore, on top
of the scaling advantage from increasing local resources, the
additional relative quantum advantage of entangling sensor
nodes with quantum networks is achievable when

η ≡ d (1 − C) > 1. (3)

Since entanglement in the initial probe state across sensor
nodes is necessary for DQS quantum advantage, the above
condition can also be interpreted as an operationally mean-
ingful, optimization-free entanglement detection criterion for
arbitrary d-qubit states. See details in Appendix C. Next,
we will evaluate η for nd-qubit GHZ state created from the
initial noisy d-qubit GHZ state with noiseless and noisy local
entanglement generation, respectively.

C. Entanglement detection criterion

For entanglement detection purpose, we can show that
any fully separable initial probe state cannot result in better
DQS performance than the optimal local sensing strategy as
follows.

Proposition 2. Suppose a d-qubit state is subject to a uni-
tary parameter encoding of d parameters x = (x1, . . . , xd )T ,

U (x) = exp[−i(
∑d

i=1 xi
σ (i)

z

2 )]. Then, the estimation variance

of θ1 = vT
1 x for v1 = (1, . . . , 1)T /

√
d using fully separable

d-qubit state is always no smaller than 1/μ, where μ is the
amount of state copies.

The proof can be found in Appendix C. The above propo-
sition means that entanglement in the initial probe state across
sensors is necessary to achieve quantum advantage in the
DQS task of estimating θ1 over the optimal local sensing
strategy. In other words, if we find that a certain input state
can demonstrate DQS quantum advantage, there must be
some entanglement in it with respect to the partition of d
sensors. Although the calculation of C in the quantum advan-
tage condition d (1 − C) > 1 is based on the GHZ-diagonal
assumption, arbitrary state can be converted into GHZ diago-
nal from through GHZ stabilizer twirling, which is local and
thus will not generate any additional entanglement. From this
perspective, the quantum advantage condition d (1 − C) > 1
is a sufficient condition for entanglement detection [67,68]
in d-partite state where each party has local dimension 2n,
with a clear operational interpretation. Importantly, the only
calculation needed is the value of C, and the calculation is
optimization-free. Moreover, even though there are admittedly
exponentially many diagonal elements in the multipartite den-
sity matrix, in many cases we do not have to go through all of
them, as we can stop the summation when we already have
d
∑

(a,b)∈S ′ (λa0 − λb0)2/(λa0 + λb0) > 1 for S ′ ⊂ S .
Then, we demonstrate one example of d-qubit state that

is not fully separable and can be detected by the DQS
quantum advantage condition. The example state is the
equal mixture of GHZ states, which can be expressed as

superposition of two computational basis states with zero
relative phase. For instance, for three qubits such GHZ states
include (|000〉 + |111〉)/

√
2, (|001〉 + |110〉)/

√
2, (|010〉 +

|101〉)/
√

2, (|011〉 + |100〉)/
√

2. For d qubits, there are 2d−1

such GHZ states |GHZ(i)
d 〉. Then, the example state can be

written as ρd = 21−d
∑2d−1−1

i=0 |GHZ(i)
d 〉〈GHZ(i)

d |. We have
1 − C(ρd ) = 1, which means that d[1 − C(ρd )] = d > 1,
and thus ρd must be entangled.

The DQS quantum advantage condition easily determines
the entanglement in ρ, but for other entanglement crite-
ria it could be much less straightforward, if possible, to
successfully detect the entanglement. For instance, accord-
ing to Laskowski-Żukowski criterion [69] for k separability,
which is equivalent to Mermin-type inequalities [70–72], a
d-qubit state that is d separable (fully separable) must satisfy
max j |ρ j, j | � 2−d , where ρ j, j is the off-diagonal element for
the density matrix with j = 1, . . . , 2d being the row index
and j = 2d − j + 1. This criterion is basis independent, so if a
state under a certain basis violates the necessary condition for
full separability, it is entangled. However, to obtain the maxi-
mum of density matrix off-diagonal element over all possible
bases requires additional optimization. It is obvious that the
example state ρd does not violate the d separability necessary
condition in two common bases, namely, the computational
basis and the GHZ basis. In addition, after Dür-Cirac depo-
larization [73] the example state ρd becomes separable under
arbitrary bipartition, so the Dür-Cirac separability criterion
cannot be used to detect entanglement in ρd . Moreover, it
can be easily verified for ρ3 that it is positive after partial
transpose (PPT) under any bipartition, which means that the
DQS quantum advantage condition can detect entanglement
when the PPT criterion [74,75] fails.

III. QUANTUM ADVANTAGE UNDER NOISELESS
ENCODING DYNAMICS

The timescale for quantum network operations is in general
significantly longer than local quantum operations, so the
local parameter encoding process can be much less noisy than
the initial probe state preparation over the quantum network.
By assuming a noiseless encoding process, it is also easier
to study the impact of network imperfections and distinguish
it from the effect of the encoding process on the DQS per-
formance. Therefore, we first focus on the noiseless unitary
encoding.

A. Noiseless local entanglement generation

We first consider noiseless local entanglement generation,
which can be interpreted as applying perfect CNOT gates be-
tween the qubit sensor initially entangled with other sensor
nodes and other local qubit sensors prepared in |0〉 state to
entangle, with the former being the control. This assumption
results in that the nd-qubit GHZ state has the same fidelity
as the d-qubit GHZ state. We are then allowed to decouple the
network imperfections and local errors, and thus to understand
the limit on the amount of network imperfections beyond
which there cannot be any quantum advantage for DQS.

While the analysis of η is applicable to arbitrary GHZ-
diagonal states, here for concreteness we assume a canonical
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full-rank error model for the initial d-qubit GHZ state, a
depolarized GHZ state as a mixture of pure GHZ state and
maximally mixed state, ρdp(F ) = 2d F−1

2d −1 |GHZd〉〈GHZd | +
1−F
2d −1 I , where F is the fidelity to the pure GHZ state. Then,
we have the closed-form expression of the constant C in
Eq. (1):

Cdp = (1 − F )(4d F + 2d − 2)

[(2d − 2)F + 1](2d − 1)
. (4)

One can verify that for fixed d , the maximum value of Cdp is
taken at F = 2−d , corresponding to a maximally mixed state.
The maximum value is Cdp|F=2−d = 1, because the maximally
mixed state will not be able to carry any information of the
parameter to estimate.

We can then substitute the C for d-qubit depolarized GHZ
state in Eq. (3) and let ηdp = 1 to derive a closed-form fidelity
threshold, as a requirement on the quantum network perfor-
mance for quantum advantage in DQS

Fth,dp = 2−d + (2d − 1)(2d − 2 +
√

(2d − 2)2 + 2d+3d )

22d+1d
.

(5)

We see that in the asymptotic regime of large d , the above
fidelity threshold reduces to 1/d .

As we have already argued, the quantum advantage in DQS
has a close relationship with quantum entanglement. The en-
tanglement properties of the depolarized GHZ state have been
well studied. d-qubit depolarized GHZ states are not com-
pletely separable if F > 3/(2d + 2) [73], and indeed we have
Fth,dp > 3/(2d + 2) for d � 2 as expected from Proposition 2.
Moreover, depolarized GHZ states are genuine multipartite
entangled (GME) if F > 1/2 [76]. However, except for the
special case of Fth,dp|d=3 ≈ 0.509 63 > 1/2, we have Fth,dp <

1/2 for d > 3, which suggests that GME is generally unnec-
essary to demonstrate quantum advantage in DQS.

We can also consider the worst-case scenario where
the quantum network distributes a d-qubit rank-2 dephased
GHZ state F |GHZd〉〈GHZd | + (1 − F )σz|GHZd〉〈GHZd |σz.
The fidelity threshold for this type of noisy GHZ state to be
advantageous over the optimal sensing strategy is

Fth,r=2 = 1 + √
d

2
√

d
>

1

2
. (6)

From GME criterion in Ref. [76], any rank-2 GHZ-diagonal
state is GME, but it is not metrologically useful for our task in
general. This suggests that GME is not sufficient for demon-
strating quantum advantage in DQS either. Consequently, we
have rigorously demonstrated that GME is neither sufficient
nor necessary for quantum advantage in DQS with concrete
examples.

B. Imperfect local entanglement generation

We now start to include imperfections in local entan-
glement generation. Specifically, we consider the following
phenomenological model to reflect the fidelity decrease when
adding more qubits to the GHZ state: The state after local en-
tanglement generation is an nd-qubit depolarized GHZ state,
while the fidelity is modified according to the number of local

FIG. 1. A general quantum sensor network where a parameter xi

is encoded locally for sensor node i. The solid edges between sensor
nodes represent physical connections such as optical fibers.

qubits as F (n) = kn−1F , where F is the fidelity of the initial
d-qubit GHZ state and k ∈ (0, 1) is a parameter that describes
the quality of local entanglement generation and thus the
larger the better. The intuition behind this phenomenological
model is the usage of noisy CNOT gates to generate GHZ
states, and one can think k increases as gate fidelity increases.
The justification of this phenomenological model when the
error bias is not too large can be found in Appendix D. We
can again evaluate C in Eq. (1) as a function of the four system
parameters

Cdp(F, d, n, k) = (1 − kn−1F )(4nd kn−1F + 2nd − 2)

[(2nd − 2)kn−1F + 1](2nd − 1)
. (7)

It can be shown that, as intuitively expected, Cdp decreases
monotonically as initial fidelity F , number of local parame-
ters d , and local entanglement generation quality k, increase
for all n � 1, if F, k > 2−d . On the other hand, the depen-
dence of Cdp on number of local quantum sensors n is more
complicated. We visualize ηdp = d (1 − Cdp) with varying n
under different parameter choices in Fig. 2. From the plot,
we can verify that the relative advantage ηdp is larger when
F, k increase, and ηdp vanishes for large n as the extra errors
introduced by having more local sensors through noisy local
entanglement generation overwhelm the gain of information.
We can also see nonmonotonic behavior of ηdp when k is suf-
ficiently high in comparison to F , which indicates an increase
in relative advantage for small local sensor numbers.

FIG. 2. Visualization of ηdp as a function of the number of local
qubits n, for different initial fidelity F and local entanglement gener-
ation quality k, with fixed d = 3.
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The point at which ηdp = 1 determines the maximum num-
ber of local quantum sensors nmax for quantum advantage over
the optimal local sensing strategy to be potentially demon-
strated. We observe that nmax does not change much when
varying F given fixed k, but it changes significantly when
fixing F and varying k, which suggests that the initial fidelity
F has less impact on nmax than the local entanglement gen-
eration quality k. This can be understood by considering the
fidelity threshold for the nd-qubit depolarized GHZ state to
be advantageous over the optimal local strategy, which also
scales as 1/d and is almost independent of n. Imperfect local
entanglement generation will decrease the GHZ fidelity to
the threshold at nmax. Therefore, we expect knmax−1F ≈ 1/d ,
which gives nmax ≈ − ln(dF )/ ln(k). We can explicitly eval-
uate the sensitivities of nmax to changes in F and k as the
partial derivatives with respect to F and k: SF = ∂nmax/∂F ≈
−1/[F ln(k)] and Sk = ∂nmax/∂k ≈ ln(dF )/[k ln2(k)]. We
can then compare the sensitivities SF and Sk by taking their
ratio, from which one can show that in general Sk/SF � 1 for
high k, which is needed for meaningful local entanglement
generation. These results imply robustness of the quantum
advantage in DQS against the imperfection of probe state
generation over realistic quantum networks. See more details
in Appendix D.

C. Local measurement constraint

It is possible that the optimal measurement to saturate the
QCRB is entangling between the sensor nodes. In the DQS
setup, entangling measurement needs additional remote en-
tanglement as a resource to implement. Therefore, we want
to use only local operations and classical communication
(LOCC) [77] to extract information in DQS problems. How-
ever, in general LOCC is not guaranteed to saturate the QCRB
in DQS [78]. Here, we explicitly consider the local measure-
ment constraint.

It is known that M = σ⊗nd
x is the optimal observable for

nd-qubit pure GHZ probe state under unitary z-direction
phase accumulation [66], and in principle each sensor node
only needs to perform measurement of the local observable
σ⊗n

x . However, if we use this measurement for noisy GHZ
states, for instance, depolarized GHZ state, the variance of
parameter estimation diverges in the limit of small local pa-
rameters. This conclusion is also implied by other numerical
results [79]. In Appendix E, we analytically demonstrate this
property for the depolarized GHZ state, while it holds gener-
ally for any GHZ-diagonal state with nonunit fidelity.

Motivated by our problem formulation that the pa-
rameter to estimate is encoded through z-direction phase
accumulation, we further explore the optimization over a
subset of local measurements, i.e., the tensor product of
single-qubit measurements along a direction on the equa-
tor of the Bloch sphere: M(α) = [O(α)]⊗nd , where O(α) =
|ψ+(α)〉〈ψ+(α)| − |ψ−(α)〉〈ψ−(α)| with |ψ±(α)〉 = (|0〉 ±
eiα|1〉) [thus, O(α) = eiα|1〉〈0| + e−iα|0〉〈1|], characterized
by the azimuthal angle α. For an nd-qubit depolarized GHZ
state, the optimal azimuthal angle is αopt = 2l+1

2nd π, l ∈ Z.
Note that the optimal azimuthal angle depends on number of
local quantum sensors n and sensor node number d . Moreover,
the estimation variance diverges quickly when α deviates

FIG. 3. Visualization of fidelity thresholds. The blue curve de-
notes the threshold given by the QFI, and the red curve denotes
the threshold given by optimized local azimuthal measurement. The
horizontal and curved black dashed lines represent the thresholds for
d-qubit depolarized GHZ state to be GME and nonfully separable,
respectively.

from αopt. This implies that the accuracy of local operation
is extremely important, and potentially more important than
the quality of the entangled states distributed by quantum
networks. More details on the azimuthal measurement opti-
mization can be found in Appendix E.

