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Quantum-selected configuration interaction with time-evolved state
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Quantum-selected configuration interaction (QSCI) utilizes an input quantum state on a quantum device to
select important bases (electron configurations in quantum chemistry) that define a subspace in which to diag-
onalize a target Hamiltonian, i.e., perform selected configuration interaction, on classical computers. Previous
proposals for preparing a good input state, which is crucial for the quality of QSCI, based on optimization
of quantum circuits may suffer from optimization difficulty and require many runs of the quantum device.
Here, we propose using a time-evolved state by the target Hamiltonian (for some initial state) as an input
of QSCI. Our proposal is based on the intuition that the time evolution by the Hamiltonian creates electron
excitations of various orders when applied to the initial state. We numerically investigate the accuracy of the
energy obtained by the proposed method for quantum chemistry Hamiltonians describing electronic states of
small molecules. Numerical results reveal that our method can yield sufficiently accurate ground-state energies
for the investigated molecules. Systematic analysis when increasing the number of qubits in a hydrogen chain
shows that the subspace size required for sufficiently accurate results is reasonable at system sizes that cannot be
solved by naive classical diagonalization. Our proposal provides a systematic and optimization-free method to
prepare the input state of QSCI and could contribute to practical applications of quantum computers in quantum
chemistry calculations.

DOI: 10.1103/75pv-hbrx

I. INTRODUCTION

A major motivation for quantum computers is the sim-
ulation of quantum many-body systems [1] and quantum
chemistry [2,3]. In the early days, the quantum phase esti-
mation [4,5] algorithm was the main focus, but in the last
decade quantum-classical hybrid algorithms that can perform
calculations even on noisy devices have attracted much at-
tention. Among these, the variational quantum eigensolver
(VQE) [6,7] has attracted the most attention. However, its
applicability to practical-scale problems of interest is not
obvious because of the difficulty of optimization, the so-
called barren plateau [8], and the huge number of quantum
circuit runs required to perform highly accurate quantum
chemistry calculations [9]. Therefore, research on utilizing
near-term quantum computers with quantum algorithms other
than VQE has been active in the past few years, some ex-
amples being quantum-enhanced Markov chain Monte Carlo
[10], auxiliary-field quantum Monte Carlo with quantum com-
puting of overlaps [11], the quantum Krylov method [12,13],
and so on. These methods emphasize more classical process-
ing than VQE and assume that the ground-state energy is
ultimately computed using a classical computer.
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One such method, quantum-selected configuration inter-
action (QSCI), was proposed by a group including one of
the authors [14]. QSCI calculates the eigenstate energies of
a system by performing measurements on an appropriately
prepared quantum state in a computational basis, interpreting
the obtained measurement results as important electron con-
figurations (basis states in Hilbert space), and diagonalizing
the Hamiltonian in the subspace consisting of only those elec-
tron configurations with a classical computer. The difficulty of
classical simulation of measurement results for certain quan-
tum states is known [15], and QSCI using such quantum states
as input theoretically guarantees the possibility of exploring
configurations that could not be explored by classical simula-
tion. Of course, whether the electron configurations output by
quantum states are effective in approximating the Hamiltonian
energy is a nontrivial question, and research from various
perspectives is needed to verify their effectiveness in practice.

One of the problems with QSCI is the lack of a
systematic construction of its input state. The original
paper [14] proposed the use of VQE, which is less accu-
rate and inherits some of the scalability issues of VQE,
while more recently taking inspiration from the Adap-
tive Derivative-Assembled Pseudo-Trotter ansatz Variational
Quantum Eigensolver (ADAPT-VQE) [16] the so-called
ADAPT-QSCI method was proposed [17]. As both of these
methods are based on optimization and have overhead, it
would be useful to find an optimization-free method to pre-
pare an appropriate input state. In addition, developing many
different state preparation methods allows us to perform QSCI
by combining them, potentially leading to a better result than
using either method alone. We note that the large-scale ex-
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perimental realization of QSCI [18] employs an input state
based on a classical calculation without optimizing a quantum
circuit, but systematic analysis of the input state is unex-
plored (later we compare a similar ansatz with our proposal
in Sec. IV D).

In this study, we propose to use the time-evolution operator
(TEO) acting on a suitable initial state as an input state prepa-
ration method for QSCI that does not require optimization.
The time evolution involves a superposition of powers of
the Hamiltonian Ĥ acting on the initial state. The intuitive
reason for adopting this method is that electronically excited
states (over the initial state) will be generated by such pow-
ers with Born probabilities related to the matrix elements of
the Hamiltonian between the initial state and electronically
excited states. The use of the time evolution is similar to
the quantum Krylov method [12,13], where the time-evolved
states themselves define the subspace for classical diago-
nalization and components of the subspace Hamiltonian are
evaluated by quantum computers, but in our proposal the
subspace is constructed based on the measurement results
of the time-evolved state and components of the subspace
Hamiltonian are calculated by classical computers. We apply
our method to the problem of finding the ground state of
the electronic Hamiltonian for small molecules, and discuss
its energy accuracy, required classical resources, and optimal
time-evolved states. We also estimate the number of gates
and classical resources needed to run the proposed method
on large molecules.

We note there is a similar proposal that utilizes the
same idea as this study and named their method the
Hamiltonian-simulation based QSCI (HSBQSCI) [19]. The
authors considered the time-evolved states as inputs of QSCI
and the dimension of the subspace was not fixed, whereas
this proposal investigates the effect of limiting the maximum
size of the subspace dimension. Reference [19] focuses on
the practical application to oligoacenes and includes an actual
hardware experiment on IBM quantum devices. Our study has
a different focus, namely investigating the optimality of the
configurations chosen by TE-QSCI (or HSB-QSCI) in order
to address how well the classical resource requirements of the
method scales to large systems.

This paper is organized as follows. In Sec. II, we review
the original QSCI proposal introducing the basic framework
required for any QSCI-based proposal. In Sec. III, we outline
the proposal of this paper, which we name Time-Evolved
QSCI. This includes a practical description of the algorithm
and a theoretical motivation. In Sec. IV, we provide a variety
of numerical evidence for the utility of TE-QSCI using a
variety of smaller molecules and hydrogen chains. Finally,
we discuss the prospects of the method and potential future
directions in Sec. V.

II. REVIEW OF QUANTUM-SELECTED
CONFIGURATION INTERACTION

In this section, we present a brief review of QSCI [14].
QSCI aims to calculate eigenenergies and eigenstates of
a given quantum many-body Hamiltonian by combining
quantum and classical computers. We consider a fermionic
Hamiltonian and the corresponding nq-qubit Hamiltonian Ĥ .

The mapping between the fermion and qubit representation
is assumed to satisfy that each computational basis state
|μ〉 (μ = 0, 1, . . . , 2nq − 1) in the qubit representation
corresponds to a single fermionic Fock state. Most popular
mappings such as the Jordan-Wigner [20], parity [21,22], and
Bravyi-Kitaev [21] transformation fulfill this property. QSCI
can be regarded as a selected configuration interaction (CI)
method, classical versions of which are often used in quantum
chemistry [23–54]. In selected CI, we choose a subset of basis
states in the Hilbert space and diagonalize the Hamiltonian
in the corresponding subspace. QSCI considers a subspace
spanned by a set of computational basis states that correspond
to Slater determinants of fermions in quantum chemistry
applications under our assumption. We denote the subspace
S = span{|μ1〉, . . . , |μR〉}, where μk ∈ {0, 1, . . . , 2nq − 1}
for k = 1, . . . , R and R is the dimension of the subspace. The
projected Hamiltonian in the subspace whose size is R × R
is defined by HS

kl = 〈μk|Ĥ |μl〉 and diagonalized to calculate
the approximate ground state and its energy using classical
computers. If the Hamiltonian is sparse in the sense that it
contains a polynomial number of fermion operators or Pauli
operators with respect to nq, the matrix component HS

kl can
be computed efficiently by classical computers. The choice
of subspace is vital for obtaining a good approximation of the
exact eigenenergies and eigenstates in selected CI. We note
that R is assumed to be not so large that we cannot diagonalize
the projected Hamiltonian by a classical computer within a
reasonable amount of time (see the original proposal of QSCI
[14] for this point).

QSCI employs a quantum state |�〉 on a quantum computer
to choose the subspace used in selected CI. We prepare |�〉 on
a quantum computer and perform projective measurements on
the computational basis. For the state |�〉 written as

|�〉 =
2nq −1∑
μ=0

αμ|μ〉, (1)

an integer μ is obtained with the probability |αμ|2 as a result
of the projective measurement. The projective measurement
on a quantum state is sometimes called sampling. We denote
the number of repetitions of the projective measurement by
nshots.

