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Microscopic basis for recovery rheology and the nonequilibrium structure,
yielding, and flow of dense particle suspensions
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The recent introduction of recovery rheology has provided qualitatively new physical insights into the yielding
and flow of soft matter systems across diverse mechanically driven nonequilibrium protocols by separating
the deformation strain into recoverable and unrecoverable components. A striking finding is that the fluidlike
response associated with the gradually increasing unrecoverable strain ultimately leads to the continuous yielding
transition from a solid to a liquid. We build on the force and particle level Elastically Collective Nonlinear
Langevin equation theory of activated dynamics within a nonequilibrium microrheological framework to formu-
late a general statistical mechanical foundation of step-rate start-up shear response that relates recovery rheology
to microscopic structure, relaxation, and elasticity. Quantitative applications to metastable hard and soft sphere
colloidal suspensions reveal testable predictions and interconnections between macroscopic and microscopic
properties: (1) the steady-state recoverable strain is directly related to the steady-state shear thinning; (2) the
transient stress overshoot amplitude varies nonmonotonically with packing fraction and is quantitatively linked
to the steady-state recoverable strain; (3) the acquired unrecoverable strain dictates the stress overshoot strain;
and (4) the predicted enormous reduction of the structural relaxation time under deformation is inversely related

to the unrecoverable strain rate.

DOLI: 10.1103/7dxn-94gy

I. INTRODUCTION

Dense kinetically arrested materials with liquidlike mi-
crostructure yet solidlike mechanical response are ubiquitous,
encompassing diverse systems such as colloids, nanocom-
posites, amorphous metals, polymers, and cell tissue. Re-
markably, such diverse materials can exhibit qualitatively
similar responses to external shear deformation, albeit with
largely system and thermodynamic state-specific quantitative
aspects [1-6]. Under strain-controlled step-rate deforma-
tion, the material initially elastically acquires stress, fol-
lowed by an anelastic or “strain softening” regime, then
a stress overshoot indicating a continuous elastic-viscous
crossover or yielding, and ultimately nonequilibrium steady-
state flow. This rich transient nonlinear mechanical response
is of high practical importance. But its microscopic con-
nection to the underlying coupled temporal evolution of
nonequilibrium structure, elasticity, and stress and struc-
tural relaxation remains poorly understood. Thus, quantitative
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interconnections between observable macroscopic mechan-
ical properties in quiescent, transient, and flowing states
and internal microscopic material-specific properties remain
largely a mystery.

Modern iterative recovery rheology is providing much
deeper insight into the underlying physics. Stress is mea-
sured as a function of time or accumulated total strain, y,
which is separated into recoverable, y;.., and unrecoverable,
Yunrec, cOmponents. The accumulation of unrecoverable strain
drives a continuous material fluidization [7-11], and holds
promise to unify characterization of yielding phenomena
across different nonlinear rheological measurements, includ-
ing step-rate, step-strain, oscillatory shear, and nonlinear
creep. The phenomenological continuum model by Kamani,
Donley, and Rogers, the KDR model [7-11] built on the
recovery rheology perspective can reproduce many rheolog-
ical features and trends based on six parameters determined
from specific experimental measurements and data fitting.
Importantly and rather remarkably, upon fine tuning of a
specific and nonuniversal phenomenological parameter, the
KDR model reproduces a qualitatively correct transient re-
sponse under large-amplitude oscillatory shear (LAOS) using
the steady-state material relaxation parameters and quiescent
elastic parameters extracted from experiment. However, more
broadly, a microscopic theoretical foundation for recovery
rheology and the concept of recoverable versus unrecoverable
strain remains absent, and creation of one is the primary
goal of this article. At the same time, fundamental physical
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differences between the KDR model assumptions and our
microscopic statistical mechanical theory are identified, sug-
gesting avenues for future experimental studies and perhaps
refinement of the KDR framework.

We employ a suite of statistical mechanical theory ideas
formulated at the microscopic level of forces and particles,
which have been extensively tested against experiment un-
der quiescent and mechanically nonequilibrium conditions
[12-19]. The foundational framework is the Elastically Col-
lective Nonlinear Langevin Equation (ECNLE) theory, which
microscopically describes kinetic constraints and stochastic
activated particle motion, and allows the prediction of macro-
scopic observables such as the activated relaxation time and
diffusion constant, and the emergent elastic modulus of the
transiently localized dynamical state. Under external defor-
mation, these microscopic quantities evolve in a predictable
manner, thereby enabling the theory to address emergent
nonequilibrium variables critical to measurable macroscopic
responses, including the acquired mechanical stress and a
scalar order parameter that quantifies deformation-modified
structure. The essential physical idea discussed here is to
connect this microscopic structural deformation parameter
to the macroscopic recoverable strain, and use this encoded
deformation memory via the stress and recoverable strain to
self-consistently predict nonequilibrium activated relaxation
and elasticity at a given time/strain, and vice versa.

As a preview of our results, the following insights and
testable interconnections have been obtained for metastable
glass-forming Brownian hard particle fluids and colloidal sus-
pensions. (1) Steady-state shear thinning of the viscosity and
structural alpha relaxation time (t,) as a function of shear rate,
¥, obeys an effective power law 7, ss( y, @) ~ y =149 with
a packing fraction (¢)-dependent exponent, a(¢). The system-
atic deviations from the ideal shear thinning behavior (a = 0)
that have been observed in experiment are microscopically
understood to arise from a fundamental link to the nonuniver-
sal growth of accumulated recoverable strain with shear rate,
Yeee.ss ~ V49 (2) The transient stress overshoot amplitude
is determined by the steady-state recoverable strain, which
quantifies nonequilibrium structural deformation, implying a
deep connection between transient and long-time nonequi-
librium physics. (3) The corresponding overshoot strain is
determined by a nonuniversal critical level of unrecover-
able strain, thus revealing that the active deformation-driven
solid-to-fluid crossover is tied to the accumulation of the unre-
coverable strain component of the total macroscopic strain. (4)
The difficult to experimentally measure structural relaxation
time under active deformation is predicted to be obtainable
from the macroscopic unrecoverable shear rate, allowing a
link to a key phenomenological ansatz employed in the KDR
model.

II. THEORY

We now briefly review all aspects of the transient dynamics
and elasticity under quiescent conditions and their changes
under deformation, which serve as the starting point for our
theoretical advances. All technical details and physical dis-
cussions have been reported in prior papers [12—17], including
many successful confrontations with experiments [18,19].

The starting point for equilibrium dynamics is the force
level ECNLE theory of stochastic activated single-particle tra-
jectories as encoded in a nonlinear Langevin equation (NLE):

dr 8den

s dt ar

Equation (1) represents an overdamped (Brownian dynamics)
stochastic force balance evolution equation for the angularly
averaged scalar displacement r(¢) of a tagged particle. Here,
8 f is the white noise random force that obeys (6 f(0)5 f(¢)) =
2kgT ¢:6(t) and & is the short-time and distance frictional
drag characterized by a well-known short-time friction con-
stant [12]. The associated time v, = 8,02 is the unit of
time in all our calculations. It arises from the nonactivated,
in-cage, short-time and distance process that contains local
hydrodynamic and solvent effects in colloidal suspensions and
two-particle dynamics (collisions for hard spheres) in a mean
field cage framework. The well-known explicit expression for
hard spheres is provided in Eq. (Al), and for details, see
Ref. [12].

