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Missing links prediction: Comparing machine learning with physics-rooted approaches
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An active research line within the broader field of network science is the one concerning link prediction. Close
in scope to network reconstruction, link prediction targets specific connections with the aim of uncovering the
missing ones, as well as predicting those most likely to emerge in the future, from the available information.
In this paper, we consider two families of methods, i.e., those rooted in statistical physics and those based
upon machine learning: the members of the first family identify missing links as the most probable nonobserved
ones, the probability coefficients being determined by solving maximum-entropy benchmarks over the accessible
network structure; the members of the second family, instead, associate the presence of single edges with
explanatory node-specific variables. Running likelihood-based models such as the configuration model, or one
of its many fitness-based variants, in parallel with the gradient boosting decision tree algorithm reveals that
the accuracy of the former is comparable to the accuracy of the latter. Such a result confirms that white-box
algorithms are viable competitors to the currently available black-box ones, being more interpretable and

computationally faster.
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I. INTRODUCTION

Link prediction is an active research line within the broader
field of network science. Close in scope to network recon-
struction [1], link prediction targets specific connections,
aiming to uncover missing ones and predict those most
likely to emerge in the future [2]. Generally speaking, the
link prediction problem can be stated by asking the follow-
ing question: Given a supposedly incomplete snapshot of a
network, can the most-likely “yet-to-come” edges be pre-
dicted? Such an issue is relevant in many research areas, such
as those concerning socioeconomic and financial networks
[3-7]: Knowing the structure of the commercial partnerships
between firms or of the financial exchanges between banks is,
in fact, relevant for a number of reasons, such as quantifying
the risk associated with the propagation of a shock [7-9].

Link prediction algorithms rank unconnected node pairs
on the basis of a score: While some methods rely on purely
structural information, others admit external information such
as node- and edge-specific features.

The simplest framework to carry out link prediction in-
cludes the so-called similarity-based algorithms: Scores, here,
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are induced by some measure of similarity between nodes; to
this aim, local [3,10,11], quasilocal [11], or global [12—15]
information—such as the degree, the degree of common
neighbors, or the length of paths connecting any two nodes—
has been employed [2,3,11,16].

A more refined framework includes the so-called
likelihood-based algorithms, defined by a likelihood function
whose maximization provides the probability that any two
nodes are connected; this is usually achieved by assuming that
a certain amount of information is accessible, hence treating
it as a constraint to account for: Examples are provided by the
methods relying on a graph modular structure [17,18] or those
induced by entropy maximization [6,19].

More computer-science-oriented approaches are, instead,
defined by models whose parameters represent node- and
edge-specific features [2,7,20,21]: Specifying a model, thus,
amounts to learning a function that determines the probability
for nodes i and j to be connected while taking as inputs
features that may be node specific (e.g., the sales, the number
of employees, the degree of country i and country j), edge
specific (e.g., the geographic distance between countries i and
Jj, the volume of sector-specific exchanges), or both.

In all cases, algorithms are trained on a portion of the whole
network, i.e., the training set, while the prediction is carried
out on the links of the unobserved part, i.e., the test set.

The present work is devoted to comparing the performance
of different link prediction methods in recovering the missing
portion of the edge set of the (binary, undirected representa-
tion of the) World Trade Web (WTW) and of the electronic
market for interbank deposits (eMID). The framework is the

Published by the American Physical Society
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FIG. 1. Visual representation of the framework adopted to carry out link prediction in Ref. [6]. (a) The red, solid lines indicate the empirical
edges, while the red, dotted lines indicate the nonexistent edges; the green, solid lines indicate the edges we have direct access to and the
information about which can be employed to predict the ones indicated by the green, dotted lines; the aim of a link prediction exercise is
understanding which of the nonobserved links is actually nonexistent (indicated by the light blue, dotted lines) and which is genuinely missing
(indicated by the light blue, solid lines). (b) The three subpanels depict a slightly different framework, within which link prediction is carried
out by employing node-specific features only—in a way that is reminiscent of network reconstruction exercises [9].

same as in Ref. [6], where the training set coincides with the
whole network apart from a percentage of deleted connec-
tions and the proper prediction exercise solely concerns these
missing edges (see also Fig. 1). Here, we consider algorithms
belonging to each of the three aforementioned classes, such
as the gravity model (GM) [taking as inputs “exogenous”
features like each country’s gross domestic product (GDP)
and their geographic distances], the configuration model (CM)
(taking as inputs “endogenous” features like the degrees) and
the gradient boosting decision tree (GBDT) (taking as inputs
both “exogenous” and “endogenous” features [22]).

II. SETTING UP THE FRAMEWORK

Let us indicate with A the N x N adjacency matrix of
the network we are considering, with U/ the set of all node
pairs and with £ the edge set: As a consequence, E™ =U \ €
indicates the set of nonexistent links [2,6]. The edge set is,
then, partitioned into the set of observed, or accessible, links
£ and the set of missing links £™% = &\ £°; finally,
let us denote the union of the set of nonexistent links and
the set of missing links—collecting the node pairs appear-
ing as unconnected either because the link does not exist or
because the information about its presence is missing—as
Emo = grey gmiss =1 \ £°% [2,6] [see also the first panel of
Fig. 1(a)]. Link prediction algorithms output |E™| = |E™| +
|E™isS| scores, hereby indicated as {s;j}ijcem, to be assigned
to the nonobserved links: While the |E™| largest scores
identify the predicted missing links, the remaining |£"| scores
identify the predicted nonexistent ones; let us indicate the two
sets as EMiss and £ne,

A bit more compactly, upon considering that U = £°* U
Emiss U £ one can define an N x N adjacency matrix A% =
{a?jl?s},-jeu, where

1, ifij &,
agf =10, ifije&ms, )
0, ifijeé™,

in practice, the original matrix A where |£™| connections
have been deleted; the training set, then, becomes D" =
{X, A"}, with X = {xi;}ijeu and x;; being a vector of fea-

tures, which may refer to nodes i and j, to the pair ij or both
[see also the second panel of Fig. 1(a)]. Let us explicitly notice
that (1) “endogenous” features are evaluated on the accessible
portion of the dataset A°®; and (2) the structural portion of
the training set consists of both connected and unconnected
pairs of nodes—As we will see, the main difference between
the black-box and white-box algorithms considered here lies
precisely in the way such information is processed to make
predictions.

After having trained a given model on D", prediction is
performed on the fest set, individuated by the node pairs with
no observed connection: In symbols, D* = {g;;};jegm [see
also the third panel of Fig. 1(a)].

The goodness of a given prediction performance can be
evaluated according to a number of different statistical indi-
cators. Let us indicate the number of true positives (i.e., the
correctly identified missing links) with

TP = |Emiss ) £Miss| )
the number of true negatives with
TN = |Ere N ™, (3)
and the number of false positives with
FP = [Emiss N £; @)
upon doing so, we can define the true positives rate (TPR) as

|5miss N 5miSS|

TPR = R o)
the false positives rate (FPR) as
|gmiss N gne|
FPR= ) ©)
the Jaccard index (JI) as
|m N gmiSS|
= |gmiss U gmiss| ’ (7)
and the accuracy (ACC) as
TP 4+ TN
ACC = W ®)

043020-2



MISSING LINKS PREDICTION: COMPARING MACHINE ...

PHYSICAL REVIEW RESEARCH 8, 043020 (2026)

In words, the TPR accounts for the percentage of missing
links that are correctly identified as such; the JI enrches the
picture provided by the TPR by accounting for the number of
false positives too and the ACC accounts for the percentage of
correctly identified links, be they missing or nonexistent.

