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Error-mitigated nonorthogonal quantum eigensolver via shadow tomography
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We present a shadow-tomography-enhanced nonorthogonal quantum eigensolver (NOQE) for more efficient
and accurate electronic structure calculations on near-term quantum devices. By integrating shadow tomography
into the NOQE, the measurement cost scales linearly rather than quadratically with the number of reference
states, while also reducing the required qubits and circuit depth by half. This approach enables extraction of all
matrix elements via randomized measurements and classical postprocessing. We analyze its sample complexity
and show that, for small systems, it remains constant in the high-precision regime, while for larger systems, it
scales linearly with the system size. We further apply shadow-based error mitigation to suppress noise-induced
bias without increasing quantum resources. Demonstrations on the hydrogen molecule in the strongly correlated
regime achieve chemical accuracy under realistic noise, showing that our method is both resource-efficient and
noise-resilient for practical quantum chemistry simulations in the near term.
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I. INTRODUCTION

Quantum computing offers the potential for simulating
molecular electronic structures that are intractable with clas-
sical methods [1]. Accurately determining the ground and
excited state energies of molecules is central to understand-
ing chemical reactions, catalysis, and materials design. While
variational quantum eigensolvers (VQEs) have received sig-
nificant interest for these problems, the iterative optimization
that lies at the core of these methods often becomes measure-
ment and resource intensive as system size grows [2,3], and
may be constrained by the phenomenon of barren plateaux in
high dimensions [4]. Nonvariational methods such as quan-
tum phase estimation [5,6] typically require significantly
deeper circuits that exceed the capabilities of current quantum
hardware.

The nonorthogonal quantum eigensolver (NOQE) [7]
presents an alternative approach that has been shown to pro-
vide significant quantum advantage for electronic systems
with both strong and weak electron correlations. By em-
ploying multiple nonorthogonal reference states derived from
unrestricted Hartree-Fock (UHF) solutions [8] and a unitary
coupled cluster (UCC) ansatz, NOQE solves a generalized
eigenvalue problem [9] to obtain molecular energies directly,
thereby circumventing costly variational optimization. The
use of multiple reference states allows description of strong
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correlation, while dressing by UCC-type ansatze allows in-
corporation of weak correlations. NOQE is both variational
and size consistent, two key desirable features found in clas-
sical electronic structure algorithms only for the uncorrelated
Hartree-Fock solution, and for full configuration interaction,
which is intractable for large systems. The classical analog of
NOQE, namely, nonorthogonal configuration interaction with
exponential correlators, is intractable and the closest classical
analogs are exponentially more costly than NOQE [7].

While NOQE avoids the high cost of repeated measure-
ments associated with variational optimization, measuring the
matrix elements can still be expensive, given that matrix size
scales quadratically O(M2) with the number of nonorthogonal
reference states M. Additionally, the estimation of individual
Hamiltonian matrix elements requires measuring a series of
Pauli strings, which may be large for systems with complex
Hamiltonians.

A number of protocols have been proposed to simplify
measurement strategies of electronic Hamiltonians [10–14].
These have typically focused on diagonal elements of the
Hamiltonian matrix, because of the emphasis in the commu-
nity on VQE methodologies. However, in NOQE we require
both diagonal and off-diagonal Hamiltonian elements, as well
as off-diagonal overlap elements between nonorthogonal ref-
erence states. For diagonal Hamiltonian matrix elements, the
most efficient protocols require additional unitary operations
to generate premeasurement entanglement [13] and are not
directly applicable to measurement of off-diagonal matrix
elements.

In this work, we address these issues by integrating shadow
tomography (classical shadows for quantum states) [15] into
the NOQE framework. Shadow tomography is a powerful
measurement protocol that efficiently predicts multiple prop-
erties of a quantum state from a small number of randomized
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measurements. By applying shadow tomography to each ref-
erence state and its phase-shifted superpositions with the
vacuum state (auxiliary variants), we eliminate the need to
jointly prepare pairs of reference states. Instead, the necessary
Hamiltonian and overlap matrix elements are reconstructed
classically from classical shadows. This reduces the measure-
ment scaling with respect to the reference states to O(M ).
It also halves the number of required qubits N and shortens
the circuit depth, making the protocol more experimentally
feasible.

An additional advantage of our approach is its natural com-
patibility with shadow-based error mitigation techniques, such
as shadow distillation [16]. This enables the suppression of
noise-induced bias in the estimated energies without incurring
additional quantum overhead.

In the noisy intermediate-scale quantum (NISQ)/pre-fault-
tolerant regime, several hybrid eigensolvers share NOQE’s
paradigm—prepare a compact nonorthogonal basis on hard-
ware, estimate matrix elements, and then solve a classical
generalized eigenproblem. Representative examples include
quantum-selected configuration interaction [17], which adap-
tively selects important configurations to expand the sub-
space; quantum filter diagonalization [18], which generates
energy-localized states via short-time dynamics combined
with energy filtering; and quantum Krylov subspace diagonal-
ization [19], which constructs a Krylov basis from repeated
applications of the Hamiltonian or time-evolution operators.
More recently, sample-based quantum diagonalization ap-
proaches have been proposed [20,21], further extending this
hybrid paradigm toward pre-fault-tolerant algorithms. Our
shadow-based NOQE fits into this general class of meth-
ods, differing primarily in its use of multiple NOQE-specific
reference states and the use of shadow tomography with
higher-order U-statistics, which enables seamless shadow-
distillation error mitigation.

In this paper, we first analytically demonstrate the effec-
tiveness of the shadow-tomography-enhanced NOQE method
by analyzing its sampling complexity and circuit size, and
comparing them to those of the standard NOQE protocol using
Hadamard measurements. We then validate its practical per-
formance through an application to computing the electronic
energies of the hydrogen molecule near the Coulson-Fischer
point, a regime characterized by strong electron correlation.
In this application, we use noise models based on the state-of-
the-art Quantinuum Model H2 hardware system [22].

These demonstrations show that shadow-tomography-
enhanced NOQE provides a practical and noise-resilient
framework for realizing accurate electronic structure calcu-
lations, making it suitable for implementation on near-term
quantum devices.

The remainder of the paper is organized as follows. Sec-
tion II reviews the NOQE framework. Section III introduces
the fundamentals of shadow tomography. Building on these
concepts, Sec. IV details how to integrate shadow tomography
into NOQE, and Sec. V undertakes a sampling complex-
ity analysis that quantifies the resource requirements for
measurements using shadow tomography and for using the
Hadamard test approach of Ref. [7]. In Sec. VI, we dis-
cuss how shadow distillation can be implemented as an error
mitigation strategy for NOQE. Section VII demonstrates the

accuracy and efficiency of our approach with calculations for
electronic states and energies of the hydrogen molecule, while
Sec. VIII confirms the effectiveness of the protocols under
realistic noise. Finally, Sec. IX summarizes our findings and
outlines potential directions for future research.

II. NOQE FRAMEWORK ANALYSIS

This section reviews the NOQE framework and its mea-
surement requirements. In Sec. II A, we outline the underlying
principles of NOQE. In Sec. II B, we summarize the original
NOQE circuit that measures Hamiltonian and overlap ma-
trix elements. Finally, in Sec. II C, we quantify the sample
complexity of the original protocol, providing a baseline for
comparing our shadow tomography-based approach.

A. Working principle of NOQE

Accurate electronic energy estimation is central to quan-
tum chemistry. Traditional algorithms such as the VQE
can approximate ground-state energies but often require ex-
tensive iterative optimization and very large numbers of
measurements [23]. The NOQE offers a different approach,
eliminating the need for expensive variational optimization by
using a set of nonorthogonal reference states to project the
Hamiltonian into a smaller subspace and then directly solve a
generalized eigenvalue problem in that subspace.

To construct these reference states, NOQE applies a
UCC correlator eτ̂i , e.g., the unitary coupled-cluster doubles
(UCCD) correlator that includes double excitations, to a UHF
state |ψUHF〉 (see Appendix A 1 for details):

|ψi〉 = eτ̂i |ψUHF〉. (1)

A key feature of the NOQE approach is that these reference
states deriving from distinct UHF states are not orthogonal.

The UHF is chosen over restricted Hartree-Fock for its
ability to introduce symmetry-broken references and thus
achieve overall greater flexibility in description of strongly
correlated systems. The UHF reference offers a mean-field
approximation to the wave function of the system and weak
(dynamic) correlation is introduced by the UCCD dressing.
The strong (static) correlation is captured through the inclu-
sion of multiple symmetry-broken reference states.

The variational parameters of the UCCD ansatz can be
approximated through classical preprocessing at polynomial
cost using second-order many-body perturbation (MP2) the-
ory [7]. Relatively shallow circuit implementation of the
UCCD ansatz can be realized through a low-rank tensor
decomposition of the cluster operator and consequent trotter-
ization [24]. We focus here on the UCCD ansatz but other
alternatives such as the unitary cluster Jastrow ansatz that can
reduce circuit complexity are also possible [7].

The NOQE eigenstates are expressed as a linear combina-
tion of dressed nonorthogonal reference states:

∣∣�k
NOQE

〉 =
M∑

i=1

ck
i |ψi〉. (2)
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The coefficients ck
i are found by solving the generalized eigen-

value problem

H�ck = EkS�ck, (3)

where matrix elements of the Hamiltonian and overlap matri-
ces H and S are given by

Hi j = 〈ψi|Ĥ |ψ j〉, Si j = 〈ψi|ψ j〉. (4)

The eigenvalue Ek corresponds to the electronic energy of
the |�k

NOQE〉 state. It is important to note that the operator eτ̂i

in |ψi〉 is constructed in the single-particle basis of the state
|ψUHF〉. Thus, to measure off-diagonal elements, we formally
need to transform both correlators to the same single-particle
basis using a unitary orbital rotation. In this work, we absorb
the unitary orbital rotation operators (Ûi→1 and Ûj→1) that are
required to transform |ψi〉 and |ψ j〉 to the same single-particle
basis [7], into the corresponding eτ̂i and eτ̂ j circuits. Each
reference state |ψi〉 encodes the occupation of N spin orbitals
using N qubits, where each qubit represents one spin orbital
under the Jordan-Wigner or Bravyi-Kitaev encoding [1]. Full
details of these transformations and encodings can be found
in the original NOQE paper [7].

Formation of the overlap matrix in the nonorthogonal basis
of M reference states requires evaluating M(M − 1)/2 off-
diagonal elements, and the Hamiltonian matrix requires the
same number of off-diagonal elements, plus evaluation of
M diagonal matrix elements. In general, classical evaluation
of matrix elements or operators between mean-field states
dressed with the unitary coupled-cluster correlators becomes
intractable, because the Baker-Campbell-Hausdorff expan-
sion does not truncate and becomes infinite [25]. In contrast, it
was shown in Ref. [23] that quantum computers can efficiently
measure these matrix elements using a generalized Hadamard
test, formally reducing the complexity scaling to polynomial
dependence on the size of the system.

In the following, we use the original NOQE circuit as
a concrete example to illustrate how to measure the matri-
ces defined in Eq. (4). Building on this, we then develop a
shadow-tomography-based measurement scheme that reduces
both circuit width and depth, while improving the measure-
ment efficiency in certain parameter regimes.

B. Original NOQE circuit

The original NOQE protocol employs a quantum circuit
for a generalized Hadamard test to estimate both the overlap
and Hamiltonian matrix elements. The process prepares two
nonorthogonal reference states, |ψi〉 and |ψ j〉, and places them
into a controlled superposition. Figure 1 illustrates the key
steps of this circuit.

Just before measurement, the system is in the state (ignor-
ing the vacuum register)

∣∣φend
i j

〉 = 1√
2

(|ψi〉|+〉 + eiθ |ψ j〉|−〉). (5)

By measuring the last qubit in the computational (Z) basis,
one extracts either the real or imaginary part of the desired
matrix element, depending on the choice of θ of the phase
gate P(θ ).

FIG. 1. Circuit diagram of the original NOQE method [7], mod-
ified to absorb the basis rotations into the ansatz operators eτ̂i( j)

(see text). Two nonorthogonal reference states, |ψi〉 and |ψ j〉, are
prepared and combined using controlled operations to enable mod-
ified Hadamard tests that measure Hi j and Si j . Here, |vac〉 denotes
a vacuum state (all-zero state in occupancy vector representation).
Both qubit registers, |ψUHF〉 and |vac〉, consist of N qubits, equal to
the number of spin orbitals. After measuring these matrix elements,
one solves the generalized eigenvalue problem [Eq. (3)] on a classical
computer to obtain the electronic energies.

For θ = 0, measuring the last (ancilla) qubit, yields the real
part of the overlap matrix〈

φend
i j

∣∣Î ⊗ Ẑ
∣∣φend

i j

〉 = Re(〈ψi|ψ j〉) = Re(Si j ). (6)

Similarly, introducing the system Hamiltonian

Ĥ =
�∑

k=1

wkP̂k, (7)

where each P̂k is a Pauli operator specified by Jordan-Wigner
transformation of the fermionic Hamiltonian, allows one to
measure〈

φend
i j

∣∣Ĥ ⊗ Ẑ
∣∣φend

i j

〉 = Re(〈ψi|Ĥ |ψ j〉) = Re(Hi j ). (8)

Adjusting θ to π/2 enables extraction of the corresponding
imaginary components. Full details of the measurement pro-
cedure are given in Appendix A 2.

Once Hi j and Si j are determined for all i, j, one solves the
generalized eigenvalue problem of Eq. (3) classically to obtain
the target energies.

Note that calculations made for the original NOQE proto-
col introduced in Ref. [7] were implemented using the unitary
operations directly. In the current study, we explicitly design,
compile, and optimize the corresponding gate-level circuits.
We numerically simulate and validate the performance of
the circuits and provide full implementation details in Ap-
pendix A.

C. Sample complexity of the original NOQE circuit

To quantify the measurement overhead of different NOQE
schemes, here we derive the sample complexity of the original
NOQE circuit in Fig. 1. Specifically, we consider the number
of circuit repetitions n required to estimate a Hamiltonian ma-
trix element to within an additive error ε. Here, ε refers to the
dimensionless additive error in estimating a properly rescaled
version of the observable; see Appendix D 1 for details on the
rescaling convention and unit consistency. This definition of ε

applies throughout the paper.
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Estimating the Hamiltonian matrix is generally more chal-
lenging than estimating the overlap matrix, so we focus on
this harder case. Let D = 2N be the dimension of the N-qubit
Hilbert space. Define B as the upper bound on the squared
Frobenius norm of the electronic Hamiltonian Ĥ :

Tr(Ĥ2) =
∑

k

w2
k D � B. (9)

If there are � Pauli terms in Ĥ , the total number of measure-
ments n in order to estimate an individual matrix element Hi j

to additive error ε can be shown to be (see Appendix D 2)

n = O
(

B �

D ε2

)
. (10)

Without loss of generality, Ĥ can always be rescaled such
that its spectral norm is bounded by ‖Ĥ‖∞ � 1, which implies
B � D. Additionally, it is known in many cases that � scales
polynomially with the number of spin orbitals N (typically
as N4) [13]. Considering there are M2 matrix elements Ĥi j to
evaluate, the total number of measurements required is then

n = O(polylog(D) M2/ε2). (11)

Here, the polylog(D) factor arises from the polynomial
scaling of � in N ; using D = 2N , this corresponds to a
(log D)2 dependence. Although Eq. (11) shows favorable scal-
ing with respect to the Hilbert space dimension D, its scaling
may become unfavorable when the desired error tolerance ε is
within chemical accuracy, which often requires ε � 1/D for
systems of intermediate size. Note that we use the dimension-
less definition of ε from Appendix D 1, so its numerical value
can be directly compared with 1/D.

