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Parity flow formalism: Tracking quantum information throughout computation
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We propose the parity flow formalism, a method for tracking the information flow in quantum circuits. This
method adds labels to quantum circuit diagrams such that the action of Clifford gates can be understood as a
recoding of quantum information. The action of non-Clifford gates in the encoded space can be directly deduced
from those labels without backtracking. An application of flow tracking is to design resource-efficient quantum
circuits by changing any present encoding via a simple set of rules. Finally, the parity flow formalism can be used
in combination with stabilizer codes to further reduce quantum circuit depth and to reveal additional operations
that can be implemented in parallel.
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I. INTRODUCTION

The field of quantum computing is currently maturing from
academic research to industrial application. This shift, driven
by the prospect of solving classically intractable computa-
tional problems, still needs to bridge the gap between the
available quantum resources [1–9] and the resources required
to faithfully execute useful quantum algorithms [10–14]. One
approach for bridging this gap is to consider how an initially
abstract algorithm is physically implemented on given quan-
tum hardware, which typically involves a decomposition into
a set of feasible quantum operations [15–17]. The decompo-
sition of a quantum algorithm is not unique, resulting in a
wide variety of possible implementations, each with its own
resource requirements. To assist in finding efficient imple-
mentations for a given hardware and to gain insight into the
workings of a quantum circuit, it is possible to classically
track how quantum information passes through a circuit, ei-
ther on the level of individual qubits [18–21] or by tracking
components of that information [22–25].

In this work, we propose the parity flow formalism, a
method that efficiently tracks the components of the infor-
mation of each individual qubit by means of generalized
parity labels. In this formalism, the effect of Clifford gates
is interpreted as a recoding of information by updating these
labels with a simple set of rules. Importantly, flow tracking
remains classically efficient when the circuit is extended, and
is thus suitable to understand and design quantum circuits and
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algorithms. We compare flow tracking with other methods that
track Clifford circuits [26–30], categorizing them as either
co- or contravariant Clifford tracking, and include a method to
simultaneously do both efficiently within this formalism. As
an application, flow tracking allows one to utilize auxiliary
qubits for the reduction of the circuit depth and the identifi-
cation of easily implementable logical multiqubit operations
in stabilizer codes. The parity flow formalism can be used
equivalently as either labels directly written on the quantum
circuit or the (combined) flow tableau. In the main text, we
describe the formalism in its label form and show its useful-
ness in circuit design, while the Appendixes give the rigorous
definitions and proofs mainly using the tableau form.

II. FLOW TRACKING OF QUANTUM CIRCUITS

We consider a quantum circuit as a dynamic code, where
each tracked Clifford gate changes the encoding of the quan-
tum state. The role of each qubit within the encoding is
tracked via labels, such that each label states the logical effect
on the encoded quantum state when operating on this qubit
with a non-Clifford gate. To illustrate our approach, we start
with the simple case of tracking circuits that consist only of
CNOT gates. In this case, the introduced labels have a direct
correspondence to the parity maps described in Refs. [23,31].
The effect of a CNOT gate with control qubit 1 and target
qubit 2 on Pauli Z eigenstates |a1〉 and |a2〉, respectively, is
described by

CNOT1,2|a1〉|a2〉 = |a1〉|a1 ⊕ a2〉, (1)

where a1, a2 ∈ {0, 1} and ⊕ denotes addition modulo 2. After
application of the CNOT gate, no information is lost, but it is
encoded with a linear map; i.e., the two physical qubits now
hold the logical information of the state a1 and the parity of
a1 and a2. Thus, for any quantum state, applying a Z2 rotation
after the CNOT1,2 gate has the same effect as a Z1Z2 rotation
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would have had before this gate. This effect can be tracked
by assigning a Z label to qubit 2, which contains the indices
of ai appearing in its state [see Eq. (1)]. For this example,
these indices would be {1, 2}. The transformation on Pauli X
eigenstates (|0〉x = |+〉 and |1〉x = |−〉) is calculated similarly
as CNOT1,2|a1〉x|a2〉x = |a1 ⊕ a2〉x|a2〉x and analogous labels
can be defined for the X operators of each qubit (here {1, 2}
as the X label of qubit 1).

When tracking only CNOT gates, the Z labels correspond
directly to the parity labels introduced in Ref. [33], and the
X labels are uniquely defined by the Z labels (see Corollary
B14). In this case, tracking the evolution of Pauli eigenstates is
equivalent to tracking the (unitary) transformation of the Pauli
operators themselves. As an example, the transformations
CNOT

†
1,2Z2CNOT1,2 = Z̄1Z̄2 and CNOT

†
1,2X1CNOT1,2 = X̄1X̄2 are

also described by the X and Z labels introduced above. Note
that throughout this manuscript, operators that are physically
applied to an encoded state are denoted without a bar, while
their logical effects are denoted with a bar. By interpreting
the labels on an operator level, it is easy to extend the label
tracking to arbitrary Clifford circuits.

In general, a label �P assigns a logical Pauli operator P̄
to a physical Pauli operator P. When appropriately updating
the labels after a Clifford circuit C, they describe the logical
effect P̄ of applying a Pauli operator P after this circuit, such
that the label describes the conjugation P �→ P̄(�C

P ) = C†PC.
Note that we usually omit the superscript that indicates the
preceding Clifford circuit on the label, except when strictly
necessary. In order to efficiently and iteratively track the
complete Pauli group P on n qubits, one needs to choose
an independent set of 2n + 1 generators [27] and track the
labels for those. In our case, we choose to track the labels
of all single-qubit X and Z operators (and iI, on which
any Clifford transformation acts trivially), and any appearing
Pauli operator will be described in terms of these gener-
ators gm ∈ {iI, Xj, Zj | j = 1, . . . , n}. Other generating sets
also form a valid choice for expressing and tracking Pauli
operators, for example, all single-qubit X , Y , and Z operators
[26]. However, our choice of independent generators, also
used for example in Refs. [34,35], allows us to uniquely
write each Pauli operator as a vector such that the vector
presentation is isomorphic to the Pauli group (Proposition
A2). With this choice of generators, a label �P consists of
a phase iκ with κ ∈ {0, 1, 2, 3} and two sets of indices for
the appearing X and Z operators. We write a label as �P =
iκ〈X̄ indices〉Z̄ indices = iκ〈 j1 j2 · · ·〉k1k2 · · ·, and the logical
Pauli operator P̄ corresponding to label �P is

P̄(�P ) = iκ
∏

〈 j〉∈�P

X̄ j

∏
k∈�P

Z̄k . (2)

Note that when iterating over a label, we use angled brackets
around the X̄ j indices, and a bare index for the Z̄k indices, such
that the colors only act as a visual aid. Furthermore, we choose
to write all Pauli operators in the standard order of X operators
placed left of the Z operators, such that there is a unique label
for each Pauli operator. As a result, given a Pauli operator
P̄ expressed in the tracked generators in standard order, it is
straightforward to read off the corresponding unique label.

In a quantum circuit, we write the labels �Xj and �Z j above
and below the qubit line j, respectively. Equivalently, one
can also write the operators P̄(�Xj ) and P̄(�Z j ) instead of the
label, which can be more practical depending on the use case.
Since the conjugation captured by a label directly extends to
complex exponentials of Pauli operators, the labels allow us to
read off the logical effect of an applied physical rotation at a
given moment in the circuit [see Fig. 1(a) for an example]. The
tracking begins with an identity mapping between the physical
and logical operators, such that P̄(� id

gm
) = gm, or equivalently

� id
Xj

= 〈 j〉 and � id
Zk

= k. As mentioned above, these labels
change when a Clifford gate is applied and tracked. Given
labels �C1

g j
after an arbitrary Clifford circuit C1, applying a

second Clifford circuit C2 transforms �C1
g j

into �
′
g j

:= �C2C1
g j

.
The new label is calculated as follows: We first decompose the
corresponding Clifford conjugation of gj by C2 into a product
of the chosen generators as

C†
2 g jC2 = iκ

′ ∏
gm∈G

gm, (3)

resulting in a phase iκ
′

and a subset G of the generators,
which can be computed via Pauli decomposition [36]. We then
calculate the Pauli operator described by �

′
g j

as

P̄(�
′
g j

) = iκ
′ ∏

gm∈G

P̄
(
�C1

gm

)
, (4)

from which one obtains �
′
g j

after reordering P̄(�
′
g j

) into stan-
dard order. Importantly, the update rule for the label of each
generator is calculated via Eq. (3) and depends only on the ap-
plied gate C2, and not on the preceding labels �C1

g j
. Therefore, it

is easy to apply the update rules iteratively, as the transforma-
tion of labels defined by C2 is applied to the labels resulting
from the previously tracked circuit C1 (see Proposition B6).
Applying these rules to the Hadamard and S gates, we find
that the nontrivial transformations are

H†ZH = X̄ , H†XH = Z̄, S†XS = −Ȳ = i3X̄ Z̄,

resulting in the update rules for labels visualized in Fig. 1(b).
By decomposing a unitary U into Pauli rotations R̄ j (θ ) =

ei θ
2 P̄j , it can be written as an alternating sequence of Clifford

operations Cj and single-qubit Pauli rotations Rj as

U = R̄d · · · R̄2R̄1 = Cd+1Rd · · ·C3R2C2R1C1. (5)

As a result, the labels allow us to interpret and efficiently
design quantum circuits when written in the form of Eq. (5),
even when perpetually appending Pauli rotations or Clifford
gates. Additionally, products of physical operators have the
logical effect of the product of the Pauli operators represented
by the corresponding labels. Thus, physical multiqubit rota-
tions can also be incorporated. An important strength of such
a circuit representation is that it circumvents the requirement
to synthesize each multibody rotation operator separately by
fully conjugating a single-body operator with a Clifford circuit
C̃j (i.e., encoding, rotating, and decoding [37]). Rather, in
a given encoding, one can continue from there to directly
implement the next operator via recoding, as the subsequent
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FIG. 1. (a) Labeled quantum circuit with tracked single qubit Clifford gates (in white) and CNOT gates, and untracked interleaved Pauli
rotations defined as RP(α) = exp(iPα/2) (gray gates). The labels allow us to read off the logical effect of the physically applied rotations (see
the gray boxes). The circuit demonstrates the logical application of the Heisenberg model [32] eiαȲ1Ȳ2 eiβX̄1X̄2 eiγ Z̄1 Z̄2 as C3e−iαX2C2eiβX2 eiγ Z1C1

[cf. Eq. (5)]. Note that the label transformation of the S† gate can be obtained from that of three sequential S gates. (b) Update rules for general
labels �X j and �Z j under the action of a set of generators of the Clifford group, which are defined via their corresponding operators [see Eq. (4)].

labels can be derived from the latest labels:

· · ·C3R2C2R1C1 = · · · (C̃†
2 eiβP2C̃2)︸ ︷︷ ︸
R̄2(2β )

(C̃†
1 R1C̃1). (6)

In this formulation, Cj denotes the Clifford circuit required
to change between two encodings j − 1 and j, while C̃ j =
Cj · · ·C1 are the Clifford circuits used for the full conjugation.
In many cases, avoiding the detour of completely encoding
and decoding the quantum state, and instead embracing the
code changes, removes an avoidable gate overhead [24,38].
By using the full Clifford group for code changes, any logical
Pauli string can be constructed on one of the labels of a single
physical qubit, starting from any other previous encoding.
Besides the efficient synthesis of multiqubit Pauli rotations,
which have already been proven useful in various applica-
tions like quantum Fourier transform (QFT) and quantum
approximate optimization algorithm (QAOA) [33,39], we ex-
pect many other practical uses of this tracking formalism. The
labels can, for example, be used to debug quantum circuits or
show circuit identities: If two such circuits transform initial la-
bels to the same output labels and result in the same sequence
of logical Pauli rotations, they implement the same unitary.

III. COVARIANT AND CONTRAVARIANT
CLIFFORD TRACKING

To see how flow tracking fits in the context of Clifford
tracking, we first consider the workings of the original Clif-
ford tableau [26], which is used for covariant Clifford tracking
of a quantum state. Consider a quantum state described by the
density matrix ρ written in the Pauli decomposition as

ρ =
∑

P̄

aP̄P̄, (7)

where the coefficients aP̄ are real numbers indicating the state
components and the sum is over the Pauli operator basis
[40]. Then, a Clifford circuit C1 acting on this quantum state
performs a covariant transformation of the basis according to

C1ρC†
1 =

∑
P̄

aP̄C1P̄C†
1 . (8)

This basis transformation under Clifford circuits forms a bi-
jective map from the Pauli group P to itself, and for the
covariant tracking describes the mapping of logical operators
P̄ to physical operators P. One could in principle compute
this transformation for every element of the exponentially
large Pauli group, which would also reveal the inverse map.
Alternatively, one can restrict the tracking to a linear-sized set
of generators ḡm of the Pauli group P . In this case, one can
still compute how any logical Pauli operator P̄ = ∏

j ḡ j maps
to a physical Pauli operator via its decomposition into gen-
erators as C1P̄C†

1 = ∏
j C1ḡ jC

†
1 = P. While the restriction to

only generators makes the tracking computationally efficient,
it also obscures the information required for the inverse map,
i.e., mapping physical operators to logical ones.

On the other hand, the contravariant Clifford tracking of
C1ρC†

1 is given by the inverse transformation on the state
components as

C1ρC†
1 =

∑
P

aC†
1 PC1

P. (9)

Consequently, when only tracking generators, the ease of
mapping logical operators to physical operators and the dif-
ficulty of mapping physical operators to logical operators is
reversed with respect to the covariant case.

Besides the difference in use case for the two types of
tracking, the conjugation method for iteratively tracking con-
catenations of circuits also differs. That is, when appending a
second transformation C2, we find

C2C1ρC†
1C†

2 =
∑

P̄

aP̄C2C1P̄C†
1C†

2 (10)

=
∑

P

aC†
1C†

2 PC2C1
P (11)

for the covariant and contravariant transformations, respec-
tively. Importantly, the covariant Clifford tracking computes
the basis change C2C1P̄C†

1C†
2 iteratively by outward conju-

gation of C1P̄C†
1 with C2, while the contravariant Clifford

tracking computes C†
1C†

2 PC2C1 from C†
1 PC1 iteratively by

inward conjugation with C†
2 [see Eq. (4) and Ref. [29]]. Gen-

erally, both the inward and outward conjugations can be used

013095-3



BEREND KLAVER et al. PHYSICAL REVIEW RESEARCH 8, 013095 (2026)

to do covariant and contravariant tracking, but in order to
be computationally efficient when appending Clifford circuits
(i.e., by iteratively using intermediate results), the outward
conjugation is suited for covariant tracking, while the in-
ward conjugation is suited for contravariant tracking. Using
outward conjugation for contravariant tracking, one could
compute C†

1C†
2 PC2C1 by outward conjugation of C†

2 PC2 with
C†

1 , but then C†
1 PC1 must be computed separately, resulting in

an increasing computational cost for each appended Clifford
gate. A similar argument holds for using inward conjugation
to do covariant tracking. Note that prepending C2 to C1, rather
than appending, swaps the preferred conjugation to inward
conjugation for contravariant tracking and outward conjuga-
tion for covariant tracking. For a more thorough discussion
on the various choices of iteratively tracking added Clifford
circuits and the resulting conjugation required, see Fig. 8.

Importantly, using the nonpreferred conjugation iteratively
requires tracking a symplectic minimal generating set of the
Pauli group, contrary to the preferred conjugation, where the
transformation of one individual Pauli operator can be tracked
iteratively. Comparing the two variants of tracking with the
decomposition of the unitary in Eq. (6), we see that the
contravariant tracking of Pauli operators of the flow tracking
yields the logical meaning R̄ j for each physical rotation Rj ,
since R̄1 = C†

1 R1C1, R̄2 = C†
1C†

2 R2C2C1, etc.
Although numerous methods track covariant Clifford

transformations [26] or contravariant Clifford transformations
[24] (see Remark B14 for details), we propose a method
to efficiently track both transformations in a single tableau
(already hinted at in Ref. [29]). To keep track of both the
co- and contravariant transformations of the Pauli group, one
could naively track them in parallel with both the Clifford and
the flow tableau. Alternatively, one could track only one of
the tableaus and invert it after each time step to get the other
(see Proposition B8). However, using the symplectic property
of the tableaus, we propose a more efficient method to track
both mappings. For this purpose, we consider the situation
that the flow labels �Xk and �Zk from contravariant tracking
are given and demonstrate how to obtain the inverse transfor-
mations from the flow labels directly. That is, the covariant
transformation of the generators is given by

CX̄jC
† = iη j

∏
k: j∈�Zk

Xk

∏
k: j∈�Xk

Zk, (12)

CZ̄ jC
† = iη〈 j〉

∏
k: 〈 j〉∈�Zk

Xk

∏
k: 〈 j〉∈�Xk

Zk (13)

for suitable Clifford phases η j, η〈 j〉 ∈ {0, 1, 2, 3} (see
Corollary C1). These 2n Clifford phases can be tracked
in addition to the flow labels to avoid the time-intensive need
of inverting a tableau or the memory-intensive tracking of an
additional tableau in case both the co- and the contravariant
transformations are needed. The update rule for each Clifford
phase can be computed analogous to Eq. (3), but with the
conjugation inverted, i.e., Cḡ jC†. The resulting phase factor
together with the additional phase obtained from reordering
the generators into standard order tells us how to update

these Clifford phases. Consequently, when appending Ht , the
Clifford phases update according to

η j → η j ⊕ 2 if j ∈ �Xt and j ∈ �Zt , (14)

η〈 j〉 → η〈 j〉 ⊕ 2 if 〈 j〉 ∈ �Xt and 〈 j〉 ∈ �Zt , (15)

and when appending St according to

η j → η j ⊕ 1 if j ∈ �Zt , (16)

η〈 j〉 → η〈 j〉 ⊕ 1 if 〈 j〉 ∈ �Zt , (17)

where the addition ⊕ is modulo 4. Note that the CNOT gate
does not require updating of the Clifford phases, since it
acts trivially. The time complexity of tracking the flow labels
scales as O(n) per tracked elementary Clifford gate and the
additional tracking of Clifford phases only changes the con-
stant factor of the leading term. This additional tracking adds
4n bits of memory requirement, but circumvents the O(n3)
operations needed for the inversion of the tableau. Having
access to both the co- and contravariant transformations of the
generators proves especially useful when designing quantum
circuits in combination with stabilizers.

IV. LABELING STABILIZER CODES

The parity flow formalism can also track the logical ef-
fects of operations on physical qubits in stabilizer codes and
simultaneously track the stabilizers that define that code. This
reveals stabilizer-equivalent operations from both a co- and a
contravariant perspective and thereby flexibility in how a uni-
tary can be applied. Furthermore, it shows how the auxiliary
qubits in such codes can be used to implement more (com-
muting) operations in parallel, and thus can lead to significant
reductions in quantum circuit depth [33,41,42].