The key quantity in Eq. (1) is the microscopic spatially
resolved dynamic free energy, Fuyn(r) [12,14], derived using
a non-traditional form of dynamic density functional theory
(DDFT). Its negative gradient determines the effective force
on a particle due to all other moving particles:

o ® K2C2(k)S (k)

.
Fan(r) = —3In = — 2
Plun(r) " T ), TS5k

+8f=0. (1)

2,2
x e~ 5 s k. )

Here, o is the particle diameter, 8 = (kgT)~' is the in-
verse thermal energy, p is the number density, and ¢ = ’”’T"B
is the dimensionless packing fraction. Dynamically relevant
effective pair interactions (and hence forces) enter via the di-
rect correlation function determined by equilibrium structure,
which in Fourier space obeys the Ornstein-Zernike relation
C(k) = p~'[1 — S~1(k)], where S(k) is the static structure
factor computable from accurate integral equation theory (see
Appendix A 2) [20]. Physically, the dynamic free energy sums
up slowly decaying force-force time correlations on all rele-
vant length scales [wave-vector integration in Eq. (2)] within
a local equilibrium and nonensemble-averaged formulation of
DDFT [12]. For repulsive particles, it defines the steric caging
potential experienced by a tagged particle due to the motion
of all surrounding particles [see Fig. 1(a)]. However, the ap-
proach sketched above is general for any spherical particle
system interacting via any pair potential.

Figure 1(b) shows an example quiescent dynamic free en-
ergy with all relevant length and energy scales indicated; a
nonzero barrier emerges beyond a critical packing fraction
¢. = 0.44 [20] for hard spheres. This localized form signals
a dynamical crossover predicted from a simplified or naive
mode coupling theory (NMCT). The activated dynamics the-
ory predicts the particle jump length Ar required to cross
the activation barrier of height Fp and “escape its cage” is
sufficiently large that a small collective elastic expansion of
the cage is required, resulting in a spatially nonlocal contri-
bution to the alpha relaxation event [see Fig. 1(a)]. Such a
spatially nonlocal extension defines the ECNLE theory [14]
via the presence of a longer range elastic barrier (F;) that
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FIG. 1. Quiescent ECNLE theory background elements [12,14,17]: (a) Graphic representation of the ideas of ECNLE theory where a
central tagged particle (green) is transiently localized in a spatially resolved confining caging potential formed by its identical neighbors
(purple), along with the longer range (yellow) small collective elastic displacements of all particles outside the cage region (arrows) required
to causally facilitate a cage escape event. The net structural alpha relaxation event is of a spatially local-nonlocal character. (b) The confining
dynamic free energy as a function of tagged particle displacement in units of particle diameter (o) with important length and energy scales
indicated where 8 = (kzT)~". The maximum caging force fyx (in units of k3T o ~!) experienced by a tagged particle. (c) Harmonic collective
elastic displacement of all particles outside the cage. (d) Dimensionless mean alpha relaxation or hopping time (and its analog with no elastic
barrier, dashed curve) for dense metastable hard sphere fluids as a function of packing fraction. The inset shows a cross plot of the mean alpha
time and elastic plateau shear modulus in the transiently localized state on a log-linear scale. (¢) Exponential growth of the dimensionless elastic
shear modulus (triangles) (units of k3T o ~3) associated with the transiently localized state, along with the maximum caging force (squares) felt

by a tagged particle. Inset shows a cross plot of fi.x vs G'.

is causally related to the local cage barrier as required to
achieve the elementary irreversible barrier crossing event, as
schematically shown in Fig. 1(c). Importantly, the dynamic
free energy contains all essential elements to compute Fy; (see
Appendix A3 or Ref. [14] for detailed discussion) and the
mean activated alpha relaxation time, t,.

Given the particle interactions and the thermodynamic
state, the dynamic free energy is a priori constructed. From
it, the elastic shear modulus G’ [Eq. (3), microscopic Green-
Kubo formalism] and 7, [Eq. (4), Kramers mean first passage
time] are derived as follows [21]:

G ksT [ T, dC(k) > _e2
— =2 | ak|KpStk)y—=| e W, (3
ks T/ 607:2/0 [ PS¢ 3
T_"‘ — Pl /rg dx ePFam®) fx dy e PFan®) 4)
Ts rL rL

Here, ry, is the transient particle localization length (minimum
of the dynamic free energy) and rp is the barrier location.
Above and below, we nondimensionalize G’ and stress, X, by
the Brownian stress scale kg—f, and 7, and y ! by 7, discussed
above [12].

Figures 1(d) and 1(e) show the packing fraction varia-
tion for hard spheres of 7, and G’ in the equilibrium highly
metastable range of present interest. The inset of panel (d)
demonstrates that ECNLE theory predicts the total activation
barrier and dynamic elastic shear modulus are exponentially
related as In (1, /70) o Bo3G’. Other connections of the alpha
time to the medium-range order correlation length and a spe-
cific density fluctuation measurable thermodynamic property

[S(k = 0) = Sy] have been derived, and shown to be in ac-
cord with experiments on thermal glass forming molecular
and polymer liquids [17]. Panel (e) also shows the packing
fraction variation of the maximum caging force, fmax, felt by
a particle that occurs at the inflection point displacement of
the highly anharmonic dynamic free energy; to leading order
in the deeply metastable regime for hard spheres [22], fiax o
%. The inset shows a cross plot of this quantity against the
elastic modulus, which follows from the microrheologylike
prediction that G’ o< kgT /or;. Taken as a whole, these plots
illustrate the deep connection among all properties of the
spatially resolved microscopic dynamic free energy via their
common origin in spatially resolved structure-determined
kinetic constraints, from which ECNLE theory predicts dy-
namic observables, as discussed in great detail [12,14].

The above description of glass-forming liquids in equilib-
rium is well-established and has been recently generalized
to self-consistently treat nonlinear rheology, and successfully
utilized to predict the nonlinear mechanical response to exter-
nal deformation [15,16] as well as re-equilibration dynamics
after deformation cessation [23]. The latter are achieved in a
tractable and predictive manner via the incorporation of two
emergent deformation variables: the macroscopic stress, X,
and the microscopic structural deformation as will be quan-
tified by the effective scalar strain, y.¢. Physically, the stress
accounts for the particle-level unbalanced forces, while the ef-
fective strain accounts for the change in microscopic structure
and its influence on dynamics and rheology. These two quan-
tities are zero in the quiescent state at the start of the deforma-
tion, and self-consistently evolve over time as we now discuss.
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FIG. 2. (a) Parametric evolution of t, with stress in the idealized
isostructural y.r = O limit. Circles mark the stress where the barrier
is reduced to kgT', while arrows are when it strictly vanishes defining
the “absolute yield stress” limit. The inset shows the dynamic free
energy as a function of increasing stress. (b) Corresponding elastic
modulus evolution. (¢) Parametric evolution of z, with effective
affine strain in the idealized limit of zero stress. The inset shows the
corresponding change of the pair correlation function, g(r) based on
wave-vector advection. Arrows mark the absolute yield strain where
the localized state is destroyed. (d) Corresponding elastic modulus
evolution.

