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Quantifying collective motion in living matter with spatial correlation functions
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Active and living matter exhibits a wide range of complex phenomena, including collective motion, pattern
formation, and hierarchical structures. Collective motion in living systems is often quantified using spatial
correlation functions; however, competing definitions—especially for velocity fields—yield inconsistent results
across studies. Here, we clarify the distinction between “normalize-first” and “average-first” velocity corre-
lations, and establish a robust and practical framework for computing correlation functions and extracting
director and velocity correlation lengths, ξd and ξv , respectively, from a wide range of active cell systems. Using
synthetic shear and vortex fields and experimental datasets spanning epithelial monolayers, neural progenitors,
and bacterial colonies, we demonstrate how noise and fitting choices affect inferred length scales, and provide
recipes that yield consistent outcomes. Finally, we introduce two state diagrams—ξv versus ξd and ξv/ξd versus
motility anisotropy—that locate systems within different dynamical regimes and track their trajectories during
development. These tools standardize correlation analysis and link single-cell motility to emergent colony-scale
flows, enabling rigorous, comparable measurements across living systems.

DOI: 10.1103/6zq7-33zc

I. INTRODUCTION

Collective migration is observed in various biological sys-
tems, from a school of fish or a flock of birds at the animal
scale to colonies of living cells or bacteria at the cellular
scale. The collective migration of living cells is essential
in producing various biological structures and performing
biological functions, such as wound healing [1–9], biofilm for-
mation [10–16], embryonic development [17], and formation
of hierarchical structures [18–20]. These collective behaviors
stem from the motility of individual cells and intricate inter-
cellular biophysical and biochemical interactions. Even when
these interactions are short-ranged, long-range collective mo-
tion can emerge, which has been the focus of active matter
research.

Depending on the polarity of individual cells and the inter-
actions between them, the colony can be modeled as polar or
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nematic active matter. In a polar system, each particle has a
head-tail asymmetry (polarity), and the neighboring particles
are forced to align toward the same direction, like magnetic
dipoles in a ferromagnetic material [21]. In contrast, a nematic
system can be made of either polar or apolar particles. Still,
its dynamics are governed by the local orientation of these
particles rather than the polarity, which is analogous to a
liquid crystal [22,23]. In a colony with high cell density, the
cell polarity or orientation can be represented by a polarity
or director field, respectively. Furthermore, the colony’s local
cell density, velocity, and mechanical forces can all be repre-
sented as fields. The spatial and temporal correlations of these
fields provide valuable insights into the dynamics of these cell
collectives.

Spatial correlation functions are often employed to iden-
tify phase transitions in physics. In active matter, the spatial
correlation functions of director and velocity fields are used
to measure if the system has local, quasi-long-range, or long-
range orders [2,24–28]. In living systems composed of cells,
it is a valuable tool to characterize and understand collective
cell behaviors quantitatively. Figure 1 shows examples of a
low-density, less ordered state [panel (a)–(c)], and a high-
density, more ordered state [panel (d)–(f)] in a C2C12 cell
monolayer. C2C12 is an immortalized mouse myoblast cell
line and a standard model for muscle development. During
migration, their locomotion is driven by leading-edge actin
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FIG. 1. C2C12 cell monolayers with lower (top row) or higher (bottom row) nematic order. Scale bars: 200 µm. (a) A bright-field image of
a C2C12 cell monolayer with low cell density. (b) Cell orientation (director) field of panel (a). (c) Velocity field of panel (a). (d) A bright-field
image of a C2C12 cell monolayer with high cell density. (e) Cell orientation (director) field of panel (d), which shows longer-range nematic
order compared to panel (b), with larger regions of aligned cells. (f) Velocity field of panel (d). Larger groups of cells move collectively in
panel (f) compared to panel (c). (g) A time series of director fields. (h) A series of two-dimensional (2D) correlation maps obtained from the
director fields in panel (g). (i) 2D correlation map averaged over time. At each radius R, we averaged this 2D map azimuthally to obtain the
one-dimensional (1D) correlation curve Cn̂n̂(R) in panel (j).

protrusion and adhesion, followed by cell-body translocation
and rear retraction. The colony behaves as an active nematic
system, in which half-integer topological defects [10,25,29–
37] are observed. The increase in order is evident in the direc-
tor field, which shows fewer defects and larger regions with
cell alignment, and in the velocity field, where larger groups
of collectively moving cells are observed. To characterize
the ordered state of the cell monolayer, we use the spatial
correlation function to determine the extent of correlation in
cell orientation or velocity.

Previous work has discussed extensively how to draw
information from the correlation functions measured in
active matter or living systems [38]. However, in prac-
tice, measurements obtained from cell colonies, especially
cell velocities, have large fluctuations due to the intrinsic

stochasticity of living cells and their complex interactions.
At the same time, due to the trade-off between the spatial
resolution and field of view in microscopy, the experimen-
tal system size is often limited. Consequently, it is often
challenging to interpret the physical meanings of the exper-
imentally measured correlation functions compared to those
obtained from numerical simulations. For example, it is useful
to measure if the correlation function follows an exponen-
tial decay or power-law decay in the long-range limit, or if
the long-range correlation decays to zero or a finite value,
which distinguishes the quasi- and true-long-range orders. But
such fittings are nontrivial due to the reasons stated above.
Furthermore, various ways to calculate the velocity correla-
tion function have been reported in different research. Some
of these definitions cannot properly reflect the features in
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the velocity field and may lead to misinterpretations of the
results.

This paper seeks a practical approach to understanding
collective cell motion with the help of spatial correlations.
First, we address the ambiguities in the definitions of the
correlation function by reviewing the existing ones in the
literature, highlighting the inconsistencies that may confound
result interpretation, and proposing our suggestions. Second,
we investigate the correlation functions of two idealized flow
patterns in cell migration: shear flows and isolated vortices.
Third, we study the effects of fluctuations on the measured
correlation functions. The fluctuations include intrinsic noise
due to the stochastic cell activity in self-propulsion, and
extrinsic noise, which is introduced by image taking and pro-
cessing. Then, we compare and evaluate multiple methods to
extract the correlation length from the correlation function.
Finally, we propose two simple diagrams comparing director
and velocity correlation lengths, and linking them with cell-
motility anisotropy across multiple biological systems, which
help categorize different regimes of collective behaviors and
track transitions between states. Overall, our goal is to im-
prove clarity in interpreting spatial correlation measurements,
propose a standardized definition to address existing inconsis-
tencies, and offer valuable data analysis tools for the broader
biological and bioengineering communities.

II. SPATIAL CORRELATION FUNCTIONS
FOR DIRECTOR AND VELOCITY FIELDS

Active matter can be nematic or polar, depending on the
symmetry of its constituent particles and particle-particle in-
teractions. Polar particles have a head-tail asymmetry, while
nematic particles are rodlike but have two identical ends. Polar
active systems generate integer (±1) defects, while nematic
systems generate half-integer (±1/2) defects. In this article,
we discuss only the latter. Note that a nematic system can
be made of either polar or apolar particles. For example,
each swimming or gliding bacterium has an instantaneous
direction of motion, thus polar, but the overall dynamics of
their colonies indicate that they are nematic systems, where
cell orientation is more important. The orientation of each cell
is represented by a director n̂ = (cos θ, sin θ ) along its long
axis, where θ ∈ [−π

2 , π
2 ] is called the orientation angle [see

Figs. 1(b), 1(e), and 8(a)]. In a cell layer, the directors can
be represented by a field n̂(x, y). The velocity field v(x, y)
is another important vector field that indicates the local cell
velocity [see Figs. 1(c), 1(f), and 8(c)]. Since n̂(x, y) and
v(x, y) can be easily extracted from cell micrographs, they
are widely used to test theoretical predictions and probe the
dynamics of the living system. A common quantitative tool
is the correlation function; however, the literature contains
conflicting definitions and calculation methods.

We now examine the existing definitions of spatial cor-
relation functions for n̂(x, y) and v(x, y), which are defined
differently due to their different symmetries. First, we look
at the correlation between a pair of directors or velocities.
For directors, we define the pairwise nematic correlation as
2 cos2 �θ − 1, where �θ (< π ) is the angle difference be-
tween these two directors. Consequently, a pair of directors
has a correlation of +1 when they are parallel, −1 when they

are perpendicular, and 0 when the angle between them is π/4.

For a velocity pair, the correlation can be written as
v1 · v2

|v1||v2| .

With this definition, two velocity vectors pointing in the same
direction yield a correlation +1, those pointing in opposite
directions yield a correlation −1, and the perpendicular ones
yield zero correlation regardless of their magnitudes [Fig. 8(d)
illustrates these examples]. Additionally, suppose that one
velocity vector changes direction randomly while the other
remains constant, the temporally averaged correlation is also
zero.

