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Inorganic structural chemistry leads naturally to a theory for crystal structure prediction formalized by a
generalized disjunctive programming, which is formulated using continuous and Boolean variables to involve the
algebraic equations, disjunctions, and logic propositions. Since the feasibilities of continuous variables change
drastically depending on Boolean variables and vice versa, iterative optimization of continuous and Boolean
variables efficiently transforms a randomly generated initial structure into an optimal solution. Boolean variables
are introduced to elucidate the “combinatorial backbone” of the original continuous optimization problem, which
corresponds to the graphs describing crystal structures with clear chemical meanings. Since many subgraphs are
discovered in numerous graphs generated through structural optimizations, on-the-fly learning of the feasibilities
of them accelerates the discovery of the optimal solutions. This theory enables designing a wide variety of crystal
structures with small computations based on only the atomic radii and feasible coordination numbers of each

atom.
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I. INTRODUCTION

Crystal structure prediction is the optimization problem
of the Gibbs free energy, which is the function of continu-
ous variables including spatial arrangement of atoms through
the many-body wavefunction. This is a very difficult opti-
mization problem like a long-standing scandal in physics [1]
due to countless local optima, but many techniques using
metaheuristics such as random search methods [2—4], particle
swarm optimization [5-8], or evolutionary algorithms [9-16],
have made it now possible to predict a crystal structure given
only its composition for systems that are not too complicated.
They are designed to focus on the set of reasonable possibil-
ities for arrangements of atoms, which is much less than the
set of all possible spatial orders of atoms.

Essentially, deterministic algorithms to solve optimization
problems must visit every local optimum, but conventional
nonlinear optimization techniques for real variables, which
rely on such concepts as derivatives and gradients, have been
mainly concerned with finding local optima around initial
states. While there are methods to replace a too difficult origi-
nal problem with a more easily solvable relaxed problem [17],
no deterministic polynomial time algorithm to solve nonde-
terministic polynomial (NP)-hard problems has been found,
as if the algorithm is consistent with P £ NP conjecture.
A common mechanism behind NP-hardness of nonconvex
continuous optimization is that the continuous feasible re-
gion or objective contains a “combinatorial backbone,” such
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as vertices of a polytope, or sign patterns, etc. The global
optimization over the continuous space contains the solution
of such an NP-hard discrete problem, and therefore becomes
hard [18]. In contrast to the formal theory, the branch and
bound algorithm for integer programmings, which is capa-
ble of rapidly eliminating large parts of the optimization
domain from consideration, is devised to find the global op-
timum more efficiently than random samplings [19]. Then,
the next question is whether we can introduce integer vari-
ables into crystal structure prediction so as to not only clarify
the mathematical structure of crystal structure prediction
such as NP-hardness but also suggest efficient algorithms for
handling it.

Almost all the eigenvalue problems for many-body wave-
functions are unsolvable. The density functional theory,
which replaces them with different auxiliary systems that
can be solved more easily, makes large-scale crystal structure
searches possible, but the exact form of the exchange-
correlation energy is unknown. That is, nobody knows the
explicit mapping of spatial orders of atoms to the objective
function for crystal structure prediction. However, experimen-
tal synthesizers of inorganic compounds know the empirical
rules to elucidate the crystal structures, which are organized
as the science named inorganic structural chemistry [20-23].
It deals with both the continuous and discrete aspects of crys-
tal structures; the former is the packing of atomic spheres,
and the latter is the coordination polyhedra and the linking
of them.

It was not until 2000s that Kepler conjecture was proved
positively despite the simpleness of the problem [24]. The
densest packings of spheres of only two or three sizes are
still unknown; however, many methods have predicted them
by computer [25-34]. They were applied to design unknown
crystal structures such as quaternary hydrides under high pres-
sure [35], but the predictive power from them seems to be
limited [32-35].
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A lot of program packages have been developed to
represent the discrete aspects of the structures of chemi-
cal compounds by graphs [36-42]. Many machine-learning
techniques also use the graph neural networks to pro-
vide a prediction of not only material properties [43-50]
but also crystal structures [51-58]. However, it is still
a challenge to inversely design solid-state materials with
graphs because the reconstruction of the original crys-
tal structure from the graph is difficult. Infinite peri-
odic three-dimensional structures with translational, ro-
tational, and permutational invariances cannot be repre-
sented as undirected finite graphs unlike molecular inverse
design [55].