The macroscopic stress enters the theory based on the
microrheological idea that it is transduced to the micro-
scopic particle level as a mechanical force, yielding a
nonequilibrium work-type contribution to dynamic free en-
ergy [13]: Fayn(r; ) = Fayn(r; 2 =0) — ”2—‘222 r, where the
microscopic prefactor is proportional to a single-particle
cross-sectional area. Because of the anharmonic and finite bar-
rier form of the dynamic free energy, the effective mechanical
force or stress monotonically reduces all measures of solid-
ity [Figs. 2(a) and 2(b)], including the transient localization
[Fig. 2(a), inset], elastic modulus, and activation barrier [13].

The internal structural deformation is microscopically
quantified via the scalar effective strain variable y,¢ based on
the no adjustable parameter isotropic wave-vector advection

idea, S(k, yerr) = S(ky/ 1+ %2“) [24,25]. This is a second
origin of kinetic constraint “softening” encoded in the dy-
namic free energy [Figs. 2(c) and 2(d)]. The inset of Fig. 2(c)
shows the evolution of the pair correlation function, g(r), with
increasing yegr. The suppression in amplitude and increase
in interparticle separation of its near-contact region reflect
deformation-induced cage stretching.

The rationale for the adopted effectively isotropic treat-
ment of structural deformation has been discussed in great
depth previously [15,16]. It is adopted for technical tractabil-
ity since a reliable microscopic theoretical description of the
fully anisotropic structure factor is not available. Even if it
was, the associated tensorial description of kinetic constraints,
the dynamic free energy, and the rheological response would

be computationally and conceptually much more complex. In
addition, a physical motivation is that both simulations [26]
and experiments [27] provide support for the adequacy of
this simplification on the local length scales most relevant to
the theoretical predictions based on the dynamic free energy
concept. From a broader tensorial viewpoint, the resulting
elastic and viscous softening arises mainly from extensional-
axis-dominated distortions, an averaged isotropic effect of
which is approximately captured by the wave-vector advec-
tion [Fig. 2(c), inset]. At very high strain rates, however,
strong compression-axis densification may induce nontrivial
effects, such as shear jamming [28], which is beyond the reach
of the present isotropic framework.

Under nonequilibrium conditions, the analogs of Egs. (3)
and (4) for the elastic modulus and relaxation time con-
tinue to hold in form, except the required structural input
is a function of e, and the localization length and dy-
namic free energy depend on both stress and effective strain,
Fayn (73 2, Vetr). Thus, microscopic ECNLE theory predictions
of the alpha time and elastic modulus become highly nonlinear
two-dimensional parametric functions of stress and effective
strain. For pedagogical reasons, and also to clearly expose
the physics under deformation in the theory, we first present
example calculations for metastable hard sphere fluids that il-
lustrate the isolated parametric influence of each deformation
variable discussed above. Figures 2(a) and 2(b), respectively,
show the parametric influence of external stress on the relax-
ation time and elastic modulus under the idealized condition
of fixed structure (y.;r = 0). External stress enters directly
as an extra force at the particle level, which progressively
weakens all localizing features of the anharmonic dynamic
free energy. With increasing stress, the activation barriers are
initially reduced on the larger length scale that defines the
origin of the collective elastic barrier, an effect that is ampli-
fied as packing fraction increases. With further stress increase,
the local cage barrier is also reduced, ultimately leading to a
drastic reduction in the relaxation time. Once the fotal barrier
approaches the thermal energy scale at a high enough stress
[circles in Fig. 2(a)], a sharp drop of the relaxation time
occurs. This marks a mechanically induced delocalization
transition (shown by arrows) at a characteristic stress called
the “absolute yield stress” where the dynamic free energy no
longer displays any localizing features. In contrast, since the
elastic modulus is governed by the much shorter localization
length scale of the dynamic free energy, the softening effects
due to external stress are far more modest and evolve in a
smoother manner.

Figures 2(c) and 2(d) show the kinetic constraint softening
effects of strain-induced changes of structure on the relaxation
time and elastic modulus under the idealized condition of zero
applied stress. Similar to the isolated effect of external stress,
reduction of the relaxation time is more pronounced than elas-
tic modulus softening, and the corresponding “absolute yield
strain” (arrows) again marks the delocalization transition.
However, compared with the effect of external stress, the over-
all softening induced by structural deformation is weaker at
small deformations. This difference arises because structural
deformation modifies the dynamic free energy through an
integral over time-persistent force correlations over all length
scales in Eq. (2), while external stress enters the dynamic free
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energy directly as a particle-level mechanical work term. Of
course, in a real step-shear deformation the effects of stress
and strain are simultaneously present in a correlated manner.

We now build on all of the above to construct a coupled
theory for the mechanical constitutive equation and nonequi-
librium structural evolution equation. The system response,
as in the coupled stress and structural evolution based on a
time-local system, is obtained by self-consistently solving the
following generalized nonlinear Maxwell model for homoge-
neous deformations of coupled stress and structural evolution
[15,16,29]:

dx() 20 e, v )
di 2O, ] et
dyese (1) Vert (1) .
= , 6
di WO, v @] ©

where X(¢) is the stress acquired elastically via the dynamic
shear elastic modulus, G'(¢), which is dissipated on a nonequi-
librium alpha timescale, 7, (¢), with the accumulated shear
strain y () = yt acquired at a constant shear rate y. Equa-
tion (6) describes the evolution of the microscopic structural
deformation parameter y.g, which increases elastically via
the affine total strain (last term) and competes with a return
to the quiescent state via activated relaxation on a timescale
7, (t) (first term). Importantly, y.s is not the trivial affine
strain per a purely elastic ideal solid, but includes activated
irreversible relaxation (plastic effects), and at any time during
the deformation quantifies the nonquiescent structure and thus
serves as a microstructural deformation memory.

Here, we propose that y.. = yer describes the recoverable
strain, which is of central conceptual importance in recovery
rheology. Its difference from the total macroscopic strain de-
fines the plastic unrecoverable strain, Yunrec = ¥ — Vrec-

We emphasize that Eqs. (5) and (6) have implicitly
assumed that the relevant stress and structural relaxation
times are exactly equal. This is the minimalist descrip-
tion, and for activated glassy dynamics in equilibrium, it
is typically true to within a prefactor that deviates lit-
tle from unity [30]. However, this is a nontrivial, largely
unsolved problem the precise quantification of which de-
pends on the specific system. The modeling of this
nonuniversal physics via a so-called constant (independent
of thermodynamic state and deformation variables) “mis-
match factor,” f = gStess/gStucture can be introduced, as in
Appendix B.