Based on the correlation of director or velocity pairs, spa-
tial correlation functions are defined for the fields n̂(x, y) and
v(x, y). For n̂(x, y), the spatial correlation function Cn̂n̂(R)
is [10,24,39–41]

Cn̂n̂(R) = 〈2〈cos2 [θ (r j ) − θ (r j + R)]〉 j − 1〉ϕ
= 〈〈n̂2θ (r j ) · n̂2θ (r j + R)〉 j〉ϕ, (1)

where 〈·〉 j denotes an average over all sampled positions r j in
the field of view (e.g., grid points or cell centers), 〈·〉ϕ denotes
an average over all azimuthal directions of R at fixed R = |R|,
and n̂2θ = (cos 2θ, sin 2θ ). In Figs. 1(g)–1(j), we illustrate
how a 1D correlation function is obtained from a time series
of director fields. For each frame [Fig. 1(g)], we first compute
the corresponding 2D spatial correlation map [Fig. 1(h)]. We
then average these 2D maps over time to obtain a temporally
averaged correlation map. Finally, we perform azimuthal av-
eraging of this map over all directions at fixed separation R
[Fig. 1(i)], yielding the 1D correlation curve Cn̂n̂(R) shown in
Fig. 1(j).

The definition of Cn̂n̂(R) is generally agreed upon. In con-
trast, the methods to calculate the velocity correlation function
vary in the literature and thus require careful investigation. In
general, there are two ways to calculate the correlation func-
tion, depending on how the normalization is implemented.
One approach is the correlation of normalized velocities, re-
ferred to as the “normalize-first” method, denoted by Cv̂v̂ (R):

Cv̂v̂ (R) =
〈〈

δv(r j )

|δv(r j )| · δv(r j + R)

|δv(r j + R)|
〉

j

〉
ϕ

, (2)

where δv(r j ) = v(r j ) − vB is the cell velocity with the ve-
locity of the background drift in the frame vB removed. The
velocities are normalized to unit vectors before calculating the
spatial and angular averages [42–45]. The other approach is
referred to as the “average-first” method, denoted by Cvv (R):

Cvv (R) =
〈〈

δv(r j ) · δv(r j + R)
〉

j

〈|δv|2〉

〉
ϕ

, (3)

where the spatial average is calculated before being normal-
ized by the variance of velocity 〈|δv|2〉. Specifically, there are
four numerical methods to compute 〈|δv|2〉 within Cvv (R),
as summarized in Table I. However, their results differ only
slightly. In the following sections, we compare Cv̂v̂ (R) and
Cvv (R) to identify which one better captures the features of
velocity fields in two-dimensional living systems.
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FIG. 2. Spatial correlations of the velocity field in a M. xanthus monolayer and simplified periodic shear flows. (a) An exemplary bright
field image of M. xanthus monolayer on a solid surface and the corresponding velocity field labeled with orange arrows. (b) Horizontal
component of the cell velocity averaged in the x direction 〈vx〉 within the black dashed rectangle in panel (a). The thick orange curve shows
the mean, and the lighter orange shade shows one standard deviation. (c) Velocity field of an artificial periodic shear flow with positive and
negative velocities. (d) One-dimensional profile of the horizontal flow vx (y) in panel (c), shown by the blue lines. The magenta lines show
the normalized horizontal velocity profile v̂x (y). (e) Correlation functions Cvxvx (R) (blue) and Cv̂x v̂x (R) (magenta) for vx (y) in panel (d). (f)
Azimuthally averaged correlation functions Cvv (R) (blue) and Cv̂v̂ (R) (magenta) for the 2D flow in panel (c). (g) Velocity field of an artificial
periodic shear flow with only positive velocities. (h) 1D profile of the horizontal flow vx (y) in panel (g) (blue) and the normalized flow v̂x (y).
Symbols identical to panel (d). (i) Cvxvx (R) (blue) and Cv̂x v̂x (R) (magenta) for vx (y) in panel (h). (j) Azimuthally averaged Cvv (R) (blue) and
Cv̂v̂ (R) (magenta) for the 2D flow in panel (g).

III. SPATIAL CORRELATION FUNCTIONS
OF SHEAR FLOWS

We first examine the velocity correlation functions of a
simple flow pattern—shear flow. Figure 2(a) shows an exem-
plary shear flow observed in a thin colony of a rod-shaped
bacterium Myxococcus xanthus moving on a solid surface.
Myxococcus xanthus is a social bacterium with rich multicel-
lular behaviors. It moves on solid surfaces using two distinct
motility systems: gliding and twitching (driven by type IV

pili). Interestingly, it also periodically reverses its direction of
motion, controlled by an internal Frz-based oscillator sensitive
to environmental cues such as nutrient level [46]. In the upper
half of the field of view, the bacteria move to the left, while
in the lower half, they move to the right. This creates an ap-
proximately linear shear flow in the middle, at the communal
boundary of the two cell streams, as shown in Fig. 2(b), where
we calculated the average horizontal velocity 〈vx〉 at different
y positions within the dashed rectangle in Fig. 2(a).
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Inspired by this type of cell flow, we compared the two
approaches to calculating the velocity correlation functions,
Cv̂v̂ (R) and Cvv (R), considering two idealized quasi-1D pe-
riodic shear flows, as shown in Figs. 2(c)–2(j). In Fig. 2(c),
the velocities are all horizontal and only vary in the y di-
rection. The horizontal component vx(y) is a triangular wave
[Fig. 2(d), dark blue line] with a spatial period L:

vx(y) = 1 − 4

∣∣∣∣frac
( y

L

)
− 1

2

∣∣∣∣, (4)

where frac(y/L) denotes the fractional part of y/L, in the
range [0, 1). When “normalized,” the original triangular ve-
locity profile becomes a square profile

v̂x(y) = vx(y)

|vx(y)| = −sgn

[
cos

(
2π

L
y

)]
, (5)

where sgn denotes the sign of the following function
[Fig. 2(d), magenta line].

The corresponding correlation functions are both periodic,
so we calculated both Cvxvx (y) and Cv̂x v̂x (y) in the range
−L/2 � y � L/2, and got

Cvxvx (y) = 1 − 24

( |y|
L

)2

+ 32

( |y|
L

)3

(6)

and

Cv̂x v̂x (y) = 1 −
(

4|y|
L

)
, (7)

respectively. Their peak-to-peak distances both reflect the
wavelength of the original flow [Fig. 2(e)]. However, because
the normalize-first approach changes the velocity profile from
a triangular wave vx to a square wave v̂x, the corresponding
correlation functions Cvxvx (y) [dark blue line in Fig. 2(e)]
and Cv̂x v̂x (y) [magenta line in Fig. 2(e)] differ in shape. We
further calculated the azimuthally averaged correlation func-
tions of the 2D flow in Fig. 2(c). Both Cv̂v̂ (R) and Cvv (R)
keep their periodicity, but the amplitude of the oscillation
decreases as R increases. At the same time, Cv̂v̂ (R) and Cvv (R)
remain different as in Fig. 2(e), although the difference is
marginal.

In contrast, when the flow becomes non-negative
[Figs. 2(g) and 2(h)], we have

vx(y) = 1 − 2

∣∣∣∣frac
( y

L

)
− 1

2

∣∣∣∣ (8)

and

v̂x(y) = vx(y)

|vx(y)| = 1. (9)

Now Cv̂v̂ (R) and Cvv (R) show significant difference to
the point that Cv̂v̂ (R) does not reflect any features of
the flow. The normalize-first approach leads to a uni-
form flow, which, in turn, results in a flat correlation—
Cv̂x v̂x (y) = Cv̂v̂ (R) = 1 throughout y and R, respectively,
as Figs. 2(i) and 2(j) show. Conversely, Cvxvx (y) and
Cvv (R) still capture the periodicity of vx(y), although
they no longer oscillate around zero. For example,

within −L/2 � y � L/2,

Cvxvx (y) = 1 − 6

( |y|
L

)2

+ 8

( |y|
L

)3

. (10)

This example demonstrates that the average-first approach
(Cvv (R)) is a more reasonable option compared to the
normalize-first approach (Cv̂v̂ (R)).

IV. SPATIAL CORRELATION FUNCTIONS
OF ISOLATED VORTICES

Vortex is another typical flow pattern in active and living
matter, especially in the regime of active turbulence, where
rich vortices are created [Fig. 3(a)] [47]. To study how the spa-
tial correlation function Cvv (R) reveals features in such flows,
we consider an idealized velocity field around an isolated
vortex, based on the standard Lamb-Oseen vortex [Fig. 3(b)].
The tangential velocity vt (r) is

vt (r) =
{
v0

r
r0

, for 0 � r � r0,

v0e−(r−r0 )/rc , for r > r0,
(11)

where r is the distance from the vortex center, r0 the radius at
which the tangential velocity peaks at v0, and rc the charac-
teristic decay length. This velocity field has a rotational rigid
body core, where vt (r) increases linearly with r, followed by
an exponentially decaying tail [Figs. 3(c) and 3(f)].

