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Long-time exponential decompositions of non-Markovian Gaussian baths
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Gaussian baths are widely used to model non-Markovian environments, yet the cost of accurate simulation
at long times remains poorly understood, especially when spectral densities exhibit nonanalytic behavior as
in a range of realistic models. We rigorously bound the complexity of representing bath correlation functions
on a time interval [0, T ] by sums of complex exponentials, as employed in recent variants of pseudomode
and hierarchical equations of motion methods. These bounds make explicit the dependence on the maximal
simulation time T , inverse temperature β, and the type and strength of singularities in an effective spectral
density. For a broad class of spectral densities, the required number of exponentials is bounded independently
of T , achieving time-uniform complexity. The T dependence emerges only as polylogarithmic factors for
spectral densities with strong singularities, such as step discontinuities and inverse power-law divergences. The
temperature dependence is mild for bosonic environments and disappears entirely for fermionic environments.
Thus, the main bottleneck for long-time simulation is the presence of sharp nonanalytic features in the bath
spectrum. Our results are instructive both for long-time simulation of non-Markovian open quantum systems
and for Markovian embeddings of classical generalized Langevin equations with memory kernels.

DOI: 10.1103/7765-s8lk

I. INTRODUCTION

The model of a quantum system linearly coupled to a
Gaussian environment is widely used across quantum op-
tics [1,2], condensed matter physics [3,4], and chemical and
biological physics [5,6]. While Markovian approximations
capture short-time dynamics and weak system-bath coupling,
many relevant regimes extend beyond weak coupling and are
intrinsically non-Markovian. Such non-Markovian effects can
be captured by pseudomodes [7–21], which are auxiliary de-
grees of freedom that reproduce the bath correlation functions
(BCFs) and enable efficient simulation schemes.

The computational scaling of different pseudomode con-
structions can vary widely, particularly for simulations at
long simulation times (T ). Hamiltonian-based pseudomode
constructions such as Time Evolving Density operator with
Orthogonal Polynomials Algorithm (TEDOPA) suffer from
polynomial scaling with T [10,11,14,15,22] which has be-
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come an obstruction toward practical long-time simulations.
Similarly, hierarchical equations of motion (HEOM) methods
[6,16] also suffer from similar prohibitive scalings in T . Re-
cent advances such as quasi-Lindblad pseudomodes [18,19],
coupled-Lindblad pseudomodes [20,21], dissipation-assisted
TEDOPA [23], free-pole HEOM [17], and non-Hermitian
pseudomodes [24] represent BCFs as optimized sums of ex-
ponentials with complex weights and poles. This enables
efficient long-time simulations across a wide range of physical
systems.

Despite their practical success and rapid convergence (see,
for example, Fig. 2 of Ref. [18] and Figs. 1 and S3 of Ref.
[21]), rigorous complexity analysis has only appeared re-
cently: The sharpest available bounds in the analytic setting
were obtained in Ref. [19] and rely on strong analyticity
assumptions on the spectral density. Many physically rele-
vant settings do not satisfy such assumptions. For instance,
the density of states of periodic systems generically exhibits
Van Hove singularities [25]: inverse power-law divergences at
band edges in one dimension (1D), logarithmic divergences
in two dimensions (2D), and a square-root cusp in three
dimensions (3D).

Even within the analytic setting, existing upper bounds are
not tight. As an illustrative example, we consider the spin-
boson model with an Ohmic spectral density J (ω) = ωe−ω at
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FIG. 1. Number of bath modes N required to represent the bath
of an Ohmic spin-boson model at zero temperature with fixed accu-
racy ε = 0.01 in L1 norm, as a function of the maximum simulation
time T .

zero temperature. Figure 1 shows the number of bath modes
N required to achieve a fixed accuracy ε = 0.01 in the L1

norm for reproducing the bath correlation function over the
time interval [0, T ], plotted as a function of the maximal
simulation time T . For comparison, we include three refer-
ence scalings, N ∝ T , N ∝ ln T , and N ∝ (ln T )2 (the upper
bound established for this setting in Ref. [19]). Numerical
results (for details, see Appendix E) suggest that the required
number of bath modes can be asymptotically independent of
T , which significantly reduces the bath size entering down-
stream simulations. We note that the availability of compact
sum-of-exponentials representations of imaginary-time func-
tions with provably logarithmic scaling in inverse temperature
has enabled many algorithmic developments in equilibrium
quantum many-body calculations. Approaches such as the
discrete Lehmann representation [26] and various pole-fitting
[27–31] schemes have led to efficient algorithms for dia-
grammatics [32–35], analytic continuation [30,31,36–38], and
dynamical mean-field theory calculations [3,39,40], in which
many impurity solvers, such as those based on exact diag-
onalization [41,42], diagrammatics [32,33], matrix product
states [43], and neural network learning [44] all require a
compact bath discretization as input. A natural and frequently
raised question is the efficiency of similarly compact repre-
sentations in nonequilibrium real-time calculations (such as
Refs. [17,18,21,45,46]). This work addresses that question by
establishing rigorous complexity bounds.

In this paper, we present a unified, rigorous framework for
determining the bath-representation complexity of real-time
Gaussian environments. While end-to-end complexity esti-
mates for specific HEOM, pseudomode, tensor-network, or
Markovian-embedding implementations are useful, this paper
focuses instead on the sum-of-exponentials representation of
the bath correlations. This representation fixes the number
of exponential terms, auxiliary modes, or memory variables
supplied to downstream solvers. The total wall-clock cost
involves additionnal solver-specific details such as truncation
criteria and integrators, which are not considered in this work.
Our approach advances prior analyses in various ways. We
establish complexity bounds that remain valid in the presence
of spectral singularities (see Table I). For many physically
relevant regimes, we prove how the number of bath modes N

required scales with maximum simulation time T . For fixed
target L1 accuracy of the bath correlation functions on [0, T ],
the long-time scaling depends on the singularity type: N is
independent of T for mild singularities (e.g., square root);
N = O(ln T ln ln T ) for step discontinuities or logarithmic
singularities; and, in the worst case, N = O((ln T )2) for in-
verse power-law divergences.

II. THEORETICAL RESULTS

A. Setup

A Gaussian environment is described by its spectral density
J (ω), which is a non-negative, piecewise smooth L1 function
that is compactly supported or exponentially decaying. The
lesser and greater bath correlation functions (for fermionic
problems, they are also known as hybridization functions) are

�<(t ) =
∫ ∞

−∞
J (ω) f (ω − μ) e−iωt dω,

�>(t ) =
∫ ∞

−∞
J (ω)[1 ± f (ω − μ)] e−iωt dω. (1)

Here, f (ω) is the Bose-Einstein function fBE(ω) = 1
eβω−1 for

bosonic baths and the Fermi-Dirac function fFD(ω) = 1
eβω+1

for fermionic baths; the sign + corresponds to bosons and
− to fermions. β is the inverse temperature and μ is the
chemical potential. For bosonic problems, μ should lie below
the bottom of the support of J (ω) (or, if μ coincides with a
band edge, that J (ω) vanishes sufficiently fast there) to avoid
a divergent occupation; it is conventional to set μ = 0 and take
J supported on [0,∞).