The brief outline of the QSCI algorithm is as follows:
(1) Prepare some input state |�〉 on a quantum computer

and perform the projective measurement on the computational
basis nshots times. The nshots measurements produces nshots

integers as μ1, μ2, . . . , μnshots ∈ {0, 1, . . . , 2nq − 1}.
(2) Among the results of the projective measure-

ments, choose the R most frequent integers, μ1, . . . , μR ∈
{0, 1, . . . , 2nq − 1} by calculating the occurrence frequencies
of the integers μ appearing in the measurement results, de-
fined as fμ = nμ/nshots, where nμ is the number of times μ is
contained in the measurement results.

(3) Define the subspace S = span{|μ1〉, . . . , |μR〉} and
perform the diagonalization of the projected Hamiltonian
onto the subspace S using classical computers. This gives
the approximate ground state and ground-state energy of the
Hamiltonian.

The quality of the approximate energies and eigenstates
obtained by QSCI is determined by the choice of the input
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state |�〉. The input state must contain important bases to
express the exact ground state with large weights so that those
bases appear frequently in the measurement results and are
picked up in the selected CI calculation. One of the ideal can-
didates for such an input state is the exact ground state |ψGS〉
of the Hamiltonian H itself because it contains the important
bases with large weights almost by definition. Based on this
consideration, the original proposal of QSCI [14] leveraged
VQE with loose optimization to prepare the input state of
QSCI in numerical simulations and experiments on quantum
hardware. Later, another study [17] proposed an adaptive con-
struction of the input state by repetitive executions of QSCI,
dubbed ADAPT-QSCI. ADAPT-QSCI enables us to run the
whole QSCI algorithm without a heuristic choice of the input
state, but there may still be some difficulties in executing it for
practical large problems. For example, ADAPT-QSCI requires
many repetitions of QSCI. The precision of the result also
depends on the so-called operator pool that must be given by
hand. Therefore, it is meaningful to propose another recipe
for the input state of QSCI circumventing these difficulties.
This study proposes such a method for quantum chemistry
Hamiltonians by using the time-evolved state by the target
Hamiltonian.

III. OUR PROPOSAL: QSCI WITH TIME-EVOLVED STATE

In this section, we describe our proposal, where the input
state of QSCI is generated by applying the time-evolution
operator with the target Hamiltonian to a suitable initial state,
which we name Time-Evolved QSCI. We first present a frame-
work and concrete procedures of the TE-QSCI algorithm with
several possible variants and then explain the theoretical mo-
tivation for why we expect TE-QSCI to work. We employ the
convention h̄ = 1 throughout this section to ease the notation.

A. Algorithm description

In this study, we specifically consider quantum chemistry
problems for electronic states of molecules, described by the
Hamiltonian

ĤF =
∑

σ=↑,↓

NO∑
p,q=1

hpqĉ†
p,σ ĉq,σ

+ 1

2

∑
σ,τ=↑,↓

NO∑
p,q,s,r=1

Vpqrsĉ
†
p,σ ĉ†

q,τ ĉr,τ ĉs,σ , (2)

where ĉ†
p,σ (ĉp,σ ) is a creation (annihilation) operator of

electrons in the orbital p with spin σ , NO is the number
of molecular orbitals, and hpq,Vpqrs are electron integrals
computed efficiently by classical computers. When this
Hamiltonian acts on some reference state |ψ〉 as Ĥ |ψ〉, the
first term (ĉ†ĉ) generates single-electron excitations over |ψ〉
and the second term (ĉ†ĉ†ĉĉ) generates double-electron ex-
citations. Note that our proposal is not limited to this type of
Hamiltonian as long as the system allows the notion of particle
excitations on some reference state and the Hamiltonian is
written in operators describing such excitations.

Our proposal to find the approximate ground state and
ground-state energy by using classical and quantum comput-

ers, leverages the time-evolved state from a given initial state
|ψI〉 for some time t ,

|ψ (t )〉 ≡ e−iĤt |ψI〉, (3)

as the input of QSCI. The outline of the TE-QSCI algorithm
is as follows:

(1) Prepare the initial state |ψI〉 on a quantum computer
and choose times t1, . . . , tK (K can be any positive integer).

(2) For each k = 1, . . . , K , apply the time-evolution oper-
ator e−iĤtk to the initial state and obtain the time-evolved state
|ψ (tk )〉 = e−iĤtk |ψI〉.

(3) Perform the projective measurement (sampling) on the
state |ψ (tk )〉 Nk times, which yields the result (a set of inte-
gers) μ

(k)
1 , . . . , μ

(k)
Nk

∈ {0, 1, . . . , 2nq − 1}.
(4) Collect all of the measurement results for k =

1, . . . , K and postprocess them by classical computers to
define the subspace for the CI calculation (exact diagonaliza-
tion). This part may take various forms and we explain two
representative cases below.

(5) Calculate the approximate ground-state energy and
ground state by performing the CI calculation in the subspace
by classical computers.

TE-QSCI can take various forms in the actual implemen-
tation depending on (1) the choice of the initial state |ψI〉
(step 1), (2) the choice of the time t1, . . . , tK (step 1), and
(3) the procedure to define the subspace (step 4). We explain
two representative variants of TE-QSCI here, single-time TE-
QSCI and time-average TE-QSCI.

Single-time TE-QSCI: Single-time TE-QSCI is the sim-
plest TE-QSCI implementation. The number of the time-
evolved states is K = 1, which means that we perform the
original QSCI by taking the input state |ψ (t1)〉 as input. The
subspace for the CI calculation is determined by the measure-
ment results on the single state |ψ (t1)〉, as reviewed in Sec. II.
We consider single-time TE-QSCI in most of the numerical
investigations in the next section because of its simpleness,
and we also discuss the appropriate time t1 to obtain an accu-
rate energy and eigenstate.

Time-average TE-QSCI: Time-average QSCI is another
implementation of TE-QSCI. We take K > 1 in this case
and set the number of shots for measurements on each time-
evolved state |ψ (tk )〉(k = 1, . . . , K ) to the same value Ns

(step 3). To construct the subspace in step 4, we simply con-
catenate all the measurement results (observed integers) for
k = 1, . . . , K as {μ(1)

i1
}Ns

i1=1 ∪ · · · ∪ {μ(K )
iK

}Ns
iK =1 and then pick

up the R most frequent integers. The name of time-average
is derived after the following argument: When we choose
the times as tk = T1 + k T2−T1

K (k = 1, . . . , K ) for some times
T1, T2, in the limit of K → ∞, the construction of the sub-
space in time-average TE-QSCI corresponds to that of the
original QSCI with inputting the time-averaged (mixed) state

1
T2−T1

∫ T2

T1
dt |ψ (t )〉〈ψ (t )|. Note that QSCI with multiple input

states was already discussed in the original proposal of QSCI
[14] to calculate the excited states of the Hamiltonian.

We comment on some possible advantages of TE-QSCI.
First, compared with other preparation methods for the input
state of QSCI mentioned in Sec. I, TE-QSCI does not need
optimization of the quantum circuit. This feature not only
circumvents the difficulties associated with the circuit opti-
mization that is often encountered in quantum-classical hybrid
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algorithms [8] but also reduces the number of runs on the
quantum computer. For example, in ADAPT-QSCI [17], the
input state of QSCI is adaptively constructed by repeating the
execution of QSCI many times (e.g., 50 times for the 12 qubit
H6 molecule), and the number of repetitions can grow with the
system size. Second, the time-evolution operator e−iĤt does
not need to be so precise in TE-QSCI compared with other
quantum algorithms such as quantum phase estimation and the
quantum Krylov method. This is because TE-QSCI only uses
the time-evolved state |ψ (t )〉 = e−iĤt |ψI〉 to pick up the bases
of the subspace and never evaluates the expectation value of
the state as in the quantum Krylov method which is more
noise-sensitive. Moreover, we do not need the controlled time
evolution or any ancillary qubits as is required for quantum
phase estimation.

B. Theoretical background and motivation for TE-QSCI

Intuitively, the reason why we expect TE-QSCI to work is
as follows. The time-evolved state is formally written as

|ψ (t )〉 = e−iĤt |ψI〉 = |ψI〉 − iĤt |ψI〉 + (−iĤt )2

2
|ψI〉 + · · · .

(4)

Since the Hamiltonian Ĥ [Eq. (2)] contains the terms of up
to second-order excitations of electrons, the kth order term
(−iĤt )k

k! |ψI〉 in the above expression includes the excitations
up to 2kth order on the initial state |ψI〉. Therefore, it is
naively expected that the time-evolved state |ψ (t )〉 possesses
the various important (Fock) states excited over the initial
state. These states are naturally candidates for selected CI
calculations in quantum chemistry, similar to configuration
interaction singles and doubles when taking the initial state
as the Hartree-Fock state. This mechanism could make the
time-evolved state a nice candidate for the input state of QSCI.

To refine the intuitive argument above, let us consider
the mathematical expression of the probability of measuring
the computational basis state |μ〉 for the time-evolved state
|ψ (t )〉, defined as Pμ(t ) = |〈μ|ψ (t )〉|2. In Appendix A, we
show that Pμ(t ) can be written as

Pμ(t ) = |bμ|2 +
∞∑

k=1

(
2t k Re[(i)kbμ〈ψI |Ĥk|μ〉]

k!

