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Inference of a time delay in stochastic systems
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Time delay is ubiquitous in many experimental and real-world situations. However, from measurable data it
is often unclear whether time delay plays a significant role in the dynamics, and if it does, how long the time
lag really is. This would be invaluable knowledge when analyzing and modeling such systems. Hitherto, no
universal method is available by which the time delay can be inferred. To address this problem, we propose and
demonstrate two different methods to infer time delay in overdamped Langevin systems with delayed feedback.
In the first part, we focus on the power spectral density based on the positional data and use a characteristic
signature of the time delay to infer the delay time. In limiting cases, we establish a direct relation between
the observations made for nonlinear time-delayed feedback forces and analytical results obtained for the linear
system. In other situations, despite the absence of this direct relation, the characteristic signature remains and
can be exploited by a semiautomatic method to infer the delay time. Furthermore, it may not always desirable
or possible to observe a system for a long time to infer dependencies and parameters. Thus, in the second part,
we propose a probing method combined with a neural network to infer the delay time, which requires only short
observation time series. These proposed methods for inferring time delays in stochastic systems can be valuable
tools for gaining deeper insight into the role of delay across a wide range of applications—from the behavior
of individual colloidal particles under feedback control to emergent collective phenomena such as flocking and

swarming.
DOI: 10.1103/7hsc-mmzc

I. INTRODUCTION

Time delay can have a substantial impact on a wide range
of experimental and real-world scenarios [1]. The presence of
time delay makes the dynamics of a system dependent on the
system’s history itself. In some cases, it is introduced deliber-
ately, whereas in other situations its presence is unavoidable.
A prominent example for deliberate use of delay is Pyra-
gas time-delayed feedback for the stabilization of otherwise
unstable orbits [2,3], later applied to stabilization of satel-
lite motion [4]. In experiments involving feedback control,
researchers have explicitly considered time delay in design
and modeling [5-7]. In colloidal systems exhibiting stochas-
tic dynamics, time-delayed feedback control is employed to
modify the transport properties [8,9]. Moreover, delay has
been shown to have tremendous effect on thermodynamic
observables [10-14], as demonstrated in recent experiments
[7,15].

Another area where delay is important and, at the same
time, difficult to control are systems with finite-time informa-
tion propagation. Typical examples include communication
lags while steering far objects such as satellites, the reaction
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time humans experience when reacting to an external stimu-
lus, or the time lag in experiments between processing image
data and applying the desired steering or control impulse
[16]. Moreover, time delay may have to be taken into con-
sideration in complex systems, such as in swarms [17], in
financial markets [18,19], in robotic systems [20], and in
traffic flow [21,22]. Indeed, it has recently been shown in the-
oretical studies as well as simulations that the introduction of
time delay and/or time-delayed feedback can induce intrigu-
ing emergent collective behavior. Examples range from polar
active matter with delayed interactions [23,24], and Gaus-
sian time-delayed feedback applied to Brownian particles
[25-27], to ecological systems [28], and oscillator networks
[29,30].

Stochastic systems with time delay belong to the class of
non-Markovian systems since the dynamics depends on the
systems’ state at an earlier time; i.e., it is history dependent.
Fundamentally, the time delay may be rationalized as a con-
sequence of hidden degrees of freedom. From a Markovian
embedding perspective [31], for a system with discrete time
delay, an infinite number of degrees of freedom have been
projected out [32,33]. Further, in the context of generalized
Langevin equations, discrete time delay systems can be un-
derstood as systems with a §-shaped memory kernel. Notice
that this memory kernel, however, is not related to the envi-
ronmental noise correlation [32].

Howeyver, in many experimental and real-world situations,
it is not a priori clear whether time delay plays a signifi-
cant role [16,34] or if it is present at all. Therefore, it is of
fundamental importance to investigate the presence of time
delay based on observable quantities to accurately design and
understand physical systems.
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In this study, we focus on systems with a specific delay
time rather than multiple delays or distributed delay [35]. Of
course, assuming a single discrete time delay in a real system
is a rather strong assumption. Broadly speaking, systems with
several time delays, distributed delay, or a more general mem-
ory kernel have been studied. However, there are numerous
systems where the discrete time delay assumption is well jus-
tified. In laser systems [36,37] and quantum-optical systems
[38,39], time delay originates from light traveling through
the optical setup at finite speed. Further examples include
complex networks with finite signal propagation speeds (see
Refs. [1,40] and references therein on the topics of neural and
laser networks). In other cases, one can expect a “typical” time
delay as part of a peaked distribution, e.g., when consider-
ing finite processing and reaction times. Therefore, gaining
information about the presence of time delay as well as the
“typical” or average time delay is of high value.

In recent years, ideas of parameter inference for dynam-
ical systems and equation discovery (for ordinary as well
as partial differential equations) from (noisy) data have re-
ceived considerable interest. Methods range from Bayesian
inference [41] and regression-based machine learning [42]
to the application of neural network-based techniques [43].
For some types of system, methods for identifying governing
equations [44,45] and inferring parameters for deterministic
delay differential equations and linear stochastic delay differ-
ential equations (SDDEs) [46,47], specifically time delay in
the underlying dynamics from time series data [48-50], exist.
However, those methods are typically designed for application
to deterministic systems or noisy measurement data [49]. For
fully stochastic (non)linear systems, on the other hand, to the
best of our knowledge, no universal approach for the inference
of time delay exists. Motivated by this gap, we here propose
and demonstrate, for the first time, two approaches to infer a
time delay for Brownian systems.

The first approach is based on the power spectral density
(PSD) of stochastic time series, which is often used to analyze
experimental data [51-53], including systems with anomalous
diffusion [54]. Here, we identify a characteristic signature of
time delay, namely, oscillations with a delay-specific period,
and demonstrate in a proof of concept how this signature
can be exploited to infer the delay time. To do this, we start
from Brownian systems subject to linear time-delayed feed-
back as well as specific delayed nonlinear forces, including
respective limiting cases, and then consider highly nonlin-
ear time-delayed feedback. We thereby demonstrate that the
characteristic signature carries over from systems subject to
linear feedback forces to nonlinear systems and, thus, that the
PSD-based inference approach is agnostic; i.e., it does not
rely on knowledge of the functional form of the underlying
stochastic equations of motion.

The PSD approach, however, has a drawback. A large num-
ber (typically N 2 100) of relatively long [several Brownian
times tg (defined in Sec. II)] trajectories is required to infer
the time delay with sufficient precision. In real-world appli-
cations, having to record a large number of long trajectories
may (depending on the scenario) not be desirable or not even
possible.

Given the potential difficulties, we propose a powerful
alternative approach employing a neural network. To establish

the concept, we utilize the fact that systems that involve time
delay, rather than instantaneously responding to an external
stimulus, react with some delay. Therefore, by applying a
suitable perturbation and observing the dynamical response,
we can obtain information about the underlying delay time of
the system. In order to classify the system’s response, based
on trajectory time series data, we make use of a convolutional
neural network [55,56]. Such a network can be trained to out-
put the most likely time delay for one or even several different
functional forms of the underlying delayed and instantaneous
forces. Compared to the PSD approach, the main advantage
of this approach is that the observation window (i.e., the
trajectory length) only has to be on the order of the time delay
itself, and relatively few trajectories (typically N ~ 25) are
sufficient for precise inference. In combination with state-of-
the-art computer systems, this brings the inference of time
delay in real time within the realm of possibilities.

The remainder of this paper is structured as follows. In
Sec. II, we introduce and briefly discuss the model, that is,
the stochastic delay differential equations that we use in our
analysis and in the proof of concept. We then compute and
analyze the power spectral density (defined in Sec. IITA)
for a system subject to linear time-delayed feedback in
Sec. I B. After identifying the signature of time delay in
linear time-delayed feedback systems, this signature serves as
the basis for our general PSD-based approach to the inference
of time delay. Next, after preliminary remarks (Sec. IV A)
about the treatment of nonstationary time series, we present
numerical results for linear (Sec. IV B) and specific nonlinear
feedback forces (Sec. IV C) before demonstrating PSD-based
inference for fully nonlinear systems in Sec. IV D. Subse-
quently, we move on to the perturbation-based approach to
infer the time delay, where we first discuss the characteristic
response of a system with time delay to an external pertur-
bation. To this end, in Sec. VA we study the response of
a deterministic linear system analytically using the method
of steps and show that the response persists in stochastic
systems and also carries over to nonlinear systems. We then
discuss in Sec. V B how, using this response, a convolutional
neural network can be employed to classify such perturbed
trajectories of time-delayed stochastic systems. Subsequently,
in Sec. VI we present results for time series classification
with respect to the delay time by a suitably trained neu-
ral network, demonstrating the viability and accuracy of the
perturbation-based approach. Again, we consider linear feed-
back forces in Sec. VI A as well as more general nonlinear
feedback forces (Secs. VI B and VI C) in our proof of concept.
This demonstrates the versatility of the neural network-based
classification of time series from delayed stochastic systems.
Finally, we present conclusions and an outlook to potential
applications and future research directions in Sec. VII. Details
about the simulation method, the inference procedures, data
analysis, as well as analytical details, supplementary figures,
and a brief discussion of colored noise systems with corre-
sponding numerical data are given in Appendixes.

II. MODEL

To set the stage, we consider a one-dimensional system of
a Brownian particle subject to time-delayed feedback (dFB).
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The dynamics of the Brownian particle is governed by the
stochastic delay differential equation

)/Z—); = Fapp[x(1), x(t — T)] + &(). (H
The term &(¢) represents Gaussian white noise, with zero
mean and correlation function (£(¢)&(t')) = 2ykgTé(t —t'),
where kg7 (with kg being the Boltzmann constant and T
the temperature) is the thermal energy. (We here focus on
Gaussian white noise for simplicity. However, Appendix D
discusses the applicability and numerical results based on
the methods introduced below for systems with exponen-
tially correlated noise.) The time-delayed feedback force,
Fars[x(t), x(t — 7)], depends on the instantaneous position of
the particle x(¢) and the earlier position x(+ — ), where T
represents the delay time. Instead of an initial condition, as
it is required for nondelayed systems, the SDDE is comple-
mented with an initial history function ®(¢) containing the
particle’s position for ¢ € [—t, 0]. In principle, the SDDE can
additionally include the force Fi,q[x(¢)] that depends only on
the instantaneous position x(¢). In what follows, we take the
particle diameter o as a length scale and the Brownian time
8 = 02/D as a timescale (with the bare diffusion constant
D =kgT/y).

