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Nonequilibrium thermodynamics of gravitational objective-collapse models
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We investigate the entropy production in the Diósi-Penrose (DP) model, one of the most extensively studied
gravity-related collapse mechanisms, and one of its dissipative extensions. To this end, we analyze the behavior
of a single harmonic oscillator, subjected to such collapse mechanisms, focusing on its phase-space dynamics
and the time evolution of the entropy production rate—a central quantity in nonequilibrium thermodynamics.
Our findings reveal that the original DP model induces unbounded heating, producing dynamics consistent with
the second law of thermodynamics only under the assumption of an infinite-temperature noise field. In contrast,
its dissipative extension achieves physically consistent thermalization in the regime of low dissipation strength.
Using a short-time approach, we further our study to address the complete dynamics of the dissipative extension,
thus including explicitly non-Gaussian features in the state of the system that lack from the low-dissipation
regime.
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I. INTRODUCTION

One of the most important open problems in theoretical
physics is how to reconcile gravity and quantum mechanics.
Both theories work extremely well within their respective
domains of validity, but finding a unified description from
which both can be derived remains a significant challenge.
It is largely believed that gravity, like other fundamental
interactions, should exhibit typical quantum effects at short
distances, and it should thus be quantized. Despite extensive
efforts in this direction, a fully coherent quantum theory of
gravity whose predictions can be tested at the currently acces-
sible scales of energies remains elusive.

Various approaches taken so far lead to giving up on find-
ing a proper quantization procedure for gravity and rather
propose effective descriptions of how gravitational interaction
may influence the dynamics of quantum mechanical systems.
One of the possible realizations of this program is the idea
by Penrose of “gravitizing” quantum theory by introducing
a spontaneous collapse of the wave function induced by the
classical gravitational interaction [1]. In this way, a unique
approach to merging gravity and quantum theory emerges,
which not only attempts to reconcile the two but also provides
a solution to the quantum measurement problem [2].

A first pioneering step toward such models was made by
Károlyházy, who suggested that gravitational effects could
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induce quantum decoherence [3]. Later, the first proper col-
lapse model that relates spontaneous wave-function collapse
to gravity was introduced by Diósi [4,5]. The timescale for
the collapse of a spatial superposition predicted by this model
coincides with that later proposed by Penrose [1], and for this
reason, the two proposals are now commonly referred to as the
Diósi-Penrose (DP) model. In the last 30 years, several models
predicting quantum decoherence related to gravity have been
put forward [6–10] (see Ref. [11] for a more complete review
of existing models). Gravitational wave-function collapse and
decoherence are also predicted by models that treat gravity as
fundamentally classical [12–15].

In this work, in order to address a reference model that is
both simple and significant, we focus on the DP model and
its dissipative generalizations, which modify the Schrödinger
equation by introducing additional terms responsible for the
wave function to collapse in space [4,5]. It has been shown
that the induction of collapse mechanisms in the dynamics
comes with an associated diffusive behavior [16]. The latter
has been exploited in experiments involving bulk matter [17]
and radiation emission from germanium [18,19] to provide
stringent bounds on the free parameter of the model [20].

In the standard DP model, such diffusion also manifests
itself as a steady increase in energy of the center of mass,
which occurs even for isolated systems. This violates energy
conservation, albeit at a level too small to be detected in
current experiments for a large range of values of the free
parameter R0. While violations of energy conservation may be
tolerable from a phenomenological perspective, the nonphys-
ical nature of a persistent energy increase is problematic even
within the framework of an effective model; one would expect
a system to thermalize with the noise that induces collapse,
rather than exhibit an unbounded energy growth.
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To address this issue, two dissipative extensions of the DP
model have been proposed [21,22]. These models introduce
a mechanism that allows the system to reach thermal equi-
librium with the collapse-inducing noise, hence mitigating
the energy-growth problem and leading to more consistent
dynamics from a thermodynamical point of view. In Ref. [23],
violations of the second law of thermodynamics have also
been observed in the continuous spontaneous localization
(CSL) [24], which is another model designed to solve the
quantum measurement problem. Here, we closely scrutinize
the thermodynamic consistency of the DP model and its dis-
sipative generalization introduced in Ref. [22]. We show that
the dissipative extension of the DP model, for small values of
the parameter that controls the strength of friction, adheres to
the Clausius law of thermodynamics, leading to a physically
consistent thermal equilibration. This is in contrast to the
original DP model, in which thermal equilibrium is never
reached and no violation of the second law is witnessed only
for an infinite-temperature noise field. However, considering
the full non-Gaussian evolution stemming from the dissipative
DP model, clues of such violations are still found at very
early times and for low temperatures. To reach these conclu-
sions, we study the time behavior of the entropy production
rate [25–27] of the dynamics, a quantity intimately related
to the second law, exploiting a phase-space picture [28,29].
The focus on this fundamental physical quantity is the most
important contribution of the present work and sets it apart
from the study of Ref. [30], where a similar phase-space
analysis was performed and used to discuss irreversibility. On
the other hand, our work differs from investigations such as
those reported in Refs. [31,32], which pinpoint how spacetime
curvature can produce entropy in a localized quantum system
moving in a general spacetime and provide detailed and inte-
gral fluctuation theorems in curved spacetime.