II. THEORY

This article shows that the next logical step would be
to combine the continuous and discrete aspects to develop
an efficient solution method for crystal structure predic-
tion. It is not very difficult to do: Inorganic structural
chemistry leads naturally to a theory using continuous and
discrete variables, which not only elucidates the mathemati-
cal structure of crystal structure prediction but also provides
a high-speed algorithm to design prototypes of crystal
structures.

First, we define the feasible atomic environment of each
atom as

(r(G)’ R(G), C(G), C(G)) (VG € G), (D

where @, R©© e R are the minimum and maximum radii,
respectively, ¢@, C'® e N are the minimum and maximum
coordination numbers, respectively, and G € G corresponds
to a type of interatomic force such as ionic bond, covalent
bond, and electrostatic repulsion. If G does not correspond to
a chemical bond, it is quite natural to set R©©) = oo, ¢(@ =0,
and C'© = oco. Think about atom jT as the atom j in lattice
T € Z>. To constrain the feasible interatomic distance be-
tween atoms i and jT, we must select one type of interatomic
distance constraint G between them. At this point, we need to
introduce the Boolean variables Ylﬁ) € {True, False }, where

Ylﬁ) is True if and only if G is selected. We can now write the
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where dl.(g) and DSJG) fix the feasible range of interatomic
distance, A = (a;, a», a3) is the lattice vectors of the unit
cell, and x; is the position vector of atom i. Each term of
disjunction, which is associated with a Boolean variable and
the inequality constraint on interatomic distance, is linked to-
gether by or operator (V). When a disjunctive term is selected
(Yiﬁ) is True), the corresponding inequalities are enforced.
Otherwise, the constraints are ignored. Since every pair of
atoms should select one type of interatomic forces, we impose
the constraints that exactly one of the Boolean variables can
be True:

G
.
where V is the exclusive or (xor) operator. Now, recall that
each atom has the feasible coordination numbers with respect
to G. We arrive at the constraint on the number of active
Boolean variables, which is represented by cardinality clauses
defined by the following predicates: Exactly(m, Yy, Vs € S)
enforces that exactly m of the Boolean variables Y; are True,
AtLeast(m, Y; Vs € S) enforces that at least m of Y are True,
and AtMost(m, Y;, Vs € S) enforces that at most m are True.

We are now ready to construct the theory for crystal
structure prediction. Starting from inorganic structural chem-
istry, we replace the original optimization problem of crystal
structure prediction, which is too difficult to solve, by the
different auxiliary problem that relies on the intersections of
disjunctions of algebraic constraints (equality and inequality
constraints on continuous variables) controlled by Boolean
variables. Such a model is known as generalized disjunctive
programming (GDP) [59-65], which can include logic propo-
sitions expressed by logic operators such as AND (A), OR
(V), XOR (Y), negation (—), implication (=), and equivalence
(<= ). We are now ready to write down the GDP to design
prototypes of crystal structures. Here, it is

(Vi e I,VG € G),
(Vi € I,VG € G),
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“)
Vi, j €e VT € Z3,YG € G),

Vi, j € VT € Z3>,YG € G),
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€ { True, False }.
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The optimal solutions (prototypes of crystal structures) of
the auxiliary GDP must include all the meaningful optimal
solutions of the original optimization problem. Note that since
we are mainly interested in questions about whether there are
feasible solutions satisfying all the constraints, the auxiliary
GDP is essentially a feasibility problem whose objective func-
tion is identically zero. However, the numerical performance
indicates that the volume of unit cell is convenient as the
objective function to design crystal structures from random
sampling. Since the GDP model has the concept that it is an
extension of inorganic structural chemistry that emphasizes
the importance of the closest packings of spheres, it is reason-
able to choose the objective function as it is. Besides, since
inorganic structural chemistry compiles the tables of atomic
radii depending on the types of interatomic force to estimate
interatomic distances by the sum of atomic radii [21-23,66—
69], the GDP model constrains the minimum and maximum
interatomic distances by the sum of minimum and maximum
atomic radii, respectively, to find crystal structures as feasible
solutions:

49 =19 4 /O DO RO LRO (5
Finally, the Boolean constants AEJQ and EE.G) in the logic
propositions constrain the possible choices of G between
atoms i and jT'. For example, if both atoms have positive or
negative oxidation-state charges, an ionic bond is not creat-
able. Then, we can constrain the rule to create ionic bonds as

{True, qiq; <0, ©)

AD = .
otherwise,

ij False,

where I corresponds to ionic bonds and g; is the oxidation
state of atom i.