While this paper concerns the complexity with respect
to ε, the error in the matrix elements, this ultimately needs
to be translated to E , the error in the energy eigenvalues
estimated from solving the generalized eigenvalue problem
with the matrices H and S. In Appendix A 6, we show that
the errors E and ε are related by E = O(εM1/2/smin) or E =
O(εM3/2/

√
s2

min + E2
min ), where smin (Emin) is the minimum

eigenvalue of S (H), depending on whether the Stewart bound
[26] or the Mathias-Li bound [27,28] is used, respectively.
Note that the latter relation has an improved scaling with re-
spect to M from the previously known results in Refs. [7,29].

Implementing this algorithm on today’s noisy quantum
computers without error correction necessitates an error mit-
igation technique that introduces minimal overhead while
remaining practically compatible with the NOQE framework.
These considerations motivate the integration of shadow to-
mography into the NOQE framework, as we now discuss in
Secs. III and IV.

III. SHADOW TOMOGRAPHY

Shadow tomography provides a powerful and efficient
method for extracting information about a quantum state from
relatively few measurements [15]. In Sec. III A, we describe
the data-acquisition process and the construction of classical
shadows. Section III B then explains how to use these classical
shadows to estimate observables.

We note that, throughout this paper, operators are denoted
with a hat symbol. Scalar estimators are written without a
hat, while operator estimators include one. When ambiguity
between operators and estimators could occur, a subscript “es”
is added to the estimator for clarification.

A. Data acquisition and classical shadows

The first step in shadow tomography is to perform random-
ized measurements on the state of interest ρ̂. For each trial,
we (1) sample a unitary Û at random from a suitable ensemble
U , such as the Clifford group, (2) apply Û to the state ρ and
measure in the computational (Z) basis, and (3) record the
outcome bitstring b and the chosen unitary Û .

From this measurement, one obtains a snapshot

σ̂Û,b = Û †|b〉〈b|Û . (12)

Averaging σ̂Û,b over both Û and b defines a measurement map
M acting on ρ̂:

EÛ,b[σ̂Û,b] = M(ρ). (13)

For ensembles like the Clifford group, M is tomograph-
ically complete and invertible. The classical shadow of ρ̂ is
defined as

ρ̂Û,b = M−1(σ̂Û,b), (14)

where M−1 is the reconstruction map. In particular, for n-
qubit Clifford measurements,

M−1(σ̂Û,b) = (2n + 1)σ̂Û,b − I. (15)

It can be seen easily that the classical shadow is a sample
mean estimator of the original state since one can check that

E[ρ̂U,b] = ρ̂. (16)

Since EÛ,b[ρ̂Û,b] = ρ̂, averaging many such classical shad-
ows yields an unbiased estimator of the state. With a
sufficiently large collection of classical shadows, one can then
estimate expectation values of a broad range of observables,
as described next.

B. Postprocessing: Predicting properties with classical shadows

Once we have collected a set of classical shadows D(n) =
{ρ̂α}n

α=1, we form an unbiased estimator ρ̂cs = 1
n

∑n
α=1 ρ̂α for

the underlying quantum state ρ̂. Given any observable O, we
can then estimate its expectation value as

o = Tr[ρ̂csÔ], (17)

which satisfies E[o] = Tr[ρ̂Ô].
A key advantage of shadow tomography is its efficiency in

estimating multiple observables. Specifically, under Clifford
group measurements, to estimate K observables {Ôl}K

l=1 each
within additive error ε, a sample complexity of

n = O
(

log(K )B

ε2

)
(18)

is sufficient, where B is the bound of B � Tr[Ô2
l ] for all l

[15]. This scaling improves over full tomography, which in
the optimal case would still require O(4N/ε2) samples, an
exponential overhead.
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FIG. 2. Overview of the shadow-tomography-enhanced NOQE protocol. (a) The UCC ansatz eτ̂i is applied to the unrestricted Hartree-Fock
state |ψUHF〉 to prepare each reference state |ψi〉. Randomized measurements are performed on these states and their auxiliary variants by
sampling unitaries Û1, . . . , Ûn from the Clifford group. This procedure is repeated for all M reference states. (b) The resulting measurement
outcomes are processed into classical shadows, compactly encoding the information about the reference states. From these classical shadows,
one reconstructs the Hamiltonian and overlap matrix elements Hi j and Si j , then solves the associated generalized eigenvalue problem to obtain
the energy spectrum. If needed, shadow-distillation-based error mitigation can be applied to suppress hardware noise-induced biases in the
estimated matrix elements.

While Eq. (18) applies to general copies of the same den-
sity matrix, in Sec. IV C we show that for NOQE reference
states, which are pure, these bounds can be further optimized.
Moreover, we will introduce specialized postprocessing tech-
niques tailored for estimating matrix elements Hi j and Si j ,
since these are not simple linear functionals of a single ref-
erence state but bilinear forms involving pairs of states.

IV. APPLYING SHADOW TOMOGRAPHY TO NOQE

The original NOQE algorithm employs a modified
Hadamard-test-like circuit (Fig. 1) to measure Hi j and Si j .
Here, we explore the replacement of that procedure with
shadow tomography measurements, thereby reducing both the
circuit depth and the number of qubits required. This approach
also improves the scaling of the number of measurements n
with respect to the number of reference states M, reducing it
from quadratic to linear. In addition, when high precision is
required for systems of moderate size, this method offers im-
proved sample complexity compared to the original protocol.
Figure 2 illustrates the pipeline of our shadow-based NOQE
algorithm, which consists of two main stages: data acquisition
and data postprocessing.

A. Data acquisition: Preparing states and performing
randomized measurements

Because the required matrix elements Hi j and Si j do not
correspond to simple single-state observables, we must col-
lect data from additional states to assist in their estimation.
Specifically, for each reference state |ψi〉, we also prepare the
auxiliary states

∣∣ψR
i

〉 = |0〉⊗N + |ψi〉√
2

, |ψ I
i 〉 = |0〉⊗N + i|ψi〉√

2
. (19)

Figure 3 shows an efficient circuit construction for the
auxiliary states. The UHF state for n spin orbitals is

|111 · · · 000〉 (i.e., N/2 ones followed by N/2 zeros) [1].
Starting from an N-qubit zero state, we first generate an
N/2-qubit Greenberger-Horne-Zeilinger (GHZ) state along-
side N/2 qubits in the zero state. Applying the UCC ansatz
eτ̂i [Eq. (1)] to this superposition creates

∣∣
 i
end

〉 = 1√
2

(eτ̂i |0〉⊗N + eτ̂i |1〉⊗N/2|0〉⊗N/2)

= |0〉⊗N + |ψi〉√
2

= ∣∣ψR
i

〉
. (20)

Here, |ψi〉 arises from acting eτ̂i on the |1〉⊗N/2|0〉⊗N/2

configuration, while |0〉⊗N remains unchanged due to the
particle-conserving nature of the UCC ansatz. To obtain |ψ I

i 〉,
we can add a phase gate S on the first qubit, adding a factor of
i to the second term.

The additional overhead for preparing these auxiliary states
is minimal (adding n cnot gates for the GHZ state prepara-
tion), making this procedure feasible for near-term devices.

FIG. 3. Quantum circuit for preparing the auxiliary states |ψR
i 〉

and |ψ I
i 〉.
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We then perform randomized measurements (as described
in Sec. III A) on the set {|ψi〉, |ψR

i 〉, |ψ I
i 〉} for each i =

1, . . . , M. This yields classical shadow datasets Di(n), DR
i (n),

and DI
i (n), each consisting of n classical shadows.

After acquiring shadows for |ψi〉, |ψR
i 〉, and |ψ I

i 〉, we use
the resulting datasets to estimate the Hamiltonian and overlap
matrix elements, as described in the next subsection.

B. Postprocessing: Estimating matrix elements

After performing shadow tomography on each |ψi〉, |ψR
i 〉,

and |ψ I
i 〉, we obtain unbiased estimators of the density ma-

trices of these states ρ̂i = |ψi〉〈ψi|, ρ̂R
i = |ψR

i 〉〈ψR
i |, and ρ̂I

i =
|ψ I

i 〉〈ψ I
i | [see Eq. (16)]. These allow us to construct unbiased

estimators for the matrix elements Hi j and Si j by replacing the
corresponding terms |ψi〉〈ψi|, |ψR

i 〉〈ψR
i |, |ψ I

i 〉〈ψ I
i | in the an-

alytical formulas shown below with their shadow tomography
estimators ρ̂i, ρ̂R

i , ρ̂I
i .

The overlap matrix elements Si j in Eq. (4) can be expressed
in terms of the reference and auxiliary states as

|Si j |2 = Tr(|ψi〉〈ψi| |ψ j〉〈ψ j |), (21)

Re(Si j ) = 2 Tr
(∣∣ψR

i

〉〈
ψR

i

∣∣ ∣∣ψR
j

〉〈
ψR

j

∣∣) − 1
2 (1 + |Si j |2), (22)

Im(Si j ) = 2 Tr
(∣∣ψ I

i

〉〈
ψ I

i

∣∣ ∣∣ψR
j

〉〈
ψR

j

∣∣) − 1
2 (1 + |Si j |2). (23)

Using these relations, we first estimate |Si j |2 from the refer-
ence states, then determine the real and imaginary parts of Si j

from the auxiliary states.
Once Si j is known, the Hamiltonian matrix elements follow

from

Hi jS ji = Tr(|ψ j〉〈ψ j | |ψi〉〈ψi| Ĥ ). (24)

Thus, having obtained Si j , we can solve for Hi j by calculating
the quantity above. The derivations of Eqs. (21)–(24) are
detailed in Appendix B.

With all Hi j and Si j estimated, we solve the generalized
eigenvalue problem in Eq. (3) to find the energies. In essence,
shadow tomography transforms NOQE into a hybrid classical-
quantum protocol, where the task of estimating the required
matrices through quantum circuits is delegated to classical
postprocessing of the collected shadows.

A detailed sample complexity analysis comparing this ap-
proach to the original NOQE method is presented in Sec. V.
Here, we shall continue with quantifying the sample complex-
ity of the protocol.

C. Sample complexity and refinement with U-statistics
for pure reference states

The shadow tomography framework described in Sec. III is
designed for general density matrices. However, in our NOQE
application, the reference states are pure. This allows us to
improve the sample complexity by constructing more sophis-
ticated estimators based on U-statistics [30]. The U-statistics
helps to produce minimum-variance unbiased estimators of
the pure reference states. Note that the sample complexity in
Eq. (18) corresponds to the case of U-statistics with m = 1.

Using m = 2 U-statistics, we define the estimator of ρ̂ as

ρ̂ (U2 ) = 1

n(n − 1)

∑
α 
=β

ρ̂αρ̂β . (25)

Here, n represents the number of samples, and the summa-
tion runs over all distinct pairs of samples. For pure states,
E[ρ̂ (U2 )] = ρ̂, making it an unbiased estimator of ρ̂. Ref-
erence [31] shows that to estimate K linear observables,
i.e.,Tr(ρ̂Ôl ) for l = 1, . . . , K in a D-dimensional Hilbert
space to within additive error ε using m = 2 U-statistics, it
suffices to have a sample size of

n = O
(

log(K )

{√
BD

ε
+ 1

ε2

})
. (26)

This represents a notable improvement over the standard
shadow tomography bound in Eq. (18). Specifically, when the
first term in parentheses dominates (i.e., for large BD and
ε), the leading term

√
BD
ε

in Eq. (26) exhibits Heisenberg-
like scaling with respect to ε, in contrast to the standard
quadratic scaling. In the regime where the second term domi-
nates (i.e., for small Hilbert space dimension D or very small
ε), the second-order U-statistics approach still improves upon
Eq. (18), as it removes the dependence on the bound B in
the numerator, resulting in a more favorable constant sample
complexity.

In this work, we find that using m = 3 U-statistics can yield
even better performance

ρ̂ (U3 ) = 1

n(n − 1)(n − 2)

∑
α 
=β 
=γ

ρ̂αρ̂β ρ̂γ . (27)

For each observable Ôl , we then estimate its expectation value
as ol = Tr[Ôl ρ̂

(U3 )], which is the situation for estimating di-
agonal elements of the Hamiltonian Hii. Following a similar
derivation to that in Ref. [31], we find that the sample com-
plexity is (see Appendix D 4 for details)

n = O
(

log(K )

{
D2/3B1/3

ε2/3
+ 1

ε2

})
. (28)

This m = 3 approach further improves sample complexity
for a wide range of precision parameters ε. While higher-
order U-statistics (m > 3) may offer additional improvements,
deriving their sample complexities becomes increasingly chal-
lenging and we restrict our analysis here to m = 3. We note
that increasing m also increases the classical postprocessing
cost: For n measurement snapshots, computing an mth order
U-statistic requires O(nm) evaluations of multisnapshot cor-
relators. This scaling represents a trade-off between reduced
quantum sample complexity and increased classical compu-
tational cost. However, we note that each individual classical
shadow can be compactly stored in the stabilizer formalism—
as originally proposed in Refs. [15,32]. This allows efficient
computation of products between shadows, so the classical
overhead remains tractable for moderate values of n.

A schematic illustration of how m = 2 U-statistics im-
proves the original shadow estimation, and also how m = 3
U-statistics further improves m = 2 is shown in Fig. 4. The
axis is divided into several ranges of ε. In each range, the sam-
ple complexity using different orders m (denoted by different
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FIG. 4. The sample complexity of linear function shadow es-
timation can be optimized by using U-statistics of order m = 2
[Eq. (26)] and m = 3 [Eq. (28)]. Note that the common factor log(K )
is omitted here for simplicity. When ε becomes sufficiently small
(ε � 1/

√
BD), the sample complexity becomes 1/ε2 and is indepen-

dent of B and D. Using higher-order U-statistics allows entry into
this regime earlier at larger ε. A similar improvement due to U-
statistics is observed in the sample complexity of shadow estimation
for bilinear functions.

colors) of U-statistics is shown. For example, with m = 2, if
ε < 1/

√
BD, the 1/ε2 term in Eq. (26) dominates and results

in a sample complexity of O( 1
ε2 ). When ε � √

B/D, employ-
ing U-statistics with m = 2 [Eq. (26)] or m = 3 [Eq. (28)]
offers an improvement over the m = 1 case [Eq. (18)].