The paper is organized as follows: In Sec. II, we review
basic concepts of thermodynamics, both in and out of equilib-
rium, and we introduce the entropy production rate, the main
tool used in the remainder of the paper. In Sec. III, we compute
the equivalent Fokker-Planck equation—which describes the
dynamics of the system in phase space in terms of quasiprob-
ability distributions—for the standard DP model and study
the entropy production rate of a harmonic oscillator subject to
such dynamics. In Sec. IV, we further the analysis to the dissi-
pative extension of the DP model introduced in Ref. [22], but
focusing on the case of small dissipation strength. Section V
is dedicated to the analysis of the complete dynamics, which
involve non-Gaussian terms in the evolution. The analysis is
carried out using a technique that linearizes the Lindbladian
for small times, similar to the linear-response method used
in Refs. [33–35]. We find inconsistencies with the second
law of thermodynamics, which, however, may be due to the
approximations made; finally, in Sec. VI we summarize and
discuss the findings of the analysis.

II. ENTROPY PRODUCTION RATE AND EQUILIBRATION
PROCESSES

Unlike energy, the entropy of an open system does not
satisfy a continuity equation: Its rate of change depends on
entropic fluxes exchanged with the environment with which

the system interacts and a process of entropy production that
is intrinsic to the system itself. According to the second law
of thermodynamics, the latter contribution is always non-
negative and null only when the system and the environment
are in thermal equilibrium.

By calling � the entropy production and � the entropy
flux associated with a given open dynamics, the change of
entropy of the system is ruled by the following reformulation
of Clausius’s theorem of uncompensated heat:

�Ssys = � − �. (1)

In the quasistatic limit where the system goes across a series
of equilibrium states, we have � = 0, so that the change
of entropy of the system is entirely ascribed to the entropy
flux. The entropy production thus serves as a measure of the
irreversibility of a physical process and may be used to char-
acterize nonequilibrium systems in a broad range of situations
and across all length scales [25]. It is often convenient to
consider the differential form of Clausius’s theorem, Ṡsys =
�(t ) − φ(t ), where we have introduced the entropy produc-
tion rate �(t ) = �̇ and entropy flux rate φ(t ) = �̇(t ). The
entropy production rate must satisfy �(t ) � 0 ∀t for consis-
tency with the second law of thermodynamics, as it represents
the rate of the total entropy change.

Our aim is to study a quantum system that is subject to
a collapse dynamics, which can be effectively described by
a noise field induced by a thermal bath at a certain (but not
necessarily finite) temperature and to characterize its dynam-
ics using the quantities introduced above to assess its physical
consistency from the thermodynamic point of view. As our
fundamental figure of merit for entropy production, we use
the Rényi-2 entropy S2 = − ln(Trρ̂2), which has the advan-
tage of being well behaved in situations where other entropic
quantities are pathological (the so-called ultracold catastro-
phe) [36]. For states with a positive Wigner function, the
Rényi-2 entropy is particularly handy as it is equivalent to the
Wigner entropy SW = − ∫

W (q, p) ln W (q, p), with W (q, p)
the Wigner quasiprobability distribution. Assuming such fig-
ure of merit, one can define the associated entropy production
rate

�(t ) = −∂t K (W (t )||Weq )

:= −∂t

∫
dq d pW (q, p, t ) ln

W (q, p, t )

Weq(q, p)
. (2)

Here, W (t )—a shortcut notation for W (q, p, t ), where the
dependence on the position q, momentum p, and time t is
explicit—is the Wigner function of the system at time t ,
Weq is that of a suitable target state (usually the asymp-
totic equilibrium state of the dynamics [29]), and K (p||q) =∫

dxdyp(x, y) ln(p(x, y)/q(x, y)) is the Kulback-Leibler di-
vergence of the probability distributions p(x, y) and q(x, y)
[37]. Notice that �(t ) = 0 if and only if W (t ) = Weq, i.e.,
when the system is at equilibrium (provided that the stationary
state is unique).

In what follows, we work using rescaled position and
momentum operators that obey the commutation relations
[q̂i, p̂ j] = 2ih̄δi j , with i, j = x, y, z labeling different compo-
nents of the corresponding operators.
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III. FRICTIONLESS DIÓSI-PENROSE MODEL

In this Section, we focus on the simplest version of the DP
model [1,4,5,38], which we dub frictionless. In order to fix the
ideas without unnecessary complications, we also restrict our
attention to the case of a single particle. In the DP model, the
evolution of the statistical operator ρ̂(t ) of a particle is given
by the Lindblad master equation

∂t ρ̂(t ) = − i

h̄
[Ĥ , ρ̂(t )] + L[ρ̂(t )], (3)

with Ĥ the Hamiltonian describing the system. The superoper-
ator L is responsible for the gravitational (dynamical) collapse
and is written as

L[ρ̂] = 1

h̄2

∫
d3k

(2π )3
�(k)

(
L̂k ρ̂L̂†

k − 1

2
{L̂†

k L̂k, ρ̂}
)

, (4)

with L̂k = meik·x̂ and �DP(k) = 4π h̄Ge−k2R2
0/k2. Here, R0 is a

cutoff with the dimensions of a length, m is the mass of the
particle, and G is the gravitational constant. The lower bounds
on R0 come from comparison with experiments, with the
stringent lower bound R0 � 4 × 10−10 m set by experiments
measuring spontaneous radiation emission from germanium
[18,20]. Upper bounds on R0 are set by theoretical arguments,
requiring that the collapse should be strong enough to guar-
antee that macroscopic objects are well localized, leading to
R0 � 10−4 m [39].

