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We introduce a threshold quantum distillation protocol that enables the extraction of perfect quantum correla-
tions from multiple imperfect copies of a multipartite quantum state using only a subset of the parties (Q < P) in
the network. In particular, we show that for high-dimensional Greenberger–Horne–Zeilinger states, entanglement
can be distilled by local filtering operations applied by just a single party, independent of the total number of
parties in the network. In contrast, for the W states, at least P − 1 parties are required for successful distillation,
highlighting a strong connection between distillability and separability. We provide explicit protocols for
threshold entanglement distillation and threshold steering distillation (TSD), and establish a direct link between
the two: Any assemblage that can be distilled via TSD necessarily corresponds to a distillable entangled state.
Our framework introduces a scalable and experimentally viable approach to distillation in quantum networks,
with potential applications in distributed quantum computing, communication, and cryptography.
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Introduction. The idea of a threshold is a fundamental tech-
nique in classical cryptography to provide privacy, security,
and fault tolerance [1]. A well-celebrated protocol underpin-
ning the threshold concept is the Shamir (Q, P) secret-sharing
scheme, where any Q out of P parties can collaborate to
recover a hidden secret [2]. Several protocols have adopted
threshold features to improve secure multiparty computation,
signatures, and database management in classical cryptogra-
phy [3–8]. Here for the first time, we extend this idea in
the quantum domain for the distillation task by using only
a subset of the parties (Q < P). Quantum cryptography can
only exist if the underlying quantum resource is above a
specific value [9–12]. To achieve this, the distillation of the
quantum resources is fundamental [13–16], leading to the
proposal of several distillation or quantum privacy amplifi-
cation protocols. In bipartite systems, distillation protocols
for quantum entanglement [17–22], EPR (Einstein-Podolsky-
Rosen) steering [23–25], and Bell nonlocality [26–31] are
well established. Quantum entanglement represents nonsepa-
rable correlations in composite quantum systems, and steering
is the semi-device-independent manifestation of the same. Re-
cent research has addressed a long-standing issue in two-qubit
systems by closing the Werner gap in quantum steering [32].
Subsequent work has underscored the practical challenges
and future directions of EPR steering [33], underscoring its
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potential in quantum technologies [34,35]. In the context of
multipartite systems, distillation protocols have been pro-
posed for genuine entanglement [36,37], genuine steering
[38], and Bell nonlocality [39–42]. However, most of these
proposed distillation protocols are not practically efficient
as they require the participation of all parties involved, ei-
ther directly or indirectly, to extract ideal quantum resources.
Additionally, the relationship between different distillation
protocols is not clearly defined. We propose a more efficient
distillation protocol that requires the participation of fewer
parties to achieve the desired outcome. Furthermore, we es-
tablish a strong connection between the distillation of steering
and entanglement. This proposal aims to enhance the prac-
ticality and understanding of quantum resource extraction in
multipartite systems.

Perfect quantum correlation. These represent an extremal
point in a given polytope, which is the most desirable in any
quantum information processing task [43]. However, environ-
mental interactions and experimental imperfections restrict
one from realizing the perfect quantum correlation, thus de-
grading the performance of the implemented task. Distillation
addresses this problem by concentrating on imperfect corre-
lations [18]. This Letter focuses on distilling the underlying
state or assemblage rather than specific correlation. Once we
distill the state, we distill the correlation as well.

Threshold quantum distillation (N, d, P, Q). Consider a
quantum network constituted by P spatially separated parties
(see Fig. 1). Let the parties share N copies of quantum states
(or assemblage in case of quantum steering) ρ ∈ B(⊗P

i=1Hd
i ),

where d is the dimension of each subsystem. Here, B is the set
of all density matrices in the Hilbert space ⊗P

i=1Hd
i . In gen-

eral, the dimension of each subsystem might be different, but
for simplicity, we consider it to be the same. The objective of
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FIG. 1. Threshold distillation framework. Here, the green col-
ored parties (Q) participate in the distillation protocol by applying
local filtering operations. If the subsystem undergoes operation 0, the
protocol is successful; otherwise, it fails. Nonparticipating parties,
marked in gray (P − Q), act as ideal parties. Uncharacterized parties
(S), marked in black, may also be present, forming an asymmetric
network under quantum steering. Classical communication is two-
way (double-sided dashed arrow) between characterized parties and
one-way (single-sided dashed arrow) from characterized to unchar-
acterized parties. Q, P − Q, and two-way communication define
threshold entanglement distillation, while Q, P − Q, S, and one-way
communication define threshold steering distillation.

threshold quantum distillation is to extract fewer copies of the
perfect quantum states (or assemblages) using a smaller num-
ber Q (Q < P) of parties and free operations only. The free
operations are defined with respect to the distillable resource.
For example, local operation and classical communication
(LOCC) is used for entanglement, while one-way LOCC is
used for quantum steering.