For bosonic baths, we work with the total BCF

�(t ) = �>(t ) + �<(−t ) =
∫ ∞

−∞
Jeff(ω) e−iωt dω, (2)

with Jeff(ω) = sign(ω) J (|ω|)
1−e−βω . For fermions, set J<

eff(ω) =
J (ω) fFD(ω − μ) and J>

eff(ω) = J (ω)[1 − fFD(ω − μ)] so that
�>,<(t ) = ∫ ∞

−∞ J>,<
eff (ω) e−iωt dω. Here, fFD is the Fermi-

Dirac function. In what follows, we will omit the >,<

superscript since the analysis holds for both cases.
To find a compact representation of the bath, our goal is to

approximate �(t ) by a sum of exponentials:

�(t ) =
N∑

j=1

c je
−iz j t + δ(t ), t ∈ [0, T ], (3)

such that the error δ(t ) is small. We say the approximation
on [0, T ] has ε accuracy in L1 norm if

∫ T
0 |δ(t )| dt � ε. Ac-

cording to Refs. [12,47], controlling the L1 bound allows us
to control errors of any bounded system observables. Thus,
a universal bath-representation step in simulating Gaussian
environments is to approximate BCFs by sums of exponentials
with controlled errors.

B. Conformal mapping and exponentially clustering poles

Given Jeff(ω), we will treat the frequency domain ω > μ

and ω < μ separately. If Jeff(ω) is not analytic globally but
only piecewise analytic, we will also consider each analytic
segment separately. The overall complexity is then the sum
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FIG. 2. (a), (b) Contour transformation from the ω plane to the z
plane. The gray area is the holomorphic region � of Jeff(ω), and the
hatched area is the analyticity strip used in our analysis. Correspond-
ing contours are illustrated in the same color. (c) Comparison of the
holomorphic region in our analysis and that in Ref. [19].

of the complexities for each analytic segment, which is dom-
inated by the segment with the strongest singularity. In what
follows, we use the terms exponents, poles, and quadrature
nodes interchangeably, as they all refer to the same quantities
z j’s defined in Eq. (3).

The key idea of our analysis is illustrated in Fig. 2. For
each smooth segment of Jeff(ω), we assume it admits a holo-
morphic extension to a domain � in the lower half plane, with
a semi-circular-like shape as illustrated by the gray region
in Fig. 2(a). We note that this is a much weaker analyticity
assumption compared to previous works [19] [see Fig. 2(c)
for comparison]. To resolve possible end-point singularities
of each analytic segment, we place quadrature nodes z j’s in
Eq. (3) [illustrated as triangles in Fig. 2(a)] in the lower half
plane that are exponentially clustered toward the segment end
points. This clustering is natural after the change of variables
ω = tanh z: End-point singularities are sent to z = ±∞, while
clustered nodes in ω become uniformly spaced nodes in z [see
Fig. 2(b)]. Analyticity in the resulting strip gives exponential
quadrature convergence, and the decay as |z| → ∞ encodes
the singularity order entering Corollary B1; see also Ref. [48].
In Appendix B, we make this argument precise and derive
the resulting error estimates. Moreover, the analytic region
guarantees that there is an O( 1

β
) distance from the poles of the

Fermi-Dirac functions, which are the Matsubara frequencies
νn = μ − i π (2n+1)

β
. This property is crucial in proving the

asymptotic β independence of the required number of poles
for fermionic baths.

As noted earlier, the complexity (i.e., the number of ex-
ponentially clustered poles required near each singularity)
depends on the strength of the singularity. This dependence is
rigorously formulated in Corollary B1 and in Eq. (A1), which
we summarize below. In essence, the required number of
poles scales logarithmically with a prefactor related to the L1

norm of the bath correlation function (see Appendix B). For
weak singularities, such as Jeff(ω) ∼ |ω − ω0|α with α > 0,
its Fourier transform decays faster than 1/t and is therefore
L1 integrable on [0,∞), leading to a T -independent complex-
ity: O(ln2(1/ωcε)). Here, ωc is the characteristic frequency

scale of the bath. In contrast, for a stronger singularity such
as an inverse power-law behavior Jeff(ω) ∼ |ω − ω0|−α , with
0 < α < 1, the hybridization function decays slower than 1/t ,
and the complexity is polylogarithmic in T : O(ln2(T/ε)). For
intermediate singularities such as step or logarithmic singu-
larities, the complexity is O(ln( ln(ωcT )

ωcε
) ln( T

ε
)). We refer to

Appendix A for precise definitions of singularity types Ap-
pendix B for detailed rigorous proofs.

C. ln2 T dependence in a preasymptotic regime

We focus on the asymptotic scaling of the required number
of bath modes N with respect to the maximum simulation time
T . For mild singularities Jeff(ω) ∼ |ω − ω0|α , with α > 0, the
asymptotic bound is T independent because the L1 norm of
the tail is uniformly bounded as T → ∞. Therefore, once the
approximation is made sufficiently accurate on [0, T∗], where
the tail

∫ ∞
T∗

|�(t )| dt is sufficiently small, that approximation
remains valid to within the specified tolerance ε for all later
times. Of course, this threshold time increases as ε decreases,
which accounts for the ε dependence appearing in all of the
complexity results. We note that this T -independence effect
does not preclude an intermediate regime before saturation
in which the minimal number of poles still grows with T ;
in practice, this growth can resemble ln T , as seen in Fig. 1.
Thus, the asymptotic T -independent complexity for mild sin-
gularities is consistent with the preasymptotic behavior often
observed in computations, including Fig. 1.

D. Temperature independence

The temperature dependence of the BCFs enters through
Bose-Einstein or Fermi-Dirac functions in the effective
spectral density, affecting the prefactor of exponential conver-
gence. The Fermi-Dirac function is bounded in the analyticity
region, so the prefactor (and the final complexity) is β in-
dependent for fermionic systems. For bosonic systems, the
Bose-Einstein function diverges at ω = 0, leading after nondi-
mensionalization to a prefactor that scales as O(1 + 1/(βωc))
and hence only logarithmic dependence on temperature in the
final complexity. In the physically relevant regime βωc � 1,
this prefactor remains O(1). For details, see Appendix C.

III. PHYSICAL SYSTEMS

A. Sub-ohmic, ohmic, and super-ohmic bosonic baths

The first physical example is the Ohmic family of spectral
densities, which has been widely used to model light-matter
interactions and quantum dissipation for decades [49]. The
spectral density is given by

J (ω) = ωγ ω−(γ+1)
c e−ω/ωc , ω ∈ [0,∞), γ > 0. (4)

For γ > 1, J is said to be super-Ohmic, γ = 1 is Ohmic, and
γ < 1 is sub-Ohmic. Consider a continuous cutoff function
χW (ω) that is compactly supported on [0,W ]:

χW (ω) =
{

1−e−(W −ω)/ωc

1−e−W/ωc , ω ∈ [0,W ],
0, ω ∈ [W,∞).