A. Fokker-Planck equation

Our choice of thermodynamic figure of merit for the quan-
tification of the irreversible entropy will require to translate
the collapse dynamics to the phase-space picture via a Wigner-
Weyl transform [28]. As we will show soon, the Lindblad
equation describing the evolution of the statistical operator
translates, under appropriate assumptions, into a Fokker-
Planck equation for the Wigner function in the phase space
[23]. For a generic operator Â, the Wigner function is defined
as

WÂ(q, p) =
∫

d3y

(4π )3
e−i(p·y/2h̄)〈q + y/2|Â|q − y/2〉. (5)

To handle the commutator in the right-hand side of Eq. (3),
we exploit the well-known identity W[Â,B̂] = {WÂ,WB̂}∗ [40],
where

{WÂ,WB̂}∗ = 2WÂ sin
(

1
2�IJ

←
∂I

→
∂J

)
WB̂ (6)

is the Moyal bracket. In Eq. (6), the indices I, J run over
the phase-space coordinates X = (q, p) and � = ( 0 I3

−I3 0 ) is
the symplectic matrix. The Wigner term corresponding to the
anticommutator in the Lindbladian can be straightforwardly
computed as −
DPWρ̂(t ), where we have introduced the rate


DP = m2

h̄2

∫
d3k

(2π )3
�DP(k) = Gm2

√
π h̄R0

. (7)

We thus remain with the problem of calculating the Wigner
term corresponding to L̂k ρ̂L̂†

k , that is

m2

h̄2

∫
d3k

(2π )3
�DP(k)Wρ̂ (q, p − 2h̄k). (8)

The dependence of Wρ̂(r) on p − 2h̄k is a consequence of
the specific form of the commutation relations that we have
adopted, and we have omitted the time dependence of the
density matrix for simplicity of notation. This expression can
be further elaborated by assuming well-localized states and
expanding as

m2

h̄2

∫
d3k

(2π )3
�DP(k)Wρ̂ (q, p − 2h̄k)

= m2

h̄2

∫
d3k

(2π )3
�DP(k) [1 − 2h̄k · ∇p + 2(h̄k · ∇p)2]Wρ̂

= 
DPWρ̂ + 2m2

h̄2

∫
d3k

(2π )3
�DP(k)(h̄k · ∇p)2Wρ̂ ,

where we used the fact that �DP(k) is an even function of k.
By symmetry, we also observe that

m2

h̄2

∫
d3k

(2π )3
�DP(k)(h̄k · ∇p)2Wρ̂ = h̄Gm2

6
√

πR3
0

�pWρ̂ , (9)

with �p = ∂2
px

+ ∂2
py

+ ∂2
pz

. Collecting all the terms together,
we get the Fokker-Planck equation

∂tWρ̂(t ) = {WĤ ,Wρ̂(t )}� + D �(p)Wρ̂(t ), (10)

with D = Gh̄m2/3
√

πR3
0 the diffusion parameter. Equa-

tion (10) can be compared with the Fokker-Planck equa-
tion obtained for the mass-proportional version of the CSL
model in three dimensions [23], whose Lindblad oper-
ator reads as in Eq. (4) but with �DP(k) → �CSL(k) =
γ h̄2m̄2 exp[−k2r2

c /h̄2]/(8m2π3), where m̄ is a dimensionless
mass written in units of the reference mass m0 = 1 u [41].
Within the domain of validity of the approximation used in
the previous calculation for Wigner functions concentrated
around the origin, we get to

WL[ρ̂] = 2
m2

h̄2

∫
d3k

(2π )3
�CSL(k)∇2

pWρ̂

= γ m2

8
√

π3m2
0r5

c

�pWρ̂ , (11)

where we have used simple Gaussian integration. We can
switch to the usual CSL formulation using γ = 8π3/2λr3

c ,
which yields DCSL = (λ/r2

c )(m2/m2
0 ). The ratio between the

two diffusion parameters coincides with the ratio of the heat-
ing powers of the two models as computed in Ref. [22],
suggesting the existence of a mapping between the two mod-
els (at least for the case of a single particle).

B. Solution and entropy dynamics

We can now numerically solve Eq. (10) and study the
entropy production rate over time of a system subject to the
collapse dynamics. We start by noting that, for a factorized
initial state, solutions of Eq. ( 10) are factorized as well. In
this case, one can focus in the dynamics in one dimension,
which simplifies the numerical evaluation. From the thermo-
dynamic point of view, the three spatial degrees of freedom
will indeed give independent contributions, thus making a
one-dimensional study fully fit for the purpose of gathering
an understanding of the energetics of the model at hand [42].
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For the case study, we consider a harmonic oscillator
with frequency ω initially prepared in the thermal state at
inverse temperature βo, whose Wigner function is WTh(x) =
(e−(1/2)xT V −1