For the shadow estimation of bilinear functions Tr[Ôρ̂Aρ̂B],
such as the off-diagonal matrix elements Si j and Hi j , U-
statistics can provide improvements similar to the linear
function case. With the original bilinear shadow estimation
(m = 1), the sample complexity for estimating K observables
to within an additive error ε is given by (see Appendix D 3)

n = O
(

log(K )

{
1

ε2
+

√
DB

ε

})
, (29)

where B � Tr[Ĥ2]. By employing m = 3 U-statistics, we
demonstrate in Appendix D 5 that the sample complexity is
improved to

n = O
(

log(K )

{
1

ε2
+ D5/6B1/6

ε1/3

})
. (30)

Given the clear advantage of optimizing shadow esti-
mations using U-statistics, we use m = 3 U-statistics for
estimating matrix elements throughout this work.

We note that the NOQE matrix elements are bilinear func-
tionals of pairs of reference states, whereas standard classical
shadows target linear observables. We therefore extend the
conventional shadow tomography protocol and tailor it to our
requirements here in two ways. First, on the data-acquisition
side, we design the auxiliary states |ψR

i 〉, |ψ I
i 〉 to avoid any

joint preparation of |ψi〉 and |ψ j〉, which halves both the qubit
count and the circuit depth relative to that of circuits for
the modified Hadamard test. Second, on the postprocessing
side, we estimate the bilinear quantities with higher-order
U-statistics for pure states (m = 3), yielding the bound in Eq.
(30) and linear-in-M measurement scaling. This combination
is specific to NOQE and differs from the standard shadow
protocols designed for linear properties.

FIG. 5. Comparison of the original and shadow-based NOQE
measurement schemes, with the original scheme modified to absorb
the basis rotations into the ansatz operators (see Fig. 1). (a) The
original NOQE circuit employs a modified Hadamard test to measure
each matrix element. (b) By using shadow tomography to charac-
terize reference states via randomized measurements and classical
postprocessing, the required circuit size and number of qubits are
reduced, making the implementation less demanding.

V. CIRCUIT SIMPLIFICATION AND MEASUREMENTS
REDUCTION

In this section, we compare the resource requirements and
sample complexities of the original and shadow-based NOQE
protocols. Table I summarizes the main findings.

For an N-qubit system with M reference states, the original
NOQE protocol using the modified Hadamard test (Fig. 1) re-
quires 2N + 1 qubits to measure O(M2) matrix elements. We
note that Ref. [7] also proposed a second variant of the NOQE
Hadamard test protocol that reduces the qubit count to N + 1
and also removes the need for controlled SWAP operations,
but requires longer depth circuits. Although removing the
controlled-SWAP operations provides a practical reduction in
the total number of two-qubit gates, the dominant contribution
to the total two-qubit gate count in the circuits remains the
implementation of the UCC ansatze, which scale as O(N2)
with the number of spin orbitals N . Consequently, this alter-
native can yield a lower constant overhead of gates, without
altering the asymptotic scaling of the circuit complexity. Since
higher circuit depths are required for the N + 1 qubit variant,
we focus here on analysis of the 2N + 1 qubit variant shown
in Figs. 1 and 5.

In contrast, the shadow-based NOQE protocol requires
only N qubits—halving the qubit count—and reduces the
necessary reference state preparations from O(M2) to O(M ).
This improvement arises because matrix elements are recon-
structed from postprocessing classical shadows rather than
directly measuring pairs of states. Consequently, the circuit is
simpler, less noise prone, and more experimentally feasible.
See Fig. 5 for illustrations.

In the original NOQE protocol, the two-qubit (cnot) gate
count scales as g ≈ O(N2) [7], with the dominant contribution
coming from the UCC ansatz. In the shadow-based NOQE,
the random unitaries can be realized with O(log N ) total gates
[33,34], constituting a subleading addition to the O(N2) UCC
contribution. Overall, the shadow-based approach halves the
O(N2) UCC-related gate count while introducing only a
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TABLE I. Comparison between original and shadow-based NOQE methods. The shadow-based approach reduces the number of qubits,
gates, and reference state preparations, resulting in relative resource reduction and improved sample complexity in the regime of high precision
ε, a large number of reference states M, and a moderate number of qubits N .

Circuit size Sample complexity

Qubits Gates No. of reference states (M) Dimension: D = 2N Optimal regime

Original NOQE 2N + 1 g O(M2) O(polylog(D)/ε2), Eq. (11) Larger dimension
Shadow-based NOQE N ≈g/2 O(M ) O(1/ε2 + D/ε1/3), Eq. (30) More reference states, high precision

minimal O(log N ) overhead for the random Clifford layers,
yielding a net reduction in the total number of two-qubit gates.

In addition to improvements in scaling with M, we also
examine how performance depends on D = 2N . In the worst-
case scenario where B ∼ D, the sample complexity in Eq. (30)
simplifies to

n = O
(

1

ε2
+ D

ε1/3

)
(31)

for estimating bilinear functions using m = 3 U-statistics. No-
tably, there is no dependence on K , as we estimate a constant
number of bilinear functions (Si j and Hi j) for each pair of
reference states.

Both original and shadow-based NOQE outperform stan-
dard quantum state tomography (QST) protocols with better
scaling in terms of the dimension D, as summarized in
Table II.

We now compare the sample complexity of shadow-based
NOQE with the original NOQE. Recall that the sample com-
plexity of the original NOQE is O(M2 polylog(D)/ε2). In
contrast, the shadow-based NOQE with m = 3 U-statistics
requires O(M{1/ε2 + D/ε1/3}) measurements. The shadow-
based NOQE thus outperforms the original NOQE in the
small parameter regime. For example, with M = 30 and N
= 20, which are reasonable values for near-term calculations,
the shadow-based NOQE outperforms the original NOQE
if the desired precision ε < 0.068, a regime consistent with
chemical-accuracy requirements. The sample complexity be-
havior is illustrated in Fig. 6, with respect to M and ε for fixed
N in panel (a), and with respect to N and ε for fixed B in panel
(b). In Fig. 6, the color scale encodes the logarithm of the
ratio of sample complexities for the shadow-based approach
to the sample complexity for the original NOQE approach,
where each sample complexity is evaluated as the product of

TABLE II. Sample complexity comparison of various measure-
ment protocols. Here, D = 2N denotes the dimension of the N-qubit
system. Quantum state tomography is shown for both individual
(measuring a single copy at a time) and joint (measuring multi-
ple copies simultaneously) measurement scenarios, and both NOQE
protocols have better sample complexity than state-of-the-art QST
methods.

Protocol Sample complexity

QST (independent) D3/ε2

QST (joint) D2/ε2

Original NOQE polylog(D)/ε2

Shadow-based NOQE 1/ε2 + D/ε1/3

the following two factors from Table I: (1) the scaling with
the number of reference states M and (2) the scaling with the
Hilbert-space dimension D. The shadow-based bound for (2)
in Eq. (30) includes a log K factor from the randomized mea-
surements, where K is the number of functions of ρ estimated
simultaneously. Here, K = 2 (overlap and Hamiltonian ele-
ments for each pair of reference states), so log K = log 2 is a
constant of O(1), independent of system size. The complexity
ratios were then computed over the ranges of values of M, N ,
and ε shown in the figure, omitting this constant prefactor
(which is <1 and would only further favor the shadow-based
protocol for small systems). The NOQE bound for (2) in
Eq. (11) is deterministic and does not have any prefactor.

In the high-precision regime, the shadow-based complex-
ity reduces to O(M/ε2), independent of D. This is ideal for
NOQE, where high accuracy is important for capturing com-
plex electronic correlations. For ε ∼ 10−3, the advantage of
shadow-based NOQE persists up to systems with ∼20 qubits.
We emphasize that our target is the NISQ/pre-fault-tolerant
regime. For typical problem instances possible with ∼20
qubits, the linear-in-D factor in Eq. (31) is not prohibitive,
while the goal of achieving chemical accuracy (∼1.6 mHa)
dominates the cost. In this regime, the shadow-based NOQE
achieves lower total sample complexity and uses fewer qubits
with shallower circuits than the original NOQE. However, we
point out that for N values larger than 30, the exponentially
scaling term in the sampling complexity of the shadow pro-
tocol comes into play and the original NOQE measurement
protocol then becomes more efficient, indicating that in the
full fault-tolerant regime with N � 50 qubits, the original
NOQE protocol will be preferred.

Overall, the incorporation of shadow tomography into
NOQE provides a substantial resource advantage in qubits,
gates, and total measurement cost in the case of small to
intermediate N for near-term applications. It enables the pro-
tocol to scale more favorably with the number of reference
states and improves performance under demanding precision
requirements.

VI. SHADOW DISTILLATION

While reducing the measurement overhead is crucial to
design efficient quantum algorithms, measurement itself is a
useful resource in quantum computing [35,36]. In near-term
quantum hardware implementations, mitigating the effects of
noise is necessary to maintain the full potential of quantum
computers [37]. The flexible measurement scheme of shadow
tomography makes it well suited for integrating classical er-
ror mitigation protocols. Here, we adopt one such technique,
known as shadow distillation [16].
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FIG. 6. Sample complexity comparison between the original and shadow-based NOQE protocols. The color scale represents the logarith-
mic ratio of computational cost, where red regions indicate that the original NOQE is more efficient, while blue regions indicate that the
shadow-based NOQE is more efficient. (a) Varying precision ε and the number of reference states M, with the number of qubits fixed at
N = 20. (b) Varying precision ε and the number of qubits N = log2(D), with the number of reference states fixed at M = 6. The white contour
represents the transition boundary where both methods have comparable sample complexity. The shadow-based NOQE approach exhibits
advantages in the high-precision regime and when the number of reference states is large, and the original NOQE is more efficient for larger
numbers of qubits beyond N ≈ 30.

Consider a target state |ψ〉 that, due to experimental im-
perfections such as gate errors, is instead prepared as a noisy
density matrix

ρ̂ = (1 − ε)|ψ〉〈ψ | + ερ̂error, (32)

where ε characterizes the noise level and ρ̂error represents the
error component that is approximately orthogonal to the target
state.

A direct estimate of 〈ψ |Ô|ψ〉 by computing Tr(Ôρ̂) is
biased. Shadow distillation addresses this by considering

〈Ô〉(m) = Tr(Ôρ̂m)

Tr(ρ̂m)
(33)

for a positive integer m. Reference [16] shows that

Tr(Ôρ̂m)

Tr(ρ̂m)
≈ 〈ψ |Ô|ψ〉

[
1 + O

((
ε

1 − ε

)m)]
. (34)

Under weak noise conditions, raising ρ̂ to the mth power
exponentially suppresses the error component [16,38,39], ef-
fectively “distilling” the pure state contribution. However,
increasing m also enhances statistical fluctuations from finite
sampling, so that there is a trade-off in implementing U-
statistics, between achieving bias reduction (which improves
exponentially with the moment order m for common noise
models) and increasing statistical variance [which grows with
m because of the need to estimate higher-order quantities
Tr(ρ̂mÔ) and Tr(ρ̂m)]. For example, with m = 4, the classi-
cal postprocessing costs increase to O(n4) (see Sec. IV C).
We do not attempt a closed-form optimization over m, since
the optimal choice depends on the hardware noise channel;
instead, we have established empirically that m = 3 strikes a
good balance between bias suppression and variance inflation,
making it a practical choice for our setting.

Implementing shadow distillation with classical shadows
is straightforward: We construct ρ̂m from the U-statistics-

based estimators ρ̂Um of ρ̂. Since we are already employ-
ing m = 3 U-statistics to estimate {ρ̂i, ρ̂

R
i , ρ̂I

i }, we simply
replace these estimators with their normalized versions
{ρ̂i/Tr[ρ̂i], ρ̂R

i /Tr[ρ̂R
i ], ρ̂I

i /Tr[ρ̂I
i ]} when evaluating matrix

elements in Eqs. (21)–(24). This yields error-mitigated esti-
mates for Si j and Hi j .

Because shadow distillation is a purely classical post-
processing technique, it requires no additional quantum
resources. The classical shadows already contain all necessary
state information to apply advanced error mitigation. While
we focus on shadow distillation here, other known error miti-
gation methods [40–44] can be similarly integrated.

Incorporating shadow distillation into our protocol en-
hances the robustness of the estimated energies against device
noise, advancing the practical feasibility of accurate quantum
chemistry simulations on near-term quantum hardware. We
will evaluate the performance of the shadow distillation de-
veloped here in Sec. VIII.

VII. VALIDATING THE CORRECTNESS AND EFFICIENCY
OF THE PROTOCOL

We validate the accuracy and efficiency of our proto-
col by applying it to the hydrogen molecule (H2) just past
the Coulson-Fischer point (interatomic spacing = 1.2 Å), a
regime characterized by electronic spin-symmetry breaking
and strong correlation [45]. This represents the most challeng-
ing case for computation and can be considered a lower bound
on the performance of our protocol.

We use the STO-3G basis [46] for a minimal orbital
representation, leading to a UHF reference state |ψUHF〉 =
|1100〉 and two reference states |ψ1〉 = eτ̂1 |ψUHF〉 and |ψ2〉 =
eτ̂2 |ψUHF〉. Each state encodes four spin orbitals into four
qubits, i.e., N = 4. Under these conditions, the Hamiltonian
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FIG. 7. Performance evaluation of the shadow-based NOQE protocol for the ground electronic state of the hydrogen molecule at R = 1.2 Å,
in the STO-3G basis. The true value here is the value of the noiseless simulation of NOQE [7]. These calculations include sampling (shot)
noise but no hardware noise. (a) Fidelity distribution of the estimated reference state |ψ̂1〉 compared to the true state |ψ1〉. Values close to unity
confirm unbiased state reconstruction. (b) Histograms of estimated Hamiltonian and overlap matrix elements, showing that classical shadow
postprocessing yields unbiased, precise results. (c) Convergence of the estimated ground-state energy to the exact value as the number of shots
increases, demonstrating the correctness and efficiency of the protocol.

and overlap matrices have the form

H =
(

h11 h12

h∗
12 h22

)
, S =

(
1 s12

s∗
12 1

)
. (35)

Note that in this setting, the values to be estimated are h11,
h12, h22, and s12, i.e., the number of observables K = 4. Solv-
ing the generalized eigenvalue problem in Eq. (3) provides
both the ground and excited state energies. Here, we focus on
the ground-state energy, a primary target in quantum chem-
istry. We compare against the noiseless simulation results of
the original NOQE protocol as a ground-truth reference (see
Appendix A for NOQE implementation details).

In Sec. IV, we established that our protocol yields unbiased
energy estimates in the presence of shot noise alone, i.e.,
no hardware noise. Figure 7 numerically confirms this. In
Fig. 7(a), we assess the fidelity of reconstructed reference
states. Each fidelity value is estimated from n = 10 000 clas-
sical shadows, i.e., 10 000 independent runs of the circuit in
Fig. 2. We note that the deviation from perfect fidelity arises
from statistical fluctuations, but the results remain close to
unity, confirming accurate state reconstruction and reliable
observable estimation.

Figure 7(b) shows histograms of the estimated matrix ele-
ments. The mean and standard deviations are calculated over
100 independent samples, each employing 10 000 shadows.
The estimates closely match the true values, with small error
bars, indicating unbiased and precise matrix element determi-
nation.