To evaluate how well the features in the correlation func-
tion Cvv (R) capture those in the flow, we vary r0 [Fig. 3(c)] and
rc [Fig. 3(f)] independently. Figures 3(d) and 3(g) show the
corresponding correlation functions. In general, each curve
starts from Cvv (R = 0) = 1, decays as R increases, and then
reaches a trough where Cvv < 0. Beyond the minimum of
the trough, the curve increases, gradually levels off, and ap-
proaches zero. The width of the decaying section increases
with either r0 or rc. At the same time, the trough deepens as r0

increases, but becomes shallower and broader as rc increases.
The same features are reflected in the 2D color maps shown
in Figs. 3(e) and 3(h), as r0 and rc change, respectively.
Furthermore, we use two features in Cvv (R) to quantify the
characteristic length scales ξv of the vortex: the decaying
length by fitting the curve with an exponential function

Cvv (R) = e−R/ξ
exp
v (12)

and the location of the minimum in the trough ξmin
v , which are

both indicated in Figs. 3(e) and 3(h). ξ
exp
v increases linearly

with r0 or rc. In comparison, ξmin
v shows a good linear trend

only when r0 and rc are above certain thresholds. Especially,
ξ

exp
v is approximately independent of r0 when r0 < rc. As a

result, compared to ξmin
v , ξ exp

v represents the characteristic size
of an idealized vortex flow more consistently, especially at
small r0.

In contrast, the correlation function Cv̂v̂ (R) with
the normalize-first approach exhibits a continuous and
monotonically decreasing function throughout the range of R
as shown in Fig. 14. After normalization, the isolated vortex
loses its characteristic length scales, so the shape of Cv̂v̂ (R) is
only controlled by the system size.
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FIG. 3. Correlation functions Cvv (R) of idealized isolate vortices. (a) An exemplary velocity field of B. subtilis swarms. The black arrows
indicate local velocity, and the color map shows the vorticity ∇ × v. The data are from Ref. [47]. (b) Velocity fields of three idealized isolated
vortices. They all follow Eq. (11) with the maximum tangential velocity v0 = 1. From left to right, the length scales of the rigid body core r0

and the exponential decay rc are r0 = 100, rc = 100; r0 = 200, rc = 100; and r0 = 100, rc = 200, respectively. (c) Tangential velocity profiles
vt (r) of vortices with rc = 100 and r0 ranging from 50 to 500, where r represents the radial distance from the center. (d) Correlation functions
Cvv (R) corresponding to the velocity profiles in panel (c). (e) A 2D color map showing how Cvv (R) changes with r0. The dashed curve labels
the minima in Cvv (R), and the dot-dashed curve labels the characteristic length ξ exp

v obtained from exponential fitting [Eq. (12)]. Tangential
velocity profiles vt (r) of vortices with r0 = 100 and rc ranging from 30 to 300 [panel (f)], the corresponding correlation functions Cvv (R)
[panel (g)], and 2D color map Cvv (rc, R) [panel (h)].

V. EFFECTS OF NOISE ON CORRELATION

Based on the idealized vortex flow, we move on to study
the effects of noise in the velocity fields of cell migration. This
noise can be intrinsic or extrinsic. The intrinsic noise reflects
natural fluctuations in living systems, including those caused
by individuality in cell motility and stochasticity in cell-cell
and cell-substrate interactions. For example, the active force
generated by each cell could vary significantly compared to
active nonliving systems such as microtubules, where the ac-
tivity is controlled globally by the ATP concentration [29,32].
On the other hand, all cell velocity measurements and an-
alytical tools are limited by instrumentation resolution and
numerical accuracy, which heavily depend on image quality
and the algorithm used for analysis. These extrinsic noises
do not reflect any intrinsic properties of the cells but are
unavoidable.

The intrinsic noise affects how cells move, so we assume
that it manipulates the direction angle ψ and speed v of cell

velocity v = v(cosψ x̂ + sinψ ŷ) following

ψN = ψ + εψ, εψ ∼ N (0, σψ ),

vN = v(1 + εm ), εm ∼ N (0, σm ), (13)

where ψN and vN represent the direction and magnitude of
the cell velocity upon adding the noise, respectively. The noise
terms εψ and εm each follow a Gaussian distribution N (μ, σ ),
where μ is the mean and σ is the standard deviation. In
comparison, we assume that the extrinsic noise follows

vN
x = vx + εe,x, εe,x ∼ N (0, σe),

vN
y = vy + εe,y, εe,y ∼ N (0, σe), (14)

where vN
x and vN

y represent the horizontal and vertical velocity
components upon adding the noise, vx and vy are the original
velocity components, and εe,x and εe,y are drawn from the
same Gaussian noise N (0, σe).
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FIG. 4. Impact of noises in velocity on the correlation functions Cvv (R). Velocity fields of isolated vortices. The frame size is 2001 ×
2001 pixels, r0 = 400 pixels, and rc = 100 pixels. Three velocity fields with different noises are shown: (a) extrinsic noise εe; (e) intrinsic
angular noise εψ ; and (i) intrinsic magnitude noise εm. (b), (f), (j) Tangential velocity profiles vt (r) for each noise condition. The cyan curves
show the tangential velocity without noise, and the dots are the tangential velocities of noisy vortices. (c), (g), (k) Corresponding correlation
functions Cvv (R). The colors represent various noise levels. The colors in the first two columns are chosen from these color bars as well,
according to the corresponding noise levels. (d), (h), (l) 2D color maps showing Cvv (R)(σ, R). The dotted curves show ξ exp

v , the dashed curves
show ξmin

v , and the dot-dashed curves show ξ 0
v .

Now we examine how these three different noises—εψ , εm,
and εe—affect the spatial correlation functions using isolated
vortex flows, which have well-defined correlation lengths.
As shown in Fig. 4, the extrinsic noise has the same effect
everywhere [Figs. 4(a) and 4(b)], while the intrinsic noise
is velocity dependent—It increases with the cell speed and
vanishes where there is no cell motion [Figs. 4(e), 4(f), 4(i),
and 4(j)]. The corresponding correlation functions Cvv (R)
are shown in Figs. 4(c), 4(g), and 4(k). The curves start at
Cvv (R = 0) = 1, and all three types of noise lead to a sud-
den drop in Cvv (R) immediately after R > 0, indicating a
disturbance of short-range spatial order. At the same time,
increasing noise makes the troughs shallower. Consequently,
by fitting Cvv (R) with an exponential function in Eq. (12),
we obtain an increasingly smaller characteristic length ξ

exp
v

as the noise increases, which is indicated by the dotted curves
in Figs. 4(d), 4(h), and 4(l). In contrast, the locations of the
minima ξmin

v in the troughs are largely unaffected, so are the
places where Cvv (R) = 0, ξ 0

v , as indicated by the dashed lines
and dot-dashed lines, respectively. This suggests that ξmin

v

and ξ 0
v (if they exist) are more robust measurements when

the noise level is high. However, on the other hand, they are
not sensitive to changes in fluctuations; therefore, exponential
fitting is a better approach when focusing on fluctuations. All
three methods work well when the noise level is low.

Note that it is not trivial to directly compare the noise
introduced by εψ , εm, and εe. We calculated the velocity fluc-
tuation σ (vN − v) ≡

√
〈(vN − v)2〉 in the whole field of view.

For the intrinsic noise [Eq. (13)], σ (vN − v) decreases as the
system enlarges, because the noise is proportional to local
speed. Furthermore, for the extrinsic noises [Eq. (14)], Cvv (R)
drops faster from 1 at small R when the system is larger. In
Figs. 4(b), 4(f), and 4(j), we set their velocity fluctuations to be
identical at the peak, where r = r0, and σ [vN(r0) − v(r0)] =
0.2, as a reference.

VI. EXTRACT CHARACTERISTIC LENGTH SCALES
FROM CORRELATION CURVES

In Figs. 3 and 4, we have introduced three ways to extract
the characteristic length scale of the vortex flow ξv from
Cvv (R): (1) Exponential fit using Eq. (12) [10,24,38,40,48–
50]. (2) Taking the intersection between the correlation curve
and a constant, Cvv (ξv ) = const. We selected Cvv (ξ 0

v ) = 0
in Fig. 4, but a more commonly used constant is 1/e, or
Cvv (ξ cst

v ) = 1/e [43,44,51–58]. (3) Position of the minimum
when there is a trough [45,59–61]. One more method is (4)
linear fit [41]: The data in the approximately linear regime
between Cvv (R = 0) = 1 and a cutoff value (in this case,
Cvv = 0.2) are fitted to the function Cvv (R) = 1 − R/ξ lin

v .
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FIG. 5. Correlation lengths of artificial and experimental velocity fields with vortex flows. (a) The velocity field with multiple vortices with
random rotational directions. The core radii follow a Rayleigh distribution with the mean of 〈r0〉 = 125. The light blue symbols � represent
the centers of the clockwise vortices, and the blue symbols � represent the centers of counterclockwise vortices. All vortices have the same
decay length rc = 29.4. (b) Correlation function Cvv (R) corresponding to panel (a). (c) Distribution of various correlation lengths ξv extracted
from 99 independent vector fields. (d) Averaged tangential velocity vt (r) of 594 vortices in 99 velocity fields. (e) Velocity field of a monolayer
of swarming B. subtilis [47], demonstrating turbulent collective swirling motion. (f) Correlation function Cvv (R) corresponding to panel (e).
(g) Distribution of the correlation lengths ξv extracted from 50 frames of velocity fields. (h) Averaged tangential velocity vt (r) of 889 vortices
identified in 50 velocity fields. (i) Velocity field of the �frzE mutant of M. xanthus. (j) Correlation function Cvv (R) corresponding to panel (i).
(k) Distribution of the correlation lengths from 50 consecutive vector fields. In this case, Cvv (R) rarely has troughs, so finding the minimum is
not an option. (l) Averaged tangential velocity vt (r) of 82 vortices identified in 50 velocity fields. (m) Summary of the correlation lengths of
the artificial multivortices velocity fields with different rigid body core radii r0. (n) Summary of the correlation functions from experimental
living systems. The detailed correlation lengths and the tangential velocity information are summarized in Table II.