Th x )/2π (2n̄ + 1) with x = (q, p) the phase-space
coordinates, VTh = (2n̄ + 1)I the covariance matrix (here, I is
the 2 × 2 identity matrix), and n̄ = (eβoh̄ω − 1)−1 the thermal
occupation number. The quadratic nature of the dynamics
allows to track the properties of the Wigner function of the
oscillator simply through the knowledge of the temporal be-
havior of its covariance-matrix elements in the form of a set
of coupled ordinary differential equations. In order to solve
the equations of motion for such entries, we set h̄ = G = 1
and integrate over dimensionless time ωt with respect to the
frequency of the oscillator for a time interval T = 20 with
N = 104 time steps. The mass of the oscillator, m, and the
parameter of the DP model, R0, determine the strength of the
diffusion through the parameter D. For clarity of visualization
and to ensure readable plots, we selected the numerical val-
ues m = 2 and R0 = 3, being interested only in the overall
features of the dynamics. The results for the entries of the
covariance matrix, starting from the ground state of the oscil-
lator, are reported in Fig. 1. The variances of both momentum
and position grow oscillating—the oscillations being due to
the Hamiltonian part of the evolution, resulting in a rotation
in phase space—around an otherwise linear trend, which is
due to the purely diffusive part of the dynamics. This entails
that they never reach an asymptotic value. The absence of an
asymptotic solution can be indeed surmised from the equa-
tions of motion of the covariance-matrix entries as well [23].

Using the entropy production rate as the figure of merit
computed as defined in Eq. (10), it is possible to show that
this dynamics must be the result of the system being in contact
with an infinite-temperature bath, never reaching equilibrium.
In Fig. 2, the relative entropy and the entropy production
rates are reported using the same setup of Fig. 1, assuming
as the target state for the relative entropy a thermal state
with increasing temperature. Indeed, one can see that, for any
finite temperature, the entropy production rate decreases from
a finite value, reaches zero at a certain time, and then be-
comes negative violating the second law. Increasing the target
temperature delays the time at which the violation happens,
suggesting that the target temperature should be infinite in or-
der to have a physically consistent dynamics. Furthermore, it
is evident that, in such a case, the system remains indefinitely
out of equilibrium since � → 0 only for t → +∞.

IV. LINEAR-FRICTION DIÓSI-PENROSE MODEL

Due to the undesired heat generation in the original DP
model, it has been proposed to introduce a dissipation mech-
anism [22,41]. In this section, we focus on the linear-friction
model of Ref. [22]. For a single particle of mass m, the
resultant Lindbladian is as in Eq. (4) but with the following
Lindblad operators:

L̂k = meik·x̂ − h̄β

8
{k · p̂, eik·x̂}=

(
m + h̄2β

4
k2 − h̄β

4
k · p̂

)
eik·x̂

= eik·x̂
(

m − h̄2β

4
k2 − h̄β

4
k · p̂

)
. (12)

(b)

(a)

FIG. 1. Evolution of the covariance-matrix entries over time. We
have integrated the corresponding equations of motion by discretiz-
ing time using N = 104 time steps. (a) We show the position variance
σ 2

q (t ) (solid red line) and momentum variance σ 2
p (t ) (dashed blue

line) against time within the interval T = 20. (b) We display the
behavior of the covariance σpq(t ) = 〈{q̂, p̂}〉. The initial state is the
ground state of the oscillator. The state is heating indefinitely, oscil-
lating around the linear increase in variance of a diffusive dynamics.
All quantities being reported are dimensionless, and we have rescaled
the parameters so that h̄ = G = 1.

The function �(k) depends on the specific collapse model
being studied as

�(k) = e−k2R2
0

{
4π h̄G/k2 (DP),

h̄2γ (CSL).
(13)

The parameter β quantifies the strength of the dissipation and
is related [in a nontrivial way; cf. Eq. (30)] to the inverse
temperature of the stationary Gibbs state of the dynamics.

A. Fokker-Planck equation

The frictional case can also be tackled by casting the
dynamics in terms of a higher-derivative Fokker-Planck equa-
tion for the Wigner function. To this goal, it is convenient to
work with the momentum-space representation of the Wigner
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(b)(a)

FIG. 2. (a) Relative entropy between the state of the system at time t and target states of increasing temperatures. (b) Corresponding
entropy production rate. The relative entropy becomes null at finite time, taking then negative values. This can be avoided only by assuming
an infinite-temperature target state. All parameters as in Fig. 1.

function (cf. Appendix A)

WÂ(q, p) =
∫

d3v

(4π )3
e−i(q·v/2h̄)

〈
p − v

2

∣∣∣∣Â
∣∣∣∣p + v

2

〉
, (14)

with |p〉 a momentum eigenstate. We start observing that∫
d3v e−i(q·v/2h̄)

(4π )3

〈
p − v

2

∣∣∣∣L̂k ρ̂L̂†
k

∣∣∣∣p + v

2

〉

=
∫

d3v e−i(q·v/2h̄)

(4π )3

〈
p − 2h̄k − v

2

∣∣∣∣ρ̂
∣∣∣∣p − 2h̄k + v

2

〉

×
(

m(+) − h̄β

8
k · v

)(
m(+) + h̄β

8
k · v

)
, (15)

where we have introduced

m(±) = m ± h̄2β

4
k2 − h̄β

4
k · p (16)

and used eik·x̂|p〉 = |p + 2h̄k〉. Using the replacement v →
2ih̄∂q in the integral, we find∫

d3v

(4π )3
e−i(q·v/2h̄)

〈
p − v

2

∣∣∣∣L̂k ρ̂L̂†
k

∣∣∣∣p + v

2

〉

=
[

m2
(+) + h̄4β2

16
(k · ∂q)2

]
Wρ̂ (q, p − 2h̄k).