The fidelity threshold for an nd-qubit depolarized GHZ
state to be advantageous over the optimal local strategy when
using the optimized azimuthal measurement is

Fth,M(αopt )(n) = 2nd + √
d − 1

2nd
√

d
. (8)

The case of n = 1 for Eq. (8) corresponds to noiseless local
entanglement generation, similar to Eq. (5). We thus visualize
and compare both fidelity thresholds in Fig. 3. The fidelity
threshold in Eq. (8) is always higher than that given by Eq. (5),
suggesting that the optimized local azimuthal measurement
does not saturate the QCRB. Note that from symmetry and
the assumed signal orientation, the optimized azimuthal mea-
surement should have been the best local measurement when
n = 1. Moreover, although for small problem sizes d < 5 the
initial GHZ state needs to be GME to demonstrate quantum
advantage if we use the optimized azimuthal measurement,
when the problem size grows the requirement of initial fidelity
drops, and in general the initial d-qubit GHZ state does not
have to be GME.

On the other hand, we can also consider the local azimuthal
measurement for n = 1, rank-2 dephased GHZ state ρ =
F |GHZd〉〈GHZd | + (1 − F )Z|GHZd〉〈GHZd |Z . Through
standard propagation of error analysis, we can show that the
minimal variance is VarM(αopt ),r=2(θ̂1)|θ1=0 = 1/[d (2F − 1)2],
which is identical to the worst case value in Proposition 1.
This means that the optimal azimuthal measurement is able
to saturate the QCRB for n = 1 rank-2 dephased GHZ state,
thus an optimal measurement, and also implies an error
model-dependent locality of the optimal measurement for
DQS.
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IV. EFFECT OF DEPHASING DURING
PARAMETER ENCODING

Previously, we have focused on noiseless encoding dynam-
ics. In practice, the decoherence effect during the parameter
encoding dynamics can also be very important [80–83].
Therefore, here we explicitly include decoherence during the
parameter encoding process. We specifically focus on the
effect of individual qubit dephasing, which corresponds to
Pauli Z error. The dephasing error is an important example of
Markovian noise. Moreover, in our problem setup where the
Hamiltonian generates the signal in z direction, the improve-
ment from using advanced error suppression techniques such
as quantum error correction is greatly limited [84–89].

A. Effective initial state

Now, the independent parameter encoding dynamics for
the kth qubit on the ith node is described by the single-qubit
Lindblad master equation

d

dt
ρ = −i

ω(i)

2

[
σ (i,k)

z , ρ
]+ γ

2

(
σ (i,k)

z ρσ (i,k)
z − ρ

)
, (9)

where ω(i) is the phase accumulation speed of each
qubit sensor on node i and γ is the single-qubit de-
phasing rate. The quantum channel described by the
above master equation can be decomposed into commut-
ing parts E (i,k)(t ) = E (i,k)

enc (t ) ◦ E (i,k)
dp (t ) = E (i,k)

dp (t ) ◦ E (i,k)
enc (t ),

where E (i,k)
enc (t )[ρ] = e−iσ (i,k)

z ω(i)t/2ρeiσ (i,k)
z ω(i)t/2 is the unitary en-

coding channel, where xi = ω(i)t is the accumulated phase for
each qubit on node i. Also, E (i,k)

dp (t )[ρ] = (1 + e−γ t )ρ/2 +
(1 − e−γ t )σ (i,k)

z ρσ (i,k)
z /2 is the single-qubit pure dephas-

ing/phase flip channel. Then, according to the commutation
of the pure Hamiltonian parameter encoding channel and the
pure dephasing channel on each qubit, the result of noisy
quantum sensing dynamics of time t is equal to the result of
a noisy initial state undergoing the noiseless encoding. The
effective initial state is

ρ ′
0 =
⎡
⎣⊗

i,k

E (i,k)
dp (t )

⎤
⎦[ρ0], (10)

which is the original initial state undergoing extra dephasing.
From the structures of the stabilizer of the GHZ states and the
extra Pauli error channel, we can derive the explicit form of
the effective initial state as shown in Appendix F. Then, we
have the QFI for θ1 from encoding under dephasing

Fnet (θ1) = d
[F (2d k)n − k]2(2q − 1)2nd

k(2nd − 1)[Fkn(2nd − 2) + k]
n2, (11)

where q is the probability for a qubit to not undergo phase
flip during the encoding dynamics, which does not depend
on evolution time t explicitly at this moment. The subscript
emphasizes that the QFI emphasizes the use of quantum
networks.

B. Estimation of the average frequency

In the above, we consider the estimation of the av-
erage accumulated phase over an evolution of t duration
θ1 = (

∑d
i=1 ω(i)t )/

√
d . In practice, we may instead be inter-

ested in the angular frequency; thus, now we consider the es-
timation of another global parameter θ̃1 = (

∑d
i=1 ω(i) )/

√
d =

θ1/t . Treating evolution time t as a fixed constant for a specific
sensing cycle, the estimation variance of θ̃1 satisfies Var(θ̃1) =
Var(θ1)/t2. Thus, we have the QFI for θ̃1 with sensing cy-
cle of t duration F (θ̃1 )

net (t ) = t2F (θ1 )
net (t ), where the superscript

denotes the parameter with respect to which the QFI is
defined.

When we consider the best-case scenario of local param-
eter estimation as the comparison baseline, we use n-qubit
noiseless GHZ states at each of the d sensor nodes to estimate
the local parameters through noiseless dynamics, before com-
bining the local sensing results to infer the global parameter.
We know that the QFI dynamics for noiseless optimal local
estimation strategy is Flocal(t ) = n2t2. Therefore, when we
fix the evolution time t , the global estimation strategy with
noises can potentially demonstrate quantum advantage when
Fnet (t ) > Flocal(t ). As shown in Appendix F, the above con-
dition leads to the requirement on the evolution time

t � ln(Fkn−1d )/2ndγ . (12)

From the approximation, we can evaluate the system per-
formance by taking its partial derivatives with respect to
n, d, f , k. As shown in Appendix F, the partial derivative
with respect to k is generally the largest, as its inverse scales
linearly in terms of n and d , while other partial derivatives’
inverses scale at least quadratically. This again suggests the
relative robustness of distributed quantum sensing against
network imperfections, which only affect the initial state fi-
delity F , resonating with our previous results about noiseless
encoding.

In practice, it is common to repeat the sensing cycle se-
quentially within a given total amount of time T as resource,
which is known as the sequential scheme of quantum sens-
ing [80]. Under such a setup, our objective then becomes to
maximize the gained information within a fixed amount of
time to minimize the parameter estimation variance. There-
fore, we are interested in the quantity F (t )/t , QFI per unit
(evolution) time, which characterizes the average informa-
tion accumulation speed during an evolution with duration
t [83,90]. Now, the noiseless local sensing baseline becomes
Flocal(t )/t = n2t , which monotonically increases as the time
for each single sensing cycle t increases. In the noisy net-
work case, we would like to optimize t so that Fnet (t )/t is
maximized. According to the error model, dephasing and state
preparation errors are decoupled. Therefore, the optimization
of the duration of each sensing cycle can be conveniently
obtained as t∗ = 1/(2ndγ ). If we further increase the sens-
ing cycle time for the noiseless local baseline, the QFI per
unit time will keep increasing. Therefore, in order for the
noisy network sensing to demonstrate advantage, we must
consider the limitation on the sensing cycle time, which can
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be described by the threshold time tth, such that t � tth. When
tth � t∗, we have the necessary condition for potential quan-
tum advantage as a constraint on t :

tth � Fkn−1

2neγ
, (13)

where e is the base of natural logarithm. One can see that
quantum advantage is impossible in a two-node, i.e., d = 2,
setup when tth � t∗, because Fkn−1 < e, while the condition
is still possible to be fulfilled in larger systems. In addition,
we may consider that the sensing cycle time has even stricter
limitation. When tth < t∗, the QFI per unit time for the noisy
networked case monotonically increases as t increases. There-
fore, for a specific tth < t∗ we simply compare Flocal(tth )/tth
and F (tth )/tth, which leads to the necessary condition of quan-
tum advantage that is in the same form as Eq. (12).

C. Local azimuthal measurement

In the above, we focus on QFI conditions for potential
quantum advantage. Similar to previous discussion without
dephasing, we need to consider the constraint of local mea-
surement in the network setup. Not aiming to optimize over
all possible LOCC measurement setups, we still focus on
the family of local azimuthal measurement as previously
used: M(α) = [O(α)]⊗nd , where O(α) = |ψ+(α)〉〈ψ+(α)| −
|ψ−(α)〉〈ψ−(α)| with |ψ±(α)〉 = (|0〉 ± eiα|1〉). We can per-
form the same measurement angle optimization as in the
noiseless case, and discover that the optimal condition is the
same as for the noiseless encoding dynamics case studied
previously. This means that the optimal local azimuthal mea-
surement is independent of the sensing cycle time, which
avoids further complication in system control. We can show
that the optimal local azimuthal measurement only saturates
the QCRB when there is no initial state preparation error
before the encoding dynamics under dephasing, which cor-
roborates our previous result, as we have shown that when
the initial state only has dephasing error, the optimal local
azimuthal measurement can indeed saturate the QCRB.

We can evaluate the sensitivity of the QCRB saturation
by taking partial derivatives of the estimation variance using
the optimal azimuthal measurement with respect to n, d, F, k.
From the detailed expressions shown in Appendix F, we can
see that the extent to which the QCRB is saturated is al-
most not affected by the number of sensor nodes (number
of local parameters) in the network, as the partial deriva-
tive with respect to d vanishes for increasing nd . On the
other hand, the relative difference between the QCRB and the
estimation variance using the optimal local azimuthal mea-
surement generally increases as the number of local sensors
n increases, due to accumulation of depolarizing error. Also,
when F ∼ k the local entanglement generation quality k has
increasing impact on the saturation than the quantum network
entanglement distribution fidelity F as n increases. These
results again demonstrate that the performance of distributed
quantum sensing is less sensitive to the quantum network
properties, including number of nodes d and entanglement
distribution fidelity F . In addition, even though the QCRB is
not saturated by the local azimuthal measurement in general,

quantum advantage over the noiseless local sensing strategy is
still possible, but with relatively stricter conditions.

V. CONCLUSION AND DISCUSSION

In summary, we uncover the impacts of noisy quantum net-
works on DQS. Our results offer insights into realistic DQS,
reveal the relation between entanglement and DQS quantum
advantage, and can serve as practical guidance to real-world
implementation of useful DQS. Notably, the insight about
DQS with unitary encoding, that the DQS performance is
more robust against network imperfections than local imper-
fections, applies to noisy encoding with dephasing as well.
Moreover, our work may lead to numerous future works: The
details of real DQS system deserve further evaluation from
architectural perspectives; other probe states such as squeezed
states [91,92] may demonstrate interesting trade-off between
the difficulty to distribute over quantum networks and the
robustness to noise.

For real-world implementation of DQS, continuous en-
tanglement distribution [93–98] together with buffer qubit
architecture [99,100] might be necessary to reduce latency
of probe state preparation over quantum networks, while
vacuum beam guide [101] can potentially offer additional
benefits. Optimization of Bell-state-based graph state dis-
tribution [102–111] is important for larger-scale DQS as
well. In real quantum networks, entanglement generation
will fail probabilistically, and we provide the discussion
on the estimation strategy under entanglement generation
failure in Appendix G. We have also simulated the GHZ
state distribution process over a 3-node quantum network
with SeQUeNCe [112], demonstrating the possibility of DQS
quantum advantage with realistic quantum network stacks
as shown in Appendix H. The features we develop in Se-
QUeNCe to reflect imperfections in entanglement distribution
are completely open source [113] and can thus serve as valu-
able resources for future quantum network research. We plan
to investigate more complex quantum network stacks in the
future.

In addition, privacy and security [114–116] are a poten-
tially important aspect of realistic quantum sensor network
as well. We acknowledge previous exploration of noisy
probe state’s effect in nondistributed sensing [117,118]. Fi-
nally, although we mainly assume finite-dimensional matter-
based quantum sensors, it is noteworthy that photonic
systems [119–124] are also playing an important role in DQS.
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FIG. 4. Circuits of (a) CNOT teleportation and (b) GHZ merging. The standard GHZ generation circuit is included in the GHZ merging
circuit as the first part.
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APPENDIX A: PROBE STATE ASSEMBLY FROM
BIPARTITE ENTANGLEMENT FOR DQS

Here, we describe two methods to prepare multipartite
entangled probe state for DQS with bipartite entanglement
distributed by the quantum network and LOCC, namely, gate
teleportation and GHZ merging. In practice, the quantum net-
works might be hybrid, in that different functions are realized
by different physical systems. For instance, communication
qubits that generate and distribute entanglement might be
different from the quantum sensors used for DQS; thus, the
development of quantum interconnects [125,126] is necessary.

1. Gate teleportation

A Bell pair can be used to perform CNOT teleportation,
shown in Fig. 4(a). Then, we can directly run the standard
GHZ generation circuit, assuming the availability of two-qubit
gates between communication qubits and sensor qubits. The
standard GHZ generation circuit is shown in the first part of
Fig. 4(b).

We estimate the resources needed for this approach as
follows. All generated Bell pairs are consumed. To generate
probe state of size N , we need N sensor qubits (one of them
is the center) when performing CNOT teleportation. In total
(N − 1) CNOTS are needed, thus (N − 1) Bell pairs. During
each gate teleportation, after two single-qubit measurements
(in ideal case), there is 1/4 probability that no local unitary
correction is needed, 1/2 probability that one local unitary
correction is needed, and 1/4 probability that two local uni-
tary corrections are needed. Moreover, the two single-qubit
measurements are in different bases. Since measurements are
usually native in one basis, we may need an additional single-
qubit unitary to transform measurement basis. Altogether, we
need (3N − 2) qubits, (2N − 2) of which for (N − 1) Bell
pairs, (2N − 2) single-qubit measurements, (2N − 2) local
CNOTS, and on average (N − 1) [or (2N − 2)] single-qubit
gates. The estimation is summarized in Table I.