A. Linear feedback force

For our analytical considerations, we focus on a linear
time-delayed feedback force Fypp of the form

Fi, = _vxvquad[x(t)’x(t - ‘[)]
= —lkax(t) — kpx(t — 7)]. @)

The corresponding delayed feedback potential, Vquad, can most
intuitively be understood in the limit k, = k;, where it re-
duces to a harmonic potential centered at the earlier position
x(t — 7). When k, # k;, the feedback force can be understood
as competing instantaneous and delayed forces, where the
dominant force is determined by the ratio of parameters k,
and k. Systems subject to such linear feedback forces have
been studied extensively both, in deterministic [2,4,57,58] as
well as stochastic systems [10,12,13,57,59]. In the context
of deterministic dynamical systems, stability analysis is one
of the central points of interest (see, e.g., Refs. [58,60]) and
it has, for example, been shown in an early application that
time-delayed feedback can be used to stabilize otherwise
unstable orbits [2,3]. On the other hand, stability is also a
central feature of stochastic systems and typically connected
to stationary or steady states. For the present class of feedback
forces, stability has been assessed for different parameter
regimes [57] as well as in terms of extensions of the model
[35]. Here, we distinguish two cases in terms of stability.
First, we consider the case when 0 < k;, < k,, which we refer
to as attractive feedback. Specifically, attractive feedback is
marginally stable for k, = k;, (attractive harmonic feedback)
[11,61], implying a constant mean position but a growing
positional variance and, thus, a nonstationary time series in
the language of time series analysis. Otherwise, it is stable
[35,57], i.e., both positional mean and variance are constant
in the long-time limit.

Second, the case when k, < 0 and k; < 0, we call repul-
sive feedback. Repulsive feedback exhibits a more complex
stability behavior. In the marginally stable case, when k, = k;
(repulsive harmonic feedback), there exists a threshold value
kinresh (T) = y /7 in the parameter space (with respect to |k,|
and |kp|) [62] above which the feedback forces diverge (as
expected for a force derived from an inverse parabola). Below
this threshold, when |k,| = |kp| < kinresn(T), the system ex-
hibits enhanced diffusion [62] or even transient superdiffusive
behavior [61,62], depending on parameter combinations and
the distance from the threshold. In the present article, we study
the repulsive system only for parameter combinations be-
low kinresh. Furthermore, when |k, | < |kp| < kinresn () and 7 <
arccos(—k,/ky)/Vki — k2, the system assumes a stationary
state [57]. These conditions are satisfied in our considerations
for repulsive feedback.

B. Nonlinear feedback forces

Among the broad class of nonlinear feedback forces, we
here discuss two examples that have been studied in other
contexts. Importantly, linearization of these forces yields the
form given in Eq. (2).

The first force is based on a hyperbolic tangent function
(see Ref. [8] for a similar feedback force in the context of
feedback-controlled transport and Ref. [63] for a nondelayed
system) that depends on the difference between instantaneous
and delayed positions,

Fanh = —Atanh[B(x(t) — x(r — 7))]. 3

This feedback force can be linearized for small magnitudes of
B and/or small 7 (in the spirit of a small delay approximation
[64,65]), recovering the attractive/repulsive harmonic feed-
back system discussed above (Sec. Il A). In its nonlinear form,
it has the advantage of only producing finite feedback forces
as opposed to the linear feedback force [Eq. (2)] introduced in
Sec. ITA.

Second, Gaussian time-delayed feedback has been shown
to cause peculiar behavior and unusual features when applied
to colloidal particles [7], most significantly persistent motion
above a threshold in parameter space [7,62]. Here, we con-
sider the force

FGauss = — Vi Vgauss[x (1), x(t — 7)]

B()-x(—0)?
- 2

SO -xt-ole T @

where for a > 0, Vgauss 18 @ repulsive Gaussian delayed feed-
back potential as studied, e.g., in Refs. [7,25,62].

To understand the impact of Fg,ygs, We first consider Eq. (1)
with the feedback force [Eq. (4)] in the absence of a heat bath
(i.e., temperature T = 0). Above a threshold in the parameter
space, i.e., at/(yb*) > 1 [62], the described particle moves
at a constant velocity vy, in the long-time limit [62] given a
nonzero initial history function.

In the stochastic system, above this threshold, persistent
motion is observed at intermediate times, while the feedback
leads to enhanced diffusion in the long-time limit. Further,
below the threshold to persistent motion, i.e., at/ (ybz) <1,a
Brownian particle subject to repulsive Gaussian time-delayed
feedback exhibits enhanced diffusion [62].
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Linearizations of the repulsive Gaussian feedback force
[Eq. (4)] [leading to variants of the two marginally stable
linear feedback force systems discussed above; Sec. I A,
Eq. (2) with k, = k] are possible for two cases (when b
is fixed). First, for small displacements [and at /(yb?) < 1],
we recover a repulsive harmonic feedback force [62] (see
Appendix A 1a). Second, for the case where the particle
exhibits persistent motion [62] (see Appendix A 1b), the
linearization can be understood as a comoving attractive har-
monic feedback trap.

III. POWER SPECTRAL DENSITY
APPROACH—METHODOLOGY

In this paper, our main objective is to infer the time delay
from noisy data. In the present section, we introduce and
discuss the power spectral density approach.

A. Definitions

The power spectral density [66,67] is a well-established
quantity for the analysis of noisy (measurement noise) or fully
stochastic (e.g., Brownian) systems. It is frequently used in
experimental and theoretical studies [51-54,68-72] as well
as a wide range of (engineering) applications (e.g., signal
analysis [67,73]). Its main advantages are accessibility (i.e.,
it can be directly applied to measurement data and computed
using fast algorithms [74] such as the fast Fourier transform
[75]) and robustness with respect to noise.

In the context of linear time-delayed feedback, the PSD has
previously been defined and computed based on correlation
functions [64] and in the context of response theory [76,77]
(see also Appendix A 2). We here focus on a different defini-
tion (often used in signal analysis [67]). It reads

L .
S@) = lim =|Z@)P, )

where 7 is the trajectory length, Z is the Fourier transform
of a stationary time series Z(¢) (i.e., with mean and variance
approaching a constant value), and w is the frequency. Here,
we used the following definition for the Fourier transform:

+00
flo) = / dte ™ f(1). (©6)

[e¢]

For a stochastic time series Z(t), the power spectral density
(5) is a fluctuating quantity. To ensure that the data are suitably
smooth for the purpose of inference of the delay time, we
consider the noise-averaged power spectral density (from this
point we use the acronym PSD as a shorthand notation for this
quantity). It is defined as

_ 1 1 2
PSD = Tlgnoo?(lz(w)l )s @)

where (- - - ) indicates an ensemble average over noise realiza-
tions. To compute the PSD, we evaluate the ensemble average
before taking the limit 7 — oco. Swapping the average and
the limit is possible as long as each trajectory is sufficiently
long.

1@
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FIG. 1. Power spectral density as a function of the frequency
w for a Brownian particle subject to linear time-delayed feed-
back [Eq. (2)] at T = 0.157p. Solid/dashed lines: Analytical result
[Eq. (10)] [panel (a)] and the PSD multiplied by «? [panel (b)],
for different values of k,;,. Black solid curve represents a harmon-
ically confined Brownian particle without feedback [i.e., kK, = 0 in
Eq. (10)]. Dash-dotted gray vertical lines: Approximate inflection
points at w = 2n/t with n € N. Dotted black vertical lines: Ap-
proximate maximum for k,, > 0 at w = 37 /(2t) + 2nn/t forn >
1, where n € N.

B. Linear systems

Explicit results for the PSD can be obtained for the linear
time-delayed feedback [Eq. (2)] where k, and k;, are chosen so
that the system is stable or marginally stable. For the repulsive
case (k,, < 0), we choose the feedback parameters such that
we stay below the threshold to instability, i.e., |k,| < |kp| <
kinresh (T) = y/T. Above the threshold, the system is unsta-
ble (resulting in a nonstationary time series due to diverging
forces), and, thus, the PSD is not defined.

We are interested in the PSD (7) with Z = %. The Fourier
transform of the linear dynamics [Eq. (1) with Eq. (2)] reads

yiod(w) = —(k, — kye D)X () + & (o). ®)

Solving for ¥(w), we get

3 (o)
= — 9
M) yiw + k, — kpe™'T ©
Substituting Eq. (9) in Eq. (7), we obtain
2ykgT
(S(@)in = —— . > —.
Y2iw* =2y kyw sin(wt)—2k.ky, cos(wt)+kZ + k;

(10)

Figure 1 shows analytical results [Eq. (10)] for the PSD of the
linear system for different k,, k;, and fixed t.

We first consider the limit k, = 0 in Eq. (10), i.e., no feed-
back. In this case, and if k, > 0, the expression takes the shape
of the PSD of a Brownian particle in a harmonic trap of stiff-
ness k,. It follows that (S(w)) i, = ﬁ%‘fk‘%, which decreases
as 1/w? in the large-frequency limit (see the nonoscillatory
black solid curve in Fig. 1). (We note here that for k, < O,
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FIG. 2. Power spectral density as a function of the frequency
w for a Brownian particle subject to linear time-delayed feedback
[Eq. (2)] for k, = 0.5k, > 0. Solid lines: Analytical results [Eq. (10)]
[panel (a)] and the PSD multiplied by w? [panel (b)] for different
values of the delay time 7. Dash-dotted vertical lines: Approximate
inflection points at w = 2zwn/t with n € N. Dotted vertical lines:
Approximate maximum at w = 37 /(2t) 4+ 27 n/t for n > 1, where
neN.

the particle is subject to an instantaneous repulsive harmonic
potential, which yields instability.)

When introducing time delay, i.e., T > 0, the t-dependent
oscillatory terms (sin and cos) in the denominator of Eq. (10)
come into play. As a consequence, the PSD and, even more
clearly, the function w?PSD [that is, Eq. (10) multiplied by
®?*] show oscillatory behavior, in contrast to the harmonically
trapped particle (see Fig. 1). Oscillations induced by time
delay are not unexpected. In deterministic systems, this can
be an oscillating position, while for stochastic systems one
would expect oscillations in the mean square displacement
[61] or other correlation functions [12,76,77]. Furthermore,
for similar linear feedback force systems, we know that at
least in stationary states, oscillations can also occur in the PSD
(see, e.g., Ref. [64]). Here, we analyze the oscillations in the
linear system as a reference for our subsequent investigation
of the nonlinear case.

From Fig. 1, one can observe that the minima and maxima
for k,, > 0 and k,;, < O are offset by half an oscillation
period, where the offset is a consequence of the sign change
in the prefactors of the trigonometric functions [Eq. (10)].