(17)

Similarly,

1

2

∫
d3v

(4π )3
e−i(q·v/2h̄)

〈
p − v

2

∣∣∣∣{L̂†
k L̂k, ρ̂}

∣∣∣∣p + v

2

〉
=

=
[

m2
(−) − h̄4β2

16
(k · ∂q)2

]
Wρ̂ (q, p). (18)

We focus on the regime where W (q, p − 2h̄k) can be ex-
panded in power series of k, truncating it at second order.
The final differential equation for the Wigner function thus

reads

∂tWρ̂ = {WĤ ,Wρ̂}� + ∇p ·( f pWρ̂ ) + ∂pi∂p j (Di jWρ̂ )

+ ∂qi∂q j (D̃i jWρ̂ ) + Ri jkl∂pi∂p j ∂q j ∂qkWρ̂ . (19)

Let us address the various terms entering this equation. We
start remarking that the fourth-order derivative appearing
in Eq. (19) is typical of this model. For instance, simi-
lar corrections to the standard Fokker-Planck equation are
quite common in the context of hydrodynamics and diffusion
processes, a typical example being the Swift-Hohenberg equa-
tion [43]. The drift vector of the form μi = f pi involves the
scalar term

f = mβ

3

∫
d3k

(2π )3
k2�(k)

(
1 − h̄2β

4m
k2

)
. (20)

Diffusion processes involve a momentum term characterized
by the tensor

Di j = D1δi j + D2 p2δi j + D3 pi p j, (21)

with

D1 = 2m2

3

∫
d3k

(2π )3
k2�(k)

(
1 + h̄2β

4m
k2

)2

,

D3 = 2D2 = h̄2β2

60

∫
d3k

(2π )3
k4�(k). (22)

As for the position-related part, the tensor D̃i j takes the form

D̃i j = δi j
h̄2β2

24

∫
d3k

(2π )3
k2�(k). (23)

Finally,

Ri jkl = h̄2β2

120
(δi jδkl + δikδ jl + δilδ jk )

∫
d3k

(2π )3
k4�(k).

(24)
Assuming the dissipation parameter β to be small, Eq. (19)
reduces to a form that is analogous to the standard
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FIG. 3. Evolution of the covariance-matrix entries over time and their asymptotic equilibrium values. (a) Momentum variance; (b) position
variance; and (c) position and momentum covariances. Initial states at different temperatures are considered; all of them reach the equilibrium
isotropic state with an associated equilibrium temperature. All parameters as in Fig. 1, and we have taken β = 0.3.

Klein-Kramers equation that describes classical Brownian
motion [44]

∂tWρ̂ = {WĤ ,Wρ̂}� + ∇p · ( f pWρ̂ ) + D�pWρ̂ , (25)

with

D = 2m2

3

∫
d3k

(2π )3
k2�(k)

(
1 + h̄2β

2m
k2

)
,

f = mβ

3

∫
d3k

(2π )3
k2�(k). (26)

In such conditions, diffusion will thus depend on the tensor
Di j = Dδi j , while the drift vector will read μi = f pi . In the
frictionless limit β → 0, the diffusion coefficient coincides
with the analogous one for the frictionless CSL/DP model.

B. Solution and non-negativity of entropy production rate in the
small β regime

In the limit of small values of β, the form of Eq. (25)
allows to prove the non-negativity of entropy production rate
by following the same arguments of Ref. [29] or Ref. [45].
First, we need to find the asymptotic equilibrium state of the
evolution. We consider a harmonic oscillator for simplicity,
but the results are valid for any potential that is at most
quadratic in position and momentum. Using an approach close
to the one developed in Sec. III B, thanks to the Gaussian
character of the evolution, one can describe the dynamics of
such a system with a set of ordinary differential equations for
the covariances of the associated quadrature operators. The
specific structure of the effective diffusion equation in the
phase space allows for the existence of an asymptotic ther-
mal state characterized by momentum and position variances
σ 2

eq = 2D/mω f , where m and ω are the mass and frequency
of the oscillator, respectively, while D and f are the diffusion
and friction constants. Using Eq. (26), we find

σ 2
eq = 4

ωβ

[
1 + 3h̄2β

4mR2
o

]
. (27)

Consequently, the equilibrium state will be

Weq = 1

πσ 2
eq

e−(1/σ 2
eq )(q2+p2 ). (28)

This result, together with the uncertainty principle that forces
det(Veq ) � h̄2, yields an upper bound on the parameter that

determines the strength of the dissipative mechanism

β � βc := 4

h̄ω − (
3h̄2/mR2

0

) . (29)

When this inequality is saturated, the asymptotic state is the
ground state of the oscillator. As mentioned, β is not the
inverse energy of the noise field, but a phenomenological
energy scale of the model that determines, though, the equi-
librium temperature of the dynamics. Let βeq be the inverse
temperature at equilibrium, which can be found from σ 2

eq =
(h̄/2)[(eβeq h̄ω + 1)/(eβeq h̄ω − 1)]. By defining λ2

th = h̄2β/m, in
the limit β � 1 such that λ2

th/R2
0 � 1, we get

eβeq h̄ω + 1

eβeq h̄ω − 1
= 8

β h̄ω
, (30)

which admits solution if 8/β h̄ω > 1. Assuming βeq h̄ω � 1
as well, we find the value βeq � 2β/(8 − β h̄ω).