We choose a large enough W such that J (ω) is very close to
Jtrunc(ω) = J (ω)χW (ω). This finite truncation argument could
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TABLE I. Summary of the complexity bounds for representing bath correlation functions of various physically relevant systems, with
L1 accuracy ε on [0, T ]. Here, ωc is a characteristic frequency scale of the bath [e.g., see Eq. (4) for its definition in the Ohmic-family
spectral densities]. The bounds are independent of T for super-Ohmic bosonic baths and gapped fermionic baths at all temperatures and
for sub-Ohmic bosonic baths at zero temperature, and depend on T only through polylogarithmic factors for finite temperature sub-Ohmic
bosonic baths and gapless fermionic baths. For simplicity, we have omitted the results for Ohmic bosonic baths in this table, which are
O(ln2( 1

ωcε
) + ln( ln(ωcT )

βω2
c ε

) ln( T
βωcε

)).

Super-Ohmic bosonic bath Sub-Ohmic bosonic bath Gapped bosonic bath Gapless bosonic bath

Zero temperature O
(
ln2

(
1

ωcε

))
O

(
ln2

(
1

ωcε

))
O

(
ln2

(
1

ωcε

))
O
(
ln

( ln(ωcT )
ωcε

)
ln

(
T
ε

))
Finite temperature O

(
ln2

((
1 + 1

βωc

)
× 1

ωcε

))
O

(
ln2

(
1

ωcε

) + ln2
(

1
βωc

× T
ε

))

be made rigorous by carefully bounding the L1 truncation
error (see Proposition C2).

At zero temperature, we can see that since γ > 0, Jeff(ω) =
J (ω)χW (ω) has singularity order γ at ω = 0 and singular-
ity order 1 at ω = W . Thus, the overall singularity order
is α = min{γ , 1}, and the complexity is independent of T
for all Ohmic families. At finite temperature, however, there
are qualitative differences for different regimes of γ . Since
Jeff(ω) ∼ |ω|γ−1/β as ω → 0, the singularity order becomes
α = min{γ − 1, 1}. Thus, the super-Ohmic, Ohmic, and sub-
Ohmic cases each exhibit qualitatively different complexity
scalings in T for L1 accuracy: no T dependence for super-
Ohmic baths, N ∼ O(ln(T/ε) ln(ln(T )/ε)) for Ohmic baths,
and N ∼ O((ln(T/ε))2) for sub-Ohmic baths.

To the best of our knowledge, this is the first rigor-
ous complexity bound that applies across the Ohmic family
while distinguishing the super-Ohmic, Ohmic, and sub-Ohmic
regimes through their different T dependences. Our result, as
summarized in Table I, thus provides a theoretical perspec-
tive on how these regimes differ: The T dependence of the
bath-representation complexity is qualitatively distinct in the
sub-Ohmic, Ohmic, and super-Ohmic cases.

Many phonon spectral densities can be modeled as an
Ohmic-type background with a finite number of sharp
Lorentzian peaks. For the Lorentzian features, achieving a
fixed accuracy may eventually require resolving all peaks
as the time window T grows; however, on application-
relevant finite time windows, nearby peaks are effectively
compressible, leading to the preasymptotic polylog T scaling
discussed previously. Combining this with the complexity for
the Ohmic-family background yields the behavior expected
for such combined densities, which is widely used in mod-
eling excitonic dynamics in chemical and biological systems
[50–52].

B. Van hove singularities

Next, let us consider a system coupled to an n-dimensional
periodic lattice, which is a tight-binding lattice of nonin-
teracting electrons, as illustrated in Fig. 3(a). The spectral
density exhibits the dimension-dependent Van Hove sin-
gularities considered above [Fig. 3(b)], all of which are
covered by our analysis. In 1D, the spectral density has in-
verse square-root singularities at the band edges, namely,
Jeff(ω) ∼ |ω − ω0|−1/2, producing the worst-case scaling N =
O( ln2(T/ε)). In 2D, the logarithmic singularity Jeff(ω) ∼
ln |ω| and the step discontinuity at the band edge both give the

intermediate scaling N = O( ln(T/ε) ln ln(T/ε)). In 3D, if
the band is partially filled, the jump discontinuity at the chem-
ical potential μ leads to the O(ln(T/ε) ln ln(T/ε)) scaling.
Otherwise, if the band is fully filled, then the complexity is T
independent.

C. Gapless and gapped baths

As a final example, let us illustrate the qualitative dif-
ference between gapless and gapped spectral densities for
long-time simulation. As shown in Fig. 3(c), the gapped spec-
tral density vanishes continuously at ω = μ and thus has
singularity order α > 0. For a gapless bath at finite temper-
ature, the thermal effective spectral density is itself smooth at
ω = μ. However, to obtain a representation whose complexity
is uniform in β, we split the frequency domain at μ and treat
the two sides separately, as described above. In this segmented
representation, the boundary point ω = μ behaves as an end-
point singularity of order α = 0. By Table I, reproducing the
BCFs for a gapped bath requires a number of modes inde-
pendent of T , while a gapless bath demands bath modes with
size growing polylogarithmically in T . This polylogarithmic
T dependence should therefore be understood as the cost of
enforcing β-independent complexity for a gapless bath, rather
than as a physical nonanalyticity of the finite-temperature
spectrum itself. For fixed β, one may instead expect to recover
T -independent complexity by analyzing the smooth thermal
effective spectral density directly, but then the resulting con-
stants would no longer remain uniform as β decreases.

D. Applicability to classical open systems

Although our primary motivation is to characterize the
complexity of open quantum systems, the challenge of finding
compact bath representations is universal. In classical molec-
ular dynamics, the generalized Langevin equation (GLE)
governs the system dynamics, where the memory kernel is
intrinsically determined by environmental noise fluctuations
via the fluctuation-dissipation theorem. Crucially, when this
memory kernel is accurately represented by a compact sum
of exponentials, the GLEs, which are nonlocal in time, map
exactly onto a system of local auxiliary differential equa-
tions [53–55]. In particular, the convolution integral with
an exponential kernel can be recast as a simple differential
equation, effectively eliminating the need to store the history.
This transformation reduces the simulation complexity from
quadratic in time T to linear. Such embeddings have proven
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FIG. 3. (a) A system coupled to a fermionic periodic lattice. (b) Spectral density in the case of 1D, 2D, and 3D lattices exhibiting the Van
Hove singularities, and corresponding complexity scalings in T . (c) Gapless and gapped spectral densities with power-law singularities at the
band edge, and corresponding complexity scalings in T .

essential for capturing complex memory effects in viscoelastic
phenomena, protein folding, and hydration dynamics [56–58].
We refer the reader to Appendix D for specific examples
where spectral singularities naturally arise in these classical
contexts.

IV. CONCLUSIONS AND OUTLOOK

In this paper, we have developed a general theoretical
framework for analyzing the bath-representation complexity
of Gaussian environments with general spectral densities.
Our result systematically characterizes the complexity for
different singularity types. While end-to-end costs depend
on the chosen solver, our bounds quantify the shared bath
representation size N , which sets the number of modes, ex-
ponential terms, or auxiliary variables before solver-specific
truncations enter. This establishes a rigorous foundation for
both recently developed quasi-Lindblad pseudomode methods
[19,47], non-Hermitian pseudomodes [24], and the free-pole
HEOM methods [17], as well as Markovian embedding
approaches in classical molecular dynamics with memory
kernels, by quantifying a common bath-representation com-
plexity for long-time simulations at low temperatures. Our
bounds are constructive and are consistent with the numerical
results in Fig. 1 and with the practical performance of these
methods in previous works [18,19,21].