Performance metrics. The performance is measured using
the fidelity. The metric is state (assemblage) fidelity for en-
tanglement (steering), respectively, with respect to the perfect
state or assemblage. Let ρdist be the state after the application
of the threshold distillation protocol, and ρperf the perfect
state in the same Hilbert space. The state fidelity between
them is Fs(ρdist, ρperf ) := maxperf[Tr(

√√
ρdistρperf

√
ρdist )]2.

Similarly, let {σ dist
ai|xi

} be the assemblage after the application

of the threshold steering distillation protocol, while {σ perf
ai|xi

}
be the assemblage of the same dimension with perfect
steerability. The assemblage fidelity between them is

Fa({σ dist
ai|xi

}, {σ perf
ai|xi

}) := minxi

∑
ai

[Tr(

√√
σ dist

ai|xi
σ

perf
ai|xi

√
σ dist

ai|xi
)]2.

Note that the minimization is required over the measurement
settings of the uncharacterized parties [23].

Threshold entanglement distillation protocol (N, d, P, Q).
In a quantum network consisting of (P) parties sharing im-
perfect entanglement, the threshold entanglement distillation
(TED) concept is that a smaller number of parties (Q), called
participating parties, perform local filtering operations to dis-
till the perfect entanglement with some success probability.
The nonparticipating parties (P − Q) perform no actions (see
Fig. 1). We start with N � 2 copies of initial partially entan-
gled states ρ ini. Each of the Q parties performs dichotomic
POVM (Positive Operator-Valued-Measure) G i := {Gi

0, Gi
1},

satisfying Gi
ou

i
� 0∀ou

i ∈ {0, 1} and Gi
0 + Gi

1 = 1 on the uth

copy of the initial state with (u ∈ {1, 2, . . . , N − 1}). Here, Gi
0

implies success, while Gi
1 means failure for a given run. If any

Q parties obtain ou
i = 1 ∀u, then the parties set oN

i = 0 for the
last copy without performing POVMs; otherwise, set oN

i = 1
for the last copy. This will ensure that even if the distillation
protocol fails, the network retains at least one copy with the
initial correlation.

Next, the Q parties send the string oi :=
{o1

i , o2
i , o3

i , . . . , oN
i } to all the parties in the network through

the classical channel. Finally, all the parties discard the
uth copies for which any ou

i = 1. The remaining copies
of the states give the protocol output. For the filtering
operation, we use the following notation: Ki

ou
i
=

√
Gi

ou
i

such

that Gi
ou

i
= Ki†

ou
i
Ki

ou
i
. In the above protocol, the state of the uth

copy after the application of the local filtering operations by
the participating parties is

ρdist
u =

⊗QKQ
ou

i
⊗P−Q IP−Q · ρ ini

u · ⊗QKQ†

ou
i

⊗P−Q IP−Q

Tr
[ ⊗Q KQ

ou
i
⊗P−Q IP−Q · ρ ini

u · ⊗QKQ†

ou
i

⊗P−Q IP−Q
] .

The success probability for the uth copy (Pu
s ) is given

by Tr[⊗QKQ
ou

i
⊗P−Q IP−Q · ρ ini

u · ⊗QKQ†

ou
i

⊗P−Q IP−Q]. The ac-
tion of the local filtering operation is independent of each
copy, so the failure probability (at least one Q party gets
outcome 1 for the uth copy where u ∈ {1, 2, . . . , N − 1}) is
(1 − Pu

s )N−1. This implies that the overall success probability
of the threshold distillation protocol (Ps) is 1 − (1 − Pu

s )N−1.
Now, the final state (ρdist) after the distillation protocol can
be written as a convex combination of the perfect state with
probability Ps and the initial state with probability 1 − Ps. This
state is used to determine the state fidelity postdistillation.