+ t2k |〈μ|Ĥk|ψI〉|2
(k!)2

+ 2
∞∑

k′=1

t2k+k′

× Re[(i)k′ 〈μ|Ĥk|ψI〉〈ψI |Ĥk+k′ |μ〉]
k!(k + k′)!

)
, (5)

where bμ = 〈μ|ψI〉 is the overlap between |μ〉 and the ini-
tial state. The probabilities for measuring the states μ with
bμ = 0, i.e., the states not included in the initial state at all,
grow algebraically as t2k for small t , where k is determined
by how the power of the Hamiltonian connects these states
with the initial state, 〈μ|Ĥk|ψI〉. In other words, the prob-
ability Pμ(t ) is related to the kth order perturbation of the
Hamiltonian applied to the initial state. Note the similarity to
classical selected CI algorithms like [37], for which states are
iteratively chosen based on the value of 〈μ|Ĥ |ψ (k)〉, where
|ψ (k)〉 is the ground state of the Hamiltonian in the subspace

of the previous step. In contrast, TE-QSCI samples multiple
higher-order excitations simultaneously in a single step. Pμ(t )
for the state μ that can be generated from |ψI〉 by the kth order
perturbation scales as t2k for small t , which means that we
need to take not-so-small t to sample the higher-order excita-
tions over the initial state. We confirm this scaling numerically
in Sec. IV A.

The series expansion in Eq. (5) is useful mostly for small
t . When we denote the eigenstates and eigenenergies of the
Hamiltonian as |ψn〉 and En, respectively, the general expres-
sion for Pμ(t ) is

Pμ(t ) =
∣∣∣∣∣
∑

n

e−iEnt cI
ncμ

n

∣∣∣∣∣
2

=
∑

n

∣∣cI
n

∣∣2∣∣cμ
n

∣∣2 + 2
∑

n1<n2

× cos
((

En2 − En1

)
t
)
Re

(
cI

n1

(
cI

n2

)∗
cμ

n1

(
cμ

n2

)∗)
, (6)

where cI
n = 〈ψn|ψI〉 and cμ

n = 〈μ|ψn〉. Although it is difficult
to extract any information from this expression for general
t because of its complicated interference of terms, we can
easily see that the infinite time average of the probabilities is
given by

P̄μ = lim
T →∞

1

T

∫ T

0
Pμ(t )dt =

∑
n

∣∣cI
n

∣∣2∣∣cμ
n

∣∣2
. (7)

From this expression, one notices that QSCI based on the ex-
act ground-state input can be mimicked if |cI

0|2 = |〈ψ0|ψI〉|2
is dominant. As discussed in the original proposal of QSCI,
the exact ground-state is one of the ideal input states of QSCI
because it contains the important bases for the CI calcula-
tion by definition. Therefore, we may argue that time-average
QSCI with a sufficiently large time T with a proper initial state
whose overlap with the exact ground state is large performs
similarly to QSCI based on the exact ground state, resulting in
a precise approximation of the ground state and energy. Note
that this is not necessarily true for directly measuring an initial
state with a large ground-state fidelity |cI

0|2 as interference
due to the second sum in Eq. (6) (cosine evaluates to 1 for
t = 0) can change the effective distribution of the measure-
ment result, which means that the ground state is not sampled
proportionally to |cI

0|2. This is clear for the Hartree-Fock state,
which only contains a single computational state, despite hav-
ing a relatively large overlap with the ground state in many
cases. Sampling based on the time-evolved state is different
than that on the initial state despite |〈ψ0|ψI〉|2 = |〈ψ0|ψ (t )〉|2
during the time evolution.

IV. NUMERICAL RESULTS

In this section, we investigate the performance of TE-
QSCI numerically for electronic Hamiltonians describing
small molecules. Sections IV A–IV C consider the Hartree-
Fock state as the initial state of TE-QSCI. Before investigating
TE-QSCI directly, in Sec. IV A we numerically investigate the
time evolution of Pμ(t ) to validate the analytical formula pre-
sented in the previous section. In Sec. IV B, we study how the
accuracy of single-time TE-QSCI depends on the parameters
such as the time t , the Trotter step size used in implementing
the time-evolution operator, the dimension of the subspace for
the CI calculation, and the number of shots. Then, we compare

043043-4



QUANTUM-SELECTED CONFIGURATION INTERACTION … PHYSICAL REVIEW RESEARCH 7, 043043 (2025)

TABLE I. Summary of the molecules investigated in this section.
nq is the number of qubits required to describe the molecule. D
is the Hilbert space dimension of the sector containing the ground
state, considering the number of electrons and restricting the total
z component of the spin to zero. RGS is the number of bases (the
dimension of the subspace) required to obtain the energy with error
smaller than 10−3 hartree with respect to the exact ground-state
energy using GS-QSCI.

Molecule H6 H8 H10 N2(8o, 10e) N2(10o, 14e) NH3

nq 12 16 20 16 20 16
D 400 4900 63 504 3136 14 400 3136
RGS 85 685 4834 116 124 76

the performance of single-time QSCI at the optimal time t
with that of time-average TE-QSCI in Sec. IV C. In Sec. IV D,
we compare the accuracy of TE-QSCI with the Hartree-Fock
initial state to a different initial state, namely, the unitary cou-
pled cluster singles and doubles (unitary CCSD, or UCCSD)
ansatz whose parameters are determined by a classical CCSD
calculation. In addition to using this as an initial state for time
evolution, we also compare with QSCI directly sampling the
UCCSD ansatz. Section IV E presents how the classical and
quantum resources for TE-QSCI (using both the Hartree-Fock
and UCCSD input states) scale with system size.

The common details of the numerical calculations in this
section are as follows. We employ the atomic unit throughout
this section, so the unit of time is h̄/hartree ∼2.42 × 10−17

s. We consider hydrogen chain molecules where the hydro-
gen atoms are aligned in a straight line with a distance of 1
Å. We also consider N2 and NH3 molecules whose atomic
coordinates are taken from the CCCBDB database [55] as
the most stable structure at the level of Hartree-Fock/STO-
3G. We construct the fermionic Hamiltonian on the form
of Eq. (2) using the Hartree-Fock orbitals with the STO-3G
basis set, calculated by the numerical package pyscf [56,57].
We construct two types of Hamiltonian for the N2 molecule:
One adopts the active space approximation consisting of ten
electrons with eight orbitals (8o, 10e) around highest occupied
molecular orbital (HOMO) and lowest unoccupied molecular
orbital (LUMO) and the other considers the full space of
14 electrons with 10 orbitals (10o, 14e). The Jordan-Wigner
transformation implemented in OpenFermion [58] is then ap-
plied to obtain the qubit representation of the Hamiltonians. In
order to understand the performance of TE-QSCI, it is useful
to compare with QSCI based on sampling (inputting) the exact
ground state as the reference of the quality of the obtained en-
ergy, which was largely considered in Ref. [14]. We will refer
to QSCI with inputting the exact ground state as GS-QSCI.
Note that GS-QSCI is not an actual protocol in practice, as it
assumes the exact ground state is already known. The number
of qubits nq for the Hamiltonian, the size of the relevant
ground-state Hilbert space sector D, and the dimension RGS

of the subspace required to obtain sufficiently accurate results
for GS-QSCI, which is defined such that taking the RGS bases
with the largest amplitudes of the exact ground state generates
the energy within the error of 10−3 hartree compared with the
exact one, are summarized in Table I.

× ×
×

× ×

FIG. 1. Average of the probability of measuring the computa-
tional basis state |μ〉 for the time-evolved state, Pμ(t ) = |〈μ|ψ (t )〉|2,
among the R = 850 states with largest probability at t = 1 for the H8

molecule. The average is taken for first- and second-order, third- and
fourth-order, and fifth- and sixth-order electron excitations.

In some parts of the numerical simulations, the time-
evolution operator e−iĤt is approximated by the first-order
Trotter expansion; for the qubit Hamiltonian written as Ĥ =∑

j w j P̂j , where w j is a real coefficient and P̂j is a Pauli
operator, the time-evolution operator is implemented as

e−i
∑

j w j P̂j t ≈
⎛
⎝∏

j

e−iw j P̂j�t

⎞
⎠

nstep

, (8)

where nstep is the number of Trotter steps and �t = t/nstep

is the Trotter step size. The quantum circuit simulation is
performed with Qulacs [59] without assuming any noise in
the circuit.