To prove that �(t ) � 0∀t , we can use an equivalent ex-
pression for the entropy production rate, derived in Ref. [29],
which is

� = −
∫

d3 pd3qD(Wρ̂ ) ln(Wρ̂/Weq ), (31)

where D(Wρ̂ ) = ∇p · ( f pWρ̂ ) + D�pWρ̂ = ∇p · J (Wρ̂ ). We
have introduced the current J (Wρ̂ ) := f pWρ̂ + D∇pWρ̂ . Inte-
grating by parts, it is straightforward to see that

� =
∫

d3 pd3qJ (Wρ̂ ) ·
[∇pWρ̂

Wρ̂

− ∇pWeq

Weq

]

=
∫

d3 pd3q
J (Wρ̂ )2

DWρ̂

,

(32)

where in the last line we used the expression of the equilib-
rium state given in Eq. (28). Clearly, Eq. (32) demonstrates
that, as long as the system has a positive Wigner function, the
entropy production rate is non-negative for any initial state
and throughout the entire dynamics, while being zero when
the system reaches equilibrium, since J (Weq ) = 0. In Figs. 3
and 4, we report the evolution of the covariances and both
the relative entropy and entropy production rates for initial
thermal states. We set again h̄ = G = 1 and integrate over
dimensionless time ωt with respect to the frequency of the
oscillator over an interval of T = 20 time units with N = 104

time steps. For the sake of readability of the plots, we chose
m = 2, R0 = 3, and β = 3 so that σ 2

eq = 1.5.
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FIG. 4. Relative entropy (a) and entropy production rates (b)
varying the temperature of the initial data. In the linear-friction
model, the system is driven toward thermal equilibrium as witnessed
by the zero entropy production rate, which is otherwise always non-
negative. All parameters as in Fig. 3.

V. NON-GAUSSIANITY IN THE
LINEAR-FRICTION MODEL

In order to assess non-Gaussian (thermo)dynamics stem-
ming from large values of β, we switch to the Husimi
Q-representation of a quantum state and deploy the Wehrl
entropy

SQ = −
∫

d2α Q(α) ln Q(α) (33)

as a quantifier of the irreversible entropy stemming from
the dynamics [46]. As Q(α) is always non-negative, this
figure of merit is well defined also for non-Gaussian states
whose Wigner function might display negativity [25]. Since
there is no guarantee that Eq. (19) yields factorized solutions,
one cannot trivially separate the motion in three dimensions.
Moreover, studying the 3D problem is numerically demand-
ing. For this reason, instead of focusing on the dissipative
DP model, which is not well defined in one dimension, we
study the analogous CSL model [47]. Although we are not

directly examining the dissipative DP model, in this way we
are nevertheless able to look at the thermodynamic proper-
ties of a class of model that share the same mathematical
structure.

The Q-representation of the quantum state ρ̂ is defined as

Qρ̂ (α) = 1

π
〈α|ρ̂|α〉, (34)

with {|α〉} the basis of coherent states. Using the well-known
phase-space correspondences

〈α|aO|α〉 =
(

α + ∂

∂α�

)
QO(α),

〈α|Oa†|α〉 =
(

α� + ∂

∂α

)
QO(α),

〈α|Oa|α〉 = α QO(α),

〈α|a†O|α〉 = α� QO(α) (35)

and noting that with our rescaling of the phase-space variables
we have p̂ = √

h̄i(â† − â) and q̂ = √
h̄(â† + â), we find

〈α|Lk ρ̂L†
k |α〉 =

∣∣∣∣∣m(+)− h̄β k̃

2
�α

∣∣∣∣∣
2

Q(α − ik̃),

〈α|{L†
k Lk, ρ̂}|α〉 =

[
m(−) − h̄β k̃

2
�α

]2

Q(α) + c.c., (36)

where we have set k̃ = √
h̄k, m(±) = m ± h̄β k̃2/4, and �α =


(α)−(i/2)(∂/∂α�). We can now expand the Q-function for
small values k̃, again assuming it to be well concentrated
around the origin, keeping terms up to O(k̃2) to find the
Q-representation of the Lindblad operator

Q(α) � 1

h̄2

∫
dk

2π
�(k)(A0 + A1 + A2), (37)

where

A0 = h̄βmk̃2 + h̄2β2

32
k̃2 ∂2

∂2�α2
, (38)

A1 = h̄βmk̃2

(
1 + h̄β

4m
k̃2

)

α

∂

∂
α

+ h̄β

4
mk̃2

(
1 + h̄β

4m
k̃2

)
∂2

∂
α2
, (39)

A2 = h̄2β2

16
k̃6 ∂2

∂
α2
+ h̄β

2
mk̃4 ∂2

∂
α2
+ m2k̃2

2

∂2

∂
α2

+ h̄2β2

16
k̃4

[
(4
2α + 1)

∂2

∂
α2
+ 2
α

∂3

∂
α3

+ 1

4

(
∂4

∂
α4
+ ∂4

∂
α2∂�α2

)]
. (40)

As we found for the Wigner representation in Eq. (19),
we have a fourth-order partial differential equation that
is hard to solve even numerically and will require heavy
approximations.
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FIG. 5. Wehrl entropy production rate over time for the linearized dynamics at very early times keeping all the terms in β. (a) β = 0.01;
(b) β = 1; and (c) β = 100. Thermal initial state with n̄ = 0.1 and different test target temperatures. R0 = 0.9 and γ = 1 are kept fixed as
well as the mass of the oscillator m = 1. Time is rescaled with the frequency of the oscillator. As the β2-dependent terms become dominant, a
negative entropy production rate is witnessed.