We start with the simplest case, where the encoding circuit
of a stabilizer code consists only of CNOT gates [43] and
auxiliary qubits initialized in the |0〉 state. Since an auxiliary
qubit initialized in the state |0〉 is indifferent to a Pauli Z
rotation, we can assign an empty Z label to such an auxiliary
qubit at the start of a quantum circuit [44]. Then, any CNOT

gates that target the auxiliary qubit can change its Z label to
obtain a logical effect involving other qubits. For example, the
Z operator of an auxiliary qubit a can obtain the logical effect
of the two-qubit operator Z̄1Z̄2 through the encoding shown in
Fig. 2(a). Note that the initial X label of the auxiliary qubit is
not empty as the corresponding operation X̄a has a nontrivial
effect on the quantum state and it is therefore important to
follow its presence throughout the labels. We can describe
initialized auxiliary qubits as part of a trivial stabilizer code,
where the stabilizers are the operators corresponding to empty
labels. Importantly, we can only keep the labels empty as long
as the quantum state remains within this stabilized code space.
The Z stabilizers are tracked by the flow labels according to
Eq. (13), resulting in CZ̄aC† = Z1Z2Za for the Clifford circuit
in Fig. 2(a), thereby tracking the code space deformation in-
duced by the Clifford gates. Whether a physical non-Clifford
operation commutes with the stabilizers can be determined
directly from these labels: Any operation on a label that
contains a nonomitted auxiliary index (in our example, any
label containing 〈a〉) would violate the stabilizer and result
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FIG. 2. (a) CNOT circuit to obtain the effect of Z̄1Z̄2 on an initially empty auxiliary qubit a. The Clifford phases are omitted, since the action
of the CNOT gates is trivial. (b) Encoding circuit to implement all logical operators of the Heisenberg model eiαȲ1Ȳ2 eiβX̄1X̄2 eiγ Z̄1 Z̄2 in parallel after
encoding redundantly with an auxiliary qubit. Dots and crosses on top of an index denote stabilized and destabilized operators, respectively.
After the encoding circuit, a physical Y rotation on the auxiliary qubit results in a valid logical −Ȳ1Ȳ2 operator, since

•
a can be omitted from the

label �Xa for interpreting its logical effect. The Clifford phases 〈iη〈1〉 · · · 〉iη1 · · · are tracked on top of the circuit according to Eq. (16). (c) The
resulting encoding of the circuit in (b) showing the stabilizer at the time step of the rotations. The circles show the three qubits, labeled with the
nonstabilizer-violating logical operators (i.e., no crossed indices) corresponding to the local physical operators on the corners of the triangle.
The triangle indicates that the stabilizer X̄a is mapped to X1Z2Ya by covariant tracking, revealing that the logical operator on Ya must be equal
to the logical operator that corresponds to operator X1Z2.

in a state outside the code space, which would invalidate the
trivial action of the omitted auxiliary label. Codes obtained
by encoding circuits consisting only of CNOT gates and qubits
initialized in the |0〉 state result in parity codes in which the
stabilizers, labels, and label indices are of the same Pauli type
[41]. Tracking the (empty) labels during the encoding circuit
of such codes can reveal a large set of locally implementable
logical multiqubit operations. As a prominent example, the
Lechner-Hauke-Zoller layout [45,46] encodes k logical qubits
in n = k(k + 1)/2 physical qubits, such that each possible pair
of logical qubit indices is represented on one of the physical
qubit labels. This allows one to implement all pairwise logical
RZZ rotations via physical single-qubit RZ rotations in a single
time step.

The Z labels of parity codes are always restricted to only
products of Z operators. However, with the flow labels we
can generalize parity codes by extending the logical effect of
single-qubit rotations from only products of Z operators to
products of arbitrary single-qubit Pauli operators and a phase.
Instead of setting the initial labels of auxiliary qubits to empty,
we mark the indices corresponding to a stabilized generator by
a dot, and the ones corresponding to an anticommuting gener-
ator by a cross. Consequently, until a non-Clifford operator is
applied that contains a cross in its label, all indices with dots
can be omitted. This has the same effect as setting the labels
empty, but additionally allows for tracking the correct phases
throughout the circuit. An example of marked auxiliary qubits
is shown in Fig. 2(b). There, the logical operators X̄1X̄2, Ȳ1Ȳ2,
and Z̄1Z̄2 are encoded onto physical single-qubit operators that
can only be applied in parallel through the use of a stabilizer.
Note that the marked labels handle the specific case where
auxiliary qubits are initialized in the +1 eigenstate of the
single-qubit generators X or Z at the start of the quantum
circuit. However, more general cases where stabilizers are
defined midcircuit or as products of generators, for instance,
by multiqubit measurements during the quantum circuit, are
also possible (see Proposition C2). To see how the stabilizer
equivalence in Fig. 2(b) induces the simultaneous encoding

of X̄1X̄2, Ȳ1Ȳ2, and Z̄1Z̄2 we read off CX̄aC† = i X1Xa Z2Za =
X1Z2Ya using Eq. (12) for X̄a with the Clifford phase i and

the labels
×
a in Fig. 2(b). This results in Fig. 2(c), along with

single-qubit labels that do not violate this stabilizer.
This method applies to any stabilized Pauli operator P̄+

with quantum state |ψ〉 for which it is known that P̄+|ψ〉 =
|ψ〉. From the covariant transformations in Eqs. (12) and (13)
applied to the stabilizer in terms of its generators, we find the
physical Pauli operator P+ = CP̄+C†. This operator induces
an equivalence in the logical effect of any two commuting
Pauli operators for which P1P2 = P2P1 = P+ holds. Then,
from the contravariant tracking in the flow labels, we find
the logical effect of these physical Pauli operators as P̄ =
C†P1C = C†P2P+C, resulting in P1C|ψ〉 = P2C|ψ〉 = CP̄|ψ〉.
Consequently, we can choose to apply a logical rotation of P̄
via the physical rotation of P1 or the physical rotation of P2. In
addition to providing different decompositions [as in Eq. (5)]
of a given unitary by choosing between Pauli rotations with
the same logical effect, the combined tracking also reveals
how to perform more operations in parallel, potentially reduc-
ing circuit depth, as demonstrated in Refs. [33,46].

V. SUMMARY

We have presented the parity flow formalism, a method
for efficiently tracking contravariant transformations of quan-
tum states and operators for appending Clifford circuits. This
formalism adds additional information to quantum circuit di-
agrams and thereby provides an intuitive way to understand
unitaries composed of Pauli rotations and Clifford gates. Con-
sequently, it aids in synthesis of such unitaries on real quan-
tum hardware and enables us to find unitary decompositions
with reduced total quantum gate depth and count. Addition-
ally, we highlight the relation between co- and contravariant
Clifford transformations and propose a method to efficiently
track both types within the parity flow formalism. Finally,
we have shown how the combined tracking helps to utilize
auxiliary qubits for parallel operations, and how the labels
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assist in quantum circuit design by revealing different ways
to implement the same logical operations in stabilizer codes.
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APPENDIXES

While the main text focuses on the explanation and
usage of the parity flow labels for circuit design, the
Appendixes provide the interested reader with the mathe-
matical background of the formalism. For this, we aim at
a self-contained introduction to the (re)presentation of the
Pauli group and the representation of Clifford operators by
tableaus in order to explain the different choices made for
the formalism in comparison to the existing Clifford tableaus
[24,26,29,30,34,35,47].

Appendix A introduces the chosen presentation (see
Remark A4) of the Pauli group via the flow labels and their
connection to the symplectic (re)presentation of the phaseless
Pauli strings. The representation of Clifford circuits is cov-
ered in the Appendix B, where we classify the representing
tableaus into covariant Clifford tableaus and contravariant
flow tableaus. The tableaus used in some of the literature
are compared with respect to this classification in Remark
B14. The combination of the two tableaus into the combined
flow tableau leads to an efficient way to combine the tracking
with stabilizer codes in a circuit with auxiliary qubits and is
covered in the Appendix C.

Note that the proofs use the (combined) flow tableau in-
stead of the flow labels (with Clifford phases). Both notations
contain exactly the same information, but while the labels are
more suitable for the (possibly even handwritten) annotation
of quantum circuits, the tableau notation is more suitable for
the mathematical background.

APPENDIX A: PRESENTATION OF PAULI OPERATORS

1. Flow labels and vectorlike notation for Pauli operators

We start with an overview of notations we use for Pauli
operators. The Pauli group on one qubit is generated by the

Pauli matrices

Z =
(

1 0
0 −1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
; (A1)

alternatively, it is generated by X , Z , and iI. The Pauli group
P̄ = P̄n on n qubits consists of tensor products of Pauli oper-
ators on these n qubits. In order to have a short hand notation,
the label tracking in the flow formalism is done in a dense
set-theoretic form, where the short hand label

� = −〈12〉3
(“minus X12 Z3”) corresponds to the Pauli operator

P̄ = P̄(�) = −X̄1X̄2Z̄3,

where the index of X̄ j , etc. denotes that the single-qubit op-
erator X , etc. acts on the jth qubit and we use a bar on top
of the Pauli operators to denote the logical operators as will
be explained later (Appendix B). We use the brackets 〈 〉 to
differentiate between the X̄ and the Z̄ labels and add the colors
as an additional visual guide. Using either the brackets or the
colors would be enough to give a unique meaning to such a
flow label, but removing brackets and color would make the
notation ambigious; e.g., P̄ = −X̄1X̄2Z̄3 and P̄′ = −X̄1Z̄2Z̄3 do
not correspond to the same label −123 but to −〈12〉3 versus
−〈1〉23 [48].

This shorthand heavily relies on the choice of a standard
form for Pauli operators.

Every Pauli operator P̄ can be written uniquely as a product
of a phase, a product of single-qubit Pauli X̄ operators X̄ j , and
a product of single-qubit Pauli Z̄ operators Z̄ j :

P̄ = iκ ·
n∏

j=1

X̄
ξ j

j ·
n∏

j=1

Z̄
ζ j

j =: iκ X̄
ξ
Z̄

ζ
, (A2)

which we fix as its standard form. This follows from the fact
that the Pauli group is generated by g0 = iI, g〈 j〉 = X̄ j and
g j = Z̄ j , and their commutativity properties.

Its “vector form” is then the element


(P̄) := (κ|ξ|ζ) ∈ Z4 × Fn
2 × Fn

2 . (A3)

Note that this is not a vector in the strict sense (see Remark
A5 for details). By abuse of notation, the binary vectors ξ

resp. ζ can also be interpreted as sets of indices, the X̄ and
Z̄ components of the flow label,

ξ = (ξ1, . . . , ξn) ∈ Fn
2

�→ supp(ξ) := {〈 j〉|ξ j = 1} =: ξ ⊂ {〈1〉, . . . , 〈n〉},
ζ = (ζ1, . . . , ζn) ∈ Fn

2

�→ supp(ζ) := { j|ζ j = 1} =: ζ ⊂ {1, . . . , n}, (A4)

where only the indices of the nontrivial Pauli operators that
actually appear in the product are written down making the
notation dense

P̄ = iκ ·
n∏

j=1

X̄
ξ j

j ·
n∏

j=1

Z̄
ζ j

j =: iκ
∏
m∈�

gm = P̄(�), (A5)

for the flow label � = iκ〈ξ〉ζ. In these flow labels, we include
the whole phase iκ in order to differentiate the phase label
from the indices in the X̄ and Z̄ labels, while in the “vector
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TABLE I. Overview of the different notations. All notations are
equivalent, respecting the group structures.

Form Example P̄ P̄ = I P̄ = X̄ j P̄ = Z̄ j P̄ = Ȳj

Flow label i〈23〉13 〈 j〉 j i〈 j〉 j

“Vector form” (1|011|101) (0|0|0) (0|e j |0) (0|0|e j ) (1|e j |e j )

Operator iX̄2X̄3Z̄1Z̄3 I X̄ j Z̄ j iX̄ j Z̄ j

Forms iX (011)Z(101) X 0
j Z

0
j X e j Z0 X 0Ze j iX e j Ze j

form” only the exponent κ is written down. An overview of
the equivalent notations is given in Table I, where e j is the
jth vector of the canonical basis. The flow label notation
is optimized for handwriting in analyzing a circuit and the
“vector form” is optimized for group theory and calculations,
while the Pauli operators are the objects of interest.

2. Group presentation of Pauli operators

We can make the bijective map


 : P̄ −→ Z4 × Fn
2 × Fn

2 ,

P̄ = iκ X̄
ξ
Z̄

ζ �−→ 
(P̄) = (κ|ξ|ζ) (A6)

into a group isomorphism by defining a compatible group
operation � on the group Z4 × Fn

2 × Fn
2 , which we abbreviate

as G throughout the rest of the Appendixes.
Definition A1. On G = Z4 × Fn

2 × Fn
2 , define the opera-

tion � by setting

(κ1|ξ1|ζ1) � (κ2|ξ2|ζ2)

:= (κ1 ⊕4 κ2 ⊕4 2ζ1 · ξ2
T |ξ1 ⊕2 ξ2|ζ1 ⊕2 ζ2), (A7)

where ⊕4 denotes addition modulo 4 in the ring Z4, ⊕2 de-
notes addition modulo 2 in the field F2 and, · denotes standard
matrix multiplication.

Note that the correction term 2ζ1 · ξ2
T in the phase ex-

ponent just mimics the sign change introduced by swapping
the Pauli X̄ operators of the second Pauli operator through
the Pauli Z̄ operators of the first Pauli operator in order to
get the standard form in Eq. (A2); e.g.,

(iX̄2X̄3

swap giving (−1)1︷ ︸︸ ︷
Z̄1Z̄3) · (−X̄1 Z̄3)

= (−i) · (−1)1(X̄1X̄2X̄3Z̄1Z̄3Z̄3) = iX̄1X̄2X̄3Z̄1 (A8)

can be written as

(i1X (011)

swap︷ ︸︸ ︷
Z(101)) · (i2X (100) Z(001))

= i1⊕42 · (−1)(101)·(100)T
X (011)⊕(100)Z(101)⊕(001) (A9)

= i1⊕42⊕42(101)·(100)T
X (011)⊕(100)Z(101)⊕(001)

= i1X (111)Z(100). (A10)

In the “vector form,” this corresponds to

(1|011|101) � (2|100|001)

= (1 ⊕4 2 ⊕4 2(101)(100)T |011 ⊕2 100|101 ⊕2 001)

= (1|111|100), (A11)

(a) (b)

FIG. 3. The group operation � written in the flow label notation
(a) in the example of Eq. (A8) and (b) in the general case. For ξ and
ζ, just take the symmetric difference 
 of the sets. For the phase,
multiply the phases with the sign correction, which is (−1) to the
power of the number of elements |ζ1 ∩ ξ2| in the intersection marked
by the rounded rectangles (identifying 〈 j〉 and j), corresponding to
the number of anticommuting swaps in order to produce the standard
form of Pauli operators.

i.e., only the exponents are written down, which makes the
group isomorphism 
 sort of a generalized logarithm. In the
flow label notation, this corresponds to the set-theoretic oper-
ations in Fig. 3.

Remark A1. For computational purposes, it is advanta-
geous to represent the phase exponent κ ∈ Z4 as a 2-bit
number κ = κ1 · 21 + κ0 · 20 = (κ1, κ0)2 ∈ F2

2 . This corre-
sponds to writing iκ = (−1)κ1 iκ0 with binary exponents,
which is nearly the same standard form as in Ref. [35] or [34]
(see Remark A2 for details). Nevertheless, the group operation
on the phase information remains addition modulo 4, which is
the addition with carry-on on F2

2 , where a possible overflow
to the third lowest bit is ignored, corresponding to reduction
modulo 4 = 22. Since this might easily lead to confusion with
the bitwise operations on the two other components Fn

2 of G,
we choose to use the Z4 component.

Proposition A1. (G,�) is a non-Abelian group with
identity element idG = (0|0|0), the inverse element of
� = (κ|ξ|ζ) ∈ G is given by �� = �(κ|ξ|ζ) = (−κ ⊕4 2ζ ·
ξT |ξ|ζ), and the centralizer of G is Z (G) = {(κ|0|0)|κ ∈
Z4} ∼= Z4.

Proof. The group axioms of associativity (�1 � �2) �
�3 = �1 � (�2 � �3), identity element � � idG = idG � � =
�, and inverse element � � (��) = (��) � � = idG can be
shown by plugging in the definition of � and using the well-
known properties of the standard operations in F2, Z4, and the
matrix multiplication.

The centralizer of G consists of all elements �1 of G, such
that �1 commutes with all elements �2 ∈ G, i.e.,

�1 � �2 = �2 � �1 ∀�2.

Since the addition modulo 2 in the ξ and the ζ component is
always commutative, the claim now follows from comparing
the phase information:

κ1 ⊕4 κ2 ⊕4 2ζ1ξ2
T = κ2 ⊕4 κ1 ⊕4 2ζ2ξ1

T ,

2ζ1ξ2
T = 2ζ2ξ1

T ∀ξ2, ζ2

⇔ ξ1 = ζ1 = 0.

Since the centralizer is obviously not the whole group G, the
group operation � is non-Abelian. �

Proposition A2. The map


 : P̄ −→ G = Z4 × Fn
2 × Fn

2 ,

P̄ = iκ X̄
ξ
Z̄

ζ �−→ (κ|ξ|ζ) (A12)

is a group isomorphism.
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Proof. For 
 to be a group homomorphism, we have to
prove 
(P̄Q̄) = 
(P̄) � 
(Q̄) for all P̄, Q̄ ∈ P̄ , but that is
exactly the definition of the operation �. Since every P̄ ∈ P̄
can be uniquely written as P̄ = iκ X̄

ξ
Z̄

ζ
, the map 
 is bijective

and therefore a group isomorphism. �
Remark A2. This proposition together with the definition

of the group operation � is a variant of Lemma 1 in Ref. [34]
(see also Lemma 33 in Ref. [35]). Because of their choice to
write the phase exponent as a reversed 2-bit binary number,
their sign correction term contains one correction correspond-
ing to the carry on of addition of 2-bit numbers, while the
other correction corresponds to the anticommuting pairs of
Pauli X and Z operators.

Remark A3. The action of an element (κ ′|0|0) ∈ Z (G) on
an arbitrary element 
(P̄) = (κ|ξ|ζ) ∈ G corresponds to mul-
tiplying iκ

′
I ∈ P̄ and P̄ under this isomorphism, therefore

giving the multiplication with a scalar iκ in the Pauli group P̄
(which is not a scalar multiplication on the presentation Z4 ×
Fn

2 × Fn
2 ; see Remark A5). We use the shorthand κ ′ � 
(P̄) :=

(κ ′|0|0) � (κ|ξ|ζ) = (κ ′ ⊕4 κ|ξ|ζ) for this action. Note that
κ ′ � 
(P̄) = 
(P̄) � κ ′.

Remark A4. The group isomorphism 
 is a presentation of
the Pauli group in the following (broadened) sense. The Pauli
group P can be presented (in the strict group theoretic sense)
as the free group on the symbols iI, Xj , Zj quotiented out by
the relations given by their orders, i.e., (iI)4 = X 2

j = Z2
j = I

as well as those given by the (anti)commutativity proper-
ties of the Pauli operators, e.g., XjZ j = (iI)2XjZ j . While the
relations given by the orders and commutativity properties
correspond to the commutative addition modulo 4 resp. 2 in
the components Z4 resp. F2 in G, the relations corresponding
to the anticommutativity properties get translated into the
special operation �. We will not use the free group in the
following, but we will refer to 
 as presentation.

Remark A5. We call the presentation 
(P̄) = (κ|ξ|ζ) the
“vector form” since it looks like a vector, even if its first entry
is in Z4. As an algebraic object, it is not a vector because of the
missing scalar multiplication. The group G = Z4 × Fn

2 × Fn
2

being noncommutative can be neither a vector space (over
a field) nor a module (over some unital ring) since the dis-
tributive laws needed would directly imply that G has to be
commutative. When trying to define an operation as near as
possible to a scalar multiplication, there are some candidates
each one with its own drawbacks:

Idea 1. We can try to push the exponentiation of Pauli
operators with integers to the presentation. If we consider P̄a

for natural numbers a ∈ N and P̄ ∈ P̄ with 
(P̄) = (κ|ξ|ζ),
then we can of course write

P̄a = P̄ · · · · · P̄︸ ︷︷ ︸
a

�→ (κ|ξ|ζ) � · · · � (κ|ξ|ζ)︸ ︷︷ ︸
a

=
(

aκ ⊕4 2 ·
⌊a

2

⌋
ζ · ξT

∣∣∣aξ

∣∣∣aζ
)
. (A13)

It would be natural to define a · (κ|ξ|ζ) as this last expression,
which works similarly for P̄−a = (P̄−1)a. In that case, we
can define · : Z × G → G and check which axioms of a Z
module our group G = Z4 × Fn

2 × Fn
2 with this operation ful-

fills. For this operation to be a scalar multiplication, we need
to check whether a((κ1|ξ1|ζ1) � (κ2|ξ2|ζ2)) = a(κ1|ξ1|ζ1) �

a(κ2|ξ2|ζ2). This corresponds to the equation (P̄Q̄)a = P̄aQ̄a,
which in general is not true if P̄ and Q̄ do not commute. The
other three axioms for a scalar multiplication correspond to
P̄a · P̄b = P̄a+b, (P̄a)b = P̄ab, and P̄1 = P̄ and are therefore
fulfilled a(κ|ξ|ζ), since P̄ always commutes with itself.

Idea 2. We can restrict the above operation to the field
F2 and consider · : F2 × G → G, which corresponds to just
looking for P̄0 = I and P̄1 = P̄. This removes the problem of
the first idea, since indeed (P̄Q̄)a = P̄aQ̄a if we only consider
a = 0 and a = 1. But now we get I = P̄0 = P̄1⊕21 = P̄1 ·
P̄1 = P̄2

i.g.
�= I, which is only true for Pauli operators with order

at most 2 and false if P̄ ∈ P has ord(P̄) = 4, e.g., P̄ = iX .
Idea 3. We can restrict the operation instead to the ring Z4,

which solves the problem of idea 2, but we are back to the
problem of idea 1.