A. Time evolution Pμ(t ) of the probability to measure the
computational basis state |μ〉

As a test bed for investigating the time evolution of Pμ(t )
in Eq. (5), we consider the H8 molecule. Since we take the
Hartree-Fock state as the initial state |ψI〉, the notion of the
order of electron excitations is naturally associated with each
computational basis state |μ〉. Because bμ = 0 holds in Eq. (5)
for states other than the Hartree-Fock state itself, Pμ(t ) grows
as t2k for small t , where k is the smallest integer satisfy-
ing 〈μ|Ĥk|ψI〉 �= 0. More simply speaking, Pμ(t ) grows as
t l ′ for small t when |μ〉 is the lth order electron excita-
tion (over the Hartree-Fock state), where l ′ = l (l + 1) for
even (odd) l .

Figure 1 shows the average of Pμ(t ) for one/two-,
three/four-, and five/six-electron excitation states within the
computational basis states having the R = 850 largest proba-
bilities at t = 1. The exact time evolution is considered in this
figure. For small t < 1, these obey the expected t2, t4, and
t6 scaling, respectively. Deviation from this starts happening
at around t ∼ 1, where the series expansion in Eq. (5) is not
so meaningful and many orders of the perturbations start to
contribute to the probability Pμ(t ).
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FIG. 2. Difference between the exact ground-state energy and the energy obtained by single-time QSCI with various Trotter step sizes
�t for the approximation of the time-evolution operator. The solid black line corresponds to GS-QSCI, while the dashed black line
corresponds to 10−3 hartree. The black circles represent the results of the exact time evolution. The dimension of the subspace in TE-QSCI is
R = 90, 850, 6000, 130, 160, and 100 for panels (a)–(f), respectively.

B. Performance of single-time TE-QSCI based on the
Hartree-Fock state: exact and Trotterized time evolution

Here, we investigate the performance of single-time TE-
QSCI with the Hartree-Fock initial state in detail from several
points of view. Figure 2 shows the difference between the ex-
act ground-state energy and the approximate energy obtained
by single-time TE-QSCI as a function of the sampling time t
of the time-evolved state |ψ (t )〉. We consider both exact time
evolution and first-order Trotterization of the time-evolution
operators with various step sizes �t . These results are based
on the so-called state vector simulation of the quantum circuit
where the effects of noise and sampling with a finite number
of shots are not considered, so the R computational basis
states (or electron configurations) with largest amplitudes in
|ψ (t )〉 are used to construct the subspace for the CI calcu-
lation. The dimension of the subspace R is taken slightly
larger than RGS but much smaller than the dimension D of the
relevant sector of the Hilbert space. From this figure, we see
that single-time QSCI can achieve sufficiently accurate results
whose errors are below 10−3 hartree depending on the value
of t . A smaller Trotter step (or more accurate Trotterization
of the time-evolution operator) results in a more accurate
energy in general. The results also imply that an optimal
range for the sampling time exists where the obtained ener-
gies are most accurate. Interestingly, the optimal time range
is within t ∈ [0.5, 2.0] for all the molecules studied here,
despite large differences in the energy itself (e.g., the exact
ground-state energy is −3.2361 hartree for H6 and −55.5074
hartree for NH3).

Next, we analyze the required dimension of the subspace R
in the CI calculation of single-time TE-QSCI. The reference

value for R is that for GS-QSCI, RGS, summarized in Table I
at the beginning of this section and it allows us to evaluate
the results of different molecules with a unified criterion.
We present the energy difference between the exact energy
and output of single-time TE-QSCI as a function of R/RGS

in Fig. 3, fixing the time at the optimal value. In general,
TE-QSCI requires a larger R than GS-QSCI but it also de-
pends on the specific molecule; for example, it is rather small
for NH3 with small Trotter steps compared to the other 16
qubit examples. This is partially explained by the Hartree-
Fock state of NH3 having a large fidelity to the ground state
|〈HF |ψGS〉|2 = 0.970 245. A more systematic investigation
of the fidelity of the initial state to the exact ground state is
presented in Appendix B 1. A second important observation
in Fig. 3 is that an accurate energy below the error of 10−3

hartree can still be obtained for large Trotter steps (such as
�t = 0.2, which is large considering the evolution time is
t ∼ 1), as long as we use a larger R and pay the higher cost
of the classical computation in the CI calculation. Note that
N2 and NH3 molecules are more sensitive to the Trotter error
than the hydrogen chains. This is possibly because of the
smaller RGS (and therefore R in the plot) for these molecules,
while the larger subspace required for the hydrogen chains can
host the unnecessary bases due to the Trotter error and still
give an accurate result. A more detailed investigation of the
Trotter error in terms of the fidelity and energy conservation
is presented in Appendix B 2.

So far, we have investigated single-time TE-QSCI based
on the exact state vector simulation, but on real quantum
hardware the time-evolved state will be sampled with a finite
number of measurements. The measurements with a finite
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FIG. 3. Difference between the exact ground-state energy and the energy obtained by single-time TE-QSCI with the Hartree-Fock initial
state as a function R/RGS at fixed times for different molecules. The striped black line corresponds to 10−3 hartree and the black circles
correspond to the results of the exact time evolution. The sampling times for panels (a)–(c) are all t = 1.4 except for �t = 0.5, where we set
t = 1.5. The sampling times for panels (d), (e), and (f) are t = 1, 1, and 1.4, respectively.

number of shots introduce the fluctuation of the measurement
results of computational basis state, so the resulting output of
TE-QSCI also fluctuates. In Fig. 4, we investigate the effect
of a finite number of shots for a fixed t at various values of
the Trotter step size �t for the H8, N2(8o, 10e), and NH3

molecules. Contrary to the two previous figures in this subsec-
tion, the dimension of the subspace R in this figure represents

the number of all distinct computational bases (electron con-
figurations) among nshots measurement results. We run the
simulation ten times to determine the sensitivity to the fluc-
tuations of the measurement results, plotting the mean of the
energy error to the exact energy as well as the sample standard
deviation of the obtained energies. One can see from Fig. 4
that accurate energy is achievable even when considering the

FIG. 4. The results of single-time TE-QSCI with the Hartree-Fock initial state considering the effect of the fluctuation of the measurement
result with a finite number of shots nshots at a fixed time t . The dimension of the subspace R is chosen as the number of all distinct bases
(electron configurations) obtained by the sampling. (a), (c), (e): Difference between the exact ground-state energy and the energy obtained by
single-time QSCI with various Trotter step size �t . We run ten simulations and the mean of the difference is plotted by the markers connected
with a full line, while the standard deviation of the obtained energy is plotted by the markers connected by the striped line. The striped black
line corresponds to 10−3 hartree. (b), (d), (f): The average value of R for ten simulations. The sampling time t is the same as in Fig. 3 except
for NH3 with �t = 0.5, where we set t = 1.5.
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TABLE II. Performance of time-average TE-QSCI with the
Hartree-Fock initial state when we take the infinite time average in
Eq. (7) compared with single-time TE-QSCI at the optimal time.
The optimal time values are t = 1.4 for H6, H8, and NH3, t = 1.0
for N2(8o, 10e). R is the dimension of the subspace for the CI
calculation.

Molecule H6 H8 N2(8o, 10e) NH3

EQSCI − Eexact at optimal
time (mhartree)

0.93 0.78 0.86 0.70

EQSCI − Eexact for infinite
time average (mhartree)

2.01 1.78 2.86 1.34

R 90 850 130 100

shot fluctuation of the measurement results with the standard
deviation of the obtained energy being smaller than its mean
by about an order of magnitude. The energy of single-time
TE-QSCI is almost independent of the Trotter step size in this
case, where we take all distinct electron configurations ap-
pearing in the measurement results to construct the subspace.
This treatment results in larger R at the same number of shots
for the cases with larger Trotter steps since the larger Trotter
error in the time-evolution operator tends to generate a more
“messy” state having a lot of small nonzero amplitudes. The
large R generally yields an accurate energy, compensating for
the Trotter error with the drawback of a higher computational
cost of the classical diagonalization.

Figures 3 and 4 suggest that it is possible to trade quantum
resources for classical resources, i.e., even when using a less
accurate Trotter approximation requiring a shallower circuit,
the same accuracy can be obtained with the same number of
measurements at the cost of having to diagonalize a larger
matrix classically. This trade off is one of the interesting
features of TE-QSCI although it is not desirable to push too
far in this direction as the classical diagonalization is a major
bottleneck for maximal feasible system sizes.

C. Performance of time-average TE-QSCI

We investigate the performance of time-average QSCI in
this subsection. First, in Table II, we compare the accuracy
of the energy obtained for the infinite time average calculated
according to Eq. (7) with that of single-time TE-QSCI with
the Hartree-Fock initial state at the optimal time. The time-
evolution operator is simulated exactly without Trotterization,
and the R computational basis states (electron configurations)
with the largest amplitudes are picked up to construct the
subspace. The results in Table II indicate that the infinite
time average TE-QSCI is not as accurate as single-time QSCI
at the optimal time. GS-QSCI using the same R can reach

the precision of 10−3 hartree, but the infinite time average
TE-QSCI is not equivalent to it because the overlap between
the initial state and the exact ground state is not unity and the
effect of other excited states is present.