Importantly, the specific choice of the parameters k,, 5, only
influences the small frequency behavior (see Appendix A 3 for
an analytical consideration of this limit and Appendix A 4 for
the special case of a harmonic feedback system) but does not
affect the oscillatory part of the PSD on which we concentrate
from now on.

To illustrate the t dependence of the oscillations, we
present the PSD and the function w*PSD at different values of
the delay time (color coded) in Fig. 2 for a system with k, >
kp > 0. While the term 2k,k; cos(wt) in Eq. (10) has a max-
imum magnitude of |2k,k;|, the magnitude of 2y kyw sin(wt)

0O 25 50 75 100 125 150
wTB

FIG. 3. The derivative of PSD [Eq. (10)] (i.e., 3/dw[w*PSD(w)])
as a function of w. Here, k, , > 0 and k, # k. Dotted horizontal line:
Guide for the eye to indicate the zero crossings of the blue solid
curve. Dash-dotted vertical line: Approximate inflection points of
@?’PSD at w = 27n/t, for n € N. Dotted vertical line: Approximate
maxima of w?*PSD at w = 37 /(21) + 2mn/T.

grows with w. Therefore, as w grows, specifically when
w > k,/y, the term 2ykywsin(wt) [in Eq. (10)] becomes
dominant. Indeed, we observe from Fig. 2 that the value
of the delay time determines both, the location of the
maxima and minima and the oscillation period. The first
minimum/maximum after the sine term becomes dominant is
the first relevant maximum/minimum for attractive/repulsive
feedback. It is located at approximately @ = 37 /(27). For
o > k,/v, the oscillation period [due to the periodicity of
the sin and cos terms in Eq. (10)] is given by Aw = 27 /7 in
frequency space (dotted and dash-dotted vertical lines of the
same color indicating the approximate location of the maxima
and inflection points, respectively). We refer to this behavior,
i.e., oscillations with period Aw = 27 /7 occurring at large w,
as the signature of time delay.

For longer delay times, we observe from Fig. 2 a shift of the
delay-time-dependent positions of the minima and maxima to
smaller frequencies and a shorter oscillation period, consistent
with the prediction. Thus, the specific oscillatory behavior and
delay-time-dependent oscillation period Aw = 27/t can, in
principle, be used to infer time delay without exact knowledge
about the other parameters in the system or fitting simulation
data with the analytical result.

To extract the positions of the maxima and minima in the
frequency space, it is instructive to consider the derivative of
@’PSD with respect to . This is depicted in Fig. 3 for the
case k,, > 0. The zero crossings correspond to the positions
of the minima and maxima. For k,;, > 0, the maxima of
®*PSD, which are roots of 3,[w?*PSD], are located at w ~
37 /(2t) + 2nn/t (dotted vertical lines in Fig. 3) while the
minima are offset by 7 /7. The inflection points of w?PSD
(maxima in Fig. 3) are located at w ~ 27wn/t, n € N (indi-
cated by dash-dotted vertical lines). We observe from Fig. 3,
specifically from the second set of vertical lines at wtg ~ 75,
that the approximation is in good agreement with the actual
positions of the roots and maxima of d,[w?PSD], while for
the first zero crossing and maximum there is still a significant
deviation. At those frequencies, the term containing cos(wt)
is not negligible.
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IV. POWER SPECTRAL DENSITY
APPROACH—NUMERICAL RESULTS

We now discuss numerical results (based on trajectories
from Brownian dynamics (BD) simulations, see Appendix B 1
for details) for the PSD for various types of SDDEs. We first
benchmark the numerics by considering strictly linear sys-
tems. We then proceed by considering the specific nonlinear
systems introduced in Sec. II B, where linear approximations
recover harmonic attractive/repulsive feedback systems. This
allows us to obtain first insights into the impact of nonlinear-
ity. Finally, we move on to more general nonlinear systems
to see how the oscillations can be used to infer the delay
time without explicit knowledge of the functional form of the
underlying forces.

A. Preliminary remarks

For the computation of the PSD, it is crucial that the
underlying time series is stationary (see Appendix B2 for
detailed discussion on this topic), which means that mean
and variance of Z(t) in Eq. (7) have to approach constant
values, each as a function of time. Already a simple passive
Brownian particle does not fulfill this requirement, since its
positional variance grows in time. Similarly, the marginally
stable linear feedback system effectively exhibits diffusive
behavior in the long-time limit. To overcome this problem,
we apply the differencing method (see Appendix B2), i.e.,
we compute the PSD of the positional difference time series
{x()} = {x(t + dt)} — {x(¢)} for small dt, instead of the posi-
tion itself. As a rough analogy, this method can be understood
as “taking the discretized derivative” of the positional data
with respect to time. After applying the Fourier transform
and dividing by dt as well as by the frequency (recall that
derivatives become algebraic factors under the Fourier trans-
form), this leaves us with the correct Fourier transform of the
position, which can then be plugged into Eq. (7). Not applying
this technique would lead to a significant deviation between
numerical results and analytical prediction, which becomes
particularly severe for the (nonstationary) repulsive feedback
case, as shown in Appendix B 2, Fig. 12. For consistency, we
apply the same procedure to all of our data, even for systems
that are stationary in the long-time limit.

B. Linear systems

Figure 4 presents numerical results based on Eq. (1) with
a feedback force as in Eq. (2) in the absence of additional
instantaneous forces. As before, we distinguish attractive
feedback [Fig. 4(a)] and repulsive feedback [Fig. 4(b)]. In
the regime wtg 2 1, we find almost perfect agreement with
the analytical prediction for all cases considered. Only at
small frequencies and k, # k;, we observe a deviation from
the analytical predictions. The deviation can be shifted to
smaller frequencies by using longer trajectories. We therefore
understand this behavior as an effect connected to the finite
length of the trajectory used to compute the PSD.

C. Nonlinear feedback systems and their linear approximations

Now we turn toward the nonlinear systems based on the
hyperbolic tangent [Eq. (3)] and Gaussian feedback forces

100
& 107!
~
5
-2 |
:‘3 10
3
1073
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b
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FIG. 4. Comparison of analytical power spectral density (solid
gray curves) [Eq. (10)] with numerically simulated noise-averaged
PSD as a function of frequency w for the linear system (2) at T =
0.157. (a) k,p > 0. (b) kyp < 0, where we take |ky| < Kinresn(T) tO
ensure finite feedback forces. Vertical dotted gray lines: Approxi-
mate analytical locations of maxima/minima for attractive/repulsive
feedback. Numerical results are obtained by noise averaging over 400
noise realizations.

[Eq. (4)] that reduce to attractive/repulsive harmonic feedback
systems (discussed in Sec. IIIB) in certain limits. Our goal
here is to investigate whether the oscillatory behavior persists
in nonlinear systems and under what conditions deviations
from linear behavior are observed in w?PSD. Numerical data
for w?*PSD are presented in Fig. 5. Solid lines represent an-
alytical results obtained for the different limits discussed in
Sec. II B and Appendix A 1b.

First, we consider the hyperbolic tangent feedback force
[Eq. (3)]. Figures 5(a) and 5(b) present numerical data of the
PSD and the corresponding analytical approximations based
on the attractive harmonic feedback system [Eq. (2) with
kq = kp > 0], for different T and A, respectively. For both
cases, we observe good agreement between numerical data
and the analytical prediction for larger w (i.e., wtg = 10 in
Fig. 5), especially with respect to the oscillations. For small
w, we observe noticeable deviations from the analytical linear
prediction. These deviations grow as t is increased or A is
decreased. This is because we are approaching the limit where
the linear approximation becomes invalid. Similar to linear
systems (Fig. 2), we find for this nonlinear system that the
delay time determines the oscillation period, as well as the
location of the minima and maxima.

Moving on to the system subject to Gaussian time-delayed
feedback [Eq. (4)], we have to distinguish two limits based
on the deterministic threshold, i.e., at/ (ybz) = 1. Far be-
low this threshold (in particular a = 2kg7T and a = 3kgT),
in the limit of small displacements the feedback force can be
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FIG. 5. Comparison of numerically simulated (colored points,
obtained from averaging over 400 noise realizations) power spec-
tral density of nonlinear systems with the linear approximation
(solid/dashed curves). (a) tanh feedback force for various t; solid
curves: linear approximation with k, =k, = 10kgT /0. (b) tanh
feedback force [Eq. (3)] for different A; solid curves: linear ap-
proximation with corresponding k, = k;, > 0. (c) Gaussian feedback
force [Eq. (4)]; solid (dashed) curves: analytical result for the linear
approximation with repulsive harmonic feedback (k, = k, < 0) and
modified attractive harmonic feedback for the constant velocity state
[see Appendix A 1b, Eq. (Al) for more details]. (a) B =1/0. (b),
(c) T = 0.157g. Vertical gray dotted lines: Approximate locations
of maxima/minima according to the analytical result for the linear
system in panels (b) and (c).

approximated as a repulsive harmonic feedback [62]. On the
other hand, for feedback parameters far beyond the threshold
to persistent motion (A = 55kgT and A = 85kgT'), the particle
can be considered as moving at an approximately constant ve-
locity while being subject to attractive harmonic feedback [62]
(see Appendix A 1b). From Fig. 5(c), far above and below
the threshold, we see agreement between the data obtained

by numerical simulations of the full nonlinear problem and
the expression Eq. (10) and the result based on Eq. (A4),
respectively. Particularly, we observe oscillations with the
same characteristics as in the linear system. Only at low fre-
quencies, i.e., before the onset of oscillatory behavior, do the
simulation data deviate from the analytical approximation.

Interestingly, as we approach the threshold, at /(yb*) = 1,
from above or below (a = 6kgT and a = 25kgT) we see a
significant deviation from the analytical prediction at small w,
indicating that the simple linear approximation is no longer
valid but a crossover behavior becomes relevant. However, the
locations of the maxima and minima remain unaffected, from
which we interpret that the signature of time delay persists
even outside the linear regime.

From the results discussed so far, we conclude that the
characteristic oscillations with period Aw = 27 /T are robust
against variation of the feedback force, even in the nonlinear
regime.

D. General nonlinear time-delayed feedback

We now turn our attention to general nonlinear feedback
forces and nonlinear instantaneous forces.

While for the previously discussed systems, in principle, a
fit with the exact analytical expression is a way to extract the
delay time, for a more general functional form there may not
be a direct correspondence.

However, we can make use of the observation for the
linear system that, at large w, the minima and maxima are
Aw =~ 21 /T apart. We hypothesize that oscillations with this
oscillation period can also be found in the function w?PSD of
nonlinear systems; i.e., the signature of time delay carries over
from linear to more general nonlinear systems. On this basis,
we can design a numerical procedure based on a polynomial
fit in order to extract the positions of the minima and maxima
in frequency space from numerical data and subsequently
compute an approximate inferred delay time (for details of
the procedure, see Appendix B 3).