2. GHZ merging

Merging of two GHZ states can be achieved with local
CNOT and measurement feedforward, as shown explicitly in
the following where we consider the merging of two GHZ

states with N and M qubits, respectively:

|GHZN 〉|GHZM〉
∝ (| 0 . . . 0︸ ︷︷ ︸

N×0

〉 + | 1 . . . 1︸ ︷︷ ︸
N×1

〉)(| 0 . . . 0︸ ︷︷ ︸
M×0

〉 + | 1 . . . 1︸ ︷︷ ︸
M×1

)〉

CNOTN,N+1−−−−−→ (| 0 . . . 0︸ ︷︷ ︸
(N−1)×0

00 0 . . . 0︸ ︷︷ ︸
(M−1)×0

〉 + | 0 . . . 0︸ ︷︷ ︸
(N−1)×0

01 1 . . . 1︸ ︷︷ ︸
(M−1)×1

〉

+ | 1 . . . 1︸ ︷︷ ︸
(N−1)×1

11 0 . . . 0︸ ︷︷ ︸
(M−1)×0

〉 + | 1 . . . 1︸ ︷︷ ︸
(N−1)×1

10 1 . . . 1︸ ︷︷ ︸
(M−1)×1

〉). (A1)

If we measure the target qubit of CNOT (with index N + 1
when all qubits are indexed from 1 through N + M) in com-
putational basis, when the measurement outcome is 0, the
postmeasurement state is exactly a GHZ state with N + M −
1 qubits, and when the outcome is 1, the postmeasurement
state can be transformed into a GHZ state with N + M − 1
qubits by applying min{N, M − 1} local X gates to flip the |0〉
and |1〉, as shown in Fig. 4(b).

We estimate the resources needed for this approach as
follows. Merging does not consume all qubits in Bell pairs.
We need to perform (N − 1) mergings, and for each merging
there is 1/2 probability that one local unitary correction is
needed, and 1/2 probability that no local unitary correction is
needed. Altogether, we need (2N − 2) qubits, all for (N − 1)
Bell pairs, (N − 1) single-qubit measurements, (N − 1) local
CNOTS, and on average (N − 1)/2 single-qubit gates. The
estimation is summarized in Table I.

However, if we consider the separation between commu-
nication qubits and sensor qubits, we need to first generate
the GHZ states across communication qubits from merging

TABLE I. Resource estimation for N-qubit GHZ state assembly
from (N − 1) Bell pairs by CNOT teleportation and GHZ merging.

One-qubit Two-qubit One-qubit
Qubitsa measurements gates gatesb

CNOT teleportation 3N − 2 2N − 2 2N − 2c N − 1
GHZ merging 2N − 2d N − 1 N − 1e (N − 1)/2

aIncluding (2N − 2) qubits of the Bell pairs.
bNot including measurement basis transformation.
cAll are CNOTS.
dAll are from the distributed Bell pairs between communication
qubits. N sensor qubits are still needed.
eNeed N swaps between sensor qubits and communication qubits.
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and then perform local swap gates to swap the GHZ state
from communication qubits to the sensor qubits. In this case,
we need N sensor qubits, and N local swap gates between
communication and sensor qubits (which can be decomposed
into three CNOTS).

APPENDIX B: JUSTIFICATION OF GHZ-DIAGONAL
INITIAL PROBE STATE

Here, we elaborate on the mechanisms that allow us to have
GHZ-diagonal states as the initial probe for DQS.

1. Pauli twirling

Pauli twirling [56–58] can be utilized in two steps during
the GHZ state distribution by the quantum network to make
the final state in a GHZ-diagonal form. First of all, we dis-
tribute two-qubit Bell states between quantum sensor nodes.
For each Bell state, we can perform bilocal Pauli twirling:
ρ →∑4

i=1(Pi ⊗ Pi )ρ(Pi ⊗ Pi )/4, where Pi are one-qubit Pauli
operators and the summation is over all four Pauli operators. It
is easy to check that the resulting state is Bell diagonal. Then,
we need to assemble the Bell states together to create the
global GHZ state (as reviewed in Appendix A). The assembly
process involves local Clifford operations. Remarkably, the
noise introduced by quantum gates, and in general quantum
circuits that can be compiled into layers of quantum gates, can
be effectively transformed into incoherent errors with Pauli
channel as an example, using techniques such as randomized
compiling [127,128]. As a result, since the assembly process
only applies Clifford operations and introduces Pauli errors to
Bell-diagonal states, the final state is effectively a pure GHZ
state undergoing a Pauli channel, which is in GHZ-diagonal
form. The twirling operations are also all local, so in principle
applicable to quantum network scenarios.

2. GHZ stabilizer twirling

On the other hand, we can use GHZ stabilizer twirling [59]
at the end of GHZ state distribution, to turn any GHZ state into
GHZ-diagonal form without changing the diagonal elements
in the density matrix. Explicitly, the GHZ state stabilizer
twirling is a process of randomly applying the elements
of the stabilizer group G = {gi} for the GHZ state ρ →∑

i giρgi/|G|, where we have considered that stabilizer group
elements are all Pauli strings, so we have dropped the Hermi-
tian conjugate. For completeness, we give a simple proof of
the mechanism of GHZ stabilizer twirling.

Proposition B1. GHZ stabilizer twirling turns any state
into GHZ-diagonal form with diagonal elements unchanged.

Proof. For an arbitrary n-qubit state ρ, we can always rep-
resent its density matrix in the GHZ basis. Now, we explicitly
apply the GHZ stabilizer twirling on ρ.

(1) Diagonal elements of the density matrix in GHZ basis.
For the element corresponding to the standard GHZ state, this
follows directly from the definition of stabilizer. Other GHZ
basis states |ψ〉 can be obtained through applying Pauli strings
to the standard GHZ state |ψ〉 = P|GHZ〉, where P is a certain
n-qubit Pauli string. Then, the application of GHZ stabilizer

elements on |ψ〉 gives

gi|ψ〉 = giP|GHZ〉 = (Pgi − [P, gi])|GHZ〉
= (−1) f ([P,gi])P|GHZ〉 = (−1) f ([P,gi])|ψ〉, (B1)

where we define f (·) to output zero when the input is zero
and output one otherwise, and we have used the fact that
Pauli strings either commute or anticommute. In other words,
the application of GHZ stabilizers on a GHZ basis state
gives either the basis state itself or with an additional (−1)
factor. For GHZ basis states |ψ〉, we have gi|ψ〉〈ψ |gi =
[(−1) f ([P,gi])]2|ψ〉〈ψ | = |ψ〉〈ψ |. Therefore, any diagonal el-
ement of the density matrix in GHZ basis will not be changed
under GHZ stabilizer twirling.

(2) Off-diagonal elements. Recall the stabilizer group is
Abelian and the n-qubit GHZ stabilizer group is generated
by n commuting n-qubit Pauli strings. Therefore, the addi-
tional factor, i.e., (+1) or (−1), coming from applying GHZ
stabilizer element to GHZ basis states can be determined
by the additional factor obtained from applying the GHZ
stabilizer generators. For each GHZ basis state |ψ j〉, where
j = 1, . . . , 2n is the index, we denote the set of generators
that give plus one factor P j and the set of generators that give
minus one factor M j , such that |P j | + |M j | = n. Note that
for different j, it is impossible to have identical P j and M j ,
because if so the two states are identical and should have the
same index.

We have that the application of half of the stabilizer ele-
ments will result in an additional (−1) factor, while the other
half will result in (+1) factor. This can be seen by considering
P j and M j , and let |P j | = p j and |M j | = mj . The number of
stabilizer elements that result in an additional (−1) factor can
be calculated as

2p j

m−1
2∑

i=0

(
mj

2i + 1

)∣∣∣∣∣∣
odd mj

= 2p j

m−2
2∑

i=0

(
mj

2i + 1

)∣∣∣∣∣∣
even mj

= 2mj+p j−1 = 2n−1 = |G|
2

. (B2)

This directly implies that |ψ j〉〈GHZ| and |GHZ〉〈ψ j | will
vanish after GHZ stabilizer twirling due to the cancellation
of (−1) and (+1) factor terms. For the application of GHZ
stabilizer twirling to general |ψ j〉〈ψk|, we consider that arbi-
trary two GHZ basis states can be transformed into each other
via application of a Pauli string. Therefore, we have

gi|ψ j〉〈ψk|gi = gi|ψ j〉〈ψ j |Pgi

= (−1) f ([P,gi])gi|ψ j〉〈ψ j |giP

= (−1) f ([P,gi])|ψ j〉〈ψ j |P
= (−1) f ([P,gi])|ψ j〉〈ψk|. (B3)

Consequently, the above argument of evaluating the addi-
tional factor introduced from the application of GHZ stabilizer
element still applies. We thus know that again half of the
stabilizer elements give f ([P, gi]) = 0 while the other half
gives f ([P, gi]) = 1. In the end, under GHZ stabilizer twirling
any |ψ j〉〈ψk| vanishes as long as j �= k. �

The proof applies to arbitrary graph states, and thus any
state can be twirled to be diagonal in arbitrary graph state
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basis. Moreover, the stabilizer elements are simply Pauli
strings, so the stabilizer twirling can in principle be imple-
mented over quantum networks.

APPENDIX C: QFIM UNDER UNITARY ENCODING

Suppose the encoded state has spectral decomposition ρ =∑
a λa|ψa〉〈ψa| with all λa being nonzero. Then, the QFIM

can be expressed as [65]

Fi j =
∑

a

(∂iλa)(∂ jλa)

λa
+
∑

a

4λaRe(〈∂iψa|∂ jψa〉)

−
∑
a,b

8λaλb

λa + λb
Re(〈∂iψa|ψb〉〈ψb|∂ jψa〉). (C1)

We note that there are different equivalent ways of calculating
QFIM, as documented in some other extensive reviews (for
instance, Refs. [62–64]).

Then, we consider that the parameter dependence of ρ

comes from unitary encoding U (x) of an x-independent
initial state ρ0 =∑a λa0|ψa0〉〈ψa0|, i.e., ρ = U (x)ρ0U (x)†.
Now, the QFIM can be reexpressed in the convention of
Ref. [65] as

Fi j =
∑

a

4λa0cov|ψa0〉(Gi, Gj )

−
∑
a �=b

8λa0λb0

λa0 + λb0
Re(〈ψa0|Gi|ψb0〉〈ψb0|Gj |ψa0〉),

(C2)

where cov|ψ〉(A, B) denotes the covariance of observables A
and B under a pure state |ψ〉:

cov|ψ〉(A, B) = 1
2 〈ψ |{A, B}|ψ〉 − 〈ψ |A|ψ〉〈ψ |B|ψ〉, (C3)

and Gi is the generator of parameter xi:

Gi = i(∂iU
†)U = −iU †(∂iU ). (C4)

1. Derivation of QFIM for GHZ-diagonal states

Consider unitary parameter encoding U (x) =
exp[−i(

∑d
i=1 xiHi )], where d denotes the total number

of sensor nodes in the network, Hi = 1
2

∑n−1
k=0 σ (i,k)

z is the
local collective spin of n qubit sensors on node i, and the
parameters xi physically correspond to accumulated phases
through Hamiltonian evolution. The generators according to
the above definition are Gi = −Hi, where the negative sign
does not matter as generators appear in pairs in Eq. (C2).
Then, for ρ0, which is a GHZ-diagonal state, we have that

cov|ψm0〉(Gi, Gj )

= cov|ψm0〉(Hi, Hj ) = 1
2 〈ψm0|{Hi, Hj}|ψm0〉, ∀m (C5)

because weight-1 Pauli strings do not stabilize the standard
GHZ states. Meanwhile, we have that

〈ψ |σ (a)
z σ (b)

z |ψ〉 = 1, ∀a, b, (C6)

where a, b are indices for the qubits in |ψ〉, which is a GHZ-
basis state. This is because weight-2 Pauli strings with only
Pauli Z operators stabilize the standard GHZ states. There-
fore, for any GHZ-diagonal ρ0, the first single-index sum in

Eq. (C2) is always a constant:∑
a

4λa0cov|ψa0〉(Gi, Gj )

=
∑

a

4λa0cov|ψa0〉

(
1

2

n−1∑
k=0

σ (i,k)
z ,

1

2

n−1∑
l=0

σ ( j,l )
z

)

=
∑

a

λa0

n−1∑
k=0

n−1∑
l=0

cov|ψa0〉
(
σ (i,k)

z , σ ( j,l )
z

) = n2, ∀i, j.

(C7)

Then, the derivation of the QFIM reduces to the second term
in Eq. (C2).

There are 2nd orthonormal nd-qubit GHZ states across d
sensor nodes where each node holds n qubits, which can be
labeled by the binary string from 0 through 2nd−1 − 1: These
states are superpositions of two computational basis states,
which correspond to binary strings of b ∈ {0, 1, . . . , 2nd−1 −
1} and 2nd − b − 1, respectively. The additional 2nd−1 states
come from adding an additional π relative phase between
the two computational basis states. For any GHZ state |ψ〉,
the application of a single Pauli Z will lead to a π change
in the relative phase between the two computational basis
states in superposition. Therefore, 〈ψa0|Gi|ψb0〉 is either zero
due to orthogonality between |ψa0〉 and Gi|ψb0〉, or one, and it
takes unit value only when |ψa0〉 and |ψb0〉 correspond to the
same length-nd binary string and have relative phases, which
differ by π .

For a general nd-qubit GHZ-diagonal state ρ0 =∑
a λa0|ψa0〉〈ψa0|, where each node has n qubits, we use

S to denote the set of index pairs (a, b) such that |ψa0〉 and
|ψb0〉 are GHZ states as superposition of the same pair of
computational basis states but with opposite relative phase.
Note that for such pairs, only one of (a, b) and (b, a) is
included in set S . Then, we have∑

a �=b

8λa0λb0

λa0 + λb0
Re(〈ψa0|Gi|ψb0〉〈ψb0|Gj |ψa0〉)

= n2
∑

(a,b)∈S

4λa0λb0

λa0 + λb0
= Cn2, ∀i, j, (C8)

which again does not depend on i, j, while in practice can be
dependent on n.

The form of the series in Eq. (C8) implies that only Pauli
Z errors affect the QFIM, as result of the assumed encoding
channel, i.e., a z-axis coupling. Additionally, the maximum
value of C is 1 for GHZ-diagonal states, and it is achieved
if and only if every pair of states in set S have identical
eigenvalues. This can be seen as follows:

C =
∑

(a,b)∈S

4λa0λb0

λa0 + λb0

=
∑

(a,b)∈S

(λa0 + λb0)2 − (λa0 − λb0)2

λa0 + λb0

= 1 −
∑

(a,b)∈S

(λa0 − λb0)2

λa0 + λb0
, (C9)

033040-10



QUANTUM ADVANTAGE IN DISTRIBUTED SENSING … PHYSICAL REVIEW RESEARCH 8, 033040 (2026)

where the subtracted term is non-negative, and it becomes
zero if and only if λa0 = λb0, ∀(a, b) ∈ S .