Finally, the area under the receiver operating curve (AU-
ROC) is defined as the area under the curve obtained upon
scattering the TPR versus the FPR as the list of links ranked
in decreasing order of the chosen score is gone through and
quantifies the extent to which a given link prediction algorithm
performs better than a random one—that flips a coin to clas-
sify each nonobserved link either as nonexistent or missing.
A complementary index is the area under the precision-recall
curve (AUPRC) [23], defined as the area under the curve
obtained upon scattering the positive predictive value (PPV),
defined as

|5miss N gmiSS|
|gmiss|

PPV = €))

versus the TPR as the list of links ranked in decreasing or-
der of the chosen score is gone through and quantifying the
likelihood that a predictive positive is, indeed, a true one.

III. ALTERNATIVE SAMPLING SCHEMES

As our link prediction exercise needs the explicit defi-
nition of the aforementioned sets and there are many ways
of selecting |E™| links out of || possible ones, we have
sampled uniformly at random 10%, 20%, and 30% of links a
system-specific number of times (see below) to populate £™iss
and generate £ obs — £\ £MisS; each of the statistical indicators
above has, then, been averaged over such samples.

Such a sampling scheme, however, “favors” well-
connected nodes; in order to test alternative ones, we have
also considered a scheme that samples links from £ with a
probability that is inversely proportional to the product of the
degrees of the involved vertices and the one named Random
Node-Edge Sampler [24], sampling nodes and edges uni-
formly at random in two subsequent steps.

IV. MISSING LINKS PREDICTION ALGORITHMS

The present section is devoted to illustrate the missing
links prediction algorithms considered in the present paper,
noticing that each algorithm is characterized by a specific
functional form of the prediction scores {s;;};jegn: Given a
node pair ij, each algorithm outputs a score s;; accounting
for the likelihood that the involved nodes are connected by a
link, with higher values of s;; indicating a higher chance that
ijef.

A. Econometric approaches

A simple, yet successful, recipe to model the WTW is
the one provided by the GM [25,26]. According to it, the
prediction score reads

siM! = GDP,GDP;, (10)
where GDP; (GDP;) is the gross domestic product of country
i (country j). A more refined GM-based link prediction recipe

reads

oM (GDP;GDP,)?
s = In |:6d—”
1

= a + B 1In(GDP;GDP;) — y Ind;;, (11)
where d;; is the geographic distance between countries
i and j and o =1Ine. To ease numerical manipulations,
the GM features have been normalized, thus reading w; =
GDP;/GDP and §;; = d;;/d, where GDP = Y  GDP,/N

andd =23 | 3, dij/N(N = 1).
Such a model can be fully determined upon maximizing
the log-likelihood function

LA™ e, B, y)

N
=Y 3 @ inpy + (1-a) In(l = pip)],  (12)
i=1 j(>i)
where
1

= 13
14 e i (13)

Dij
with s;; = so"!!. In order to evaluate the amount of informa-

tion required by the recipe above, let us explicitly compute the
gradient of the corresponding log-likelihood function. Since

N
[:(AObS|O[, IB’ V) — Z Z [alo]bs ln(es,',-) _ 111(1 + es:‘_/')]

i=1 j(>i)

(a7 sij — In(1 + )], (14)

one finds
oL N obs élii 3S,‘j
2 Z”(Zia’ “Tre )
N
as; i
_ b ij
=22l = ril 5y (15)

where 6 = {«, 8, v}, an expression showing that the required
amount of information coincides with the entire set of ob-
served connections.

The inferred coefficients, obtained by running the SCIKIT-
LEARN Python package [27], are shown in Table I.

B. Machine learning approaches

The model we consider here is named GBDT and belongs
to the family of ensemble methods that combine several base
learners, trained in sequence, to achieve a better performance
than the one that would be obtained by employing each of
them singularly [7,28,29]: For binary classification tasks, the
GBDT outputs a raw score that is then mapped to a probability
coefficient. More in detail, the raw score at the K'th step reads

K
ng) =a+ Z PP (Xij10)), (16)
=1
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TABLE 1. Coefficients of the GM-based link prediction recipe
defined by Eq. (11), trained on the years listed in the first column. The
WTW has been considered in its binary, undirected representation.

Year o B y

1990 2.102 +£0.020 0.436 + 0.004 0.526 £ 0.009
1991 1.643 £ 0.159 0.409 + 0.004 0.492 £ 0.007
1992 1.766 £ 0.191 0.425 £+ 0.004 0.482 +0.009
1993 1.868 +0.012 0.443 + 0.004 0.538 £0.013
1994 1.955 +0.195 0.442 + 0.004 0.583 £ 0.028
1995 2.00 £ 0.027 0.442 £+ 0.004 0.579 £ 0.015
1996 2.162 +£0.017 0.449 £+ 0.005 0.580 £ 0.016
1997 2.346 +£0.035 0.472 + 0.007 0.584 £ 0.016
1998 2.346 £0.014 0.474 £+ 0.004 0.595 +£0.019
1999 3.361 £0.017 0.477 £ 0.004 0.575 £ 0.015
2000 2.410 +£0.030 0.486 + 0.005 0.578 £0.017

i.e., is a summation over the aforementioned base learners,
taking as input the vector of features x;; and parametrized by
0; the parameters p and 6 are then learnt sequentially. More
explicitly, at the zeroth step, one has

s

Sij =, a7
where the value of « is chosen in order to minimize the
loss function (equivalently, maximize the corresponding log-
likelihood function)

ZZ obs In p” (1 _ a?]bs) 11’1(1 — Pij)],

i=1 j(>i)

(Aobs |s(0)
(18)

where p;; = 1/(1 + e“vf?)). At the first step, one has

si = o+ paye(xi;1001))., (19)

where 01y is determlned as

0a) = argmm { Z Z |: a’; ‘SU)
ij

i=1 j(>i)

_0)
8ij=S8;

2
- 7)¢(xij|9)] }, (20)

, 0 is chosen to minimize the distance from the gra-
dlent of the loss function, evaluated in s;; =s;)) [7,28];
subsequently, o1 is chosen to minimize the “updated” loss
function

N
pa) = argmin PDIRA

i=1 j(>i)

af®lo + pp(xij1001) ¢ (21)

By iterating the steps above K times, it is possible to build
the predictor s&) [28].

The base learners are usually chosen to be decision trees
[28], hence returning a prediction by performing a sequence
of data splits according to the decision rules embodied by
the nodes of the trees, with the root corresponding to the
initial split and the leaves corresponding to the prediction
itself.

The GBDT, trained on a number of different combinations
of features—i.e., each country’s GDP, each country’s GDP
and their geographic distances, each country’s degree, and
each country’s degree and their geographic distances—has
been implemented by running the LIGHTGBM Python pack-
age [29]; all “endogenous” features—both those concerning
the individual nodes i and j and those concerning the pair
i j—are computed on A°,

C. Entropy-based approaches

Maximum-entropy models have been widely employed,
either to detect the empirical patterns of a networked con-
figuration that cannot be interpreted as a mere by-product of
the enforced constraints or to individuate the most likely net-
worked configuration(s) that are compatible with the available
information: also named exponential random graphs (ERGs)
[30-36], the models of this class embody a physics-rooted
approach to the study of network science [30,37,38], ensur-
ing that the imposed constraints are preserved as ensemble
averages.

More formally, entropy-based approaches define a proba-
bility distribution over a properly defined ensemble of graphs
that is as random as possible, given a set of M constraints
C(G) ={G; (G)}M , on the expected value of a number of
observables: In symbols,

~HGH)  ,—CG)o

e
P(Gl) = 70 - 7o) (22)

where the parameters @ are the Lagrange multipliers associ-
ated with the constraints themselves. They can be numerically
determined by maximizing the log-likelihood In P(G*|0) of
observing the empirical configuration G*. It is easy to prove
that such a recipe leads to solve the system of nonlin-
ear, coupled equations (C) = C(G*), i.e., (C;) = C;(G*), i =
1,..., M [39-41].