In the following, we present numerical results where we
apply this procedure to three combinations of nonlinear feed-
back forces and nonlinear instantaneous forces.

The corresponding SDDEs read

yx(t) = —ax®(t) + bx(t) — cx(t — 1) + £(1), (11)
yi(t) = —ax>(t) + bx(t) — cx*(t — 1) + £(2), (12)

yx(t) = —acos[x(t)] — b+ ccos[x(t — )]+ &(). (13)

Figure 6 presents exemplary fits of the resulting function
»’PSD including the obtained positions of the minima and
maxima, which were used to infer the delay time. The ex-
tracted locations of the minima and maxima are in good
agreement with the data as shown in Fig. 6, where the ex-
tracted locations are marked as circles.

Table I summarizes the inference results, where we com-
pare true t and inferred delay times Tiyferreq fOr simulation data
based on Egs. (11), (12), and (13) for three different delay
times.

Overall, we find robust and accurate inference results for
various delay times with an uncertainty on the order of 1%
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FIG. 6. Numerically simulated PSD (red) as a function of w for
nonlinear systems (11) [panel (a)], (12) [panel (b)], and (13) [panel
(c)]. In each panel: Polynomial fit (blue) using the quartic splines
and automatically extracted positions (cyan circles) of maxima and
minima using the roots of the derivative of the polynomial (see
Appendix B 3). See Table I for the corresponding inference results.

or less. The accuracy of the inference is similar for the dif-
ferent linear and nonlinear feedback and instantaneous forces.

TABLE I. Delay times Tiyferrea in units of tg inferred from PSD
with 1 standard deviation as uncertainty: (a) Data corresponding to
Eq. (11) with a = 10kgT /o* and b = ¢ = 10kgT /o%; (b) data cor-
responding to Eq. (12) with @ = 10kgT /o*, b = 10kgT /5%, and ¢ =
20ksT /o3; and (c) data corresponding to Eq. (13) with a = 10k T /o,
b=5kgT /o, and ¢ = 20kgT /o

(a) Equation (11) (b) Equation (12) (c¢) Equation (13)
T Tinferred T Tinferred T Tinferred

0.1  0.100£0.002 0.1 0.101 £0.001 0.1 0.100+£ 0.005
0.15 0.151+£0.001 0.15 0.152+£0.003 0.15 0.149 £0.003
03 0.303£+0.014 0.3 0.301£0.009 0.3 0.300=0.007

Crucially, for the described procedure, knowing the functional
form of the forces (instantaneous and delayed) is not required.
Therefore, this procedure can be applied to a wide range
of systems with discrete time delay. Furthermore, the proce-
dure is not limited to Gaussian white noise systems only. In
Appendix D, we present numerical results for systems with
exponentially correlated noise (see Fig. 16 and Table III).

V. PERTURBATION AND DEEP LEARNING-BASED
APPROACH—METHODOLOGY

Up to this point, we have demonstrated that the power spec-
tral density features a characteristic signature of time delay
for a broad class of feedback forces (linear and nonlinear) in
stochastic systems. This allowed us to infer time delay even if
the exact functional form of the underlying forces is unknown.
As a drawback, this methodology requires a large number
of long trajectories. This can be a challenge in experiments,
where one may only have fewer and shorter trajectories at
ones disposal.

To circumvent this issue, we here propose an alternative
procedure to infer time delay. This procedure is based on the
observation of the response of the system under the influence
of a perturbative force. Broadly speaking, for a delay-driven
system subjected to a perturbation, we expect the system’s
response to occur not instantaneously but rather with some
delay, as we shall see explicitly in Sec. V A. Assuming the
perturbation to be a force that is applied instantaneously and
that is sufficiently strong (i.e., strong compared to noise, feed-
back forces, and instantaneous forces), we expect a distinct
delayed reaction, a characteristic response, as we explain in
detail in the following.

A. Characteristic response of a system
with time delay to a perturbation

To develop an analytical understanding of the character-
istics of the response, we take one step back and consider a
deterministic system (i.e., the limit 7 — 0) with linear time-
delayed feedback force and an additional perturbative force
Foerurn (2). Its equation of motion reads

yx = —[kyx(t) — kpx(t — T)] + Fperturb(t)- (14)

Intuitively, in the limit k, = k, > O (attractive harmonic),
the linear feedback force can be understood as the con-
sequence of a delayed harmonic potential centered at
x(t — 7). Figure 7 shows its schematic representation. We
assume that the particle was at rest at x(¢) = 0 in the time in-
terval t € [—T, 0]. We then apply a perturbative force, Fperturb,
starting at t =0 for a duration Tperu, > T. The particle
will first be confined to a harmonic potential centered at
x(t — ) = 0. Following dynamics (14) after ¢+ = 7, the de-
layed position x(r — t) (and hence the location of the
harmonic trap) will also start to change, resulting in a change
in dynamical behavior. To make analytical progress, we now
assume a perturbation protocol given by a step function, i.e.,
Foerurn (1) = FO(t), where O(t) is the Heaviside function. We
calculate the dynamics resulting from Eq. (14) using the so-
called method of steps [78]. This method can be used to obtain
an analytical solution in intervals of one delay time iteratively,
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FIG. 7. Schematic depiction: A particle (dark blue circle), sub-
ject to attractive harmonic time-delayed feedback with feedback
force [Eq. (2)] for k, =k, > 0 in one dimension. The feedback
potential is centered at the delayed position x(t — t) (i.e., at the
fainted blue circle). A perturbing force Fyerur 18 applied [Eq. (14)].

provided that the history function ®(¢) containing the posi-
tion of the particles in the previous time interval is known,
ie., ©@) =x() for t € [ty — 7, ty]. Formally, the piecewise
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Similarly, the particle’s position x(¢) can be evaluated for r >
to + 7 iteratively. However, for our analytical considerations,
we focus on the dynamical behavior during the first two delay
times 7 after switching on the perturbation at r = 0.

We assume that the initial history function represents a par-
ticle at rest in position x = 0, i.e., we choose ®(¢) = x(¢) =0
for t € [—7, 0] (which can easily be realized by pinning the
particle). The analytical expressions for the position as a
function of time during the time interval [—7, 27] following
Eq. (15) then reads

—T<t<0,

0<1 <1, (16)

kat

X
ka (4 kat
5[2—677 —e 7T ke —r)], T <t <21

b
14

For reasons that will become clear later, we also take the time derivative of this piecewise solution (16), yielding

0, -t <t <0,

) F -~k

x@t)=141y¢ 7> 0<r<rt, a7
Flke, =% |k —%0-7) _ k%
k_a[7e 12 +7e 12 —761/], T<t<2‘f.

One first observation from Eqgs. (16) and (17) is that the
piecewise solution (16) and also its derivative (17) are pro-
portional to the perturbative force F. Thus, in the absence
of a perturbative force, the particle stays at rest at the initial
position x(0) = 0, as expected in the deterministic case.

Second, Egs. (16) and (17) directly reveal the role of the
delay time t. Indeed, in the first interval [0, 7], the system
behaves as if there was no delay at all. This changes when we
consider the regime ¢ > t: While the first term encodes the
system’s instantaneous reaction to the applied perturbation,
the second and third terms can be understood as the time-
delayed response. Those terms can lead to a significant change
in dynamical behavior, where for each specific 7 the first
change in dynamical behavior occurs immediately at t = t.
This means (given a zero history) that from this point on
memory effects become important.

Figure 8 presents corresponding exemplary numerical data
including the analytical results from Egs. (16) and (17). We
perturb the system by applying a constant force to the particle
starting at t = 0 for a duration Tpequn, Which has to be, at
least, longer than one delay time (i.€., T < Tperurn) and observe
the system. The observation continues after the perturbation
is set to zero at t = Tperury for a further duration of Tperqur
[Fig. 8(c)]. We see from Fig. 8 that after applying the per-
turbation, but also after the perturbation is set to zero, there

(

is a characteristic change in dynamical behavior after one
[indicated by color-coded vertical dotted lines in Figs. 8(a)
and 8(b)]. This change consists in “kinks” and other deviations
from a system without delay. We also find that the change is
most distinct in x [Fig. 8(b)], even though this is not immedi-
ately obvious from the analytical expression (17). Importantly,
such a characteristic response is not limited to linear systems
but carries over to more complex nonlinear instantaneous and
delayed forces; see Fig. 14 (Appendix) for exemplary data.

But how can this knowledge be exploited in a noisy Brow-
nian system with time delay? Does the characteristic response
described before carry over to noisy systems? To this end, in
Fig. 8(d) we show how a linear stochastic system based on
feedback forces as in Eq. (2) reacts to a perturbation by a
constant external force [Fig. 8(e)] following a step protocol,
where we consider the discretized derivative of positional
data. We observe that also in the noisy data the characteristic
response of a system with time delay (black lines represent the
deterministic response) becomes apparent [Fig. 8(d)].

In summary, inspecting Figs. 8 and 14, we notice that all
observed systems herein show a characteristic response whose
details are unique to the specific functional form of the forces
involved. In particular, a characteristic response is also present
and visible in systems with nonlinear delayed and instanta-
neous forces. We emphasize that it is important to have a
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FIG. 8. Effect of a perturbation on deterministic [panels (a)—(c)] and stochastic systems [panels (d) and (e)]. (a)—(c) The particle subject to
attractive harmonic time-delayed feedback and external perturbation [Eq. (14)]. Red dashed lines: Analytical solutions for position [Eq. (16)]
[panel (a)] and velocity [Eq. (17)] [panel (b)] up to t = 2t for 7 = 0.1 and up to the end of the perturbation for ¢ = 0.15. Dash-dotted vertical
line indicates end of perturbation; dashed gray vertical lines represent the beginning and end of observation; and vertical dotted lines (color
coded) serve as a guide for the eye at one delay time t after the onset, and then, after the end of the perturbation. Panel (d) shows the discretized
“velocity” v, norm after noise averaging over 25 realizations, applying a simple moving average over three time steps and normalization with
the maximum velocity v, as a function of time during the observation window; the deterministic velocity [black, from panel (b)] is shown
as a reference. Dotted vertical lines serve as a guide for the eye at t = 7 and t = Tyeu, + 7. (€), (€) The perturbing force Fperu as a function
of time. The system is perturbed for a duration of e, = 0.25 > 7 [panels (a)—(c)] and Terus = 0.2578 > T [panels (d) and (e)], and the

observation continues for another Tpery-

sudden onset of a sufficiently strong perturbing force to cause
a sufficiently strong reaction, compared to noise in stochastic
systems. Crucially, and in contrast to the PSD-based approach
to inference, instead of observing the trajectory for a long
time, the necessary observation duration only has to be on the
order of the time delay itself.