Solid-state chemistry defines chemical bond to briefly de-
scribe the mechanism that stabilizes crystal structures. While
there is no standard derivation of chemical bonds from quan-
tum mechanics, the software LOBSTER [70-72] calculates the
indicator using a simple formula to quantify chemical bond-
ing properties consistent with chemical intuition. The theory
explains that a covalent bond among atoms is formed by inter-
fering wavefunctions consisting of their overlapping orbitals,
while an ionic bond is formed by electrostatic interactions
between charged ions [70-72]. While covalency and ionic-
ity are often referred to as opposing bonding concepts, all
the chemical bonds in chemical compounds mix both the
two concepts. Therefore, it seems unreasonable for the GDP
model to explicitly distinguish the types of interatomic forces
as different types of interatomic distance constraints, but the
constraint given in Eq. (1) can include the mixtures of the
concepts. In fact, since Alkali metals form ionic bonds with
weak covalency, both the ionic radius and coordination num-
bers are very flexible. On the other hand, since transition
elements form ionic bonds with strong covalency, the ionic
radius is nearly fixed and the stable coordination numbers are
limited.

In general, GDPs can be reformulated as mixed-integer
nonlinear programmings (MINLPs) [59-63,73]. To do so, bi-

nary variables yijT) € {0, 1} are introduced to have one-to-one

correspondences with the Boolean variables: Yl.(].G) = True is
equivalent to yf]GT) =1, while YZECTD = False is equivalent to

nyGT) = 0. It is straightforward to convert logic propositions

into algebraic forms using binary variables. The reformulation
of Eq. (4) as an MINLP is given in Appendix A. Compared
to general MINLPs, the remarkable feature of the auxiliary
GDP given in Eq. (4) is that all the integer variables, which are
equivalent to Boolean variables, are only used for indicating
whether certain constraints on real variables are required to be
satisfied or not.

III. METHODS

There are two major solution methods for GDP, namely,
GDP branch and bound method and logic-based outer approx-
imation [63]. The former directly branches on the disjunctions
to generate nodes selecting enforced inequalities. This proce-
dure is repeated until the tree search is exhausted; if a node is
infeasible, then it is pruned. The advantage of this method is
that it requires the evaluation of fewer nodes than the conven-
tional branch and bound methods. On the other hand, the latter
iteratively solves the subproblem and the master problem.
The subproblem fixes all the Boolean variables to optimize
the real variables. If the optimal solution of the subproblem
is discovered, the collection of the optimized real variables
and the fixed Boolean variables is the optimal solution of the
original GDP. If not, the master problem is solved to find a
different activation of Boolean variables from the past, where
all the differentiable functions of real variables are linearized
by their gradients to simultaneously optimize both the real and
Boolean variables.

Now, we will begin to develop an efficient solution method
for the auxiliary GDP given in Eq. (4) based on the two
conventional solution methods. As the logic-based outer ap-
proximation, we create two subproblems, which are iteratively
solved. One is the optimization problem of the real variables
A and x; for the fixed Boolean variables Ylﬁ)

minimize

5 Xi

|det Al,

Y9
subject to Ve Wt o |
Geg dijT gx,-jT <D

d\% = ri(G) + 7@

e e ™
DG = KO + RO,
Xijr = |x; + AT — x4,
0<A % <1,
AeR¥™,  x eR.

The other is the optimization problem of Boolean variables

Ylﬁ) for the fixed real variables A and x;, which is identical to
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the integer programming:

(G)
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The set B is the subset of G corresponding to chemical
bonds, and 0 < ¢ is an error. It is important to note that this
subproblem has a similarity with the master problem of the
logic-based outer approximation in the sense that Boolean
variables Yl(]g) are optimized in preparation for minimizing
the objective function of original GDP. If each atom forms as
many chemical bonds with neighboring atoms as possible, the
volume of the unit cell will be minimized after optimization of
real variables A and x;. Then, we arrive at the objective func-
tion of the subproblem being the number of chemical bonds. It
is also important to note that we remove both the lower bounds
of feasible coordination numbers and interatomic distances,
because adjacent atoms in a disordered structure can be either
very close or very far apart. This relaxation is reasonable
since this subproblem is aimed at providing an opportunity
to make a different network of chemical bonds so that all the
interatomic distances can be feasible. Finally, it is better to
memorize the feasibilities of subsets of Boolean variables Y(G)
as logic constraints:

ML(Y) = True, 9

where Y is all the set of Boolean variables Y%

It is inevitable to solve the two subprof)lems iteratively
many times when an initial structure is randomly generated.
Since the feasible conditions of real variables change dras-
tically depending on the Boolean variables and vice versa,
well-controlled annealing causes a domino effect to largely
transform an initial structure into an optimal solution. Such
an annealing can be realized by applying the steepest-descent
method to the subproblem given in Eq. (7): First, we introduce
the linear penalty functions for the constraints on interatomic
distances

di9 < x, = U (x,) = max [0, k; (4@

min

<D = UL (x,) = max [0, ky (xo

max

= )],

— D(G))],

o

with k; and k; being the constants, and o being the ab-
breviated index of ijT. Accordingly, we have the relaxed

Vj eI VT € Z°)
AtMost(C{V, ¥\, Vj e VT e Z%)

ijT
(1 +&)(R + R

7 € {True, False }.
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(

optimization problem for real variables with 0 < P:

minimize ) " [Us?(x5) + USD(x,)] + Pldet Al.

min max
o,G

The displacements of real variables are calculated from the
gradients of the relaxed objective function. This method
is shown to be effective not only for optimizing packings
of spheres accurately with small computation [32-34,74,75]
but also for annealing structures without destroying feasible
atomic environments too much by adjusting the maximum
size of the displacements [74,75]. This annealing is aimed at
creating an opportunity to find different spatial arrangements
of atoms so that all the logic constraints on Boolean variables
can be feasible. If it succeeds, the real variables are optimized
by gradually decreasing the maximum size of the displace-
ment to verify whether or not all the interatomic distances can
be feasible.

The set of Boolean variables Y represents the graphs de-
scribing crystal structures with clear chemical meanings; for
example, the subgraphs corresponding to ionic bonds can
represent not only coordination polyhedra but also linkings of
them, and similarly, the central cations of linked polyhedra are
joined by the edge corresponding to electrostatic repulsions.
Recall that each edge enforces the associated constraint on the
interatomic distance. As detailed in the previous study [75],
two polyhedra can generally be linked by sharing a common
vertex, a common edge, or a common face, but not all of
them can be feasible if the central atoms must be far apart.
Similarly, even if the coordination number is feasible, the
composition of the coordination polyhedron designated by the
subgraph is not necessarily feasible.

A considerable amount of subgraphs, which correspond
to coordination polyhedra or linking of them, are discovered
in numerous graphs generated by the solution method. Since
it is very futile to optimize real variables with an infeasible
graph, it is advisable to add constraints on Boolean variables
so that infeasible subgraphs are efficiently removed as if
the GDP branch and bound method prunes infeasible nodes
from the tree search. While the cutting-plane method for inte-
ger programming iteratively refines the feasible condition by
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adding linear inequalities [76,77], the GDP model can easily
make such constraints by memorizing infeasible subgraphs.
Accordingly, the subproblem given in Eq. (8) includes the
on-the-fly logic constraint given in Eq. (9), which consists of
only the memories of feasible and infeasible subgraphs. Note
that the feasibility of a subgraph can be verified by optimizing
the corresponding substructure as discussed in Appendix B 4.

IV. RESULTS AND DISCUSSION

The software MARICI (Mathematical Architecture for Re-
alizing Inorganic Crystalline materials using mixed-Integer
nonlinear programming) [78] implements the solution method
discussed above. The algorithm is detailed in Appendix B.
MARICI can efficiently design prototypes of crystal structures
based on only the atomic radii and feasible coordination
numbers of each atom. For example, MARICI can design py-
roxene and the four superstructures of the perovskite type
in about tens of seconds, and besides, not only simple
ternary oxides such as the normal spinel but also simple
quaternary oxides such as BaDyFe,O; in about one second
by only using ten cores of Intel® Core™ Ultra 9 185H
(2.30 GHz), 32 GB. It may be important to note that numerical
performance indicates that the memories of the feasibili-
ties of subgraphs increases the possibility of discovering
optimal solutions by at least 10 times. In addition to the
computational efficiency, MARICI can find a wide variety of
crystal structures including not only ionic compounds («-
pyrochlore, quadruple perovskite, YBa,Cu3;O7, NaBe,SbO7,
jarosite without hydrogen, etc.) but also Zintl phases (MgB,,
ThSi,, AuBes, etc.) whose crystal structures are composed
of both the covalent and ionic bonds. Furthermore, as de-
tailed in Appendix C 1, the number of optimal solutions of
the auxiliary GDP is much smaller than that of the origi-
nal optimization problem, which means that the GDP model
successfully extracts only the meaningful optimal solutions
of the original optimization problem. Finally, as detailed in
Appendix C2, an exhaustive search for quaternary oxides
indicates that the GDP model can design many unknown
prototypes of crystal structures whose existence in nature
would not be surprising. Not only when designed prototypes
have high symmetries but also when they belong to the space
groups with a smaller occurrence in nature, there are many
cases where they are similar to experimentally known crystal
structures.