Now we compare these methods using numerically generated
[Figs. 5(a)–5(d)] and experimentally measured [Figs. 5(e)–
5(l)] velocity fields and test how well they indicate the
characteristic length scales of collective cell motion.

Figure 5(a) shows a numerically generated velocity field
with randomly distributed vortices. Each vortex has the flow
distribution described by Eq. (11), and its direction of rotation

was selected randomly (see Appendix C for more details about
how these velocity fields were created). Figure 5(b) shows the
resulting correlation function, which is similar to those ob-
tained for an isolated vortex. It decays from 1 as R increases,
reaches a minimum with negative correlation, and then
gradually approaches 0. We measured the correlation length
ξv using the four methods described above, as Fig. 5(c) shows.
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The exponential fit and the intersection with 1/e yield similar
results. The linear fit provides a larger ξv , but when multiplied
by 1 − 1/e, the rescaled correlation length matches well with
ξ

exp
v and ξ cst

v . The position of the minimum, ξmin
v , is the largest,

which is approximately the diameter of the rigid body core
2r0, because when two vortices are off by 2r0, the peak and
negative peak in the tangential velocity overlay, which leads to
negative correlations. Finally, we identified the vortices in the
velocity fields and calculated their average tangential velocity
profiles 〈vt (r)〉 [Fig. 5(d)]. The peak in 〈vt (r)〉 matches with
the previously extracted correlation lengths.

Next, we analyzed the data from several representative
experimental systems, including monolayers of swarming
bacteria Bacillus subtilis [47] [Figs. 5(e)–5(h)], human
bronchial epithelial cells (HBECs) [62], and another bac-
terium Serratia marcescens [63] (see Fig. 11 for the HBEC
and S. marcescens results). Bacillus subtilis is a genetically
tractable bacterium that exhibits swimming (in bulk liquid)
and swarming (as groups on surfaces), both powered by rotat-
ing flagella. HBECs are epithelial cells from human airways
and are widely used to study respiratory epithelial function
and pathology. They migrate by actin-polymerization-driven
protrusions coupled to adhesion to the substrate and con-
tractile forces. Serratia marcescens is a flagellated pathogen
known for strong biofilm formation and frequent multidrug
resistance. These systems exhibit velocity fields with rich
vortices, and their corresponding correlation curves Cvv (R)
display distinct troughs with well-defined minima, consistent
with our observations in the simplified velocity fields of iso-
lated vortices above.

In contrast, thin M. xanthus colonies [Figs. 5(i)–5(l)],
murine neural progenitor cells (NPCs) [25], and C2C12 cells
(see Fig. 12 for the NPCs and C2C12 results) lack long-lasting
vortices. NPCs are developing central nervous system precur-
sor cells, whose migration is driven by cytoskeletal dynamics.
Such systems show correlation functions that decay monoton-
ically to zero without a noticeable trough. Furthermore, the
peak in the averaged tangential velocity profile of the vortices
is less pronounced than in the previous examples.

In summary, the linear fit, intersection with 1/e, and
exponential fit can be utilized to extract ξv from all the ex-
perimental systems that we have checked. As Fig. 5(n) shows,
Cvv (R) always provides an apparent characteristic length scale
when plotted in log-linear scales. In contrast, the valley po-
sition method works well only in vortex-rich systems. As
the characteristic length of the vortices in the flow changes,
such as their average core size r0, the correlation lengths
ξv obtained with all four methods increase linearly with r0

[Fig. 5(m)], although their slopes may vary. The minima yield
the steepest slope, indicating better sensitivity to varying r0.
It is also more robust against noise as discussed in Fig. 4,
while the other three approaches are more sensitive to the
slope change in Cvv (R) at short length scales.

VII. RELATIONSHIP BETWEEN DIRECTOR
AND VELOCITY CORRELATION LENGTHS

Upon identifying the appropriate methods to calculate spa-
tial correlation functions and extract correlation lengths, we
now propose a diagram showing the relationship between

the velocity correlation length ξv and director correlation
length ξd to help understand the features of living sys-
tems, as shown in Fig. 6(a). Here, both ξv and ξd are
obtained through exponential fits and normalized by the typ-
ical cell size sc in the corresponding system. This diagram
separates systems with different nematic and velocity or-
ders and enables easy tracking of these systems’ temporal
evolution.

On the left of the diagram are systems with relatively
low director order, whereas on the right are those exhibit-
ing long-range nematic alignment. Likewise, a point in the
upper region indicates that the cells form large, coherently
moving swarms or streams, signifying collective motion over
extended distances. Conversely, in the lower region of the
diagram, cells move in smaller clusters or more individu-
ally. As a result, the four corners of the diagram represent
four extreme cases in collective cell motility. In the upper-
left region (e.g., point P1), cells form large swarms despite
random orientations. In the lower-left region (e.g., point
P2), both velocity and orientation correlations are weak, so
cells behave more like independent individuals. In the lower-
right region (e.g., point P3), cells exhibit long-range nematic
alignment but move in opposite directions—whether head to
head or side by side. Finally, in the upper-right region (e.g.,
point P4), cells remain well aligned and move cohesively
in the same direction, forming streams. The corresponding
experimental examples are demonstrated in Figs. 6(b)–6(e),
respectively.

Figure 6(a) shows that cells exhibit distinct collective
motility characteristics, displaying a rich variety of behav-
iors. A rodlike bacterium B. subtilis—the only swimming
species in our dataset—is in an active turbulence regime
with many vortices in the flow (Fig. 3). Its ξv and ξd are
approximately equal and show no significant change over
time. The ξv–ξd relationships for C2C12 cells, NPCs, and
WT M. xanthus follow similar trends: ξv remains smaller
than ξd , and as time progresses, ξd increases significantly
while ξv changes only mildly or remains unchanged. All
three cell types have relatively large aspect ratios. At low
density [P2, Fig. 6(c)], C2C12 cells move relatively inde-
pendently, so both ξv and ξd are in the range of one to two
cell sizes. As the density of the cells increases over time, the
orientation of the cells realigns in increasingly larger areas.
Similarly, NPCs and WT M. xanthus both develop increas-
ingly larger domains with well-aligned cells, as shown in
Fig. 6(d) (P3).

The diffusivity of cells also affects the trajectory of the sys-
tem in the ξv–ξd diagram. Controlled by an internal clock, WT
M. xanthus reverses its direction of motion about every 10 min
in a nutrient-rich environment. In a � f rzE mutant of M. xan-
thus, this clock is disabled, which significantly prolongs their
reversal period, and thus the cells move more unidirectionally.
This nonreversing strain forms a more turbulentlike flow, with
a shorter ξd than the WT. Moreover, as time progresses, the
cells form collectively moving swarms, and ξv increases until
it approaches ξd .

Finally, we examined the Madin-Darby canine kidney
(MDCK) cells, which are an epithelial cell line originally
derived from dog kidney tubule tissue and widely used as a
model for epithelial polarity, cell-cell adhesion, and collective
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FIG. 6. Categorize various living systems using correlation lengths. (a) ξd is the director correlation length, ξv is the velocity correlation
length, and they are both normalized by the characteristic cell size sc. The solid black line indicates ξv = ξd . HBEC, NPC, C2C12, and MDCK
are mammalian cells, while B. subtilis and M. xanthus are bacteria. The opacity of the symbols represents temporal evolution—A more opaque
color means later in time. The curves with arrowheads point in the direction of time. At the four corners of the diagram, the corresponding
“states” of the cells are illustrated schematically. The orange bars represent the orientation of the gray cells, and the green vectors represent
their velocities. From the upper-left corner, in the counterclockwise direction, they represent disordered cells with collective flow, disordered
cells without collective flow, aligned cells without collective flow, and aligned cells with collective flow, respectively. (b) P1: HBECs. (c) P2:
C2C12 cells at low density. (d) P3: wild-type (WT) M. xanthus with cell reversal. (e) P4: � f rzE M. xanthus without cell reversal.

motility [1,28]. In monolayers, MDCK cells migrate primarily
via actin-driven lamellipodial crawling. In Fig. 6(a), MDCK
cells behave similarly to the � f rzE mutant of M. xanthus at
earlier times—ξv increases while ξd decreases slightly. How-
ever, as the cells become more active over time, ξv saturates,
and ξd begins to increase, reflecting their stronger nematic
order.