Idea 4. In another direction, we could try for a
scalar multiplication coming from the centralizer of the
group, i.e., � : Z4 × G → G with κ ′ � (κ|ξ|ζ) = (κ ′|0|0) �
(κ|ξ|ζ), but since this corresponds to multiplying with
iκ

′
I, we get iκ

′
I · (P̄ · Q̄) = (iκ

′
I · P̄) · Q̄ = P̄ · (iκ

′
I · Q̄) �=

(iκ
′
I · P̄) · (iκ

′
I · Q̄), such that the axiom κ ′ � ((κ1|ξ1|ζ1) �

(κ2|ξ2|ζ2)) = (κ ′ � (κ1|ξ1|ζ1)) � (κ ′ � (κ2|ξ2|ζ2)) is not true
in general. Note that in the matrix algebra with matrix addi-
tion, matrix multiplication, and scalar multiplication, this is
indeed the well-known scalar multiplication αM of a matrix
by a scalar. However, this fulfills the axioms of scalar multipli-
cation with respect to the matrix addition and not with respect
to the matrix multiplication, which is the group operation of
the Pauli group.

Having said that, we nevertheless use the definition of a
multiple of a group element a · (κ|ξ|ζ) in Eq. (A13), espe-
cially in the cases a ∈ F2 or a ∈ Z4, but bear in mind that not
all rules for a scalar multiplication are fulfilled.

Since the group operation � on G is defined in such a way
that the presentation 
 is a group isomorphism, we get the
following corollary on the “vector” presentation of a product
of multiple Pauli operators. For compact formulas here and in
the rest of the paper, we first give the following.

Definition A2. For any row vector � = (
1, . . . , 
m) ∈ Fm
2 ,

we define Q(�) as the strictly upper triangular part (strup for
short) of the m × m matrix �T �, i.e., Q(�) := strup(�T �):

Q(�) :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 
1
2 
1
3 . . . . . . 
1
m

0 0 
2
3 . . . . . . 
2
m

0 0 0 . . . 
3
m
...

...
...

. . .
. . .

...

0 0 0 . . . 0 
m−1
m

0 0 0 . . . 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(A14)

For a row vector � = (
0|
1 · · · 
m) ∈ Z4 × Fm
2 that has a

zeroth element, we define Q(�) by the exact above definition;
i.e., the zeroth element gets omitted. For any Pauli operator
P̄ ∈ P̄ with “vector form” 
(P̄) = (κ|ξ|ζ), we define the tri-
angular 2n × 2n matrix Q(P̄) := Q((ξ|ζ)).

Corollary A1 (see Corollary 34 in Ref. [35]). The “vec-
tor” presentation 
(P̄) of the product P̄ = P̄1 · · · P̄m of Pauli
operators P̄i ∈ P̄ with “vectors” �i = 
(P̄i ) = (κi|ξi|ζi) is
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given by


(P̄) =
( ∑

i

κi ⊕4 2s

∣∣∣∣∣∑
i

ξi

∣∣∣∣∣∑
i

ζi

)
, (A15)

where the sign correction is given by

s = (ζ1, . . . , ζm) · Q(1) ·

⎛
⎜⎝ξ1

T

...

ξm
T

⎞
⎟⎠, (A16)

with 1 = (1, . . . , 1) ∈ Fm
2 .

Remark A6. Note that the formula for the sign correction s
is only a formal notation, since the entries of the “row vector”
(ζ1, . . . , ζm) are themselves row vectors, while the entries
of the “column vector” on the right ξi

T are column vectors
themselves. Treating ξ j and ζ j as formal symbols yields

s = (0, ζ1, ζ1 ⊕2 ζ2, . . . , ζ1 ⊕2 · · · ⊕2 ζm−1) ·

⎛
⎜⎝ξ1

T

...

ξm
T

⎞
⎟⎠

=
m−1∑
i=1

m∑
j=i+1

ζiξ j
T .

(A17)

Alternatively, this double sum is exactly the sum of all entries
of the strictly upper triangular matrix

strup

⎛
⎜⎝ζ1ξ1

T · · · ζ1ξm
T

...
...

ζmξ1
T · · · ζmξm

T ,

⎞
⎟⎠. (A18)

Note that the full matrix (ζiξ j )i, j contains all the information
on the sign corrections si, j when writing the product of any
pair of two Pauli operators P̄i · P̄j with 1 � i, j � m in the
standard form of Eq. (A2). Because of the ordering in the
product P̄1 · · · P̄m, we only need those sign corrections cor-
responding to i < j, i.e., the strictly upper part of the matrix.
Hence, the sign correction can be calculated by multiplying
the triangular matrix by the row vector 1 from the left and by
the column vector 1T from the right.

Proof. Since 
 is a group homomorphism, we get


(P̄) = 
(P̄1 · · · P̄m) = 
(P̄1) � · · · � 
(P̄m)

= (κ1|ξ1|ζ1) � · · · � (κm|ξm|ζm). (A19)

Repeatedly using the definition of � gives the linear part( ∑
i

κi

∣∣∣∣∣ ∑
i

ξi

∣∣∣∣∣ ∑
i

ζi

)
(A20)

and the phase correction

2s = 2 ·
m−1∑
i=1

m∑
j=i+1

ζiξ j
T , (A21)

as claimed. �
Remark A7. The most expensive part of the calculation of

the sign correction corresponds to calculating (approximately
half of) the matrix multiplication of two m × m matrices in
order to get Eq. (A18); i.e., the run time in the naive matrix
multiplication is O(m3) and with fast matrix multiplication it

is O(mω ), where 2 � ω < 2.371 339 is the matrix multipli-
cation exponent (see Ref. [49] for the bound and Ref. [35]
for using fast matrix multiplication in the context of Clifford
tableaus). Since the calculation of the linear part of 
(P̄)
[Eq. (A20)] is O(mn), we get a run-time of O(max(mn, mω )).

3. Vector space presentation of Pauli operators without phase

If the phases of the Pauli operators are not needed, for in-
stance, if only CNOT gates are used, the somewhat complicated
group operation � and the problem that we work with only
“nearly vectors” vanishes (see, for example, Refs. [30,47]].
This corresponds to the induced presentation 
̃ on the quotient
group P̃ := P̄/〈iI〉, which is well defined since the subgroup
〈iI〉 generated by the phases is a normal subgroup. Further-
more, the quotient group is commutative and an F2-vector
space in the canonical way. The following proposition is well
known.

Proposition A3. The induced presentation


̃ : P̃ −→ Fn
2 × Fn

2 ,

[P̄] = [iκ X̄
ξ
Z̄

ζ
] �−→ (ξ|ζ), (A22)

where [P̄] is the equivalence class of P̄ in P̃ , is a vector space
isomorphism.

4. The XY Z-mapping r

Often, see, for example, the original paper [26] on the
simulation of stabilizer circuits, another vectorlike notation
for the Pauli group is used. The chosen standard form for Pauli
operators there is

P̄ = (−1)δ
n∏

j=1

P̄j, where P̄j ∈ {I, X̄ j, Ȳj, Z̄ j} (A23)

and P̄ is represented by

r(P̄) = ((x1, . . . , xn), (z1, . . . , zn), δ),

where (x j, z j ) is (0, 0), (1, 0), (1, 1) resp. (0,1) if P̄j is
I, X̄ j, Ȳj resp. Z̄ j and δ is the sign exponent. The advantage
of this notation is that only the Pauli operators that have a
nontrivial +1 eigenspace are considered (and ±I) (see also
Remark A10). These are the “interesting” operators in the
stabilizer formalism in the sense that they actually define
stabilizer states. The disadvantage is that the mapping is not
a group isomorphism, since the Pauli operators of the above
form do not form a group and the group structure of the full
Pauli group given by the multiplication of two operators is not
respected by this notation. Let us look more closely into this.

Definition A3. Let P̄ ∈ P̄ be a Pauli operator. The order
ord(P̄) of the operator is the smallest positive integer a, such
that P̄a = I.

Denote by P̄�2 � P̄ the set of Pauli operators with
ord(P̄) � 2.

A Pauli operator P̄ ∈ P̄�2 with P̄ �= ±I is called proper. A
“vector” � ∈ G is proper if it is the image 
(P) of a proper
Pauli operator P.

Remark A8. Since P̄ is a finite group, every Pauli operator
has finite order. Actually, the order of any Pauli operator is
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1, 2, or 4: For every P̄ ∈ P̄ , we have

P̄2 = P̄ · P̄ �→ 2 · (κ|ξ|ζ)

= (
2κ ⊕4 2ζ · ξT |0|0)

�→ i2κ⊕42ζ·ξT
I

= (−1)κ⊕2ζ·ξT
I (A24)

and therefore P̄4 = I and ord(P̄) divides 4.

ord(P̄) Condition Examples
1 (κ|ξ|ζ) = (0|0|0) I
2 κ ⊕2 ζ · ξT = 0 X̄ = i0X̄ 1Z̄0,

(κ|ξ|ζ) �= (0|0|0) Ȳ = i1X̄ 1Z̄1

4 κ ⊕2 ζ · ξT = 1 iX̄ = i1X̄ 1Z̄0,

−X̄ Z̄ = i2X̄ 1Z̄1

The proper Pauli operators are exactly the Hermitian Pauli
operators �= ±I, i.e., those operators with ord(P̄) � 2 that are
not a scalar multiple of the identity.

It is easy to switch between the two vectorlike forms by
redistributing factors of i in the two standard forms.

Proposition A4. Consider the following diagram of maps
of sets:

where 
 and r are the XZ presentation and the XY Z mapping,
respectively, and ψ : Fn

2 × Fn
2 × F2 → G = Z4 × Fn

2 × Fn
2 is

given by ψ (ξ, ζ, δ) := (2δ + ζ · ξT |ξ|ζ).
Then, this diagram commutes; i.e., the concatenation ψ ◦

r is the same as the concatenation 
 ◦ ı of the inclusion ı :
P̄�2 ↪→ P̄ and the presentation 
. In particular, the map ψ is
injective, but not surjective with image G�2 = 
(P̄�2) � G.

Proof. Let P̄ ∈ P̄ be a Pauli operator in the XY Z standard
form of Eq. (A23), which we want to bring into XZ standard
form

P̄ = (−1)δ
n∏

j=1

P̄j = iκ
n∏

j=1

X̄ j
ξ j Z̄

ζ j

j . (A25)

Since we have

(ξ j, ζ j ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(0, 0) if P̄j = I,

(1, 0) if P̄j = X̄ j,

(1, 1) if P̄j = Ȳj = iX̄ j Z̄ j,

(0, 1) if P̄j = Z̄ j,

(A26)

only the third case needs to be considered in order to compute
the phase κ; this case occurs ζ · ξT times, leading to

P̄ = (−1)δ · iζ·ξ
T

n∏
j=1

X̄
ξ j

j Z̄
ζ j

j = i2δ+ζ·ξT
n∏

j=1

X̄
ξ j

j Z̄
ζ j

j . (A27)

Therefore, the definition of ψ and the fact that both standard
forms are unique directly yield the commutativity of the dia-
gram. Since r and 
 are bijections, the properties of ι, being
injective but not surjective, since there exist elements of order
4 in P̄ , transfer to ψ . �

Corollary A2. The forgetful presentations r̃ : P̃ → Fn
2 ×

Fn
2 and 
̃ :→ Fn

2 × Fn
2 defined on the quotient group P̃ =

P̄/〈iI〉 induced by r resp. 
, i.e., forgetting the phase factor,
coincide.

Remark A9. In the following, we often have to refer to the
phaseless version of some object; e.g., we need (ξ|ζ) of some
� = (κ|ξ|ζ) or we need all entries of a “matrix” M but those
corresponding to phases. We will denote such a phaseless
version of the object with a tilde, e.g., �̃ or M̃.

Remark A10. Coming back to the proper Pauli operators,
we have seen up to now that the XY Z mapping is defined on
Pauli operators with order up to 2, i.e., P̄2 = I. Since in the
stabilizer formalism a stabilizer state |ψ〉 is characterized by
the group Stab|ψ〉 of those Pauli operators P̄ that fix the state,
i.e., P̄|ψ〉 = |ψ〉 = +1|ψ〉, any Pauli operator appearing in a
stabilizer group has to have a nontrivial +1 eigenspace in the
first place. Since P̄ is unitary, all eigenvalues λ have absolute
value 1. And since P̄4 = I, only ±1 and ±i can be eigenvalues
of P̄.

The condition that ord(P̄) � 2 means that P̄ is Hermitian,
since then P̄2 = I, and therefore, we get real eigenvalues for
P̄, more precisely ±1. Note that the elements ±I ∈ P̄�2 by
definition are not proper Pauli operators, since they have either
the whole space or the trivial subspace as +1 eigenspace. If
you compare this to Sec. 10.5.1 on the stabilizer formalism in
Ref. [50], especially Proposition 10.5, this corresponds to the
careful avoidance of the element −I in the stabilizer group.

From Proposition A14, we conclude that (κ|ξ|ζ) corre-
sponds to a proper Pauli operator, iff κ ⊕2 ζ · ξT = 0 and
(ξ|ζ) �= (0|0). This condition then makes sure that we can
write the Pauli operator in the XY Z standard form of
Eq. (A23).

Remark A11. Note that the XY Z-mapping r is not a group
isomorphism. On the one hand, that is the case, since it is
only defined on P̄�2 ⊂ P̄ , which is not even a group. For
example, X̄ and Z̄ are in P̄�2 because X̄ 2 = Z̄2 = I, but their
product X̄ Z̄ is not in P̄�2, since (X̄ Z̄ )2 = X̄ Z̄X̄ Z̄ = −X̄ 2Z̄2 =
−I; hence, ord(X̄ Z̄ ) = 4. Equivalently, we could look on the
eigenspaces and see that X̄ and Z̄ each have a one-dimensional
(1D) +1 eigenspace (and an orthogonal one-dimensional −1
eigenspace), while X̄ Z̄ has ±i as eigenvalues. Hence, P̄�2 is
not closed under multiplication and not a subgroup.

On the other hand, writing +Ȳ as (1, 1, 0) is not compatible
with writing (1, 0, 0) and (0, 1, 0) for +X̄ and +Z̄—at least
for the natural addition on Fn

2 × Fn
2 × F2—since

+Ȳ �→ (1, 1, 0) = (1, 0, 0) ⊕2 (0, 1, 0) �→ X̄ · Z̄, (A28)

but Ȳ = iX̄ Z̄ �= X̄ Z̄ .

5. (Anti)commutativity

Recall the following (anti)commutativity properties of
Pauli operators:

(1) Two Pauli operators P̄, Q̄ ∈ P̄ either commute or anti-
commute. In either of the two standard forms [see Eqs. (A2)
and (A23)], count the number of qubits, such that the jth
single-qubit factors of P̄ and Q̄ anticommute. If this number
is even, P̄ and Q̄ commute; if it is odd, they anticommute.
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(2) Denote by ω : F2n
2 × F2n

2 → F2 the symplectic inner

product given by � = ( 0 I
I 0 ); i.e., for (ξ1|ζ1) and (ξ2|ζ2) ∈

F2n
2 × F2n

2 = F2n
2 , we define

ω((ξ1|ζ1), (ξ2|ζ2)) := (ξ1|ζ1)�(ξ2|ζ2)T

= ζ1ξ2
T ⊕ ξ1ζ2

T . (A29)

The symplectic inner product of 
̃(P) and 
̃(Q) for two Pauli
operators P̄, Q̄ exactly counts the number of anticommut-
ing single-qubit factors of P̄ and Q̄; hence, we have P̄Q̄ =
(−1)νQ̄P̄ if and only if ω(
̃(P̄), 
̃(Q̄)) = 
̃(P̄)�
̃(Q̄)T = ν.

Note that the sign correction term ζ1ξ2
T (omitting the fac-

tor 2) of the � sum 
(P̄) � 
(Q̄) = (κ1|ξ1|ζ1) � (κ2|ξ2|ζ2) =
(κ1 ⊕4 κ2 ⊕4 2ζ1ξ2

T |ξ1 ⊕ ξ2|ζ1 ⊕ ζ2) gives the first summand
of the symplectic product; this corresponds to bringing the
product P̄Q̄ to the standard form. The second summand corre-
sponds analogously to bringing the product Q̄P̄ to the standard
form. The factor 2 is omitted since we stay in F2. The sum
ζ1ξ2

T ⊕ ξ1ζ2
T then just adds the swaps of pairs X̄ j and Z̄ j

needed in going from P̄Q̄ via the standard form to Q̄P̄ and
therefore; decides whether P̄Q̄ = Q̄P̄ or P̄Q̄ = −Q̄P̄. Note
also that ζ1ξ2

T = (ξ1|ζ1)(0 0
I 0)(ξ2|ζ2)T (where (0 0

I 0) is U T

of Ref. [34]).
In order to simplify the notation, we also write

ω for the concatenations ω ◦ (
̃, 
̃) and ω ◦ (r̃, r̃); i.e.,
ω((κ1|ξ1|ζ1), (κ2|ξ2|ζ2)) is defined by forgetting the phase
exponents and plugging the results into ω and analogously for
(ξi, ζi, δi ).

Corollary A3. Let P̄1, P̄2 ∈ P̄ be two Hermitian Pauli op-
erators. Their product P̄1 · P̄2 is also Hermitian if and only if
P̄1 and P̄2 commute.

Proof. Let �i = 
(P̄i ) = (κi|ξi|ζi ). Then, κi ⊕2 ζi · ξi
T = 0

since P̄i is Hermitian. For the product � = 
(P̄1P̄2) = �1 �
�2 = (κ1 ⊕4 κ2 ⊕4 2ζ1 · ξ2

T |ξ1 ⊕2 ξ2|ζ1 ⊕2 ζ2) = (κ|ξ|ζ), we
get

κ + ζ · ξT = (κ1 + κ2 + 2ζ1 · ξ2
T )

+ (ζ1 + ζ2) · (ξ1 + ξ2)T

= κ1 + κ2 + 2ζ1 · ξ2
T

+ ζ1 · ξ1
T + ζ1 · ξ2

T + ζ2 · ξ1
T + ζ2 · ξ2

T

= (κ1 + ζ1 · ξ1
T ) + (κ2 + ζ2 · ξ2

T )

+ 2ζ1 · ξ2
T + ζ1 · ξ2

T + ζ2 · ξ1
T

≡ ζ1 · ξ2
T + ζ2 · ξ1

T mod(2)

= ω(�1, �2). (A30)

Therefore, the Hermitian property κ ⊕2 ζ · ξT = 0 is fulfilled
iff ω(�1, �2) = 0, i.e., iff the two Pauli operators commute. �

Later, we will need the following well-known facts.
Proposition A5. Let F̃ = ( A B

C D ) ∈ F2n×2n
2 be a sym-

plectic matrix, i.e., F̃�F̃ T = �, with n × n blocks A, B,C,

and D.
Then, the inverse matrix can be easily calculated by

F̃−1 =
(

DT BT

CT AT

)
. (A31)

The following are equivalent:
(1) F̃ is symplectic.
(2) ADT + BCT = I and the matrices BAT and CDT are

symmetric.
(3) F̃−1 is symplectic.
(4) AT D + CT B = I and the matrices BT D and AT D are

symmetric.
Remark A12. Most often, we will use the above block form

for matrices like

F̃ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ξ1 ζ1
...

...

ξn ζn

ξn+1 ζn+1
...

...

ξ2n ζ2n

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=
(

A B
C D

)
. (A32)

Then, the matrix in Eq. (A18) can be calculated as

strup

⎛
⎜⎝ ζ1ξ1

T · · · ζ1ξ2n
T

...
...

ζ2nξ1
T · · · ζ2nξ2n

T ,

⎞
⎟⎠

= strup

(
F̃ ·

(
0 0
I 0

)
· F̃ T

)

= strup

(
BAT BCT

DAT DCT

)

=
(

strup(BAT ) BCT

0 strup(DCT )

)
. (A33)

APPENDIX B: REPRESENTING CLIFFORD CIRCUITS

Now that we have covered the needed prerequisites on
Pauli operators, we can turn our attention to the Clifford
circuits we would like to track. For a Clifford circuit C—
consisting of Hadamard gates H , S gates, and CNOT gates—we
can ask the following two different questions—using the con-
vention of the main text that logical refers to Pauli operators,
states, etc. before the circuit, indicated by a bar in the notation,
while physical refers to Pauli operators, states, etc. after the
circuit, written without a bar.

Question 1: Logical to physical. Given a logical Pauli
operator P̄ acting as |ψ〉[ψ̄] �→ P̄|ψ̄〉 on the logical state |ψ̄〉
before applying the circuit C, what is the induced physical
action of P̄ after the circuit C?