Combining the above results, we have the QFIM with
respect to local parameters x = (x1, . . . , xd )T :

F (x) = (1 − C)n2

⎛
⎜⎜⎝

1 1 . . . 1
1 1 . . . 1
...

...
. . .

...

1 1 . . . 1

⎞
⎟⎟⎠. (C10)

According to the parameter estimation problem of our interest,
we have that v1 ∝ (1, . . . , 1)T ∈ Rd . For concreteness, we
may choose v1 = (1, . . . , 1)T /

√
d , which is a normalized

vector under 2-norm. As now, we only focus on estimating
one parameter vT

1 x, we can construct an orthonormal matrix
M = (v1, . . . , vd )T such that vT

i v j = δi j . When we consider
d derived parameters θ = ( f1(x), . . . , fd (x))T ∈ Rd from the
original parameters x, the QFIM of θ can be expressed in
terms of the QFIM of x of as [62]

F (θ ) = JTF (x)J, (C11)

where J is the Jacobian matrix whose matrix elements are
Ji j = ∂xi/∂θ j . Then, according to Eq. (C11) we have the
QFIM with respect to parameters θ = (vT

1 x, . . . , vT
d x):

F (θ ) =
√

d (1 − C)n2

⎛
⎜⎜⎜⎜⎝

vT
1

vT
2
...

vT
d

⎞
⎟⎟⎟⎟⎠(v1 v1 . . . v1)

× (v1 v2 . . . vd )

=
√

d (1 − C)n2

⎛
⎜⎜⎝

1 1 . . . 1
0 0 . . . 0
...

...
. . .

...

0 0 . . . 0

⎞
⎟⎟⎠(v1 v2 . . . vd )

= d (1 − C)n2

⎛
⎜⎜⎜⎜⎝

vT
1

0
...

0

⎞
⎟⎟⎟⎟⎠(v1 v2 . . . vd )

= d (1 − C)n2

⎛
⎜⎜⎝

1 0 . . . 0
0 0 . . . 0
...

...
. . .

...

0 0 . . . 0

⎞
⎟⎟⎠. (C12)

2. Proof of Proposition 1

Proof. We label the eigenvalues of the density matrix in
the following way. GHZ states can be expressed as a superpo-
sition of two computational basis states corresponding to two
binary strings. Further, one bit string corresponds to a smaller
integer n ∈ {0, 1, . . . , 2d−1 − 1} while the other corresponds
to a larger integer m = 2d − n − 1. For a GHZ state corre-
sponding to integers n and m with n < m, we let its index
be 2n if the relative phase between two computational basis
states is 0, and 2n + 1 otherwise. For instance, the standard
GHZ state |GHZd〉 has index 0, and Z|GHZd〉 has index 1.
Then, the eigenvalue corresponding to |GHZd〉 is λ00 = F .

For the rest 2d − 1 eigenvalues with i ∈ {1, 2, . . . , 2d − 1},
we can express them as λi0 = (1 − F )pi, such that pi ∈ [0, 1]
and
∑2d −1

i=1 pi = 1.
The objective then becomes finding the combination of

(p1, . . . , p2d −1), which gives the highest C under the above
constraints. The constraints clearly define a closed and com-
pact region R. Then, according to the extreme value theorem,
there exist a maximum value and a minimum value for any
continuous function of (p1, . . . , p2d −1) on R, and the ex-
treme values must be taken either on the boundary of R, or
at critical points inside R.

Now, C can be rewritten as

C = 4F (1 − F )p1

F + (1 − F )p1
+

2d−1−1∑
i=1

4(1 − F )p2i p2i+1

p2i + p2i+1
, (C13)

which is obviously continuous on R. We first take the partial
derivatives with respect to pi:

∂

∂ p1
C = 4(1 − F )F 2

[F + (1 − F )p1]2 > 0, (C14)

∂

∂ pi
C =

4(1 − F )p2
i+(−1)i mod 2

(pi + pi+(−1)i mod 2 )2
� 0, i > 1, (C15)

which means that there is no critical point inside R, so the
maximum value can only be on the boundary of R.

The boundary of R can be divided into 2d − 1 parts {Bi},
each determined by pi = 0, i ∈ {1, 2, . . . , 2d − 1}. Under the
equality constraint

∑2d −1
i=1 pi = 1, the above partial derivatives

suggest that there is still no critical point inside any Bi. Then,
the extreme values on the boundary should be on the boundary
of boundary Bi, i.e., {Bi j}, where the subscript means the
jth part of the boundary of Bi. The conclusion of no inside
critical point holds until we have reduced the boundary into
zero-dimension points, characterized by pi = 1.

Finally, we can compare the C values for all the 2d −
1 choices of (p1, . . . , p2d −1). If pi = 1 and i > 1, C = 0,
and if p1 = 1, C = 4F (1 − F ) > 0. Therefore, the maxi-
mum value of C on R is 4F (1 − F ) corresponding to ρ =
F |GHZd〉〈GHZd | + (1 − F )Z|GHZd〉〈GHZd |Z , which gives
the lowest QFI F = d (1 − C) = d (2F − 1)2. �

3. Proof of Proposition 2

Proof. First, for a pure state |ϕ〉 undergoing unitary param-
eter encoding whose all generators commute with each other,
as in our case, the QFIM can be calculated as

Fi j = 4
[

1
2 〈ϕ|{Hi, Hj}|ϕ〉 − 〈ϕ|Hi|ϕ〉〈ϕ|Hj |ϕ〉]. (C16)

Now, we consider a fully separable d-qubit pure state |ϕ〉sep =⊗d
i=1 |ϕi〉. Its QFIM under the aforementioned unitary param-

eter encoding channel is thus

Fi j = 1
2 〈ϕ|sep{Hi, Hj}|ϕ〉sep − 〈ϕ|sepHi|ϕ〉sep〈ϕ|sepHj |ϕ〉sep

= [1 − (〈ϕi|σz|ϕi〉)2]δi j � δi j . (C17)

Therefore, for any fully separable d-qubit pure state F � I ,
i.e., I − F is positive semidefinite.

Then, we consider arbitrary fully separable d-qubit
state that can be expressed as a convex combination
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of tensor products of subsystem quantum states ρsep =∑
i piρ

(1)
i ⊗ ρ

(2)
i ⊗ · · · ⊗ ρ

(d )
i , where pi � 0,

∑
i pi = 1,

and in our case ρ
( j)
i is an arbitrary single-qubit density

matrix. Notice that every ρ
( j)
i can be decomposed as a

convex combination of single-qubit pure states, so any fully
separable state can be decomposed as a convex combination of
d-qubit fully separable pure states ρsep =∑ j q j |ϕ(1)

j 〉〈ϕ(1)
j | ⊗

· · · ⊗ |ϕ(d )
j 〉〈ϕ(d )

j | =∑ j q j |ϕ j〉〈ϕ j |sep, where q j � 0 and∑
j q j = 1.
Recall that the QFIM is convex [65], so we have

F (ρsep) = F

⎛
⎝∑

j

q j |ϕ j〉〈ϕ j |sep

⎞
⎠

�
∑

j

q jF (|ϕ j〉〈ϕ j |sep) � I. (C18)

Also, since QFIM is real symmetric and positive semidefinite,
we have the orthogonal decomposition F (ρsep) = Q�QT ,
where QQT = QT Q = I and � is diagonal such that 0 �
� � I . We then transform from the current basis of “natural”
parameters to another orthonormal basis including θ1 = vT

1 x,
through an orthogonal transform M of F (ρsep):

F̃ (ρsep) = MF (ρsep)MT = MQ�QT MT = O�OT , (C19)

where we use F̃ to denote the transformed QFIM for the pa-
rameters, and O = MQ is another orthogonal transform such
that OOT = OT O = I .

For estimation of a single parameter in a multiparameter
scenario, we have the following bound [1]:

Var(θ̂1) � (F̃−1(ρsep))11

μ
� 1

μ(F̃ (ρsep))11
, (C20)

where the first inequality is always saturable when we only
focus on θ1, while the second, though simpler, is not always
saturable. Then, we explicitly evaluate (F̃ (ρsep))11 to bound it
from the above

(F̃ (ρsep))11 =
d∑

i=1

λi
(
w

(i)
1

)2 �
d∑

i=1

(
w

(i)
1

)2 = wT
1 w1 = 1,

(C21)

where we have written O = (w1, . . . , wd )T with wT
i w j = δi j ,

while w
(i)
i is the jth element of wi, and λi are the diagonal ele-

ments of �. From the upper bound of (F̃ (ρsep))11, the desired
lower bound of θ1 estimation variance is then obvious. �

Notice that 1/μ is exactly the estimation variance of the
optimal local sensing strategy. The proof can be straightfor-
wardly extended to the scenario where each sensor contains
n qubits, to show that any fully separable state with respect
to the partition of d sensors cannot achieve θ1 estimation
variance lower than 1/(n2μ).

APPENDIX D: DETAILS FOR UNITARY ENCODING
WITH NOISY LOCAL ENTANGLEMENT GENERATION

We first justify the phenomenological model for noisy local
entanglement generation that we use in this work, when the
errors are not too biased. Then, we give additional details

about the maximum number of local sensors. We also include
noise in local entanglement generation for the optimal local
sensing strategy, where each node aims to generate a GHZ
state to estimate the local parameter.

1. Justification of the phenomenological model
for noisy local entanglement generation

We consider noisy CNOT models where there is FCNOT

probability of realizing the noiseless CNOT and (1 − FCNOT)
probability of applying Pauli noise channel on the involved
qubits. When (d − 1)(n − 1) CNOT gates are applied, there
will be F (d−1)(n−1)

CNOT ∼ kn−1 probability to obtain the ideal out-
put state, and (1 − F (d−1)(n−1)

CNOT ) ∼ (1 − kn−1) probability to
have additional Pauli errors applied to the final state. Our ini-
tial state is a GHZ-diagonal state with GHZ fidelity F . Thus,
we have Fkn−1 probability of directly obtaining the ideal GHZ
state, (1 − F )kn−1 probability of obtaining mixture of other
orthogonal GHZ states, F (1 − kn−1) probability of applying
Pauli errors on the ideal GHZ state, and (1 − F )(1 − kn−1)
probability of applying Pauli errors on the mixture of other
orthogonal GHZ states.

For each GHZ basis state, there are 2nd out of 4nd

Pauli strings that will transform it into the objective GHZ
state. However, if the errors are not too biased, each error
operator has similar probability to be applied. The errors
that stabilize the objective GHZ state will only contribute
roughly (2nd/4nd )(1 − kn−1) = (1 − kn−1)/2nd ∼ (1/2)nd to
the fidelity. Similarly, the errors that transform other orthog-
onal GHZ states to the objective GHZ state will contribute
roughly (2nd/4nd )(1 − F )(1 − kn−1) ∼ (1/2)nd . In practice,
k ∼ F d−1

CNOT is significantly large than 1/2 for good local en-
tanglement generation and moderate d , which means that
(1/2)nd � Fkn−1. The above thus justifies that the fidelity of
nd-qubit GHZ state after noisy local entanglement generation
can be approximated by Fkn−1.

Then, we consider error models that are not too biased and
close to uniform distribution. Recall the explicit calculation of
the parameter C for QFI:

C = 1 −
∑

(a,b)∈S

(λa0 − λb0)2

λa0 + λb0
. (D1)

For GHZ state that can potentially demonstrate quantum
advantage, we know that its fidelity F > 1/d � 2−nd . For
error distribution close to uniform distribution, we have that
λa0 + λb0 ∼ (1 − F )21−nd , and |λa0 − λb0| ∼ f (λa0 + λb0) ∼
f (1 − F )21−nd , where f characterizes the fluctuation in the
error distribution. Then, the summation for calculating C can
be estimated as∑

(a,b)∈S

(λa0 − λb0)2

λa0 + λb0

∼ (F − λ)2

F + λ
+ (2nd−1 − 1)

[ f (1 − F )21−nd ]2

(1 − F )21−nd

∼ F + f 2(1 − F ), (D2)

where λ ∼ 2−nd denotes the fidelity of (|0 . . . 0〉 −
|1 . . . 1〉)/

√
2. For unbiased error distributions, we have

f � 1, so that f 2(1 − F ) � F . We can visualize the ratio
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FIG. 5. Visualization of the ratio between the estimated contri-
bution from the standard GHZ component and other error terms,
f 2(1 − F )/F as a function of GHZ fidelity F for error distribution
fluctuation factors f = 0.1, 0.01, 0.001.

between the estimated contribution to the summation for C
from (|0 . . . 0〉 + |1 . . . 1〉)/

√
2 and other error terms, i.e.,

f 2(1 − F )/F , in Fig. 5. It is clear that the contribution from
error components in the GHZ-diagonal state is negligible
when the fluctuation in the error distribution is small, i.e.,
when the error model is not too biased.

2. Additional details about the maximum number
of local sensors

We visualize the behavior of the sensitivity ratio Sk/SF

when d = 3 in Fig. 6(a). In addition, we consider the scenario
where the number of local quantum sensors is fixed. The focus
is thus on the impact from local entanglement generation qual-
ity k and d-qubit GHZ state fidelity F , respectively. To this
end, we examine the partial derivatives of relative advantage
ηdp(F, d, n, k) = d[1 − Cdp(F, d, n, k)] with respect to k and
F , respectively,

∂

∂k
ηdp = Fkn−2d (2nd knF − k)[(3 × 2nd − 2)k + (2nd − 2)2nd knF ](n − 1)

(2nd − 1)[(2nd − 2)knF − k]2
, (D3)

∂

∂F
ηdp = kn−1d (2nd knF − k)[(3 × 2nd − 2)k + (2nd − 2)2nd knF ]

(2nd − 1)[(2nd − 2)knF − k]2
. (D4)

The partial derivatives are non-negative when (2nd knF − k) �
0, which is generally satisfied in realistic parameter regimes.
Moreover, despite the apparently complicated form of each
individual expression, we have a simple expression for their
ratio

∂ηdp/∂k

∂ηdp/∂F
= (n − 1)

F

k
, (D5)

which demonstrates that when fixed n is small and when F is
in general smaller than k, the quantum network entanglement
distribution quality could indeed have higher impact on the
relative advantage. We demonstrate such effect in Fig. 6(b).
It is shown that curves with identical line style but different
colors all overlap, but curves with different line styles are
still separable from each other. This reveals that the impact

from different GHZ state fidelity F is greater than the local
entanglement generation quality k, because n = 2 is small and
for the considered parameter values we have k > F .