In the diagram, the solid black line marks an important
boundary indicating ξd = ξv . Systems in which cells tend to
move along their long axes without forming large swarms are
expected to fall below this line, because a director is head-
tail symmetric, while a velocity vector is not. Adjacent cells
moving in opposite directions can only decrease ξv relative
to ξd . Indeed, of the seven living systems analyzed, most lie
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below ξd = ξv , except for HBECs. Initially, HBECs have a ξv

as long as 10 cell sizes, far exceeding ξd , indicating strong
collective cell motion despite weak nematic alignment. Over
time, as cells pack more densely, large-scale cell flows vanish,
ξv decreases, and the system transitions downward across
ξd = ξv . Figure 6(b) [point P1 in Fig. 6(a)] shows HBECs
exhibiting flows spanning ten or more cells when orientation
remains disordered.

Figures 6(b)–6(e) imply that the position of the point in
the diagram is related to the preferred direction of motion of
the cells. At point P2 [Fig. 6(c)], the low-density C2C12 cells
tend to move perpendicular to their long axes. In contrast, at
P3 and P4 [Figs. 6(d) and 6(e)], M. xanthus’ velocity aligns
well with the local directors. At point P1 [Fig. 6(b)], the
direction of cell motility is not strongly affected by the cell
orientation—In some regions they are aligned, while in some
other regions they are perpendicular. So next, we will investi-
gate the relationship between the direction of cell motility and
the correlation length scales.

VIII. CELL MOTILITY ANISOTROPY VERSUS
CORRELATION-LENGTH RATIO

The direction of cell motility is indicated by the angle φ

between its velocity and director. Because of the symmetry,
φ ranges from −π/2 to π/2. In each frame, we can calcu-
late the distribution of φ, as shown in Fig. 7. MDCK cells
and B. subtilis showed little anisotropy, while NPC and M.
xanthus preferred to move along their long axis (φ = 0◦). Fur-
thermore, HBECs and C2C12 cells changed how they move
over time—HBECs transitioned from isotropic to anisotropic
motion and then back to isotropic; C2C12 cells moved perpen-
dicular to their long axes at low densities and shifted toward
moving along their long axes at high densities. We use the
ratio between the probability densities at φ = 0 rad and φ =
π/2 rad, P(φ = 0)/P(φ = π/2), to represent the anisotropy
in cell motion. This enables us to map out the relation-
ship between how cells move and their large-scale collective
behaviors.

In Fig. 7(a), we compare the ratio between the velocity
and director correlation lengths, ξv/ξd , and the directional
anisotropy P(φ = 0)/P(φ = π/2). For rod-shaped cells mov-
ing on a solid surface, such as NPC and M. xanthus, the
cell-substrate friction is anisotropic—It is easier for the cell
to move along its long axis than its short axis, meaning the
friction coefficient is smaller in the longitudinal direction than
in the transverse direction [10,25]. The data corresponding
to these cells fall in the lower-right quadrant of the dia-
gram. In this regime, cells tend to move along their directors.
When the velocity direction is random (e.g., NPC and M.
xanthus WT), ξv/ξd < 1, while as cells form swarms and
align their motion (M. xanthus � f rzE ), ξv/ξd approaches 1.
In contrast, for cells with weak motility anisotropy, such as
HBEC, MDCK, and B. subtilis, ξv/ξd can be greater than,
less than, or equal to 1. HBECs undergo a nonmonotonic
transition in motility anisotropy. At early times, cell motility
is isotropic, which enables the formation of large-scale collec-
tive flows despite low directional order. As time progresses,
motility becomes increasingly anisotropic (cells tend to move
along their long axis), and ξv decreases monotonically. At

later times, the motility becomes isotropic again, while ξv

continues to decrease. In comparison, MDCK exhibits no
preferred direction of motion throughout, but ξv/ξd varies
nonmonotonically—first increasing toward 1, then decreasing
again. Bacillus subtilis is the only swimming cell shown in the
figure and remains in the active turbulence regime over the en-
tire observation period. Its motility stays isotropic, and ξv/ξd

remains approximately 1 throughout. Finally, as discussed
above, C2C12 cells transition from moving perpendicular to
their long axis at low density to moving along their long axis
at high density. Over this process, ξv/ξd decreases monoton-
ically. When the anisotropy is high, their behavior resembles
that of NPC and M. xanthus.

IX. DISCUSSION

In summary, we have examined commonly used definitions
of correlation functions in the literature, focusing on two
primary types of the velocity correlation: the average-first
approach Cvv (R) and the normalize-first approach Cv̂v̂ (R).
Significant discrepancies arise between Cvv (R) and Cv̂v̂ (R)
while processing numerically generated flow fields, such
as shear flows, isolated vortices, and multiple vortices. We
demonstrate that Cvv (R) effectively captures features in the
flow field, but Cv̂v̂ (R) fails to do so. Moreover, Cvv (R) exhibits
features robust to intrinsic and extrinsic noise, although its
decay slope at small R reflects the noise level. In vortex-
deficient flow fields, Cvv (R) is monotonic. In vortex-rich flow
fields, Cvv (R) exhibits a trough with negative correlation, and
the location of this local minimum is controlled by the vor-
tex diameter. We compared several methods for extracting
correlation lengths from Cvv (R)—including exponential fits,
linear fits, intersections with certain constants, and trough
positions—and found that they yield consistent results unless
the noise is excessively high.

Next, we used velocity and director correlation lengths, ξv

and ξd , to categorize various systems and reflect their collec-
tive behaviors. In the ξd –ξv plane, B. subtilis remains on the
diagonal ξd = ξv in the active-turbulence regime, signaling a
single dominant length scale. This agrees with the theoretical
prediction that in active turbulence, there is one characteristic
length scale determined by the balance of active and elastic
stresses [55]. In contrast, the other systems are in various
regimes, and the relationship between ξv and ξd becomes more
complex. These transitions from one regime to another cause
trajectories to diverge from the simple proportionality ξd ∝
ξv . For example, HBECs begin in the upper-left region—with
high motility and large ξv despite small ξd—before transition-
ing into a jammed state where orientation correlations grow
and velocity correlations diminish. Similarly, the two strains
of M. xanthus (WT and � f rzE ) both occupy the lower-right
quadrant but follow distinct paths: The WT remains well
below the ξd = ξv line, while the � f rzE mutant evolves up-
ward toward it as the system transitions into a more turbulent
regime with swarms.

Finally, by mapping each system’s velocity-to-director cor-
relation length ratio (ξv/ξd ) against its motility anisotropy
P(φ = 0)/P(φ = π/2), we can immediately see how align-
ment bias controls collective flows. Similar to Fig. 6, in Fig. 7,
in general, cells with different properties occupy different
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FIG. 7. Correlation lengths are controlled by anisotropy in cell movement. (a) Relationship between the ratio of velocity to director
correlation lengths, ξv/ξd , and anisotropy in cell movement. The motility anisotropy is characterized by the angular distribution φ between
the local velocity and the director, as illustrated in the diagram. The symbols are identical to those in Fig. 6. (b)–(h) Probability distribution
functions of φ for different living systems: (b) HBED; (c) NPC; (d) C2C12; (e) MDCK; (f) B. subtilis; (g) M. xanthus WT; and (h) M. xanthus
� f rzE . In each panel, the lighter color represents an earlier time in the video.

areas. As the cells transition from one state to another, such
as the HBECs and C2C12 cells, they each leave a unique
trajectory in the diagram, showing how the global properties
(ξv/ξd ) and local properties [P(φ = 0)/P(φ = π/2)] evolve
together. The diagram also links seemingly different sys-
tems when they enter the same regime. For example, active
turbulence, where ξv = ξd , occurs both in cells with strong
alignment bias (M. xanthus WT) and in those with no apparent
bias (B. subtilis). This two-dimensional diagram allows for
direct comparison between cell types, pinpoints how genetic
or mechanical changes shift the flow regime of cells, and

potentially guides the design of perturbations to achieve de-
sired collective behaviors.