The coupled self-consistent Eqs. (5) and (6) are com-
bined with the ECNLE theory computed G'[Z(2), yege (¢)] and
T, [2(1), verr(t)] to provide a closed description that is numer-
ically solved to obtain the nonequilibrium stress and structure
response. We emphasize that the multiple integrated theoreti-
cal elements have been extensively tested against experiment
[15,16] without fitting for the step-rate start-up shear response
of dense glass-forming hard particle fluids. We now apply the
theory to provide structural, dynamical, and rheological pre-
dictions, and most importantly, obtain interrelations relevant
to recovery rheology for metastable hard sphere suspensions.
Very importantly, these interrelations are broadly applicable
beyond hard spheres. As proof of concept, analogous findings
for soft particles modeled by a repulsive Hertzian potential
[31] are presented in Sec. I'V.
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FIG. 3. (a) Stress-strain response for four packing fractions and
a dimensionless shear rate of y = 1. Points mark the stress over-
shoot. The renormalized Peclet number defined as Pey = 7, (0)y for
the quiescent alpha times of 0.9, 208, 2 x 10, 4 x 10'® corre-
sponding to ¢ = 0.55, 0.58, 0.60, 0.62 decreases to unity at the
indicated squares marking the onset of plasticity [Pe(y) = t,(y)y =
1], where the strain is of order 0.1. (b) Corresponding structural strain
parameter evolution (recoverable strain, solid lines), which at the
overshoot remains far below its steady-state value, and unrecoverable
strain (dashed lines). The corresponding dimensionless alpha time
[panel (c)] and elastic modulus evolution [panel (d)] as a function of
strain.

III. RESULTS

We begin by presenting foundational theoretical results,
followed by predictions for the connections between re-
coverable and unrecoverable strain with steady-state shear
thinning, the transient stress overshoot, and the structural and
stress relaxation time. This includes testable interrelationships
between rheological features on different timescales or equiv-
alently total accumulated strain predicted by our approach.

A. Foundational behaviors

Figure 3 shows the concurrent evolution of the stress,
the structural recoverable strain, the alpha relaxation time,
and the elastic plateau modulus for four metastable high
packing fractions. Initially, when the alpha time exceeds
the inverse shear rate per a solidlike system [renormalized
Peclet number Pey = 7,(r = 0)y ~ 10°y for ¢ = 0.6], the
deformation-modified activated relaxation effects on the rhe-
ological response are minimal, despifte the fact that modest
deformation does strongly reduce the relaxation time [but
Pe(t) = yt,(t) > 1]. As aresult, ¥ and y.s increase linearly
with time at their respective rates of yG’(¢) and y, marking
the operationally defined elastic regime. Further increase in
deformation eventually sufficiently weaken the caging con-
straints, strongly reducing the elastic modulus and relaxation
times and rendering activated processes relevant on the inverse
shear-rate timescale. This results in significant plastic effects
and an anelastic regime; e.g., Pe(r) &~ 1 (0.14) at plastic on-
set (overshoot) shown by square (circle) for ¢ = 0.6 sheared
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at rate y = 1.0 in Fig. 3(a). The stress then undergoes a
nonmonotonic overshoot before reaching a steady state. This
behavior is predicted to be in striking qualitative contrast to
the structural strain behavior in Fig. 3(b), which more slowly
and monotonically approaches the steady state. In the long-
time steady-state, viscous stress relaxation matches elastic
stress generation, and structural relaxation matches structural
deformation, while the full transient behavior depends on the
instantaneous values of these four contributions.

We now decompose the macroscopic total strain into its
recoverable (Vrec = Vo) and unrecoverable Yypree = ¥ — Vert
components. The latter corresponds to particle displacements
accumulated opposite to the shear direction and thus quanti-
fies the plastic response. As shown in Fig. 3(b) (dashed lines),
it starts from zero and remains small until the overshoot, after
which it increases with strain rate. Another important facet
that emerges from recognizing the effective strain as the re-
coverable strain is the resolution of the applied strain rate into
its recoverable and unrecoverable components. At early times,
when relaxation processes are negligible, the microstructure
responds affinely so that yeg(f — 0) = prec(t — 0) = y. In
contrast, in the steady state, where the microstructure is out of
equilibrium but has ceased to evolve, the deformation is fully
plastic, and thus Yyprec(f — 00) = y. The transient evolution,
however, will be shown in Sec. III E to be linked and in a man-
ner that allows one to obtain transient alpha time evolution.

Figure 3(c) shows that the relaxation time is predicted
to decrease quickly from [0.9, 208, 2 x 10°, 4 x 10'°] for
packing fractions of [0.55, 0.58, 0.60, 0.62], and becomes
almost independent of time/strain around the overshoot (see
inset for zoomed-in plot). In contrast, the stress and structure
continue to evolve. This clearly establishes that the over-
shoot feature marks a yielding or solid-fluid transition from a
structural or stress relaxation time perspective. Similarly, the
elastic modulus in Fig. 3(d) displays a significant reduction
until overshoot, and then slowly saturates to a steady-state
value.

B. Connecting shear-thinning response
and recoverable strain

Based on the above results, our first insight is the deduction
of a quantitatively precise connection between recoverable
strain and the alpha (or stress) relaxation time in the shear-
thinned steady state. To see this, first note that in the steady
state Eq. (6) simplifies t0 Yrec.ss = Veff.ss = ¥ Ta.ss, Where
Ty.ss is the steady-state structural relaxation time directly
related to the steady-state recoverable strain scaled by y~'.
This intriguing connection between the viscous shear-thinning
response and the recoverable strain has been deduced micro-
scopically and in a general manner from the structure of our
theory in Egs. (5) and (6), and is testable by macroscopic
rheology experiments. The generality of this expression stems
from a simple physical idea: in the steady state, the structural

relaxation rate, VTL;:, must balance the applied deformation

rate y to prevent further microstructural evolution. However,
the detailed mechanism of structural deformation, such as
wave-vector advection, is secondary.

The above finding also provides an understanding of the
origin of deviations from the ideal shear-thinning response of

Ta.SS ™~ y~1as arising from the shear rate dependence of the

structural cage deformation. More specifically, from Fig. 4(a)
one sees that the recoverable strain is predicted to increase
as a power law of Y ~ y“?® with an exponent a(¢) €
[0 — 1]. This leads to the steady-state alpha time (and to
leading order the non-Newtonian viscosity) obeying 7, ss ~
y =@ with a(¢) systematically approaching zero with
increasing packing fraction. The packing fraction dependence
of the extracted theoretical exponent is shown in Fig. 4(b)
to linearly approach zero as random close packing (RCP) of
the employed integral equation theory is approached: a(¢ —
drep) ~ (drep — @) (see Appendix A 2 or Ref. [18] for de-
tailed discussion on the RCP limit). Physically, it implies that,
as ¢ — ¢rcep (per frictionless granular systems), the cage de-
formation required for flow becomes strain rate independent,
per our prediction of ideal shear thinning. Conversely, at lower
more weakly metastable packing fractions, steady-state cage
deformation is further enhanced with increasing shear rate,
implying a smaller reduction in the alpha time is needed to
attain steady flow and thus a smaller thinning exponent.

Importantly, an effective shear thinning exponent smaller
than unity has been experimentally observed in steady shear
[27] [compared in Fig. 4(a) and the single point in Fig. 4(b)],
along with smaller fractional powers with decreasing ¢
for particle self-diffusion coefficients during large-amplitude
oscillatory shear [32,33] [squares in Fig. 4(b)]; see figure cap-
tions for system details. The trends and absolute values from
simulation and theory agree well, especially considering the
theoretical calculations based on smooth hard spheres do
not include polydispersity effects and other real-world com-
plications such as colloid surface roughness. Interestingly,
similar responses have also been seen in polymeric glasses
with increasing temperature [34] and in numerical simulations
of model supercooled/glassy systems [35,36]. Moreover, nu-
merous studies [37,38] on extremely dense or soft jammed
systems have shown near ideal shear-thinning behavior. Our
theory provides a microscopic physical basis for these be-
haviors based on the strain-rate variation of the steady-state
recoverable strain that underlies apparent scaling exponent
variability.