Threshold steering distillation protocol (N, d, S, P, Q). In
a network with uncharacterized (S) and characterized (P −
S) parties sharing entanglement, measurements by uncharac-
terized parties can influence the outcomes for characterized
parties, leading to quantum steering. Threshold steering distil-
lation (TSD) involves some characterized parties acting as the
participating parties (Q), applying local filtering operations on
their part of the assemblage (unnormalized conditional states
left on the characterized parties’ subsystem after uncharac-
terized parties’ measurements). The operation performed by
the characterized parties in the steering scenario is one-way
LOCC (see Fig. 1). The TSD protocol is similar to TED
protocol but the description is in terms of the assemblage
instead of the underlying state.

The state of the uth copy of the assemblage after the ap-
plication of the local filtering operations by the participating
characterized parties (Q, where Q < P − S < P) is

σ dist
ai|xi

=
⊗QKQ

ou
i
⊗P−Q IP−Q · σ ini

ai|xi
· ⊗QKQ†

ou
i

⊗P−Q IP−Q

Tr
[ ⊗Q KQ

ou
i
⊗P−Q IP−Q · ρ ini

ch · ⊗QKQ†

ou
i

⊗P−Q IP−Q
] .

Here, ρ ini
ch is the conditional state on the characterized parties

subsystems, i.e. ρ ini
ch = Trunchρ

ini. The success probability of
the TSD protocol for the uth copy (Pu

s ) is Tr[⊗QKQ
ou

i
⊗P−Q

IP−Q · ρ ini
ch · ⊗QKQ†

ou
i

⊗P−Q IP−Q]. Using the above threshold
distillation protocols, we have the following results for the
quantum state/ assemblage.
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FIG. 2. Performance of the threshold distillation of the
Greenberger-Horne-Zeilinger (GHZ) state (1) on the left and W state
(3) on the right. The fidelity (2) is plotted concerning the number
of copies N and the dimension d of the subsystem for a fixed value
of the first state parameter (α0 = 1/

√
10) and the fixed difference

(0.5) between d and (
∑

αi )2. Similarly, the fidelity (4) is plotted as a
function of the number of copies N and the number of the parties P
for a fixed value of the success probability (Pu

s = 0.3) and the fixed
difference (0.5) between P and (

∑
βi )2.

Theorem 1 (TED of the GHZ states). In a quantum network
sharing multipartite high-dimensional GHZ states of the form

∣∣ρ ini
GHZ

〉 =
d−1∑
i=0

αi

∣∣ ⊗P−1
j=0 i j

〉
d , (1)

quantum entanglement can be distilled using a TED proto-
col (N, d, P, 1 � Q � P − 1) with the success probability per
copy (Pu

s = dα2
0) and the state fidelity

Fs
(
ρdist, ρ

αi= 1√
d

GHZ

) =
⎡
⎣1 − 1

d

(
1 − Pu

s

)N−1

⎛
⎝d −

(
d−1∑
i=0

αi

)2
⎞
⎠
⎤
⎦,

(2)

which are independent of the number of parties in the network
(P) and the number of participating parties (Q).

Using the local filtering operations by the Q parties (1 �
Q � P − 1) on the initial state (1) and postselecting the state
when all the Q parties get the outcome zero yields the ex-
pression of the fidelity (2). It is a threshold distillation as the
final fidelity (2) is same irrespective of whether Q = 1, 2, or
P − 1. For the expression of Krauss operators for a specific
Q, detailed proof, and toy examples, see the Supplemental
Material (I) [44]. The fidelity improves remarkably with in-
creasing N and d (see Fig. 2). The fidelity is greater than
0.99% over 50% of the region. It asymptotically approaches
1. In experiments, the yield of high-fidelity states is also
extremely important. We define the yield as the number of
output states with improved fidelity with respect to the initial
state. We found that for the N copies of the GHZ state with
the initial fidelity of 0.7/0.8/0.9, N/2 copies are created with
final fidelity of 0.91, 0.96, and 0.99 and success probability
of 0.7/0.8/0.9, respectively. Similarly, N/3 copies are created
with final fidelity of 0.973, 0.992, and 0.999 with success
probability of 0.7/0.8/0.9, respectively, per copy.