In what follows, we will consider instances of the separa-
ble Hamiltonian [42]

353

i=1 j(>i)

N
Hij(A,6,) =YY a-f(A, 6

i=1 j(>i)
(23)

H(A, 0) =

that induces a probability distribution reading

H [17a=pp'—. (24)

i=1 j(>i)

P(A|0) =

with
(A6

Pij = m; (25)

notice that linear Hamiltonians can be recovered as special
cases upon posing f(A, 6;;) = f(6;;).

Within such a framework, the |£™| largest coefficients of
the set {pi;}q, j)eem identify a subgraph X* whose probability

reads
TTTT P = pip'==i. (26)

i (i)

P(X*16) =
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TABLE II. Basic statistics concerning the WTW dataset [48],
i.e., the total number of countries N, the totzil number of links L,
the network density ¢, and the average degree k.

Year N L c k
1990 159 7639 0.608 96.08
1991 173 8249 0.554 95.36
1992 175 8552 0.562 97.74
1993 177 8837 0.567 99.85
1994 177 9052 0.591 103.94
1995 177 9199 0.591 103.94
1996 177 9623 0.618 108.73
1997 177 9864 0.633 111.46
1998 177 9866 0.633 111.48
1999 177 9864 0.633 111.46
2000 177 9865 0.633 111.47

the product running over the pairs of nodes in £™ and al.’;.
being 1 only for the (i, j)s corresponding to the |E™*| largest
probability coefficients—the remaining entries reading zero:
Among all subgraphs induced by precisely |£™| links, X* is
the one attaining the highest probability. In words, entropy-
based methods lead us to interpret the nonobserved links
that have been assigned the largest probability coefficients
as the ones that are most likely to appear given the chosen
constraints [6].

1. Link prediction via linear ERGs

Configuration model. Let us now consider the first spec-
ification of the entropy-based framework: It boils down to
posing C =k, with k; =) (i) Gij» AN identification that
leads to Hopm(A) = Zf\’:l Zj(>i) a;; - (6; + 0;), further induc-
ing

M XiXj
M _ T 27
Pij T+, 27

where x; = e~%; the parameters {x;}} | can be determined by
solving the system of nonlinear, coupled equations

k(A = Mo N Ay (o8
CSEDI Zlﬂixj i (28
J(F) JGED
a task that can be accomplished by implementing the iterative
recipe [40]
ki Aobs
_ k) )
Ezﬂ#»(TI#E)

The prescription above, characterizing the so-called CM
[30,32-34,36], matches the one considered in Ref. [6], where
the accessible portion of a graph was employed to estimate
its degree sequence and, on this basis, obtain the probability
for any two nodes to be connected—to be later employed as a
score for the existence of a link between any two unconnected
vertices. Such a procedure rests upon the assumption that if
the accessible portion of a graph is reproduced with a certain
accuracy by a certain topological information, the inaccessible
portion will be reproduced with the same degree of accuracy
by the same kind of information [43].

t+1
i

A simpler prescription ensuring that the expected degree
sequence matches the observed one is provided by the Chung-
Lu (CL) model:

cL _ kikj

pbij = S (30)
where k; and k; must be interpreted as the degrees of the nodes
evaluated on the accessible portion of the dataset A% e,
k;(A°™) and k;(A°™); as it can be recovered from the CM by
posing ng >~ x;xj, the validity of this model is limited to the
case in which the network is sparse and the degree distribution
is not too broad [40].

Configuration model with distances. Let us now enrich the
CM by adding information about the geographic distances be-
tween countries: This choice boils down to posing C = {k, d},
with k=) a; and d = >V, 2 ji Gijdij [44,45].
Such an identification leads to Hovp(A) = va: 3 i) Gij
(6; + 0 + yd;;), an expression inducing
dij

cMDp __ NiXjW

T R —
1) 1 +X[ijd'/ ’

€29}

where x; = ¢ % and w = ¢ 7. The parameters {x,-}ﬁv= L and w
can be determined by solving the system of nonlinear, coupled
equations

k(A =) p. Vi,
JGED

N
dA™)=>"%" pMPa,;, (32)
i=1 j(>i)

a task that can be accomplished by implementing the iterative
recipe

k;: Aobs
Wit = HAT oy
t 2
Z xhw,
J# (1+x§x’/wtdif>
d(AObS)
Wt = T (33)
N x;x5w, N
Zi:l Zj>i (1+x§x;w,d"'_>d’j

notice how the configuration model with distances (CMD)
relies upon both “endogenous” (i.e., topological) and “ex-
ogenous” (i.e., nontopological) features. To ease numerical
manipulations, the distances have been normalized, thus read-
ing 8;; = dj/d, whered =23 "\" | 3", dij/N(N — 1).
Fitness model. First introduced in Ref. [46] as a generative
mechanism alternative to the “rich-gets-richer” one, the fitness
model (FM) prescribes to associate each node with a hidden
variable: Following Ref. [47], here we pose x; = /zw;, with
w; = GDP;/GDP and GDP = Y | GDP;/N, thus obtaining
FM 1ww;
Pij = 1 + zwiw;’ (34
The parameter z can be inferred by imposing that
the expected number of links matches the observed one

043020-5
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FIG. 2. Performance of the models, measured in terms of TPR, for the years 1990, 1995, and 2000 of the WTW. Each panel collects
methods that rely on the same set of features (see the color legend). The upper bar in each panel, marked with a diagonal pattern, corresponds

to the black-box GBDT. We have randomly selected 10% of links 40 times to populate £™ and generate £°*

= &\ EM; each statistical

indicator has, then, been averaged over such samples, the standard deviation being represented by a horizontal black bar. When considering
“exogenous” features, each instance of the GBDT outperforms its white-box counterpart. The two classes of models, instead, perform in a
comparable way when coming to consider “endogenous” features such as the degrees.

L(A®) = |£°5 j.e., that

N
LA = 2 X A

i=1 j(>i)

the system to be solved, now, reading

(35) L(AobS) _ Z Z pFMD’

a task that can be accomplished by implementing the iterative

recipe

i=1 j(>i)

d(ADbS) _ Z Z pFMDdU’

L(AObS)
w;w ’
Zl 1 ZJ(>!) <1+ztwfa) )

A different position reads x; = \/zs;, where now s; =
> ji) Wij indicates the strength of node i. This second choice
is a popular one when analyzing financial networks, the avail-
able data about which usually concern lending and borrowing
relationships. This second specification is also known with the
name of density-corrected gravity model [49,50].

Fitness model with distances. As for the CM, also the CMD
can be turned into a fitness model with distances (FMD). By
operating the same replacement as above, one gets

Lyl = (36)

.y i
FMD _ _ L@iwjW
pl] di' 2

37
1+zw,~a)jw i 37

i=1 j(>i)

and the iterative recipe becoming

L(AObS)
G+l = w;w wd'/
i)
Zl 1 Zl(>’) (1+z;w,w,w
d(AObS)
W1 =

To ease numerical manipulations, the distances

dij—
Zl 1 Z](>l) <thleWI

1+zwio w

(3%

(39)

have

been normalized, thus reading §;; = di,»/Z, where d =

230 Y dif/NON = 1).
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FIG. 3. Performance of the models, measured in terms of JI, for the years 1990, 1995, and 2000 of the WTW. Each panel collects methods
that rely on the same set of features (see the color legend). The upper bar in each panel, marked with a diagonal pattern, corresponds to the
black-box GBDT. We have randomly selected 10% of links 40 times to populate £™° and generate £° = £ \ £™; each statistical indicator
has, then, been averaged over such samples, the standard deviation being represented by a horizontal black bar. When considering “exogenous”
features, each instance of the GBDT outperforms its white-box counterpart. The two classes of models, instead, perform in a comparable way

when coming to consider “endogenous” features such as the degrees.