Overall, this work provides guidelines for consistently
analyzing correlation functions and extracting characteristic
lengths in living systems, offering tools and insights to quan-
tify and understand their collective behaviors. By comparing
the positions and temporal evolution of these systems on the
two proposed diagrams, we can infer the properties of new
biological systems and link them to known ones. However,
the relationship between cell alignment and direction of mo-
tion is governed by multiple factors—including active force
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generation, anisotropic cell-substrate friction, cell-cell adhe-
sion, and cell density—and the parameter or combination that
controls ξv/ξd remains unclear. Addressing this will require
more comprehensive data on intrinsic polarity, local cell-
substrate interactions, and cell-cell mechanical stresses. At the
same time, a rigorous data-driven approach is needed to de-
rive robust laws linking global properties such as correlation
lengths to cellular motility and mechanics.
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APPENDIX A: EXPERIMENTS WITH C2C12 CELLS

Culture and imaging of C2C12 cells. C2C12 cells were
grown on a polydimethylsiloxane (PDMS) substrate in a hu-
midified incubator at 37 ◦C and 5% CO2. The phase contrast
images were recorded using the Nikon Ti2 microscope with
10×/0.30 objective lens.

Image analysis. The open-source MATLAB toolbox
PIVlab [65] was utilized to perform particle image ve-
locimetry (PIV) analysis on phase-contrast image sequences
obtained from both literature sources and experimental
recordings. The PIV analysis employed the FFT window de-
formation algorithm. In the first pass, the interrogation area
was set to be slightly larger than the size of the cell diameters
with a 50% overlap, and the interrogation area for the second
pass was reduced to half the first pass. Subpixel displacement
estimation was performed using the Gaussian 2 × 3-point es-
timator, and the correlation robustness was set to the standard
level. The vector data were subsequently extracted for further
analysis and visualization using Python.

APPENDIX B: EXPERIMENTS WITH M. XANTHUS

The experimental and data processing methods to obtain
the results with M. xanthus are described in detail in the main
text and Supplementary Information of Ref. [11]. Here, we
just provide a brief description.

Bacterial strains and cultures. We used three M. xanthus
strains—WT (DK1622) [10], �pilA [66], and �frzE [67]. To
grow the bacteria, we took samples from frozen stocks and
plated them on 1.5% agar pads in CTTYE (1% casitone, 10
mM Tris-HCl, 1 mM KH2PO4, 8 mM MgSO4, and adjusted its
pH to 7.6). After growing on these plates at 32 ◦C temperature
for at least three days, the bacteria were transferred into a

CTTYE solution, incubated at 32 ◦C overnight with continu-
ous shaking, and harvested for sample preparation when they
were in the exponential phase.

Sample preparation. The bacteria were placed on a soft
hydrogel substrate made of polyacrylamide (PAA) with a
shear modulus of 430 Pa. The samples were prepared in
35 mm diameter Petri dishes with a 0.17-mm-thick glass bot-
tom (Thermo Fisher). The related PAA surfaces were coated
with chitosan, washed with DI water, and soaked in suffi-
cient CTTYE twice for about 20 min in total. After soaking,
we removed CTTYE and dried the excess liquid. To make
the cell monolayer, we took the previously prepared liquid
cuture, separated the cells by centrifuging, and resuspended
the bacteria in DI water so that the cell density was 8× the
concentration of OD = 1 (550 nm wavelength). Then, we put
a 1.5 µl droplet of the concentrated cell suspension onto the
PAA surface and let it settle for several minutes. To prevent
gel dehydration, we created a sealed chamber using a 2-mm-
thick acrylic spacer and a 22 × 22 mm cover glass, ensuring
the glass did not touch the gel. The chamber was sealed
with Valap (1/3 vaseline, 1/3 lanolin, and 1/3 paraffin by
mass) and incubated at 32 ◦C for 2 h before imaging at room
temperature.

Microscopic imaging. The images were captured using a
Nikon Ti-E microscope with Yokogawa CSU-21 spinning disk
confocal module. We used a 60× Plan Apochromat Water
Immersion objective (NA 1.20, WD 0.27 mm) and an Andor
Zyla camera. Samples were placed in a humidified chamber at
25 ◦C. While acquiring the time series of bright-field images,
the imaging plane was set at the substrate surface, where the
bacteria were, and the time between adjacent frames was 15 s.

Data analysis. We used bright-field images to extract
the director field and cell flow velocity, applying basic pre-
processing steps such as background removal and contrast
adjustment. To characterize the cell orientation angle θi j , we
calculated the Hessian matrix

Hi j =

⎛
⎜⎝

(
∂Ii j

∂x

)2
∂Ii j

∂x
∂Ii j

∂y

∂Ii j

∂x
∂Ii j

∂y

(
∂Ii j

∂y

)2

⎞
⎟⎠ (B1)

using the preprocessed bright-field image, where the bright-
ness of a pixel in row i and column j is Ii j . Then, the matrix
was smoothed by a Gaussian filter with standard deviation
σ = 10 pixels. The eigenvector associated with the smallest
eigenvalue of Hi j gives the local direction of the smallest
brightness gradient, which was the cell orientation. We used
the optical flow function opticalFlowFarneback in MATLAB
(R2019b) to measure cell velocity.

APPENDIX C: NUMERICALLY GENERATED VELOCITY
FIELDS WITH VORTICES

The numerically generated velocity field with multiple vor-
tices shown in Fig. 5(a) is created according to the following
specifications. The frame size is set to 2000 × 2000 pixels.
Each frame contains six vortices, with their rotational direc-
tions randomly assigned as either +1 or −1. The radii of the
rigid body core follow a Rayleigh distribution, with the scale
parameter chosen to achieve an average radius of 125 pixels.
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The velocity field is defined such that the maximum tangential
velocity vt (r0) is 1. Each vortex has a characteristic decay
length of rc = 29.4 pixels. Vortex centers were randomly as-
signed within the simulation frame, subject to boundary and
separation constraints. Specifically, candidate centers were
sampled from a uniform distribution over an interior region
that excluded a 150-pixel margin from each frame bound-
ary. A minimum center-to-center separation, determined by
the corresponding vortex radii plus an additional 150 pixels,
was then imposed to avoid excessive overlap and clustering.
Candidate positions were generated iteratively until all vor-
tices satisfied these constraints, yielding spatially distributed
vortices that remained fully inside the computational domain.
Additionally, the extrinsic noise is applied to individual vor-
tices with a noise level of εe = 0.02.

APPENDIX D: DETECTION OF VORTICES
IN VELOCITY FIELDS

The centers of vortices are identified by locating regions
with low order parameter, defined as s = |〈
vi〉|

〈 |
vi| 〉 , in the velocity
field. The extracted regions with s smaller than a certain
threshold are subsequently screened again based on their
shapes. In this step, we filtered out those with an anisotropy
above a certain threshold. The remaining regions with a small
s and a relatively round shape are recognized as vortex cores.
Finally, we located their centers where the order parameter
s reaches the minimum, and we identified the direction of
circulation surrounding each vortex.

APPENDIX E: CORRELATION OF DIRECTORS,
POLARITIES, AND VELOCITIES

Figure 8 illustrates how the directors, polarities, and ve-
locities are obtained with a pair of cells positioned at r j and

FIG. 8. Schematics of the correlation of a pair of directors or
vectors. (a) The directors of two cells at time t0 and positions r j and
r j + R. The angle θ (r j ) ∈ [− π

2 , π

2 ] is the local director angle. The
relative angle between any two directors ranges from 0 to π

2 . (b) The
polarities of two cells. ψ (r j ) ∈ [−π, π ] is the angle of p(r j ). For
polarities, the relative angle ψ (r j ) − ψ (r j + R) ranges from 0 to π .
(c) The velocity vectors of two cells, v(r j ) and v(r j + R), from time
t0 to t1. (d) Correlations of two directors and two vectors.

r j + R, respectively, where R indicates their separation. In a
nematic system, each elongated cell has two identical ends, so
its orientation is represented by a director n̂ = (cos θ, sin θ ),
where θ is the orientation angle [Fig. 8(a)]. Because each
director has a head-tail symmetry, θ (r j ) and θ (r j + R) both
range from −π

2 to π
2 , and the relative angle between them

ranges from 0 to π
2 . In contrast, when the two ends of a cell are

different, its direction is described by a vector with head-tail
asymmetry, which we call cell polarity p [Fig. 8(b)]. For polar-
ity vectors, the orientation angles ψ (r j ) and ψ (r j + R) range
from −π to π , and the relative angle |ψ (r j ) − ψ (r j + R)|
spans from 0 to π .

Nematic order can arise in systems composed either of ap-
olar particles or of polar particles whose head-tail orientations
are randomly distributed. In contrast, polar order requires
polar entities that, on average, align in the same direction. In
experiments, directly measuring the polarity of living matter is
often challenging. However, the velocity field can be obtained
relatively easily and used to approximate the polarity field.
Like polar vectors, velocity vectors break head-tail symmetry,
but they also vary in magnitude, providing additional informa-
tion about the dynamics.

A schematic of the correlations between pairs of directors
or vectors is shown in Fig. 8(d). For directors, a correlation
value of +1 occurs when they are parallel, while a value of
−1 corresponds to perpendicular orientations. For vectors, +1
correlation occurs only when the two are parallel and point in
the same direction, whereas parallel but oppositely oriented
vectors yield −1. When two vectors are perpendicular, the
correlation is zero.