3. Comparison with local imperfect GHZ state

We consider a specific local sensing strategy, where each
node utilizes n-qubit imperfect GHZ state to estimate the local
parameter. In such single-parameter estimation scenario for
each node, the QFI be calculated as a special case of the multi-
parameter formula. Similar to the previous twirling argument,
without loss of generality, we consider local initial probe
state to be in the form of GHZ-diagonal state. Then, through
analysis that is the same as the multiparameter QFIM case,
we have the analytical formula of QFI for initial GHZ-state

FIG. 6. Visualization for nmax. (a) Ratio between n′
maxs sensitivity to k and sensitivity to F , i.e., Sk/SF , where d = 3 is fixed. (b) ηdp as a

function of the number of sensor nodes d , for some choices of initial d-qubit GHZ state fidelity F and local entanglement generation quality k.
We fix the number of local sensors n = 2 while varying F and k. Dashed curves correspond to F = 0.8, solid curves correspond to F = 0.9, and
dot-dashed curves correspond to F = 0.99. Blue color represents k = 0.9999, yellow color represents k = 0.999, and green color represents
k = 0.99.

033040-13



ALLEN ZANG et al. PHYSICAL REVIEW RESEARCH 8, 033040 (2026)

diagonal state F = (1 − C)n2, which corresponds to d = 1
special case of the multiparameter formula.

We focus on the impact of imperfect initial probe state
preparation, and thus assume that the optimal measurement
on each local node can be performed, so the QCRB for each
sensor node’s local estimation can be achieved. Then, accord-
ing to the propagation of error, we have the estimation error
for the average of all local parameters with the local strategy:

Varlocal(θ̂1) =
d∑

l=1

(
∂θ1

∂xl

)2

Var(x̂l ) = 1

n2μ

d∑
l=1

1

d (1 − Cl )
,

(D6)

for μ repetitions of measurements, d sensor nodes, and n
qubits per node.

We consider the following model of imperfect local en-
tanglement generation: The generated local probe state at
each node is an identical depolarized GHZ state with fidelity
F (n) = k̃n−1 as a function of the number of local sensors
n, where k̃ ∈ (0, 1) is a constant representing the quality of
local entanglement generation and the higher the better. To
make the comparison with the global strategy, we consider
the following correspondence: k̃ = d

√
k, where k is the same

constant as we used for the fidelity of the nd-qubit global
probe state with imperfect local entanglement generation.
This correspondence is motivated by the fact that when n
increases one, d qubits are added to the global probe state,
while only one qubit is added to each node’s local probe state.
Given this model, we can further express Varlocal(θ̂1) as

Varlocal(θ̂1) = 1

(1 − Clocal )n2N
, (D7)

where

Clocal(d, n, k) = (1 − k(n−1)/d )[(2n − 2)k1/d + 4nkn/d ]

(2n − 1)[k1/d + (2n − 2)kn/d ]
.

(D8)

Then, we can make the explicit comparison between
ηglobal = d[1 − Cdp(F, d, n, k)] for the global strategy and
ηlocal = (1 − Clocal ) for the local strategy. As an example, we
visualize the ratio r = ηglobal/ηlocal when F = 0.9, d = 3, and
k = 0.9999, in Fig. 7. It can be observed that the threshold of
local sensor number for advantage over imperfect local strat-
egy is higher than the threshold for advantage over the optimal
local strategy. This is intuitive as the baseline in the former
scenario is worse. However, it is important to reemphasize that
the global strategy performance will become worse than the
specific local strategy, even if imperfect local entanglement
generation is included in the local strategy. This reinforces the
fundamental limit in the advantage of global strategy when
local entanglement generation is imperfect. In fact, this can
be seen analytically through the asymptotic analysis of ηlocal

and ηglobal (under the reasonable assumption of 1 > k > 1/2):

ηglobal ∼(dF )kn−1, ηlocal ∼ (k1/d )n−1, (D9)

which means that as n increases ηglobal will always drop below
ηlocal.

FIG. 7. Visualization of the comparison between global and lo-
cal sensing strategies with imperfect local entanglement generation,
when F = 0.9, d = 3, and k = 0.9999. The blue solid line denotes
r = ηglobal/ηlocal, and the yellow dashed line denotes ηglobal, which
is identical to ηdp in the main text. The black dashed line marks the
baseline value of 1: If ηglobal > 1 there is quantum advantage over the
optimal local strategy, and if r > 1 there is advantage of using global
strategy over local strategy when local entanglement generation is
imperfect for both.

APPENDIX E: DETAILS FOR UNITARY ENCODING
WITH LOCAL MEASUREMENT CONSTRAINT

According to propagation of error, we can obtain the vari-
ance of estimating a certain parameter encoded in a quantum
state from the measurement results of an observable M [64]:

VarM (θ̂1) = 〈M2〉 − 〈M〉2∣∣ ∂
∂θ1

〈M〉∣∣2 , (E1)

where the expectation value 〈M〉 is taken under the encoded
state ρx and thus is a function of local parameters xi. In quan-
tum sensing, the values of parameters to estimate are usually
small so we may take the limit of θ → 0. Given a specific
d-dimensional orthonormal basis, we will be able to transform
the x dependence of 〈M〉 into θ dependence. Then, the partial
derivative with respect to θ1 should be straightforward.

1. Optimal measurement for noiseless case
is useless for noisy case

Here, we consider the observable M = σ⊗nd
x . Since M2 =

I⊗nd , we always have 〈M2〉 = 1. Consider GHZ states corre-
sponding to the same binary strings but with opposite relative
phase |GHZ±

nd (b)〉 = (|b〉 ± |2nd − b − 1〉)/
√

2, where |x〉 de-
notes the computational basis state corresponding to the
binary representation of integer x = 0, 1, . . . , 2nd − 1 and
b = 0, 1, . . . , 2nd−1 − 1. We have

〈GHZ+
nd (b)|U †(x)MU (x)|GHZ+

nd (b)〉
= 1

2 (〈b| + e−iφ(x)〈2nd − b − 1|)σ⊗nd
x (|b〉

+ eiφ(x)|2nd − b − 1〉)

= 1
2 (eiφ(x) + e−iφ(x) ) = cos(φ(x))

= −〈GHZ−
nd (b)|U †(x)MU (x)|GHZ−

nd (b)〉. (E2)

Given the above properties of GHZ-diagonal state under
the encoding channel and observable of our interest, the analy-
sis of depolarized GHZ state becomes significantly simplified.
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Only (|0 . . . 0〉 ± |1 . . . 1〉)/
√

2 contribute to the expectation
value 〈M〉, because other GHZ states corresponding to the
same binary string have identical weights and thus their con-
tributions cancel each other. Thus, for depolarization error
model we have

〈M〉n(θ1) =
(

F − 1 − F

2nd − 1

)
cos(n

√
dθ1), (E3)

where n denotes the number of sensors per node, and noiseless
local entanglement generation corresponds to n = 1. Then, we
can substitute the above into Eq. (E1):

VarM (θ̂1) = 1 − (F − 1−F
2nd −1

)2
cos2(n

√
dθ1)

dn2
(
F − 1−F

2nd −1

)2
sin2(n

√
dθ1)

. (E4)

When taking the above function to the limit of θ1 → 0 it goes
to infinity if F < 1, which suggests that this specific mea-
surement scheme is useless to estimate small values with high
accuracy. The divergence of estimation variance in small local
parameter regime is general for any GHZ-diagonal state with
fidelity below 1, because the denominator in error propagation
will approach zero, while the numerator will stay non-zero
when the fidelity is not equal to 1.

2. Optimization of restricted local measurement

Recall the family of measurements as considered
in the main text M(α) = [O(α)]⊗nd , where O(α) =
|ψ+(α)〉〈ψ+(α)| − |ψ−(α)〉〈ψ−(α)| with |ψ±(α)〉 = (|0〉 ±
eiα|1〉), i.e., O(α) = eiα|1〉〈0| + e−iα|0〉〈1|. Notice that
(O(α))2 = I and O(α) are always off-diagonal in
computational basis. Thus, we can still simplify its
expectation values under GHZ-diagonal states, especially
depolarized GHZ states with nd qubits:

VarM(α)(θ̂1) = 1 − (F − 1−F
2nd −1

)2
cos2[n

√
d (θ1 + √

dα)]

dn2
(
F − 1−F

2nd −1

)2
sin2[n

√
d (θ1 + √

dα)]
.

(E5)

It is clear that the nonzero azimuthal angle α has the effect
of modifying the undesired zero denominator when θ1 = 0.
Then, we can safely take θ1 = 0 and optimize α:

VarM(α)(θ̂1)
∣∣
θ1=0 = 1 − (F − 1−F

2nd −1

)2
cos2 (ndα)

dn2
(
F − 1−F

2nd −1

)2
sin2 (ndα)

. (E6)

The partial derivative with respect to α gives rise to

∂

∂α
VarM(α)(θ̂1)

∣∣
θ1=0

= −2nd+1(1 − F )[2nd (1 + F ) − 2]

n(2nd F − 1)2

cos(ndα)

sin3(ndα)
. (E7)

It is thus obvious that the variance takes the minimum val-
ues when cos(ndαopt ) = 0, i.e., αopt = 2l+1

2nd π with l ∈ Z. The
minimum value is

VarM(αopt )(θ̂1)
∣∣
θ1=0 = 1

d
(
F − 1−F

2nd −1

)2
n2

= 1

ηM(αopt )n2
. (E8)

Such periodicity of the optimal azimuthal angle echoes
with previous numerical results [79]. We can visualize the

FIG. 8. The estimation variance as a function of azimuthal an-
gle α is shown as the blue solid curve, for F = 0.8, d = 3, n = 1.
The black dashed line denotes the baseline that can be achieved
by the best local strategy. The yellow solid line demonstrates the
inverse of the QFI, representing the ultimate estimation variance,
which requires some other measurement.

parameter estimation variance with different α for n = 1 in
Fig. 8. The ratio between ηM(αopt ) and ηdp(k = 1) is

ηM(αopt )

ηdp(k = 1)
= F + 1 − F

2nd − 1
, (E9)

which quickly converges to F for larger n and d .
The fidelity threshold for nd-qubit depolarized GHZ state

to be advantageous over the optimal local strategy when
using the optimized azimuthal measurement is given by
ηM(αopt ) = 1:

Fth,M(αopt )(n) = 2nd + √
d − 1

2nd
√

d
. (E10)

For n = 1, we have the fidelity threshold for the initial depo-
larized GHZ state to demonstrate advantage when using the
optimized azimuthal measurement, i.e., ηM(αopt ) > 1:

Fth,M(αopt )(1) = 2d + √
d − 1

2d
√

d
, (E11)

which can be easily shown to be monotonically decreasing for
the distributed regime d � 2 of our interest.

We can further characterize the increase of estimation vari-
ance when the azimuthal angle of the measurement deviates
from the optimal value. First, we can explicitly characterize
the behavior of estimation variance of the local azimuthal
measurement when the azimuthal angle has small deviation
from the optimal angle α = αopt + δ:

VarM(αopt+δ)(θ̂1)
∣∣
θ1=0 = 1

d
(
F − 1−F

2nd −1

)2
n2

+ d (1 − F )2nd [2nd (F + 1) − 2]

(2nd F − 1)2
δ2

+ O(δ4). (E12)

Then, we examine the range of azimuthal angle within which
we can achieve better estimation variance than the optimal
local sensing strategy. Specifically, we let the estimation
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variance of azimuthal local measurement in Eq. (E6) equal to
the estimation variance of the optimal local sensing strategy,
i.e.,

1 − (F − 1−F
2nd −1

)2
cos2 (ndα)

dn2
(
F − 1−F

2nd −1

)2
sin2 (ndα)

= 1

n2
⇒ 1 − (F − 1−F

2nd −1

)2
cos2 (ndα)

d
(
F − 1−F

2nd −1

)2
sin2 (ndα)

= 1, (E13)

which can be simplified as

sin2 (ndα) = 1 − (F − 1−F
2nd −1

)2
(d − 1)

(
F − 1−F

2nd −1

)2 . (E14)

The solution to the above equation determines the azimuthal
angles at which the estimation variance of local azimuthal
measurement equals the estimation variance of the optimal
local sensing strategy. As the estimation variance of local
azimuthal measurement has a period of T = π/nd , the range

of the azimuthal angle for DQS quantum advantage is

Wα = π

nd
− 2

nd
arcsin

√√√√ 1 − (F − 1−F
2nd −1

)2
(d − 1)

(
F − 1−F

2nd −1

)2 . (E15)

This range of allowed azimuthal angle can be considered as
an indicator of the robustness of DQS quantum advantage to
local quantum control for azimuthal measurement. To char-
acterize the properties of Wα , we further consider the ratio
between the range which allows quantum advantage Wα and
the period T , Rα = Wα/T ,

Rα (F, n, d ) = 1 − 2

π
arcsin

√√√√ 1 − (F − 1−F
2nd −1

)2
(d − 1)

(
F − 1−F

2nd −1

)2 . (E16)

We have the following basic properties of Rα (F, n, d ). �
Proposition E1. Rα (F, n, d ) increases monotonically as

the fidelity F , the number of local quantum sensors n, and
the number of sensor nodes d increase.