2. Link prediction via nonlinear ERGs

So far, we have focused on linear ERGs; let us now move
to considering nonlinear ERGs.

Fitness-induced two-star model. The simplest model of
this kind is the so-called two-star model (2SM) [30,51,52],
induced by posing C = {L, S}, with L = Y"1 | D i Gij =

N N
iz kif2 and S=>0 Zj(>i) Zm(;éi,j) AimAmj =
Zf.\/:] ki2/2 — L. Such an identification leads to Hosm(A) =
>V, > j-iy @ij % [a + Bk + k;)], an expression inducing

M xy<ki>+<kj> 40
Pij = T ) “0
where x = ¢™* and y = e¢#. One would be tempted to iden-
tify the expected value of the degrees with the observed one,
but consistency forbids such a match: As the only available
information concerns two global quantities, degrees are not
directly accessible. In order to make the model fully consis-
tent, a more refined formulation is thus needed.

First, the model we are looking for should be hetero-
geneous, thus ensuring that node-specific differences are

preserved. More quantitatively, one would be looking for an
expression like

ki +kj
dc2SM —

x,-xjy
p[j k;+kj ’ (41)

I+ xx;y

where k; and k; must be interpreted as the degrees of the
nodes evaluated on A°%, i.e., k;(A°®) and k;(A°"); as proven
in Ref. [42], however, the model above, named degree-
corrected two-star model (dc2SM), suffers from limitations
inherited by the mean-field approach inducing it. One is,
thus, forced to consider a fitness-based variant of it, reading
either

k) +(k
A2SMT _ zwiw;y it (42)
Pij 1+ 2wy
where (ki) = ;. pf;ZSM'I, or
o ylkid (k)
fit2SM- 2885y !
pi} M-I __ ) , (43)
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FIG. 4. Performance of the models, measured in terms of ACC, for the years 1990, 1995, and 2000 of the WTW. Each panel collects
methods that rely on the same set of features (see the color legend). The upper bar in each panel, marked with a diagonal pattern, corresponds
to the black-box GBDT. We have randomly selected 10% of links 40 times to populate £™% and generate £° = £ \ £™; each statistical
indicator has, then, been averaged over such samples, the standard deviation being represented by a horizontal black bar. When considering
“exogenous” features, each instance of the GBDT outperforms its white-box counterpart. The two classes of models, instead, perform in a
comparable way when coming to consider “endogenous” features such as the degrees.

where (k;) = Z} iy P i2SM-Il A third variant can be defined where we have dropped the reference to the model specifica-
as tion as the recipe is the same in all cases.

2y ki) Let us now face the problem of determining the expected

pf“ZSM -l %, (44) degrees; to this aim, let us focus on the third recipe: As the

! 14 255yt ) parameters {%;}Y_, have been determined by solving the CM

where (k;) = Zj(#i) )‘Z',)‘Z'J/(l + -521)?]) = k;; the major differ- on AObs, we can insert the observed degrees directly into the

ence with respect to the first recipe is the disentangled  Tecipe above. As a consequence, the two parameters z and y
resolution of the formula above In other words, one first can now be obtained by implementing the iterative recipe

determines the parameters {¥;}%_; by solving the CM and then

inserts them above to determlne zand y. L(A®»)
The difference with respect to the 2SM is evident: The U+l = Kk
three variants above are heterogeneous, hence likely reproduc- Zl > j(=i) l:w—'k,
ing the observed degrees better than the 2SM. The parameters S
z and y can be determined by solving the system of nonlinear, _ S(A)
coupled equations Vi+1 = ZN > 5 2R it ’
=1 £ j(>i) am(FL]) (1+Z,7?5c ¥ +km)<1+zfcm)?jy, +kf)
L( AobS) _ Z Z pﬁtZSM’ (46)
i=1 j(>i)
where k;, k,,, and k; must be interpreted as the degrees of the
S(A°) = Z Z Z phsM pﬁmtJZSM, (45)  nodes evaluated on the accessible portion of the dataset A,
=1 j(=0) m(£i, ) ie., ki(A%), k, (A°), and k;(A°).
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FIG. 5. (a) Performance of the models, measured in terms of ROC curves, for the years 1990, 1995, and 2000 of the WTW. Each panel
collects methods that rely on the same set of features. We have randomly selected 10% of links 40 times to populate £™* and generate
E% = £\ E™is (the curves relative to each indicator are, in fact, 40 partially overlapping curves corresponding to each realization). The “X”
markers indicate the TPR and FPR values obtained by selecting a number of missing links equal to |E™|. (b) Each statistical indicator has
been averaged over the 40 realizations, the standard deviation being represented by a vertical black bar. The AUROC, depicted for all years
(darker shades correspond to more recent years), enlarges when moving from less structured models, like the GM, to more structured ones,
like the CMD.

V. DATA DESCRIPTION As a first dataset, we have considered the WTW curated
by Gleditsch [48] and including yearly, bilateral, aggregated
data on trade [the generic entry exp;;(y) is the sum of the
single, commodity-specific exports from i to j, during the year

The aforementioned link prediction algorithms have been
run and compared on a number of instances of economic and
financial datasets.
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FIG. 6. Performance of the models, measured in terms of TPR [row (a)], JI [row (b)], ACC [row (c)], and AUROC [row (d)], for the

years 2000, 2005, and 2010 of eMID. The upper bar in each panel, marked with a diagonal pattern, corresponds to the black-box GBDT.
We have randomly selected 20% of links 30 times to populate £™* and generate £° = £ \ £™; each statistical indicator has, then,
been averaged over such samples, the standard deviation being represented by a horizontal black bar. The FM has been implemented by
replacing w; with s; in Eq. (34) (see the color legend). As for the WTW, each “endogenous” instance of the GBDT performs in a way
that is comparable to that of its purely structural, white-box counterparts—especially for what concerns the CM and the fit2SM; overall,
however, the higher sparsity of the system under consideration leads to (much) lower TPR and JI scores than those obtained when analyzing

the WTW.

v, reported in millions of U.S. dollars], yearly GDP values
(reported in millions of U.S. dollars), and the (time-
independent) matrix of geographic distances between the
capital cities of the countries in the data. We have then
symmetrized and binarized the trade matrix by posing a;; =
O[w;;], where © is the Heaviside step function and w;; =
(exp;; + exp;;)/2—in words, wj; is the bilateral trade volume
defined as the arithmetic mean of the export volume from
country i to country j and the export volume from country j to
country i—for each of the 11 years going from 1990 to 2000.

As a second dataset, we have considered the eMID [42],
represented as a weighted, directed network whose nodes are

anonymized banks and weights represent exposures in mil-
lions of euros. Reported data cover the period January 1999
to December 2014 on a daily frequency: The presence of a
weight w;; at time ¢ indicates the existence of a total exposure
w;; = 50.000 euros, registered at the end of the particular
period ¢ and directed from bank i to bank j. Considering
that ~98% of banks are Italian and that the volume of their
transactions covers ~85% of the total volume (as of 2011),
our analysis solely focuses on the subgraph induced by such
a subset of nodes. We have, then, symmetrized and bina-
rized the exposure matrix by posing a;; = O[w;; + wj;]—in
words, w;; + w;; is the sum of the exposures of the involved
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TABLE III. Basic statistics concerning the eMID dataset [42],
aggregated at the yearly level. The table shows the total number of
banks N, the total number of links L, the network density ¢, and the
average degree k.

Year N L c k

1999 215 9770 0.424 90.88
2000 195 8172 0.432 83.81
2001 182 6669 0.401 73.29
2002 176 5528 0.359 62.82
2003 176 4892 0.318 55.59
2004 175 4327 0.284 49.45
2005 172 4119 0.280 47.90
2006 172 3910 0.266 45.47
2007 170 3886 0.270 45.72
2008 157 3161 0.258 40.27
2009 137 2381 0.256 34.76
2010 127 2192 0.274 34.52
2011 112 2036 0.328 36.36
2012 97 1421 0.306 29.30

banks—for each aggregation period ranging from daily to
yearly.