Now the question remains, how this feature of systems with
time delay can be used to infer the delay time, specifically
in noisy Brownian systems. Depending on the parameters,
it can be challenging to visually distinguish the character-
istic response from noise, despite an average over noise
realizations. (In Appendix B 7, Fig. 15, trajectory data for non-
linear systems are presented to give the reader some intuition
concerning the complexity of responses and the obfuscation
of the change in dynamical behavior through thermal noise.)
To this end, we propose the use of a neural network to classify
trajectories, or rather stochastic time series, in terms of the
underlying delay time. We introduce this technique in the
following subsection.

B. Convolutional neural network—time series classification

One popular approach for classification of time series data
is to employ a supervised machine learning algorithm using
(deep) convolutional neural networks [55,56]. The idea behind
this approach is to train the network on labeled training data.

A simple analogy can be found in image classification,
where a network is fed labeled images of cats and dogs.
Here, the goal is to correctly classify cats as cats and dogs
as dogs. For this purpose, the weights and biases within the
network are iteratively updated during training. The objec-
tive in training is to minimize an appropriate loss function
and, at the same time, maximize classification accuracy.

This simple binary example can, of course, be extended
to many more, even related species (e.g., distinguish be-
tween dog and wolf), making the classification more fine
grained.

Here, we use this idea to classify one-dimensional time
series data (where the time series was produced by applica-
tion of the perturbation method described in Sec. V A and in
Appendix B 4) in terms of the underlying delay time. We make
use of the characteristic response of a system with time delay;
that is, we assume that the r-dependent change of dynamical
behavior within the time series is a feature the neural network
can be trained on. We focus on the discretized derivative of the
positional data as shown in Fig. 8(d). In addition to the more
distinct response compared to that seen in x(¢) [see Figs. 8(a)
and 8(b)], this quantity has the advantage that standardization
and normalization (see Appendix B 4) are significantly better
achievable compared to pure trajectory data.

Figure 9 depicts schematically a simplified network ar-
chitecture for the classification task. It consists of an input
layer, which receives the data obtained from the perturbation
method in terms of the discretized derivative. Several hidden
convolutional and pooling layers follow. The weights and
biases associated with the connections within this part of the
network are modified in training to minimize an appropriate
loss function. Finally, the hidden layers are connected to the
output layer, where a softmax activation function is used such
that the values of the output layer represent a discrete proba-
bility distribution P(7) (see rightmost part of Fig. 9) over an
array of T,ode, 1.€., the delay times used in training. In other
words, each node of the output layer represents one specific
delay time o corresponding to one of the delay times the
network was trained on. The node can assume probability val-
ues P(t) between zero and one with Zr,mdc P(t) = 1. Details
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FIG. 9. Visualization of time series classification through convo-
lutional neural networks. Time series data (discretized derivative, see
Appendix B 4 for the input data preparation) are fed into the neural
network via the input layer. Then, the data go through a sequence of
convolutional and pooling layers. In our specific architecture, before
the second last layer the network is flattened to be one-dimensional
and subsequently fed to the last hidden layer, a densely connected
layer. Finally, a densely connected layer is used as an output layer,
where a softmax activation function is employed, in order to return a
probability distribution for an array of different 7,44e. The result is a
classification of the time series in terms of delay times.

on network architecture, hyperparameter tuning, and training
are given in Appendix B 5. For more information on how to
train, test, and predict parameters using the convolution neural
networks, see Refs. [55,56].

When training the network, we choose a range of delay
times as well as a range of remaining parameters. For the
linear system, this implies a large number of combinations of
the parameters k,, k;, and 7, i.e., each parameter set consists
of a tuple (Tpoge, ku, k»), Where all are discrete values within
the parameter range. The delay times are represented in the
output nodes of the neural network. For each 1,04, the training
is then carried out for many combinations of the remaining
parameters. This makes the inference results robust, with the
consequence that the specific combination of parameters is
of minor importance for the inference accuracy of the trained
network [56].

Since the goal is to be able to infer time delay from noisy
time series data, we train the network on several noise real-
izations for each of the parameter combinations. Specifically,
we employ on the order of 100 realizations depending on the
complexity of the involved delayed and instantaneous forces.

VI. PERTURBATION AND DEEP LEARNING-BASED
APPROACH—NUMERICAL RESULTS

In the following, we discuss results of the perturbation-
based approach to infer time delay using neural networks for
the trajectory data obtained from Brownian dynamics simula-
tions (see Appendix B 1 for details).

We will first focus on inference by means of a con-
volutional neural network trained on a linear time-delayed
feedback force [see Eq. (2)]. With this network, we infer
time delay for trajectory data obtained from numerical sim-
ulations of the linear feedback force [see Eq. (2)] as a proof of
concept. Subsequently, the tanh feedback force [see Eq. (3)]

is considered to demonstrate that the network trained on a
linear feedback force is able to generalize. In principle, the
perturbation-based approach to infer time delay using convo-
lutional neural networks trained on linear feedback forces may
also be applicable to other systems that exhibit a stationary
or nonequilibrium steady state such as Gaussian time-delayed
feedback [Eq. (4)]; however, an extensive analysis is beyond
the scope of this study.

Finally, we will discuss the inference results obtained from
a convolutional neural network trained on trajectories based
on Egs. (11)—-(13). We use the trained network to classify
trajectory data obtained from numerical simulations of the
same equations of motion. In this way, we demonstrate that it
is possible to train such a neural network on several functional
forms of the (nonlinear) delayed and instantaneous forces
simultaneously while maintaining similar prediction accuracy
as before. In practical applications, this allows for inference
despite not knowing the exact dynamics beforehand.

A. Network trained on linear model applied to linear force data

For our numerical study, we first consider the attractive
linear feedback force system based on Egs. (1) and (2) with
k, = k;, > 0. Here, we use a neural network that was trained
on the same model to infer time delay. In Fig. 10(a), we
show inference results represented by the probability distribu-
tion P(t) (see Sec. V B). We averaged over the classification
probabilities for different values of the parameters k, and
k; at each data point, as well as over ten noise realizations.
Each of the color-coded curves corresponds to one of the exit
nodes and represents the probability of a time series to be
based on the delay time value 7,,4.. Markers correspond to
the underlying delay times of test data, i.e., the time series we
obtain from the perturbation approach and feed into the neural
network (after applying the preparation procedure discussed
in Appendix B 4). We classify time series based on delay times
of T = Otp (passive system) up to T = 0.27p.

The highest classification probability is observed if a time
series is based on a delay time close to one of the 7,04, the
network was explicitly trained on. In those cases, we find
P(7) =~ 1; that is, the network is almost certain. In close prox-
imity to those delay times, the probability remains high where
the resulting inference curve for each exit node approximately
follows a Gaussian close to the delay values 7,04e, as shown
in Fig. 10(b). For time series where t lays inbetween two
Thode, the exit nodes corresponding to T,eg. above and below
show finite probabilities. The finer the time delay resolution
in training, the better the inference results will become, up to
a certain point where the network can no longer distinguish
between adjacent values of T,0qe.

B. Network trained on linear model applied
to tanh feedback force data

For the red data points in Fig. 10, we use the same network
(trained on the linear feedback force with k, = k;, > 0) to
infer the delay time for trajectories from simulations of the
tanh feedback force system, where we averaged the results
for several different values of the parameter A of the tanh
feedback force [Eq. (3)] as well as ten noise realizations. We
ensured that the linear feedback force system was trained in
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FIG. 10. Classification probabilities for the delay time. (a) Col-
ored symbols (color intensity increasing with t,,4¢): The probability
of inferring a delay time at an exit node corresponding to Tpode-
Blue: Data correspond to Eqgs. (1) and (2) for k, = k, > 0. Red:
Data correspond to tanh feedback force [Eq. (3)] with A > 0. The
neural network is trained on the linear model [Eq. (2)] with parameter
range k,t5 € [2.5,15], where each input trajectory is prepared as
discussed in Appendix B 4. We then infer time delay for both models,
linear [Eq. (2)] (blue) with same range of k, and the tanh model
[Eq. (3)] (red) with parameter range Aré € [4, 16]. Average over
inference results for ten different trajectories (prepared as discussed
in Appendix B 4) for each parameter combination. Each data point is
an average over six different values of k, , and seven different values
of A, respectively. Error bars indicate one standard error of the mean.
Vertical dotted lines indicate T,04.. (b) Same data (but log-scaled y
axis) as in panel (a) represented by scaling and shifting the data
to reflect the deviation from the output node t,04.. Gray Gaussian
curve centered around zero as well as horizontal gray line (indicating
probability one) act as guides for the eye.

a parameter range that is similar to that of the tanh feedback
force, if it was linearly approximated.

Overall, we find accurate inference results, with classifi-
cation probabilities in excess of 80% for delay times close
to those used in training. Looking closely at Fig. 10(a), we
observe that the peaks still approximately follow a Gaussian
but are shifted slightly to the left; that is, the network slightly
overestimates the delay time in the test trajectories, especially
for the longer delay times considered. Another observation
concerns larger deviations that we find at the highest values of
the delay time 7. We interpret this observation as follows. For
long delay times, the tanh feedback force [Eq. (3)] becomes
constant at large displacements. On the other hand, for small

amplitudes A, the change in the feedback force in response to
the perturbation is no longer clearly distinguishable from ther-
mal noise. Therefore, the underlying reason for the observed
deviations may be a dominance of diffusive behavior when
the tanh feedback force assumes a constant value (beyond the
linear regime) for large displacements in combination with a
small feedback force amplitude compared to noise. In those
cases, the neural network can no longer clearly distinguish
between different delay times leading to an increased proba-
bility [see Fig. 10(b)] for inferring short delay (where T = 0
corresponds to diffusive behavior).

In summary, these results indicate that a network trained
in linear time-delayed feedback is able to generalize to non-
linear systems with the underlying tanh feedback force. For
suitable parameter ranges, similar results can be achieved
for the Gaussian feedback force discussed above. This indi-
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FIG. 11. Classification probabilities for the delay time. Inference
results for network trained on Egs. (11)—(13), where each input tra-
jectory is prepared as discussed in Appendix B 4. We then infer time
delay for trajectories obtained from the same model. (a) Symbols
(color intensity increasing with t,04.): The probability of inferring
a delay time at an exit node corresponding to Tyoq.. Average over
inference results for ten different trajectories (prepared as discussed
in Appendix B 4) for each parameter combination. Each data point is
an average over 27 different combinations of the system parameters.
Error bars indicate one standard error of the mean. Vertical dotted
lines indicate T,,qg. (b) Same data (but log-scaled y axis) as in panel
(a) represented by scaling and shifting the data to reflect the deviation
from the output node 7,0,4.. Gray Gaussian curve centered around
zero as well as horizontal gray line (indicating probability one) act
as guides for the eye.
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cates that systems subject to time delay that behave linearly
in some limit may allow classification via a neural net-
work trained on linear feedback forces, without any further
knowledge about the functional form of the feedback forces
in the systems.