However, we also find that time-average TE-QSCI can
achieve accuracy competitive with single-time TE-QSCI at
the optimal time depending on the choice of the time range
for averaging. Table III presents the result of time-average
TE-QSCI for various time ranges including the optimal time
for the H8 molecule. These results are based on the Trot-
terized time-evolution operator with �t = 0.1. The time
average is taken for t ∈ [T0, T1] by discretizing the range
with δt = 0.1. Concretely, we take t1 = T0, t2 = T0 + δt, t3 =
T0 + 2δt · · · , tM = T1 for time-average TE-QSCI, where M =
1 + (T1 − T0)/δt is the total number of times. In this case δt
is chosen equal to the Trotter step size, but in general it can
be larger than it. The shot simulation is employed and the
total number of shots for measuring all times in the range
is set to 8.85 × 105. The dimension of the subspace is taken
as R = 850. The results in Table III illustrate that the perfor-
mance of time-average TE-QSCI is comparable to single-time
TE-QSCI at optimal time t = 1.4 with the same number of
shots and R at the chosen time ranges. This observation is
practically useful as we do not know the optimal time a
priori, and this implies that accurate results can be obtained
by averaging over times in a finite range.

D. Performance comparison using the UCCSD
ansatz with classical CCSD amplitudes

So far we have considered the Hartree-Fock state as the
initial state for TE-QSCI (which we will refer to as HF-TE-
QSCI) for simplicity and as a proof of concept. TE-QSCI,
however, is a general framework and we can consider more so-
phisticated initial states. Particularly, we consider the UCCSD
ansatz state [60] with Trotterization whose parameters are
determined by the classical CCSD calculation as an alterna-
tive initial state of TE-QSCI. We also consider the result of
QSCI just inputting this initial state (no time evolution) for
performance comparison.

The UCCSD ansatz has been featured in applications of
quantum computing to quantum chemistry and it can po-
tentially express the approximate ground state by tuning its
parameters. The definition of the UCCSD ansatz written in
fermion operators we adopt in this study is as follows (imple-
mented in the package Quri Parts [61]):

ÛUCCSD(θ)|μHF〉 = eT̂s−T̂ †
s eT̂d1−T̂ †

d1 eT̂d2−T̂ †
d2 |μHF〉, (9)

T̂s =
∑
o,v

θ (s)
ov (ĉ†

v↑ĉo↑ + ĉ†
v↓ĉo↓), (10)

TABLE III. Performance of time-average TE-QSCI with the Hartree-Fock initial state for various time ranges for H8, based on numerical
simulation using the Trotterized time-evolution operator with �t = 0.1 including the effect of a finite number of shots (the results of ten
simulations are averaged). Other details are described in the main text.

Time (a.u.) t = 1.4 t ∈ [1.0, 2.0] t ∈ [0.5, 1.5] t ∈ [1.0, 2.5] t ∈ [0.5, 2.5]

ETE-QSCI − Eexact (mhartree) 0.93 0.92 1.06 1.00 1.01
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TABLE IV. Comparison of the subspace dimension R required to obtain EQSCI − Eexact < 10−3 hartree accuracy for the various methods.
The energy error of the classical CCSD calculation ECCSD − Eexact and the fidelity between the ground state and the UCCSD ansatz with
the CCSD amplitudes |〈ψGS|ψUCCSD〉|2 are also displayed in the first two rows. RUCCSD-QSCI, RHF-TE-QSCI, and RUCCSD-TE-QSCI represent the
original QSCI for inputting the UCCSD ansatz with CCSD amplitudes, single-time TE-QSCI with the Hartree-Fock initial state, and single-
time TE-QSCI taking the UCCSD ansatz with CCSD amplitudes as the initial state, respectively. The minus sign for some molecules in the
UCCSD-QSCI column indicates that 10−3 accuracy cannot be obtained by sampling this state using a cutoff for the Born probabilities of 10−10.
For HF-TE-QSCI, the Trotter step size is set to �t = 0.2, while it is set to �t = 0.1 for UCCSD-TE-QSCI. The total number of Trotter steps
used in each method is denoted in the parenthesis in the last three lines of the table from which the optimal times can be inferred (note that this
number includes one Trotter step for the UCCSD ansätze in UCCSD-TE-QSCI).

Molecule H6 H8 H10 N2(8o, 10e) N2(10o, 14e) NH3 C2H2 Benzene (10e, 10o) CH4

|〈ψGS|ψUCCSD〉|2 0.9996 0.9989 0.9979 0.9988 0.9988 0.9827 0.9996 0.9975 0.9999
ECCSD − Eexact (mhartree) 0.389 1.073 1.980 4.517 4.518 0.210 2.186 −28.433 0.225
RUCCSD-QSCI (Trotter steps) 85 (1) 1070 (10) 11261 (20) − − 77 (1) 1284 (2) − 174 (1)
RHF-TE-QSCI (Trotter steps) 87 (7) 781 (7) 5830 (7) 128 (5) 168 (5) 100 (7) 1448 (4) 99 (13) 222 (4)
RUCCSD-TE-QSCI (Trotter steps) 85 (2) 696 (5) 5072 (5) 118 (3) 133 (3) 81 (2) 977 (3) 97 (12) 171 (5)

T̂d1 =
∑
o,v

θ (d1)
ov ĉ†

v↑ĉo↑ĉ†
v↓ĉo↓, (11)

T̂d2 =
∑

(o1,v1 )�=(o2,v2 )

∑
σ,τ=↑,↓

θ (d2)
o1o2v1v2

ĉ†
v1σ

ĉo1σ ĉ†
v2τ

ĉo2τ , (12)

where |μHF〉 is the Hartree-Fock state, o, o1, o2 (v, v1, v2)
are the occupied (virtual) orbitals in the Hartree-
Fock state, and θ = {θ (s)

ov , θ
(d1)
o′v′ , θ (d2)

o1o2v1v2
|o, o′, o1, o2 ∈

occupied orbitals, v, v′, v1, v2 ∈ virtual orbitals} are the
circuit parameters. When implementing this as a quantum
circuit, we transform the fermion operators ĉ, ĉ† in the
exponentials into qubit operators using the Jordan-Wigner
transformation and approximate those exponentials by
Trotterization. The UCCSD ansatz is similar to the
time-evolution operator e−iĤt used in TE-QSCI except
that it includes only the excitations from the occupied to
virtual orbitals and its parameters must be tuned by some
optimization. The optimization of the parameters is typically
performed by expectation value estimation of the ansatz state,
which requires a huge number of measurements in practice
[7]. Nevertheless, it is suggested that the CCSD amplitudes
obtained by the classical CCSD calculation are a good initial
guess for the parameters [62]. Therefore, it is natural to use
the UCCSD ansatz with the CCSD amplitudes as an input
state of QSCI because such a state could have a large overlap
with the exact ground state. We call QSCI with inputting the
UCCSD ansatz with the CCSD amplitudes UCCSD-QSCI.
It should be noted that the large-scale hardware experiment
of QSCI [18] adopted a local version of the unitary cluster
Jastrow ansatz [63,64], which approximates the UCCSD
ansatz with the CCSD amplitudes by the singular value
decomposition of the CCSD amplitudes.

While it is interesting to compare HF-TE-QSCI with
UCCSD-QSCI to understand how well the naive form of
TE-QSCI compares to sampling the classically approximated
state, applying time evolution to the UCCSD initial state (we
will refer to this as UCCSD-TE-QSCI) can potentially lead
to much better results. Indeed, as the fidelity between the
UCCSD ansatz and ground state is higher than the fidelity
between the Hartree-Fock and ground state, we would expect

UCCSD-TE-QSCI to work better than HF-TE-QCSI based on
the infinite time average in Eq. (7).

In Table IV, we compare the subspace dimension R re-
quired to obtain EQSCI − Eexact < 10−3 hartree accuracy for
UCCSD-QSCI, single-time HF-TE-QSCI at the optimal time
and single-time UCCSD-TE-QSCI at the optimal time. In
addition to the molecules considered in the rest of the text,
we investigate C2H2, CH4, and Benzene to obtain more data
points for the comparison. For these additional molecules,
the atomic coordinates are taken from the CCCBDB database
[55] as the most stable structure at the level of Hartree-
Fock/STO-3G and the Hamiltonians are prepared by using
the Hartree-Fock orbitals calculated by the STO-3G basis. We
take the active space approximation for benzene by taking
10 orbitals and 10 electrons around HOMO and LUMO. The
numbers of qubits for C2H2, CH4, and Benzene are 24, 18,
and 20, respectively. Trotterization of 4, 5, 7, or 13 steps
is used for single-time HF-TE-QSCI at the optimal times.
To minimize the quantum resources required to prepare the
initial state, we always Trotterize the UCCSD ansatz with a
single Trotter step for UCCSD-TE-QSCI. The time evolution
for UCCSD-TE-QSCI uses a Trotterization of 1, 2, 4, or 11
Trotter steps at the optimal times. For UCCSD-QSCI, the
number of Trotter steps for the UCCSD ansatz is determined
by monitoring the convergence of the output QSCI energy
when increasing the number of steps. This gives only a single
step for most molecules, with the exception of H8 and H10

needing 10 and 20 steps, respectively.
As seen in Table IV, the dimension R required for 1

mhartree accuracy is much larger for UCCSD-QSCI than that
of HF-TE-QSCI for H8 and H10, while it is slightly smaller for
H6, NH3, CH4, and C2H2. For N2 and Benzene, we found that
it is impossible to obtain 1 mhartree accuracy by sampling the
UCCSD-QSCI state using a cutoff for the Born probabilities
of 10−10. We note that the Born probabilities for the smallest
amplitudes required in (HF- and UCCSD-) TE-QSCI were
around 10−5 in our simulations.