Proof. The properties can be proved through explicit eval-
uation of the partial derivatives. We first take the partial
derivative with respect to the fidelity F :

∂

∂F
Rα = 2

nd
2 +1(2nd − 1)2

π (2nd F − 1)
√

(1 − F )[2nd (1 + F ) − 2][d (2nd F − 1)2 − (2nd − 1)2]
� 0. (E17)

Then, we take the partial derivative with respect to the number of local quantum sensors n:

∂

∂n
Rα = ln(2)(1 − F )2

nd
2 +1(2nd − 1)d

π (2nd F − 1)
√

(1 − F )[2nd (1 + F ) − 2][d (2nd F − 1)2 − (2nd − 1)2]
� 0. (E18)

Finally, we take the partial derivative with respect to the number of sensor nodes d:

∂

∂n
Rα = 2

nd
2 [4nd F (1 − F 2) − 2nd (1 − F )(1 + 3F + (d − 1)n ln(4)) − (1 − F )((d − 1)n ln(4) − 2)]

π (d − 1)(2nd F − 1)
√

(1 − F )[2nd (1 + F ) − 2][d (2nd F − 1)2 − (2nd − 1)2]
� 0. (E19)

For the above inequality, we consider the last two terms in the
numerator

− 2nd (1 − F )(1 + 3F + (d − 1)n ln(4))

− (1 − F )((d − 1)n ln(4) − 2)

= −(1 − F )[(2nd (1 + 3F ) − 2)

− (2nd − 1)(d − 1)n ln(4)]

� −(1 − F )[4 × 2nd − (2nd − 1)]

= −(1 − F )(3 × 2nd + 1), (E20)

where for the inequality we have used F � 1, d � 2 in DQS
setup, and n � 1. Then, we evaluate the lower bound of the
entire numerator

4nd F (1 − F 2) − 2nd (1 − F )(1 + 3F + (d − 1)n ln(4))

− (1 − F )((d − 1)n ln(4) − 2)

� 4nd F (1 − F 2) − (1 − F )(3 × 2nd + 1)

= (1 − F )[4nd F (1 + F ) − (3 × 2nd + 1)]

� (1 − F )

[
4nd 1√

d

(
1 + 1√

d

)
− 4 × 2nd

]
� 0, (E21)

where for the second inequality we have used the fidelity
threshold for DQS advantage using the optimized azimuthal
measurement: We know that if fidelity is below the threshold,
we have Rα = 0. �

Although Rα (F, n, d ) is monotonically increasing, it
quickly converges to a value independent of n:

Rα (F, n, d ) → 1 − 2

π
arcsin

√
1 − F 2

(d − 1)F 2
. (E22)

Then, we are clear about the behavior of Wα as n and d
increases for larger relative quantum advantage in DQS

Wα → π

nd

⎡
⎣1 − 2

π
arcsin

√
1 − F 2

(d − 1)F 2

⎤
⎦. (E23)

Such scaling clearly demonstrates that while when n and d
increase, we can in principle achieve higher quantum advan-
tage, and the requirement on control accuracy also becomes
stricter.

We reemphasize that our optimization of the azimuthal
measurement is not a global optimization, as it is locally
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FIG. 9. Estimation of Bell state fidelity thresholds for demonstrating quantum advantage in distributed quantum sensing, where the initial
d-qubit GHZ state is assembled from (d − 1) Bell states distributed by the quantum network. (a) The Bell state fidelity threshold when the
global optimal measurement is allowed is depicted by the blue curve, while the threshold when only the optimized azimuthal measurement
can be performed is illustrated by the red curve. (b) The infidelity ε = 1 − F thresholds were plotted in the log-log coordinate for additional
visualization insight. The blue curve again corresponds to the global optimal measurement and the red curve to the optimized azimuthal
measurement. For reference, we plot the half of the infidelity threshold for the global optimal measurement in black dashed line, to better
demonstrate the relationship between the asymptotic scalings of both thresholds.

separable when there are multiple sensor qubits per node. In
principle, we could utilize entangling measurement locally.
However, the fact that when n = 1 the optimized azimuthal
measurement could not saturate the QCRB implies that the
QCRB for this distributed quantum sensing problem is not
achievable with local measurement. It is known that the
QCRB can be achieved by projective measurement, and when
n = 1 the local projective measurement should be a tensor
product of single-qubit projective measurements. Moreover,
the assumed depolarization noise on the GHZ state guaran-
tees symmetry among all qubits, so it suffices to consider
identical projective measurements per qubit. Note that un-
der our problem setup, z-direction projection is unable to
extract the information of the parameter to estimate. There-
fore, our optimization of azimuthal projective measurement
should have covered the optimal local measurement, while
as seen in the results they could not achieve the QCRB. On
the other hand, suppose we insist on applying the global
entangling measurement, it will need distribution of additional
entangled state by the quantum network as resource to im-
plement the measurement. Consequently, the performance of
parameter estimation will be further limited by the fidelity of
resource state for performing entangling measurement, and
thus, the fidelity of distributed entangled state by the net-
work must be high. However, as we have seen that when the
network is able to distribute high-fidelity entangled state, per-
forming local optimized azimuthal measurement can already
achieve fairly low estimation variance, which is only ∼1/F
times the ultimate achievable variance by the globally optimal
measurement.

3. Bell state fidelity requirement estimation

Moreover, we can estimate the fidelity requirement of
bipartite entanglement (Bell pair) distribution network to
achieve quantum advantage in the local parameter average
estimation task, by taking the (d − 1)th root of the fidelity
threshold. This estimation comes from the assumption that

we need (d − 1) bipartite entangled states between the sensor
nodes to assemble the desired d-qubit GHZ state, and the
approximation that the final GHZ state has fidelity equal to
the product of all Bell states’ fidelities. Specifically, for n = 1
we have

F Bell
th,M(αopt ) =

(
2d − 1 + √

d

2d
√

d

) 1
d−1

, (E24)

F Bell
th,opt

=
(

2−d + (2d − 1)(2d − 2+
√

(2d − 2)2 + 2d+3d )

22d+1d

) 1
d−1

,

(E25)

where we use the superscript “Bell” to emphasize that the
above fidelity thresholds are for Bell states distributed by
the quantum network. The two thresholds are visualized in
Fig. 9(a). It can be seen that the fidelity threshold for the
global optimal measurement slightly decreases when the num-
ber of sensor nodes d is small. More specifically, we have

F Bell
th,opt (2) ≈ 0.730, F Bell

th,opt (3) ≈ 0.714, F Bell
th,opt (4) ≈ 0.711,

F Bell
th,opt (5) ≈ 0.716, F Bell

th,opt (6) ≈ 0.726, F Bell
th,opt (7) ≈ 0.738.

(E26)

Nevertheless, in general both the thresholds increase mono-
tonically as the number of sensor nodes increases. Moreover,
we can straightforwardly evaluate the asymptotic scaling of
both thresholds

F Bell
th,M(αopt ) ∼ d

1
2(1−d ) , F Bell

th,opt ∼ d
1

1−d . (E27)

Very interestingly, the Bell state fidelity threshold for the
global optimal measurement is the square of the threshold
for the optimized azimuthal measurement in the asymptotic
limit of d → ∞, i.e., F Bell

th,opt ∼ (F Bell
th,M(αopt ) )

2. It is then easily
seen that both fidelity thresholds converge to one in the large
d limit. To visualize the asymptotic scaling, we further plot
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the thresholds of infidelity ε = 1 − F in log-log coordinates
in Fig. 9(b). It is clear that εBell

th,opt/2 is almost equal to εBell
th,M(αopt )

when d becomes large, which verifies the quadratic relation of
the asymptotic scalings.

APPENDIX F: DETAILS FOR ENCODING
UNDER DEPHASING

We first add the detailed derivation of the effective initial
state. Then, we discuss the estimation of the frequency instead
of the accumulated phase. Last but not least, we also consider
the specific local azimuthal measurement and its optimization.

1. Derivation of the effective initial state

In the nd-qubit extra Pauli channel for the effective initial
state, the probability for each Pauli string to be applied to
the initial state is determined by the number of Pauli Z’s in
it #Z. More explicitly, we have p#Z = qnd−#Z (1 − q)#Z . For
our ideal objective state, the standard nd-qubit GHZ state
|GHZnd〉, it is known that its stabilizer is generated by the
following nd Pauli strings:

S = {σ (1)
x ⊗ σ (2)

x ⊗ · · · ⊗ σ (nd )
x , σ (1)

z ⊗ σ (2)
z , σ (2)

z ⊗ σ (3)
z ,

× . . . , σ (nd−1)
z ⊗ σ (nd )

z

}
, (F1)

from which one can observe that any Pauli string that con-
tains an even number of Pauli Z’s will stabilize |GHZnd〉. On
the other hand, the remaining Pauli strings in the nd-qubit
Pauli channel from dephasing still only have identity operators
and the Pauli Z’s, so they will only result in a phase flip in
|GHZnd〉.

Now, recall that we consider nd-qubit depolarized GHZ
state distributed over the quantum sensor network

ρ0 = V (nd )|GHZnd〉〈GHZnd | + [1 − V (nd )]Ind/2nd , (F2)

where V (nd ) again denotes visibility, and according to our
state preparation error model we have GHZ fidelity F (nd ) =
V (nd ) + [1 − V (nd )]/2nd = Fkn−1. The above explicit de-
composition into a pure GHZ projector and a maximally
mixed state is convenient in that the maximally mixed state
is invariant under the Pauli channel according to the unital-
ity. For the GHZ projector, the probability for it to remain
unchanged is thus the total probability of its stabilizing Pauli
strings in the noise channel [90]

q̃ =
∑

even #Z

(
nd

#Z

)
p#Z =

�nd/2�∑
i=0

(
nd

2i

)
qnd−2i(1 − q)2i

= 1 + (2q − 1)nd

2
, (F3)

for positive integer n. The resulting state is then

ρ ′
0 = q̃V ProjGHZ+ + (1 − q̃)V ProjGHZ− + (1 − V )Ind/2nd ,

(F4)

where ProjGHZ+ =|GHZnd〉〈GHZnd | and ProjGHZ− =|GHZ−
nd〉

〈GHZ−
nd | with |GHZ−

nd〉 = (|00 . . . 0〉 − |11 . . . 1〉)/
√

2 is the
phase-flipped |GHZnd〉.

Then, according to the derivation of the QFIM, we only
need to care about the eigenvalues of ρ ′

0, which correspond
to |GHZnd〉 and |GHZ−

nd〉, because the effective dephasing
channel does not change other eigenvalues, which are all equal
according to the depolarizing error assumption. Therefore, we
have the QFI for θ1 as

F (θ1) = d

[(
q̃V + 1−V

2nd

)− ((1 − q̃)V + 1−V
2nd

)]2(
q̃V + 1−V

2nd

)+ ((1 − q̃)V + 1−V
2nd

) n2

= d
[F (2dk)n − k]2(2q − 1)2nd

k(2nd − 1)[Fkn(2nd − 2) + k]
n2, (F5)

which reduces to the QFI without dephasing if q = 1. Note
that in the above, the parameter q is time-dependent, and in
the following we will consider this fact explicitly.

2. Estimation of the average frequency

From Eq. (11), we have the explicit expression of F (θ̃1 )(t ):

F (θ̃1 )(t ) = d[F (2d k)n − k]2e−2ndγ t

k(2nd − 1)[Fkn(2nd − 2) + k]
n2t2. (F6)

In the following, we may omit the superscript when there is
no abuse of notation. The requirement for potential quantum
advantage at fixed encoding duration Fnet (t ) > Flocal(t ) gives

d[F (2d k)n − k]2

k(2nd − 1)[Fkn(2nd − 2) + k]

≈ Fkn−1d > e2ndγ t

⇒ γ t <
1

2nd
ln

(
d[F (2d k)n − k]2

k(2nd − 1)[Fkn(2nd − 2) + k]

)

≈ 1

2nd
ln
(
Fkn−1d

)
, (F7)

where the approximation comes from assumptions k � 1,
2d � 1, and 2nd � 2. The partial derivatives with respect to
n, d, k, F are

∂

∂n

[
1

2nd
ln(Fkn−1d )

]
=n ln k − ln(Fkn−1d )

2dn2
, (F8)

∂

∂d

[
1

2nd
ln(Fkn−1d )

]
=1 − ln(Fkn−1d )

2d2n
, (F9)

∂

∂k

[
1

2nd
ln(Fkn−1d )

]
=n − 1

2dkn
, (F10)

∂

∂F

[
1

2nd
ln(Fkn−1d )

]
= 1

2dFn
. (F11)

For the sequential scheme of quantum sensing, we want to
maximize

Fnet (t )

t
= d[F (2d k)n − k]2e−2ndγ t

k(2nd − 1)[Fkn(2nd − 2) + k]
n2t . (F12)
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The optimal time for the networked sensing under noise t∗ =
1/(2ndγ ) leads to

Fnet (t∗)

t∗ = [F (2dk)n − k]2n

2eγ k(2nd − 1)[Fkn(2nd − 2) + k]
, (F13)

where e is the base of the natural logarithm. For the noiseless
local baseline, we simply have

Flocal(tth )

tth
= n2tth. (F14)

When tth � t∗, we have the necessary condition for potential
quantum advantage

Fnet (t∗)

t∗ >
Flocal(tth )

tth

⇒ [F (2dk)n − k]2

2neγ k(2nd − 1)[Fkn(2nd − 2) + k]tth

≈ Fkn−1

2neγ tth
> 1, (F15)

where we have made the same approximation as above. This
condition is effectively given a constraint on the time thresh-
old tth, as

1

2ndγ
= t∗ < tth � Fkn−1

2neγ
, (F16)

which requires

1

2ndγ
<

Fkn−1

2neγ
. (F17)

When the above inequality is satisfied, the noisy quantum
sensor network may possibly demonstrate advantage over
the noiseless baseline for long sensing cycle time threshold
tth � t∗.

When tth < t∗, the necessary condition of quantum advan-
tage is

d[F (2d k)n − k]2

k(2nd − 1)[Fkn(2nd − 2) + k]
> e2ndγ tth , (F18)

which is in the same form as Eq. (F7). Therefore, if the
threshold of sensing cycle time satisfies

γ tth <
1

2nd
ln

(
d[F (2dk)n − k]2

k(2nd − 1)[Fkn(2nd − 2) + k]

)

≈ 1

2nd
ln(Fkn−1d ), (F19)

the noisy networked sensing can potentially demonstrate
quantum advantage over the noiseless local sensing strategy.