C. Network trained simultaneously on several
nonlinear feedback forces

So far, we have trained our model on only one specific
feedback force in a range of parameters. However, in practical
applications, it may be desirable to have a more versatile
network that can infer the delay time for a wide variety of
feedback forces, where the underlying functional form cannot
be specified with certainty. To demonstrate that, in princi-
ple, this is also possible, we trained a convolutional neural
network on the different nonlinear equations of motion in
Egs. (11)—(13). The corresponding results are presented in
Fig. 11. Each data point represents the classification prob-
ability averaged over ten noise realizations, three different
functional forms of forces, and 27 combinations of the sys-
tem parameters that are different from those used in training.
From Fig. 11(a), we observe good inference accuracy with
classification probability around 90% close to the delay
times on which the network was trained. Furthermore, we
again observe activation curves that resemble a Gaussian
[see Fig. 11(b)]. Further away from those delay times, we see
an elevated activation of other output nodes; i.e., the prob-
ability of misclassification increases between two values of
Thode bUt overall remains small (below 10%). Although it is not
possible to specify the exact reason for this behavior, it might
be due to the systems’ dynamical response in some parameter
regimes being less sensitive to the perturbation applied.

We note that while not strictly necessary, to improve infer-
ence accuracy, we here applied a confining attractive harmonic
instantaneous potential for a time interval longer than the
delay time before applying the perturbing force to ensure a
consistent history.

This proof of concept shows that, in principle, the neural
network can be trained on several time-delayed feedback and
instantaneous forces without sacrificing inference accuracy.
Finally, in principle, this method can also be used on sys-
tems with colored noise as demonstrated in Appendix D,
Fig. 17.

VII. CONCLUSIONS

In this article, we have proposed and demonstrated in a
proof of concept two methods to infer discrete time delay
in a wide range of stochastic systems with linear as well as
nonlinear time delay dependence.

Starting from linear time-delayed feedback, we have iden-
tified and analytically analyzed a characteristic signature of
time delay in the PSD, which we have shown to carry over to
nonlinear systems. On this basis, we have developed a method
to infer time delay and the specific delay time. The method
requires no knowledge about the functional form of the of the
underlying forces.

Since this PSD-based method requires many long stochas-
tic trajectories for accurate inference, we asked the question

(in the view of experimental situations) whether it is possible
to infer time delay based on a short observation of only few
realizations of a stochastic system. To this end, we developed
a perturbation-based approach that utilizes a characteristic re-
sponse a system subject to time delay exhibits in the presence
of an external perturbation. We then used convolutional neural
networks to classify the resulting trajectory data in order to
infer time delay for several linear and nonlinear stochastic
systems subject to time delay. This method only requires a
short duration of the observation on the order of the time
delay itself. For this reason, we expect that this method, in
principle, also allows inference in the absence of a nonequi-
librium steady state or even in unstable systems, provided
that underlying forces do not diverge during the observation
time.

We emphasize that in experiments, such a perturbation
can be realized in principle using state-of-the-art techniques
[79,80]. Specifically, for colloidal particles the perturbing
force can be applied using optical tweezers [6,81] or external
fields [82].

In recent years, several parameter inference techniques for
dynamical systems and equation discovery (for ordinary as
well as partial differential equations) from (noisy) data have
been developed, methods ranging from Bayesian inference
[41] to the application of neural network-based techniques
[43]. However, to the best of our knowledge, only few such
methods exist for systems with time delay, with highly limited
applicability to stochastic systems. Our methods to infer time
delay, which can be applied to linear as well as nonlinear
systems or even without explicit knowledge of the underlying
forces, substantially advance the toolbox of parameter infer-
ence in stochastic systems.

In this article, we have restricted our analysis and proofs
of concept to simple one-dimensional systems consisting of
one Brownian particle. However, we expect that the presented
method can, in principle, be applied to more complex sys-
tems, which would open up many possible avenues for future
research and path the way to further extending the typical
single colloidal particle experiments [7,9,83], as done in Ref.
[61] where feedback with time delay is applied to several
interacting colloidal particles.

Staying in one dimension, an interesting extension could be
the application of the presented inference methods to partially
observed systems. One possible scenario would be a passive
probe particle coupled to a kinesin walker (see Appendix C).
Here, the question would be if, by observation and control of
the probe particle alone, potential time delay in the propulsion
of the kinesin walker [84] could be observed.

In this study, we focused on white noise systems for our
analytical and numerical considerations but also demonstrated
the applicability of our inference methods to systems with ex-
ponentially correlated noise. However, in real-world systems
more complex types of noise may have to be taken into con-
sideration (e.g., different types of colored noise, multiplicative
noise, spatially inhomogeneous noise). For those systems, it
remains an open challenge to develop strategies to infer time
delay by extending and generalizing the methods discussed
here.

Furthermore, from a more fundamental perspective, it
would be interesting to investigate whether one could exploit

013129-13



KOPP, KLAPP, AND GUPTA

PHYSICAL REVIEW RESEARCH 8, 013129 (2026)

fluctuation-dissipation-like relations [85-87] to learn about
the delay. We note that for the present equations of mo-
tion, there is no conventional fluctuation-dissipation relation
between noise correlation and memory kernel since the sys-
tems are subject to white noise (i.e., zero correlation time),
whereas the “memory kernel” corresponding to discrete delay
is given by a delta distribution around the delay time 7 [33,35].
Still, it would be interesting to explore whether other types
of fluctuation relations exist (e.g., when comparing positional
moments [88]), and if they could provide us with information
about the time delay in a stochastic system.

Furthermore, it would be of great interest to apply the
proposed methods to infer time delay in interacting colloidal
many-particle systems as well as in systems from related
fields, such as systems consisting of motile agents that ex-
hibit collective behavior like flocking or swarming. In recent
years, several studies have proposed that time delay may play
a role in emergent collective phenomena [23,24,89], where
some have explicitly included time delay in their mathemat-
ical modeling, leading to interesting effects and insights. On
the other hand, advances on the experimental side now make
controlling many interacting colloidal particles [34,90] and
observing and tracking motile agents [91-93] possible. Hav-
ing a reliable method to infer the presence of time delay and
even the delay time itself would greatly help progressing our
knowledge and understanding of the mechanisms behind the
emergence of collective phenomena.

Beyond systems with one discrete delay time like those
discussed here, systems with several delay times or with
distributed delay are receiving considerable interest (see
Ref. [35] and references therein). Extending and generalizing
the methods discussed here to such systems would be of great
value and an open challenge for future research.

In summary, the methods presented in this article can be the
first step toward an understanding of the presence and role of
time delay in many experiments and real-world applications,
since knowledge about the presence of time delay is essential
in modeling as well as in controlling dynamical behavior in
such situations.
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APPENDIX A: ANALYTICAL DETAILS

1. Gaussian time-delayed feedback—analytical details

a. Expansion of the nonlinear feedback force in the limit
of small displacements

For small displacements, that is, small a and t, the feed-
back force can be linearized [62], analogously to a small delay
approximation [64], resulting in a force of the form of Eq. (2),
where k, = k, = a/b*. Corresponding numerical results are
presented in Sec. IV C.

b. Expansion of the nonlinear feedback force
in the constant velocity state

We can exploit the marginally stable constant velocity state
[62] this kind of feedback force can produce in the deter-
ministic limit. We rewrite the equation of motion in terms
of position x(¢) relative to the position of a particle moving
at constant velocity v. We can then linearly approximate
the feedback force, assuming that the deviation is small. This
leaves us with an approximate equation of motion that de-
scribes the stochastic dynamics in the “constant velocity state”
[62]:

YX() R YU + K[x(t) —x(t — T) — v0oT] + &), (Al)
where we define
2
Voo = V2b /—In (ﬁ) (A2)
T at
_a (VooT )? (Voo )?
K:ﬁexp[— T :|<1— 2 ) (A3)

Finally, based on Eq. (Al) we can also obtain the Fourier
transform for such a system; it reads (with K < 0)

(¥ + Kt)usd(@) + €

- A4
yiow — K 4+ Ke™ '@t (A9

Xy, (@) =

In our simulations, we cannot resolve the zero-frequency con-
tribution, which we therefore neglect in the following. Under
this assumption, the Fourier transform of the position would
be the same as for the linear feedback force with k, = k;, > 0,
which was discussed in the main text (see Sec. IIIB). We
note that persistent motion cannot be considered a stationary
state but rather a nonequilibrium steady state. The variance
of the position in such systems grows over time, even if the
mean particle position goes to zero for long observation times
or many noise realizations. For this reason, the differencing
method has to be applied in order to obtain the correct numer-
ical results. Corresponding numerical results are presented in
Sec. IVC.

2. Definition of the power spectral density
via correlation functions

To put our definition of the PSD [Eq. (5)] into a broader
context, we note that the power spectral density is often
defined via the Fourier transform of the corresponding auto-
correlation function [94] under the assumption of stationarity
of the underlying stochastic process. We recall that for one
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trajectory, the power spectral density is defined as

1
Su(f) = lim —|% 2, A5
()= Jim —[%r(f)l (A3)
with frequency f and observation time window 7. The quan-
tity X7 is the Fourier transform of the position for some
observation time window T,

o0
Fr(f) = / (e > dr, (A6)
-0
to+T/2 . )
= f x()e 27 gz, (A7)
to—"T/2

Assuming ergodicity, the right-hand side of Eq. (A7) can be
rewritten as [94]

1
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with R, being the autocorrelation function of the position
x(t). For example, for a confined Brownian particle, the mean
and variance of the position are constant after some time. Un-
der this condition, the power spectral density can be computed
via the Fourier transform of the corresponding positional auto-
correlation function as well as via the modulus of the Fourier
transform of the position. We fully rely on the latter since the
autocorrelation is only of limited use in analytical computa-
tions for the time delay systems considered here. Furthermore,
the Fourier transform of the position of a linear system can be
easily computed both analytically and numerically.