VI. RESULTS

As in a real-case scenario the choice between different
methods would be determined by the available features, it is
useful to compare models informed by the same quantities.
To this aim, let us recall that (1) the GM, defined by Eq. (11),
takes as inputs the GDPs and the geographic distances; (2)

TABLE IV. Basic statistics concerning the eMID dataset [42],
aggregated at the quarterly, monthly, weekly, and daily levels. The
table shows the total number of banks N, the total number of links L,
the network density ¢, and the average degree k for each aggregation
scale.

Quarter N L c k
2000-Q01 181 5483 0.337 60.59
2000-Q03 178 5205 0.330 58.48
2010-Q01 113 1433 0.226 25.36
2010-Q03 107 1476 0.260 27.59
Month N L c k
2000-M01 177 3634 0.230 41.06
2000-M08 175 3403 0.224 38.89
2010-MO1 102 1014 0.197 19.88
2010-M08 97 920 0.198 18.97
Week N L c k
2000-W01 170 1428 0.099 16.80
2000-W30 167 1493 0.108 17.88
2010-WO01 82 346 0.104 8.44
2010-W30 90 423 0.106 9.40
Day N L c k
2000-01-03 149 523 0.047 7.02
2005-04-15 108 320 0.055 5.93
2010-08-30 72 166 0.065 4.61

the first formulation of the FM, defined by Eq. (34), takes
as inputs the GDPs; (3) the second formulation of the FM,
defined by Eq. (37), takes as inputs the GDPs and the ge-
ographic distances; (4) the CM and the CL, respectively,
defined by Egs. (27) and (30), take as inputs the degrees; (5)
the CMD, defined by Eq. (31), takes as inputs the degrees
and the geographic distances; and (6) the fit2SM, defined by
Eq. (44), takes as inputs the degrees (as the total number of
links and the total number of two stars can be deduced from
them). Naturally, we have compared the performance of each
white-box method with the instance of the GBDT taking as
input the same amount of information.

Let us start commenting on the WTW. The basic statis-
tics are reported in Table II: As it can be appreciated, the
number of nodes N ranges between 159 and 177 and the
total number of links L ranges between 7639 and 9866; still,
the link density ¢ = 2L/N(N — 1) does not fluctuate much,
ranging between 0.55 and 0.63, as well as the average degree
k = 2L/N, ranging between >95 and >111. Figure 2 depicts
the TPR for each of the aforementioned models in the years
1990, 1995, and 2000. Let us recall that it is defined as TPR =
|Emiss (y gmiss| /| £miss| hence accounting for the percentage of
missing links that are correctly identified as such. First, let
us notice that when considering “exogenous” features, each
instance of the GBDT outperforms its white-box counterpart.
The two classes of models, instead, perform in a comparable
way when coming to consider “endogenous” features such as
the degrees and the number of two stars: Quite interestingly,
the CL is the method performing worst, while the CM and
the fit2SM perform in a very similar way—a result indicating
that the present application does not necessarily require to
consider nonlinear ERGs. _

Figure 3 depicts JI = |£miss N £Miss| /| £miss Y £MisS|  hence
enriching the picture provided by the TPR by accounting for
the number of false positives too; Fig. 4 depicts ACC = (TP +
TN)/|E™| for each of the aforementioned models, hence ac-
counting for the percentage of correctly identified links, be
they missing or nonexistent: Both return a picture that is
consistent with the one returned by the TPR.

A complementary picture is provided by Fig. 5, showing
the ROC curves, obtained upon scattering the TPR = |E™iss N
Emiss| /1 £Miss| versus the FPR = |Emiss N £7%¢| /|| as the list
of links ranked in decreasing order of the chosen score is gone
through, for each of the aforementioned models, in the years
1990, 1995, and 2000. As evident upon looking at the picture,
the AUROC of white-box models enlarges when moving from
less structured models like the GM to more structured ones
like the CMD.

All the aforementioned exercises have been carried out by
randomly selecting 10% of links 40 times to populate ™
and generate Eobs — ¢ \ Emiss__eqach statistical indicator has,
then, been averaged over such samples: The results we have
obtained for a different percentage of randomly selected links,
as well as for a different indicator, namely, AUPRC, are shown
in Appendix A. As it can be appreciated, the performance of
the CMD remains high up to a large percentage of removed
connections—equivalently, of missing links; still, the perfor-
mance of the GBDT deteriorates to a lesser extent than that of
white-box models.
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FIG. 7. Performance of the models, measured in terms of AUROC, for all years of the WTW (darker shades correspond to more recent
years). We have randomly selected 20% [panel (a)] and 30% [panel (b)] of links 40 times to populate the test set, on which the prediction is
performed after having trained the model on the remaining pairs of nodes. Each statistical indicator has, then, been averaged over such samples,
the standard deviation being represented by a vertical black bar. The results are in agreement with those reported in the main text, as each
“endogenous” instance of the GBDT performs in a way that is comparable to that of its purely structural, white-box counterparts—especially

for what concerns the CM and the fit2SM.

Let us now move to commenting on eMID, aggregated at
the yearly level as well. The basic statistics are reported in Ta-
ble III: As it can be appreciated, the number of nodes N ranges
between 97 and 215, and the total number of links L ranges
between 1421 and 9770; the link density ¢ = 2L/N(N — 1)
fluctuates appreciably between 0.26 and 0.43, as well as the
average degree k = 2L /N, ranging between 229 and <91. As,
in this case, no external feature is available a priori, we have
excluded comparisons of the kind.

All results are shown in Fig. 6. Overall, the larger sparsity
of the system under consideration leads to TPR and JI scores
that are lower than the ones obtained when analyzing the
WTW; in the case of eMID, in fact, reproducing the 1s is
(much) more difficult than reproducing the Os: As a conse-

quence, a (much) worse performance on the number of true
positives than on the number of true negatives is expected.
As for the WTW, however, each “endogenous” instance of
the GBDT performs in a way that is comparable to that
of its purely structural, white-box counterpart, especially for
what concerns the CM and the fit2SM—although the sparsity
of eMID lets the CL perform as well as the CM and the
fit2SM.

All the aforementioned exercises on eMID have been car-
ried out by randomly selecting 20% of links 30 times to
populate £™ and generate £ = £ \ M —each statistical
indicator has, then, been averaged over such samples: The
results we have obtained for a different aggregation level, as
well as for a different indicator, namely, AUPRC, are shown
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FIG. 8. Performance of the models, measured in terms of PRC curves, for the years 1990, 1995, and 2000 of the WTW. Each panel collects
methods that rely on the same set of features. We have randomly selected 10% [panel (a)] and 20% [panel (b)] of links 40 times to populate
the test set (the curves relative to each indicator are, in fact, 40 partially overlapping curves corresponding to each realization), on which the
prediction is performed after having trained the model on the remaining pairs of nodes. The “X” markers indicate the PPV and TPR values
obtained by selecting a number of missing links equal to |£€™%|. The AUPRC enlarges when moving from less structured models, like the GM,
to more structured ones, like the CMD.
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FIG. 9. Performance of the models, measured in terms of AUPRC, for all years of the WTW (darker shades correspond to more recent
years). We have randomly selected 10% [panel (a)] and 20% [panel (b)] of links 40 times to populate the test set, on which the prediction is
performed after having trained the model on the remaining pairs of nodes. Each statistical indicator has, then, been averaged over such samples,
the standard deviation being represented by a vertical black bar. The results are in agreement with those reported in the main text, as each
“endogenous” instance of the GBDT performs in a way that is comparable to that of its purely structural, white-box counterparts—especially

for what concerns the CM and the fit2SM.

in Appendix B. As can be appreciated, very similar results to
those characterizing the yearly aggregation level are obtained,
with the only exception of the AUPRC, which appears to be
sensitive to the configuration density.