APPENDIX F: CALCULATING CORRELATION
FUNCTIONS NUMERICALLY

For director fields, the spatial correlation function is de-
fined consistently across the literature. In contrast, velocity
correlation functions are implemented in different ways,
mainly through either a normalize-first approach, in which
velocity vectors are converted to unit vectors before averag-
ing, or an average-first approach, in which the original vector
magnitudes are retained during averaging. In the average-first
approach, the final normalization can be performed in several
ways, including the global variance, local variance, geometric
mean of local variances, or arithmetic mean of local variances.
The equations for calculating director and velocity correlation
functions are summarized in Table I.

We use the velocity field v of M. xanthus, shown in Fig. 2,
as an example to demonstrate the step-by-step calculation
process of the correlation function Cvv (R). An illustrative
flow chart is presented in Fig. 9. First, the global drift is
removed, giving δv = v − 〈v〉. Second, we compute a matrix
N(R) = ∑

j I(r j ) · I(r j + R), which represents the number of
vector pairs at a given separation R [Fig. 9(a)]. Here, I is a
matrix with the same dimensions as the velocity field, with
all elements equal to 1. For Cv̂v̂ (R), we first normalize all
velocities to unit vectors δv/|δv| [Fig. 9(b)], calculate the
autocorrelation of the unit vector field, divide it by N(R),
and finally perform an azimuthal average to obtain the 1D
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FIG. 9. Calculation process of the correlation functions Cv̂v̂ (R) and Cvv (R), using the velocity field from Fig. 2(a) as an example.
(a) Velocity field of the rod-shaped bacterium M. xanthus after removing the background drift δv(r j ). The autocorrelation of two all-ones
matrices with the same dimensions as the vector field yields a matrix N (R), representing the number of elements for later averaging.
(b) Step-by-step calculation of Cv̂v̂ (R) according to Eq. (2). The velocity vectors are first normalized to unit vectors. The autocorrelation of
the unit vectors is then calculated and averaged using N (R), yielding Cv̂v̂ (R). Averaging over all azimuthal directions produces the correlation
curve Cv̂v̂ (R). (c) Step-by-step calculation of Cvv (R) according to Eq. (G1). The autocorrelation of the velocity deviations δv(r j ) is calculated
and averaged using N (R). The result is then scaled by the variance to normalize the autocorrelation to the range [−1, 1], yielding Cvv (R).
Finally, averaging over all azimuthal directions gives the correlation function curve Cvv (R).
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FIG. 10. Comparison of the correlation functions Cvv (R) normalized using different variances σ 2. The global variance σ 2
G is a constant

calculated over the entire frame and depends only on the vector field itself, irrespective of the location R. In contrast, the local variance
σ 2

L considers the variance of the velocity deviations δv(r j ) associated with vector pairs separated by a distance R. By flipping the local
variance both horizontally and vertically, the variance of their pairs, 〈δv(r j + R) · δv(r j + R)〉 j , can be computed. To minimize the effects
of a nonisotropic field, the geometric mean and arithmetic mean of the local variance and its pairwise counterpart are used. The differences
among the four normalization methods are subtle. For relatively uniform vector fields, normalizing with the global variance is computationally
efficient while maintaining accurate results. However, for systems with strong anisotropy, e.g., when large-magnitude vectors are concentrated
in one region while others are extremely small, using the geometric mean or arithmetic mean of the local variances helps reduce these effects
while keeping the correlation function within the range [−1, 1].
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TABLE I. A selection of spatial correlation functions in the literature.

Field Calculation Correlation function formula

Director field Average only Cn̂n̂(R) = 〈2〈cos2 (θ (r j ) − θ (r j + R))〉 j − 1〉ϕ (F1)

Normalize-first Cv̂v̂ (R) =
〈〈

δv(r j )

|δv(r j )| · δv(r j + R)

|δv(r j + R)|
〉

j

〉
ϕ

(F2)

Average-first
Normalize by global

variance

CG
vv (R) =

〈 〈δv(r j ) · δv(r j + R)〉 j

〈δv(r j ) · δv(r j )〉 j0

〉
ϕ

(F3)

Velocity field Average-first
Normalize by local

variance

CL
vv (R) =

〈 〈δv(r j ) · δv(r j + R)〉 j

〈δv(r j ) · δv(r j )〉 j

〉
ϕ

(F4)

Average-first
Normalize by geometric

mean

CGM
vv (R) =

〈 〈δv(r j ) · δv(r j + R)〉 j√
〈δv(r j ) · δv(r j )〉 j · 〈δv(r j + R) · δv(r j + R)〉 j

〉
ϕ

(F5)

Average-first
Normalize by arithmetic

mean

CAM
vv (R) =

〈 〈δv(r j ) · δv(r j + R)〉 j
1
2 (〈δv(r j ) · δv(r j )〉 j + 〈δv(r j + R) · δv(r j + R)〉 j )

〉
ϕ

(F6)

correlation curve

Cv̂v̂ (R) =
〈

corr
(

δv
|δv| ,

δv
|δv|

)
N

〉
ϕ

. (F7)

For Cvv (R), we compute the autocorrelation of the original
vector field corr(δv, δv), take the average, calculate the vari-
ance 〈|δv|2〉, and perform normalization. After taking the

azimuthal average, we obtain the correlation curve

Cvv (R) =
〈

corr(δv, δv)

N 〈|δv|2〉
〉
ϕ

, (F8)

as shown in Fig. 9(c). There are various ways to calcu-
late the variance, which will be discussed next. Overall,
their effect on the resulting correlation function is negligible.

FIG. 11. Correlation lengths of vortices extracted from experimental velocity fields. (a) Velocity field of the human bronchial epithelial
cell (HBEC) monolayer [62]. (b) Correlation function curve Cvv (R) corresponding to panel (a). (c) Distribution of the correlation lengths.
(d) Averaged vt (r) of the 330 identified vortices from 50 velocity fields. (e) Velocity field of the large-scale vortex lattice in a dense suspension
of the bacterium S. marcescens [63]. (f) Correlation function curve Cvv (R) corresponding to panel (e). (g) Distribution of the correlation lengths.
(h) Averaged tangential velocity profile vt (r) of the 4241 vortices identified from 50 consecutive velocity fields.
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FIG. 12. Correlation lengths of experimental data without apparent vortices in velocity fields. (a), (e), (i) Velocity fields of murine neural
progenitor cells (NPCs) [25], M. xanthus �pilA, and C2C12 cell monolayers. (b), (f), (j) Correlation function curves Cvv (R) corresponding
to panels (a), (e), and (i). (c), (g), (k) Correlation length distributions from 50 consecutive velocity fields for NPCs, M. xanthus �pilA, and
C2C12 cells, with no valleys detected in any frame. (d), (h), (l) Averaged tangential velocity profiles vt (r) of identified vortices, showing no
rigid body cores. NPCs, M. xanthus �pilA, and C2C12 cells have 64, 65, and 51 identified vortices, respectively, fewer than those in Fig. 11.

Notably, Cv̂v̂ (R) and Cvv (R) differ in both their two-
dimensional heatmaps and their one-dimensional curves.

APPENDIX G: VELOCITY VARIANCE IN CORRELATION
FUNCTIONS

Figure 9 shows an illustrative flow chart for calculating the
velocity correlation functions Eq. (2) using the “normalize-
first” approach [Fig. 9(b)] and Eq. (3) using the “average-first”
approach [Fig. 9(c)]. In the “average-first” approach, the
variance of velocity 〈|δv|2〉 can be calculated in various ways,
as listed in Table I:

(1) The global variance of the entire frame. CG
vv (R)

[Eq. (F3)] [10,38,49–51,53,56] uses the global variance, a
constant for a given vector field, calculated across the entire
frame:

σ 2
G = 〈δv(r j ) · δv(r j )〉 j0 .

(2) The local variance of vectors at each separation dis-
tance. CL

vv (R) [Eq. (F4)] [31,48,55,59–61,63,68,69] uses the
local variance computed only for vectors v(r j ) used in the

averaging process:

σ 2
L = 〈δv(r j ) · δv(r j )〉 j .

(3) The geometric mean of the two local variances. CGM
vv (R)

[Eq. (F5)] [38,52,57,58] uses the geometric mean of the local
variances of v(r j ) and v(r j + R):

σ 2
GM =

√
〈δv(r j ) · δv(r j )〉 j · 〈

δv(r j + R) · δv(r j + R)
〉

j .

(4) The arithmetic mean of the two local variances. CAM
vv (R)

[Eq. (F6)] uses the arithmetic mean of the local variances of
v(r j ) and v(r j + R):

σ 2
AM = 1

2 [〈δv(r j ) · δv(r j )〉 j + 〈δv(r j + R) · δv(r j + R)〉 j].