Figure 7(c) demonstrates convergence of the energy es-
timate to the exact value as the number of shots increases.
Around 106 shots (i.e., 106 classical shadows) suffice to
achieve chemical accuracy, defined as an absolute energy
error below 1.6 × 10−3 hartree. Given that the exact ground-
state energy is −1.054 hartree, this corresponds to a relative
error of approximately 0.15%, making the estimate suit-
able for chemically relevant predictions [47]. This level of
performance—achieved with a strongly correlated system
known to be challenging—highlights the protocol’s practical
effectiveness.

Beyond correctness, we compare circuit complexity. Af-
ter circuit optimizations, the original NOQE method requires
nine qubits, 124 two-qubit gates, and about 268 single-qubit
gates. See Appendix A 5 for details. In contrast, our shadow-
based approach only needs four qubits, about 54 two-qubit
gates, and 110 single-qubit gates. Cutting the number of qubits
and gates roughly in half significantly reduces the experimen-
tal complexity and the impact of noise.

In terms of measurement shots, our shadow-based NOQE
method, despite its reduced circuit size, performs equivalently
well with the original protocol. Figure 8 plots the absolute
error and variance in H2 energy estimation versus total shots.
The error bars are determined based on ten repetitions of the
same experiment. Both methods reach chemical accuracy with
a similar number of shots, but the shadow-based method is
simpler to implement. We remark that achieving chemical
accuracy for this strongly correlated four spin-orbitals system
with about 106 shots is on par with state-of-the-art proposals
[13].

Overall, these results confirm that our shadow-
tomography-enhanced NOQE protocol reliably produces
accurate and precise energy estimates with fewer experimental
resources, making it a promising approach for practical quan-
tum chemistry simulations on near-term quantum devices.

VIII. PERFORMANCE OF THE PROTOCOL
UNDER NOISE

In the previous sections, we showed that our estimator is
unbiased in the absence of hardware noise, where the only
noise present is statistical, which can be reduced by simply
increasing the number of measurement shots. Real quantum
devices, however, introduce systematic noise through gate
errors that cannot be removed merely by taking more samples.
Here, we evaluate the protocol’s performance under realistic
noise conditions representative of NISQ devices [48].

To simulate hardware noise, we use a noise model in-
formed by the specifications of the Quantinuum System
Model H2 quantum processor [22]. The composite noise
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FIG. 8. Comparison of (a) the absolute error and (b) the variance
in energy estimation between the shadow-based NOQE protocol with
m = 3 U-statistics and the original NOQE method, for the ground
state of the hydrogen molecule at R = 1.2 Å, in the STO-3G basis,
including shot noise but no hardware noise. Both approaches achieve
chemical accuracy with a similar number of shots, but the shadow-
based protocol uses half the number of qubits and gates, reducing
experimental complexity and increasing feasibility for near-term
implementations.

model we used incorporates depolarizing, amplitude damp-
ing, and phase damping channels [49], calibrated to reported
single-qubit and two-qubit gate error rates of 3 × 10−5 and
1.5 × 10−3. We introduce a scaling factor λ to uniformly
adjust all noise rates and study the protocol’s behavior across
varying noise strengths. The unitary operators in the NOQE
algorithm were decomposed and compiled into quantum
circuits consisting of single-qubit rotations and cnot gates.
Noise models, including depolarizing, amplitude damping,
and phase damping channels, were applied at the level of
one- and two-qubit gates to simulate realistic execution. We
summarize the noise model in Tables III and IV.

We now simulate the protocols outlined in Secs. IV and
VI under these conditions of both shot noise and hardware
noise. As shown in Fig. 9, the shadow-based protocol remains
closer to the true values of both overlap and Hamiltonian

FIG. 9. Calculations for the ground state of the hydrogen
molecule at R = 1.2 Å, in the STO-3G basis with hardware noise in
addition to shot noise, showing the robustness of the shadow-based
approach with m = 3 U-statistics in the presence of hardware noise.
Under hardware noise levels scaled by factors of 0.5, 0.75, 1, 1.25,
and 1.5 relative to the Quantinuum System Model H2 error rates, we
compare estimation of (a) the overlap and (b) the Hamiltonian matrix
elements between the shadow-based NOQE protocol and the original
NOQE method, both without error mitigation. The shadow-based
approach consistently produces estimates closer to the true values,
demonstrating improved resilience to hardware noise due to reduced
circuit complexity.

off-diagonal matrix elements compared to the original NOQE
method, across a range of noise strengths. This enhanced noise
robustness arises partly from the simplified circuit structure:
By using half as many qubits and gates, the shadow-based ap-
proach reduces error accumulation, improving overall fidelity
in noisy environments.

While the shadow-based protocol exhibits inherent noise
robustness, as seen in Fig. 9, this intrinsic resilience only
partially mitigates the impact of noise. To further enhance the
accuracy of our protocol, we now apply shadow distillation as
described in Sec. VI.

In Fig. 10, we present the results of energy estimation with
and without the quantum error mitigation provided by shadow
distillation to level m = 3. It is evident that the shadow dis-
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FIG. 10. Energy estimation of the ground state of the hydrogen
molecule at R = 1.2 Å, in the STO-3G basis, with and without error
mitigation using shadow distillation with m = 3 U-statistics. Without
mitigation (green), noise biases the energy estimates away from the
true value (red). With shadow distillation (blue), the noise-induced
bias is significantly removed, bringing the estimates back within
chemical accuracy = 0.0016 Hatree, gray band in the enlarged view
across a broad range of noise strengths.

tillation effectively suppresses noise-induced biases. Without
mitigation, energy estimates drift from the true value and
exhibit larger variance; with shadow distillation, they remain
near the true energy within chemical accuracy. The perfor-
mance remains stable across a broad range of noise regimes,
demonstrating the protocol’s robustness and adaptability for
quantum processors with varying noise characteristics.

To benchmark our approach against alternative quantum
error mitigation approaches, in Fig. 11 we compare its per-
formance against that of zero-noise extrapolation (ZNE) [50],
a widely used error mitigation method that requires additional
circuits at artificially increased noise levels [51]. Using the

FIG. 11. MSE comparison for the ground state of the hydrogen
molecule at R = 1.2 Å, in the STO-3G basis. The shadow-based
NOQE with shadow distillation and m = 3 U-statistics (blue) outper-
forms the original NOQE method with ZNE (green), achieving lower
MSE and indicating better performance in reducing noise-induced
bias while also reducing experimental resources.

Mitiq library [52], we implement ZNE on the original NOQE
method (see Appendix C for details) and compare its perfor-
mance to the shadow-based NOQE with shadow distillation
using m = 3 statistics. We measure performance here via
the mean squared error (MSE), i.e.,

∑n
i (yi − ytrue )2/n, which

captures both bias and variance. Figure 11 shows that the
shadow-based approach with shadow distillation yields lower
MSE than the original NOQE with ZNE, indicating more
efficient noise suppression together with reduced resource
requirements.

In summary, the shadow-based NOQE protocol reduces the
circuit complexity and is thereby inherently robust to a portion
of the noise. We have found that integrating shadow distil-
lation in the protocol further improves accuracy, effectively
removing hardware noise-induced bias. Compared to ZNE,
our approach achieves a lower MSE in energy estimates. This
highlights the effectiveness of the shadow-based protocol in
noisy quantum computing environments.

IX. SUMMARY AND OUTLOOK

We have introduced a shadow-tomography-enhanced
NOQE protocol that reduces qubit requirements, circuit depth,
and measurement overhead. Our rigorous sample complexity
analysis shows a quadratic speedup with respect to the number
of reference states, relative to the original NOQE measure-
ment protocol. Furthermore, in the high-precision regime, the
complexity no longer depends on the system size, making the
protocol particularly well suited for accurate electronic struc-
ture energy estimation on moderate-size systems. Numerical
simulations of the hydrogen molecule confirm unbiased and
highly accurate energy estimations.

In addition to improving sample complexity and resource
requirements, the shadow-based protocol exhibits enhanced
noise robustness due to its simpler circuit structure. It also
naturally supports error mitigation through shadow distil-
lation, effectively suppressing noise-induced biases without
additional quantum overhead. Our results show that this error-
mitigated approach outperforms common techniques like
ZNE, achieving chemical accuracy in estimating the hydrogen
molecule’s ground-state energy with as few as 106 shots per
reference state under realistic NISQ conditions.

While we have focused on NOQE, our methods can be
extended to other problems that involve estimating overlaps
or Hamiltonian matrix elements involving multiple states. If
fault-tolerant quantum computing becomes accessible, our
protocol could be further optimized by performing joint mea-
surements on entangled reference states and incorporating
quantum-gradient estimation algorithms [53,54].

We also note that techniques such as generalized quantum
subspace expansions [55] may further enhance error suppres-
sion by considering linear combinations of ρm at multiple
values of m rather than a single m. Exploring this and other
advanced error mitigation strategies within the shadow to-
mography framework could yield even more noise-resilient
algorithms for quantum chemistry.

Future investigations into larger and more complex molec-
ular systems, as well as experimental demonstrations on actual
quantum hardware, will help further assess the scalability and
practicality of the shadow-based approach.
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Overall, the noise-resilient, shadow-based NOQE proto-
col offers a promising path toward practical, high-accuracy
quantum algorithms solving electronic structure problems in
near-term quantum devices.
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APPENDIXES

The Appendixes are organized as follows: Appendix A
provides a detailed explanation of the working principle and
implementation of the NOQE framework, which were too ex-
tensive to include in the main text. Appendix B discusses the
estimation of matrix using the shadow-based NOQE protocol.
Appendix C summarizes the noise model and the implemen-
tation of ZNE. Appendix D details the sample complexity
derivation that occurs in the paper.

APPENDIX A: NOQE ALGORITHM AND
IMPLEMENTATION

The pipeline of implementing the original NOQE algo-
rithm is illustrated in Fig. 12, with details of each step in the
subsections below.

1. Decomposition of ansatze

We use the UCCD ansatz to prepare the reference state

|ψUCCD〉 = eτ̂ |ψUHF〉, (A1)

|ψUHF〉 is the unrestricted Hartree-Fock state, τ̂ = T̂ − T̂ †

where

T̂ =
N∑

pqrs=1

tps,qr â†
pâ†

qâr âs, (A2)

with r, s ∈ occ; p, q ∈ virt. The standard UCCD amplitudes
tps,qr can be approximated by the MP2 theory. More specif-
ically, we can decompose the UCCD operator eτ̂ into a sum of
squares of normal operators using a singular value decompo-
sition:

eτ̂ = exp

⎛
⎝−i

L∑
l=1

m∑
μ=1

Ŷl,μ
2

⎞
⎠. (A3)

The normal operators are then trotterized to obtain a low-
rank representation [24]

eτ̂ ≈ Û (1,1)†
B

L∏
l=1

m∏
μ=1

exp

⎛
⎝−i

ρl∑
pq

λ(l,μ)
p λ(l,μ)

q n̂pn̂q

⎞
⎠Ũ (l,μ)

B ,

(A4)

where λ(l,μ)
p are eigenvalues of the Ŷl,μ operators. Ũ (l,μ)

B are
sequences of neighboring basis rotations. The circuit imple-
mentation of the ansatz is illustrated in Fig. 13. Details of the
derivation can be found in the original NOQE paper [7].

FIG. 12. Working flow of implementing the NOQE algorithm
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FIG. 13. Basic circuit subroutine for implementation of the UCCD operator eτ̂ for H2 in the STO-3G basis. G(θ ) are Givens rotations
that realize the Ũ (l,μ)

B basis rotation terms in Eq. (A4). The controlled-Z rotations realize the n̂pn̂q number operator terms. Four consecutive
subroutines of this form realize a single eτ̂ ansatz for H2 in the STO-3G basis. Single-qubit gates are omitted here for simplicity.

2. Circuit construction and Hadamard test

The NOQE circuit for evaluation of elements of the Hamil-
tonian and overlap matrices is given in Fig. 14. Note that
in this work, we absorb the unitary orbital rotation operators
(Ûi→1 and Ûj→1) that are required to transform |ψi〉 and |ψ j〉
to the same single-particle basis of Ref. [7] into the corre-
sponding eτ̂i and eτ̂ j circuits. Here, we show how to estimate
the quantum states and energies of the electronic system of
interest from this circuit.

The circuit starts with system qubits in the UHF state,
ancilla qubits in the all-zero state, and an extra control qubit
in the |+〉 state. To begin, a phase gate with angle θ is applied
to the control qubit, to create state |φ1〉:

|φ1〉 = 1√
2

(|ψUHF〉|vac〉|0〉 + eiθ |ψUHF〉|vac〉|1〉). (A5)

An N-qubit controlled SWAP (CSWAP) gate is then applied
to transfer the system state to the ancilla register, and then
distinct UCCD operators eτ̂I and eτ̂J are applied to the system
and ancilla states. These are followed by application of basis
rotations Ûi→1 and Ûj→1 to system and ancilla registers, re-
spectively, in order to bring their states to a common basis of
the UHF reference state i = 1. The resulting state |φ2〉 is

|φ2〉 = 1√
2

(|ψi〉|vac〉|0〉 + eiθ |vac〉|ψ j〉|1〉), (A6)

where the reference states |ψi〉 and |ψ j〉 are now expressed in
the common basis.

A second CSWAP conditioned on the ancilla qubit is then
applied, which brings the system register into a superposition
of both reference states now in the same basis, and returns the
ancilla register to |vac〉. From now on, the ancilla register can
be ignored and we will write the final state |φ4〉 in terms of

FIG. 14. Original NOQE circuit, modified to absorb the basis ro-
tations into the ansatz operators eτ̂i( j) . The quantum states in different
stages of the circuits are marked and written in Eqs. (A5)–(A7).

just the system and control qubit:

|φ3〉 = 1√
2

(|ψi〉|+〉 + eiθ |ψ j〉|−〉). (A7)

We now address the measurement of Hamiltonian and
overlap matrix elements between |φi〉 and |φ j〉. Setting the
angle θ of the phase gate to be zero and measuring the control
qubit in the Z basis results in the following postmeasurement
states in the system register:

|φi〉 + |φ j〉√
2 + 2 Re〈φi | φ j〉

,

if Z = +1, with probability P(Z = +1) = 1 + Re〈φi | φ j〉
2

,

|φi〉 − |φ j〉√
2 − 2 Re〈φi | φ j〉

,

if Z = −1, with probability P(Z = −1) = 1 − Re〈φi | φ j〉
2

.

(A8)

This implies that the measurement statistics of Pauli Z
in the control qubit give the real part of the overlap matrix
element, i.e., 〈Î ⊗ Ẑ〉 = Re〈φi | φ j〉.