Figure 4(c) presents the predicted evolution of the steady-
state alpha relaxation time from its Newtonian plateau
quiescent value at low shear rates to an inverse-effective
fractional power-law regime characteristic of traditional shear
thinning. For relatively low, but still metastable fluid, pack-
ing fractions, the Newtonian plateau at small shear rates
smoothly crosses over to a power-law thinning regime where
Toss ~ p~174@) at shear rates indicated by the arrows.
Strikingly, the crossover shear rate is decades smaller than
the inverse quiescent alpha relaxation time, shown by the
crosses on the x axis. Specifically, for ¢ = [0.55, 0.56, 0.58],
the corresponding renormalized Peclet numbers are Pe =
[0.0337, 0.0285, 0.0128], approximately two decades below
unity, and they decrease further for more deeply metastable
states. This behavior is consistent with experimental and sim-
ulation studies [36,39], and very different from the shear
thinning behavior of entangled polymer melts [40,41] but akin
to that of polymer glasses [42,43]. As discussed earlier, the
effective large-strain-rate shear-thinning exponents approach
the ideal value of —1 as the packing fraction increases.
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FIG. 4. (a) Predicted steady-state shear thinning response for different packing fractions in the format of the steady-state Peclet number

VTass =

Yeee.ss ~ ¥¥@); apparent power-law scalings are indicated. The stars indicate experimental data from Ref. [27], which follow an

effective power law of %2 for polymethylmethacrylate hard colloids with 10% polydispersity and ¢ ~ 0.62. (b) Packing fraction dependence
of exponent a(¢), which linearly approaches zero as the approximate theoretical RCP state is approached at ¢rcp [18] (see Appendix A 2)
following a critical scaling form of a ~ (¢rcp — ¢)'. The squares are the exponents extracted from Ref. [32] from the Brownian dynamics
simulations, and the star is the experimental exponent from Ref. [27]. (c) Dimensionless steady-state alpha time as a function of shear rate y,
showing effective power-law behavior as dotted lines in the large shear rate limit, and a Newtonian plateau (dashed lines) for small y. The
arrows and stars mark the onset of shear-thinning, while the crosses on the x axis mark the inverse quiescent alpha times. See the text for

details.

C. Connecting transient overshoot magnitude
and steady-state recoverable strain

A second insight from our structure-based theoretical
recovery rheology viewpoint follows from considering the
transient overshoot under the homogeneous deformation
conditions of present interest (no spatially inhomogeneous
shear-banding). To explain our findings in the simplest way,
first consider a situation where one assumes G’ does not soften
under deformation (per the KDR model [9]). It is easy to show
that no overshoot is predicted, and stress and structure follow
a simple monotonic plasticlike response. This occurs since
Egs. (5) and (6) become slaved with a multiplicative factor of
the constant elastic modulus, yielding E(t) = Y. (1)G’. Thus,

d): dyerr __ _ 1ldtw _
if =0, then - = 0, leading to dtz = = 0 since

Ty (t) = 7,(X(), Ve (¢)). On the other hand, in reahty, our mi-
croscopic theory predicts deformation-induced G’ softening
[see Fig. 3(d)]. This reduces the stress generation rate over
time, resulting in reaching the stress relaxation rate earlier (at
overshoot) than when the structural relaxation rate matches
the deformation rate (at steady state). Thus, mechanistically,
the structure continues to deform [see Fig. 3(b)], leading to
more stress relaxation and a stress overshoot. In qualitative
physical terms, because nonlinear elastic softening leads to
slower stress generation, structural deformation as externally
driven will always extend in time and strain beyond the maxi-
mum stress storing capability of the material, leading to stress
reduction in time and the overshoot. The overshoot magnitude
will thus be larger for a more deformed structural cage (see
below).

The above mechanism for the stress overshoot is pre-
dicted to be dramatically enhanced if structural relaxation is
quantitatively slower than its stress analog (f < 1), leading
to a larger steady-state deformation and more brittle behav-
ior as defined as a larger overshoot (see Appendix B and
Fig. 9 for detailed discussion). Such behavior has been ob-
served in dense repulsive soft colloid suspensions composed
of crosslinked microgels [44] illustrating the generality of
present theory beyond hard spheres. For example, Ref. [44]

reports a twofold increase in the stress overshoot amplitude
for soft particles compared to the analogous hard colloid sys-
tem. Such a value is comparable to that shown in Fig. 9 for
f = 0.5 corresponding to an elementary structural relaxation
rate only one half that of the stress relaxation rate in Egs. (5)
and (6), and also for the soft colloidal system in Fig. 8.

A key finding of Fig. 5 is that our microscopic theory quan-
titatively predicts a direct correlation between the transient
overshoot magnitude, Xpyax/Xss — 1 and the steady-state
structural deformation parameter squared, yric,SS = Vesz,ss =

(Y Tass )2 = Pegs?. Interestingly, the overshoot follows a non-
monotonic trend with increasing packing fraction, which
can be clearly understood from the predicted different be-
haviors in the low and high ¢ limits. At lower packing
fractions approaching from above the ideal (naive) MCT glass
transition at ¢ = 0.44 that defines the onset of transient lo-
calization, emergent rigidity, and activated motion in ECNLE
theory, the system fluidizes at very small external deformation
since the cage restoring force of the dynamic free energy
is predicted to approach zero continuously [13]. Thus, in

0.1
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FIG. 5. Filled symbols showing the stress overshoot magnitude
as a function of ¢ for two different y, along with its comparison to
the effective steady-state structural strain squared Vesz,ss (open sym-
bols). A remarkable near overlap is predicted, linking the nonlinear
physics of the transient overshoot regime to that of the long-time
nonequilibrium steady state.
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FIG. 6. Packing fraction dependence of the overshoot strains
(crosses) for a step-rate deformation at two different strain rates,
and with its separation into recoverable (solid) and unrecoverable
(open) contributions. The total and recoverable overshoot strains
exhibit nonmonotonic packing fraction dependences, for the same
physical reason discussed for the stress overshoot magnitude. In
contrast, the unrecoverable strain monotonically decreases and is
remarkably strain-rate independent. This leads to the conclusion that
the overshoot (or yield point signaling a continuous solid-to-fluid
transition) is associated with the material attaining a particular value
of unrecoverable strain.

this limit, the system will yield plastically with a minimal
overshoot and net structural deformation. In the opposite
limit of high ¢ — ¢grcp, the available open space for particle
reconfiguration, and consequently the net allowed structural
deformation, is sterically strongly reduced. Thus, the local-
ization length (maximum cage restoring force of the dynamic
free energy) is predicted to approach zero (infinity), while
the elastic modulus for hard spheres approaches infinity since
G kBTa’lrL_ 2, in the quiescent state [13]. Hence, the yield
strain (per a ratio of stress to elastic modulus) and overshoot
amplitude will approach zero. Importantly, the linearly de-
creasing overshoot magnitude in the high ¢ regime has been
seen experimentally, as previously suggested theoretically
[15]. However, the striking nonmonotonic trend observed
experimentally [26], along with its microscopic correlation
with steady-state structure or renormalized Peclet number, is
theoretically established here for the first time. This was quali-
tatively speculated previously based on simulation [26,45,46],
and our derived precise connection to the Peclet number now
renders it a testable prediction.