3. Linear time-delayed feedback—small frequency behavior

We consider the limit of w « 1/t for k, # k;, and expand-
ing to second order in wt gives

2)/kBT

g A , (A10
< (0))>lm a)zkakb(f _ T+)(‘( —1_)+ (ka — kb)2 ( )
where we defined
1+ 1T —k,/k
vy =y BV KRy (A1)

ke

From the approximation equation [Eq. (A10)], we can see that
the PSD scales as 1/w?. For ka» > 0, this behavior can be
interpreted as a reduced ability of the feedback trap to confine
compared to the instantaneous harmonic trap, resulting in a
corresponding deviation from the black curve in Fig. 1 at
small w due to diffusive behavior in the long-time limit. Anal-
ogously, for k,, < O the frequency dependency is connected
to enhanced diffusion due to repulsive time-delayed feedback.

4. Linear time-delayed feedback—marginally stable system

The marginally stable case, where k, = kj, is special and
has been the subject of several previous studies [61,62]. Its
peculiar properties are reflected by the PSD (solid blue and

dashed green lines in Fig. 1). For the attractive feedback, in the
limit of k, = k; > 0, the system essentially shows diffusive
behavior for all frequencies (PSD o< 1/w?), indicating that
in this case the ability of the feedback to trap the particle
has been lost. For repulsive feedback, on the other hand, i.e.,
for k,, < 0 when k, = k;, we observe an enhanced diffusion
(higher value of the PSD at small frequencies), in agreement
with previous studies on this type of system [61,62]. Oth-
erwise, the repulsive feedback can have a confining effect,
albeit less strict than a harmonic trap, as can be seen for
lka| < |kp| at small frequencies (cyan and gray dashed lines
in Fig. 1), where the PSD resembles that of a harmonically
trapped particle.

APPENDIX B: NUMERICAL PROCEDURE

We perform numerical simulations, data analysis, and data
visualization using the Python programming language. For
numerical computations and data processing, we use numpy
[95] and scipy [96], and for visualization, we use matplotlib
[97]. The deep learning computations are implemented in
keras [98], based on tensorflow [99].

1. Numerical solution of the overdamped delay
Langevin equation

To solve the SDDE (1), we perform BD simulations based
on the Euler-Maruyama integration scheme [100,101]. The
resulting discretized version of Eq. (1) reads

X1 = X + ¥ F (s Xaon, )AL + y 7'/ 2kg Ty Atn,, (B1)

where N; = t/At is the number of time steps within one
delay time 7, for the discretization time step Atf. n, is a
uncorrelated Gaussian random number with zero mean and
unit variance, i.e., (n,n,,) = 0 for n # m. Equation (B1) is
solved provided an initial history for the time interval [—t, 0]
via the discretized history function ®(¢,) = ®, ; that is, the
trajectory in the discretized time interval [—t, O] has to be
known. For all stochastic simulations in this study, we used
the trajectories of free Brownian particles as the initial his-
tory. Furthermore, we used time steps of At = 10*rz (much
smaller than the smallest delay time considered) to ensure
sufficient numerical precision in all the cases considered.

2. The differencing method

For the computation of the (noise-averaged) PSD [Eq. (7)],
a stationary time series is required, which is quite often not
the case in physical systems. Already, for a passive Brownian
particle this problem has to be addressed, while for feedback-
driven systems it can become even more pronounced.

Figure 12 presents exemplary data for systems with attrac-
tive and repulsive harmonic time-delayed feedbacks, which
both behave diffusively, especially in the long-time limit. The
cyan and red data correspond to PSD computed by directly
applying the Fourier transform to the nonstationary positional
data. We observe a shift compared to the analytical expecta-
tion that is hardly visible in the PSD but becomes apparent in
»’PSD. While when averaging over a small number of noise
realizations, this shift is lost in noise, when averaging over a
larger number of noise realizations, the shift becomes obvious.
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FIG. 12. Comparison of position-based and differencing-based
computation of PSD and ?PSD for a system with linear feedback
force [Eq. (2)]. (a), (c¢) Marginally stable system with attractive
harmonic feedback; panels (b) and (d) are for repulsive harmonic
feedback below the deterministic threshold, i.e., |k,| = |ky| < v /.

The reason behind this behavior can be understood when
considering that we are taking the Fourier transform of
a (within the observation period) not strictly ergodic and
certainly nonstationary quantity. More specifically, the time
series is nonstationary since the variance of the position grows
over time. Changing the temporal resolution or the length of
the trajectory only has a small effect on the observed shift.
The observed shift can intuitively be understood as follows:
In a stationary system (assuming zero mean and constant
variance), the position will (more or less) fluctuate around
zero, given that the observation window is long enough. How-
ever, if the process is not stationary in the sense that the
variance grows as a function of time, in some realizations,
the position will be positive (or negative) for a significant part
of the observation time. When taking the Fourier transform of
such a trajectory, it will be somewhat biased. If we took the
average over noise realizations now, we could expect this bias
to average out over different realizations. However, following
the definition of the PSD [Eq. (7)], we compute the square
modulus of the Fourier transform of the position before ap-
plying the noise average. For a stationary process, this does
not matter. However, in our case, the bias cannot be averaged
out but rather accumulates and depends on the variance of
the process and how much of the observation period will be
uninterruptedly spent on one side of the mean position. We
therefore have to approach the problem differently and make
the time series stationary before even computing the Fourier
transform in order to obtain results that match our analytical
expectation.

To this end, we use the differencing method; that is, instead
of using the positions as time series, we consider the positional
difference over a fixed time interval Af. This is a textbook

technique from time series analysis [102] to make nonstation-
ary time series stationary. For our case, instead of computing
the Fourier transform of the position we rather compute the
Fourier transform of the positional difference, i.e.,

Ax() _ FIx() = x(t = Ar)]
At At

; (B2)

where the operator F represents the Fourier transform. Intu-
itively, this looks like the Fourier transform over a temporal
derivative (which we already exploited in the analytical con-
siderations) or essentially (for small Az) the Fourier transform
of the right-hand side of the discretized Langevin equation.
Applying this method, we can obtain a numerical result that
matches exactly the analytical expectation, as shown by the
dark blue curves in Fig. 12.

The differencing method was used for all results discussed
in Sec. IV.

3. Extraction of frequencies corresponding to minima
and maxima of the PSD

In the following, we describe a procedure that allows us to
extract the delay time from simulation data, which was used in
Sec. IV D. It is based on the analytical results obtained for the
linear system, but can also be applied to systems that depend
on x(¢) and/or x(t — 7) in a nonlinear fashion. This procedure
relies on the spacing of the positions of maxima and minima
in the quantity @”PSD, and is applicable as long as the signal-
to-noise ratio in the system allows for reliable determination
and extraction of the position of these minima and maxima.
As such, the larger the number of available noise realizations,
the better the inference results. For example, Fig. 12 illustrates
the level of noise that has to be dealt with in this kind of
system in the case of a marginally stable time delay system. In
order to obtain a good polynomial fit over multiple peaks, we
need to average over a sufficient number of noise realizations;
for the figures in the main text [Figs. 6(a)-6(c)], 400 noise
realizations were used.

While, in principle, the positions of the minima can be
obtained manually, it is more reliable and convenient to use a
spline interpolation for a subsequent semiautomatic extraction
of the positions of minima and maxima. It is semiautomatic
in the sense that one has to determine for how many minima
and maxima a reliable fit can be obtained. Specifically, we
use quartic splines for fitting the numerical data, which allows
us to extract the roots of its derivative automatically. As the
data are noisy and somewhat irregular, special care has to be
taken when adjusting the smoothing parameter in the spline
interpolation, such that the interpolation faithfully represents
the location of the minima and maxima in the numerical data.
Furthermore, limiting the range of the interpolation can signif-
icantly improve the results since at low frequencies additional
oscillations with different oscillation period are observed in
some cases and at high frequencies the oscillations are lost in
noise.

Specifically, the extraction of the delay time requires the
following steps:

(1) Apply spline interpolation to w?PSD using quartic
splines implemented within scipy.
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(2) Take derivative of the resulting polynomial (built-in
function of spline interpolation in scipy).

(3) Compute the roots w, of the derivative of the poly-
nomial corresponding to the minima and maxima in w?PSD
(built-in function of spline interpolation in scipy).

(4) Discard the first Ngiscarg minima and maxima (until the
minima and maxima have approximately equal spacing) (see
Sec. III B).

(5) Determine N, the number of maxima and minima
that are reliably represented by the polynomial; terminate the
fit before the oscillations are lost in noise.

The inferred delay time is then given by

2212[172 (Wn2 — @)
(Nexl - 2)

27'[/":inferred = s (B3)
where Tinferreq 15 the inferred delay time, Nex; is the number of
minima and maxima that can be reliably identified, and we av-
eraged the distances between all available pairs of consecutive
minima and maxima.

4. Deep learning: data preparation

For the perturbation-based deep learning approach, we first
need to prepare the data. We apply the following steps:

(1) Take an ensemble average over 25 noise realizations
over the positional data at each point in time.

(2) Apply the differencing method, {x(¢)} = {x(¢ + dt)}
— {x(#)}, to render the time series stationary.

(3) Apply a simple moving average over three subsequent
time steps for denoising.

(4) Normalize by dividing by the maximum value during
the observation period.

The data are prepared in this way for training the neural
network as well as for inference using the trained network
(see Sec. VI).

5. Deep learning: network architecture
and hyperparameter tuning

For the classification of trajectory data, we use a con-
volutional deep neural network (see, e.g., Refs. [55,56])
implemented using keras [98] based on tensorflow [99]. The
neural network (see Sec. V B, especially Fig. 9 for a simplified
schematic depiction) consists of an input layer (the number
of nodes equals the number of relevant time steps), hidden
layers, and an output layer (the number of nodes equals the
number of classes, i.e., delay times the network is trained on).
For hidden layers, considerations such as complexity, regu-
larization, and available resources play a crucial role. Here,
we focus on three convolutional layers and pooling layers to
limit complexity. We use a hyperparameter tuning scheme in
order to achieve the desired accuracy for classification by the
network. This means that over how many nodes pooling is
applied in a pooling layer, filter and kernel size in convolu-
tional layers, and the optimization method and the activation
function are chosen automatically. Before the final hidden
layer, the network is flattened. The final hidden layer is then
a densely connected layer followed by the densely connected
output layer. The number of nodes of the output layer is equal
to the number of different delay times on which the model

TABLE II. Network structure by layers; hyperparameters, i.e.,
over how many nodes pooling is applied in a pooling layer, filter
and kernel size in convolutional layers, and the optimization method
and the activation function are optimized by hyperparameter tuning.
For the input data preparation, see Appendix B 4.