A. Early-time linearization and second law violation

In order to characterize the time evolution in this regime,
we can restrict ourselves to very early time to simplify the
equation. Consider a generic quantum channel

∂t ρ̂(t ) = LTOT[ρ̂(t )],

where LTOT = L1 + L2, with L2 being a perturbation of the
main dynamics given by L1. Let �t [ρ̂] be the superoperator
that propagates the dynamics, i.e., �t [ρ̂(0)] = ρ̂(t ), and hence
it satisfies

∂t�t = (L1 + L2)�t , with �t=0 = Id. (41)

Equation (41) can be cast in the integral form

�t = eL1t +
∫ t

0
dτeL1(t−τ )L2�τ . (42)

By taking the formal solution in Eq. (42) and plugging it
iteratively inside the integral, one gets a power series in L2.
As L2 is a perturbation, one can just keep the first-order term
and approximate the above expression with

�t
∼= eL1t +

∫ t

0
dτeL1(t−τ )L2eL1τ , (43)

which can be further simplified for small times t (small with
respect to the dynamics generated by L1) as

�t
∼= eL1t + L2t . (44)

This is finally an expression we can use to study our dynamics
numerically by applying it to the quantum Fokker-Planck
equation for the Q-function, at least at very early times. In
our case, L1 represents the unitary dynamics, while L2 the
one related to the collapse.

In particular, assuming an initial thermal state
QTh(α, α�) = [1/π (1 + n̄)]e−|α|2/(1+n̄), which is a fixed
point of the unitary dynamics, one is left with

Q(t ) ∼= QTh(α) + Q(α)[QTh(α)]t, t � 1, (45)

with Q(α) as derived in the previous section in Eq. (37).
As far as the entropic analysis is concerned, we must re-

mark that we do not know if there is an asymptotic stationary
state for the full Fokker-Planck equation. Anyway, following
the analysis at the master equation level of Ref. [22], we will

assume that the full equation will lead to a thermalization of
the state for long times, and we will thus use thermal states at
different temperatures to compute the entropy production rate.
We have set R0 = 0.9, γ = 1, and we repeated the analysis
with increasing values of β in order to assess the effect of the
non-Gaussian terms on the entropy dynamics. This time we
need to solve the dynamics on a grid, over which the numer-
ical integration for the relative entropy is performed as well.
We used a spatial grid on a regular lattice of 800 × 800 points,
ranging from values of �α and 
α in the interval [−4, 4].
Finally, we considered 40 time steps of width 10−6 in units
of the frequency of the oscillator, set n̄ = 0.1 as initial data,
and h̄neq = [0.1, 0.15, 0.2, 0.25] as asymptotic values since
we observed a dominant heating in the early times. As always,
h̄ = 1 and m = 1 for readability of the plots. The results are
reported in Fig. 5. One clearly sees that, as the terms propor-
tional to β2 become dominant, the entropy production rate
reaches negative values at some point, violating the second
law of thermodynamics. On the contrary, when they are small
compared to the other terms, the dynamics remain physically
consistent.

This analysis suggests that large values of β could lead to
dynamics that are not physically consistent from the thermo-
dynamics point of view. However, the analysis relies on the
accuracy of the linearization procedure introduced in Eq. (44).
The regime of validity of such approach cannot be easily
assessed. One would expect that for very small times, Eq. (44)
should be accurate, but (surprisingly) this is not always true,
as discussed in detail in Appendix B. Not having control on
the approximation, the results in Fig. 5 should not be taken
as set in stone, but more as a hint and motivation for further
investigation in this regime. It also shows that much care has
to be put when resorting to perturbation techniques. This will
be the subject of future work.

VI. CONCLUSIONS

We studied the dynamics of quasiprobabilities of a system
subject to the gravity-related collapse mechanism described
by the DP model and its linear-friction version proposed in
Ref. [22]. We used this framework to compute the entropy
production rate over time to assess the physical consistency
of the models from the thermodynamic point of view. In

043017-8



NONEQUILIBRIUM THERMODYNAMICS OF … PHYSICAL REVIEW RESEARCH 7, 043017 (2025)

the standard, frictionless DP model, an infinite-temperature
asymptotic state is required to ensure positive entropy produc-
tion, causing the system to stay out of equilibrium indefinitely.
Introducing the linear-friction term, which depends on a char-
acteristic energy 1/β, yields a Fokker-Planck equation with
fourth-order derivatives that breaks the Gaussianity of the
evolution and renders a numerical solution unfeasible. In the
small β limit, Gaussianity is recovered and the resulting en-
tropy dynamics shows a non-negative entropy production that
goes to zero asymptotically, indicating a proper thermaliza-
tion. In this case, we were also able to link the parameter β

to the actual asymptotic equilibrium temperature and to find
an upper bound to its possible values. These findings are con-
sistent with Ref. [23] and expand upon the results therein. By
retaining all terms in β, the linearization of the dynamics leads
to negative entropy production, at least during the very early
stages of the evolution, thereby supporting the validity of the
high temperature limit. However, as discussed in Appendix B,
assessing the range of validity of the linear approximation
is crucial to identify the parameter range where the large-
β model is thermodynamically consistent. Nonetheless, our
study paves the way toward a systematic study of collapse
models outside the Gaussian-state conditions. Such investiga-
tion of the aforementioned aspects is left to future works.
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APPENDIX A: WIGNER FUNCTION IN MOMENTUM
SPACE