This work also opens up several interesting directions
for future research. Based on our results, we may extend
prior analysis of tensor network influence functionals [59]
beyond the Ohmic case to super-Ohmic and sub-Ohmic spec-
tral densities. Though our analysis could be straightforwardly
extended to multiband systems, it remains unclear what the
optimal complexity is in terms of the number of bands.
Moreover, despite recent exciting progress [60], it is still
unclear how to develop a similar tight complexity result for
the coupled-Lindblad pseudomode theories, which satisfy ad-
ditional constraints to guarantee physicality of the system
dynamics.
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APPENDIX A: SETUP

In this Appendix, we review the problem setup and perform
the nondimensionalization. Recall that in the main text, the
BCF is the Fourier transform of the effective spectral density
Jeff(ω):

�(t ) =
∫ ∞

−∞
Jeff(ω)e−iωt dω,

where Jeff(ω) is given by the spectral density J (ω) through the
following relation:

Jeff(ω) = sign(ω)
J (|ω|)

1 − e−βω
(for bosons),

J<
eff(ω) = J (ω) fFD(ω − μ),

J>
eff(ω) = J (ω)(1 − fFD(ω − μ)) (for fermions).

Here, J (ω) is the spectral density, which is compactly sup-
ported or decays exponentially fast. As described in the main
text, we treat each analytic segment of Jeff(ω) separately.
For fermions, we also treat the domains ω > μ and ω < μ

separately, where μ is the chemical potential (μ is zero for
bosons). Thus, we assume that Jeff(ω) is supported on [ωa, ωb]
and is analytic in the semiellipse below [ωa, ωb], as illustrated
in Fig. 2(a) (the dark gray area). For now, we assume that
ωa and ωb are finite, and we discuss how to truncate infinite
domains in Appendix C.

1. Nondimensionalization

To nondimensionalize, define ω′, the rescaled frequency
that maps [ωa, ωb] to [−1, 1]:

ω′ = 2ω − (ωa + ωb)

ωb − ωa
, ω ∈ [ωa, ωb], ω′ ∈ [−1, 1].

043053-5
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Define the rescaled spectral densities

J̃ (ω′) = ωb − ωa

2
J (ω), J̃eff(ω

′) = ωb − ωa

2
Jeff(ω).

Then, the Fourier transform of J̃eff(ω′), denoted by �̃(t ),
satisfies

�̃

((
ωb − ωa

2

)
t

)
= ei

ωa+ωb
2 t�(t ).

To achieve L1 error less than ε for �(t ) on [0, T ], it suffices
to achieve L1 error less than W ε for �̃(t ) on [0,W T ], where
W = ωb−ωa

2 is the half bandwidth. Note that since ε is the L1

error for �(t ), it has the dimension of time. Thus, W ε and
W T are dimensionless quantities. In the following, we work
with the rescaled quantities ω′ ∈ [−1, 1] and drop the tilde
and prime for simplicity.

2. Contour deformation, change of variables,
and analyticity assumptions

A key step in our analysis is the change of variables ω =
tanh x, which maps the domain ω ∈ [−1, 1] to x ∈ [−∞,∞].
Then, we have

�(t ) =
∫ +∞

−∞
Jeff(tanh x)e−it tanh x 1

cosh2 x
dx.

Let us define

g(z; t ) = Jeff(tanh z)e−it tanh z 1

cosh2 z
, (A1)

as the complexification of the integrand, for Im(z) ∈ [−π
4 +

θ0, 0]. Here, θ0 > 0. Then, by contour deformation, we can
evaluate �(t ) by integrating along the line Im z = −y for any
y ∈ [0, π

4 − θ0]:

�(t ) =
∫ +∞

−∞
g(x − iy; t ) dx, ∀y ∈

[
0,

π

4
− θ0

]
. (A2)

As shown in Appendix B, we will consider y = − Im(z) ∈
[θ1,

π
4 − θ0] for some nonzero θ1 to take advantage of the

decay properties in t . In other words, g(z; t ) is required to be
analytic in the strip S:

S =
{

z : Im z ∈
[
−π

4
+ θ0,−θ1

]}
. (A3)

Thus, we make the following analyticity assumption on
Jeff(ω):

Assumption A1. Jeff(ω) is analytic in the following
semiellipse � below [−1, 1]:

� =
{
ω : ω = tanh z, Im z ∈

[
−π

4
+ θ0, 0

]}
.

Here, θ0 ∈ (0, π
4 ) is a constant.

The region � is illustrated in Fig. 2(a) (the dark gray area).
Since we can always restrict to a smaller holomorphic region,
without loss of generality, we may assume that Jeff (ω) is
analytic on � except at ω = ±1.

3. Singularity order α

In the main text, we have formally introduced the notion
of singularity order α to characterize the singularity behavior
of Jeff at its end point ω = ±1. Here, we give a more precise
definition.

Definition A1 (Singularity order α). For α > −1 and α 
=
0, we say a function f (ω) has a singularity of order α at ω = 1
if there exists C > 0 such that | f (ω)| � C|ω − 1|α as ω → 1
within �, while for every α′ > α, | f (ω)|

|ω−1|α′ is unbounded. For
α = 0, we require instead that there exists C > 0 such that
| f (ω)| � C(1 + | ln |ω − 1||) as ω → 1 within �, and that for
every α′ > 0, | f (ω)|

|ω−1|α′ is unbounded. This class includes both
logarithmic singularities and bounded jump discontinuities.
A similar definition applies to the singularity at ω = −1.
For f (ω) with singularity order α± at ω = ±1, we define
α = min{α+, α−} as the overall singularity order.

With this definition, after possibly enlarging the constant to
account for the compact part of � away from the end points,
there exists CJ > 0 such that the corresponding end-point
bounds hold on the two half-domains. Let

�+ = {ω ∈ � : Re ω � 0}, �− = {ω ∈ � : Re ω � 0}.
More precisely, Jeff(ω) of singularity order α satisfies the
bounds

|Jeff(ω)| � CJ |ω − 1|α, for ω ∈ �+, α > −1, α 
= 0,

|Jeff(ω)| � CJ |ω + 1|α, for ω ∈ �−, α > −1, α 
= 0,

|Jeff(ω)| � CJ (1 + | ln(|ω − 1|)|), for ω ∈ �+, α = 0,

|Jeff(ω)| � CJ (1 + | ln(|ω + 1|)|), for ω ∈ �−, α = 0.

(A4)

APPENDIX B: MAIN RESULT

Our main result is based on the following theorem, which
gives a pointwise estimate on the error of approximating �(t )
by a sum of exponentials.

Theorem B1 (Pointwise error estimate). Suppose that the
effective spectral function Jeff(ω) has singularity of order α >

−1 at ω = ±1 (see Definition A1). Then, there exist constants
Aα, c > 0, independent of t , and a choice of y2 ∈ (θ1,

π
4 − θ0)

such that for any 0 < h < 1, M > 1, and t � 0, we have

∣∣∣∣∣�(t ) −
∑

|nh|�M

hg(nh − iy2; t )

∣∣∣∣∣ � CJ ×
{

Aα (e−c/h(1 + t )−(1+α) + jM,α (t )), α 
= 0, α > −1,

A0
(
e−c/h ln(2+t )

1+t + jM,0(t )
)
, α = 0.