Layer Role/structure Activation
1 Input -

2 Normalization -

3 Convolutional reLU

4 Max pooling -

5 Convolutional reLU

6 Max pooling -

7 Convolutional reLU

8 Max pooling -

9 Flatten -

10 Dense reLU

11 Output/dense softmax

is trained. A softmax activation function is used to obtain a
classification in terms of the probability that the classified
trajectory is based on a certain delay time. The network is
then constructed as shown in Table II. As the loss function,
which is minimized during training, the sparse categorical
cross entropy was used. Figure 13 presents exemplary accu-
racy [Fig. 13(a)] and loss [Fig. 13(b)] as a function of training
epochs for the training of the neural network on several non-
linear feedback forces [Eqgs. (11)—(13)] simultaneously. We
observe good convergence already at as little as 20 training
epochs.

6. Characteristic response of a nonlinear feedback force system

Figure 14 presents exemplary data for the response of sys-
tems with nonlinear feedback forces. In all cases, a complex
but still characteristic response is observed. As for linear

10- "7
> —— training
g validation
5 0.8
® (a)
0 10 20 30
epoch
1
—— training
_§ validation
~ (b)
01~ — . .
0 10 20 30
epoch

FIG. 13. Training the convolutional neural network on nonlinear
feedback forces [Eqs. (11)—(13)]: Panel (a) shows the classifica-
tion accuracy, and panel (b) shows the training loss (computed via
sparse categorical crossentropy), both plotted as functions of training
epochs for the training and validation datasets.

013129-17



KOPP, KLAPP, AND GUPTA

PHYSICAL REVIEW RESEARCH 8, 013129 (2026)

104 Tperturb
>

end of
perturbation

end of
observation

0 . : . .
0.0 0.2 0.4

o
o

0.8

20 1 o 1 c
8 1.0
E 55 155
% 101 Tperturb = I_g -
= GE o8
o I
0 = L

0.0 0.2 0.4 0.6 0.8

t

FIG. 14. Characteristic response of a nonlinear system with time
delay to an external perturbation (see also Sec. V A). (a) Response of
the tanh feedback force [Eq. (3)] to a constant external force. (b)
The response of a system based on Eq. (13) to the same type of
perturbation. Vertical dotted lines indicate the onset and termination
of the perturbation, while the vertical dashed line marks the end of
the observation window.

systems, a change in dynamical behavior is observed one
delay time after switching on the perturbation as well as one
delay time after switching off the perturbation.

7. Characteristic response of a stochastic system
with nonlinear feedback force

Figure 15 presents exemplary data for the response of
stochastic systems (11)—(13) subject to nonlinear and delayed
forces with corresponding inference results. In contrast to the
linear system (for comparison see Fig. 8), the response of a
nonlinear system can be more complex, as indicated by the
solid lines representing the deterministic response in Fig. 15.
In the stochastic data, the change in dynamical behavior that
constitutes the characteristic response is obfuscated by ther-
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FIG. 15. Characteristic response of a stochastic nonlinear system
with time delay to an external perturbation (see also Sec. V A) and
corresponding inference results (right panels). Trajectories prepared
as discussed in Appendix B4. Solid line: corresponding deter-
ministic response. Dashed horizontal line: true delay time. (a)—(c)
7 = 0.1573. (a) Equation (11) at @ = 13kgT /o*, b = 3kgT /0%, and
¢ = 11kgT /o%; (b) Eq. (12) at a = 13kgT /o*, b = 18kgT /o, and
c= 17kBT/U3; and (c) Eq. (13) at a = TkgT /o, b = 10kgT /o,
and ¢ = 17kgT /o. (d)—(f) Trajectories based on Eq. (13) at (d)
T =0.0125tg, a =T7kgT /o, b = 10kgT /o, and ¢ = 17kgT /o; ()
T =0.075ts, a = 13kgT /o, b=3kgT /o, and ¢ = 11kgT /o; (f)
T =0.15tg,a =9%gpT /o, b =3kgT /o, and ¢ = TkgT /o .
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mal noise. Still, the neural network predicts delay times with
high accuracy, if these are close to the delay times the network
was trained on, and if the underlying trajectories are prepared
as described in Appendix B 4. For delay times in-between two
subsequent 7,04e, the inference results tend to be less accurate.

APPENDIX C: EXTENSION TO A SYSTEM WITH
HARMONICALLY COUPLED PROBE PARTICLE

Here, we consider a one-dimensional system of a Brownian
particle subject to time-delayed feedback, which is coupled to
a passive probe particle via an attractive harmonic potential.
We refer to the feedback-driven particle using the superscript
fb and to the probe particle using the superscript pr. The
dynamics of the feedback-driven particle is given by an over-
damped Langevin equation. The tracer particle is coupled to
the feedback driven particle via the position xg,, which enters
the harmonic coupling potential. The coupled equations of
motion then read

deb

Yio—— = PO (1), X (2 — 7)) — Fe + & (1),

dr €D

dx,,
Vpr_p =k + Epr(t)’ (C2)

dt

with F, = Fe(xpc(?), X (¢)). The constants y, and yp, are the
respective friction constants with yg, = y;, = y for simplicity.
The coupling potential U reads

k
U (xpr (1), xpp (1)) = E(xpr(t) — x (1)), (C3)

resulting in the force F.= -V, U and analogously
—V,, U = —F; that acts on the coupled probe particle.
Furthermore, &y and &, represent a one-dimensional
Gaussian white noise, respectively, with zero mean and
correlation function (&g /pr ()& pr (1)) = 2V prks T8t —t').
Then, the Fourier transform of the dynamics reads as follows:

yiokn(@) = — [k (@) — ke T (@)]
— k[ (@) — Fpr(@)] + & (), (C4)
yioky (@) = k[in(@) — G (@)] + Ep(@).  (C5)

We can now solve for X, and %, respectively, and obtain

k,gpr

7 + gfb
= — v +k,,»m — (C6)
)/la)+ka—kbe +k—m
Kk + Epr
= Ot S) )
yio + k

The analytical expression for the PSD then follows from the
definition as for the simple linear system. From Egs. (C6) and
(C7), we can already see that the characteristic oscillations,
and, thus, the signature of time delay extend to the probe
particle. Therefore and in principle, by observing the probe
particle alone, inference of time delay is possible with a
method similar to that proposed in Sec. V.
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FIG. 16. Numerically simulated PSD (red) as a function of w
for nonlinear systems (12) with white noise replaced by colored
noise. In each panel: Polynomial fit (blue) using the quartic splines
and automatically extracted positions (cyan circles) of maxima and
minima using the roots of the derivative of the polynomial (see
Appendix B 3). See Table III for the corresponding inference results.
Colored noise at correlation times: (@) f.o; = 0.017, (b) feorr = 0.17,
(©) teorr = 17, and (d) teorr = 107, other parameters as in Fig. 6 and
Table I.
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FIG. 17. Inference results for a network trained on nonlinear systems (11)—(13) with white noise, for trajectories from colored noise
systems based on Eqs. (11)—(13) at correlation times #.,;; = 0.0017 [panels (a) and (b)] and 7.y = 0.17 [panels (¢) and (d)]. (a), (c) Symbols
(color intensity increasing with 7,,4e): The probability of inferring a delay time at an exit node corresponding to 7,,qe. Average over inference
results for ten different trajectories (prepared as discussed in Appendix B 4) for each parameter combination. Each data point is an average
over 27 different combinations of the system parameters. Error bars indicate one standard error of the mean. Vertical dotted lines indicate Tpoqe.
(b), (d) Same data (but log-scaled y axis) as in panels (a) and (c) represented by scaling and shifting the data to reflect the deviation from the
output node 7,0.. Gray Gaussian curve centered around zero as well as horizontal gray line (indicating probability one) act as guides for the

eye.

APPENDIX D: SYSTEMS WITH EXPONENTIALLY
CORRELATED NOISE—NUMERICAL RESULTS

In this Appendix, we demonstrate that our methods of
inferring the time delay are not limited to white noise systems
but can be applied or extended to systems with colored noise.
In other words, the signatures of time delay remain intact even
in colored noise systems.

To this end, we first introduce exponentially correlated
colored noise and subsequently present exemplary data for
the PSD-based inference approach as well as the neural
network-based approach for nonlinear systems. Specifically,
we consider the nonlinear systems in Eqs. (11)—(13) and re-
place the Gaussian white noise (present on their right-hand
side) by an additive colored noise [103]:

. 1 2ykgT
E) = ——cn)+ | T ), (D1)

where .o 1S the correlation time and 7(¢) is a white noise
(delta correlated) with zero mean and unit variance.

It turns out that in the long-time limit (i.e., the stationary
state), the colored noise ¢ (¢) is exponentially correlated:

kgT ,
(GO (W) = Vt—Be—'f—’ e D2)

corr

Before proceeding further, we would like to highlight its two
limiting behaviors. (1) In the limit #.o; — 0, for t = ¢/, the
covariance (D2) diverges; otherwise, the correlation goes to 0
for t # t'. Further, integrating the right-hand side of Eq. (D2)
fromt € (—oo, +00) gives 2y kgT . Therefore, this correlation
is a delta function in this particular limit (with a prefactor
2ykgT). (2) In the limit t.o; — 00, £ — 0, i.e., { becomes
a quenched random Gaussian variable with zero mean and
variance YkgT /(tcorr) — O (@S feoy — 00).

Figure 16 shows the PSD and the extracted positions of
minima and maxima. Table III presents the corresponding
inference results for one delay time at different values of the
correlation time .. Interestingly, while the behavior of the
PSD as a function of the frequency changes as the colored
noise is added to the system and the correlation time # oy

TABLEIII. Inference of the delay times corresponding to system
in Eq. (12) based on the PSD data shown in Fig. 16.

feorr/T /18 Tinferred/ T8 0:/T8

0.01 0.15 0.151 +0.003
0.1 0.15 0.152 +0.007
1 0.15 0.153 +0.009
10 0.15 0.152 +0.010
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is increased, the characteristic signature of time delay, i.e.,
oscillations with a delay-specific oscillation period, remains.
For the neural network approach, Fig. 17 shows data
for inference results of the modified nonlinear systems in
Egs. (11)—(13) at two different correlation times using a net-
work trained solely on white noise systems. In the white noise
limit, i.e., f.or < T, the inference results resemble those ob-
tained for white noise systems. However, when the correlation

time is on the order of the delay time or longer, the resulting
trajectories look significantly different than before. Thus, as
we expect, a neural network trained on systems with only
white noise may not be able to accurately infer the time de-
lay for systems with longer correlation times. Therefore, one
requires to train the neural network with different correlation
times (including different combinations of other parameters)
to have better accuracy when inferring the time delay.
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