We want to determine the action C∗P̄ on the physical state
|ψ〉 (see question marks in Fig. 4). The bold arrows show
the way how the action of P̄ is pushed forward to its induced
action |ψ〉 �→ CP̄C†|ψ〉.

Algebraically, CP̄C† =: C∗P̄ is the pushforward of P̄
through C.

Question 2: Physical to logical. Given a physical Pauli
operator P acting on the physical state |ψ〉 after the Clifford
circuit C, i.e., |ψ〉 = C|ψ̄〉, what is the induced logical action
of P before the circuit C?

In this variant, we want to know the action C∗P on the
logical state |ψ̄〉, which we again get through the bold arrows
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FIG. 4. The action of a logical Pauli operator P̄ on the logical
state |ψ̄〉 gets pushed forward to the action C∗P̄ on the physical state
|ψ〉 after the Clifford circuit C. C acts on P̄ by left conjugation.

now pulling back the action of P to its induced action on |ψ̄〉
(see question marks in Fig. 5).

Algebraically, C†PC=:C∗P is the pullback of P through C.
For example, question 1 arises in the study of quantum

error correction codes, if P̄ is a stabilizer of a logical state |ψ̄〉
and we want to know the induced stabilizer after the circuit
C in order to check whether some physical Pauli rotation RP

respects the stabilizer. On the other hand, if we apply some
physical Pauli rotation RP after the Clifford circuit C and
want to know its logical meaning on the state |ψ̄〉, we ask
question 2.

In this Appendix, we will first introduce the action of the
Clifford group on the Pauli group from the group theoretic
side, identifying the covariant and contravariant conjugations
of Pauli operators by Clifford unitaries and introducing the
different choices of conjugation type, circuit/inverse circuit
and prepend/append. Afterward, the flow and the Clifford
tableaus are introduced as an analog to the well-known ma-
trix representation of linear maps. As the representation of
linear maps highly depends on the chosen (ordered) basis,
the tableaus highly depend on the choice of an ordered, sym-
plectic generator set of the Pauli group. In order to have a
self-contained explanation of the two different tableaus we
cover the technical details of this matrixlike representation,
which is mainly needed since covering the phases in the
action destroys the algebraic structure as a vector space (see
Remark A5). In the remainder of the Appendix the tableaus
is categorized into co- and contravariant choices (see Fig. 8)

FIG. 5. The action of a physical Pauli operator P on the physical
state |ψ〉 gets pulled back to the action C∗P on the logical state |ψ̄〉
before the Clifford circuit C. C acts on P by right conjugation.

and the practical side of calculating the tableaus in an iterative
manner are covered (see Example B1).

1. Clifford group and its action on the Pauli group

a. Left versus right conjugation

Definition B1. The Clifford group C� = C�n on n qubits is
the normalizer of the Pauli group, i.e.,

C� = {C|C unitary,C†PC ∈ P̄ for all P ∈ P}. (B1)

Note that we could have used any of the two types of
conjugations

left conjugation P̄ �→ C∗P̄ = CP̄C†, (B2)

right conjugation P �→ C∗P = C†PC (B3)

in this definition. But since the normalizer is indeed a group,
we have that C† ∈ C� iff C ∈ C�, hence both conjugations lead
to the same definition of C�. We use P̄ resp. P for the Pauli
group to differentiate between the domain and the codomain
of the conjugation types; nevertheless, they are always the
same group in these Appendixes.

Note that both conjugation types give group homomor-
phisms; i.e., they are compatible with the multiplication of
Pauli operators:

C∗(P̄ · Q̄) = C(P̄ · Q̄)C† = CP̄C†CQ̄C† = C∗P̄ · C∗Q̄,

C∗(P · Q) = C†(P · Q)C = C†PCC†QC = C∗P · C∗Q.

(B4)

The seemingly small difference of the left and the right
conjugation leads to one significant difference: If we concate-
nate two Clifford circuits C1 and C2 to find a circuit C = C2C1,
the order of the two individual circuits is preserved by the left
conjugation

C∗P̄ = (C2C1)∗P̄ = (C2C1)P̄(C2C1)†

= C2C1P̄C†
1C†

2 = C2(C1∗P̄)C†
2 = C2∗(C1∗P̄) (B5)

but reversed by the right conjugation

C∗P = (C2C1)∗P = (C2C1)†P(C2C1)

= C†
1C†

2 PC2C1 = C†
1 (C2

∗P)C1 = C1
∗(C2

∗P). (B6)

In short, the pushforward is covariant, i.e., (C2C1)∗ =
(C2)∗(C1)∗, while the pullback is contravariant, i.e.,
(C2C1)∗ = (C1)∗(C2)∗. This gives the following.

Proposition B1. The two conjugation types, the pushfor-
ward

∗ : C� × P̄ → P
(C, P̄) �→ C∗P̄ := CP̄C† (B7)

as well as the pullback
∗ : C� × P → P̄

(C, P) �→ C∗P := C†PC, (B8)

are covariant group homomorphisms in their second compo-
nent, i.e., for a fixed Clifford unitary C ∈ C� and two Pauli
operators P̄, Q̄ ∈ P̄ , we have C∗(P̄ · Q̄) = C∗P̄ · C∗Q̄ and for
P, Q ∈ P , we have C∗(P · Q) = C∗P · C∗Q.
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The pushforward is covariant in the first component, i.e.,
for two Clifford unitaries C1,C2 ∈ C� and P̄ ∈ P̄:

(C2 · C1)∗P̄ = C2∗(C1∗P̄), (B9)

while the pullback is contravariant in the first component, i.e.,
for two Clifford unitaries C1,C2 ∈ C� and P ∈ P:

(C2 · C1)∗P = C1
∗(C2

∗P). (B10)

Corollary B1. The action of the Clifford group on the Pauli
group by right resp. left conjugation preserves the set of
proper Pauli operators.

Proof. Let C ∈ C� be a Clifford unitary and P ∈ P a proper
Pauli operator, i.e., ord(P) = 2 and P �= −I. Then, (C∗P)2 =
C∗P2 = C∗I = I giving ord(C∗P) � 2. Since C∗(iκI) = iκI
and P �= ±I; its pullback C∗P �= ±I, and therefore, the pull-
back of a proper Pauli operator P, is again proper. The proof
for left conjugation, i.e., the pushforward is analogous. �

Corollary B2. The action of a Clifford unitary C ∈ C�
by right conjugation preserves the (anti)commutativity prop-
erties of Pauli operators, i.e., for P, Q ∈ P with PQ =
(−1)νQP, we have C∗PC∗Q = (−1)νC∗QC∗P. The symplec-
tic inner product ω is invariant under right conjugation; i.e.,
ω(
(P), 
(Q)) = ω(
(C∗P), 
(C∗Q)). The analogous results
are true for the left conjugation.

Proof. Since right conjugation is a group homomorphism,
we get

(C∗P)(C∗Q) = C∗(PQ) = C∗((−1)νQP)

= (−1)ν (C∗Q)(C∗P).
(B11)

This implies ω(
(P), 
(Q)) = ν = ω(
(C∗P), 
(C∗Q)). The
proof for the left conjugation is analogous. �

In general, we use the notations P̄ , P̄, X̄ j , Z̄ j , etc. for
the logical objects before the circuit and P , P, Xj , Zj , etc.
for the physical objects after the circuit in order to highlight
the direction of the mapping investigated: physical to logical
versus logical to physical. If we need to differentiate between
time steps like in the concatenation of circuits, we use a
superscript P (λ), P(λ), X (λ)

t , Z (λ)
t , etc. for the time λ, in order

to not speak about the physical output of the first circuit as
the logical input of the second circuit, which might lead to
confusion. Therefore, in the case of the concatenation C2C1 of
two circuits, the logical Pauli operators P̄ correspond to P (0)

at time λ = 0, while the time steps i = 1, 2 are after the corre-
sponding circuit Ci. Figure 6 shows the co- and contravariance
of the pushforward and the pullback in the circuit model.

b. Appending versus prepending gate

The co- and contravariance of the pushforward resp. the
pullback, lead to different properties with respect to the ap-
pending or prepending of gates to a Clifford circuit (see also
Refs. [29,30]).

So, if we consider a circuit C = Cλ · · ·C2C1 having already
calculated C∗P̄ and C∗P and we now want to append a Clifford
operator Cλ+1, i.e., consider Cλ+1C, then in the case of the
pushforward we only have to add Cλ+1 and C†

λ+1 to the outside
of the “sandwich”:

Cλ+1∗(C∗P̄) = Cλ+1(Cλ · · ·C1P̄C†
1 · · ·C†

λ )C†
λ+1, (B12)

(a)

(b)

FIG. 6. (a) Given the two circuits C1 and C2, we can calculate
the pushforward (above the circuits) and the pullback (below the
circuits). (b) The concatenation C2C1 of the circuits then corresponds
to iteratively applying C2∗ to P(1) = C1∗P(0) for the pushforward resp.
iteratively applying C1

∗ to P(1) = C2
∗P(2) for the pullback [see bold

arrows in panel (a)]. This shows that the pushforward is naturally
calculated in an iterative manner in the forward direction of time,
while the pullback is naturally calculated iteratively in the backward
direction of time.

while in the case of the pullback the adding of C†
λ+1 and Cλ+1

has to happen on the inside of the “sandwich”:

C∗(C∗
λ+1P) = C†

1 · · ·C†
λ (C†

λ+1PCλ+1)Cλ · · ·C1. (B13)

Therefore, the calculation of the pushforward is compatible
with appending gates in the sense that the appending can be
naturally done in an iterative manner—just “sandwich” from
the outside with the gate to be appended. In contrast, the
calculation of the pullback is a priori not compatible with
appending gates in the sense that the appending cannot be nat-
urally done in an iterative manner—The gate to be appended
has to be inserted into the “sandwich.” The opposite is true
for the prepending of a gate; i.e., we again consider the circuit
C = Cλ · · ·C2C1 but now we prepend the gate C0 to get CC0. A
similar calculation as above shows that prepending is naturally
iterative for the pullback but not for the pushforward.

In view of the two mappings, logical to physical for the
pushforward and physical to logical for the pullback, the ques-
tion of being naturally iterative corresponds to the question of
which Pauli operators under consideration remain or change
by the appending or prepending of a gate. Considering the
appending of a gate, the group of logical Pauli operators stays
the same, while the group of physical Pauli operators gets
moved one time step into the future. This is iterative for the
pushforward, since the preimages, i.e., the logical operators,
stay the same, while the resulting images, i.e., physical op-
erators, have to be pushed into the future. For the pullback,
the physical operators are the preimages and these have to
be transferred to the next time step, while the images stay
in the unchanged logical Pauli group. Therefore, we have to
prepend the action of the appended gate, which is not naturally
iterative. Considering the prepending of a gate, the situation
gets reversed; the logical Pauli group has to be transferred
one time step backward in time, prepending the action of
the prepended gate, which is not naturally iterative, while the
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TABLE II. Table of nontrivial pushforwards; i.e., the empty cells
as well as the cells of all generators P̄ that do not appear in the
table correspond to trivial pushforwards C∗iI = iI, C∗X̄ j = Xj , and
C∗Z̄ j = Zj .

C∗P̄ X̄t Z̄t X̄c

CNOTc→t Zt Zc XcXt

Ht Zt Xt

St iXt Zt

images of the pullback change, appending the action of the
prepended gate, which is naturally iterative.

c. Circuit versus inverse circuit

Many publications using the Clifford tableau use the
inverse Clifford tableau, which is the Clifford tableau of
the inverse circuit C† (see Refs. [29,30]). Interchanging C
with its inverse C† obviously interchanges the conjugation
types:

(C†)∗P = (C†)P(C†)† = C†PC = C∗P (B14)

and vice versa (C†)∗P̄ = (C†)†P̄(C†) = CP̄C† = C∗P̄,

(B15)

which also shows that the pullback and the pushforward are
inverse to each other:

C∗(C∗P̄) = (C†)∗(C∗P̄) = (C†C)∗P̄ = I∗P̄ = P̄ (B16)

as well as

C∗(C∗P) = (C†)∗(C∗P)
•= (CC†)∗P = I∗P = P, (B17)

note the reversed ordering of the two matrices at • because of
the contravariance.

Corollary B3. In the situation of Proposition B1, the two
conjugation types C∗ : P → P̄ and C∗ : P̄ → P are group
isomorphisms for each Clifford C ∈ C�.

We will come back to the concatenation of these choices,
appending/prepending, circuit/inverse circuit, and left/right
conjugation, in the section on co- and contravariance of the
tableaus (see Fig. 8).

d. The action of the elementary Clifford gates

As is well known, the Clifford group is generated by the
elementary Clifford gates, the Hadamard gate Ht and the S
gate St on the jth qubit and the CNOT gate CNOTc,t with the
cth qubit as control and the t th qubit as target qubit, while the
Pauli group is generated by iI, X̄ j , and Z̄ j . We can then easily
calculate the action of the generators C ∈ {CNOTc,t , Ht , St }
of the Clifford group on the generators P̄ ∈ {iI, X̄ j, Z̄ j} of
the Pauli group for the pushforward and analogously for the
pullback. For the pushforward, we get Table II of nontrivial
pushforwards [51].

Since the CNOT and the H gate are self inverse, the different
conjugation types do not matter in these cases, i.e., H∗ = H∗
and CNOT∗ = CNOT∗. Hence, the only difference we find in the
two conjugation tables is the minus sign for the S gate (and of
course the logical-to-physical versus physical-to-logical view)
(see Table III).

TABLE III. Table of nontrivial pullbacks; i.e., the empty cells
as well as the cells of all generators P that do not appear in the
table correspond to trivial pullbacks C∗iI = iI, C∗Xj = X̄ j , and
C∗Zj = Z̄ j .

C∗P Xt Zt Xc

CNOTc→t Z̄t Z̄c X̄cX̄t

Ht Z̄t X̄t

St −iX̄t Z̄t

The action of the elementary Clifford gates on the genera-
tors of the Pauli group of course extends to the whole Clifford
group, since conjugation is compatible with the multiplication
of Pauli operators. For the pushforward, i.e., the left conju-
gation, we get the actions in Fig. 7 for the pushforward C∗P̄
of an arbitrary Pauli operator P̄ represented as (κ|ξ|ζ) by the
following.

Proposition B2 (Sec. III of Ref. [34]). Let P̄ = iκ X̄
ξ
Z̄

ζ ∈
P̄ be an arbitrary Pauli operator with “vector form” 
(P̄) =
(κ|ξ|ζ) and let C ∈ {CNOTc,t , Ht , St } be an elementary Clifford
gate. Then, 
(C∗P̄) in the three cases is


((CNOTc,t )∗P̄) = (κ|ξ ⊕2 ξcet |ζ ⊕2 ζt ec),


((Ht )∗P̄) = (κ ⊕4 2ξtζt |ξ ⊕2 (ξt ⊕2 ζt )et

|ζ ⊕2 (ξt ⊕2 ζt )et ),


((St )∗P̄) = (κ ⊕4 ξt |ξ|ζ ⊕2 ξt et ). (B18)

Proof. The pushforwards of the generators X̄ j and Z̄ j by C
are already given in Table II (see Sec. 10.5.2 of Ref. [50]).

Since the pushforward is a group homomorphism, we get

C∗P̄ = C∗

⎛
⎝iκ

∏
j

X̄
ξ j

j

∏
j

Z̄
ζ j

j

⎞
⎠

= C∗(iκI)
∏

j

(C∗X̄ j )
ξ j

∏
j

(C∗Z̄ j )
ζ j . (B19)

Since most of the actions of C∗ are trivial, we only have to look
at the nontrivial ones of C in the above table and rearrange
the product to get the standard form of Eq. (A2). In the

FIG. 7. The action of the elementary Clifford gates on an arbi-
trary element of the Pauli group represented as (κ|ξ|ζ). For the CNOT

gate, there is no action on the phase exponent κ . For the H gate, we
need an additional (−1) in the phase, iff both Xt and Zt occur in the
Pauli operator. For the S gate, we only need to add a 1 to the phase
exponent to account for the factor i iff Xt occurs in the operator. See
Proposition B2 for the whole computation.
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C = CNOTc,t case, that means

CNOT∗P̄ = iκX ξ1
1 · · · (C∗X̄c)ξc · · · X ξt

t · · · X ξn
n

· Zζ1
1 · · · Zζc

c · · · (C∗Z̄t )
ζt · · · Zζn

n

= iκX ξ1
1 · · · (XcXt )

ξc · · · X ξt
t · · · X ξn

n

· Zζ1
1 · · · Zζc

c · · · (Zt Zc)ζt · · · Zζn
n

= iκX ξ1
1 · · · X ξc

c · · · X ξc
t X ξt

t · · · X ξn
n

· Zζ1
1 · · · Zζc

c Zζt
c · · · Zζt

t · · · Zζn
n

= iκX ξ1
1 · · · X ξc

c · · · X ξc⊕2ξt
t · · · X ξn

n

· Zζ1
1 · · · Zζc⊕2ζt

c · · · Zζt
t · · · Zζn

n

= iκX ξ⊕2ξcet Zζ⊕2ζt ec . (B20)

Since we only rearranged Pauli operators of the same type, the
phase stays unchanged; we get an additional Xt if we had an
Xc, which corresponds to addition modulo 2 of the exponents
since X has order 2, as well as an additional Zc if we had a Zt .

A similar calculation for Ht leaves most of P̄ unchanged,
but X ξt

t replaced by Zξt
t and Zζt

t replaced by X ζt
t . Since we have

to swap them back in order to get back to the standard form,
we get an additional −1 in the phase iff both operators are
present, i.e., iff ξt = ζt = 1. This phase correction is exactly
the ⊕42ξtζt of the proposition, while the addition of (ξt ⊕2

ζt )et to ξ and ζ leads to canceling the existing ξt (resp. ζt ) and
replacing it by ζt (resp. ξt ).

For the S gate St , the only nontrivial action is Xt �→ iXt Zt .
Hence, P̄ and St ∗P̄ differ iff ζt = 1. Rearranging St ∗P̄ to stan-
dard form in this case just adds a 1 to the phase exponent κ as
well as adding an additional Zt , giving rise to ⊕4ξt in the phase
component and ⊕2ξt et in the last component of 
(St ∗P̄).

Therefore, we proved the proposition; see Fig. 7 for the
visualization of these actions as column operations. �

Because of the iterative property of appending gates in the
case of the pushforward, we can directly interpret the actions
of Fig. 7 in the following way. Let C be a Clifford circuit, Cλ+1

an elementary Clifford gate, which we want to append to C,
and let (κ|ξ|ζ) be the “vector form” of C∗P̄, the action of the
Clifford circuit on an arbitrary Pauli operator P̄. The actions
of Fig. 7 now directly give the “vector form” of (Cλ+1C)∗P̄.

Of course, we can write down the action of the pullback
of the elementary Clifford gates like in Fig. 7 for an arbitrary
Pauli operator P, the only difference being the minus sign for
(St )∗. But since the pullback is not iterative for appending
gates, we cannot interpret these actions as giving the action
of (Cλ+1C)∗P = C∗(C∗

λ+1P), since we would need to calculate
Q = C∗

λ+1P and plug this into the expression C∗Q (see Fig. 6
with C2 = Cλ+1 and C1 = C). In order to give a nice way of
calculating the pullback for appending a gate, we consider the
tableau form thatcorresponds to choosing a nice generator set
of the Pauli group (see Corollary B13).

2. Flow tableau and Clifford tableau

Our next step is to define the Clifford resp. the flow tableau
as representations of the action by right resp. left conjugation
in a “matrix form.” The reasoning follows the same lines
as representing a linear map ψ : V1 → V2 by a matrix after

choosing (ordered) bases Bi for the vector spaces Vi; i.e.,
if ϕB1 (v1) is the row vector representing the input v1 ∈ V1

in the basis B1, then ϕB1 (v1) · B1 M(ψ )B2 is the row vector
representing the output ψ (v1) ∈ V2 in the basis B2. Note that
the notation B1 M(ψ )B2 is chosen such that the subscripts
of the vector and the matrix match if the multiplication is in
the correct order, i.e., row vector · matrix. These facts can be
nicely summarized in the following commutative diagram:

(B21)

where � in the middle signifies the commutativity of the
diagram; i.e., going first down and then to the right, i.e.,
ϕB1 (v1) · B1 M(ψ )B2 , is the same as going first to the right and
then down, i.e. ϕB2 (ψ (v1)). Since we chose to use row vectors
and the multiplication of a row vector from the left to a matrix,
the matrix is an n × m matrix. Recall that the matrix has to
have the rows ϕB2 (ψ (bi)) for 1 � i � n; i.e., the ith row is the
image of the ith basis vector bi of B1 represented in the basis
B2. Therefore, the rows can be labeled by the basis vectors of
the basis B1, whereas the columns can be labeled by the basis
vectors of the basis B2.