Here, jM,α (t ) = min{e−(α+1)M , (1 + t )−(1+α)} for α 
= 0,
jM,0(t ) = e−M , and CJ is the model-dependent constant
in Eq. (A4).

As shown in Theorem B1, the approximation of �(t ) =∫ ∞
−∞ g(x − iy; t ) dx is given by a uniform discretization in x

with step size h and truncation |x| < M, for a fixed y. We leave
the proof of Theorem B1 to the end of this Appendix. Note
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that the tail bound for α = 0 can be improved to jM,0(t ) =
min(e−M , ln2(2+t )

1+t ), but using jM,0(t ) = e−M is sufficient for
this work. The pointwise error estimate in Theorem B1 di-
rectly leads to the main result of this work, which is the L1

error estimate for approximating �(t ):
Corollary B1 (Main result: L1 error estimate). With the

same assumptions as in Theorem B1, to achieve L1 error less
than ε for approximating �(t ) by a sum of exponentials, the
number of terms required satisfies the following scaling:

N = O(ln2(CJ/ε)), for α > 0,

N = O
(
ln

(
CJ

ln(T )
ε

)
ln

(CJ T
ε

))
, for α = 0,

N = O(ln2(CJT/ε)), for − 1 < α < 0.

In unrescaled quantities, T and ε should be replaced
by W T and W ε, respectively. Thus, the scaling becomes
(omitting the CJ factor)

N = O(ln2(1/W ε)), for α > 0,

N = O
(
ln

( ln(W T )
W ε

)
ln

(
T
ε

))
, for α = 0,

N = O(ln2(T/ε)), for − 1 < α < 0.

(B1)

Corollary B1 leads to the main conclusion of this work in
Table I, for which we have rescaled the quantities back to the
original scale, and explicitly considered CJ ’s dependence on
β, the latter of which is addressed in Appendix C. We have
also replaced W with the characteristic frequency ωc, which
is straightforward for spectral densities with finite support,
and for spectral densities with infinite support but exponential
decay, this is also addressed in Appendix C.

The proof of Corollary B1 from Theorem B1 is simply
to integrate the pointwise error estimate over t ∈ [0, T ], and
choose M and h to bound both terms in the pointwise error
estimate by ε. The details are given below.

Proof of Corollary B1 from Theorem B1. For α > 0, by
decomposing the integral into [0, eM] and [eM, T ], and using
the two bounds e−(α+1)M and (1 + t )−(1+α) correspondingly
for the two intervals, we have that

∫ T
0 | jM,α (t )| dt � α+1

α
e−αM .

Thus, using Theorem B1, the L1 error is bounded by

CJ

(
Aα

α
e−c/h + Aα (α + 1)

α
e−αM

)
. (B2)

By choosing M = 1
α

ln( 2(α+1)CJ Aα

αε
) and 1/h = 1

c ln( 2CJ Aα

αε
), the

L1 error is less than ε, and the number of terms N =
�2M/h� = O(ln2(CJ/ε)).

For α < 0, since
∫ T

0 (1 + t )−(1+α) dt = ((1 + T )|α| −
1)/|α|, we have that the L1 error is bounded by

CJ

(
Aα

|α|e−c/h(1 + T )|α| + AαT e−(α+1)M

)
. (B3)

To make this bounded by ε, we can choose M =
1

α+1 ln( 2CJ AαT
ε

) and 1/h = 1
c ln( 2CJ Aα (1+T )|α|

|α|ε ). Thus, N =
�2M/h� = O(ln2(CJT/ε)).

Finally, for α = 0, since
∫ T

0
ln(2+t )

1+t � 2
∫ T

0
ln(2+t )

2+t dt �
(ln(2 + T ))2, the L1 error is bounded by

CJ

(
A0

2
e−c/h(ln(2 + T ))2 + A0T e−M

)
. (B4)

Thus, it suffices to choose M = ln( 2CJ A0T
ε

), 1/h =
1
c ln( 2CJ A0(ln(2+T ))2

ε
). We conclude that

N = �2M/h� = O

(
ln

(
CJ

ln(T )

ε

)
ln

(
CJT

ε

))
.

�
Another consequence of Theorem B1 is the following L∞

error estimate, which is T independent for all α > −1:
Corollary B2 (L∞ error estimate). With the same assump-

tions as in Theorem B1, to achieve L∞ error less than ε∞
for approximating �(t ) by a sum of exponentials, the num-
ber of terms required satisfies the following scaling: N =
O(ln2(CJ/ε∞)) for all α > −1.

Proof. By Theorem B1, the L∞ error is bounded by
CJ × Aα (e−c/h + e−(α+1)M ) for α 
= 0 and by CJ × A0(e−c/h +
e−M ) for α = 0. Thus, by choosing M = 1

α+1 ln( 2CJ Aα

ε∞
) and

1/h = 1
c ln( 2CJ Aα

ε∞
) when α 
= 0, and M = ln( 2CJ A0

ε∞
) and 1/h =

1
c ln( 2CJ A0

ε∞
) when α = 0, the L∞ error is less than ε∞, and in

both cases N = �2M/h� = O(ln2(CJ/ε∞)). �
Now let us give a proof of Theorem B1. The error estimate

in Theorem B1 has two parts: the discretization error on an
infinite grid of size h and the truncation error on [−M, M].
Both errors are controlled by the decay properties of g(z; t ) in
the strip S , as stated in the following lemma:

Lemma B1 (Upper bound of g(x − iy; t ) [Eq. (A1)]). Given
a singularity order α > −1 of Jeff(ω), the following upper
bound holds for any t � 0 and y ∈ [θ1,

π
4 − θ0]:

|g(x − iy; t )| � CJ

{
Cα pα (x; t ), α > −1, α 
= 0,

C0(1 + |x|)p0(x; t ), α = 0,

where pα (x; t ) (for α > −1) are defined as

pα (x; t ) = e−cθ1
t

cosh2 x cosh−2(α+1) x, (B5)

and Cα is a constant that only depends on α, CJ is the constant
in Eq. (A4), and cθ1 = sin(2θ1)/2 > 0.

Proof. Let z = x − iy. Recall that g(z; t ) = Jeff(tanh z)
e−it tanh z 1

cosh2 z
. Since |y| < π

4 , | cosh z|2 = cosh2 x cos2 y +
sinh2 x sin2 y � 1

2 cosh2 x. Therefore, |1/ cosh2 z| � 2 cosh−2

x. Next, we bound e−it tanh z. Note that |e−it tanh z|=et Im(tanh z)

and Im(tanh(x − iy)) = − sin 2y
2(sinh2 x+cos2 y)

. Using that
y ∈ [θ1,

π
4 − θ0], we have − sin 2y � − sin 2θ1 < 0

and sinh2 x + cos2 y � sinh2 x + 1 = cosh2 x. Thus,
|e−it tanh z| � e−cθ1 t/ cosh2 x, where cθ1 = sin(2θ1)/2 > 0. To
pass from the end-point bounds in Eq. (A4) to a bound on
Jeff(tanh z), note that

Re(tanh(x − iy)) = sinh(2x)

cosh(2x) + cos(2y)
,

so the sign of Re(tanh z) is the sign of x. Hence, ω = tanh z
lies in �+ for x � 0 and in �− for x � 0. Moreover,

1 − tanh z = e−z

cosh z
, 1 + tanh z = ez

cosh z
.
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Since 2−1/2 cosh x � | cosh z| � cosh x when |y| < π/4, for
x � 0, we obtain

2

1 + e2x
� |ω − 1| � 2

√
2

1 + e2x
,

and similarly for x � 0,

2

1 + e−2x
� |ω + 1| � 2

√
2

1 + e−2x
.