VII. DISCUSSION

The aim of the present contribution is that of comparing
the performance of several algorithms in carrying out a link
prediction exercise, one of the selection criteria concerning
data requirements: The algorithms implemented here have
been instantiated with the same set of either “endogenous” or
“exogenous” features—in other words, have been compared
on the same ground.

In order to do so, we have posed ourselves in the same
setting of Refs. [2,6], where the variables of interest are com-
puted on the observed portion of the graph (i.e., A°*) and
the prediction is carried out on the pairs of nodes in £™,
which correspond to the entries a?™ = 0, Vij € £, hence
appearing as not connected. Within such a framework, the
best performance is obtained when the purely structural infor-
mation is combined with the available, external information:
for what concerns the WTW, the latter consists of two sets
of properties, i.e., the GDPs of countries and the geographic
distances between them; while, however, the FMD does not
perform better than the FM and the GM, enriching the CM
with the information concerning the geographic distances
leads to a better performance than the one characterizing the
GBDT taking as inputs the same sets of quantities.
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FIG. 10. Performance of the models, measured in terms of AUROC, for snapshots of eMID at different aggregation levels: quarterly [panel
(a)], monthly [panel (b)], weekly [panel (c)], and daily [panel (d)]. The upper bar in each panel, marked with a diagonal pattern, corresponds
to the black-box GBDT. We have randomly selected 20% of links 30 times to populate the test set. Each statistical indicator has, then, been
averaged over such samples, the standard deviation being represented by a horizontal black bar. The FM has been implemented by replacing
w; with s; in Eq. (34) (see the color legend). As for the WTW, each “endogenous” instance of the GBDT performs in a way that is comparable
to that of its purely structural, white-box counterpart; the results are overall consistent across aggregation levels.

Such a result leads us to the conclusion that the structural
information plays a fundamental role in shaping a network
topology: It is, in fact, so relevant to make the CM alone
capable of competing with the instance of the GBDT taking as
inputs the degrees; in other words, although machine learning
algorithms appear as among those performing best, white-box
models taking as inputs purely “endogenous” features offer
a comparable performance. This is even more relevant when
considering that the GBDT needs a very fine-grained kind of
information, i.e., the exact position of the connections popu-
lating the training set, while the CM takes as input a much
coarser one, i.e., (just) the number of connections that are
incident to each node (its degree); see also below.

While the first consideration is in agreement with the re-
sults of Ref. [7], the second is not. Such a discrepancy may be

due to several reasons: (1) There, the considered systems are
supply chains, represented as binary, directed networks, while,
here the binary, undirected representation of the world trade
and of a financial system has been considered. While these
are not big differences per se, the chosen representation affects
the way models are defined, as well as the number and type of
“exogenous” features (e.g., industry, location, size) that can be
employed—the FM implemented in Ref. [7] is undirected in
nature, hence particularly unsuited to model directed config-
urations characterized by a small value of reciprocity such as
production networks. (2) There, local, topological information
such as the one encoded into the degree sequence(s) has been
apparently ignored. Here, instead, it represents the backbone
of many of the models taking as inputs “endogenous” features.
(3) There, algorithms are trained on subsets of the original
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FIG. 11. Performance of the models, measured in terms of AUPRC, for snapshots of eMID at different aggregation levels: yearly [panel
(a)], quarterly [panel (b)], monthly [panel (c)], weekly [panel (d)], and daily [panel (e)]. The upper bar in each panel, marked with a diagonal
pattern, corresponds to the black-box GBDT. We have randomly selected 20% of links 30 times to populate the test set. Each statistical indicator
has, then, been averaged over such samples, the standard deviation being represented by a horizontal black bar. The FM has been implemented
by replacing w; with s; in Eq. (34) (see the color legend). As for the WTW, each “endogenous” instance of the GBDT performs in a way that

is comparable to that of its purely structural, white-box counterpart; the results change as finer aggregation levels are considered.

dataset, identified to contain both connected and unconnected
pairs of nodes—More specifically, I is split into training and
test sets, i.e., U = UT UU™, and, then, U" is sampled, the
collected information consisting of one observation for each
pair of firms that has been drawn, i.e., whether the two firms
are connected or not, plus a vector of features. Here, instead,
all algorithms are trained on the same (incomplete) portion of
the dataset of interest, to let all of them start on equal footing.
Still, we have carried out an additional set of comparisons,

hold
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more in line with the approach pursued in Ref. [7]; the results
are shown in Appendix C: As evident upon inspecting the
figures there, very similar considerations to the ones above

As we have already noticed, the usual sampling scheme
“favors” well-connected nodes. Appendix D has been, now,
dedicated to compare it with a couple of alternative ones:
the first one prescribes to remove links by selecting edges
with a probability that is inversely proportional to the product
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FIG. 12. Performance of the models, measured in terms of AUROC, for all years of the WTW (darker shades correspond to more recent
years), when the alternative prediction setting described in Appendix C is adopted. We have randomly selected 10% [panel (a)], 20% [panel
(b)], and 30% [panel (c)] of node pairs 40 times to populate the test set, on which the prediction is performed after having trained the model on
the remaining pairs of nodes. Each statistical indicator has, then, been averaged over such samples, the standard deviation being represented by
a vertical black bar. The results are in agreement with those reported in the main text, as each “endogenous” instance of the GBDT performs
in a way that is comparable to that of its purely structural, white-box counterparts—especially for what concerns the CM and the fit2SM.

of the degrees of the involved vertices; the second one is
the so-called Random Node-Edge Sampler [24], first sam-
pling nodes uniformly at random and, then, sampling edges
uniformly at random from the ones that are incident to the
sampled nodes—Although both alternatives aim at contrasting
the aforementioned bias, giving the less connected nodes a

higher chance to be selected, this is achieved only to a partial
extent.

Overall, it should be noticed that the performance of
all methods degrades as “targeted” link removal recipes are
implemented, whence our conclusion that existing link pre-
diction algorithms (be they black box or white box) perform
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FIG. 13. (a) AUROC scores for “targeted” link removal, for all years of the WTW (darker shades correspond to more recent years). The
statistical indicators have been averaged over all samples, the standard deviation being represented by a vertical black bar. We have selected
10% of links 20 times to populate the test set, on which the prediction is performed after having trained the model on the remaining pairs of

nodes. (b) Number of occurrences of node i in ™

uniform

(populated with randomly selected links from the year 2000 of the WTW) and &M

target

(populated by selecting links with a probability that is inversely proportional to the product of the degrees of the involved vertices from the year
2000 of the WTW), scattered vs the degree ;. (c) Number of occurrences of node i in £, ™5 and £™ | rescaled by the degree, scattered

uniform* target?

vs degree k;. The results indicate that the performance of all methods degrades as “targeted” link removal recipes are implemented.

better for better connected nodes. Although negative, such
a result offers an additional indication about the identity of
the “best” explanatory variables in a link-prediction exercise:
As also noticed elsewhere [1,49,50] economic, financial (and
social) systems are constituted by nodes the “activity” of
which is proportional to (if not driven by) their connectedness;
as a consequence, controlling for the degrees implies being
capable of explaining (most of) each node’s “activity”—as
well as most of each node’s structural properties.