To estimate the Hamiltonian matrix element Hi j , we further
measure the Ĥ in the system register, after this measurement
of the control qubit in the Ẑ basis. This is done by decompos-
ing the Hamiltonian into a sum of Pauli terms

Ĥ =
∑

k

ωkP̂k (A9)

and measuring each Pauli term P̂k in the system register.
Measurements of any of these Pauli terms P̂k on the postmea-
surement states (A8) will generate the expectation values:

〈P̂k〉+ = 〈φi|P̂k|φi〉 + 〈φ j |P̂k|φ j〉 + 2 Re〈φi|P̂k|φ j〉
2 + 2 Re〈φi | φ j〉 ,

if Z =+1, with probability P(Z = +1)= 1 + Re〈φi | φ j〉
2

,

〈P̂k〉− = 〈φi|P̂k|φi〉 + 〈φ j |P̂k|φ j〉 − 2 Re〈φi|P̂k|φ j〉
2 − 2 Re〈φi | φ j〉 ,

if Z=−1, with probability P(Z =−1) = 1− Re〈φi |φ j〉
2

.

(A10)

The total average of these expectation values then gives the
real part of the matrix element of P̂k , i.e., 〈P̂k〉 = Re〈φi|P̂k|φ j〉.
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FIG. 15. Simplified implementation of the first CSWAP network
for calculations on H2 in the STO-3G basis.

Adding these 〈P̂k〉 according to the Hamiltonian decomposi-
tion weights ωk gives the real part of the Hamiltonian matrix∑

k〈P̂k〉 = Re〈φi|H |φ j〉.
Setting θ to π/2, we can similarly get the imaginary parts

of the overlap matrix elements Im〈φi|φ j〉 and the imaginary
parts of the Hamiltonian matrix elements Im〈φi|Ĥ |φ j〉 by
following the same procedure as described above for the real
part. Once we have obtained the full Ĥ and S matrices from
measurements on these circuits,

Hi j = 〈ψi|Ĥ |ψ j〉, Si j = 〈ψi|ψ j〉, (A11)

we can then solve the generalized eigenvalue problem

H�c = ES�c (A12)

on a classical computer to get the quantum states and energies
of the electronic system.

3. Circuit simplification

For NOQE calculations with H2 in the STO-3G basis, we
can reduce the experimental resources of running the NOQE
circuit in Fig. 1 by simplifying the CSWAP network. The
function of the first CSWAP network is to prepare the state

1√
2
(|ψUHF〉|vac〉|0〉 + |vac〉|ψUHF〉|1〉). Recognizing that the

UHF states for H2 is |�UHF〉 = |1100〉 and | vac〉 = |0000〉,
we can use a simple circuit shown in Fig. 15 to prepare the
desired state

1√
2

(|1100〉|0000〉|0〉 + |0000〉|1100〉|1〉), (A13)

with a significantly smaller two-qubit gate count than is re-
quired for a generic CSWAP network (see Appendix A 5).

4. Efficient Hamiltonian measurement

To perform the Hamiltonian measurement, we first apply
the Jordan-Wigner transformation on the electronic Hamil-
tonian to get the corresponding qubit Hamiltonian, then
decompose this to the Pauli basis and measure the expectation

value of these Pauli operators, and then evaluate the weighted
sum

HIJ =
∑

i

wi〈φI |P̂i|φJ〉. (A14)

For the H2 molecule in the STO-3G basis, the Hamiltonian
can be decomposed into 27 Pauli terms. Since the UCCD
ansatz involves only double excitation, the first reference state
will be in a neat form

|φI〉 = a1|1100〉 + a2|0011〉 (A15)

and the second reference state is

|φJ〉 = a3|1100〉 + a4|0011〉 + a5|0110〉 + a6|1001〉. (A16)

This allows the reduction of some redundant Pauli terms
that produce the same expectation value, i.e.,

〈φI |P̂i|φJ〉 = ±(i)〈φI |P̂j |φJ〉, P̂i, P̂j ∈ {P̂group}. (A17)

The 27 Pauli terms can be categorized into five sets
{P̂group}:

(i) {IIII, IIZZ, IZIZ, ZIIZ, IZZI, ZIZI, ZZII},
(ii) {ZXZX, IX IX, ZY ZY, IY IY, XZXZ,Y ZY Z, XIXI,

Y IY I},
(iii) {IIIZ, IIZI, IZII, ZIII},
(iv) {YY XX, XYY X,Y XXY, XXYY },
(v) {IXZX, IY ZY, XZZI,Y ZY I}.
It can be verified that Pauli terms belonging to the same

set produce the same result (up to a ± sign and i), as indi-
cated in Eq. (A17). So measuring expectation values for five
Pauli terms, one from each group, is sufficient to reconstruct
measurement of the full Hamiltonian.

For the special case of measuring the diagonal matrix ele-
ments 〈φI |P̂i|φI〉, the first set always produces ±1, the second
and the last sets always produce 0, so for the diagonal matrix
elements it is only necessary to measure two Pauli terms,
one from each of the third and fourth sets, to generate the
Hamiltonian matrix element.

5. Circuit resource estimation

Here, we count how many gates and circuits are needed to
perform the NOQE for H2 in the STO-3G basis.

In this case, the CSWAP operation in the circuit shown in
Fig. 14 represents a set of four controlled-SWAPs applied in
parallel to four pairs of qubits. Specifically, qubits (1, 5), (2,
6), (3, 7), and (4, 8) are swapped, conditioned on the value of
the control qubit. We refer to this set of four parallel CSWAP

operations as a CSWAP network.
For the first (simplified) CSWAP network in Appendix A 3,

the two-qubit gate count is 4, as shown in Fig. 15. A generic
CSWAP requires at least five arbitrary two-qubit gates [57] (or
seven cnot gates [58]). Because realizing arbitrary two-qubit
gates is often hard in practice, we count using the cnot metric.
Hence, the second, complete CSWAP network costs 4 × 7 two-
qubit gates, and the total two-qubit gate count is

N (2q)
CSWAP = 4 + 4 × 7 = 32. (A18)

Implementing one ansatz eτ̂ needs four consecutive sub-
routines of the form shown in Fig. 13. Each of these four
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subroutines contains three given rotations and six crz rota-
tions. Compilation of a Givens rotation needs two two-qubit
gates, while the crz gate requires one two-qubit gate. There-
fore, the total number of two-qubit gates for realizing eτ̂ is

N2q
eτ̂ = N2q

Given + N2q
CRZ = 2 × 4 × (3 × 2 + 6) = 96. (A19)

The overall basis rotation ÛI→1 requires additional three
Givens rotations, leading to a total two-qubit gate count of

N2q
ÛI/J→1

= 2 × (3 × 2) = 12. (A20)

We use the Qiskit [59] compiler to further optimize the cir-
cuit and count the number of two-qubit native gates (denoted
by Rxx) and 1q rotations (denoted by U3). Here, we point
out that an arbitrary 1q rotation can be realized by one Ry
gate since U3 can be ZYZ decomposed and any Rz can be
virtually implemented [60]. Taking this into account leads to
the following total two-qubit and single-qubit gate counts:

N2q
all = 124, N1q

all = 268. (A21)

We now discuss the number of circuits required. To evalu-
ate the off-diagonal element of the overlap matrix, 〈Î ⊗ Ẑ〉 is
measured. This requires a single circuit. For the off-diagonal
element of the Hamiltonian matrix, we need to measure the
expectation values of five Pauli operators in order to construct
〈Ĥ ⊗ Ẑ〉, so five circuits are required. To measure the diagonal
element of the Hamiltonian matrix, four qubits are sufficient
and only two circuits are needed. (See Appendix A 4 for
details.)

We note here that we are optimizing the circuit at the gate
level here. Given a specific device, it is possible to further
undertake circuit synthesis and optimization at the gate level
using pulse control, which potentially allows further reduction
in circuit running time [61,62].

To summarize, for calculations on H2 with the STO-3G
basis at bond distance R = 1.2 Å, for the original NOQE im-
plementation we need to run six nine-qubit circuits with 124
two-qubit gates and two four-qubit circuits with 52 two-qubit
gates.

6. Matrix element error and eigenvalue error

This Appendix briefly reviews how the error E in the en-
ergy eigenvalues scales with the error ε in the matrix elements
and improves on the energy error estimates derived in Ref. [7].

Consider the generalized eigenvalue problem

βH�c = αS�c, (A22)

where H and S are M × M Hermitian matrices that form a
definite pair, i.e., |�x†H�x| + |�x†S�x| 
= 0 ∀�x ∈ CM and α/β =
E (the superscript for the eigenvalue index k is dropped for
brevity). The matrices H and S are subject to perturbations
�H and �S, respectively, such that H′ = H + �H and S′ =
S + �S. We consider now the generalized eigenvalue problem
with the perturbed matrices:

β ′H′ �c′ = α′S′ �c′. (A23)

The perturbation is assumed to be sufficiently small such
that Mχ � smin, where χ :=

√
||�H||2 + ||�S||2 (|| · || is the

matrix spectral norm, defined as the largest singular value of

the matrix) represents the magnitude of the perturbations and
smin is the minimum eigenvalue of S [28]. The eigenangles are
defined as

θ = tan−1 β/α, θ ′ = tan−1 β ′/α′. (A24)

Note that E := |E − E ′| = | cot θ − cot θ ′|.
There are two known bounds on the eigenangle error |θ −

θ ′|. First, Stewart proved that [26]

|θ − θ ′| � sin−1 χ

c(H, S)
� sin−1 χ

smin
, (A25)

where c(H, S) := min{�x†(H + iS)�x; �x†�x = 1} is the Craw-
ford number. Subsequently, Mathias and Li proved that
[27,28]

|θ − θ ′| � sin−1 Mχ

dmin
� sin−1 Mχ√

s2
min + E2

min

, (A26)

where dmin := mink |αk + iβk| and Emin is the minimum
eigenvalue of H. While the factor of M in the Mathias-Li
bound is undesirable compared to the Stewart bound, the
Mathias-Li bound can still provide a comparably tight bound
when Emin is much larger than smin.

Now, we relate χ :=
√

||�H||2 + ||�S||2 to the matrix
element error ε. For the purpose of finding the scaling of χ

with respect to ε, we may consider a scenario where each and
every matrix element of H and S is independently measured.
Assuming that the matrix element measurements are unbiased
(no biasing device noise present), ||�H|| and ||�S|| are upper
bounded by ||�A||, where �A is a M × M random matrix
with entries drawn from a normal i.i.d. with zero mean and
variance σ 2 = O(ε2). It is well known from random matrix
theory that the distribution of ||�A|| is tightly focused around
the mean value 2

√
Mσ [63], which leads to

χ = O(
√

Mε). (A27)

Combining Eqs. (A25) and (A27), we obtain E =
O(εM1/2/smin). Combining Eqs. (A26) and (A27), we

obtain E = O(εM3/2/

√
s2

min + E2
min ). These two relations

provide estimates for the bound on the error E of the energy
eigenvalues due to the error ε in the matrix elements.

Reference [7] derived a looser accuracy bound E =
O(εM2/dmin), which, when combined with the Mathias-Li
bound [Eq. (A26)] led to a loose upper bound estimate on the
number of shots required to measure each matrix element [see
Eq. (S70) of Ref. [7]]:

Nshots = O
(

M4

d2
minE2

)
. (A28)

This eigenvalue error bound is derived from the extreme
constraint that each and every matrix element is measured
within error ε, which is satisfied with a probability that drops
exponentially with M2, such that ||�H|| and ||�S|| can be
upper bounded by Mε. In the current analysis, we relax this
constraint and instead use the spectral norm of a random
matrix �A with element variance σ 2 = O(ε2) as the upper
bound on ||�H|| and ||�S||, which leads to Eq. (A27). The
resulting bound on the number of shots per matrix element is
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then reduced to

Nshots = O
(

M3

d2
minE2

)
. (A29)

A related work [29] on the quantum Krylov subspace di-
agonalization algorithm [19] takes a different approach and
considers the optimal allocation of shots to the matrix ele-
ments such that the total number of shots is minimized, rather
than imposing a uniform upper bound ε to the error in each
matrix element. For the case of a non-Toeplitz matrix H as is
relevant for NOQE, the total number of shots is then given by

N tot
shots = O

(
M5 log M

d2
minE2

)
, (A30)

where the Mathias-Li bound [Eq. (A26)] is again used. Com-
paring with our estimate in Eq. (A29), Eq. (A30) has an extra
factor of log M, which comes from applying the inequality

for the spectral norm of the sum of a Gaussian matrix series.
While our bound on Nshots is more favorable in an asymptotic
sense, future work should consider the optimal allocation of
shots, e.g., as in Ref. [29] to find a tighter and nonasymptotic
bound on the total number of shots.

APPENDIX B: SHADOW-BASED NOQE ALGORITHM

Here, we give details for the shadow estimation of the
matrix elements used in the NOQE algorithm.

The data-acquisition phase of shadow tomography per-
formed on copies of ρ̂i and ρ̂ j will produce unbiased
estimators ρ̂cs,i and ρ̂cs, j for these two states: E[ρ̂cs,i] = ρ̂i

and E[ρ̂cs, j] = ρ̂ j . These are then used to form unbiased esti-
mators Tr(ρ̂cs,iρ̂cs, j Ô) for the bilinear functions Tr(ρ̂iρ̂ j Ô) of
interest.

To estimate the overlap matrix elements Si j , the bilinear
functions include

Ô = Î, with ρ̂i = |ψi〉〈ψi|, ρ̂R
i = ∣∣ψR

i

〉〈
ψR

i

∣∣, ρ̂I
i = ∣∣ψ I

i

〉〈
ψ I

i

∣∣,
ρ̂ j = |ψ j〉〈ψ j |, ρ̂R

j = ∣∣ψR
j

〉〈
ψR

j

∣∣, ρ̂I
j = ∣∣ψ I

j

〉〈
ψ I

j

∣∣. (B1)

where the auxiliary states |ψR
i 〉 and |ψ I

i 〉 are defined in Eq. (19) and |ψi/ j〉 are the reference states. Re(Si j ) and Im(Si j ) can then
be extracted using Eqs. (21)– (23).

To prove Eqs. (22) and (23), we notice that 〈0|ψi〉 = 0 for any reference states |ψi〉. Therefore, we have for Re(Si j )

Tr
(∣∣ψ I

i

〉〈
ψ I

i

∣∣∣∣ψ I
j

〉〈
ψ I

j

∣∣) = 1
4 Tr[(|0〉〈0| + |0〉〈ψi| + |ψi〉〈0| + |ψi〉〈ψi|)(|0〉〈0| + |0〉〈ψ j | + |ψ j〉〈0| + |ψ j〉〈ψ j |)]

= 1
4 Tr[|0〉〈0| + |0〉〈ψ j | + |0〉〈ψi | ψ j〉〈0| + |ψi〉〈0| + |ψi〉〈ψ j | + |ψi〉〈ψi | ψ j〉〈0| + |ψi〉〈ψi | ψ j〉〈ψ j |]

= 1
4 (1 + 〈ψi | ψ j〉 + 〈ψ j | ψi〉 + |〈ψi | ψ j〉|2) = 1

4 [1 + 2 Re(Si j ) + |Si j |2], (B2)

and for Im(Si j ) we have

Tr
(∣∣ψ I

i

〉〈
ψ I

i

∣∣∣∣ψR
j

〉〈
ψR

j

∣∣) = 1
4 [1 − i〈ψi | ψ j〉 + i〈ψ j |ψi〉 + |〈ψi|ψ j〉|2] = 1

4 [1 + 2 Im(Si j ) + |Si j |2]. (B3)

To obtain the Hamiltonian matrix elements, the bilinear
functions we need to estimate through shadow tomography
include

Ô = Ĥ , with ρ̂i = |ψi〉〈ψi| and ρ̂ j = |ψ j〉〈ψ j |.
Then, we can extract Hi j using Eq. (24) and Si j .