The generality of the above correlation beyond the hard
sphere system is further supported by both its theoretical
validation in soft-particle systems as discussed in Sec. IV
[Fig. 8(b)], and in hard sphere suspensions with slower el-
ementary structural relaxation relative to stress as discussed
in Appendix B [Fig. 9(c)]. Both of these systems exhibit
overshoot magnitudes nearly twice those of the baseline hard-
sphere model.

D. Unrecoverable strain as a universal measure of plasticity

The growth of unrecoverable strain with time shown in
Fig. 3(b) in conjunction with our results for the overshoot
strain value yields additional insights. Specifically, Fig. 6
[and Fig. 8(c) for soft particles] shows the packing fraction
variation of the overshoot strain and its separation into re-
coverable and unrecoverable components. The total [47] and

recoverable [48] overshoot strain display a nonmonotonic ¢
dependence for the same physical reasons as the overshoot
stress magnitude, while in contrast, the unrecoverable strain
at the overshoot monotonically decreases. Perhaps even more
intriguingly and unexpectedly, the unrecoverable strain is
shear-rate independent, rendering it an intrinsic material prop-
erty. Thus, the nonmonotonic packing-fraction dependence of
the overshoot strain arises from the corresponding nonmono-
tonic variation of the recoverable strain (i.e., the microscopic
cage deformation at yield point), whereas the plastic strain re-
quired to yield (quantified by yunrec) decreases monotonically
with ¢. We can thus conclude that the overshoot yield point
feature in a step-rate experiment reflects the system acquiring
a characteristic, volume-fraction-dependent critical unrecov-
erable strain. This serves as a Lindemann-like criterion for
yielding in terms of unrecoverable strain.

Finally, the above discussion and Fig. 6 also provide deeper
physical insight into the strain-rate-dependent mechanistic
definition of the emergence of solidity, which is relevant to
experiments and the nonmonotonic dependence of the yield
strain. For lower packing fractions, where the overshoot strain
grows with packing fraction, the unrecoverable strain is larger
than its recoverable analog, corresponding to a more fluidlike
response. In qualitative contrast, for packing fractions where
the overshoot strain decreases with increasing ¢, then yyprec <
Yrec Per @ more solidlike response.

E. Predicting the transient alpha time
from the unrecoverable strain rate

As a final application of our theoretical framework
as applied to hard spheres, we explore how the accu-
mulation of unrecoverable strain is linked with the time
evolution of the structural relaxation time, a question typ-
ically not possible to directly probe experimentally with
rheology in soft matter systems. The connection follows
from first rewriting Eq. (6) in terms of unrecoverable
strain as % = y;j—(y)), resulting in Vrec/Vunree = To- NU-
merically computed unrecoverable strain rates are shown
in Fig. 7(a) and compared with the corresponding alpha
relaxation time variation. Also shown are calculations of the
quantity yrec,ssy'/’l (dotted lines) which corresponds to the
theoretically predicted steady-state alpha time as discussed in
Sec. I B. More generally, Yiec/Vunrec = T links the acquired
recoverable strain and unrecoverable strain rate to the struc-
tural relaxation time evolution, which under deformation can
be greatly reduced from its typically unmeasurable quiescent
value to Brownian-like accessible times. Such an alternative
route to obtaining the alpha time evolution through recovery
rheology can be highly valuable across diverse areas of soft
matter research. Since the acquired unrecoverable strain is
directly linked to the change in the fundamental alpha time
under external deformation, this provides a foundation for
explaining the observed quasiuniversality of acquired unre-
coverable strains across rheological protocols [8].

The complementary calculations in Fig. 7(b) present the
total strain evolution of the unrecoverable strain for three
different applied shear rates. Systems deformed at smaller
strain rates have more time to relax while being driven to
the same total accumulated strain, and therefore acquire a
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FIG. 7. (a) The ratio Y;ec/Vunrec (solid curves) is compared with
the alpha relaxation time evolution (dashed curves) for different
packing fractions, and with the steady-state value of Yiec.ss/y (dot-
ted lines). The predicted relation Y;ec/Vunrec ~ T holds in both the
transient and steady-state regimes, and thus can be used to obtain
transient relaxation time response. (b) Strain-rate dependence of the
unrecoverable strain growth (solid lines) as a function of applied total
strain for ¢ = 0.6. In the limit of large strain, pyue. follows the total
strain for all strain rates as it ultimately must. Dashed curves show a
complete collapse of the ¥ ynrec plots in the transient regime; see text
for discussion. Solid circles in all plots mark the location of stress
overshoot in the corresponding stress-strain curves.

larger unrecoverable strain and yield at smaller strains. How-
ever, in the large strain nonequilibrium steady-state limit, all
curves converge to the total strain. Remarkably, the theory
predicts that the transient unrecoverable strain growth col-
lapses onto a single master curve when plotted as ¥ Yunrec-
This behavior directly follows from physics discussed above
that unrecoverable-strain growth is governed by the transient
evolution of the structural relaxation time which evolves in the
transient regime in a net strain-dependent manner. Mathemat-
ically, it can be understood by rewriting Eq. (6) as ¥ Yunrec =
foy %d y. In the transient regime prior to overshoot, the
integral term on the right-hand side of this relation becomes
effectively independent of applied strain rate. This arises be-
cause Yynrec remains perturbatively small before the overshoot,
implying yiec & ¥, and therefore t, becomes primarily a func-
tion of the total strain rather than the applied strain rate.

IV. BEYOND HARD SPHERES: SOFT FINITE RANGE
REPULSIVE SPHERES

A widely relevant and broad family of nonhard sphere soft
matter systems are dense suspensions of tunably soft repul-
sive colloids or nanoparticles. A simple and popular model is
described by nondivergent interparticle repulsive interactions
of strictly finite spatial range. This model has been widely
studied in simulations of the soft jamming crossover [49],
and also the modeling of crosslinked microgels and related
compact macromolecular based soft particles [50,51]. Here, as
a concrete example, we perform example calculations for such
systems based on the classic Hertzian contact pair potential
defined as

[Ny

4e r
vy = P =5) rse ™

r>ao.

s

where r is the interparticle separation, o is a measure

of particle diameter (repulsion onset distance), and ‘l‘—g
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FIG. 8. (a) Stress evolution with strain for the soft-particle sys-
tem with ¢ € [0.60—1.0] and Be = 10000, compared to that of hard
spheres (in green) for y = 1. Stress is normalized by its steady-state
value to highlight the enhanced overshoot for soft particles. (b) The
quantitative relation Zpu/Zss — 1 ~ Yerr.ss? = (P Tagg)* between
the overshoot magnitude (filled points) and the steady-state defor-
mation parameter (open points) is verified to hold (as expected)
for the soft-particle system. Panel (c) depicts the overshoot strain
Yos as a function of ¢ for two different shear rates, along with its
decomposition into unrecoverable (Vunrec,0s) and recoverable (Viec.0s)
components. (d) Shear thinning plot is shown in the inset for different
packing fractions, while the packing fraction variation of the expo-
nent a(¢) per ty.ss ~ yalis presented in the main panel.

quantifies particle stiffness; the hard-sphere limit is recovered
as

€ — 00. A measure of particle volume fraction is ¢ =
by common convention. Equation (7) is considered realistic
when soft-particle deformation is small. The structure for a
given ¢ and € serves as input to the deformation-generalized
ECNLE theory, which together with Egs. (5) and (6) allows
prediction of the rheological response under step-rate
deformation.