Global variance is the most computationally efficient since
it is computed once for the whole frame. However, it could
fail in highly biased systems. For example, if central vec-
tors are much larger than peripheral ones, the variance
can drop sharply at small separations, potentially causing
CG

vv (R) to exceed 1. In most experimental datasets, though,
CG

vv (R) remains within bounds and is generally reliable. Lo-
cal variance requires recomputation for each separation R.
It is centrosymmetric—flipping it horizontally and vertically
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FIG. 13. Plot of the correlation lengths vs the rigid body core radius r0 and decay parameter rc of the isolated vortex. (a) For a given rigid
body core r0 = 200, the correlation lengths ξv change along the decay parameter rc. (b) For a given decay parameter rc = 29.4, the correlation
lengths ξv linearly increase along the rigid body core r0. The gray dashed line indicates ξv = r0. (c) The correlation length ξv varies with both
the rigid body core radius r0 and the decay parameter rc. Among the methods used to calculate ξv , the value obtained from the minimum of
the valley is consistently the largest, followed by the linear fitting method, which gives the second-largest ξv , and the intersection method. The
exponential fitting method consistently yields the smallest ξv .

yields the same values as for its counterpart at r j + R. Biases
can arise if the variance distribution is asymmetric; geometric
or arithmetic mean normalization mitigates this effect, with
minimal difference between the two.

We compared σ 2, the 2D correlation matrix Cvv (R), and the
azimuthally averaged curve Cvv (R) for all four normalization
methods in Fig. 10. The differences are negligible. While
the geometric mean is often preferred in the literature for its
precision, the global variance offers a good approximation for

TABLE II. Summary of the correlation lengths and the averaged tangential velocities in Figs. 5, 11, and 12.

Correlation lengths ξv Average tangential velocity

Figures Cell line Exp. fit Intersect Linear Minimum Vortex number Rigid body slope r0

5(a)–5(d) Artificial data 95.62 a.u. 116.09 a.u. 189.53 a.u. 303.94 a.u. 5.94 8.45 × 10−3 a.u. 89.69 a.u.
5(e)–5(h) B. subtilis 3.29 µm 3.84 µm 6.20 µm 10.74 µm 17.78 7.39 × 10−7 h−1 3.80 µm

11(a)–11(d) HBEC 143.57 µm 175.50 µm 279.39 µm 515.18 µm 6.60 1.15 × 10−3 h−1 96.58 µm
11(e)–11(h) S. marcescens 56.87 µm 71.84 µm 115.74 µm 181.00 µm 84.82 1.88 × 103 h−1 55.10 µm

5(i)–5(l) M. xanthus � f rzE 2.91 µm 3.12 µm 5.17 µm NA 1.64 3.13 h−1 4.66 µm
12(e)–12(h) M. xanthus �pilA 2.75 µm 2.97 µm 4.94 µm NA 1.30 3.10 h−1 4.66 µm
12(a)–12(d) NPCs 44.39 µm 50.94 µm 74.64 µm NA 1.28 NA NA
12(i)–12(l) C2C12 34.46 µm 36.97 µm 57.03 µm NA 1.02 NA NA
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FIG. 14. Velocity correlation function Cv̂v̂ of an idealized isolated vortex obtained with the normalize-first approach. (a) Flow field of
a vortex after normalizing the velocities by their magnitude v̂ = v/|v|. After normalization, the flow field loses its characteristic scales.
(b) Correlation functions of a single normalized vortex with different system sizes, where L represents the dimension of the whole flow field
used in the calculation. For example, the flow field in panel (a) has the dimension L = 2001.

most experimental data. For computational efficiency, we used
CG

vv (R) to obtain the results in the main text:

Cvv (R) = CG
vv (R) =

〈 〈δv(r j ) · δv(r j + R)〉 j

〈δv(r j ) · δv(r j )〉 j0

〉
ϕ

. (G1)

APPENDIX H: CORRELATION LENGTHS

Figure 11 presents the velocity fields of HBEC cells and
S. marcescens, both of which are abundant in vortices. Con-
sequently, the correlation function curves exhibit a distinct
trough with negative values. While plotting the correlation
lengths obtained using different methods on top of the av-
eraged tangential velocity profiles, we find that the peak
aligns well with the ξv calculated via exponential fitting or
intersection with 1/e. Furthermore, the ξv determined by the
minimum position approximately coincides with the point
where the tangential velocity decays close to zero, which is
particularly evident in Fig. 11(h). However, this alignment is
less apparent in Fig. 11(d), as the vortices are less dominant
compared to the other examples.

TABLE III. Summary of the fitting methods to calculate the
correlation length from the correlation function curve.

Fitting methods Formula

Exponential fit Cvv (R) = e− R
ξ

Scaled exp. fit Cvv (R) = A0e− R
ξ

Linear fit Cvv (R) = 1 − R

ξ

Intersection ξ is where Cvv (ξ ) = 1

e
Minimum position ξ is where Cvv (ξ ) = min(Cvv (R))

The correlation lengths ξv and the tangential velocity pro-
file information are summarized in Table II. The first four rows
correspond to examples with abundant vortices, all of which
exhibit a trough in their correlation function curves. Conse-
quently, ξv can be determined by identifying the minimum
position. Interestingly, fitting the initial increasing portion of
the averaged tangential velocity profile reveals that the tan-
gential velocity increases linearly with radial distance until
reaching its peak. This observation confirms that, for the ex-
amples studied in this paper, the vortices have rigid-body-like
cores.

Figure 12 shows examples of correlation function curves
that decrease monotonically. These velocity fields exhibit
very few identified vortices, and consequently, no troughs are
observed in the correlation function curves. In contrast to
systems rich in vortices, the examples in Fig. 12 each con-
tain no more than two vortices per frame. The corresponding
averaged tangential velocity profiles show large fluctuations,
suggesting that these vortices are transient and not persistent
over time.

The correlation lengths obtained with different fitting
methods are summarized in Table III. Overall, if the corre-
lation function has an evident trough, the minimum position
is a good way to obtain the characteristic length scale of
the vortex flows; otherwise, if the correlation function decays
monotonically, the exponential fit or finding the intersection
with a constant are both good methods.

APPENDIX I: IDEALIZED VELOCITY FIELD
OF AN ISOLATED VORTEX

Correlation length of isolated vortices. Figure 13 presents
the correlation lengths extracted from the velocity fields of
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FIG. 15. Effect of smoothing the velocity field on the correlation functions. (a)–(d) The numerically generated noise-free velocity field
of an isolated vortex, similar to those in Fig. 4. (e)–(p) After introducing noise, we apply a Gaussian filter to smooth the noisy velocity
field and calculate the corresponding correlation function curves. For Cvv (R), the smoothed correlation function curve closely matches the
noise-free curve. In contrast, for Cv̂v̂ (R), introducing intrinsic magnitude noise results in identical correlation curves for the noise-free, noisy,
and smoothed fields, as normalizing vectors to unit length inherently removes magnitude noise.

isolated vortices in Fig. 3. The correlation lengths ξv measured
with various methods all increase linearly with the core radius
r0 and also increase with the decay parameter rc. These re-
sults are consistent with those of the multivortex vector fields
shown in Fig. 5(m).

Furthermore, the length scale determined by the minimum
position of the trough ξmin

v always yields the largest values,
followed by those obtained through linear fitting, ξ lin

v , in-
tersection at 1/e, ξ cst

v , and exponential fitting, ξ
exp
v , which

consistently gives the smallest values. This is due to the
geometric factors, which can be removed by rescaling these

correlation lengths. After rescaling, ξmin
v /2, e−1

e ξ lin
v , ξ cst

v , and
ξ

exp
v are approximately the same. This trend holds for both

numerically generated velocity fields and experimental data
in Fig. 5.

As shown in Fig. 13(c), the correlation length derived from
the minimum position is the most sensitive to changes in
the core radius r0 or decay parameter rc, making it an ideal
indicator for the characteristic length of a vortex-rich velocity
field.

The normalize-first approach. The normalize-first approach
removes any characteristic length scale the original isolated
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vortex flow had, as shown in Fig. 14. As a result, the
corresponding correlation function Cv̂v̂ decreases monoton-
ically as R increases, but how fast it decreases is only
controlled by the system size L, or the dimension of the
whole velocity field. The larger the system size, the slower
Cv̂v̂ decays. This means that the normalize-first approach does
not provide us with any information about the characteristic
sizes of the original vortex flow, especially when the flow
has apparent symmetries, such as a single vortex.Effects of

smoothing on the correlation function of noisy velocity fields.
Figure 15 illustrates the effect of smoothing the velocity
field on the correlation function curves. For velocity fields
with extrinsic noise, smoothing restores the correlation curves
[Fig. 15(g)] to a shape similar to the original [Fig. 15(c)],
with only minor distortion. For velocity fields with intrinsic
noise [Figs. 15(k) and 15(o)], after smoothing, the correlation
function curves closely resemble those of the noise-free case
[Fig. 15(c)].
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