Finally, in order to improve the sample complexity and
also reduce any noise-induced bias via shadow distillation,
in all the numerical simulations presented in this work, we
have constructed the unbiased estimators ρ̂cs,i and ρ̂cs, j using
order-3 U-statistics,

ρ̂cs,i = ρ̂
U3
i = 1

n(n − 1)(n − 2)

∑
α 
=β 
=γ

ρ̂i,αρ̂i,β ρ̂i,γ , (B4)

where ρ̂i,x (x = α, β, or γ ) are classical shadows constructed
from the state ρi and n is the number of classical shadows.

APPENDIX C: NOISE MODEL AND ZERO-NOISE
EXTRAPOLATION

In this Appendix, we introduce the noise model used in our
simulation and the zero-noise extrapolation techniques.

Characterizing noise in experiments can be challenging
[64,65]. To model realistic noise, we use the calibrated noise
rates from the Quantinuum System Model H2 hardware in

our simulation. The specifications of the Quantinuum Sys-
tem Model H2 are listed in Table III. We incorporate typical
single-qubit and two-qubit gate infidelities. To evaluate per-
formance across regimes of different noise magnitudes, we
rescale the gate error rates as shown in Table IV.

We now introduce the working principles and describe the
implementation of ZNE in our simulation.

TABLE III. Quantinuum System Model H2 specifications. The
data is sourced from the Quantinuum product data sheet [22]. In our
noise model, we use the typical (typ) calibrated gate infidelity values
provided in the data sheet.

General

Qubits 56
Connectivity All to all
Parallel two-qubit operations 4

Errors

min typ max

Single-qubit gate infidelity 1 × 10−5 3 × 10−5 2 × 10−4

Two-qubit gate infidelity 1.3 × 10−3 1.5 × 10−3 3 × 10−3
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TABLE IV. Gate error rates at different noise strengths. The
single-qubit (1q) and two-qubit (2q) error rates, denoted as p1 and p2,
respectively, for base noise strength equal to one are taken directly
from the Quantinuum System Model H2 noise parameters. These
error rates are then scaled by multiplying by a noise strength factor
λ. The values presented in the table correspond to a composite noise
model where, for a given noise strength λ, the depolarizing noise rate,
amplitude damping noise rate, and phase damping noise rate are all
set equal to the error rates shown here.

Noise strength λ 0.5 0.75 1.0 1.25 1.5

1q gate error rate (×10−5): p1 1.5 2.25 3 3.75 6
2q gate error rate (×10−3): p2 0.75 1.125 1.5 1.875 2.25

ZNE mitigates noise in quantum circuits by deliberately
scaling it through a process known as “circuit folding,” where
a unitary operation Û is transformed into ÛÛ †Û , as illustrated
in Fig. 16(a) below. This folding operation preserves the ideal
unitary evolution while increasing the noise, effectively scal-
ing it by a factor (e.g., approximately three times for a single
folding). In our simulation, the noise extrapolation factors
are set to 0.5, 0.75, 1, 1.25, and 1.5. Note that some noise
extrapolation factors are fractional, which we realize through
adjusting the noise strength in gate operations, as listed in
Table IV. By performing measurements at these different
noise levels, we extrapolate the results back to the zero-noise
limit using an exponential fit, as shown in Fig. 16(b).

APPENDIX D: MEASUREMENT SAMPLE COMPLEXITY

In this Appendix, we analyze the sample complexity of
the NOQE measurement protocols, both in their original form
with the Hadamard test and using the shadow tomography
protocol outlined in this work. We first establish the neces-
sary preliminaries in Sec. D 1, including key assumptions on
the observable Ô and useful trace identities. We then derive

the sample complexity of the original NOQE protocol based
on Pauli measurements in Sec. D 2, followed by an analysis
of improved shadow-based estimation techniques for bilinear
functions in Sec. D 3. We further analyze the performance us-
ing higher-order U-statistics for linear and bilinear functions
in Secs. D 4 and D 5, respectively. These results highlight the
advantages of shadow-based methods over traditional mea-
surement strategies in certain parameter regimes.

1. Preliminaries

In this section, we consider Hermitian observables Ô satis-
fying the following properties:

Tr(Ô2) � B and ‖Ô‖∞ = max
i

|λi(Ô)| ∈ O(1),

where λi(Ô) denotes the eigenvalues of Ô. Thus, the spectral
norm is bounded by a constant. This assumption is made with-
out loss of generality, since any observable can be rescaled to
satisfy it, i.e.,

Ô = Ôoriginal

‖Ôoriginal‖∞
. (D1)

As a result of this rescaling, any physical units carried
by the observable (e.g., energy units for a Hamiltonian) are
absorbed into the scaling factor. The estimation error ε used
throughout this work then refers to the error in estimating the
rescaled, unitless observable, and is thus dimensionless. This
convention is standard in sample complexity analysis, includ-
ing in quantum algorithms such as quantum phase estimation.
Rescaling in this way helps clearly isolate the dependence
on structural parameters like B and ε in complexity for-
mulas, without conflating them with physical units. Once a
dimensionless estimate is obtained, the corresponding physi-
cal quantity (e.g., energy) can be recovered by multiplying the
result by ‖Ôoriginal‖∞.

We also note that this rescaling implies B � D, where D is
the dimension of the Hilbert space on which Ô acts. So one

FIG. 16. ZNE error mitigation technique. (a) Generating a noise-scaled circuit by applying unitary folding. The noise level of the original
circuit Û = (H ⊗ Î ) CNOT is intentionally increased by inserting the identity-equivalent operation Û †Û , resulting in ÛÛ †Û . (b) Estimating the
zero-noise result by extrapolating noise-scaled results. Unitary folding is performed at different scaling factors (e.g., 3 and 5, as illustrated in
the figure). In our implementation, the scaling factors used are 0.5, 0.75, 1.0, 1.25, and 1.5, as listed in Table IV, yielding multiple noise-scaled
expectation values for extrapolation. A parameterized curve (e.g., a + be−cx) is then fitted to the results, and the intercept at zero noise is taken
as the error-mitigated result.
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would have Tr(Ôρ̂ ) � ||Ô||∞ ∈ O(1) and also Tr(Ô2ρ) �
||Ô||2∞ ∈ O(1). Using the Cauchy-Schwarz inequality, one
would also have Tr(Ô)2 � D Tr(Ô2).

There are several useful equations that we will use in the
derivations below:

Tr((Â ⊗ B̂ ⊗ Ĉ ⊗ Ê )(Ŵ(1,2) ⊗ Ŵ(3,4))(Ŵ(1,3) ⊗ Ŵ(2,4)))

= Tr(ÂÊ )Tr(B̂Ĉ), (D2)

Tr((Â ⊗ B̂ ⊗ Ĉ ⊗ Ê ) Ŵ(3,4)(Ŵ(1,3) ⊗ Ŵ(2,4))) = Tr(ÂÊ B̂Ĉ),

(D3)

Tr((Â ⊗ B̂ ⊗ Ĉ ⊗ Ê ) Ŵ(1,2)(Ŵ(1,3) ⊗ Ŵ(2,4))) = Tr(ÂĈB̂Ê ),

(D4)

where W denotes the SWAP operator.
We also note that in Appendixes B, D 3, and D 5, we derive

only the sample complexity for estimating a single function,
since the sample complexity for estimating K functions can
be obtained from this by using the standard median-of-mean
method [15].

2. Original NOQE measurement

The original NOQE protocol uses the generalized
Hadamard test to prepare either |φ〉 = |ψi〉 + |ψ j〉 or |φ〉 =
|ψi〉 − |ψ j〉, depending on the measurement outcome of
the control qubit. Then, measuring the Hamiltonian Ĥ in
the first register gives the expectation value 〈φ|Ĥ |φ〉 =
〈Ĥ〉i+〈Ĥ〉 j+2Re〈φi|Ĥ |φ j〉

2+2Re〈φi|φ j〉 , thus estimate Re〈φi|Ĥ |φ j〉. The imagi-
nary part can be estimated similarly. Re〈φi|φ j〉 is given by the
probability of getting +1 or −1 in the control qubit measure-
ment. See Appendix A 2 for full details.

If one wants to estimate Re〈φi|φ j〉 to additive error ε, one
only needs 1

ε2 measurements (equivalent to estimating the
parameter of a Bernoulli distribution), which is typically much
smaller than the number of measurements needed to estimate
〈φ|Ĥ |φ〉. Thus, we can safely ignore the statistical error in
Re〈φi|φ j〉.

To estimate Re〈φi|Ĥ |φ j〉 to an additive error ε, we then
only need to estimate 〈φ|Ĥ |φ〉 to an additive error ε (up to
some rescaling because of the presence of Re〈φi|φ j〉). The
original NOQE protocol measures Ĥ by decomposing it into
Ĥ = ∑

i wiP̂i, where P̂i is some Pauli operator and wi is some
real coefficient, and then measuring individual Pauli terms.
Normally, the Frobenius norm of Ĥ , i.e., the square root of the
sum of the absolute squares of all matrix elements, is bounded:

Tr(Ĥ2) =
∑

i

w2
i D � B, (D5)

where D is the dimension of the Hilbert space. If ñ mea-
surements are performed to measure a single Pauli term P̂i,

and the estimator of this is constructed as pi =
∑ñ

i=1 Xi

ñ , where
Xi ∈ {−1,+1} is the outcome of the ith measurement, one can
check that E[pi] = 〈φ|P̂i|φ〉. The variance of this is

Var[pi] =
∑ñ

i=1 Var[Xi]

ñ2
= Var[Xi]

ñ
� 1

ñ
, (D6)

which makes sense because this is again just estimation over
a Bernoulli distribution.

After repeating this for every Pauli P̂i in the Hamiltonian
Ĥ , each with ñ measurements, the estimator h for 〈φ|Ĥ |φ〉 is
then constructed as h = ∑

i wi pi. The variance of this is

Var[h] =
∑

i

w2
i Var[pi] �

∑
i

w2
i

1

ñ
� B

Dñ
. (D7)

If one wants to estimate 〈φ|Ĥ |φ〉 to additive error ε, one needs
to ensure that Var[h] � ε2 (by Chebyshev’s inequality). This
implies that ñ � B

Dε2 . If there are � Pauli terms in Ĥ , then the
total number of measurements n is

n = �ñ = O
(

B �

D ε2

)
. (D8)

Similar bounds have been derived previously, e.g., n =
O( (

∑
i |wi|)2

ε2 ) [13], which is smaller than Eq. (D8). This can
be obtained without the last inequality used in Eq. (D7). Here,
we express the bound using B and D instead of

∑
i ω

2
i in order

to be consistent with the later analysis for shadow estimation.
A comment on the bounds in Eq. (D8) is in order here, namely,
that in the worst case, � can be as large as D2. In this situation
n = O( B D

ε2 ), which is much worse than the bound one would
get by performing global Clifford shadow tomography on |φ〉,
namely, n = O( B

ε2 ) [15,31].

3. Shadow estimation of bilinear functions

Here, we derive the number of measurements required to
estimate bilinear function of two pure states ρ̂ and σ̂ of the
form

o = Tr(Ôρ̂σ̂ ) + Tr(Ôσ̂ ρ̂ ) = Tr(Ŵ (Î ⊗ Ô + Ô ⊗ Î )ρ̂ ⊗ σ̂ ),

(D9)

where Ŵ is the SWAP operator. We perform global Clifford
measurement shadow tomography on ρ̂ and σ̂ , respectively,
obtaining classical shadows {ρ̂i}n

i=1 and {σ̂i}n
i=1, each of n

samples. We then construct the unbiased estimator for ρ̂es and
σ̂es as

ρ̂es = 1

n

∑
i

ρ̂i, (D10a)

σ̂es = 1

n

∑
i

σ̂i. (D10b)

The unbiased estimator for the bilinear function o is con-
structed as

oes = Tr(Ŵ (Î ⊗ Ô + Ô ⊗ Î )ρ̂es ⊗ σ̂es)

= 1

n2

∑
i,k

Tr(Ŵ (Î ⊗ Ô + Ô ⊗ Î )ρ̂i ⊗ σ̂k ). (D11)

The accuracy of this estimator is controlled by its variance,
which is equal to
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Var[oes] = E
[
o2

es

] − E[oes]
2

= 1

n4

∑
i, j,k,l

Cov(oik, o jl )

= E

⎡
⎣ 1

n4

∑
i, j,k,l

Tr(Ŵ (Î ⊗ Ô + Ô ⊗ Î )ρ̂i ⊗ σ̂k )Tr(Ŵ (Î ⊗ Ô + Ô ⊗ Î )ρ̂ j ⊗ σ̂l )

⎤
⎦ − o2

= 1

n4

∑
i, j,k,l

Tr((Î ⊗ Ô + Ô ⊗ Î ) ⊗ (Î ⊗ Ô + Ô ⊗ Î )E[ρ̂i ⊗ σ̂k ⊗ ρ̂ j ⊗ σ̂l ] Ŵ(1,2) ⊗ Ŵ(3,4)) − o2

= 1

n4

∑
i, j,k,l

Tr{(Î ⊗ Î ⊗ Ô ⊗ Ô + Î ⊗ Ô ⊗ Ô ⊗ Î + Ô ⊗ Î ⊗ Î ⊗ Ô + Ô ⊗ Ô ⊗ Î ⊗ Î )

× E[ρ̂i ⊗ ρ̂ j ⊗ σ̂k ⊗ σ̂l ] Ŵ(1,3) ⊗ Ŵ(2,4)} − o2, (D12)

where the last equality is obtained by relabeling the Hilbert spaces of subsystems 2 and 3. We now present a useful lemma that
we will repeatedly use for calculations in the remainder of this section.