These quantities are comparable to cosh−2 x up to absolute
constants, and therefore Eq. (A4) yields the following bound
for Jeff(tanh z):

|Jeff(tanh z)| � CJ ×
{

Cα cosh−2α x, α 
= 0, α > −1,

C0(1 + |x|), α = 0.

(B6)
Here, Cα is a constant that only depends on α. Combining
the bounds for the three factors in g(z; t ), we have the desired
bound for |g(z; t )|. �

Finally, we prove Theorem B1 using the upper bound of
g(z; t ) in Lemma B1.

Proof. Let us first show the following discretization error
estimate for the infinite grid:

∣∣∣∣∣�(t ) −
∞∑

n=−∞
hg(nh − iy2; t )

∣∣∣∣∣ � CJ ×
{

Aαe−c/h(1 + t )−(1+α), α 
= 0, α > −1,

A0e−c/h ln(2+t )
1+t , α = 0.

Choose

y2 = θ1 + (
π
4 − θ0

)
2

, a =
π
4 − θ0 − θ1

2
> 0.

Then, g(· − iy2; t ) is analytic in the strip {z : | Im z| < a}. Us-
ing Theorem 5.1 of Ref. [48], a uniform grid with step size h
has the following error estimate:∣∣∣∣∣�(t ) −

∞∑
n=−∞

hg(nh − iy2; t )

∣∣∣∣∣ � 2Mg

e2πa/h − 1
.

Here, Mg = supy∈[θ1,
π
4 −θ0]

∫ ∞
−∞ |g(x − iy; t )| dx. With Lemma

B1, we only need to show the following integral bounds for
pα (x; t ) (for α > −1, α 
= 0) and p0(x; t ):∫ ∞

−∞
pα (x; t ) dx � aα (1 + t )−(1+α),∫ ∞

−∞
(1 + |x|)p0(x; t ) dx � a0

ln(2 + t )

1 + t
.

Here, aα is a constant that only depends on α. Conducting
change of variables v = 1 − tanh2 x, we have∫ ∞

−∞
pα (x; t ) dx =

∫ 1

0
e−cθ1 tvvα dv√

1 − v
.

For v ∈ [0, 1
2 ], we have∫ 1

2

0
e−cθ1 tvvα dv√

1 − v
�

√
2ecθ1

∫ 1
2

0
e−cθ1 (1+t )vvα dv

�
√

2ecθ1

∫ +∞

0
e−cθ1 (1+t )vvα dv

=
√

2ecθ1

cα+1
θ1

�(α + 1)

(1 + t )α+1
.

For v ∈ [ 1
2 , 1], e−cθ1 tv � e− cθ1

t

2 . Thus,∫ 1

1
2

e−cθ1 tvvα dv√
1 − v

� e− cθ1
t

2

∫ 1

1
2

vα dv√
1 − v

� Bαe− cθ1
t

2 ,

where Bα could be taken as
∫ 1

0 vα dv√
1−v

=
√

π�(α+1)
�(α+ 3

2 )
. Combin-

ing the two parts, we have that
∫ ∞
−∞ pα (x; t ) dx is bounded by

(1 + t )−(1+α) up to a constant for all α > −1.
For α = 0, by symmetry and the same change of variables

v = 1 − tanh2 x,∫ ∞

−∞
(1 + |x|)p0(x; t ) dx

=
∫ 1

0

(
1 + arctanh(

√
1 − v)

)
e−cθ1 tv dv√

1 − v
.

Since arctanh(
√

1 − v) � C(1 + | ln v|) for v ∈ (0, 1), split-
ting again into [0, 1

2 ] and [ 1
2 , 1] gives∫ ∞

−∞
(1 + |x|)p0(x; t ) dx

� C
∫ 1/2

0
e−cθ1 tv (1 + | ln v|) dv + Ce−cθ1 t/2.

After the rescaling s = (1 + t )v, the first term is bounded
by C ln(2+t )

1+t and the second term is dominated by the same
quantity. Hence,∫ ∞

−∞
(1 + |x|)p0(x; t ) dx � a0

ln(2 + t )

1 + t
.

Next, we only need to bound the truncation error
from |x| > M:

∑
|nh|>M h|g(nh − iy2; t )| � CJ × Aα jM,α (t ),

where jM,α (t ) = min{e−(α+1)M , (1 + t )−(1+α)}. (For α = 0,
jM,0(t ) = e−M .) This amounts to the following tail bound
for pα (x; t ): ∑

|nh|>M

hpα (nh; t ) � Aα jM,α (t ),

∑
|nh|>M

h(1 + |nh|)p0(nh; t ) � A0 jM,0(t ).
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Let us first prove the α 
= 0 case. The e−(α+1)M bound is
straightforward. Since cosh s � 1

2 e|s|, for α 
= 0, we have

pα (nh; t ) � cosh−2(α+1)(nh)

� 22(α+1)e−2(α+1)|nh|

� 22(α+1)e−(α+1)|nh|.

Since for any α > −1, the following holds:

h
∑

|nh|>M

e−(α+1)|nh| � 2h
∑

n>M/h

e−(α+1)nh

� 2h

1 − e−(α+1)h
e−(α+1)M .

Since 0 < h < 1, convexity gives 1 − e−(α+1)h � h(1 −
e−(α+1)), so the prefactor is bounded by a constant depending
only on α. This gives the desired e−(α+1)M bound for α 
= 0.

Next, we prove the (1 + t )−(1+α) bound for α 
= 0. Note
that we have shown that

∫ ∞
−∞ pα (x; t ) dx � Aα (1 + t )−(1+α).