Now—mimicking the choice of a basis—fix the generators
g j of the Pauli group P as g0 := iI, g j := Xj for 1 � j �
n and g j := Zj−n = Zǰ for 1 � ǰ := j − n � n and analo-
gously for P̄ . Note that these generators are independent,
i.e., we cannot remove any g j without losing the generat-
ing property, and symplectic, i.e., for each j, the generators
g j = Xj and gĵ = Zj with ĵ := j + n anticommute and all
other pairs of generators commute. Note that mapping these
generators to their presentations 
(gj ) in the group G =
Z4 × Fn

2 × Fn
2 yields vectorlike presentations corresponding

to the canonical “vectors”: 
(g0) = 
(iI) = (1|0|0), 
(g j ) =

(Xj ) = (0|e j |0), and 
(g j ) = 
(Zǰ ) = (0|0|e j ).

Definition B2. Define the Clifford tableau T (C) and the
flow tableau F (C) of a Clifford unitary C ∈ C� with respect
to the presentation 
 by

T (C) := (
(C∗(P̄j )))0� j�2n ∈ G2n+1

(B22)

resp.

F (C) := (
(C∗(Pj )))0� j�2n ∈ G2n+1

(B23)

where ĵ := j + n.
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These definitions give the maps T : C� → G2n+1 and F :
C� → G2n+1.

We denote the phaseless versions of the tableaus F (C) resp.
T (C), omitting the zeroth row and the zeroth column, and the
corresponding maps F resp. T by a tilde F̃ resp. T̃ .

Remark B1. Since the action of C by conjugation on g0 =
iI is always trivial, the first row contains no information. Nev-
ertheless, we will include this row for ease of later calculations
(compare the bar notation of Theorem 1 in Ref. [34]).

In the Clifford tableau, we use the notation x and z for
the exponents of X and Z in order to be more comparable
to the original Clifford tableau in Ref. [26] as well as to
distinguish the entries of the Clifford tableau from those of
the flow tableau.

The remaining difference to the original Clifford tableau
is now only the different choice of presentation 
 giving the
phase exponents η j instead of the sign of the phase in the
XY Z-notation r [see Eq. (A23) or Proposition A4].

The flow tableau gives rise to the flow labels �C
P by switch-

ing from the “vector” form to the label form, writing the two
labels �C

Xj
and �C

Z j
above and below the jth qubit line.

Remark B2. Storing a Clifford or a flow tableau in a binary
way, i.e., storing the Z4 components as 2-bit binary numbers,
results in (2 + 2n) · (2n + 1) = O(n2) bits.

The fact that replacing C ∈ C� by its inverse C† inter-
changes the two conjugation types [see Eqs. (B14)–(B17)]
directly implies.

Corollary B4. For an arbitrary Clifford unitary C ∈ C�, the
flow tableau of the inverse C† is F (C†) = T (C) and its Clif-
ford tableau is T (C†) = F (C).

Therefore, the flow tableau is an inverse Clifford tableau in
the literature (see, e.g., Ref. [29]).

For further reference, we state the flow and the Clifford
tableaus of the elementary Clifford gates.

Corollary B5.

F (Ht ) = T (Ht ) =
(

1 0
0T Et,t̂

)
,

F (St ) =
(

1 0
3et

T Dt,t̂

)
,

T (St ) =
(

1 0
et

T Dt,t̂

)
,

F (CNOTc,t ) = T (CNOTc,t ) =

⎛
⎜⎝ 1 0 0

0T Dc,t 0
0T 0 Dt,c

⎞
⎟⎠. (B24)

Here, the square matrix Di, j = I + |ei〉〈e j | of the appropriate
sizes n resp. 2n is the identity matrix with an additional 1 at
the (i, j)th entry, while the square matrix Ei, j = I + |ei〉〈ei| +
|ei〉〈e j | + |e j〉〈ei| + |e j〉〈e j | of size 2n is the identity matrix
with the (i, i)th and ( j, j)th elements on the diagonal set to 0
and additional 1s at the (i, j)th and ( j, i)th entries.

Proof. This just amounts to plugging in the results of
Tables III and II into the Clifford and the flow tableau
definition. �

Recall the symplectic inner product ω : F2n
2 × F2n

2 →
F2 from the subsection on (anti)commutativity of Pauli

operators, which is defined by � = (0 I
I 0) and extended to

G by disregarding the phase.
Definition B3. A “matrix” M in G2n+1 is symplectic if the

phaseless matrix M̃ obtained from M by removing the zeroth
column and the zeroth row is symplectic, i.e, M̃�M̃T = �.

A “matrix” M in G2n+1 is a Clifford tableau resp. a flow
tableau if there exists a Clifford unitary C ∈ C� with T (C) =
M resp. F (C) = M.

A “matrix” M in G2n+1 is a proper tableau if M is a Clifford
tableau or, equivalently, if M is a flow tableau.

Remark B3. We sometimes write M�MT = � for the
symplectic property of a “matrix” M ∈ G2n+1, but note that
this matrix equation is not defined in the strict sense and we
actually have to use the phaseless matrix M̃ of M.

Remark B4. Since C� is a group and hence contains C† for
every C ∈ C�, Corollary B4 implies that a “matrix” M is a
Clifford tableau iff it is a flow tableau.

Proposition B3 (see Fact 35 in Ref. [35]). A “matrix” M ∈
G2n+1 is proper iff M is symplectic, the zeroth row m0 is the
standard “vector” e0 = (1|0|0) ∈ Z (G), and the other rows mj

of M are proper elements in G.
Proof. “⇐” By Corollary B1, the conjugation of a proper

Pauli operator by a Clifford unitary gives a proper Pauli op-
erator again. Since X̄ j and Z̄ j are proper (i.e., Hermitian and
�= ±I), their pullbacks via a Clifford C ∈ C� are proper, and
therefore, all rows but the zeroth of F (C) are proper. The
generators g j = X̄ j and gĵ = Z̄ j , j = 1, . . . , n, ĵ = n + j, are
symplectic, since almost all pairs of generators gj, g j′ com-
mute but g j, gĵ , which anticommute; i.e., in “matrix” form,
we get⎛

⎝ 1 0 0
0 I 0
0 0 I

⎞
⎠ ·

(
0 I
I 0

)
·
⎛
⎝ 1 0 0

0 I 0
0 0 I

⎞
⎠T

=
(

0 I
I 0

)
. (B25)

By Corollary B4, these (anti)commutativity properties are
preserved under pullback; therefore,

(B26)

Note that the zeroth row m0 of the flow tableau corresponds to
the ignored generator g0 = iI with 
(g0) = e0. g0 commutes
with all other generators g j and having order 4 is obviously
not proper. Therefore, every flow tableau M = F (C) is sym-
plectic and has zeroth row e0 and all other rows are proper.

“⇒” Let M ∈ G2n+1 be symplectic with zeroth row e0 and
all other rows mj proper. This is essentially Theorem 4 from
Ref. [34], which constructs a concrete Clifford circuit such
that T (C) = M (see also Ref. [30] for a version using only the
connectivity of a given hardware). �

Since the flow tableau F (C) contains the images of a set
of independent generators gj of the Pauli group P under the
pullback C∗, we can calculate the pullback C∗P of an arbitrary
Pauli operator P ∈ P by reading off appropriate pullbacks of
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the generators g j in the flow tableau F (C) and multiplying
them. This can be represented as a “vector-matrix” multipli-
cation induced by �.

Definition B4. Let � = (
0|
1 · · · 
n|
n+1 · · · 
2n) ∈ G be
a “vector” and M ∈ G2n+1 a “matrix” with rows mi ∈ G. The
operation � � M is defined as the induced operation of �, i.e.,

� � M := 
0 · m0 � 
1 · m1 � · · · � 
2n · m2n,

with · defined in Eq. (A13).
Remark B5. Of course, since � is not commutative, the

ordering of the � summands in the definition is crucial. For
example, permuting the entries of � and the rows of M in
the same manner will in general give a different product.
Additionally, recall the problem of the “nearly” scalar product
of Remark A5, which implies that this definition has to be
taken with care.

Since the elements 
 j for j = 1, . . . , 2n are in F2, 
 j · mj

in these cases just corresponds to including those rows mj into
the � sum that have 
 j = 1. As explained in idea 2 of the
remark on the “nearly” scalar product, this might lead to prob-
lems if we had two identical rows mj = mj′ with 
 j = 
 j′ = 1
since then the intuitive calculation 
 j · mj � 
 j′ · mj′ = (1 ⊕2

1)mj = (0|0|0) would be false if mj had order 4.
The element 
0 is in Z4, which sets this summand apart

and makes it less prone to intuitively use scalar product rules
for 
0 · m0 � 
 j · mj , which are false in general. Especially,
the case of idea 1 in the remark corresponding to (PQ)a �=
PaQa for noncommutative P and Q cannot arise, since we
only have one summand with a Z4 factor. Bear in mind that

0 · m0 corresponds to the exponentiation P
0

0 of the Pauli
operator P0 = 
−1(m0), it is not the � product of 
0 and m0
corresponding to the product i
0I · P0 (see idea 4 of Remark
A5), especially 
0 · e0 = (
0 · 1|0|0), which is not equal to

0 � e0 = (
0 ⊕4 1|0|0).

Hence, as the above definition is stated, it is well defined,
but simplifying the � sum with scalar product rules and the
known rules from vector-matrix multiplication is in general
false. From Proposition B3, we know that a proper “matrix”
M = F (C) is symplectic, which implies that the rows of M
correspond to a set of independent generators of the Pauli
group. This excludes the problem of two identical “vectors”
in the computation of the � sum. In addition, the zeroth
row is just e0 and therefore in the centralizer of G, while all
other rows mj are proper, i.e., correspond to Hermitian Pauli
operators. Therefore, the calculation of the product � � F (C)
is not prone to errors out of false scalar multiplication rules.

Corollary B6. Let � = (
0|
1 · · · 
n|
n+1 · · · 
2n) ∈ G be
a “vector” and M ∈ Z (G) × G2n a “matrix” with rows m0 =
(κ0|0|0) ∈ Z (G) and mi = (κi|ξi|ζi) ∈ G. Then,

� � M = 2s � � · M, (B27)

where · is the standard vector-matrix multiplication and

s = (ζ1 · · · ζ2n)Q(�)

⎛
⎜⎝ ξ1

T

...

ξ2n
T

⎞
⎟⎠.

Proof. The standard vector-matrix multiplication is well
defined in this situation, since in

� · M =
⎛
⎝∑

i


iκi

∣∣∣∣∣∣
(∑

i


iξi, j

)
j

∣∣∣∣∣∣
(∑

i


iζi, j

)
j

⎞
⎠, (B28)

the first component is well defined in Z4 and the sums in the
other two components are well defined in F2 since ξ0 and ζ0
vanish.

From Corollary A1, we know the result of a � sum; hence,
if we set i0 = 0 and denote by it those i > 0 with 
i = 1, we
get

� � M = 
0m0 � 
1m1 � · · · � 
2nm2n

= 
i0 mi0 � 
i1 mi1 � · · · � 
ik mik

=
(∑

t

κit ⊕4 2s

∣∣∣∣∣∑
t

ξit

∣∣∣∣∣∑
t

ζit

)

= 2s �
(∑

t

κit

∣∣∣∣∣∑
t

ξit

∣∣∣∣∣∑
t

ζit

)
, (B29)

where we factored out the element 2s = (2s|0|0), which is in
the centralizer of G. This expression without the 2s is the same
as � · M in Eq. (B28), i.e., we are left with showing that

s = (ζi1 · · · ζik ) · Q(1) ·

⎛
⎜⎝ξi1

T

...

ξik
T

⎞
⎟⎠

= (ζ1 · · · ζ2n) · Q(�) ·

⎛
⎜⎝ ξ1

T

...

ξ2n
T

⎞
⎟⎠. (B30)

By definition,

Q = Q(�) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 
1
2 
1
3 . . . . . . 
1
2n

0 0 
2
3 . . . . . . 
2
2n

0 0 0 . . . 
3
2n
...

...
...

. . .
. . .

...

0 0 0 . . . 0 
2n−1
2n

0 0 0 . . . 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

;

(B31)

therefore, the formal quadratic form with Q calculates the
sum of all phase contributions (
iζi )(
 jξ j )T with 0 < i < j,
showing that Eq. (B30) is true. �

Remark B6. Alternatively, the sign correction s can be
written as

s = � · strup

⎛
⎜⎝ ζ1ξ1

T · · · ζ1ξ2n
T

...
...

ζ2nξ1
T · · · ζ2nξ2n

T ,

⎞
⎟⎠ · �T , (B32)

where the stated product in the strict sense is undefined;
instead of � ∈ G, we have to take its phaseless part �̃ =
(
1 · · · 
n|
n+1 · · · 
2n) ∈ Fn

2 × Fn
2 .

Corollary B7. Let P ∈ P be a proper Pauli operator, � =

(P), and M ∈ G2n+1 a proper “matrix”. Then, � � M is again
proper.
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Proof. Since M is proper, by Proposition B3, the zeroth
row m0 = e0 and all other rows mi are proper. Without loss of
generality, we may reorder the � summands of � � M in pairs

imi � 
ı̂mı̂ , since this might at most lead to a sign change.
Since M is symplectic, these pairs of two rows anticommute
iff 
i
ı̂ = 1, i.e., iff P contains a factor Yi. By Corollary
A3, this leads to a nonproper � sum. Reducing the phase
exponent of 
0m0 by 1 and increasing the phase exponent
of 
imi � 
ı̂mı̂ by 1 gives a proper result for this pair and
does not change the end result. Since P is proper, Proposition
A4 implies that the reduced phase exponent is even and the
following � sums of pairs are all proper and commute with
each other; therefore, � � M is Hermitian.

Since by the symplecticity of M the rows are independent,
the phaseless part of � � M may not be the zero vector;
therefore it is proper. �

Proposition B4. Let 
(P) be the “vector” of an arbitrary
Pauli operator P ∈ P , fi = (κi|ξi|ζi) is the ith row of the flow
tableau F (C) for a Clifford unitary C ∈ C�.

Then, we have


(C∗P) = 
(P) � F (C) = 2s � 
(P) · F (C), (B33)

where · is the regular matrix multiplication and the sign cor-
rection s can be formally written as

s = (ζ1, . . . , ζ2n) · Q(P) ·

⎛
⎜⎝ ξ1

T

...

ξ2n
T

⎞
⎟⎠. (B34)

Proof. Let � := 
(P) = (η|x|z) be the “vector” of P, such
that P = iηX xZz. Since C∗ is a homomorphism, we get

C∗P = (C∗(iI))η ·
n∏

j=1

(C∗Xj )
x j ·

n∏
j=1

(C∗Zj )
z j . (B35)

Applying the group isomorphism 
 therefore yields


(C∗P) = η
(C∗(iI)) � x1
(C∗X1) � · · · � xn
(C∗Xn)

� z1
(C∗Z1) � · · · � zn
(C∗Zn). (B36)

Comparing this with the definition of F (C), which gives f0 =

(C∗(iI)), fi = 
(C∗Xi ) and fı̂ = 
(C∗Zi ), as well as with the
definition of the “vector-matrix” multiplication gives the first
claim 
(C∗P) = 
(P) � F (C) of the proposition. The second
claim then follows from Corollary B6 and the definition of
Q(P). �

Remark B7. The notation of the sign correction s as a for-
mal quadratic form gives us a good grip on the run-time of the
calculation of 
(P) � F : In the worst case, all 
i = 1 giving
2n2 − n nonzero entries in Q, each leading to the calculation
of a scalar product of two vectors of length n. Therefore, the
calculation is O(n3) in the worst case. On the other hand, if
some 
i = 0, the structure of Q shows us that the whole ith
row as well as the whole ith column is zero. Therefore, the
calculation is O(h2n), where h is the Hamming norm of �, i.e.,
the number of nonzero entries. For example, if you want to use
the flow tableau to deduce the logical action of a physical RX

or RZ rotation, you just read off one row of the tableau, which
corresponds to a Hamming norm of 1 and no sign correction
term at all. If you consider a physical RY rotation, you only
need the X and Z row of the flow tableau, corresponding to

a Hamming norm of 2. Hence, for the physical single-qubit
rotations RP, the calculation of 
(P) � F is just O(n2) for the
vector-matrix multiplication.

For large Hamming weights h, the sign correction is more
expensive than the vector-matrix multiplication. Using fast
matrix multiplication and the formula in Eq. (B32) gives a
run-time of O(nω ) (instead of the above naive O(n3); see
Remark A7).

The analogous proposition holds for the Clifford tableau.
Proposition B5 (see Theorem 1 in Ref. [34], Sec. 2.3.1 in

Ref. [29], and Lemma 37 in Ref. [35]). Let 
(P̄) be the “vector”
of an arbitrary Pauli operator P̄ ∈ P̄ , ti = (ηi|xi|zi) is the ith
row of the Clifford tableau T (C) for a Clifford unitary C ∈ C�.

Then, we have


(C∗P̄) = 
(P̄) � T (C) = 2s � 
(P̄) · T (C), (B37)

where · is the regular matrix multiplication and the sign cor-
rection s can be formally written as

s = (z1, . . . , z2n) · Q(P̄) ·

⎛
⎜⎝ x1

T

...

x2n
T

⎞
⎟⎠. (B38)

These two representation propositions give the desired ana-
logues to the commutative diagram (B21) for linear maps:

(B39)

Note the different directions of the pullback and the push-
forward, mapping physical to logical Paulis resp. logical to
physical Paulis.

3. Covariance and contravariance of tableaus

Until this point, we could have perfectly done without the
flow tableau, just working with the Clifford tableau T (C)
and switching to the inverse Clifford tableau T (C†) = F (C)
if needed. But in this Appendix, we want to address the
covariance and contravariance of different usages of the (in-
verse) Clifford tableaus, where the differentiation between the
Clifford and the flow tableau helps to categorize the different
tableau variants.

We start with the composition of two tableaus for which
we need the � product of two “matrices.”

Definition B5. For “matrices” M, M ′ ∈ G2n+1 with rows
mi resp. m′

i we define

M ′ � M :=

⎛
⎜⎜⎝

m′
0 � M

m′
1 � M

...

m′
2n � M

⎞
⎟⎟⎠. (B40)

In the cases of interest, we get a simplified way of calcu-
lating the “matrix” product by using Corollary B6.

Corollary B8. Let M, M ′ ∈ Z (G) × G2n be “matrices”
with rows mi resp. m′

i such that m0 = κ0e0 ∈ Z (G) resp.
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m′
0 = κ ′

0e0 ∈ Z (G). Then

M ′ � M =

⎛
⎜⎜⎜⎝

κ0κ
′
0e0

2s′
1 � m′

1 · M
...

2s′
2n � m′

2n · M

⎞
⎟⎟⎟⎠ =:

⎛
⎜⎜⎝

0
2s′

1
...

2s′
2n

⎞
⎟⎟⎠ � M ′ · M,

(B41)

where · is standard matrix multiplication, s′
i is the sign correc-

tion of the product m′
i � M, and the operation � of a column

vector and a matrix is the row-wise � product.
Proof. We only have to prove the claim on the zeroth row;

the other rows follow directly from Corollary B6 since M ∈
Z (G) × G2n. For the zeroth row, we get m′

0 � M = κ ′
0m0 �

0m1 � · · · � 0m2n = κ ′
0κ0e0 = 0 � κ ′

0κ0e0, where κ ′
0κ0e0 is

exactly the zeroth row of the standard matrix product
M ′M. �

Proposition B6. Let C,C′ ∈ C� be two Clifford unitaries
and F (C) resp. F (C′) their flow tableaus with rows fi and f ′

i ,
respectively. Then, the flow tableau of the concatenation C′C
is F (C′C) = F (C′) � F (C), i.e.,

F (C′C) =

⎛
⎜⎜⎝

e0
2s′

1 � f ′
1 · F (C)
...

2s′
2n � f ′

2n · F (C)

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

0
2s′

1
...

2s′
2n

⎞
⎟⎟⎠ � F (C′) · F (C), (B42)

with sign corrections s′
i coming from f ′

i � F (C).
Remark B8. The sign corrections s′

i can be calculated by
the formal quadratic form

s′
i = (ζ1 · · · ζ2n) · Q( f ′

i ) ·

⎛
⎜⎝ ξ1

T

...