Our observations are summarized as follows. We notice
that the CCSD energy is already precise for H6, NH3, and CH4

(�1 mhartree), where HF-TE-QSCI is slightly worse than
UCCSD-QSCI, and that very compact subspaces achieve the
desired accuracy regardless of the methods. Inversely, these
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FIG. 5. System-size scaling of the classical and quantum resources of TE-QSCI. (a): The ratio R/RGS, where RGS is the subspace
dimensions required for 10−3 hartree accuracy for GS-QSCI, while R are the subspace dimensions required for TE-QSCI with the Hartree-Fock
initial state (HF-TE-QSCI) at t = 1.4, TE-QSCI with the UCCSD initial state at t = 0.4 (UCCSD-TE-QSCI), and UCCSD-QSCI. The lines
represent linear fits. (b): The estimate of the required number of shots to achieve 10−3 hartree accuracy, corresponding to the results in panel
(a). (c): The number of gates required to implement a single Trotter step of the time-evolution operator e−iĤt . The lines show power-law fits.

results may indicate that single-time HF-TE-QSCI can out-
perform UCCSD-QSCI when the problems are large and/or
more complicated and the CCSD calculation is not so accurate
(the error is �1 mhartree). This expectation is, however, not
the case for C2H2, despite the CCSD calculation having an
error of �1 mhartree. At least, the safe conclusion drawn from
Table IV is that UCCSD-TE-QSCI always outperforms both
HF-TE-QSCI and UCCSD-QSCI when the CCSD calculation
has an error �1 mhartree (and is essentially equivalent to
UCCSD-QSCI when �1 mhartree).

We therefore see that the time evolution is a valid tool
for preparing improved input states for QSCI, with even the
simple HF-TE-QSCI outperforming UCCSD-QSCI in some
cases. In particular, it can also provide compact subspaces
for obtaining accurate energy in cases where UCCSD-QSCI
cannot, such as N2 and Benzene. Additionally, we observe
that UCCSD-TE-QSCI always improves upon UCCSD-QSCI
and HF-TE-QSCI or gives similar results. Compared to HF-
TE-QSCI, this is at the cost of additional quantum gates for
preparing the initial state (the UCCSD ansatz) in addition to
those for the time-evolution operator, but this essentially cor-
responds to adding a single time step and would generally be
worth it. In Appendix B 3, we investigate the time dependence
of UCCSD-TE-QSCI in more detail.

E. System-size scaling of classical
and quantum resources for TE-QSCI

Finally, we investigate the system-size scaling of TE-QSCI
focusing on its classical and quantum resources. This is im-
portant to tell whether our proposed method can tackle system
sizes that cannot be exactly solved using classical methods.
Specifically, we consider hydrogen chain molecules systemat-
ically increasing the number of hydrogen atoms or qubits. We
construct the Hamiltonians [Eq. (2)] for Hn molecules where
n hydrogen atoms are aligned in a straight line with the atomic
distance being 1 Å by using the Hartree-Fock orbitals with the

STO-3G basis set. The number of qubits for the Hamiltonian
for the Hn molecule is nq = 2n. We consider both HF-TE-
QSCI, UCCSD-TE-QSCI (single Trotter-step implementation
of UCCSD ansatz) and UCCSD-QSCI (exact implementation
of UCCSD ansatz). The time-evolution operator is imple-
mented exactly.

As the classical resource requirements for TE-QSCI, we
investigate how the dimension of the subspace R required to
obtain accurate results scales with system size. Similarly to
Sec. IV B, we use the value of RGS, which is defined such that
GS-QSCI yields the sufficiently accurate ground-state energy
whose error to the exact one is smaller than 10−3 hartree, as
the reference to discuss R for the various input states. Note that
the original proposal of QSCI [14] studied RGS for hydrogen
chains in detail. We once again stress that GS-QSCI is not
an actual protocol that can be implemented on a quantum
device and we use it as a benchmark for the comparison.
This is because GS-QSCI leads to a compact set of truncated
bases (configurations) although they are not guaranteed to be
optimal. If a given input state performs significantly worse
than GS-QSCI, it can be considered not useful.

In Fig. 5(a), we show the ratio between the R required for
10−3 hartree accuracy for the various QSCI input states and
GS-QSCI (RGS) as a function of the number of qubits. For a
small system there is almost no added cost, but from nq � 12
there is a linear increase in the ratio with proportionality
0.21 · nq for UCCSD-QSCI, 0.02 · nq for HF-TE-QSCI, and
0.0061 · nq for UCCSD-TE-QSCI. The extrapolation to nq =
36 (50) leads to R/RGS = 5.87 (8.81) for UCCSD-QSCI,
R/RGS = 1.5 (1.78) for HF-TE-QSCI, and R/RGS = 1.14
(1.23) for UCCSD-TE-QSCI. UCCSD-QSCI scales signifi-
cantly worse than TE-QSCI with the linear coefficient being
an order of magnitude larger than even HF-TE-QSCI and
requiring 5–10 times more classical resources for 50 qubits
compared to UCCSD-TE-QSCI and HF-TE-QSCI. Using this
as the input state for QSCI is therefore highly nonoptimal
and does not provide a compact Hilbert space. On the other
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hand, the additional classical computational cost of TE-QSCI
compared with GS-QSCI, which uses one of the optimal input
states for QSCI, is not so large even for 50 qubits. This
tendency is particularly evident for UCCSD-TE-QSCI, which
improves the scaling significantly compared to HF-TE-QSCI,
although it requires a classical precalculation (CCSD) and
the implementation of the UCCSD ansatz before the time
evolution.

Next, we consider the sampling efficiency of TE-QSCI.
This is one of the basic quantum resource requirements as
it corresponds to the number of circuit repetitions required.
The number of required shots for (the fictitious) GS-QSCI
was discussed in the original proposal of QSCI [14] and
generally it is comparable to or smaller than the number of
shots to estimate the Hamiltonian expectation value in the
standard protocol once. This means that GS-QSCI is much
more shot-efficient compared with other algorithms using the
Hamiltonian expectation value, such as VQE or the quantum
Krylov method.

We estimate the number of required shots for QSCI with
various initial states by taking the inverse of the smallest Born
probability among the R configurations picked up by QSCI.
This corresponds to the smallest probability of the configura-
tions that must be sampled by QSCI, so the inverse of it gives
a rough estimate of the required number of shots to find R con-
figurations by QSCI. The results are shown in Fig. 5(b). The
number of samples required for UCCSD-TE-QSCI is almost
the same as that for GS-QSCI, while HF-TE-QSCI requires
less samples compared to these two. Because UCCSD-QSCI
has to pick out 2–3.5 times more basis states, it requires the
resolution of much smaller probabilities and therefore at least
an order of magnitude more measurements. Interestingly HF-
TE-QSCI needs a smaller number of quantum measurements
than UCCSD-TE-QSCI, despite also needing to find a slightly
larger amount of basis states (subspace dimension R).

Another crucial aspect of the quantum resource require-
ments of TE-QSCI is the number of elementary gates required
to run the TEO circuit e−iĤt once. The elementary gates
considered in our estimation are the single-qubit z-rotation
gate Rz(φ) with arbitrary angle φ, the cnot gate, and single-
qubit Clifford gates. The number of cnot gates is typically
more important than that of single-qubit gates in the noisy
intermediate-scale quantum computing (NISQ) era because
the fidelity of the former is much worse than the latter in
currently available NISQ hardware. On the other hand, the
number of rotation gates is crucial and that of cnot becomes
marginal when we have (early-)fault-tolerant quantum com-
puting (FTQC) era in mind since the Clifford gates, including
cnot, are relatively easy to implement in FTQC and the non-
Clifford gates such as Rz(φ) are the most cost-consuming. To
obtain a rough estimate of the number of these two gates for
the TEO circuit in actual implementations, we consider the
approximated TEO circuit Trotterized with a single step. The
circuit consists of a sequence of the rotation gates by Pauli op-
erators acting on nq qubits, and we decompose those rotation
gates into cnot gates and Rz(φ) gates by the standard way [60].
Namely, when the weight of the Pauli operator, or the number
of qubits on which the Pauli operator acts nontrivially, is p,
the rotation gate is decomposed into 2(p − 1) cnot gates and
one Rz(φ) gate with other single-qubit Clifford gates. Note

that this estimation assumes all-to-all connectivity among
qubits.