Figure 8(a) presents the stress-strain results for a soft-
ness parameter fe = 10000 and high packing fractions of
¢ € [0.6 — 1.0]. The behavior qualitatively follows the hard-
sphere results of the main text, apart from the expected shift
to higher ¢ and substantially larger overshoot magnitudes.
Panel (b) plots the overshoot magnitude (solid markers) to-
gether with the steady-state recoverable strain squared (open
symbols). The results reinforce the relevance and generality
of the quantitative connection established in Sec. IIIC for
hard spheres. This enhanced overshoot magnitude is also
physically expected since their softer, longer-ranged repul-
sive interactions allow greater structural deformation, thereby
leading to larger steady-state cage distortion and, conse-
quently, a larger stress overshoot.

Figure 8(c) shows that the total and recoverable overshoot
strain are predicted to exhibit a nonmonotonic dependence
on packing fraction, qualitatively similar to the hard sphere
system, but with the peak shifted to larger ¢ for soft particles.

7po’
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The unrecoverable overshoot strain, however, monotonically
decreases with ¢ and, as established for hard spheres in
Sec. III D, remains invariant with respect to shear rate. These
results support the generality of our theoretical result that the
stress overshoot (a metric for a continuous solid-fluid transi-
tion or yield point) corresponds to the system accumulating
a characteristic, strain-rate-independent unrecoverable strain.
The strain-rate-dependent mechanistic definition of solidity,
based on separating the overshoot strain into recoverable and
unrecoverable components, becomes even more significant for
this dense soft-particle system.

Finally, Fig. 8(d) (inset) shows the shear-thinning behavior
of the steady-state relaxation time as a function of imposed
shear rate. The apparent high-rate power-law exponent de-
viates further from —1 than for the hard sphere systems.
This is consistent with the connection developed in Sec. III B
linking stronger steady-state cage deformation with increasing
y in soft particles. The effective thinning exponent a(¢) is
shown in Fig. 8(d), which decreases with increasing packing
fraction and approaches a very low value at the soft jamming
crossover. A value of exactly zero, as occurs at RCP for hard
spheres that literally jam, is not expected for soft particles,
which can overlap.

Overall, our results for this soft-particle system confirms
our expectation that the basic interconnections predicted in
Secs. IIIB-IIID for hard spheres hold more broadly. This
buttresses our argument that the results in Sec. IIIE are
purely physically motivated mathematical consequences of
the theory construction that transcend the precise interparticle
interaction potential.

V. HIGH-LEVEL COMPARISONS WITH THE KDR MODEL

We now briefly discuss connections of our microscopic
theoretical approach to the phenomenological KDR model.
Both descriptions are fundamentally built on the recovery-
rheology framework and the separation of strain into its
recoverable and unrecoverable components as proposed by
Rogers and coworkers [7—11]. Of course, precise connections
for all aspects are impossible to make, given the nonmi-
croscopic, continuum model nature of the KDR approach.
Moreover, recall that a major theme in our work above is
to propose a microscopic formulation of recoverable strain in
terms of the microscopic structure under deformation within
a wave-vector advection framework that retains predictive
power.

The KDR formulation employs a Maxwell-type equa-
tion for stress generation similar to Eq. (5), but with several
key differences. First, the KDR step-rate equation includes
an additional short-time viscous stress-reduction term involv-
ing a quiescent shear viscosity and relaxation time of the
form —;’—;)'/. This term is small relative to the dominant con-
tributions in step-rate deformation measurements, and has
minimal influence on the overall stress evolution in the deeply
metastable states of interest to us. It was thus purposefully not
included in our formulation, but could be.

Second, and far more consequential with regard to the
basic physics, the KDR model assumes that both the elastic
modulus G’ and the relaxation time 7, (y) are time (or total
strain) independent. The modulus is fixed at its experimentally

measured quiescent value, whereas the relaxation time is
taken by ansatz directly from the steady-state flow curve
(stress versus shear rate) modeled mathematically using the
empirical Hershel-Buckley (HB) relation with fit parameters.
Thus, the relaxation time is a function of shear rate alone un-
der all transient and steady-state conditions, and not coupled
with the instantaneous microstructural state or accumulated
strain. None of these simplifications are adopted in our theo-
retical approach.

From our perspective, the above second set of issues is the
key physical shortcoming of the KDR model. As shown in
Sec. I C, from our theoretical perspective the deformation-
induced softening of the elastic modulus is the fundamental
origin of the stress overshoot. In contrast, adoption of the
steady-state strongly reduced (shear-thinned) relaxation times
as a surrogate for dynamics in the transient regime will nec-
essarily overpredict the plastic effects in the transition regime
from elasticlike to viscouslike rheological response. Indeed,
Kamani and Rogers have shown [52] that the KDR model in
this form cannot predict a correct step-rate transient response
that exhibits a stress overshoot, consistent with the physical
origin of the transient overshoot behavior we have proposed.
However, interestingly, the simplified treatment of KDR has
been shown to produce a correct transient response for the
very different LAOS rheological experiments [10]. This find-
ing will be addressed within our theoretical framework in a
future work.

Recently, an interesting attempt to phenomenologically in-
corporate the missing time dependence of the relaxation time
in the KDR framework has been proposed using the recovery
rheology parameters and an effective strain rate of the form
y'(t) = y’%[(” + Vunrec(t) in the calculation of 7,(y’). Here,
a positive “brittility” parameter B > 1 has been introduced
[52], which in practice is empirically chosen to fit data on
a system-by-system basis. Successful applications to experi-
ments have been demonstrated [52]. Conceptually, within our
theoretical perspective, a factor such as Bt does not enter. We
view its use to realize a modified strain rate as serving to
mimic the missing time dependence of the relaxation time.
Specifically, at small times when e & 0, the net effective
strain rate is reduced by a factor of Bt. This results in a
large 7,(t — 0) and thus the desired small plastic effects,
while in the steady state when pynec — ¥ the steady-state
relaxation time is recovered. Thus, the introduction of Bt # 1
leads to relaxation time evolution from larger ra(ﬁ) at ini-
tial times to a smaller 7,(y) in the steady state, with the
extra input of pynrec(t) from separate recovery experiments
or other model approximations. However, the implementa-
tion of elastic modulus softening is still missing, although it
has some experimental justification for the LAOS rheological
measurement [53].

To connect the KDR model to our theoretical approach
at a high level, the stress evolution is obtained by a sim-
ilar Maxwell-like model, with the transient relaxation time
interpreted from recovery rheology (for Bt # 1) and steady-
state flow curve. Thus, in an approximate sense, the KDR
model reverse engineers the structural evolution of Eq. (6)
via recovery rheology to obtain the transient time-dependent
relaxation time required as input to predict stress evolution. In
Sec. III E, we suggested what we believe is a more accurate
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and physically motivated alternative. Specifically, the ratio
ﬁ provides a measure (conceptually superior to empiri-
cal HB flow curve based prediction) of the relaxation time,
given the recoverable-unrecoverable strain decomposition is

available.