Lemma D1. (Lemma 34 of Ref. [31]) For random Clifford measurement, the second moment of the classical shadow is

E[ρ̂i ⊗ ρ̂i] = (I ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)
. (D13)

We now evaluate Eq. (D12). The values of the various terms in this depend on whether i and j are equal, as well as whether k
and l are equal, i.e., whether they are independent classical shadows or not. We shall analyze the different situations individually.

a. When i �= j and k �= l

In this case, E[ρ̂i ⊗ ρ̂ j ⊗ σ̂k ⊗ σ̂l ] = ρ̂ ⊗ ρ̂ ⊗ σ̂ ⊗ σ̂ and thus Cov(oik, o jl ) = 0.

b. When i = j and k �= l

In this case, we have

E[ρ̂i ⊗ ρ̂ j ⊗ σ̂k ⊗ σ̂l ] = E[ρ̂i ⊗ ρ̂i] ⊗ σ̂ ⊗ σ̂ = (Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î ) ⊗ σ̂ ⊗ σ̂

(
D + 1

D + 2
Ŵ(1,2) − 1

D + 2
Î

)
. (D14)

So, we now have (omitting ⊗ and explicitly indicating the dot product by · or × when it exists)

Cov(oi,k, o j,l ) = Tr

{
(Î Î ÔÔ + Î ÔÔÎ + ÔÎ ÎÔ + ÔÔÎ Î ) · (Î Î σ̂ σ̂ + Îρ̂σ̂ σ̂ + ρ̂ Î σ̂ σ̂ )

×
(

D + 1

D + 2
Ŵ(1,2) − 1

D + 2
Î

)
· Ŵ(1,3)Ŵ(2,4)

}
− o2

= 2(D + 1)

D + 2
{Tr(Ôσ̂ Ôσ̂ ) + Tr(Ôσ̂ ρ̂Ôσ̂ ) + Tr(σ̂ Ô2σ̂ ) + Tr(σ̂ Ôρ̂Ôσ̂ ) + Tr(ρ̂σ̂ Ô2σ̂ ) + Tr(Ôσ̂ Ôρ̂σ̂ )}

− 4

D + 2
{Tr(Ôσ̂ )2 + Tr(Ôσ̂ )Tr(ρ̂Ôσ̂ ) + Tr(Ôσ̂ )Tr(σ̂ Ôρ̂)} − o2, (D15)

where we used Eq. (D3). Using the fact that ρ̂ and σ̂ are pure states, so that, for example, Tr(Ôσ̂ Ôσ̂ ) = Tr(Ôσ̂ )2, we can further
simplify Eq. (D15) as

Cov(oi,k, o j,l ) = 2D − 2

D + 2
[Tr(Ôσ̂ )2 + Tr(Ôσ̂ )Tr(Ôσ̂ ρ̂ + Ôρ̂σ̂ )] + 2D + 2

D + 2
[|〈σ |Ô|ρ〉|2 + Tr(Ô2σ )(1 + |〈ρ|σ 〉|2)] − o2

� 2||Ô||2∞ + 4||Ô||2∞ + 2||Ô||∞||(Î ⊗ Ô + Ô ⊗ Î )Ŵ ||∞ + 4||Ô||2∞ − o2

= 10||Ô||2∞ + 2||Ô||∞ · 2||Ô||∞ − o2

= 14||Ô||2∞ − o2

� 14||Ô||2∞ ∈ O(1). (D16)
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c. When i �= j, k = l

This is similar to the above and we get Cov(oi,k, o j,l ) ∈ O(1).

d. When i = j, and k = l

In this case, we have

E[ρ̂i ⊗ ρ̂ j ⊗ σ̂k ⊗ σ̂l ] = (Î Î + Îρ̂ + ρ̂ Î )(Î Î + Î σ̂+σ̂ Î ) ×
(

D + 1

D + 2
Ŵ(1,2) − 1

D + 2
Î

)(
D + 1

D + 2
Ŵ(3,4) − 1

D + 2
Î

)
×(Ŵ(1,3)Ŵ(2,4)).

(D17)

Therefore, we have

Cov(oi,k, ol, j ) = Tr

{
(Î Î ÔÔ + Î ÔÔÎ + ÔÎ ÎÔ + ÔÔÎ Î )

× (Î Î Î Î + Î Î Î σ̂ + Î Î σ̂ Î + Îρ̂ Î Î + Îρ̂ Î σ̂ + Îρ̂σ̂ Î + ρ̂ Î Î Î Î + ρ̂ Î Î σ̂ + ρ̂ Î σ̂ Î )

×
[

(D + 1)2

(D + 2)2
(Ŵ(1,2)Ŵ(3,4)) + 1

(D + 2)2
Î − D + 1

(D + 2)2

(
Ŵ(1,3) + Ŵ(1,2)

)]
(Ŵ(1,3)Ŵ(2,4))

}
− o2

= (D + 1)2

(D + 2)2
{3Tr(Ô)2 + 4Tr(Ôσ̂ + Ôρ̂ )Tr(Ô) + 4Tr(Ôρ̂ )Tr(Ôσ̂ ) + 2Tr(Ô)Tr(Ôσ̂ ρ̂ + Ôρ̂σ̂ )

+ 5Tr(Ô2) + 2DTr(Ô2σ̂ + Ô2ρ̂ ) + 2Tr(Ô2ρ̂ + Ô2σ̂ ) + DTr(Ôρ̂ )Tr(Ôσ̂ ) + 2Tr(Ô2)Tr(ρ̂σ̂ ) + DTr(Ôρ̂Ôσ̂ )}

+ 1

(D + 1)2
{4Tr(Ô2) + 8Tr(Ôρ̂ + Ôσ̂ )Tr(Ô) + 4Tr(Ô)Tr(Ôρ̂σ̂ + Ôσ̂ ρ̂ ) + 8Tr(Ôσ̂ )Tr(Ôρ̂ )}

− D + 1

(D + 2)2
{8Tr(Ô2) + 16Tr(Ô2σ̂ + Ô2ρ̂ ) + 16Tr(Ôρ̂Ôσ̂ ) + 8Tr(Ô2ρ̂σ̂ + Ô2σ̂ ρ̂ )} − o2. (D18)

The dominant term of the above expression is the Tr(Ô)2 term, which is upper bounded by DTr(Ô2). Therefore, we have

Cov(oi,k, ol, j ) ∈ O(DTr(Ô2)) � O(DB). (D19)

e. Final result

Putting all of these different cases a. through d. together, we have the bound for the variance of our estimator oes:

Var[oes] ∈ O
(

n3 + n2dB

n4

)
= O

(
1

n
+ DB

n2

)
. (D20)

Therefore, in order to estimate the bilinear function o within ε with high probability, which means Var(oes) � ε2, we need the
number of samples n to be

n = O
(

1

ε2
+

√
DB

ε

)
. (D21)

We now add some comments about this bound. First, recall that when performing random Clifford measurements on ρ̂, the

sample complexity for estimating Tr(Ôρ̂ ) is n = O( B
ε2 ). This means that when ε �

√
B
D , our bound is smaller than n = O( B

ε2 )

and estimating Tr(σ̂ Ôρ̂ ) (with ρ̂ and σ̂ both pure states) is even more accurate than estimating Tr(Ôρ̂). Second, Eq. (D21)
coincides with the sample complexity of estimating linear functions of ρ̂ using m = 2 U-statistics.

4. Shadow estimation using U-statistics

Now, we turn to derive the measurement bound for estimating linear functions of the form Tr(Ôρ̂ ), where ρ̂ is a pure state, with
shadow tomography using U-statistics. First, we perform shadow tomography (random Clifford measurement) on ρ̂, obtaining
classical shadows {ρ̂i}n

i=1. Now, we use order-m U-statistics to construct an unbiased estimator ρ̂ (Um ) of ρ̂, which can be taken to
be

ρ̂ (Um ) = 1

n(n − 1) · · · (n − m + 1)

∑
i1 
=i2 
=···
=im

ρ̂i1 ρ̂i2 · · · ρ̂im , (D22)
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where m is some positive integer. Since ρ̂ is a pure state (ρ̂m = ρ̂), one can check that Eq. (D22) is an unbiased estimator of ρ̂,
i.e.,

E[ρ̂ (Um )] = ρ̂. (D23)

The original classical shadow [15] that is equivalent to m = 1 has sample complexity

n = O
(

B

ε2

)
, (D24)

and Ref. [31] has proven that the sample complexity for m = 2 is

n = O
(

1

ε2
+

√
DB

ε

)
. (D25)

Now, we derive the sample complexity for m = 3, which we have used in this paper.
The estimator of our linear function is now

ô = Tr(Ôρ̂ (Um ) ). (D26)

The error is controlled by the variance of our estimator, so the remainder of this section is devoted to calculating this variance.
For m = 3, the variance is

Var[oes] = E
[
o2

es

] − E[oes]
2

= 1

[n(n − 1)(n − 2)]2

∑
i 
= j 
=k

∑
α 
=β 
=γ

E[Tr(Ôρ̂iρ̂ j ρ̂k )Tr(Ôρ̂αρ̂β ρ̂γ )] − o2

= 1

[n(n − 1)(n − 2)]2

∑
i 
= j 
=k

∑
α 
=β 
=γ

Tr{(Ô ⊗ Ô)E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂αρ̂β ρ̂γ )]} − o2

= 1

[n(n − 1)(n − 2)]2

∑
i 
= j 
=k

∑
α 
=β 
=γ

Cov(oi jk, oαβγ ). (D27)

We shall analyze the terms Cov(oi jk, oαβγ ) case by case.

a. When i, j, k, α, β, γ are all distinct

In this case, all terms are independent of all others, and so Cov(oi jk, oαβγ ) = 0.

b. When i, j, k and α, β, γ have one pair of equal indices

It is sufficient to consider the cases i = α, i = β, i = γ , or j = β, since all the other cases are equivalent to one of these cases.
i = α: In this case, we need to evaluate

E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂iρ̂β ρ̂γ )] = E[(ρ̂iρ̂ ) ⊗ (ρ̂iρ̂ )] = E[ρ̂i ⊗ ρ̂i] × (ρ̂ ⊗ ρ̂). (D28)

Using Lemma D1, we have

Cov(oi jk, oαβγ ) = Tr

{
(Ô ⊗ Ô)(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)
(ρ̂ ⊗ ρ̂)

}
− o2

= Tr

{
(ρ̂Ô ⊗ ρ̂Ô + ρ̂Ô ⊗ ρ̂Ôρ̂ + ρ̂Ôρ̂ ⊗ ρ̂Ô)

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)}
− o2

� 3Tr(ρ̂Ôρ̂Ô) − o2

� 3Tr(ρ̂Ô)2

� 3||Ô||2∞. (D29)

i = β: In this case, we need to evaluate

E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂iρ̂β ρ̂γ )] = E[(ρ̂iρ̂ ) ⊗ (ρ̂ρ̂iρ̂)] = (Î ⊗ ρ̂) × E[ρ̂i ⊗ ρ̂i] × (ρ̂ ⊗ ρ̂ ). (D30)

Using Lemma D1, we have

Cov(oi jk, oαβγ ) = Tr

{
(Ô ⊗ Ô)(Î ⊗ ρ̂ )(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)
(ρ̂ ⊗ ρ̂ )

}
− o2
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= Tr

{
(2ρ̂Ô ⊗ ρ̂Ôρ̂ + ρ̂Ôρ̂ ⊗ ρ̂Ôρ̂ )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)}
− o2

� 3Tr(Ôρ̂ )2 − o2

� 3||Ô||2∞. (D31)

Similar calculations show that for any case where only one pair of indices is equal, the covariance is always of the same order,
i.e.,

Cov(oi jk, oαβγ ) ∈ O(||Ô||2∞). (D32)

c. When i, j, k and α, β, γ have two pairs of equal indices

There are six different situations. These are (1) (i, j) and (α, β ) are equal, (2) (i, j) and (α, γ ) are equal, (3) (i, j) and (β, γ )
are equal, (4) (i, k) and (α, γ ) are equal, (5) (i, k) and (β, γ ) are equal, and (6) ( j, k) and (β, γ ) are equal. We need to distinguish
between two cases in each of these situations. For example, we need to distinguish i = α while j = β, from i = β while j = α:
We shall refer to these as cyclic and anticyclic terms, respectively. It turns out that the order of magnitude of these terms depends
only on whether they are cyclic or anticyclic, but not which one of the six situations they are in. Therefore, we show here only
the most convenient example for each type, which is i = α while j = β (cyclic) and i = β while j = α (anticyclic), to illustrate
the calculations.

Cyclic terms: e.g., i = α while j = β. In this case, we need to evaluate

E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂iρ̂β ρ̂γ )] = E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂iρ̂ j ρ̂γ )] = E[ρ̂i ⊗ ρ̂i] × E[ρ̂ j ⊗ ρ̂ j] × (ρ̂ ⊗ ρ̂ ). (D33)

Using Lemma D1, we have

Cov(oi jk, oαβγ ) = Tr

{
(Ô ⊗ Ô)(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )2

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)2

(ρ̂ ⊗ ρ̂)

}
− o2

= Tr

{
(ρ̂Ô ⊗ ρ̂Ô)(Î ⊗ Î + 3Î ⊗ ρ̂ + 3ρ̂ ⊗ Î + 2ρ̂ ⊗ ρ̂)

(
D2 + 2D + 2

(D + 2)2
Î − 2(D + 1)

(D + 2)2
Ŵ

)}
− o2

� 9Tr(Ôρ̂ )2 − o2

� 9||Ô||2∞. (D34)

Anticyclic terms: e.g., i = β while j = α. In this case, we rearrange the covariance to have

Cov(oi jk, oαβγ ) = E[Tr{(Ô ⊗ Ô)(ρ̂i ⊗ ρ̂ j )(ρ̂ j ⊗ ρ̂i )(ρ̂k ⊗ ρ̂γ )}]
= E[Tr{(Ô ⊗ Ô)(ρ̂i ⊗ ρ̂ j )(ρ̂ j ⊗ ρ̂i )(ρ̂ ⊗ ρ̂ )}]
= E[Tr{(Ô ⊗ ρ̂i )(ρ̂i ⊗ ρ̂)(ρ̂ j ⊗ Ô)(ρ̂ ⊗ ρ̂ j )}]
= Tr{(Ô ⊗ Î )(E[ρ̂i ⊗ ρ̂i])(Î ⊗ ρ̂Ô)(E[ρ̂ j ⊗ ρ̂ j])(ρ̂ ⊗ Î )}. (D35)

Using Lemma D1, and ignoring o2 we have

Cov(oi jk, oαβγ )

� Tr

{
(ρ̂Ô ⊗ Î )(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)
(Î ⊗ ρ̂Ô)(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)}

= Tr

{
(ρ̂Ô ⊗ Î + ρ̂Ô⊗̂ρ̂ + ρ̂Ôρ̂ ⊗ Î )

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)
(Î ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ + ρ̂ ⊗ ρ̂Ô)

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)}
.

(D36)

We now look at these terms one by one. The term proportional to (D+1)2

(D+2)2 is

Tr{(ρ̂Ô ⊗ Î + ρ̂Ô ⊗ ρ̂ + ρ̂Ôρ̂ ⊗ Î )Ŵ (Î⊗̂ρ̂Ô + Î⊗̂ρ̂Ôρ̂ + ρ̂⊗̂ρ̂Ô)Ŵ }
= Tr{(Î ⊗ ρ̂Ô + ρ̂ ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ )(Î ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ + ρ̂ ⊗ ρ̂Ô)} = (4D + 5)Tr(Ôρ̂)2. (D37)

The term proportional to 1
(D+2)2 is

Tr{(ρ̂Ô ⊗ Î + ρ̂Ô ⊗ ρ̂ + ρ̂Ôρ̂ ⊗ Î )(Î ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ + ρ̂ ⊗ ρ̂Ô)} = 9Tr(Ôρ̂)2. (D38)

013268-23



HANG REN et al. PHYSICAL REVIEW RESEARCH 8, 013268 (2026)

The term proportional to D+1
(D+2)2 is

Tr{(ρ̂Ô ⊗ Î + ρ̂Ô ⊗ ρ̂ + ρ̂Ôρ̂ ⊗ Î )(Î ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ + ρ̂ ⊗ ρ̂Ô)Ŵ }
+ Tr

{
(ρ̂Ô ⊗ Î + ρ̂Ô ⊗ ρ̂ + ρ̂Ôρ̂ ⊗ Î )Ŵ (Î ⊗ ρ̂Ô + Î ⊗ ρ̂Ôρ̂ + ρ̂ ⊗ ρ̂Ô)

}
= 18Tr(Ôρ̂ )2. (D39)

Summing these together, we have

Cov(oi jk, oαβγ ) ∈ O(D||Ô||2∞). (D40)

d. When i, j, k and α, β, γ has three pairs of equal indices

In this case, α, β, γ is just a permutation of i, j, k, i.e., (α, β, γ ) = π (i, j, k), with π ∈ S3. There are six different permutations
in S3, and similar to the last subsection, the covariance actually only depends on the parity of π . We shall look at the most
convenient examples of each of these two situations.