3. Local azimuthal measurement

From error propagation, we have the estimation variance of
the average phase θ̃1 using M(α):

VarM(α)( ˆ̃θ1) = 1 − [(q̃V + 1−V
2nd

)− ((1 − q̃)V + 1−V
2nd

)]2
cos2[n

√
d (θ1 + √

dα)]

dn2
[(

q̃V + 1−V
2nd

)− ((1 − q̃)V + 1−V
2nd

)]2
sin2[n

√
d (θ1 + √

dα)]t2

= 1 − [(2q̃ − 1)V ]2 cos2[n
√

d (θ1 + √
dα)]

dn2[(2q̃ − 1)V ]2 sin2[n
√

d (θ1 + √
dα)]t2

= 1 − (F (nd ) − 1−F (nd )
2nd −1

)2
cos2[n

√
d (θ1 + √

dα)]e−2ndγ t

dn2
(
F (nd ) − 1−F (nd )

2nd −1

)2
sin2[n

√
d (θ1 + √

dα)]t2e−2ndγ t
, (F20)

where θ̃1 = θ1/t and F (nd ) = Fkn−1. Then, we take θ̃1 = 0
and optimize α:

VarM(α)( ˆ̃θ1)
∣∣
θ̃1=0

= 1 − (F (nd ) − 1−F (nd )
2nd −1

)2
cos2(ndα)e−2ndγ t

dn2
(
F (nd ) − 1−F (nd )

2nd −1

)2
sin2(ndα)t2e−2ndγ t

. (F21)

The partial derivative with respect to α leads to

∂

∂α
VarM(α)( ˆ̃θ1)

∣∣
θ̃1=0

= 2[(2nd F (nd ) − 1)2 − (2nd − 1)2e2ndγ t ]

n(2nd F (nd ) − 1)2t2

cos(ndα)

sin3(ndα)
.

(F22)

The variance takes the minimum values when cos(ndαopt ) =
0, i.e., αopt = 2l+1

2nd π with l ∈ Z. The minimum value is

VarM(αopt )(
ˆ̃θ1)
∣∣
θ̃1=0 = k2(2nd − 1)2

d[F (2dk)n − k]2e−2ndγ t

1

n2t2
. (F23)

Then, we can compare with the QFI that we derive in the
above

VarM(αopt )(
ˆ̃θ1)
∣∣
θ̃1=0

1/F (t )
= d[F (2dk)n − k]2e−2ndγ t n2t2

k(2nd − 1)[Fkn(2nd − 2) + k]

× k2(2nd − 1)2

d[F (2d k)n − k]2e−2ndγ t n2t2

= 2nd − 1

Fkn−1(2nd − 2) + 1
� 1, (F24)
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where the equality is taken if and only if Fkn−1 = 1, i.e.,
when initial probe state preparation is noiseless. The partial
derivatives with respect to n, d, F, k are

∂

∂n

[
2nd − 1

Fkn−1(2nd − 2) + 1

]

= k[2nd d (k − Fkn) ln 2 − (4nd − 3 × 2nd + 2)Fkn ln k]

[Fkn(2nd − 2) + k]2
,

(F25)

∂

∂d

[
2nd − 1

Fkn−1(2nd − 2) + 1

]
= 2nd nk(k − Fkn) ln 2

[Fkn(2nd − 2) + k]2

≈ n

(k22d )n

k(k − Fkn) ln 2

F 2
,

(F26)
∂

∂k

[
2nd − 1

Fkn−1(2nd − 2) + 1

]

= − (4nd − 3 × 2nd + 2)kn

[Fkn(2nd − 2) + k]2
(n − 1)F, (F27)

∂

∂F

[
2nd − 1

Fkn−1(2nd − 2) + 1

]
= −

(
4nd − 3 × 2nd + 2

)
kn

[Fkn(2nd − 2) + k]2
k.

(F28)

From the above, one can see that the saturation is almost
not affected by the number of sensor nodes (number of lo-
cal parameters) in the network, as the partial derivative with
respect to d vanishes for increasing nd . On the other hand,
the relative difference between the QCRB and the estimation
variance using the optimal local azimuthal measurement gen-
erally increases as the number of local sensors n increases, due
to accumulation of depolarizing error. Also, when F ∼ k the
local entanglement generation quality k has increasing impact
on the saturation than the quantum network entanglement
distribution fidelity F as n increases.

APPENDIX G: PARAMETER ESTIMATION UNDER
ENTANGLEMENT DISTRIBUTION FAILURE

The probe state is generated through assembling bipartite
entangled states, and in real quantum networks, it is possible
that some bipartite entangled states are not successfully gen-
erated within certain attempts. We consider a specific way of
bipartite entangled state assembly to generate the GHZ state:
A center node will share bipartite entanglement with other
nodes. Therefore, the nodes that fail to establish entangled
link with the center node will remain separable from other
nodes, while all the nodes that successfully share entangled
link with the center node will be entangled together. Let
N such that |N | = d be the index set of all sensor nodes,
and C be the index set for the nodes that remain isolated;
thus, the set difference N \ C denotes the index set of nodes
that will be entangled. The objective parameter to estimate

θ1 =∑i∈N xi/
√

d can be rewritten as

θ1 = 1√
d

∑
i∈C

xi +
√

|N \ C|
d

⎛
⎝ 1√|N \ C|

∑
j∈N \C

x j

⎞
⎠

= 1√
d

∑
i∈C

xi +
√

|N \ C|
d

θ ′
1, (G1)

where the second term is proportional to the average of local
parameters on all the nodes that are entangled, θ ′

1. When not
all sensor nodes are entangled, we consider that the sensor
network will use the following hybrid strategy: The isolated
nodes use local probe state to estimate the local parameters
xi, i ∈ C individually, while the entangled nodes use a glob-
ally entangled probe state to estimate θ ′

1. Then, according to
propagation of errors, we have the variance of estimating θ by
such a hybrid strategy as

Varhybrid(θ̂1,C ) = 1

d

∑
i∈C

Var(x̂i ) + |N \ C|
d

Var(θ̂ ′
1), (G2)

where the subscript C for estimator θ̂1,C emphasizes that the
estimator is uniquely determined by configuration C.

Due to the probabilistic nature of remote entanglement
distribution, for each attempt of probe state generation the
configuration C can be different. Nevertheless, we know
exactly what configuration happens each time due to the her-
alded nature of quantum network protocols. Let C denotes the
collection of all possible configurations C. For the scenario
with d sensor nodes, we have that |C| =∑d−2

n=0

(d
n

)+ 1 =
2d − d without overcounting. Suppose we repeat the quan-
tum sensing cycle for N times, and each configuration C
occurs with probability pC . We may expect that there are
NC = pCN data points corresponding to configuration C, then
we have Var(θ̂1,C ) ∝ 1/NC . Assuming unbiased estimators,
the normalized linear combination of θ̂1,C still has the mean
of θ1. Then, our objective is to minimize the variance of
the normalized linear combination θ̂1 =∑C∈C wC θ̂1,C , such
that
∑

C wC = 1. We may further assume that θ̂1,C are un-
correlated, which according to the Bienaymé’s identity gives
Var(θ̂1) =∑C∈C w2

CVar(θ̂1,C ). Then, using Lagrange multi-
plier the optimal weighting for the minimum variance is

w∗
C = 1

Var(θ̂1,C )

[∑
C∈C

1

Var(θ̂1,C )

]−1

, (G3)

which is the so-called inverse-variance weighting that gives
the minimum variance

Varmin(θ̂1) =
[∑
C∈C

1

Var(θ̂1,C )

]−1

. (G4)

APPENDIX H: QUANTUM NETWORK SIMULATION

In addition to the analytics, we simulate GHZ state
distribution given realistic first-generation quantum re-
peater [129–132] protocol stacks with an open-source, cus-
tomizable quantum network simulator, SeQUeNCe [112]. We
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FIG. 10. Visualization of network simulation schematics and protocols: (a) topology of the simulated three-node quantum network,
(b) standard BSM, and (c) entanglement purification protocol based on bilocal CNOT, specifically the BBPSSW/DEJMPS protocol.

consider a simple three-node network with linear topology,
where a center node directly connects the other two end nodes
through optical fibers, with a Bell state measurement (BSM)
station in the middle of each fiber link. The network topology
is visualized in Fig. 10(a). First, bipartite entanglement links
are established between the center node and the other nodes.
Then, LOCC, such as gate teleportation [133–135] and graph
state fusion [136,137], are performed to generate a GHZ state
across all network nodes.

In our simulations, we consider three scenarios, and thus
three sets of system parameter values: {0.01s, 0.1s, 1s} for
memory coherence times, {0.05, 0.1, 0.5} for memory ef-
ficiency, and {0.8, 0.85, 0.9} for raw entanglement fidelity.
The first simulation scenario uses the first value in each of
the above sets, and so on. Meanwhile, we fix other system
parameters, especially: a 1 s time interval allowed for entan-
glement distribution, a 10 km distance between the center
node and end nodes, 10 memories per end node, and 20
memories on the center node so that entanglement purifica-
tion [138,139] is possible. We emphasize that the parameter
values are not chosen from a specific reported experiment,
but are selected according to the general vision of the state
of the art and the potential future development of various
candidate platforms for quantum networking, including solid
state systems [40,42,140], atomic systems [41,141], and su-
perconducting systems [142].

We characterize the performance of probe state distribution
by three figures of merit, namely, the success probability
of distributing the three-qubit GHZ state, p, the relative ad-
vantage, η, and the normalized relative advantage, η̃ = p · η,
which takes into account failure in entanglement distribu-
tion. For each scenario, we repeat the simulation 1000 times,
and η is calculated based on the average of density matri-
ces of successfully distributed GHZ states under ensemble
interpretation. The results are collected in Table II, from
which it is clear that the most modest parameter choice
does not permit quantum advantage, while when hardware
performance improves quantum advantage becomes possi-
ble without changing the realistic quantum network protocol

TABLE II. Simulation results for the three scenarios.

p η η̃ F

Scenario 1 ≈0.02 ≈0.95 < 1 ≈0.02 < 1 0.591
Scenario 2 ≈0.72 ≈1.57 > 1 ≈1.13 > 1 0.732
Scenario 3 ≈0.81 ≈2.19 > 1 ≈1.77 > 1 0.854

stack. We also note the average fidelity F of the successfully
generated states for each scenario; as expected, the fidelity
increases as the network parameters improve.

In the following, we elaborate on the simulation details.

1. Bipartite entanglement (Bell pairs) distribution

The distribution of bipartite entanglement involves re-
mote entanglement generation between nearest network nodes
that are directly connected by a physical implementation
of quantum channels (e.g., optical fibers or free-space op-
tics), entanglement swapping, which extends the generated
entangled states to more distant node pairs, and potentially
entanglement purification, which is expected to improve the
quality (fidelity) of distributed entangled pairs.

For entanglement generation, in SeQUeNCe we imple-
ment an abstract model of single-heralded entanglement
generation protocol based on meet-in-the-middle photonic
Bell state measurement. The underlying processes assumed
for a single attempt of entanglement generation include the
following:

(1) Local memory-photon entanglement on a network
node is generated, and the photon is transmitted to a middle in-
terference center via a lossy optical fiber to perform heralded
measurement (Bell state measurement/BSM).

(2) Two photons being transmitted from both nodes are
expected to simultaneously arrive at the middle node at certain
time determined by fiber lengths.

(3) However, due to the existence of losses in optical
fibers, it is possible that one or both photons are not success-
fully transmitted. We assume that the heralded measurement
can only be successful if both photons arrive.

(4) Moreover, we assume that the underlying implemen-
tation of heralded measurement consists of linear optics only,
which fundamentally upper bounds the success probability of
BSM to 1/2 [143].

According to the above description, the overall suc-
cess probability of an entanglement generation attempt is
pt,l pt,r pm, where pt,l (r) is the probability for left (right) photon
to arrive at the middle station and pm is the success probability
of heralded measurement when both photons arrive, which in
simulation is a positive, tunable parameter below 1/2. Addi-
tionally, the successfully generated entangled state is assumed
to be a Bell diagonal state (BDS).

Entanglement swapping involves three nodes: one middle
node, which will perform projective BSM, and two end nodes,
which will receive the BSM results from the middle node
and perform local corrections accordingly. We consider the
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standard quantum circuit of BSM as shown in Fig. 10(b),
where measurements are both in computational basis. We also
consider that different physical implementations of entangle-
ment swapping could lead to different success probabilities,
and allow the success probability of each entanglement
swapping to be tunable. Bipartite entanglement purification
involves two nodes, which share multiple entangled states.
In SeQUeNCe, the default protocol is the BBPSSW/DEJMPS
protocol based on bilocal CNOT, i.e., both nodes will perform
CNOT on two qubits from two entangled states they hold,
and perform single-qubit computational basis measurement
on one qubit per node, whose circuit is shown in Fig. 10(c).
The measurement outcomes from both nodes are classically
communicated to each other to determine if the purification
attempt is successful.

To increase the practicality in our simulation, we consider
imperfections in single-qubit measurements and two-qubit
gates (especially CNOT). However, we do not consider errors
in single-qubit gates, because experimentally multiqubit gates
are much more noisy than single-qubit ones, with infidelity
about one order of magnitude higher. As we assume entan-
gled states are in BDS form, we perform offline analytical
derivation of imperfect entanglement swapping results in Ap-
pendix H 5 a, and imperfect entanglement purification results
in Appendix H 5 b. These allow us to avoid explicit tracking of
density matrix under quantum operations during simulation of
entanglement distribution. We assume a homogeneous model
of gate and measurement imperfections on each node: On one
specific node, the error model of multiqubit gate is unchanged
when applying to different qubits, and so is the error model of
single-qubit measurement.

When multiple entangled states (quantum memories) are
available, the space of strategies for executing entanglement
protocols (e.g., generation, swapping, and purification) is
large. Currently in SeQUeNCe, the strategy is determined by
the priorities of each protocol in the stack. For concreteness,
our implementation gives the highest priority to entanglement
purification (i.e., purification will be performed as fast as pos-
sible), whenever multiple entangled states are available on a
single link (between two network nodes). Entanglement swap-
ping has the second-highest priority, and it will be performed
immediately when there is one entangled state established
between a center node and each of its left and right neighbors
(not necessarily nearest neighbors). We also emphasize that
when taking into account quantum memory decoherence, and
the nonuniversality of entanglement purification [144], the op-
timization of quantum protocol strategies/policies [145] will
be very hard due to the large policy space, so this is beyond the
scope of this work where simulation is for the demonstration
of principle for DQS probe state preparation.

2. Time-dependent quantum memory decoherence

Quantum memories inevitably undergo decoherence
throughout the time after they are initialized. Therefore, be-
sides quantum operation imperfections, we also implement
time-dependent memory decoherence as analytically modeled
by continuous time Pauli channels [146], which is naturally
compatible with the BDS assumption.