ξ2n
T

⎞
⎟⎠, (B43)

with the ξ and ζ of F (C), i.e., fi = (κi|ξi|ζi), or via

s′
i = f ′

i · strup

⎛
⎜⎝ ζ1ξ1

T · · · ζ1ξ2n
T

...
...

ζ2nξ1
T · · · ζ2nξ2n

T

⎞
⎟⎠ · f ′

i
T
. (B44)

In the worst case, we have some row f ′
i = (κi|1 · · · 1|1 · · · 1)

in F (C′); then, we need all products ζiξ j
T with 0 < i < j

giving a run-time of O(nω ) for the sign corrections. In the
best case, all rows f ′

i have Hamming weight 1 and no sign
corrections are needed.

Proof. Using the definition of the flow tableau and the
contravariance of C∗ yields

F (C′C) =

⎛
⎜⎝ 
((C′C)∗g0)

...


((C′C)∗g2n)

⎞
⎟⎠ =

⎛
⎜⎝ 
(C∗(C′∗g0))

...


(C∗(C′∗g2n))

⎞
⎟⎠. (B45)

By Proposition B4 with P = C′∗gi for the flow tableau F (C)
and the definition of F (C′), we get

F (C′C) =

⎛
⎜⎝ 
(C′∗g0) � F (C)

...


(C′∗g2n) � F (C)

⎞
⎟⎠ =

⎛
⎜⎝ f ′

0 � F (C)
...

f ′
2n � F (C)

⎞
⎟⎠, (B46)

which by definition is F (C′) � F (C). Since the flow tableaus
are proper with zeroth row e0, the claim follows from
Corollary B8. �

Analogously, we get the following:
Proposition B7 (see Theorem 2 in Ref. [34], Sec. 2.3.2 in

Ref. [29], and Theorem 38 in Ref. [35]). Let C,C′ ∈ C� be two
Clifford unitaries and T (C) and T (C′) their Clifford tableaus
with rows ti and t ′

i , respectively. Then, the Clifford tableau of
the concatenation C′C is T (C′C) = T (C) � T (C′), i.e.,

T (C′C) =

⎛
⎜⎜⎝

e0
2s1 � t1 · T (C′)

...

2s2n � t2n · T (C′)

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

0
2s1
...

2s2n

⎞
⎟⎟⎠ � T (C) · T (C′), (B47)

where the sign corrections si are those of the product ti �
T (C′).

Proof. Analogous to the proof of Proposition B6, using the
covariance of the pushforward, i.e., (C′C)∗ = C′

∗C∗. �
Corollary B9 (see Lemma 5 in Ref. [26] and Sec. II in

Ref. [34]). The group homomorphisms T : C� → G2n+1 and
F : C� → G2n+1 are group isomorphisms onto their image,
which is in both cases just the subgroup of proper tableaus.

The concatenation C′C of two Clifford circuits can be seen
in the following commutative diagrams for the flow tableau:

(B48)

and for the Clifford tableau:

(B49)

Remark B9. Note again the two different types of con-
catenation. For the contravariant pullback (C′C)∗ = C∗C′∗,
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a “vector” � ∈ G corresponding to a physical Pauli operator
P in P = P (2) gets pulled back through C′C either by �
multiplying F (C′C) from the right, i.e., � � F (C′C) = � �
(F (C′) � F (C)), or, alternatively, by first � multiplying with
F (C′) from the right and then by F (C) from the right, i.e.,
(� � F (C′)) � F (C).

In contrast, for the covariant pushforward (C′C)∗ = C′
∗C∗,

a “vector” � ∈ G corresponding to a logical Pauli operator
P̄ in P̄ = P (0) gets pushed forward through C′C either by
� multiplying T (C′C) from the right, i.e., � � T (C′C) =
� � (T (C) � T (C′)), or, alternatively, by first � multiplying
with T (C) from the right and then by T (C′) from the right,
i.e., (� � T (C)) � T (C′).

Therefore, we see again that the pushforward is naturally
iterative: First the Clifford tableau T (C) of the first circuit C
gets applied to �, and second, the Clifford tableau T (C′) of
the second circuit C′ gets applied to the former result. On the
other hand, the pullback is not naturally iterative, since we
first have to apply the second flow tableau F (C′) and only
afterward may apply the first flow tableau F (C).

The above view also shows that the apparent change of
ordering in T (C′C) = T (C) � T (C′) is just an artificial one
since we have to look from the point of view of �, where
� � T (C) � T (C′) shows that the first Clifford tableau T (C)
is the first “matrix” to be applied. Conversely, the apparent
nonchange of ordering in F (C′C) = F (C′) � F (C) is also just
artificial, since in � � F (C′) � F (C) the second flow tableau
F (C′) is the first “matrix” to be applied.

We could have avoided this artificial ordering problem by
choosing to present Pauli operators P by the column “vec-
tor” 
(P)T , working with the transposed tableaus T (C)T and
F (C)T , where we put the presentations of the conjugated gen-
erators as columns of the tableau and using multiplication of
column “vectors” by “matrices” from the left. We nevertheless
decided to write row “vectors” and multiplication by “matri-
ces” from the right since this makes the translation between
the flow labels written directly onto the wires of a circuit and
the flow tableau more intuitive. After all, the flow labels on a
horizontal wire are rowlike.

Corollary B10. In the situations of Propositions B6 and B7
for every � ∈ G, the following holds:

� � (F (C′) � F (C)) = (� � F (C′)) � F (C),
� � (T (C) � T (C′)) = (� � T (C)) � T (C′). (B50)

Remark B10. Note that in general � is not associative in
this way, i.e., if � ∈ G and M, M ′ ∈ G2n+1, in general

� � (M ′ � M ) �= (� � M ′) � M. (B51)

This follows from the fact that the multiplication a� from
Eq. (A13) is not a scalar multiplication. For example,

(� � M ′) � M

=
⎛
⎝(0|1|1) �

⎛
⎝ 1 0 0

0 1 1
0 1 1

⎞
⎠

⎞
⎠ �

⎛
⎝ 1 0 0

1 1 0
0 0 1

⎞
⎠

= (2|0|0) �

⎛
⎝ 1 0 0

1 1 0
0 0 1

⎞
⎠

= (2|0|0), (B52)

while

� � (M ′ � M )

= (0|1|1) �

⎛
⎝

⎛
⎝ 1 0 0

0 1 1
0 1 1

⎞
⎠ �

⎛
⎝ 1 0 0

1 1 0
0 0 1

⎞
⎠

⎞
⎠

= (0|1|1) �

⎛
⎝ 1 0 0

1 1 1
1 1 1

⎞
⎠

= (1 ⊕4 1 ⊕4 2|0|0) = (0|0|0). (B53)

Here, M ′ is not proper because its second and third rows
coincide, while M is not proper because its second row cor-
responds to the order 4 Pauli operator iX .

Remark B11. The calculation of F (C′) � F (C) has a run-
time of O(nω ), since this is the run-time of the standard
matrix product F (C′)F (C) as well as the run-time of the sign
correction in Eq. (B44). See Ref. [35] for more details.

We have already seen that the flow and the Clifford tableau
are inverse to each other in the sense that F (C) = T (C†) and
T (C) = F (C†). Using the symplectic property of the flow
tableau F (C), which gives an easy formula for the inverse of
the phaseless block F̃ (C) and the formula for the phases of
Proposition B6, we get the following:

Proposition B8. Given a Clifford unitary C ∈ C� and its
flow tableau

F = F (C) =
(

1 0
κ F̃

)
=

⎛
⎜⎝

1 0

κ A B

C D

⎞
⎟⎠

in block form. The inverse flow tableau F (C†), which is the
Clifford tableau T (C), is given by

F ′ = F (C†) =

⎛
⎜⎜⎝

1 0
κ′

DT BT

CT AT

⎞
⎟⎟⎠ =

(
1 0
κ′ F̃ ′

)
,

(B54)

where the phases κ′ of the inverse tableau are

κ′ = −F̃ ′κ ⊕4 2s, (B55)

with sign correction

s = diagT

(
F̃ ′ · strup

(
BAT BCT

DAT DCT

)
· F̃ ′T

)
, (B56)

where diagT is the column vector of the diagonal entries of the
matrix product.

Proof. That the inverse flow tableau F (C†) is the Clifford
tableau T (C) follows from Corollary B4.

From Proposition B6, we know that F (C†) � F (C) =
F (C†C) = F (I) = I ∈ G2n+1. Corollary B8 then gives ( 0

2s) �
F ′ · F = I. For the phaseless parts, it follows that F̃ ′ · F̃ =
I ∈ F2n×2n

2 , and since F̃ is symplectic by Proposition B3, we

get F̃ ′ = F̃−1 = ( DT BT

CT AT ) from Proposition A5.

The sign corrections si, i = 1, . . . , 2n, come from f ′
i � F ,

where f ′
i is the ith row of F ′; i.e., by Remark A10, we get

si = f ′
i · strup

(
BAT BCT

DAT DCT

)
f ′

i
T
, (B57)
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which are exactly the diagonal entries of

F̃ ′ · strup

(
BAT BCT

DAT DCT

)
· F̃ ′T . (B58)

From the zeroth column of ( 0
2s) � F ′ · F = I, we finally get

the following linear equation system over Z4:(
0
2s

)
� F ′ ·

(
1
κ

)
=

(
1
0

)
,

(
0 ⊕4 1

2s ⊕4 κ′ ⊕4 F̃ ′ · κ

)
=

(
1
0

)
,

κ′ = −(2s ⊕4 F̃ ′ · κ),

κ′ = −F̃ ′ · κ ⊕4 2s, (B59)

since Z4 is a commutative ring with −2si = 2si ∈ Z4

for si ∈ F2.
Remark B12. This shows that the inverting of a tableau has

run-time O(max(nω, n2)) = O(nω ), coming from the calcula-
tion of the phases. The inverse of the phaseless part is just
transposing and swapping blocks, which is O(n2), if there is
even need to realize the transposed and swapped matrix at all.

Analogously, we get the following:
Corollary B11 (see Theorem 3 in Ref. [34] and Sec. 2.3.3

in Ref. [29]). Given a Clifford unitary C ∈ C� and its Clifford
tableau

T = T (C) =
(

1 0
κ T̃

)
=

⎛
⎜⎜⎝

1 0

κ A B

C D

⎞
⎟⎟⎠

in block form. The inverse Clifford tableau T (C†), which is
the flow tableau F (C), is given by

T ′ = T (C†) =

⎛
⎜⎜⎜⎝

1 0

κ′ DT BT

CT AT

⎞
⎟⎟⎟⎠ =

(
1 0
κ′ T̃ ′

)
,

(B60)

where the phases κ′ of the inverse tableau are

κ′ = −T̃ ′κ ⊕4 2s (B61)

with sign correction

s = diagT

(
T̃ ′ · strup

(
BAT BCT

DAT DCT

)
· T̃ ′T

)
, (B62)

where diagT is the column vector of the diagonal entries of the
matrix product.

Remark B13. For another approach to calculate the inverse
tableau by directly using commutativity properties of the gen-
erators gi of the Pauli group, see Sec. 2.3.3 of Ref. [29]. In
the above proof, these commutativity properties are covered
by the symplectic property of the phaseless tableaus.

The results on the inverse flow tableau and the inverse
Clifford tableau can be summarized in the following com-
mutative diagram. Each square of maps is commutative; we
omit the commutativity symbol � for better readability. Each
downward arrow is the presentation 
; the letter 
 is also

omitted.

(B63)

Note the inverse directions of the arrows in the front and in
the back of the diagram.

Now, we have everything in our hands to categorize
tableaus into two classes, the covariant and the contravariant
class. Let C1,C2 ∈ C� be two Clifford unitaries. Remember
from Appendix B 1 that there are three relevant choices:

Choice 1. By default, the concatenation of C1 and C2 is
appending C2 to C1, i.e., C = C2C1. But we could also prepend
C2 to get C = C1C2.

Choice 2. By default, the circuit C is considered. But we
could also opt for the inverse circuit C†.

Choice 3. The original Clifford tableau used the push-
forward of Pauli operators, i.e., the left conjugation C∗P̄ =
CP̄C†. But we could also use the pullback, i.e., the right
conjugation C∗P = C†PC.

In all three choices, the first version (append, circuit,
pushforward) is covariant, and the second version (prepend,
inverse circuit, pullback) is contravariant. For choice 3, that
is just Proposition B1. For choice 2, it is well known that
C† = (C2C1)† = C†

1C†
2 , i.e., taking the inverse is contravariant,

while just taking C = C2C1 is trivially covariant, i.e., does not
change the ordering of the subcircuits. For choice 1, there is an
apparent change of ordering of the subcircuits, but that is just
the artificial one coming from the convention of concatenation
of maps. From the point of view of the state |ψ〉, we first
apply C1 to |ψ〉 and afterward C2 in the append case, which
is covariant, while for the prepend case C2 is applied first,
making it contravariant.

The above considerations give the binary tree of combi-
nations of choices in Fig. 8 and the proof of the following
proposition.

Proposition B9. Let F1,i1 : C� × C� → C�, i1 ∈ F2, be
the appending F1,0(C1,C2) := C2 · C1 resp. prepending
F1,1(C1,C2) := C1 · C2 of the Clifford unitary C2 to C1,
F2,i2 : C� → C�, i2 ∈ F2, be the circuit itself F2,0(C) = C
resp. the inverse circuit F2,1(C) = C† of a Clifford unitary
and F3,i3 : C� → Aut (P ), i3 ∈ F2, the left resp. right

conjugation, i.e., F3,0(C) : P
∼=→ P , P �→ C∗P = CPC† resp.

F3,1(C) : P
∼=→ P , P �→ C∗P = C†PC. The concatenation

C� × C�
F1,i1−−→ C�

F2,i2−−→ C�
F3,i3−−→ Aut (P ) (B64)

given by a triple (i1, i2, i3) ∈ F3
2 is covariant iff the sum i1 ⊕2

i2 ⊕2 i3 is 0 and contravariant iff the sum is 1.
Remark B14. Most versions of Clifford tableaus in the

literature can be categorized with the help of Fig. 8 in
combination with the additional choice of presentation, i.e.,
our presentation 
 based on the XZ standard form of
Eq. (A2) or a variant thereof or the mapping r based
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FIG. 8. In the decision tree, blue arrows (lighter color, left child node, weight 0) indicate a covariant and red arrows (darker color, right
child node, weight 1) a contravariant choice. Each leaf is named as a binary triple (i1, i2, i3) encoding the path from the root to the leaf. An
even number of contravariant steps is covariant, while an odd number of contravariant steps is contravariant. The rectangles at the leaves of the
tree show the resulting mapping of Pauli operators and are marked blue resp. red if this mapping is co- resp. contravariant, i.e., if C1 is the first
conjugation on P resp. C2 is the first conjugation on P.

on the XY Z standard form of Eq. (A23) or a variant
thereof.

For example, Dehaene and De Moor in Ref. [34] use a
variant of the 
 presentation (decomposing the phase iκ =
iδ (−1)ε , i.e., using the reversed binary number of our phase
exponent κ ∈ Z4), the appending of Clifford circuits, the
circuit itself, and the left conjugation, corresponding to the
decision triple (0, 0, 0) and, therefore, the covariant tracking
of the Clifford tableau.

In the original Clifford tableau paper [26] by Aaronson and
Gottesman, they use the same choice (0, 0, 0) but the XY Z-
mapping r instead of 
, hence also the covariant tracking by
the Clifford tableau.

On the contrary, Gidney in his paper [29] on stim does
not consider the left conjugation but the right conjugation,
especially compare Sec. 4.1 on the asymptotic benefits of
backward thinking. While he considers the different choices
append/prepend and circuit/inverse circuit as well as mentions
the possibility of combining the Clifford tableau and its in-
verse, his main choices in Sec. 4.2 on tracking the tableau
seem to be prepending, inverse circuit, and right conjugation,
i.e., the triple (1, 1, 1) giving a contravariant tableau, named
inverse Clifford tableau by him (in the XY Z-mapping r).

Gosset et al. in Ref. [35] mostly follow Dehaene and De
Moor also giving a covariant tracking (in the reversed binary
number XZ presentation).

Windler et al. in Ref. [30] mostly follow Aaronson and
Gottesman, i.e., using the choices (0, 0, 0) of the covariant
tracking in the XY Z-mapping r but applied to the Clifford
tableau of the inverse circuit as initialization, which gets
reduced to the identity tableau leading to a hardware-aware
decomposition into elementary Clifford gates. They do point
out that they could also use the prepending of the inverse
elementary Clifford gates when initializing with the tableau
of the circuit itself. In our decision tree in Fig. 8, their
two versions correspond to the choices (0, 0, 0) and (1,
1, 0), which are both covariant and, hence, give equivalent
tableaus.

Schmitz et al. in Ref. [24] choose a slightly different ap-
proach by working on the Pauli space P̄/〈iI〉, hence using

the forgetful presentation 
̃ = r̃ of Corollary A2. They track
only symplectic matrices, which then correspond to the equiv-
alence class of a Clifford operator up to multiplication with
Pauli operators, recovering the missing phases in a later step.
Following a path in their Pauli frame graph corresponds to
iteratively appending Clifford gates to a circuit C while using
the right conjugation, corresponding to the triple (0, 0, 1)
and therefore to the phaseless part of the contravariant flow
tableau.

In our opinion, the categorization into the covariant Clif-
ford tableau and the contravariant flow tableau gives a better
grip on the question of which variants of the known tableaus
are actually equivalent and which are not, also giving rise to
a systematic way to vary the interpretation of such a tableau
as needed. For instance, the classical Clifford tableau as left
conjugation on the circuit itself with the append operation
[leftmost leaf (0, 0, 0) of the decision tree] corresponds
to the logical to physical question of the circuit C and is
equivalent to the physical to logical question for the inverse
circuit C†, which corresponds to the tableau with left con-
jugation and append for the inverse circuit [leaf (0, 1, 1)].
However, it is not equivalent to the flow tableau corresponding
to the choice (0, 0, 1) with iteratively appending Clifford
gates to the circuit itself and the right conjugation, which
holds the information for the physical to logical question for
the circuit C itself and is equivalent to the inverse Clifford
tableau of Gidney corresponding to the choice (1, 1, 1) with
the same conjugation type but prepending for the inverse
circuit.

4. Iterative calculation of the tableaus

After this categorization result, we come back to the it-
erative calculation of the flow tableau. Remember from the
section on the actions of the Clifford group on the Pauli group
that the action of the left conjugation on the Pauli group is
naturally iterative because of its covariant nature (see Fig. 7),
which directly transfers to the Clifford tableau.

Proposition B10. Let C′ ∈ {CNOTc,t , Ht , St } be an elemen-
tary Clifford gate and C ∈ C� be an arbitrary Clifford unitary
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with Clifford tableau

T (C) =
⎛
⎝ 1 0 0

η j x j z j

ηĵ xĵ zĵ

⎞
⎠. (B65)

Then, the Clifford tableau T (C′C) after appending C′ to C is

T (C′C) =
⎛
⎝ 0

0T

0T

⎞
⎠ � T (C) ·

⎛
⎜⎝ 1 0 0

0T Dc,t 0
0T 0 Dt,c

⎞
⎟⎠ (B66)

if C′ = CNOTc,t ,

T (C′C) =
⎛
⎝ 0

(x j,t z j,t ) j

(xĵ ,t zĵ ,t )ĵ

⎞
⎠ � T (C) ·

(
1 0

0T Et,t̂

)
(B67)

if C′ = Ht , with column vector (x j,t z j,t ) j the componentwise
product of the t th and t̂ th columns of T (C), and

T (C′C) =

⎛
⎜⎝ 0

0T

0T

⎞
⎟⎠ � T (C) ·

(
1 0

et
T Dt,t̂

)
(B68)

if C′ = St .
Proof. We already know from Proposition B7 and Corol-

lary B5 that

T (C′C) = 2s � T (C) · T (C′), (B69)

where s0 = 0 and the entries s j are the sign corrections com-
ing from the product of the jth row of T (C) with T (C′), where

T (Ht ) =

⎛
⎜⎝ 1 0 0

0T I + |et〉〈et | |et〉〈et |
0T |et〉〈et | I + |et〉〈et |

⎞
⎟⎠, (B70)

T (St ) =

⎛
⎜⎝ 1 0 0

et
T I |et〉〈et |

0T 0 I

⎞
⎟⎠, (B71)

and

T (CNOTc,t ) =

⎛
⎜⎝ 1 0 0

0T I + |ec〉〈et | 0
0T 0 I + |et〉〈ec|

⎞
⎟⎠.