Besides incurring into the additional cost required by
tuning hyperparameters (see Appendix E), machine learning
algorithms need to be fed with (much) more information than
that required by white-box algorithms—what is required to
make predictions on the “test” portion of the dataset is, in fact,
the exact knowledge of the “training” portion of the dataset—
in order to achieve a performance that is not necessarily better.
While such a need may even represent an advantage when

considering a specific dataset, it turns out to constitute a
limitation when coming to generalize, as machine learning
approaches either perform quite poorly (e.g., whenever trained
on a dataset to predict the missing links of another) or cannot
perform at all (e.g., whenever in the presence of missing
information). White-box models, on the contrary, perform
robustly: Examples are provided by the network reconstruc-
tion tasks carried out in Refs. [9,50], where the considered
systems have been fully reconstructed by (solely) employing
the strengths of nodes and (an estimation of) the link density.

Finally, a statistical analysis about the differences charac-
terizing the performances of our algorithms (see Appendix F)
reveals that a clear winner cannot always be unambiguously
identified, as the presence of a winner depends on both the
score and the algorithm. When considering the AUPRC, for
instance, (1) machine learning approaches perform better than
the white-box models not taking structural information as
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FIG. 14. (a) AUROC scores for targeted link removal, for the years 2000, 2005, and 2010 of eMID. The statistical indicators have been

averaged over all samples, the standard deviation being represented

by a vertical black bar. We have selected 20% of links 30 times to

populate the test set, on which the prediction is performed after having trained the model on the remaining pairs of nodes. (b) Number of

miss
occurrences of node i in EM
2000) and Emiss

target

vertices from the same dataset snapshot), scattered vs degree k;. (c) Number of occurrences of node i in &,

(populated with randomly selected links from the yearly aggregation of the eMID dataset, where year is
(populated by selecting links with a probability that is inversely proportional to the product of the degrees of the involved

gmlss

uniform? and gmlss

wrger Tescaled by

the degree, scattered vs degree k;. The results indicate that the performance of all methods degrades as “targeted” link removal recipes are

implemented.

input; (2) the former and the latter perform in a statistically
undistinguishable way when “mixed” structural information is
taken as input; and (3) white-box models (typically) perform
better than machine learning approaches when either the plain
degree sequence or nonlinear structural information is taken
as input.

Let us conclude by stressing once again that our moti-
vation, here, is not that of challenging the performance of
machine learning approaches, rather checking under which
conditions they can be said to outperform white-box models
in link prediction tasks: What emerges from our analysis is
that answering such a question crucially depends on the way
these exercises are carried out. Still, the results shown in Ap-
pendixes E and F motivate us to indicate maximum-entropy
models as strong competitors of machine learning approaches,
often performing in a comparable way at a substantially lower
computational cost.
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Some of the data that support the findings of this article
are openly available (World Trade Web curated by Gleditsch
[48]). All results corresponding to Figs. 6, 10, 11, 14, 15
(lower), 18, 19, and 20(b) and Tables III, IV, VI are based
on the eMID whose nodes are anonymized banks and weights
represent exposures in millions of euros are not publicly avail-
able because they are owned by a third party and the terms of
use prevent public distribution. The data are available from the
authors upon reasonable request.

APPENDIX A: MISSING LINKS PREDICTION
ON THE WORLD TRADE WEB

Figure 7 depicts the performance of our models for dif-
ferent shares of removed links: As it can be appreciated, the
performance of the CMD remains high up to a large percent-
age of missing links; to be noticed that the performance of the
GBDT taking as inputs both “exogenous” and “endogenous”
features deteriorates to a lesser extent than the one of the
CMD, i.e., its white-box counterpart, as the size of the training
set decreases.

and 6r‘1?(iislflodeEdge rescaled by the degree, scattered vs degree k;.

The results concerning the AUPRC, shown in Figs. 8 and
9, are in agreement with those reported in the main text as
well, as each “endogenous” instance of the GBDT performs
in a way that is comparable to that of its purely structural,
white-box counterpart—especially for what concerns the CM
and the fit2SM.

APPENDIX B: MISSING LINKS PREDICTION ON THE
ELECTRONIC MARKET FOR INTERBANK DEPOSITS

Table IV reports the basic statistics for each aggregation
scale; Figs. 10 and 11 depict the performance of our models
for different aggregation scales. As it can be appreciated,
while (1) the results concerning the AUROC are consistent
with the ones characterizing the yearly aggregation level, (2)
the results concerning the AUPRC change as finer aggre-
gation levels are considered: More specifically, the AUPRC
shrinks (much) faster than the AUROC as the aggregation
level becomes finer; such a result indicates that, as the list of
potentially missing links is gone through, (1) the overall num-
ber of truly missing links is (practically, always) recovered
quite accurately, although (2) the number of false positives
rises—In other words, the performance of all algorithms in
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TABLE V. Computational complexity of the models considered in this present article (expressed in milliseconds), for all years of the
WTW. We have selected 10% of links 40 times to populate the test set, on which the prediction is performed after having trained the model on
the remaining pairs of nodes. Values are reported as averages (across training set—test set realizations) plus/minus one standard deviation.

WTW features
w; Wi, 51‘,‘ ki ki, 51‘,‘
Black-box algorithms T +T' 753 £ 154 813 £ 168 203 +£97 550 + 162
Ttune (1.234+0.19) x 10° (1.30 £ 0.15) x 10° (1.41+£0.21) x 10° (1.30+0.18) x 10°
White-box algorithms T"+T* FM 53+4 FMD 3023 £ 325 CM 34 +12 CMD 546 +£918
GM 62+9 CL 441
fit2SM 22640 + 2827

spotting single connections degrades quite rapidly as we move
from yearly to daily snapshots (equivalently, toward sparser
configurations).

Upon comparing these results with those in Appendix A,
we are led to conclude that existing link prediction algorithms
(be they black box or white box) perform better for denser
configurations.

APPENDIX C: MISSING LINKS PREDICTION
IN A DIFFERENT SETTING

Another common setting for prediction—similar to the one
adopted in Ref. [7]—consists in randomly splitting all node
pairs into a training and a test set, i.e., U = U UU™: The

training set is then identified with D" = {x;;, a;;};jer and the
prediction is performed on D* = {a; i}ijewee. As the evaluation
of “endogenous” features is based on the links populating
U", this is equivalent to treating all pairs of nodes in U/'® as
unconnected.

The results, shown in Fig. 12, are in agreement with those
reported in the main text, as each “endogenous” instance of
the GBDT performs in a way that is comparable to that of
its purely structural, white-box counterparts—especially for
what concerns the CM and the fit2SM. To be noticed that the
performance of the GBDT taking as inputs both “exogenous”
and “endogenous” features deteriorates to a lesser extent than
that of the CMD, i.e., its white-box counterpart, as the size of
the training set decreases.

TABLE VI. Computational complexity of the models considered in this present article (expressed in milliseconds), for snapshots of eMID
at different aggregation levels (top: yearly; middle: monthly; bottom: daily). We have selected 20% of links 30 times to populate the test set,
on which the prediction is performed after having trained the model on the remaining pairs of nodes. Values are reported as averages (across

training set—test set realizations) plus/minus one standard deviation.

eMID features (yearly)
Si k,‘
Black-box algorithms T 4+ T* 695 + 848 140 +=90
Twne (7.94 +1.75) x 10* (8.324+2.97) x 10*
White-box algorithms T+ T* FM 15+ 10 CM 35+32
CL 3+2
fit2SM 13348 + 8345
eMID features (monthly)
Si ki
Black-box algorithms T 4+ T* 283 £ 172 92 £40
e (6.26 +0.86) x 10* (5.94 +0.93) x 10*
White-box algorithms T+ T* FM 7+2 CM 17+£5
CL 2+0
fit2SM 6906 + 3637
eMID features (daily)
Si ki
Black-box algorithms T 4+ T* FM 90 + 45 47 +£26
T (5.15 4+ 1.05) x 10* (4.2340.91) x 10*
White-box algorithms T" 4+ T'* FM 4+1 CM 12+1
CL 2+0

fit2SM 2529 £ 1300
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FIG. 16. (a) Statistical significance of the prediction performances of each white-box method vs its black-box counterpart (evaluated in
terms of AUROC score), for the WTW when £™ is populated with 10% of the existing links. For each pair of methods, the difference
of performances is paired across all iterations (40) per year (11), corresponding to a sample size of 440 points. The table entries report the
(sample) average difference A, the ¢ value expressing the distance of the (sample) average difference from 0, in units of the (sample) variance,
and the p value. (b) Distributions representing our paired samples z-test for the AUROC score and the WTW. Results do not change if the

analysis is carried out in a yearly fashion.