Consider the assemblage derived from the GHZ state (1) by
the action of uncharacterized parties (1 � S � P − 1) in two

Success: {0}
0

1

VB1 VB2 VB3 VBP-1 VBP

FIG. 3. Realization of a single-party Krauss operator for the TED
(TSD) of the GHZ state (1) (assemblage) using cascaded variable
reflectivity beam splitters (VBs). The output coefficient is tuned as
per the ratio of the state parameters concerning the first parameter
(α0). The concept experiment follows from the recent experiment
[23,46].

mutually unbiased bases (MUBs) [45]. These assemblages are
imperfectly steerable due to the underlying state’s imperfec-
tions. Only characterized parties can perform local filtering to
distill the assemblage, making threshold distillation a natural
fit in a realistic network.

Theorem 2 (TSD of the GHZ assemblages). In a quantum
network sharing multipartite high-dimensional assemblages
derived from the GHZ state (1) on the application of MUBs
by uncharacterized parties, quantum steering can be distilled
using a TSD protocol (N, d, 1 � S � P − 2, P, 1 � Q � P −
S − 1) with the assemblage fidelity same as the state fidelity

(Fs(ρdist, ρ
αi= 1√

d

GHZ )) (2).
In a steering scenario (1 � S � P − 2), some character-

ized parties (P − S) can act as participating parties (1 � Q �
P − S − 1). These parties use the same Krauss operators as
in TED to distill the assemblage. They perform local filtering
and postselect the assemblage when all Q parties get outcome
zero. The assemblage fidelity is derived using the distilled and
perfect assemblages corresponding to the GHZ state (∀αi =
1/

√
d), minimizing over the characterized parties’ input mea-

surements. Note that S = P − 1 is a valid steering scenario,
allowing steering distillation with the only characterized party
left, but it is not a valid TSD as all remaining characterized
parties are being used. See the Supplemental Material (III)
[44] for detailed proof and examples.

The GHZ state becomes separable when one party per-
forms a projective measurement, making its entanglement
tunable by a single party. We have identified the Krauss op-
erator for a single party to distill GHZ-type entanglement
and steering. We propose a concept experiment to realize
the Krauss operator of the single party to distill GHZ state
(1) [23] (see Fig. 3). The Krauss operator can be realized
using a cascade of tunable beam splitters to tune their output
coefficient as per the ratio of the state parameter concerning
the first state parameter. Further tuning and postselection can
be done using other passive optical components.

Corollary 1. A TED (TSD) is possible with at least one
party when the shared state (assemblage) in the quantum
network is a multipartite high-dimensional nonmaximally en-
tangled GHZ state (assemblage), implying that GHZ state
(assemblage) distillation and separability are strongly con-
nected.
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We know that quantum steering is a stronger correlation
than entanglement [47]. This means a steerable state is always
entangled. This implies that a steering distillation protocol can
also distill entanglement.

Corollary 2. The existence of the TSD protocol in the
quantum network sharing the assemblage derived from the
GHZ state of the form (1) always indicates the existence of
TED. The uncharacterized parties in the TSD can be nonpar-
ticipating parties in TED.

The above result holds as the number of nonparticipating
parties in the entanglement scenario can be greater than or
equal to the number of uncharacterized parties in the steering
scenario for the GHZ state (1), i.e., (P − Q � S).

Corollary 3. For a quantum network sharing a rank-2
mixed GHZ state with orthogonal constituent pure GHZ state,
quantum entanglement (steering) can be distilled with success
probability per copy (Pu

s(r=2) = dα2
0) and state fidelity

Fs
(
ρ

dist(r=2)
GHZ , ρ

αi= 1√
d

GHZ

)

=
⎡
⎣p − 2p − 1

d

(
1 − Pu

s(r=2)

)N−1

⎛
⎝d −

(
d−1∑
i=0

αi

)2
⎞
⎠

⎤
⎦,

when the corresponding state parameters are same and dimen-
sion of the subsystem is even to ensure orthogonality [48].
Here, “p” is the mixing parameter.

For details and results on higher rank mixed states, see the
Supplemental Material (II) [44]. Next, we consider the W state
under the action of threshold distillation.

Theorem 3 (TED of the W states). In a quantum network
sharing multipartite W states of the form

∣∣ρ init
W

〉 =
P−1∑
i=0

βi| · · · 0i−11i0i+1 · · · 〉, (3)

quantum entanglement can be distilled using a TED proto-
col (N, d = 2, P, Q = P − 1) with the success probability per

copy (Pu
s = P �P−1

i=0 β2
i

β
2(P−1)
P−1

) and state fidelity

Fs
(
ρdist, ρ

βi= 1√
P

W

) =
⎡
⎣1 − 1

P

(
1 − Pu

s

)N−1

⎛
⎝P −

(
P−1∑
i=0

βi

)2
⎞
⎠
⎤
⎦.