Even parity, Sign(π ) = +1 with i = α, j = β, and k = γ as the example: In this case, we have

Cov(oi jk, oα,β,γ ) = Tr{(Ô ⊗ Ô)E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂iρ̂ j ρ̂k )]} − o2 = Tr{(Ô ⊗ Ô)E[ρ̂i ⊗ ρ̂i]E[ρ̂ j ⊗ ρ̂ j]E[ρ̂k ⊗ ρ̂k]} − o2. (D41)

Using Lemma D1, this is just

Cov(oi jk, oα,β,γ ) = Tr

{
(Ô ⊗ Ô)(Î ⊗ Î + Î ⊗ ρ̂ + ρ̂ ⊗ Î )3

(
D + 1

D + 2
Ŵ − 1

D + 2
Î

)3
}

− o2

= Tr

{
(Ô ⊗ Ô)(Î ⊗ Î + 7Î ⊗ ρ̂ + 7ρ̂ ⊗ Î + 12ρ̂ ⊗ ρ̂ )

(
(D + 1)(D2 + 2D + 4)

(D + 2)3
Ŵ − 3(D + 1)2 + 1

(D + 2)3
Î

)}
− o2

= (D + 1)(D2 + 2D + 4)

(D + 2)3
{Tr(Ô2) + 14Tr(Ô2ρ̂ ) + 12Tr(Ôρ̂)2}

− 3(D + 1)2 + 1

(D + 2)3
{Tr(Ô)2 + 14Tr(Ô)Tr(Ôρ̂ ) + 12Tr(Ôρ̂ )2} − o2

� Tr(Ô2) + 14Tr(Ô2ρ) + 12Tr(Ôρ̂ )2 + 42

d + 2
|Tr(Ô)Tr(Ôρ̂)|

� Tr(Ô2) + 26||Ô||2∞ + 42
√

Tr(Ô2)/D||Ô||∞
∈ Ô(Tr(Ô2)).

(D42)
Odd parity, Sign(π ) = −1 with i = γ , j = β, and k = α as the example: In this case, we have

Cov(oi jk, oα,β,γ ) = Tr
{
(Ô ⊗ Ô)E[(ρ̂iρ̂ j ρ̂k ) ⊗ (ρ̂k ρ̂ j ρ̂i )]

} − o2. (D43)

To estimate this, we need the following equation:

(Â ⊗ Ĉ)(B̂ ⊗ Ê ) = ÂB̂ ⊗ ĈÊ = Tr3((Î ⊗ Â ⊗ Ê )(Ĉ ⊗ B̂ ⊗ Î )Ŵ(1,3)). (D44)

Using this, we then have

Cov(oi jk, oα,β,γ ) = E[Tr{(ρ̂k ⊗ ρ̂i )(Ôρ̂i ⊗ Ôρ̂k )(ρ̂ j ⊗ ρ̂ j )}] − o2

= E[Tr{(Î ⊗ Î ⊗ Ô)(Î ⊗ ρ̂k ⊗ ρ̂k )(Î ⊗ Ô ⊗ Î )(ρ̂i ⊗ ρ̂i ⊗ Î )Ŵ(1,3)(ρ̂ j ⊗ ρ̂ j ⊗ Î )}] − o2

= Tr{(Î ⊗ Î ⊗ Ô)E[Î ⊗ ρ̂k ⊗ ρ̂k](Î ⊗ Ô ⊗ Î )E[ρ̂i ⊗ ρ̂i ⊗ Î]Ŵ(1,3)E[ρ̂ j ⊗ ρ̂ j ⊗ Î]} − o2.

(D45)

For convenience, we now again omit ⊗ and write the dot product explicitly. Using Lemma D1, we have

Cov(oi jk, oα,β,γ ) = Tr

{
Î Î Ô × (Î Î Î + Î Îρ̂ + Îρ̂ Î ) ×

(
D + 1

D + 2
Ŵ(2,3) − 1

D + 2
Î

)
× (Î ÔÎ ) × (Î Î Î + Îρ̂ Î + ρ̂ Î Î )

×
(

D + 1

D + 2
Ŵ(1,2) − 1

D + 2
Î

)
× Ŵ(1,3) × (Î Î Î + Îρ̂ Î + ρ̂ Î Î ) ×

(
D + 1

D + 2
Ŵ(1,2) − 1

D + 2
Î

)}
− o2. (D46)

The dominant term of the above expression is the term proportional to (D+1)3

(D+2)3 , which we evaluate to be

(D + 1)3

(D + 2)3
Tr{(Î Î Ô + Î Î (Ôρ̂ ) + Îρ̂Ô) × Ŵ(2,3) × (Î ÔÎ + Î (Ôρ̂)Î + ρ̂ÔÎ ) × Ŵ(1,2) × Ŵ(1,3) × (Î Î Î + Îρ̂ Î + ρ̂ Î Î ) × Ŵ(1,2)}
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= (D + 1)3

(D + 2)3
Tr{(Î ÔÎ + Î (Ôρ̂ )Î + Î Ôρ̂) × (Î ÔÎ + Î (Ôρ̂ )Î + ρ̂ÔÎ ) × (Î Î Î + ρ̂ Î Î + Î Îρ̂ )Ŵ(1,2) × Ŵ(1,3) × Ŵ(1,2) × Ŵ(2,3)}

= (D + 1)3

(D + 2)3
Tr{(Î ÔÎ + Î (Ôρ̂ )Î + Î Ôρ̂) × (Î ÔÎ + Î (Ôρ̂ )Î + ρ̂ÔÎ ) × (Î Î Î + ρ̂ Î Î + Î Îρ̂ )}

= (D + 1)3

(D + 2)3
{(D2 + 6D + 5)Tr(Ô2) + (2d2 + 6d + 5)Tr(Ô2ρ̂ ) + (D2 + 2D)Tr(Ôρ̂ )2 + (2D + 1)Tr(Ôρ̂ )}

∈ Ô(D2Tr(Ô2)). (D47)

e. Final result

Putting all the above contributing terms together, we find that the variance of the order-3 U-statistics estimator is

Var[oes] ∈ O
(

n5 + n4D + n3D2B

n6

)
= O

(
1

n
+ D

n2
+ D2B

n3

)
= O

(
1

n
+ D2B

n3

)
. (D48)

Therefore, to estimate o within error ε, we need to make sure the variance is smaller than ε2, which gives the overall sample
complexity:

n = O
(

1

ε2
+ D2/3B1/3

ε2/3

)
. (D49)

5. Shadow estimation of bilinear functions with U-statistics

Here, we discuss the sample complexity of estimating bilinear functions of the form o = Tr(Ôρ̂σ̂ ) + Tr(Ôσ̂ ρ̂ ) using the
order-3 U-statistics that we used in the main text. The estimator of o is then

oes = 1

n2(n − 1)2(n − 2)2

∑
i 
= j 
=k

∑
p
=q 
=r

Tr{Ôρ̂iρ̂ j ρ̂k σ̂pσ̂qσ̂r} + Tr{Ôσ̂pσ̂qσ̂r ρ̂iρ̂ j ρ̂k}. (D50)

Again, the sample complexity is determined by the variance

n4(n − 1)4(n − 2)4 Var(oes)

=
∑

i1 
= j1 
=k1

∑
i2 
= j2 
=k2

∑
p1 
=q1 
=r1

∑
p2 
=q2 
=r2

Tr{(Î ⊗ Î ⊗ Ô ⊗ Ô + Î ⊗ Ô ⊗ Ô ⊗ Î + Ô ⊗ Î ⊗ Î ⊗ Ô + Ô ⊗ Ô ⊗ Î ⊗ Î )

× E[ρ̂i1 ρ̂ j1 ρ̂k1 ⊗ ρ̂i2 ρ̂ j2 ρ̂k2 ⊗ σ̂p1 σ̂q1 σ̂r1 ⊗ σ̂p2 σ̂q2 σ̂r2 ]Ŵ(1,3)Ŵ(2,4)} − o2, (D51)

and the derivation of the sample complexity is very similar to that in Appendixes D 3 and D 4 but involves much more calculation.
Instead of presenting the full calculations here, we provide only a sketch of the derivation and focus here on the main contributing
sources of the variance.

The first main contribution to the variance comes from the terms where only one pair of indices in the sets i1, i2, j1, j2, k1, k2

and p1, p2, q1, q2, r1, r2 is equal. For example, i1 = i2 while ( j1, j2, k1, k2) are distinct and (p1, p2, q1, q2, r1, r2) are also distinct.
A single such term contributes O(||Ô||∞) = O(1) to the variance. There are in total O(n11) such terms, leading to a total
contribution of O(n11) to the variance (ignoring the ∼1/n12 prefactor).

The second main contribution to the variance comes from the terms with six pairs of indices that are equal. We focus on the
example where i1 = k2, j1 = j2, k1 = i2 and p1 = r2, q1 = q2, r1 = p2. In this case, the contribution to the variance (ignoring
the ∼1/n12 prefactor) is

Tr{(Î ⊗ Î ⊗ Ô ⊗ Ô + Î ⊗ Ô ⊗ Ô ⊗ Î + Ô ⊗ Î ⊗ Î ⊗ Ô + Ô ⊗ Ô ⊗ Î ⊗ Î )E[ρ̂iρ̂ j ρ̂k ⊗ ρ̂k ρ̂ j ρ̂i ⊗ σ̂pσ̂qσ̂r ⊗ σ̂r σ̂qσ̂p]Ŵ(1,3)Ŵ(2,4)}
= Tr{(Î⊗6 ⊗ Ô ⊗ Ô + Î⊗3 ⊗ Ô ⊗ Î⊗2 ⊗ Ô ⊗ Î + Î⊗2 ⊗ Ô ⊗ Î⊗4 ⊗ Ô + Î⊗2 ⊗ Ô ⊗ Ô ⊗ Î⊗4)

× E[(ρ̂k × Î ⊗ Î ⊗ ρ̂k )(Î ⊗ ρ̂i ⊗ ρ̂i ⊗ Î )(Î ⊗ Î ⊗ ρ̂ j ⊗ ρ̂ j ) ⊗ (σ̂r ⊗ Î ⊗ Î ⊗ σ̂r )(Î ⊗ σ̂p ⊗ σ̂p ⊗ Î )(Î ⊗ Î ⊗ σ̂q ⊗ σ̂q)]

× Ŵ(1,3)Ŵ(2,4)Ŵ(5,7)Ŵ(6,8)Ŵ(3,7)Ŵ(4,8)}, (D52)

where in the equality we have used the fact

ÂB̂Ĉ ⊗ Ê F̂ Ĝ = Tr1,2{(Ĉ ⊗ Î ⊗ Î ⊗ Ê )(Î ⊗ Ĝ ⊗ Â ⊗ Î )(Î ⊗ Î ⊗ B̂ ⊗ F̂ )Ŵ(1,3)Ŵ(2,4)}. (D53)

By using Lemma D1, we are able to identify the leading order contribution of Eq. (D52) as(
D + 1

D + 2

)6

Tr
{(

Î⊗6 ⊗ Ô ⊗ Ô + Î⊗3 ⊗ Ô ⊗ Î⊗2 ⊗ Ô ⊗ Î + Î⊗2 ⊗ Ô ⊗ Î⊗4 ⊗ Ô + Î⊗2 ⊗ Ô ⊗ Ô ⊗ Î⊗4
)

×(Î⊗4 + Î⊗3 ⊗ ρ̂ + ρ̂ ⊗ Î⊗3)Ŵ(1,4)(Î
⊗4 + Î ⊗ ρ̂ ⊗ Î⊗2 + Î⊗2 ⊗ ρ̂ ⊗ Î )Ŵ(2,3)(Î

⊗4 + Î⊗3 ⊗ ρ̂ + Î⊗2 ⊗ ρ̂ ⊗ Î )Ŵ(3,4)
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⊗(Î⊗4 + Î⊗3 ⊗ σ̂ + σ̂ ⊗ Î⊗3)Ŵ(5,8)(Î
⊗4 + Î ⊗ σ̂ ⊗ Î⊗2 + Î⊗2 ⊗ σ̂ ⊗ Î )Ŵ(6,7)(Î

⊗4 + Î⊗3⊗̂σ̂ + Î⊗2 ⊗ σ̂ ⊗ Î )Ŵ(7,8)

×Ŵ(1,3)Ŵ(2,4)Ŵ(5,7)Ŵ(6,8)Ŵ(3,7)Ŵ(4,8)
}

� Tr
{(

Î⊗6 ⊗ Ô ⊗ Ô + Î⊗3 ⊗ Ô ⊗ Î⊗2 ⊗ Ô ⊗ Î + Î⊗2 ⊗ Ô ⊗ Î⊗4 ⊗ Ô + Î⊗2 ⊗ Ô ⊗ Ô ⊗ Î⊗4)
×(Î⊗4 + Î⊗3 ⊗ ρ̂ + ρ̂ ⊗ Î⊗3)(Î⊗4 + Î ⊗ ρ̂ ⊗ Î⊗2 + Î⊗2 ⊗ ρ̂ ⊗ Î )(Î⊗4 + ρ̂ ⊗ Î⊗3 + Î ⊗ ρ̂ ⊗ Î⊗2)

⊗(Î⊗4 + Î⊗3 ⊗ σ̂ + σ̂ ⊗ Î⊗3)(Î⊗4 + Î ⊗ σ̂ ⊗ Î⊗2 + Î⊗2 ⊗ σ̂ ⊗ Î )(Î⊗4 + σ̂ ⊗ Î⊗3 + Î ⊗ σ̂ ⊗ Î⊗2) × Ŵ(3,8)Ŵ(4,7)
}

∈ Ô(D5 Tr(Ô2)). (D54)

There are O(n6) such terms, and therefore they contribute O(n6D5B) to the variance.
It can be shown that all other types of terms contribute the same or a smaller order of magnitude to the variance as O(n11) or

O(n6D5B). Therefore, the total variance is given by

Var[oes] ∈ O
(

n11 + n6D5B

n12

)
= O

(
1

n
+ D5B

n6

)
. (D55)

Finally, to ensure the estimation of the bilinear function o is within an additive error ε, we need Var[oes] � ε2, which in turn
gives the sample complexity

n = O
(

1

ε2
+ D5/6B1/6

ε1/3

)
. (D56)
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