While the standard definition of the Wigner function is the
one given in Eq. (5), we derive here the alternative expression
of Eq. (14). In order to do so, we start from Eq. (5), and we
insert two completeness relations

WÂ(q, p) =
∫

d3y d3 p′d3 p′′

(4π )3
e−i(p·y/2h̄)

〈
q + y

2

∣∣∣∣p′
〉

×〈p′|Â|p′′〉
〈

p′′
∣∣∣∣q − y

2

〉
. (A1)

In our notation [48], the momentum eigenstate wave function
is normalized as 〈x|p〉 = [1/(4π h̄)3/2]ei(p·y/2h̄). The expres-
sion for the Wigner function thus reduces to

WÂ(q, p) =
∫

d3 p′d3 p′′

(4π h̄)3

d3y

(4π )3
e(−iy/2h̄)·(p−p′/2−p′′/2)

× e(iq/2h̄)·(p′−p′′ )〈p′|Â|p′′〉. (A2)

The integral over y can be performed explicitly, using∫
d3yeiαp·y = [(2π )3/|α|3]δ(p). In our case, this generates a

factor δ(p − p′/2 − p′′/2), and we can also perform an inte-
gration over one of the momentum integration variables, say
p′, to get

WÂ(q, p) =
∫

d3 p′′

(2π )3
e(iq/h̄)·(p−p′′ )〈2p − p′′|Â|p′′〉. (A3)

By performing the change of variable p′′ = (v/2) + p, we find

WÂ(q, p) =
∫

d3v

(4π )3
e−i(q·v/2h̄)

〈
p − v

2

∣∣∣∣Â
∣∣∣∣p + v

2

〉
, (A4)

which is Eq. (14).

APPENDIX B: ON THE EARLY-TIME LINEARIZATION

We elaborate on the limitation of the early-time expansion
performed in Sec. V. In order to do so, we perform the
same linearization to Eq. (25) and compare it with the exact
solution. Here, we will consider only the one-dimensional
case and will treat the diffusion coefficient D and friction
coefficient f as free parameters, as we are only interested in
the features of the linearization procedure.

We consider again the linearized version of the full quan-
tum channel as in Eq. (44), where L1 is still the unitary part,
whereas L2 is the noise, perturbative term, in the small β

limit. Considering an initial thermal state, then the linearized
evolution of the Wigner function of the system yields

W (q, p, t ) ∼= WTh(q, p) + W (q, p)[WTh(q, p)] · t, (B1)

with

W (q, p)[W ] = ∂p( f pW ) + D�PW. (B2)

We compute the approximate evolution on a regular lattice of
800 × 800 points, where both p and q range in the interval
[−4, 4] and considering a time interval T = 40 with time
steps dt = 10−2, as always rescaled with the frequency of
the oscillator. In Fig. 6, we compare the results of the lin-
earized evolution for the entropy production rate with those
of the exact numerical solution. We can see that for certain
choices of parameters the linearization is indeed able to cap-
ture the early-time features of the entropy dynamics, but this
is not always true as seen in Fig. 6(a), where the linearized
solution gives different results and even negative entropy pro-
duction rate. These different choices of parameters thus give
different reliability of the linearization method, as it is also
confirmed by Fig. 7 where the L2-norm distance between the
exact Wigner function at time t and the linearized one is
reported.

To summarize, this analysis shows that the linearization
of the Lindbladian in Eq. (44) is not always a reliable tool to
approximate the early-time evolutions of quantum systems, as
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FIG. 6. Comparison between the entropy production rate computed with the exact solution (solid lines) and the one computed with the
linearized solution (dashed lines) for different initial states. The parameters are chosen so that the asymptotic state is the same. (a) The
diffusion and dissipation parameters are D = 1 and f = 4/3. There is a discrepancy between the two solutions from t = 0; initial negative
entropy production is even present. The linearization fails. (b) The diffusion and dissipation parameters are D = 3/4 and f = 1; for very early
times, the two methods are in excellent agreement.

it could lead to sensible differences with the exact solutions
upon certain choices of the parameters of the dynamics.
Furthermore, we certified that the Wigner functions generated
by the linearized evolution are indeed proper quantum
states (i.e., their covariance matrix satisfy the Heisenberg
uncertainty principle); hence, the negative entropy production
rate must be a feature of such an approximate dynamics that
signals its imprecision. Nevertheless, since in some regimes
the approximate dynamics is accurate, it might still be that

for large values of β the model leads to negative entropy pro-
duction. Having no control on the approximation, we cannot
conclude anything. The approximation in Eq. (44) depends
crucially on the choice of parameters. In some cases, such ap-
proximation fails to be legitimate even for small times. These
are intriguing features that will deserve further inspection in
future. Understanding rigorously the range of validity of this
approximation is not a trivial task, which we leave for future
study.

FIG. 7. L2-norm distance between the exact and the linearized state, computed as DL2 =
√∫

dqd p(Wlin (q, p) − Wex(q, p))2. For D = 1,
f = 4/3 the approximate Wigner diverges from the exact one much faster than for D = 3/4 and f = 1. In particular, the stationary state is not
stationary for the linearized dynamic with D = 1 and f = 4/3.
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