(4)

Using the local filtering operations by the participating
parties (Q = P − 1) on the initial state (3) and postselect-
ing the state when all the Q parties get the outcome zero
yields the expression of fidelity (4). See the Supplemental
Material (IV) [44] for details. The fidelity improves remark-
ably with increments in the number of copies (N) and the
number of parties (P) (see Fig. 2), and it asymptotically
approaches 1.

Consider the assemblage derived from the W state (3) by
the first party’s action in the computational and Hadamard
bases. These assemblages are imperfect due to the underlying
state’s imperfections. All characterized parties (in total P − 1)
perform local filtering to distill the assemblage. Thus, in a

realistic network with characterized and uncharacterized par-
ties sharing the W state, only steering distillation is possible,
not threshold distillation, as at least P − 1 parties are needed.
Distillation for other steering scenarios (S > 1) is not feasible
unless constraints are placed on the state parameters.

Theorem 4 (steering distillation of the W assemblages). For
a quantum network sharing multipartite assemblages derived
from the W state (3) on the action of MUBs by uncharac-
terized parties, quantum steering can be distilled using an
steering distillation (SD) protocol (N, d = 2, S = 1, P, Q =
P − 1) with the assemblage fidelity same as the state fidelity

(Fs(ρdist, ρ
βi= 1√

P

W )) (4).
In the one-sided device-independent (1SDI) steering sce-

nario (S = 1), all the P − 1 characterized parties use the
same Krauss operators as in the case of TED to distill the
assemblage. The participating parties perform local filtering
operations on their part of the assemblage and postselect the
assemblage when all the Q parties get the outcome zero.
The expression of the assemblage fidelity is then determined
using distilled assemblage and the perfect assemblage (∀βi =
1/

√
P), where a minimization over the input measurements

of the first party is done to determine the correct assem-
blage fidelity. See the Supplemental Material (V) [44] for
details.

The W state (3) remains entangled up to the last bipartite
configuration, meaning its genuine entanglement is tunable by
the collaboration of all parties (except one due to normaliza-
tion). We have identified the Krauss operator for P − 1 parties
to distill W-type entanglement and steering.

Corollary 4. A TED (SD) is possible with at least P − 1
parties when the shared state (assemblage) in the quantum
network is a multipartite nonmaximally entangled W state
(assemblage), implying that W state (assemblage) distillation
and separability are strongly connected.

It is well understood that the quantum steering correlation
surpasses those of entanglement, as stated in Ref. [47]. Conse-
quently, a steering state is invariably entangled. Therefore, if a
protocol for distilling steering is established, it will invariably
result in the distillation of entanglement as well.

Corollary 5. The existence of the SD in the quantum net-
work sharing the assemblage derived from the W state of the
form (3) always indicates the existence of TED. Uncharac-
terized parties in the SD can be nonparticipating parties in
TED. The number of participating parties can be reduced by
putting constraints on the state parameters (equality of some
state parameters).

The corollary holds because the number of nonparticipat-
ing parties in the entanglement scenario is equal to the number
of uncharacterized parties in the steering scenario for the W
state (3), i.e., (P − Q = S).

Conclusion. In the proposed threshold distillation protocol,
fewer parties are needed to achieve quantum distillation. For
an imperfect GHZ state, only one party is sufficient to distill
the perfect GHZ state among multiple parties and subsystems.
This means steerable correlations are distillable in all steering
scenarios, from 1SDI to (P − 1)-sided device-independent
[(P − 1) SDI], where P is the number of parties [threshold
steering distillation is possible up to (P − 2) SDI]. For an
imperfect W state, at least (P − 1) parties are needed to
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distill the perfect W state shared among multiple parties. This
implies that steerable correlations are distillable only in a
1SDI scenario. Threshold distillation is possible even for the
mixed GHZ and W states. The proposed Krauss operators can
be realized using tunable beam splitters and other linear opti-
cal elements [23]. Extensive toy examples in the Supplemental
Material [44] support these findings. The threshold concept is

worth exploring for a broader range of states, communication
scenarios, and cryptographic settings.
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