VI. DISCUSSION AND FUTURE DIRECTIONS

We have presented and quantitatively applied in de-
tail a predictive statistical-mechanical theory for recovery
rheology, rooted in quiescent and nonequilibrium-activated
glass physics, that provides connections between microscopic
quantities and phenomena and macroscopic rheological mea-
surements. A core idea is that recoverable strain is determined
by a well-defined microscopic measure of local structural
deformation and mechanical memory, with the unrecoverable
part representing plastic loss due to irreversible thermally
activated processes in Brownian fluids and suspensions. In
the nonequilibrium steady-state flow regime, the variation of
recoverable strain or microstructural deformation with shear
rate directly causes deviations from the ideal shear thinning
behavior of the structural alpha and stress relaxation times.
In step-rate shear measurements, the stress overshoot feature
results from structural overdeformation, surpassing the limit
of interparticle forces to store energy elasticity. This results
in the prediction that the shear-rate dependent steady-state re-
coverable strain is quantitatively related to the transient stress
overshoot magnitude. These previously unknown connec-
tions represent predictions that are testable in experiment and
simulation.

The overshoot strain or yield point is typically qualitatively
viewed as indicative of a continuous solid-to-liquid crossover
or transition. Our theory predicts it corresponds to the acquisi-
tion of a shear-rate-independent unrecoverable strain, thereby
endowing this important feature with a precise physical mean-
ing. On the other hand, the rate at which the unrecoverable
strain is acquired directly relates to relaxation time evolution
under deformation. These connections help microscopically
address the central physics question of material evolution un-
der different deformations. This includes nonlinear oscillatory
strain and stress and constant stress creep responses, which
are of both fundamental nonequilibrium physics and high
material applications importance. As a potentially integrative
future direction, we believe that further comparison of our
theoretical time-dependent microscopic rheology framework
to the highly useful phenomenological KDR model [9] holds
the promise to provide deeper physical insights into the origin
and rational tunability of its various fitting parameters.

Finally, although we have illustrated the predictive power
of the theory for the foundational metastable glass forming
hard sphere suspension, the basic ideas are general for all
spherical particle systems across diverse chemistries as en-
coded in the interparticle pair potential. Initial applications in
this direction have been presented for a simple model of soft
repulsive colloids, and qualitative similarities and quantitative
differences in predicted behavior compared to the hard sphere
system have been illustrated. Applications of our approach to
other classes of dense soft colloidal matter, including charged
colloids and attractive particles that can form gels and attrac-
tive glasses, are also possible.
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APPENDIX A: BACKGROUND THEORETICAL
ELEMENTS

1. Short-time in-cage relaxation process timescale,

The explicit expression for t; of hard sphere fluids is (for
details, see Ref. [12])

_ 1 o’ 00dkkz(S(kG)— 1)’
T, = 108(0)| 1 + 367 /0 S(ko) + b(ko) |’

b~ ok) =1 = jotka) + 2ja (ko). (AD)

Here, j,(x) is the spherical Bessel function of order n, and

2. 99 . . .
7o = &% is the “bare” elementary time written in terms
of the §t0kes-Einstein friction constant, {sg, and the contact

value of the pair correlation function, g(o).

2. Static structure factor and the RCP limit

The structure factor for hard sphere fluids is obtained
from highly accurate integral equation theory with the
modified-Verlet (MV) closure, which has been shown to be
quantitatively good in the deeply metastable regime (up to
¢ = 0.585) by comparison to crystal-avoiding simulations
[20]. Although the RCP packing fraction predicted by the
MYV closure is too large ¢rcp mv = 0.776 (true of all integral
equation theories) compared to the monodisperse smooth hard
sphere value of ¢rcp & 0.644, it is a major improvement over
the classic Percus-Yevick [12] prediction of ¢rcp py = 1, and
correctly captures several jamminglike laws for thermody-
namic properties and the pair correlation function [18,19].

3. ECNLE theory extension

NLE theory predicts the particle jump length required to
cross the barrier and escape its cage is sufficiently large
that a small collective elastic expansion of the cage is re-
quired resulting in a spatially nonlocal contribution to the
alpha relaxation event [see Fig. 1(a)]. Such a nonlocal ex-
tension of the NLE approach defines the ECNLE theory [14]
via the addition of an elastic barrier to the local cage one;
both barriers are causally related via the underlying dynamic
free energy. The elastic barrier is calculated within the Ein-
stein glass model for the localized particles outside the cage
as Fy = 4n fr(:ge rng(r)(%Kgu(rf)dr, where K is the har-
monic spring constant of Fgy, at its minima and u(r) is the
isotropic displacement field for particles outside the cage at
a distance r from the cage center [see Fig. 1(c)]. The dis-
placement field is modeled in the spirit of continuum linear
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FIG. 9. Effect of the mismatch factor between the stress and structural relaxation times on (a) stress-strain evolution and (b) structure
evolution. For f < 1, the stress overshoot and steady-state cage deformation are larger. The quantitative relation between them established in
the main text, Zpax/Zss — 1 ~ Verss® = (¥ Tags )2, is tested in panel (c) for f = 0.5. The filled symbols show the stress overshoot magnitude
as a function of ¢ for two different shear rates, along with its comparison to y3; g5 in the open symbols. Two different colors indicate different
applied shear rates, while different symbols represent two different structure-to-stress relaxation time ratios.

elasticity [55] as u(r) = Aregr(“2)% for r > reage, Where the
cage radius re,ge is identified as the first minimum of g(r),
and Are quantifies the effective cage expansion. The latter
length scale is obtained by performing a microscopic analysis
of the mean extent to which cage scale hopping results in a
particle displacement larger than the cage size in terms of the
microscopic jump distance Ar = rg — ry, to yield [14]

(émAﬁ__mmAﬁ4—Aﬂ) (A2)

A I~
et 32 192 3072

rcage

The large-amplitude activated Brownian hopping dynamics
including the collective elasticity contribution then defines
ECNLE theory [14].

APPENDIX B: EFFECT OF STRUCTURE AND STRESS
RELAXATION MISMATCH FACTOR

In Eq. (6), one can introduce a constant numerical fac-
tor f to model a possible modest nonuniversal mismatch
(well known to occur in quiescent glass-forming liquids
[30]) between the rate of stress and structure relaxation,

.L.Structul’e — r;treSS/f’ as
Veit (1)

dya® .
a = nmamor T

Calculations in the main text adopted the minimalist choice
of f = 1. However, structural relaxation may involve quan-
titatively larger length and timescales than stress relaxation
for highly activated dynamics systems. This motivates a brief
study f < 1 for the hard sphere fluid.

Figure 9(a) presents calculations of the stress-strain curves
for an order of magnitude variation of this mismatch factor.
With decreasing f, the internal structure relaxes more slowly,
leading to larger cage deformation [Fig. 9(b)] in the steady
state, and hence a larger overshoot, as explained in the main
text. The increased amplitude of the overshoot is clearly vis-
ible, while the theoretically predicted connection discussed
in the main text of Ty /Zss — 1 ~ Vefr.ss®> = (VY Ta.ss)? is
tested and again well confirmed in Fig. 9(c) for f = 0.5.
For context, if the structural relaxation is 10 times slower
(half) than the stress relaxation, the overshoot magnitude in-
creases from around 0.1 for f =1 to 5.0 for f =0.1 (0.3
for f = 0.5).
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