In Fig. 5(c), we show the numerical counts of the gates
for implementing the TEO circuit with the single-step Trot-
terization (independent of the time of the TEO circuit). The
counts obey a power law with the number of qubits, and
the numerical fit gives the exponents as aCNOT = 5.02 and
aRz = 3.94. This is consistent with the generic expectation
that the number of cnot (Rz(φ)) scales with n5

q (n4
q) where

nq is the number of qubits [60], explained by the fact that
the TEO circuit (similar to the UCCSD anzats) has O(n4

q)
gates and each gate is decomposed into O(nq) cnots and
one Rz(φ) gate on average. The number of cnot gates for a
single Trotter step is on the order of 106 for the 36-qubit
system where naive classical exact diagonalization becomes
difficult. This count is rather large considering that the current
quantum hardware often exhibits an error rate of ∼10−3 for
two-qubit gates, so performing TE-QSCI on NISQ devices for
classically intractable systems would need more improvement
of the algorithm, quantum circuit, etc. On the other hand,
the number of Rz(φ) gates is on the order of 104 for the
36-qubit system. This value is close to the maximal number of
non-Clifford operations in the recently proposed early-FTQC
architecture called STAR [65], so TE-QSCI would be feasible
on such devices. Note that we do not simplify the circuit, so
there is much room for improving the estimate gate counts.

V. SUMMARY, DISCUSSION, AND OUTLOOK

In this study, we have shown that applying the time-
evolution operator to suitable initial states can generate
promising candidate states for QSCI to calculate accurate
ground-state energies of quantum chemistry Hamiltonians.
We have investigated how the accuracy of this protocol, Time-
Evolved QSCI, depends on the time, Trotter step size, and
the number of basis states R in the selected subspace, using
the Hartree-Fock state as the initial state (HF-TE-QSCI) and
taking small molecules as examples. All investigated cases
exhibit similar optimal time ranges where the highest accu-
racy for single-time TE-QSCI is obtained when R is kept
fixed. Searching for the optimal time may require performing
single-time TE-QSCI for multiple times and a large number
of measurements, but time-average TE-QSCI is possibly use-
ful to obtain the accurate energy without knowing the exact
optimal time. In general, we also find that there is a trade-off
between quantum and classical resources: Increasing the Trot-
ter step size thereby reducing the number of gates in quantum
circuits leads to more unimportant electron configurations in
the selected subspace, but this can be compensated by increas-
ing R at the expense of a higher classical computational cost
for exact diagonalization.

In addition to HF-TE-QSCI, we also compared with two
other input states of QSCI based on utilizing the UCCSD
ansatz with the classically calculated CCSD amplitudes. One
was using this state directly as the input of QSCI (UCCSD-
QSCI) and the second was using its time evolution as the
input to QSCI (UCCSD-TE-QSCI). The numerical results in-
dicate that TE-QSCI with the Hartree-Fock initial state and the
UCCSD ansatz can potentially give more accurate results than
UCCSD-QSCI, which in some cases (N2 and Benzene) cannot
find compact subspaces to calculate the sufficiently accurate
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energy. Additionally, we found that UCCSD-TE-QSCI per-
forms better than or similar to UCCSD-QSCI for all molecules
checked.

All of these input methods have an intrinsic overhead in
terms of the number of states R required for a given accu-
racy in comparison with the number of states RGS required
when inputting the exact ground state to QSCI (GS-QSCI).
Note that GS-QSCI is not an actual protocol and cannot be
implemented on a quantum device, it is soley used as a ref-
erence. Systematic analysis of the system-size scaling using
hydrogen chains represented by nq qubits revealed that the
scaling of the overhead R/RGS was numerically found to be
0.21 · nq for UCCSD-QSCI, 0.02 · nq for HF-TE-QSCI, and
0.0061 · nq for UCCSD-TE-QSCI. The classical resources re-
quired for UCCSD-QSCI scale significantly worse than the
two TE-QSCI methods and also required at least an order
of magnitude more measurements, underscoring the practical
utility of using time-evolution circuits compared to sampling
based purely on classical approximations of the ground state.
Indeed TE-QSCI is not prohibitive for practical application to
large systems giving a value of, e.g., R/RGS = 1.78 for HF-
TE-QSCI and 1.23 for UCCSD-TE-QSCI at 50 qubits. The
scaling analysis on the number of quantum gates to implement
the quantum circuit for TE-QSCI implies that the gate counts
for classically intractable problems is within the capability
of early-FTQC devices such as that proposed in Ref. [65],
though it seems difficult to run on current NISQ devices in the
naive form.

Overall, TE-QSCI can serve as a practical way to imple-
ment QSCI for calculating an accurate ground state without
optimizing the quantum circuit by quantum-classical feed-
back. In particular, both HF- and UCCSD-TE-QSCI perform
much better than UCCSD-QSCI for the hydrogen chain, while
UCCSD-TE-QSCI performs better than or similar to UCCSD-
QSCI for all molecules checked.

Note that UCCSD-QSCI considered in this paper would
be more accurate in the noiseless limit than performing QSCI
with inputting the local version of the unitary cluster Jastrow
ansatz as done in Ref. [18], because the latter is a rough
approximation of the former with a shallower quantum circuit
suited for NISQ devices.

There are several interesting future directions of this study.
First, it is vital to reduce the number of gates in Fig. 5(c) if
we want to run TE-QSCI on actual NISQ hardware. For ex-
ample, by relaxing the implementation of the time-evolution
operator e−iĤt into a more approximated one than the Trot-
terization, like using the stochastic application of the gates
[66] or dropping the gates depending on the hardware require-
ment [18,64]. We stress that the estimation in Fig. 5(c) does
not take any simplification of quantum circuits into account.
Second, searching for an initial state of TE-QSCI other than
the Hartree-Fock state or the UCCSD ansatz is also intriguing
because an initial state with a larger ground-state fidelity can
improve the accuracy of QSCI for a given subspace dimen-
sion, as shown in Sec. IV D and Appendix B 1.

While the use of the UCCSD initial state for TE-QSCI
improves the classical resource requirement of the algorithm
[Fig. 5(a)], it requires the implementation of the UCCSD
ansatz as a quantum circuit. In Secs. IV D and IV E, we
consider the UCCSD ansatz with single-step Trotterization,

so the additional gates required for the UCCSD initial state
compared to the Hartree-Fock initial state approximately cor-
respond to adding just a single time step to the time-evolution
operator circuit, because the UCCSD ansatz has a similar form
to the time-evolution operator (i.e., an exponential of single-
and double-electron excitations). Additionally, the optimal
time of TE-QSCI becomes smaller, which decreases the num-
ber of Trotter steps required for the time-evolution operator
(see Appendix B 3). A more detailed understanding of the
classical and quantum resources and overall generalizability
of UCCSD-TE-QSCI is therefore of interest. We also point
out that another potential way to prepare an initial state of TE-
QSCI is to run VQE or ADAPT-QSCI for a limited number
of optimization steps, using the obtained circuit as the initial
state. Third, as a related research direction, the application
of QSCI to calculate the dynamics of quantum systems is
important. By picking out important configurations at each
time during the time evolution by measuring the time-evolved
state, we can construct a time-dependent subspace to be used
for classical time-evolution methods.
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APPENDIX A: SERIES EXPANSION FOR
TIME-DEPENDENT PROBABILITY Pμ(t )

We present the derivation of Eq. (5) in the main text.
We consider the series expansion ez = ∑∞

k=0
zk

k! , which
leads to

Pμ(t ) = 〈μ|e−iĤt |ψI〉〈ψI |eiĤt |μ〉

=
∞∑

k1=0,k2=0

(−i)k1 (i)k2t k1+k2
〈μ|Ĥk1 |ψI〉〈ψI |Ĥk2 |μ〉

k1!k2!
.

(A1)

Let us consider the terms where k1 = 0 or k2 = 0 separately.
Defining bμ = 〈μ|ψI〉 and considering k1 = 0 or k2 = 0 gives
(i)k2 bμ〈|ψI |Ĥk2 |μ〉 and (−i)k1 (bμ)∗〈μ|Ĥk1 |ψI〉, respectively,
so we can gather these two terms in one by taking 2 times
the real value. The special case of k1 = k2 = 0 leads to |bμ|2,
so overall this part of the double sum can be expressed as

|bμ|2 + 2
∞∑

k=1

t k Re[(i)kbμ〈|ψI |Ĥk|μ〉]
k!