In other words, it suffices to show that the discrete sum is
bounded by the same quantity up to a constant. To this end,
choose the analytic branch

pα (z; t ) = exp

(
−cθ1

t

cosh2 z

)(
1

cosh2 z

)α+1

on the strip {z : | Im z| < π
8 }. This is well defined because

cosh z has no zeros there, so cosh−2 z is analytic and nonvan-
ishing on a simply connected domain. We then estimate∣∣∣∣∣∣

∫ ∞

−∞
pα (x; t ) dx −

∞∑
k=−∞

hpα (kh; t )

∣∣∣∣∣∣.
Note that for such z, we have 1

2 cosh2 x � | cosh2 z| �
2 cosh2 x; thus, pα (z; t ) is bounded by |pα (z; t )| �
2(1+α)e−cθ1

t
2 cosh2 x × cosh−2(α+1) x. (x = Re(z)). Thus,

|pα (z; t )| is bounded by 21+α pα (x; t/2). Since we have
proved in the previous lemma that

∫ ∞
−∞ |pα (x; t )| dx

is bounded by (1 + t )−(α+1) up to a constant, we have∫ ∞
−∞ |pα (x − iy; t )| dx � a′

α (1+ t/2)−(α+1) � a′′
α (1+ t )−(α+1)

for all y ∈ [−π
8 , π

8 ] for some constant a′
α, a′′

α in-
dependent of t . Thus, using again Theorem 5.1 of
Ref. [[48], for h < 1, we have the following bound:
| ∫ ∞

−∞ pα (x; t ) dx − ∑∞
k=−∞ hpα (kh; t )| � ãα (1 + t )−(α+1),

where ãα is a constant independent of t and h; here, we only
use that h < 1, so (e2πa/h − 1)−1 is bounded by an absolute
constant. Therefore,

h
∞∑

n=−∞
pα (nh; t ) �

∫ ∞

−∞
pα (x; t ) dx + ãα (1 + t )−(α+1)

� Ãα (1 + t )−(α+1),

which in turn controls the tail sum h
∑

|nh|�M pα (nh; t ).
Finally, for α = 0,

(1 + |nh|)p0(nh; t ) � (1 + |nh|) cosh−2(nh)

� 4(1 + |nh|)e−2|nh|

� 4e−|nh|.

Then, similar to the α 
= 0 case, we have h
∑

|nh|>M e−|nh| �
2h

1−e−h e−M � 2
1−e−1 e−M . This gives the desired e−M bound

for α = 0. �

APPENDIX C: TEMPERATURE (IN)DEPENDENCE
AND FINITE FREQUENCY TRUNCATION

1. Fermionic temperature independence

Let us first address temperature independence for
fermionic baths. This addresses the boundedness of the Fermi-
Dirac function in our analytic domain. Since we have already
separated the frequency domain into ω > μ and ω < μ, the
Fermi-Dirac function can appear only at the left or right end
point of the support of Jeff(ω), namely,

Jeff(ω) = J (ω) fFD(ω ± 1) or Jeff(ω) = J (ω)(1 − fFD(ω ± 1)).

The temperature-independence result thus stems from the
following proposition for the Fermi-Dirac distribution, which
states its boundedness in the complex domain � regardless of
β.

Proposition C1. The Fermi-Dirac function fβ (ω) =
1

eβ(ω+1)+1 is upper bounded by a constant independent of β

for all ω ∈ �, where � is the analytic domain defined in
Assumption A1.

Proof. The function fβ (ω) satisfies the following upper
bound for some constant C independent of β:

| fβ (ω)| �
{

C
βd , d � 1

2β
,

C, d � 1
2β

.
(C1)

Here, d is the distance between ω and the poles in {−1 +
i(2n + 1)π/β, n ∈ Z} that are closest to ω. Now write ω =

tanh(x − iy) with y ∈ [0, π
4 − θ0]. Using

ω + 1 = e2x + cos(2y) − i sin(2y)

cosh(2x) + cos(2y)
,

we see that ω + 1 lies in the sector {re−iφ : r � 0, 0 � φ �
π
2 − 2θ0}, because

| arg(ω + 1)| = arctan

(
sin(2y)

e2x + cos(2y)

)
� 2y � π

2
− 2θ0.

Hence, the closest pole to ω is −1 − iπ/β, and the distance
from this pole to the above sector is bounded below by
(π/β ) sin(2θ0). Therefore,

d � π

β
sin(2θ0).
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This O(1/β ) separation between the poles and � is also
illustrated in Fig. 2(a). Thus, fβ (ω) is upper bounded by
C max{1, 1

π sin 2θ0
} for ω ∈ �, which is independent of β. �

Proposition C1 thus implies that the temperature depen-
dence of CJ for fermionic baths is at most a constant factor,
which does not affect the scaling of N with respect to ε and T .

2. Bosonic temperature dependence

For bosonic problems, recall that Jeff (ω) is given by

Jeff (ω) = sign(ω)
J (|ω|)

1 − e−βω
.

Note that for ω > 0, 1
1−e−βω = 1 + e−βω

1−e−βω � 1 + 1
βω

. For ω <

0, 1
eβ×(−ω)−1 � 1

β×(−ω) . Thus, for a given β, Jeff (ω) is given by

Jeff (ω) =
{

J (ω) + Jβ (ω), for ω > 0,

Jβ (ω), for ω < 0,

where |Jβ (ω)| � J (|ω|)
β|ω| .

Here, we have used the notation Jβ (ω) to denote the
temperature-dependent part of Jeff (ω). Since |Jβ (ω)| � J (|ω|)

β|ω| ,
we know that this temperature-dependent part Jβ (ω) has a sin-
gularity order that is one order lower than the singularity order
of J (ω) at ω = 0 and has a preconstant that is O(1/β ) times
the preconstant of J (ω). Hence, the temperature-dependent
contribution carries an O(1/β ) prefactor and lowers the local
singularity order by one at ω = 0.

As shown in Table I, for super-Ohmic behavior this gives
only logarithmic dependence on 1/β, whereas for Ohmic
or sub-Ohmic behavior the reduced singularity order also
changes the relevant T dependence.

3. Finite frequency truncation of Ohmic-family
spectral densities

Here, we address how to truncate the infinite support of
exponentially decaying spectral densities, such as the Ohmic-
family spectral densities. As mentioned in the main text, we
introduce the following:

Jtrunc(ω) = J (ω)χW (ω),

where J (ω) = ωγ ω
−(γ+1)
c e−ω/ωc and χW (ω) is a cutoff func-

tion so that Jtrunc(ω) is compactly supported on [0,W ]. We
choose χW (ω) as follows:

χW (ω) = (1 − e−(W −ω)/ωc )

1 − e−W/ωc
, for ω ∈ [0,W ];

χW (ω) = 0, for ω ∈ [W,+∞).

So the error of this truncation is given by

�error(t ) =
∫ ∞

0
J (ω)(1 − χW (ω))e−iωt dω.

The following proposition establishes that, for this truncation
to achieve an L1 error below ε, it suffices to choose W =
O(ln(1/ε)). This contributes only O(ln ln(1/ε)) to the scaling
of N with respect to ε, since N scales at most logarithmically
with W as shown in Table I.

Proposition C2. There exist constants Cγ ,ωc ,W0 > 0 inde-
pendent of W and t such that for any W � W0 and t � 0, we
have |�error(t )| � Cγ ,ωc e

−W/2ωc 1
(1+t )2 .

Proof. Let Jerror (ω) = J (ω)(1 − χW (ω)). Since |Jerror (ω)|
� |J (ω)| and J (ω) is in L1([0,∞]), it follows that |Jerror (ω)|
is also in L1([0,∞]). Therefore, �error (t ) is bounded.

To establish the decay of �error (t ), note that Jerror (ω) is con-
tinuous and twice differentiable on [0,W ] and on [W,+∞).
Using integration by parts twice, we have that for any t � 0,∫ ∞

0
Jerror (ω)e−iωt dω

= − 1

t2

∫ ∞

0
J ′′

error (ω)e−iωt dω

− 1

t2
(J ′

error (W
+) − J ′

error (W
−))e−iW t .