(B72)

A careful calculation of the matrices

strup

(
BAT BCT

DAT DCT

)
(B73)

for the block matrix form T (C′) = (
1 0 0
η j A B
ηĵ C D

) shows that

the sign corrections are zero for the cases C′ = St and C′ =
CNOTc,t , while for C′ = Ht we get(

BAT BCT

DAT DCT

)

=
(

(|et〉〈et |)(I + |et〉〈et |)T (|et〉〈et |)(|et〉〈et |)T

(I + |et〉〈et |)(I + |et〉〈et |)T (I + |et〉〈et |)(|et〉〈et |)T

)

=
(

0 |et〉〈et |
I + |et〉〈et | 0

)
(B74)

and, therefore, for the jth row (η j |x j |z j ) of T (C) the sign
correction is

(x j |z j ) · strup

(
0 |et〉〈et |

I + |et〉〈et | 0

)
·
(

x j
T

z j
T

)

(x j |z j ) ·
(

0 |et〉〈et |
0 0

)
·
(

x j
T

z j
T

)
= x j,t z j,t (B75)

as claimed; i.e., we get a sign change in a row iff the multipli-

cation T (C) · (
1 0

0T Et,t̂
) swaps two 1s in that row. �

Remark B15. As the matrices Di, j and Ei, j are the well-
known matrices used in Gauß elimination for elementary
column resp. row operations, these actions can be nicely writ-
ten in the usual form as column operations (compare Fig. 7),
since the Clifford tableaus of the elementary Clifford gates
multiplied from the right correspond to column operations:

Ht : Swap the t th and t̂ th columns of T (C); in case you
swap two 1s in some row, ⊕4 add a 2 to the phase.

(B76)

St : ⊕2 add the t th column of T (C) onto the t̂ th and ⊕4 add
the t th column of T (C) onto the phase exponent column.

(B77)
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CNOTc→t : ⊕2 add the cth column of T (C) onto the t th and
⊕2 add the t̂ th column of T (C) onto the ĉth.

(B78)

This gives the well-known iterative calculation of the Clif-
ford tableau.

Corollary B12. Let C = C� · · ·C1 ∈ C� be a decomposi-
tion into elementary Clifford gates Cλ ∈ {Ht , St , CNOTc,t }.
Initialize the Clifford tableau T0 = T (I) = I ∈ G2n+1 and for
each λ = 1, . . . , � update the tableau by appending Cλ to
Cλ−1 · · ·C1 via the column operations in Eqs. (B76)–(B78)
setting Tλ = Tλ−1 � T (Cλ). Then, Tλ is the Clifford tableau
T (Cλ · · ·C1) of the subcircuit Cλ · · ·C1 until time step λ.

Proposition B11. Let C′ ∈ {CNOTc,t , Ht , St } be an elemen-
tary Clifford gate and C ∈ C� be an arbitrary Clifford unitary
with flow tableau

F (C) =
⎛
⎝ 1 0 0

κ j ξ j ζ j

κĵ ξĵ ζĵ

⎞
⎠. (B79)

Then, the flow tableau F (C′C) after appending C′ to C is

F (C′C) =
⎛
⎝ 0

2ζcξt
T ec

T

2ζĉξt̂
T et

T

⎞
⎠ �

⎛
⎜⎝ 1 0 0

0T Dc,t 0
0T 0 Dt,c

⎞
⎟⎠ · F (C)

(B80)

if C′ = CNOTc,t ,

F (C′C) =

⎛
⎜⎝ 0

0T

0T

⎞
⎟⎠ �

(
1 0

0T Et,t̂

)
· F (C) (B81)

if C′ = Ht , and

F (C′C) =

⎛
⎜⎝ 0

2ζtξt̂
T et

T

0T

⎞
⎟⎠ �

(
1 0

3et
T Dt,t̂

)
· F (C) (B82)

if C′ = St .
Proof. By Corollary B5 we know the flow tableau F (C′)

of the elementary Clifford gates and by Proposition B6 we
know that the flow tableau of the concatenation is F (C′C) =
2s � F (C′) · F (C); hence, we only have to prove the sign cor-
rection vectors whose entries come from the multiplications
f ′

i � F (C), where f ′
i is the ith row of F (C′). In almost all

cases, f ′
i has weight 1 and therefore the matrix Q( f ′

i ) is zero,
giving a sign correction of 0. This shows the vanishing sign
correction in the case C′ = Ht .

In the case C′ = St , we have f ′
t = (3|et |et ) as the only row

with Hamming weight greater than 1 and f ′
i � F (C) = 3 ·

e0 � 1 · (κt |ξt |ζt ) � 1 · (κt̂ |ξt̂ |ζt̂ ), which has the claimed sign
correction term of 2ζt · ξt̂ ]

T .
In the CNOT case, we are left with the two rows

f ′
c = (0|ec ⊕ et |0) and f ′

t̂
= (0|0|et ⊕ ec). For f ′

c, we get
a sign correction of sc = ζcξt

T if c < t and sc = ζtξc
T if

t < c. Since F (C) is symplectic, we have 0 = ω( fc, ft ) =
ω((ξc|ζc), (ξt |ζt )) = ζcξt

T ⊕2 ζtξc
T and, hence, in both cases

sc = ζcξt
T giving the sign correction in the middle part;

the sign correction in the lower part can be calculated
analogously. �

Remark B16. As in the case of the Clifford tableau, the
actions of the elementary flow tableaus can be written as
“matrix” operations, but since they act from the left they
correspond to row operations.

CNOT : In the X block � add the t th row to the cth row and
in the Z block � add the t̂ th row to the ĉth row. All other rows
stay unchanged.

(B83)

Ht : Swap the t th row with the t̂ th row. All other rows stay
unchanged.

(B84)

St : � add the t̂ th row to the t th row. All other rows stay
unchanged.

(B85)

The � adding of one row onto another is adding from the
right as indicated by the notation of the operation on the right
of the “matrix.” Remember that the � operation is just the
standard sum of the rows (i.e., ⊕4 sum in the flow phase
column and ⊕2 sum otherwise), where the flow phase gets
added an additional 2 iff the Z̄ entries of the first summand
anticommute with the X̄ entries of the second summand, i.e.,
iff ζ1ξ2

T = 1.
As stated in the Appendix B 1 d, this is not naturally an

iterative action on the Pauli operators themselves but relies on
the use of a tuple of symplectic generators, which result in the
row operations that do not act on each Pauli operator in each
row individually but act on the generating tuple combining
resp. swapping elements in the tuple of symplectic generators.

Corollary B13. Let C = C� · · ·C1 ∈ C� be a decomposi-
tion into elementary Clifford gates Cλ ∈ {Ht , St , CNOTc,t }.
Initialize the flow tableau F0 = F (I) = I ∈ G2n+1 and for
each λ = 1, . . . , � update the tableau by appending Cλ to
Cλ−1 · · ·C1 via the row operations in Eqs. (B83)–(B85) setting
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FIG. 9. The 1D Heisenberg example with Clifford phases above the circuit (which will be introduced in Definition C1). The Clifford gates
are tracked via the flow labels, while the gray colored physical rotations are not. Using the “physical to logical” direction, their respective
logical meaning can be read off of the corresponding flow labels at that time step. RZ (2γ ) corresponds to the Z1 label 12 and, therefore, to
the logical rotation R̄Z̄1Z̄2

(2γ ). RX (2β ) corresponds to the X2 label 〈12〉 and, therefore, to the logical rotation R̄X̄1X̄2
(2β ). RX (−2α) corresponds

to the X2 label 〈12〉12 = −(i〈1〉1)(i〈2〉2) and, therefore, to the logical rotation R̄−Ȳ1Ȳ2
(−2α) = R̄Ȳ1Ȳ2

(2α) as needed. In the reverse direction
“logical to physical,” the label corresponding to the pushforward of the logical X̄1 to the time step after the first S gate can be read off by the
i at the third position of the Clifford labels and the qubits containing a 1 in their labels (swapping X and Z for the Clifford meaning of the
combined flow labels). The read off order is (Clifford phase, X below wire, Z above wire), i.e., X̄1 �→ iX1Z1Z2.

Fλ = F (Cλ) � Fλ−1. Then, Fλ is the flow tableau F (Cλ · · ·C1)
of the subcircuit Cλ · · ·C1 until time step λ.

Corollary B14. Let C = C� · · ·C1 ∈ C� be a circuit of
CNOT gates only, i.e., Cλ = CNOTcλ,tλ . Then, the flow tableau
F (C) has the following block form:

F (C) =

⎛
⎜⎝ 1 0 0

0T A 0
0T 0 D

⎞
⎟⎠, (B86)

where D is an invertible n × n matrix and A = D−T .
Proof. The initialization

F0 = I =

⎛
⎜⎝ 1 0 0

0T I 0
0T 0 I

⎞
⎟⎠ ∈ G2n+1 (B87)

has the claimed block structure and the action of

F (CNOTcλ,tλ ) =

⎛
⎜⎝ 1 0 0

0T Dcλ,tλ 0
0T 0 Dtλ,cλ

⎞
⎟⎠ (B88)

in each step does preserve it, since the standard matrix mul-
tiplication respects the block form and the sign corrections
2ζcλ

ξtλ
T and 2ζĉλ

ξt̂λ
T vanish because of the blocks B and C

being 0. Therefore, each flow tableau Fλ has the claimed block
structure.

By Proposition B3, we know that each flow tableau Fλ is
symplectic, i.e., Fλ�F T

λ = � giving

(
A 0
0 D

)(
0 I
I 0

)(
AT 0
0 DT

)
=

(
0 I
I 0

)
,

DAT = ADT = I, (B89)

i.e., A = D−T . �
Remark B17. In the flow labels, this means that in a CNOT

circuit the labels of X -type 〈ξ j〉 corresponding to the block A
and the Z-type ζ j corresponding to block D never mix and
the phase always stays trivial +1. In addition, the X -type
labels can always be calculated from the Z-type labels as their

transposed inverse in tableau form:

⎛
⎜⎝ξ1

...

ξn

⎞
⎟⎠ =

⎛
⎜⎝ζ1

...

ζn

⎞
⎟⎠

−T

. (B90)

Let us now come back to the case of general Clifford
circuits and look how the iterative calculation of the flow
tableau works in an example.

Example B1. Remember the circuit in Fig. 1(a), which
represents the dynamics of the 1D Heisenberg model (see
Ref. [32]) shown in Fig. 9. The Clifford phases above the
circuit will be introduced in the next section, so we will ignore
them in this example.

In the beginning of the circuit, we have the trivial flow
tableau

(B91)

corresponding to the trivial labels 〈1〉 and 1 on the first qubit
resp. 〈2〉 and 2 on the second qubit. The first elementary
Clifford gate CNOT2,1 acts on the lower half of the flow tableau
by � adding the second row to the first row and on the middle
of the flow tableau its action is reversed. As expected, we
do not get sign corrections from the � sums and the block
structure is preserved:

(B92)

In the flow labels, this corresponds to adding the Z labels
below the wires in the direction of the CNOT, i.e., control onto
target, 2 → 1, and adding the X labels above the wires in the
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reverse direction, i.e., target onto control.

(B93)

The following physical single-qubit rotations, RZ on the first
qubit and RX on the second qubit, cannot and will not be
tracked by the flow formalism as indicated by their gray
coloring, but can now be easily translated into their logical
meaning. Since the Z label on the first qubit below the wire
is 12, the logical meaning CNOT∗

2,1RZ of the first rotation is
R̄Z̄1Z̄2

(2γ ). Analogously, the logical meaning CNOT∗
2,1RX of the

second rotation is R̄X̄1X̄2
(2β ).

The next tracked gate H1 corresponds to swapping the first
rows of the middle and lower halves of the flow tableau and
swapping of the labels of the first qubit:

(B94)

resp.

(B95)

The action of the second CNOT is the same as that of the first
one. Since we � add Z-type labels from the right onto X -type
labels, which is compatible with the standard form (κ|ξ|ζ),
we do not get sign corrections. However, the swapping of
labels from the Hadamard gate gave us mixed labels, which
we need in order to realize the logical R̄Ȳ rotation as a phys-
ical RX rotation. The physical RX (−2α) on the second qubit
now corresponds to the X label 〈12〉12 = −(i〈1〉1)(i〈2〉2) and
therefore is a logical R̄−Ȳ1Ȳ2

(−2α) = R̄Ȳ1Ȳ2
(2α) rotation, real-

izing the final needed rotation. The remaining Clifford gates
are only needed in order to get back to the trivial encoding.
We get F3 = F (CNOT2,1H1CNOT2,1):

(B96)

F4 = F (H1CNOT2,1H1CNOT2,1):

(B97)

F5 = F (S1H1CNOT2,1H1CNOT2,1) gets a phase exponent of 3 in
the X1 row coming from the action of the S gate, but no sign
correction from the � sum since the Z1 row has ξ1̂ = (0, 0).

(B98)

In the flow labels, the action of the S gate looks like

(B99)

The third CNOT acts in the same way as the ones before,
but now we do get a sign correction term, since we have to
� add the flow labels 〈12〉12 � i3〈1〉1 where the 1 from the
first summand and the 〈1〉 from the second summand do not
commute, introducing an additional minus sign and therefore
resulting in 1 · i3 · (−1)〈12
1〉12
1 = i〈2〉2 or equivalently
in the flow tableau F6 = F (CNOT2,1S1H1CNOT2,1H1CNOT2,1):

(B100)

F8 = F (S2S1CNOT2,1S1H1CNOT2,1H1CNOT2,1):

(B101)

F10 = F (S1S1S2S1CNOT2,1S1H1CNOT2,1H1CNOT2,1):

(B102)
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where the last two steps S1S1 = Z1 show that the action of
the Pauli operator Z1 is trivial on the phaseless part of the
flow tableau, but introduces a minus sign to the phase of the
X1 row. Since we ended up in the trivial encoding, i.e., the
identity matrix as flow tableau and the trivial labels as the flow
labels, the whole circuit is equivalent to the logical meanings
of its physical rotations, i.e., RȲ1Ȳ2

(2α)RX̄1X̄2
(2β )RZ̄1Z̄2

(2γ ) as
claimed.

APPENDIX C: FLOW TRACKING WITH STABILIZERS

The flow labels developed so far are a good tool to de-
termine the logical meaning of Pauli rotations in a circuit
without auxiliary qubits, i.e., without stabilizers. They can, for
instance, be used to analyze the QFT and the QAOA circuit on
a linear nearest-neighbor device in the paper on the SWAPless
implementation of quantum algorithms [33]. However, if there
are auxiliary qubits in the circuit, like in the QAOA circuit on
a ladder architecture in Ref. [33], where one rail is initially
composed of auxiliary qubits such that after encoding the
stabilizers allow for parallel operations on both rails, we also
need to track the stabilizers over time in order to be able to
detect stabilizer-violating rotations on the one hand and on
the other hand to remove trivial auxiliary information from
the logical meaning of a stabilizer respecting rotation.

In this Appendix, we introduce the combined flow tableau
(already hinted at in Ref. [29]), containing the flow tableau
and the phases of the Clifford tableau, which enables us to
answer both the logical to physical question, for example, with
respect to stabilizers, and the physical to logical question, e.g.,
which physical rotation has which logical meaning, without
the need of the expensive calculation of the inverse of a
tableau. We also consider auxiliary qubits initialized in some
stabilizer state and how we can easily see from the flow labels
which rotations are stabilizer violating and which act trivially
and therefore answer the physical to logical question for ro-
tations in the presence of stabilizers coming from auxiliary
qubits and in the presence of general stabilizers.

1. Combined flow tableau

Since we know that the Clifford tableau of a circuit is the
inverse of its flow tableau, we could track one and calculate
the inverse tableau whenever we need it, but that would be
costly in run-time. Of course, we could track the information
for the logical to physical and the physical to logical mapping
by tracking the Clifford gates of the circuit by both the flow
and the Clifford tableau leading to a doubled cost in memory.
However, there is a more efficient way to tracking by the com-
bined flow tableau, which essentially takes the flow tableau
plus the phases of the Clifford tableau, also giving rise to
its sibling, the flow labels with Clifford phases. Alternatively,
one could consider the combined Clifford tableau, taking the
Clifford tableau plus the phases of the flow tableau, but we
will stick to the combined flow tableau, the corresponding
results on the combined Clifford tableau being analogous.

Definition C1. The Clifford phase vector (cp) of a Clifford
unitary C ∈ C� is the blockwise permutation η = (ηX |ηZ) =
(κ′

Z
T |κ′

X
T ) ∈ Z2n

4 of the transposed zeroth column κ′T =
(κ′

X
T |κ′

Z
T ) of the Clifford tableau T (C).

The combined flow tableau Fc(C) with respect to the pre-
sentation 
 of C is defined as

(C1)

where ĵ = j + n and η = (η1 · · · ηn|η1̂ · · · ηn̂) is the Clifford
phase vector of C.

Remark C1. Note that the combined flow tableau Fc(C)
can be used for the calculation of the pullback of a physical
Pauli operator through the Clifford circuit C, but the Clifford
phases η j have to be omitted in order to get the correct result
2s � 
(P) · F (C) of Proposition B4.

Corollary C1. Given a Clifford unitary C ∈ C� and its
combined flow tableau Fc(C), the rows 
(C∗ḡ j ) = (κ ′

j |x j |z j )
of the full Clifford tableau can be read off from the combined
flow tableau columnwise after swapping the columns X̄ j with
Z̄ j and the rows Xj with Zj .

In detail, this swapping means looking up ḡ j in the gray
labels at the end of the columns and then reading off this
column in the order given by the gray Clifford labels at the
end of the rows, i.e., first the Clifford phase in the top row,
then the gray labeled Xj rows in the bottom block, followed
by the gray labeled Zj rows in the middle block:

(C2)

Proof. This is just a reformulation of the fact from Propo-
sition B8 that for the block form

F (C) =
(

1 0
κ F̃

)
=

⎛
⎜⎜⎝

1 0

κ A B

C D

⎞
⎟⎟⎠

of the flow tableau, we get the block form

T (C) = F (C†) =

⎛
⎜⎜⎜⎝

1 0
κ′

DT BT

CT AT

⎞
⎟⎟⎟⎠
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of the corresponding Clifford tableau. The transposed Clifford
tableau is then

T (C)T =

⎛
⎜⎝ 1 · · · κ ′

j · · · · · · κ ′
ĵ · · ·

0 · · · x j
T · · · · · · xĵ

T · · ·
· · · z j

T · · · · · · zĵ
T · · ·

⎞
⎟⎠

=

⎛
⎜⎝ 1 κ′

X
T

κ′
Z

T

0 D C
B A

⎞
⎟⎠.

Swapping the blocks of T (C)T and replacing κ′T by the Clif-
ford phase vector η yields

Fc(C) =
⎛
⎝ 1 ηX ηZ

κ A B
C D

⎞
⎠

=
⎛
⎝ 1 · · · η j · · · · · · ηĵ · · ·

κ · · · zĵ
T · · · · · · z j

T · · ·
· · · xĵ

T · · · · · · x j
T · · ·

⎞
⎠

as claimed. �
Remark C2. This means that we can calculate the push-

forward of a logical P̄, i.e., the product 
(P̄) � T (C) from
Proposition B5, with the help of Fc(C) as a � “linear com-
bination” of the columns of Fc(C) with omitted κ. However,
because of the fact that the operation � is noncommutative,
we have to be very careful about the correct ordering of the
terms. Intuitively, it is the product Fc(C) � 
(P̄)T , where the
flow phases are omitted and the order of the � sum is (front,
back, middle).

We already know from Propositions B11 and B10 how to
update the flow tableau and the Clifford tableau when an ele-
mentary Clifford gate gets appended. The combination of the
operations needed for the flow tableau part of the combined
flow tableau Fc(C) with the operations needed to update the
Clifford phases, adapted to the permutation of block matrices
as in Corollary C1, gives the following.

Corollary C2. Let C′ ∈ {CNOTc,t , Ht , St } be an elementary
Clifford gate and C ∈ C� be an arbitrary Clifford unitary with
combined flow tableau

Fc(C) =

⎛
⎜⎝ 1 η

κ f̃ j

f̃ ĵ

⎞
⎟⎠. (C3)

Then, the combined flow tableau F (C′C) after appending C′
to C is

Fc(C′C) = F (C′C) ⊕4 cp(C′C), (C4)

where F (C′C) is the flow tableau of C′C and the correction
term of the Clifford phase cp(C′C) is 0 if C′ = CNOTc,t ,

cp(C′C) =
(

0 2 f̃t � f̃ t̂
0T 0

)
(C5)

if C′ = Ht , where � is the elementwise product, and

cp(C′C) =
(

0 f̃ t̂
0T 0

)
(C6)

if C′ = St .
Remark C3. These three elementary Clifford gate actions

can be pictured on the combined flow tableau as the following
row operations.