Quantum states distributed over the network only change
when quantum protocols are operated, such as entanglement
swapping and entanglement purification. Therefore, memory
idling decoherence effect only needs to be applied to the
quantum state prior to the quantum protocols, according to
the duration of idling, which can be calculated as the differ-
ence between the current time and the last time point when
the quantum state is updated. Then, the quantum memory
decoherence over time smoothly fits in the discrete event
simulation framework.

Due to the decoherence over time, one cannot use a certain
quantum memory forever, and resetting is needed after a cer-
tain amount of time, which is the cutoff time for the storage of
quantum states. In our simulation, we set the cutoff time to be
proportional to quantum memory coherence time, while the
coefficient is a tunable parameter. Specifically, for entangled
states involving more than one quantum memory, the time for
all involved memories to be reset is determined by the smallest
reset time among the memories.

For entanglement generation, the quantum memories that
store the successfully generated entangled states are initial-
ized before the nodes receive the heralding signals. To account
for the idling errors of quantum memories before the arrival of
measurement results, we assume that the successfully gener-
ated entangled state starts from a certain BDS, specified by
the entanglement generation protocol (parameters including
the initial fidelity and relative strength of three Pauli error
components). Then, the entangled state will decohere under
independent quantum memory decoherence channels, which
are dependent on idling time, and the decoherence time for
each memory is determined by the time when the memory is
initialized and the time when the heralding signal is received.

3. Probe state preparation as network application

Our objective probe state is a global GHZ state of all sen-
sors distributed in different spatial locations. The generation
of this GHZ state requires entangling operation, which is
realized with Bell pairs, which are distributed by the quan-
tum network. Conceptually, we may view the process of
generating global GHZ state as an application of the quan-
tum network, which consumes distributed bipartite entangled
states from the service of quantum network. More specifically,
the application can be divided into two parts:

(1) The involved N sensor nodes in the network collec-
tively establish this application, and decide one out of the
N nodes as the center node, which corresponds to the center
qubit of standard GHZ state preparation circuit. Then, the rest
(N − 1) nodes request bipartite entanglement, i.e., Bell pair,
with the center node.

(2) When bipartite entanglement has been established be-
tween the sensor nodes, it can be used to perform CNOT

teleportation, or GHZ merging.
At the end of network simulation, the assembly process of

all the distributed Bell pairs into a GHZ state is implemented
with the help of functions from the open-source package
QuTiP [147]. Specifically, we provide two implementations
of the process, one using GHZ merging and the other using
CNOT teleportation, where we explicitly simulate noisy CNOT

gates and noisy single-qubit measurement, together with the
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classical feedforward correction based on single-qubit mea-
surement outcome(s). Specifically, in this work we implement
the assemble-in-the-end protocol, where bipartite entangle-
ment between sensor nodes is requested within a fixed period
of time, before they are assembled into a multipartite state.
The optimization of the assembly process, e.g., optimal time
of assembly in analogy to optimal time of purification [146],
can be interesting future work. It is then possible that more
than one entangled link between two sensor nodes exists at the
end of the stage, and in such cases we perform a final round
of purification before the assembly, so that between each pair
of nodes, there is at most one entangled link. The final purifi-
cation is implemented in a fidelity-aware manner (assuming
the capability of estimating entangled state fidelities based
on information of system hardware and timing), due to the
consideration of the nonuniversality of entanglement purifica-
tion [144]: We always attempt to purify the two lowest-fidelity
entanglement pairs in the entangled state ensemble, and we
repeat this process until there is at most one entangled pair
left. After this process, we utilize QuTiP functions to simulate
the assembly of bipartite entangled states into a GHZ state.

The processes during bipartite entanglement distribution
can be easily tracked with SeQUeNCe features, including
noisy entanglement generation, swapping, and purification,
and time dynamics for noisy Bell state in BDS form under
quantum memory idling decoherence. Moreover, the network
simulation with SeQUeNCe is parallelizable [148], so in
principle we can simulate bipartite entanglement distribution
at large scale, which is physically allowed because in such
scenarios entangled states are independent bipartite states.
However, when we start to create multipartite entanglement,
the necessity of storing larger quantum states and even quan-
tum dynamics simulation will eventually limit the problem
scale, especially for DQS, where multipartite entangled re-
source state is desired.

4. Network simulation parameters

Protocol configuration. The probe state generation protocol
mainly has one parameter, the cutoff time Tpc: The GHZ state
generation protocol consists of generation of individual bipar-
tite entanglement and the final assembly of the GHZ state. All
pairs of sensor nodes will attempt Bell state generation for Tpc,
before the final assembly.

Network configuration.
(1) Network topology G. A graph that determines how the

nodes, including both sensor nodes and potential intermediate
repeater nodes in the network core, are connected with physi-
cal channels, e.g., optical fibers.

(2) Channel length L. The length of a specific optical fiber,
which will determine the loss of photons.

(3) Classical communication time Tcc. We consider that
classical communication may require some higher-level com-
munication protocols, thus the time is not necessarily equal to
length divided by the speed of light.

(4) Number of quantum memories per node available for
bipartite entanglement generation attempts M.

Hardware configuration.
(1) Quantum memory coherence time τm.
(2) Quantum memory error pattern. The ratio between

three Pauli errors in the continuous-time idling channel.
(3) Quantum memory frequency fm. The frequency at

which the entanglement generation can be attempted.
(4) Quantum memory efficiency ηm. The success proba-

bility of establishing memory-photon entanglement in each
entanglement generation attempt.

(5) Memory cutoff ratio rm. After a certain quantum mem-
ory has been initialized for rmτm time, it will be reset.

(6) Raw Bell state ρ0. The initial state after entanglement
generation, before memory decoherence.

(7) Two-qubit gate fidelity ηg and single-qubit measure-
ment fidelity ηm.

5. Analytical modeling

Here, we provide the analytical formulas that facilitate our
simulation. They could also be of independent interest to other
analytical studies. In the following, for both entanglement
swapping and purification, we include imperfection in two-
qubit gates and single-qubit measurements [129]: Ũi jρŨ †

i j =
pUi jρU †

i j + 1−p
4 Ii j ⊗ tri jρ and P̃i=0,1 = η|i〉〈i| + (1 − η)|1 −

i〉〈1 − i|, where tri j (·) represents partial tracing over qubits
i, j, Ui j is an ideal two-qubit unitary, and Ũi j is an im-
perfect implementation of Ui j , which has p probability of
perfect implementation and (1 − p) probability of resulting
in depolarizing error. P̃i=0,1 is the positive operator-valued
measure (POVM) corresponding to imperfect implementa-
tion of single-qubit projective measurement Pi = |i〉〈i|, which
has η probability of giving a correct measurement outcome.
Some of the results derived below have been used under
specific settings in Refs. [149,150] written by part of this
work’s authors, and the special case of identical measure-
ment and gate error rates for two parties, i.e., η1 = η2 = η

and p1 = p2 = p, can be found in Ref. [151] without deriva-
tion. In the future, we may consider other operation error
models, which could make analytical derivation of results
more complicated, and thus explicit simulation of quantum
operations [152] during network simulation might then be
necessary.

a. Entanglement swapping

Consider two Bell diagonal states, one between node A and node B and the other between node B and node C, where node B
is the middle swapping station:

ρA,B1 (�λ) ⊗ ρB2,C ( �λ′) = (λ1�
+ + λ2�

− + λ3�
+ + λ4�

−)A,B1 ⊗ (λ′
1�

+ + λ′
2�

− + λ′
3�

+ + λ′
4�

−)B2,C, (H1)

where |�±〉 = (|00〉 ± |11〉)/
√

2, |�±〉 = (|01〉 ± |10〉)/
√

2, and �±, �± are the projectors onto the corresponding pure Bell
states. Entanglement swapping requires performing BSM on the two qubits held by node B, i.e., B1, B2. Conditioned on
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measurement outcome, single-qubit operation is further performed on qubit A (or C) to ensure that the resulting state is in a
specific form of Bell state, and here we focus on �+ without loss of generality. Specifically, if the outcomes (in the order of
B1, B2) are 00, do nothing; if the outcomes are 01, apply X gate; if the outcomes are 10, apply Z gate; if the outcomes are 11,
apply Y gate.

By evaluation of CNOT on B1, B2 + Hadamard on B1 for tensor products of two pure Bell states, and the four imperfect
(POVMs) corresponding to four possible measurement outcomes, we have the final output state

ρA,C (�λ, �λ′) = p[η1η2CI + (1 − η1)η2CX + η1(1 − η2)CZ + (1 − η1)(1 − η2)CY ]�+
A,C

+ p[(1 − η1)η2CI + η1η2CX + (1 − η1)(1 − η2)CZ + η1(1 − η2)CY ]�−
A,C

+ p[η1(1 − η2)CI + (1 − η1)(1 − η2)CX + η1η2CZ + (1 − η1)η2CY ]�+
A,C

+ p[(1 − η1)(1 − η2)CI + η1(1 − η2)CX + (1 − η1)η2CZ + η1η2CY ]�−
A,C

+ 1 − p

4
(�+

A,C + �−
A,C + �+

A,C + �−
A,C ), (H2)

where we have defined CI = λ1λ
′
1 + λ2λ

′
2 + λ3λ

′
3 + λ4λ

′
4, CX = λ1λ

′
2 + λ2λ

′
1 + λ3λ

′
4 + λ4λ

′
3, CY = λ1λ

′
4 + λ4λ

′
1 + λ2λ

′
3 +

λ3λ
′
2, CZ = λ1λ

′
3 + λ3λ

′
1 + λ2λ

′
4 + λ4λ

′
2, and we assume CNOT error probability (1 − p) and single-qubit measurement error

probabilities (1 − η1) and (1 − η2).

b. Entanglement purification

Under these error models, consider that CNOT gates on both sides have different error probabilities pA and pB, also
measurements have different error probabilities ηA and ηB. Then, for two Bell diagonal states as input to the DEJMPS purification
protocol, the (unnormalized) output state conditioned on success is

ρ̃A1,B1 (�λ, �λ′) = pA pB[(1 − ηA − ηB + 2ηAηB)(λ1λ
′
1 + λ2λ

′
2) + (ηA + ηB − 2ηAηB)(λ1λ

′
3 + λ2λ

′
4)]�+

A1,B1

+ pA pB[(1 − ηA − ηB + 2ηAηB)(λ1λ
′
2 + λ2λ

′
1) + (ηA + ηB − 2ηAηB)(λ1λ

′
4 + λ2λ

′
3)]�−

A1,B1

+ pA pB[(1 − ηA − ηB + 2ηAηB)(λ3λ
′
3 + λ4λ

′
4) + (ηA + ηB − 2ηAηB)(λ3λ

′
1 + λ4λ

′
2)]�+

A1,B1

+ pA pB[(1 − ηA − ηB + 2ηAηB)(λ3λ
′
4 + λ4λ

′
3) + (ηA + ηB − 2ηAηB)(λ3λ

′
2 + λ4λ

′
1)]�−

A1,B1

+ 1 − pA pB

8

(
�+

A1,B1
+ �−

A1,B1
+ �+

A1,B1
+ �−

A1,B1

)
, (H3)

where we use A1, B1 to denote the two qubits of kept entangled pair and A2, B2 have been measured (traced out), while the BDS
density matrix elements with prime correspond to the measured entangled pair. Then, the success probability is just the trace of
the above unnormalized state

ps = pA pB[ηAηB + (1 − ηA)(1 − ηB)](λ1λ
′
1 + λ2λ

′
2 + λ1λ

′
2 + λ2λ

′
1 + λ3λ

′
3 + λ4λ

′
4 + λ3λ

′
4 + λ4λ

′
3)

+ pA pB[ηA(1 − ηB) + (1 − ηA)ηB](λ1λ
′
3 + λ2λ

′
4 + λ1λ

′
4 + λ2λ

′
3 + λ3λ

′
1 + λ4λ

′
2 + λ3λ

′
2 + λ4λ

′
1) + 1 − pA pB

2
, (H4)

from which we can explicitly obtain normalized output state conditioned upon success as ρA1,B1 (�λ, �λ′) = ρ̃A1,B1 (�λ, �λ′)/ps.
Specifically, the first diagonal element in Bell basis corresponding to �+

A1,B1
is the fidelity

Fs = pA pB
[

ηAηB+(1−ηA )(1−ηB )
2 (λ1λ

′
1 + λ2λ

′
2) + ηA(1−ηB )+(1−ηA )ηB

2 (λ1λ
′
3 + λ2λ

′
4)
]+ 1−pA pB

16

ps/2
. (H5)

Additionally, we can prove that no matter what input (Bell diagonal) states, CNOT infidelities, and measurement infidelities
are, the probability of getting measurement outcome indicating success is always not lower than 1/2:

Proposition H1. Every trial of CNOT-based recurrence entanglement purification protocol, which has Bell diagonal states
as input, using imperfect CNOT and single-qubit measurement whose error models are described above, will get measurement
outcome indicating success with probability not lower than 1/2.

Proof. We use Eq. (H4) as the starting point. Notice that λ1 + λ2 + λ3 + λ4 = λ′
1 + λ′

2 + λ′
3 + λ′

4 = 1 according to normal-
ization and 1 � λ1, λ

′
1 � 1/2 to ensure that the BDS’s are entangled. After some reorganization, we have

ps = 1
2 + pA pB[ηA(1 − ηB) + (1 − ηA)ηB] + pA pB[ab + (1 − a)(1 − b)][ηAηB + (1 − ηA)(1 − ηB) − ηA(1 − ηB)

− (1 − ηA)ηB] − 1
2 pA pB, (H6)
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where we have defined a := λ1 + λ2, b := λ′
1 + λ′

2, and thus naturally 1 � a, b � 1/2. Then, we have

ps � 1
2 + pA pB

(
[ηA(1 − ηB) + (1 − ηA)ηB] + 1

2 [ηAηB + (1 − ηA)(1 − ηB) − ηA(1 − ηB) − (1 − ηA)ηB] − 1
2

)
= 1

2 + pA pB
(

1
2 [ηAηB + (1 − ηA)(1 − ηB) + ηA(1 − ηB) + (1 − ηA)ηB] − 1

2

)
= 1

2 + pA pB
(

1
2 − 1

2

) = 1
2 , (H7)

where for the first inequality we have used the fact that ab + (1 − a)(1 − b) � 1/2 for 1 � a, b � 1/2. �
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