. (A2)

The remaining terms are

∞∑
k1=1,k2=1

(−i)k1 (i)k2t k1+k2
〈μ|Ĥk1 |ψI〉〈ψI |Ĥk2 |μ〉

k1!k2!
. (A3)
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FIG. 6. Dependence of the subspace dimension RTE in single-time TE-QSCI on the fidelity between the initial state of the time evolution
and the exact ground state studied for 16-qubit hydrogen chain H8. (a)–(d): The initial state is prepared by the method described in the main
text with fixing the Hamiltonian. RI is the dimension of the subspaces used for preparing the initial state. Panels (a) and (c) show the energy
of the input state as a function of RI and the fidelity |〈ψI |ψGS〉|2, respectively, while panels (b) and (d) show RTE/RGS (the “optimal” time is
always t = 0.75 as this is the case for a majority of the input states). (e), (f): The initial state is the Hartree-Fock state but the Hamiltonian is
varied by changing the atomic distance of the hydrogen chain from 1.0 to 2.5 Å. We plot the dimensions of the subspaces RTE (the optimal
time is t = 1.4) for single-time QSCI and RGS for GS-QSCI in panel (e) and RTE/RGS in panel (f) as a function of the fidelity.

We then consider the case where k1 = k2 and k1 �= k2 sepa-
rately. For k1 = k2, the sum straightforwardly gives

∞∑
k=1

t2k |〈μ|Ĥk|ψI〉|2
(k!)2

. (A4)

For the latter, we can rewrite the sum as 2 times the real part,
restricting the sum to values k2 > k1, which gives

∞∑
k1=1,k2=1,k2>k1

2t k1+k2
Re[(−i)k1 (i)k2〈μ|Ĥk1 |ψI〉〈ψI |Ĥk2 |μ〉]

k1!k2!
.

(A5)

This sum can be given a more useful schematic form by sub-
stituting k2 with the index k2 = k1 + k′ where k′ = 1, 2, . . . ,,
leading to

∞∑
k1=1,k′=1

2t2k1+k′ Re[(i)k′ 〈μ|Ĥk1 |ψI〉〈ψI |Ĥk1+k′ |μ〉]
k1!(k1 + k′)!

. (A6)

We can then relabel all k1 as k, which leads to Eq. (5) in the
main text when putting all terms together.

APPENDIX B: SUPPLEMENTARY NUMERICAL RESULTS

1. Dependence of TE-QSCI on the input state and bond
distance for 16-qubit hydrogen chain

In this section, we study the accuracy dependence on the
fidelity between the initial state of the time evolution of single-
time TE-QSCI and the exact ground state, using the 16-qubit
hydrogen chain H8 as an example. We systematically change
the fidelity of the initial state in two ways. The first one uses
an artificial input state obtained by classical calculation while
the Hamiltonian is fixed. The second one, on the contrary,
keeps the initial state as the Hartree-Fock state and varies
the Hamiltonian. We stress that the fidelity between the time-
evolved state and the exact ground state is constant during the

time evolution, so the initial state of the time evolution solely
determines the fidelity. We denote the smallest dimension of
the subspace required to obtain 10−3 hartree accuracy for
single-time TE-QSCI at the optimal time and GS-QSCI as RTE

and RGS, respectively.
Let us explain the first approach and its result. We pre-

pare the initial state of the time evolution by choosing
RI (<RGS = 685) computational basis states (electron con-
figurations) using the amplitudes of the exact ground state,
sorted in descending order. Classical exact diagonalization
in the RI -dimensional subspace is performed and the result-
ing lowest-energy eigenstate is employed as the input for
the time evolution. We can vary the fidelity of the initial
state by changing the value of RI . Figures 6(a)–6(d) show
the lowest energy EI in the RI -dimensional subspace and
RTE/RGS. As expected, when RI becomes large and the fidelity
between the initial state and the exact ground state gets close
to unity, the ratio RTE/RGS becomes smaller. Note that even
for the data points close to the fidelity ∼1, the value of
RI ∼ 140 is much smaller than RGS = 685, leading to EI −
Eexact ∼ 10−2 hartree. This means the value of RTE/RGS ∼ 1
indicating that results are on par with GS-QSCI is due to TE-
QSCI generating important configurations not present in the
initial state.

The second approach we take to vary the fidelity of the
initial state is increasing the bond length (atomic distance) of
H8 from the original value of 1 Å. Because the Hartree-Fock
state becomes a worse approximation of the ground state for
larger bond lengths, the fidelity correspondingly decreases.
In Figs. 6(e) and 6(f), we plot RTE, RGS, and RTE/RGS, re-
spectively, for different bond lengths between 1 and 2.5 Å
as a function of |〈μHF|ψGS〉|2, where |μHF〉 (|ψGS〉) is the
Hartree-Fock state (exact ground state). Interestingly, in this
case the ratio RTE/RGS is not monotonically decreasing with
the fidelity. It is also surprising that single-time QSCI can give
an accurate energy with relatively small additional classical
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FIG. 7. (a): Infidelity between the time-evolved state approximated by Trotterization and the exact time-evolved state,
1 − |〈ψtrotter(t )|ψexact(t )〉|2. (b): Absolute difference between the expectation value of the Hamiltonian and the initial energy,
|〈ψtrotter(t )|Ĥ |ψtrotter(t )〉 − EHF| as a function of the Trotter step size �t for specific choices of the time, corresponding to those of Fig. 3.

computational resources (RTE � 1.25RGS) despite the small
fidelity.

In short, the results in this section suggest that while a
large fidelity between the initial state of the time evolution
and the exact ground state saves classical computational cost
(small RTE/RGS), it is not the sole factor determining the
performance of single-time TE-QSCI.

2. Fidelity and the energy conservation
of the Trotterized time evolution

In Sec. IV B, it was seen that single-time TE-QSCI is
relatively robust toward the Trotter error for hydrogen chains,

while it is somewhat less robust for N2 and NH3. In this
section, we present more detailed data of the error associ-
ated with the Trotterized time evolution, finding the same
overall trend. In Fig. 7, we plot the infidelity between
the state after the Trotterized time evolution and the exact
time-evolved state, 1 − |〈ψtrotter(t )|ψexact(t )〉|2 as well as the
violation of the energy conservation during the time evolution
|〈ψtrotter(t )|Ĥ |ψtrotter(t )〉 − EHF|, at the optimal times corre-
sponding to Fig. 3. An observed overall tendency is that the
hydrogen chains exhibit smaller values both for the infidelity
and the violation of the energy conservation than N2 and NH3,
which may result in the accurate output energy of single-time
TE-QSCI seen in Fig. 2. Although it is hard to make any

FIG. 8. Difference between the exact ground-state energy and the energy obtained by single-time QSCI taking an initial state as the UCCSD
ansatz with CCSD amplitudes (UCCSD-TE-QSCI). Various Trotter step sizes �t are taken for the approximation of the time-evolution operator.
The solid black line corresponds to GS-QSCI, while the solid blue line corresponds to the energy obtained from HF-TE-QSCI at the optimal
times used in Fig. 3. The black circles represent the results of the exact time evolution. The dimensions of the subspace in TE-QSCI are
R = 87, 762, 5780, 123, 141, and 78 for panels (a)–(f), respectively.
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strong conclusions based on these results, the accuracy of
single-time TE-QSCI generally get worse if both the infidelity
and energy error are large. Moreover, it is interesting and
promising that single-time TE-QSCI can give the accurate
energy error of 10−3 hartree even when the Trotter error
measured by the violation of the energy conservation is much
larger than it.

3. Time evolution for the UCCSD initial state

In Sec. IV D, we found that single-time TE-QSCI with
an initial state defined by the UCCSD ansatz with classi-
cally calculated CCSD amplitudes using a single Trotter step
(UCCSD-TE-QSCI) can lead to better results than UCCSD-
QSCI and single-time TE-QSCI with the Hartree-Fock initial
state (HF-TE-QSCI). Here, we supplement the results in the
main text by showing the time dependence of the obtained
energy of UCCSD-TE-QSCI using various sizes of Trotter-

ization for the time-evolution operator, similarly to Fig. 2.
The values of R, or the dimension of the subspace of QSCI,
are chosen to be the smallest R that gives an accuracy of
10−3 hartree for HF-TE-QSCI with the exact time evolution
at the optimal time. The results are shown in Fig. 8. For all
molecules investigated, UCCSD-TE-QSCI with some opti-
mal time ranges can yield the same or better energies than
the exact time-evolved HF-TE-QSCI at the optimal time. As
for the comparison to UCCSD-QSCI (corresponding to the
values at t = 0), we see a drastic improvement of energies
for H8, H10, and N2, while it is not obvious for NH3 and
H6, where the classical CCSD calculation was already quite
accurate (see Table IV). Interestingly, the optimal times for
UCCSD-TE-QSCI are smaller than those for HF-TE-QSCI.
If this property holds in general, it suggests that the UCCSD
initial state could potentially decrease the number of Trotter
steps and the number of quantum gates for the time-evolution
operator.
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