CNOT : In the X block � add the t th row to the cth row and
in the Z block � add the ĉth row to the t̂ th row. All other rows
stay unchanged.

(C7)

Ht : Swap the t th row with the t̂ th row. Whenever you
swap two 1s in an X̄ j or a Z̄ j column, ⊕4 add a 2 to the
corresponding Clifford phase entry η j or ηĵ . The 1 in the
upper left corner and all other rows stay unchanged.

(C8)

St � add the t̂ th row onto the t th row, � multiply 3 to the t th
row, and ⊕4 add the t̂ th row to the Clifford phase row leaving
the 1 in the upper left corner unchanged.

(C9)

The � adding of one row onto another is adding from the
right as indicated by the notation of the operation on the right
of the “matrix.” Remember that the � operation is just the
standard sum of the rows (i.e., ⊕4 sum in the flow phase
column and ⊕2 sum otherwise), where the flow phase gets
added an additional 2 iff the Z̄ entries of the first summand
anticommute with the X̄ entries of the second summand, i.e.,
iff ζ1ξ2

T = 1.
The Clifford phase row can easily be included in the flow

label formalism. We just add a row above the circuit, in which
the information of the Clifford phase row at this time step is
stored (omitting the leading 1). Since the flow phase is written
as iκ , we also write the Clifford phases in this form iη, i.e.,

〈iη1 · · · iηn〉iη1̂ · · · iηn̂ . (C10)

Note that we cannot leave out a trivial phase i0 to make the
notation dense, because we would then lose the information
to which column the Clifford phases afterward correspond.
We use + and − as shorthands for the even cases i0 and i2, but
i and i3 for the odd cases, since writing −i would make the
notation ambiguous (see the example below).
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Example C1. Coming back to our Example B1 in Fig. 9,
the Clifford phases in the beginning of the circuit are trivial,
i.e., 〈++〉++. The CNOT gates do not change the Clifford
phases. For the first Hadamard gate, the X and the Z labels are
swapped, but since there are no two identical labels swapped,
the Clifford phase stays unchanged. On the contrary, the
second Hadamard gate swaps two red 2s; therefore, the corre-
sponding Clifford phase, the second red one without brackets,
gets a sign flip. The operation of the S gate on the Clifford
phases is multiplication with i for the occurring indices in
the Z label, i.e., both red Clifford phases get multiplied with
i: + �→ i and − �→ −i. Since i − i would be ambiguous, we
write ii3. The operation on the Clifford phases of the remain-
ing S gates is analogous.

With the combined flow labels, we can answer both types
of questions—physical to logical and logical to physical. As
before, the logical meaning of the physical RX (−2α) gate can
be read off from the flow label 〈12〉12; i.e., the physical rota-
tion acts as a logical −Ȳ1Ȳ2 rotation. On the other hand, if we
would want to know the physical meaning of the logical Pauli
X̄1, say after the first S gate, we just read off the corresponding
labels taking into account that X and Z are swapped for the
Clifford meaning; i.e., we need the Clifford phase i and the 1s
on the qubits. We first need the X labels, which in the Clifford
meaning are below the wires, giving iX1, and afterward the
Z labels above the wires, giving the answer iX1Z1Z2; i.e., the
pushforward of the logical Pauli operator X̄1 to time step 5,
immediately following the first S gate, is the physical Pauli
operator iX1Z1Z2 = Y1Z2.

2. Circuits with auxiliary qubits

Including the Clifford phases is especially valuable if there
are auxiliary qubits initialized in stabilizer states in the circuit,
since they give rise to stabilizers, e.g., Z̄ in case of a |0〉 initial-
ized auxiliary. As in the above example, we can answer both
types of questions, physical to logical and vice versa, the latter
giving the evolution of the stabilizers. However, this gives us
also the possibility of checking whether a logical operation
is stabilizer preserving. In other words, after pulling back a
physical operator to the beginning of the circuit but just after
the intialization of the auxiliary qubits, can we further pull
back through the initialization to an operator without auxiliary
information, as will be described in the next Appendix.

Let us start with fixing some notation. For the auxiliary
labels, i.e., those corresponding to auxiliary qubits, we choose
letters instead of numbers, in order to better differentiate
between the two, i.e., α ∈ {a, b, . . . }. We use a • above the
label, if this label corresponds to the logical Pauli operator P̄α

stabilizing the initialized qubit, and a × above the label, if this
label corresponds to the logical Pauli operator destabilizing
the qubit.

The stabilizer of the state |0〉 is Z̄a, i.e., Z̄a acts as the
identity I on this qubit Z̄a|0〉 = I|0〉 = |0〉, and (one of) its
destabilizer(s) is X̄a. Therefore, the label

•
a (“trivial Z–a”)

corresponds to the identity operator I, while the label 〈×a〉 (“vi-
olating X -a”) corresponds to the stabilizer-violating action X̄a

and the Clifford phase is trivial 〈+〉+. For |1〉 we use the fact
that |1〉 = X |0〉 = HSSH |0〉 giving the labels shown in the

end of this circuit:

(C11)

This is consistent, since for |1〉 the stabilizer is −Z̄a giving
the minus in the Z-flow phase and the minus in the X -Clifford
phase, where we have to take into account the swapping of the
meaning of X and Z when switching to the Clifford meaning.

The |±〉 cases are exactly the opposite, as shown on the left
of the two circuits below, while for Ȳ eigenstates |±i〉, we get
the labels on the right-hand sides:

(C12)

Note that the flow labels are less suited for the Y basis because
of the choice of presentation 
 favoring the X and Z bases.
Nevertheless, it is of course still possible to see that a physical
Y gate acts trivially on the |i〉 state.

Example C2. Consider the first circuit in Eq. (C12) and
insert a physical Pauli rotation RP after the S gate. Since
the qubit at that time step is in the state |i〉, we know that
P = Y gives a stabilizer-preserving rotation, while P = X and
P = Z are stabilizer violating. In the flow labels, this is seen as
follows: In the cases of RX resp. RZ rotations we immediately
see that their flow labels above resp. below the wire contain an
×
a, indicating that these are stabilizer-violating operations. In
the case of an RY rotation, we know from the flow formalism
that its logical meaning is given by the � sum corresponding

to Ȳ = iX̄ Z̄ , i.e., i � i3〈 •
a〉×a � ×

a = 〈 •
a〉. Hence, in this case,

the stabilizer-violating indices
×
a cancel out, indicating that the

rotation RY is allowed, as expected. Since the logical meaning
of the RY rotation is given by 〈 •

a〉, which is just the stabilizer
P̄a = X̄a acting trivially on the |+〉 initialized qubit, we can
just remove this auxiliary label 〈 •

a〉 to get the identity operator,
as expected.

This can be generalized to a general Clifford circuit with
auxiliaries

(C13)

initialized in the stabilizer state |x〉, with each entry xα ∈
{0, 1,±,±i}. Combining the above initialization of auxiliary
labels and the workings of the combined flow labels gives the
labels at each time step. What can we read off of the combined
flow labels in the physical to logical direction and vice versa?

If we insert a physical single-qubit Pauli rotation RP at
time step (λ) into the circuit of Eq. (C13), we can read off
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or calculate the flow P label by
P = X : read off the X label above the wire;
P = Z : read off the Z label below the wire;
P = Y : calculate the � sum of the phase i, the X label, and

the Z label.
General: Write P = iηX xZz with x, z ∈ F2 and calculate

the corresponding � sum of the phase iη, if x = 1 the X label
and if z = 1 the Z label (in this ordering).

The flow P label (κ|ξ|ζ) contains auxiliary and nonauxil-
iary indices ( j resp. α) in general and gives the induced logical
rotation RP̄ with P̄ = iκ X̄

ξ
Z̄

ζ
at time step (1). It is now easy

to see whether P̄ and hence the rotation RP̄ pulls back through
the initialization gate: For each auxiliary qubit α, whose labels
〈α〉 or α occur in (κ|ξ|ζ), check whether the corresponding
Pauli operator X̄ ξα

α Z̄ζα
α commutes with the stabilizing Pauli

operator P̄α . However, this is exactly what is indicated by

the
×
α indices; therefore, the physical rotation RP violates the

stabilizer iff there are
×
α indices in its flow label (κ|ξ|ζ). If

the flow label corresponding to RP does not contain violating

indices
×
α, then it can be pulled back through the initialization

gate: Since all remaining auxiliary labels are trivial indices
•
α,

they act as ±I on their respective auxiliary qubit and can be
removed from the label, while adjusting the phase exponent
with ⊕42 in the − case.

We can summarize the above reasoning in the following.
Proposition C1. Let init|x〉 be the gate corresponding to

initializing n2 auxiliary qubits in the stabilizer state |x〉 ∈
{0, 1,+,−}n2 , C a Clifford circuit on n = n1 + n2 physical
qubits, RP a single-qubit Pauli rotation on the jth qubit (1 �
j � n), and (κ|ξ|ζ) its flow P label.

Then, the pullback of RP through the concatenated circuit
C̄ = C · init|x〉 exists iff ξα = 0 for all auxiliaries with xα ∈
{0, 1} and ζα = 0 for all auxiliaries with xα = ±.

If it exists, the pullback of RP through C̄ is a rotation with
respect to the Pauli operator corresponding to the flow label
(κ ′|ξ′|ζ′), where ξ′ and ζ′ are the projections of ξ and ζ to the
first n1 coordinates and

κ ′ = κ ⊕4 2 · |{α|(ζα = 1 and xα = 1)}|
⊕4 2 · |{α|(ξα = 1 and xα = −)}|, (C14)

which is the sign correction for |1〉 and |−〉 initialized qubits.
Remark C4. In case of a |±i〉 initialization, replace it by a

|±〉 initialization and prepend a S gate to the Clifford circuit.
In the following, we will skip the |±i〉 initialization.

This generalizes to Pauli rotations RP on more than one
qubit, since the above reasoning does only depend on the
logical meaning of the Pauli operator P at time step (1). Only
the computation of this logical meaning as 
(P) � F (C) =
2s � 
(P) · F (C) gets more involved.

Proposition C2. In the situation of Proposition C1, let RP

be an arbitrary Pauli rotation and (κ|ξ|ζ) = 2s � 
(P) · F (C)
its flow label (see Proposition B4 for the sign correction term
s). Then, the pullback of RP through C̄ has the same properties
as stated in Proposition C1.

Remark C5. The markers • and × for the trivial and the
stabilizer-violating indices can be transferred easily to the

flow tableau:

(C15)

where the columns with index j correspond to nonauxiliary
qubits, the columns with index α to |0〉 or |1〉 initialized
auxiliary qubits, and those with index α′ correspond to |±〉
initialized auxiliary qubits. The markers • get complemented
by a ± to indicate whether the action of this operator on the
initialized auxiliary is +I or −I.

Checking whether a physical multiqubit Pauli rotation RP

is stabilizer violating then reduces to checking for each col-
umn with a ×, whether the sum of all entries without the
phase is 0. However, caution is needed for the calculation of
the pullback through the concatenation C̄ of the initialization
and C: If we set all entries of the columns marked with •
to 0, with the argument that these act trivially anyways, we
would lose their information for the following calculations.
We still need to compute the flow “vector” (κ|ξ|ζ) = 2s �

(P) · F (C), where disregarding the label

•
α might give rise

to a change of commutativity properties and therefore sign
errors. We would also lose the ability to compensate the sign
if qubits were initialized in a −1 eigenstate of a Pauli X or
Z operator. Furthermore, the iterative updates of Fc(C) would
become erroneous, since we would ignore labels, which might
give rise to sign errors in the phases.

Of course, if the phases are not needed or definitely trivial,
e.g., in case of a CNOT-only circuit, this is not an issue and the
• columns may be disregarded, while the × columns will be
needed to check for violating operations.

Remark C6. Of course, if we are only interested in check-
ing whether RP is an allowed operation, we do not need the
phases of the tableau. We only need to ⊕2 add all rows of the
phaseless tableau corresponding to entries of 1 in the physical
Pauli P giving a sum of h summands of length 2n, where
h = h(P) is the Hamming weight of P. In this sum, we have

to check whether the entries corresponding to the
×
α labels are

all zero, giving n2 checks. Therefore, it is enough to calculate
a ⊕2 sum of h summands of length n2, giving a run-time of
O(hn2). If only single-qubit rotations are used, for instance,
because of the hardware restrictions, h is bounded and the
run-time reduces to O(n2).

On the other hand, if we are also interested in the logical
meaning of the physical rotation including the phase, we have
to take care of the sign corrections. This gives a run-time
of O(max(hn, hω )) for the � sum of h summands of length

2n + 1. The n2 checks for stabilizer-violating entries
×
α, the n2

entries
•
α, which have to be set to 0 since they correspond to

a trivial action, as well as the sign correction for auxiliaries
initialized in −1 eigenstates of X̄ or Z̄ are only linear in n2

leaving the overall run-time at O(max(hn, hω )); e.g., if h =
O(n) we get O(nω ), while for bounded Hamming weights h
we get O(n).

Let us look at a small example with an auxiliary qubit.
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FIG. 10. Adding an auxiliary qubit to the 1D Heisenberg example: The physical rotation RX is allowed, since there is no
×
a in its X label.

Its logical meaning is RX̄1X̄2
(2β ) since the X label is 〈12〉. Analogously, RZ is allowed and corresponds to a logical RZ̄1Z̄2

(2γ ) rotation. For the

physical RY rotation, we have to calculate the Y label as i � i3〈12
•
a〉×

a � 12
×
a = 〈12

•
a〉12 �→ 〈12〉12. Since it does not contain an

×
a, the rotation

is allowed and its logical meaning is R−Ȳ1Ȳ2
(−2α) = RȲ1Ȳ2

(2α) as desired.

Example C3. We can introduce an auxiliary qubit in Ex-
ample B1 and get the alternative implementation in Fig. 10
[see Fig. 2(b)]. The goal is to find Clifford gates producing
the desired labels 〈12〉, −〈12〉12, and 12 as X , Z , or Y label
at some qubit at some time step. Here, this is even possible
at the same time step, but in general the rotations do not have
to be in parallel. The fact that in this example the physical
and the logical rotations are with respect to the same type
of Pauli operator, e.g., RȲ1Ȳ2

is realized by RY , is merely a
coincidence; in general, as seen in Fig. 9 this need not be
the case. Here, introducing the auxiliary increases the 2-qubit
gate depth of the circuit, but in more complex use cases the
combined flow formalism reveals usages of auxiliary qubits
that lead to reduced circuit depth, as seen in the QAOA on a
ladder [33].

There is another way of checking whether the physical
Pauli rotation RP is stabilizer violating, which uses the logical
to physical direction, i.e., the Clifford meaning of the com-
bined flow labels. We can compute the pushforward of the
stabilizers corresponding to the initialization state |x〉 to the
time step of RP and then check whether P commutes with the
pushforwards of all the stabilizers. In order to get the Clifford
meaning out of the combined flow labels, we have to swap X
and Z , i.e., use the gray Clifford meanings in Eq. (C15). Note
that the markings as • and × do also swap their places. This
is the case, since the property of being a (de)stabilizer of the
initial state is a property of the Pauli operator and therefore
stays with the operator, not with the column. The swapping
of X and Z for the Clifford meaning is just a way to easily
deduce the entries of the Clifford tableau from the flow tableau
and does not change the action of the Pauli operator on its
auxiliary qubit.

As proved in Appendix C 1, we can read off the push-
forward C∗P̄α of a stabilizer P̄α to some time step from the
combined flow tableau Fc(C) by finding the stabilizer in the
gray Clifford meanings in the footer row, read off this column
in the order η, X , Z (upper, lower, middle), as seen in the
initialization of the Clifford phases in Eq. (C12). In the flow

labels that means finding the corresponding
×
α label (〈×

α〉 resp.
×
α) in the time step, read off the corresponding Clifford phase,

take the physical Xj operators for every qubit that has the
×
α

label below the wire, and then take the physical Zj operators

for every qubit that has the
×
α label above the wire. The rotation

RP is an allowed operation iff P commutes with these physical

meanings of P̄α for every auxiliary qubit α. This gives rise
to exactly the same n2 checks on ⊕2 sums with h = h(P)
summands as explained in Remark C6, still giving a run-time
of O(hn2). Since the auxiliary stabilizer P̄α ∈ {±X̄α,±Z̄α} has
Hamming weight 1, its physical meaning can be simply read
off of the appropriate column of the tableau (upper, lower,
middle).

This can be generalized to additional stabilizers, which
were already present before the init gate by using Remark C2.
In the flow labels, this means the following:

(1) Write the stabilizer as P̄ = iκ X̄
ξ
Z̄

ζ
.

(2) For every X̄ j appearing in P̄, find the corresponding flow
labels j at the time step of interest and read off its physical
meaning as the product of the Clifford phase in column j, an
Xj′ if there is a j below the j′th wire and a Zj′ if there is a j
above the wire.

(3) For every Z̄ j appearing in P̄, find the corresponding flow
labels 〈 j〉 and read off its physical meaning as above (Clifford
phase, below wire, above wire).

(4) Calculate the product of the phase iκ of P̄, the physical
meanings of X̄ j , and those of Z̄ j .

Let us conclude this Appendix by comparing the two dif-
ferent ways of checking whether an arbitrary stabilizer P̄ ∈
P̄ (1) at time step (1) commutes with an arbitrary multiqubit
physical Pauli operator Q ∈ P (λ) at time step (λ) for the com-
bined flow tableau Fc(C).

Write the presentation 
(Q) of the physical Pauli operator
Q as a column vector in front of the tableau, its 1 entries
indicating which rows of the tableau are of interest. Write the
X̄ -Z̄-swapped presentation 
(P̄) · � of the stabilizer P̄ as a
row vector below the tableau, its 1 entries indicating which
columns of the tableau are of interest. We have to use the
Clifford meaning of the tableau, hence the swapping of the

middle and last parst of 
(P̄) with the help of � = (
1 0 0
0 0 I
0 I 0

).

If we choose to use the time step (1) for checking whether
the physical Q is compatible with the stabilizer P̄, we have to
calculate the pullback C∗Q as the � sum of the rows filtered
out by 
(Q)T , giving the row “vector” (κ ′|ξ′|ζ′), whose sym-
plectic product with 
(P̄) can be easily calculated as the inner
product with the already swapped row “vector” 
(P̄) · �. This
corresponds to first calculating the ⊕2 sums of all columns
of interest filtered out by the swapped 
(P̄)�, i.e., summing
in the vertical direction, and afterward calculating the ⊕2

sum of the results in the horizontal direction. Alternatively,
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if we choose to use the time step (λ) for checking the com-
mutativity, we have to calculate the pushforward C∗P̄ as the
� sum of the columns filtered out by the swapped 
(P̄)�,
giving the swapped column “vector” (η′|z′|x′)T , whose inner
product with 
(Q) gives the symplectic product of interest.
This corresponds to first calculating the ⊕2 sum of all rows
of interest, i.e., summing in the horizontal direction, and af-
terward calculating the ⊕2 sum of the results in the vertical
direction. Since these two different checks are just calcula-
tions in the finite field F2, the result is just the sum of all
entries of Fc(C) at the intersections of the interesting rows
and columns and the physical Pauli Q is compatible with the
logical Pauli P̄ iff this sum is 0. In the labels, this corresponds
to counting the corresponding labels of interest; i.e., we have
to consider all qubit labels at time step (λ) that are present in
the physical Pauli Q and count the number of all interesting

labels as indicated by the X /Z-swapped labels appearing in P̄.
The physical Q is compatible with the logical P̄ iff this number
is even.

If only the compatibility is to be checked, the two ways are
equivalent. However, each way does give additional informa-
tion corresponding to the two questions posed at the beginning
of these Appendixes, i.e., the logical to physical question
and the physical to logical question. While in principle the
Clifford phases, if needed, could always be computed from
the flow phases via the inverse tableau, the additional memory
requirements and the additional computations in each update
step are very low compared to the computation of the inverse
phases. Therefore, the combined flow labels and the combined
flow tableau can answer questions in the physical to logical as
well as in the logical to physical direction, without the need
of calculating the expensive inverse of a tableau.
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