Jerror (ω) is given by

Jerror (ω)

= ω−(γ+1)
c

{
e−W/ωc

1−e−W/ωc ωγ (1 − e−ω/ωc ), ω ∈ [0,W ],

ωγ e−ω/ωc , ω ∈ [W,+∞).

Note that Jerror (ω) ∼ O(ωγ+1) as ω → 0, so J ′′
error (ω) ∼

O(ωγ−1) as ω → 0. For γ > 0, this implies that J ′′
error (ω) is

integrable near 0. Moreover, on [0,W ] one has∫ W

0
|J ′′

error (ω)| dω � Cγ ,ωc

e−W/ωc

1 − e−W/ωc
(1 + W γ ),

while on [W,+∞),∫ +∞

W
|J ′′

error (ω)| dω � C′
γ ,ωc

e−W/ωc (1 + W γ ).

Also,

|J ′
error (W

+) − J ′
error (W

−)| = |J (W )| 1

(1 − e−W/ωc )ωc
.

Hence, both the L1 norm of J ′′
error and the jump term are

bounded by C′′
γ ,ωc

e−W/ωc

1−e−W/ωc (1 + W γ ). This is not uniform in W
near W = 0 when 0 < γ < 1, but for sufficiently large W it is
bounded by C̃γ ,ωc e

−W/(2ωc ). Therefore, for W � W0,

|�error (t )| � C′
γ ,ωc

e−W/2ωc
1

t2
,

and combining this with the boundedness of �error (t ) yields

|�error (t )| � Cγ ,ωc e
−W/2ωc

1

(1 + t )2
, t � 0,

for some constant Cγ ,ωc independent of W and t . �
The above proposition establishes that, asymptotically,

it is sufficient to choose W = O(ln(1/ε)) for all γ > 0 at
zero temperature. For finite temperature, because the Bose-
Einstein distribution reduces the singularity order by one,
the same cutoff holds for all γ > 1 at any temperature. For
γ ∈ (0, 1] at finite temperature, Jeff (ω) ∼ O(ωγ−1/β ), so we
cannot integrate by parts twice, only once. Following the same
argument, we can show that Cerror,β (t ) � 1

β
C′

γ ,ωc
e−W/2ωc 1

1+t .

This means that to achieve an L1 error on [0, T ] below ε,
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it suffices to choose W = O(ln( ln(1+T )
βε

)). The final complex-
ity scaling thus has an additional ln ln ln(T ) dependence for
γ ∈ (0, 1] at finite temperature. Since this term is negligible
compared with the dominant ln T and ln ln T dependences, it
is omitted in Table I.

APPENDIX D: CLASSICAL GENERALIZED LANGEVIN
EQUATIONS WITH SPECTRAL SINGULARITIES

We present two examples of classical GLEs with spectral
singularities that are widely used in the literature. Our results
apply to these GLEs and thus provide rigorous error bounds
for their numerical simulation.

The first example is to consider the classical lattice dynam-
ics subject to a harmonic bath [62]. In the 1D semi-infinite
chain, we take the bath atoms j � 0 to be harmonic with
nearest-neighbor coupling (with spring stiffness K2), while
the interior atoms j � 1 can remain anharmonic. Since the
bath dynamics is linear, one can solve the equations of motion
for the bath and substitute the result back into the bound-
ary atom’s equation, thereby eliminating all bath degrees of
freedom in favor of a retarded friction (memory) term plus
a fluctuating force determined by the bath initial conditions.
This yields the exact generalized Langevin equation for the
boundary atom j = 1:

mü1(t ) = φ′(u2 − u1) −
∫ t

0
C(t − s) u̇1(s) ds + ξ (t ),

where φ is the anharmonic potential, ξ (t ) is the random force
with 〈ξ (t )ξ (0)〉 = kBT C(t ), and the correlation kernel

C(t ) =
√

m K

t
J1(ωDt ), ωD = 2K√

m
,

and, if one even-extends C(t ) to R via Ceven(t ) = C(|t |), the
corresponding (two-sided) spectral distribution

S(ω) :=
∫ ∞

−∞
C(|t |) e−iωt dt

= 2
∫ ∞

0
C(t ) cos(ωt ) dt

= m
√

ω2
D − ω2 1|ω|<ωD ,

so S(ω) has square-root nonanalyticity at the band edges ω =
±ωD (and vanishes for |ω| > ωD). This is similar to the case
of Van Hove singularities in 3D [see Fig. 3(b)], so our results
also apply to this GLE.

In practice, by approximating the memory kernel as a sum
of exponentials, C(t ) ≈ ∑N

j=1 c je−z j t , the memory integral
decomposes into N independent auxiliary modes defined by

φ j (t ) = ∫ t
0 e−z j (t−s)u̇1(s) ds. Crucially, by differentiating with

respect to time, one finds that each mode satisfies a local
ordinary differential equation, φ̇ j (t ) = −z jφ j (t ) + u̇1(t ). This
transformation unwraps the convolution, allowing the full
memory term to be computed as a weighted sum

∑N
j=1 c jφ j (t )

without storing the system’s history. This is a direct classical
analog of the pseudomode approach. Crucially, the efficiency
of this embedding relies entirely on the compactness of the
sum, namely, the number of modes N required to achieve a
given accuracy, which is precisely the quantity we bound in
this work.

Another widely used GLE is the fractional generalized
Langevin equation (FLE) for viscoelastic fluids:

mẍ(t ) +
∫ t

0
C(t − τ ) ẋ(τ ) dτ + U ′(x(t )) = ξ (t ).

Here, 〈ξ (t )ξ (t ′)〉 = kBT C(|t − t ′|), i.e., the random force
satisfies the equilibrium fluctuation-dissipation relation with
the same memory kernel. A canonical fractional choice is a
power-law kernel

C(t ) = γν

�(1 − ν)
t−ν (t > 0, 0 < ν < 1),

as discussed, e.g., in Ref. [63]. If one even extends the kernel
again, then its power spectrum has the closed form

S(ω) :=2
∫ ∞

0
C(t ) cos(ωt ) dt = 2γν sin

(πν

2

)
|ω|ν−1.

Consequently, for 0 < ν < 1, S(ω) ∼ |ω|ν−1 diverges as ω →
0. In the notation of the main text, this corresponds to a
spectral singularity of order α = ν − 1 ∈ (−1, 0) at ω = 0.
Therefore, the FLE falls into the strong-singularity regime in
our complexity theory; in particular, our L1 bounds allow N to
grow at most polylogarithmically in T , e.g., N = O(ln2(T/ε))
for fixed target accuracy.

APPENDIX E: NUMERICAL EXPERIMENTS IN FIG. 1

Finally, we provide details for the numerical experiments
in Fig. 1. Here, we fit the BCF corresponding to the Ohmic
density J (ω) = ωe−ω1[0,+∞) at zero temperature. The BCF
has the closed-form expression �(t ) = 1

(1+it )2 . The fit uses
the Estimation of Signal Parameters via Rotational Invariance
Techniques (ESPRIT) algorithm [64]. The time interval [0, T ]
is discretized uniformly with step size �t = 0.01, and the L1

error is approximated by the Riemann sum
∑T/�t

k=0 |�(k�t ) −∑N
j=1 c je−iz j k�t |�t . The number of poles N is chosen as the

smallest integer such that the approximated L1 error is below
the target accuracy ε.
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