APPENDIX D: LINK REMOVAL
IN A DIFFERENT SETTING

The results that we have shown in the main text have been
obtained by populating £™ with links sampled from £ with
a uniform probability [2,6,7,11]. Since node i appears in &
as a vertex of an undirected edge exactly k; times, we expect
the same dependence on the degree to characterize £™ as
well: In other words, uniformly sampling £ leads to populate
Emiss with (links connecting) high-degree nodes. It is, thus,
natural to ask how a different sampling scheme would affect
the results.

In order to answer such a question, we have replicated the
analysis under a couple of “targeted” sampling prescriptions.
In the first case, we have removed links by selecting edges
with a probability that is inversely proportional to the product

of the degrees of the involved vertices: More specifically,
at the generic iteration, the link connecting nodes i and j
was sampled with a probability reading p;; oc 1/kik; (see
Figs. 13 and 14). In the second case, we have implemented the
so-called Random Node-Edge Sampler [24], first sampling
a node uniformly at random and, then, sampling an edge
uniformly at random from the ones that are incident to the
sampled node—The procedure is repeated until the desired
size is reached.

Comparing Figs. 13 and 14 with Figs. 5 and 6 reveals
that (1) although removing links randomly leads to remove
more links from the more connected nodes, the “targeted”
sampling prescriptions considered as alternatives to the uni-
form one—basically performing the same, as evident upon
looking at Fig. 15—may incur into the same problems, and
(2) the performance of all methods degrades when “targeted”
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FIG. 17. (a) Statistical significance of the prediction performances of each white-box method vs its black-box counterpart (evaluated in
terms of AUPRC score), for the WTW when £™ is populated with 10% of the existing links. For each pair of methods, the difference of
performances is paired across all iterations (40) per year (11), corresponding to a sample size of 440 points. The table entries report the
(sample) average difference A, the ¢ value expressing the distance of the (sample) average difference from 0, in units of the (sample) variance,
and the p value. (b) Distributions representing our paired samples ¢ -test for the AUPRC score and the WTW. Results do not change if the

analysis is carried out in a yearly fashion.

sampling prescriptions are considered—the methods taking as
inputs the degrees being more affected than others. We are,
thus, led to conclude that existing link prediction algorithms
(be they black box or white box) perform better for better
connected nodes.

APPENDIX E: COMPUTATIONAL COMPLEXITY
OF MISSING LINKS PREDICTION ALGORITHMS

Let us now study the computational complexity of the algo-
rithms considered in the present work: the results are reported
in Tables V and VI. In the case of white-box methods, the total
computational time corresponds to the average time needed
for training and predicting across training set—test set real-
izations (i.e., T" + T*): Let us observe that four white-box
algorithms (CL, CM, FM, GM) neatly beat their black-box

counterpart. In the case of black-box methods, instead, it is
also necessary to take into account the time needed to tune the
hyperparameters (i.e., 7""), which, however, does not need
to be repeated across training set—test set realizations; still,
adding it leads the computational complexity of the black-box
methods to significantly exceed that of white-box methods.

APPENDIX F: STATISTICAL SIGNIFICANCE
OF PREDICTION PERFORMANCES

Let us now check whether the prediction performances
of the algorithms considered in the present work are signifi-
cantly different or not. To this aim, let us consider the score
difference

Ascore = Scorey, — Scorepy (F1)
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FIG. 18. (a.1)-(c.1) Statistical significance of the prediction performances of each white-box method vs its black-box counterpart
(evaluated in terms of AUROC score), for eMID when ™ is populated with 20% of the existing links. For each pair of methods, the
difference of performances is paired across all iterations for all snapshots at the (a) yearly (3 snapshots with 30 iterations each), (b) quarterly
(4 snapshots with 30 iterations each), and (c) weekly (4 snapshots with 30 iterations each) aggregation levels, corresponding to a sample size
of 90 points (yearly) and 120 points (quarterly and weekly). The table entries report the (sample) average difference A, the ¢ value expressing
the distance of the (sample) average difference from 0, in units of the (sample) variance and the p value. (a.2)—(c.2) Distributions representing
our paired samples ¢-test for the AUROC score and eMID, at the corresponding aggregation level.

between the white-box methods considered here and their
black-box counterpart(s) and ask whether it is significantly
different from zero. More formally, we carry out a number of
paired samples ¢-tests: Under the null hypothesis Ageore = 0, t

the test statistics
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FIG. 19. (a.1)—(c.1) Statistical significance of the prediction performances of each white-box method vs its black-box counterpart
(evaluated in terms of AUPRC score), for eMID when €™ is populated with 20% of the existing links. For each pair of methods, the
difference of performances is paired across all iterations for all snapshots at (a) the yearly (3 snapshots with 30 iterations each), (b) quarterly
(4 snapshots with 30 iterations each), and (c) weekly (4 snapshots with 30 iterations each) aggregation levels, corresponding to a sample size
of 90 points (yearly) and 120 points (quarterly and weekly). The table entries report the (sample) average difference A, the ¢-value expressing
the distance of the (sample) average difference from 0, in units of the (sample) variance, and the p value. (a.2)—(c.2) Distributions representing
our paired samples ¢-test for the AUPRC score and eMID, at the corresponding aggregation level.
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FIG. 20. (a) Sensitivity analysis of the results concerning the statistical significance of the prediction performances of our algorithms for
the year 2000 of the WTW (AUROC score). £™ is populated with 10% of the existing links. For each pair of methods, the difference of
performances is paired across the number of samples indicated on the x axis. (b) Sensitivity analysis of the results concerning the statistical
significance of the prediction performances of our algorithms for the year 2000 of eMID (AUROC score). £™ is populated with 20% of the
existing links. For each pair of methods, the difference of performances is paired across the number of samples indicated on the x axis. Our

results are robust across the cardinality of samples.

obeys a Student’s ¢-distribution with n —1 degrees of
freedom—for all practical purposes, a Normal distribution
(i.e., a Gaussian distribution with i = 0 and 6% = 1).

For what concerns the WTW, the paired samples ¢-test is
carried out by pooling together the 40 observations (i.e., train-
ing set—test set splits) per year, amounting at 440 observations
in total. While Fig. 16 suggests that black-box methods always
perform significantly better than their white-box counterparts,
Fig. 17 reveals the picture to be more nuanced: In this sec-
ond case, in fact, a clear winner cannot be unambiguously
identified as (1) black-box models perform better than the
white-box counterparts not taking structural information as
input; (2) the former and the latter perform in a statistically
undistinguishable way when “mixed” structural information

is taken as input; and (3) white-box models (typically) per-
form better than black-box counterparts when either the plain
degree sequence or nonlinear structural information is taken
as input.

For what concerns eMID, instead, the paired samples ¢-test
is carried out by pooling together the 40 observations (i.e.,
training set—test set splits) per year, amounting at 440 obser-
vations in total. As Figs. 18 and 19 suggest, the presence of a
winner depends on the level of aggregation as well; the finer
the aggregation, the higher the chance that white-box models
are favored.

Finally, as the sensitivity analysis depicted in Fig. 20 con-
firms, our results are quite robust across the cardinality of
samples.
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