The GDP model cannot identify the synthesizable proto-
types of crystal structures since it does not explicitly solve
the minimization problem of Gibbs free energy. However,
owing to the high-speed discoveries of prototypes, the model
is useful to scan the coordination space as a preprocessor of
ab initio simulation to evaluate formation enthalpies. While
the model has no idea how to assign chemical elements to
each atom site, the table of ionic radii depending on the
oxidation state and the coordination number [21-23,66-69]
may be useful to limit the possible choices. In general, ionic
radius of each atom depends on the oxidation state and the
coordination number as if inorganic structural chemistry in-
terprets that a larger atom forms more chemical bonds so
that it is in contact with as many neighboring atoms as
possible [20-23].

Since MARICI generates initial structures randomly and af-
ter the structures are largely transformed to find an optimal
solution, each “pseudoatom” in optimal structures tends to
form as many chemical bonds as possible, as if a local pack-
ing fraction of atomic spheres is maximized. Therefore, it
is difficult for MARICI to deal with materials for which one
chemical element adopts two different coordination polyhe-
dra. However, while inverse spinel such as Fe;Oy is difficult
to find, normal spinel such as Co30, is very easy to find,
because different “pseudoatoms” can be defined depending on
the oxidation states of chemical elements. Here, it is important
to note that once a prototype of a crystal structure is designed,
only the remained problem is how to assign chemical elements
to each atom site. Besides, in general, if two atoms are the
same chemical element with the same oxidation state, they
tend to realize the same atomic environment: It is widely
known that smaller number of Wyckoffs are preferred. There-
fore, the difficulty of finding crystal structures for which one
element adopts two different coordination polyhedra is not a
critical problem. Finally, it is also important to note that the
suitable ionic radii for four or six coordination are largely
different. Assume that closest packing of oxide ions where
the ionic radius of oxide ion is 1.4 A. In that case, the radii
of cations placed in tetrahedral and octahedral sites are about
0.32 and 0.6 A at maximum, respectively. Therefore, if the
atomic radius of a “pseudoatom” is about 0.6 A, tetrahedral
coordination is not stable (the coordination polyhedra is often
largely distorted).

V. CONCLUSION

This article clarifies that the typical form of GDP can
naturally formulate the empirical rules of inorganic structural
chemistry, so that the crystal structures of not only ionic com-
pounds but also Zintl phases can be discovered as local optima
with small computations. The solution method for the GDP
consists of two subproblems so that continuous and integer
variables are iteratively optimized. Since the optimization of
real variables with an infeasible set of integer variables is very
futile, infeasible subsets of integer variables are memorized
as logical constraints on integer variables, as if the cutting-
plane method refines the feasible condition by adding linear
inequalities. The efficiency of the solution method indicates
that introducing integer variables accelerates visiting every
local optimum by extracting the “combinatorial backbone” of
an original continuous optimization problem, which enables
discovering only the meaningful optimal solutions of the orig-
inal problem. While many machine-learning techniques have
achieved great success [79,80], we can expect that symmetry-
oriented crystal structure prediction [81-83] with the GDP
model will discover the majority of known and unknown pro-
totypes of crystal structures based on only the atomic radii and
feasible coordination numbers of each atom. This preprocess-
ing before ab initio simulations will broaden the applicability
of computational discovery of chemical compounds owing to
the efficiency of mathematical crystal chemistry.
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DATA AVAILABILITY

The software MARICI (Mathematical Architecture for Re-
alizing Inorganic Crystalline materials using mixed-Integer
nonlinear programming) is available in Ref. [78]. MARICI ver.
2026.0 is distributed under the MIT License. This software
can efficiently not only design prototypes of crystal structures
but also analyze a large dataset of crystal structures. Since
a graphical user interface is distributed for Windows users,
everyone can easily begin to predict crystal structures. It is
thus straightforward to confirm that the GDP model can find a
wide variety of crystal structures of not only ionic compounds
but also Zintl phases with remarkable computational speed.
The data of designed prototypes of crystal structures discussed
in Appendixes is also available in Ref. [85].

APPENDIX A: REFORMULATION AS MIXED-INTEGER
NONLINEAR PROGRAMMING

A GDP [59-65] can easily be reformulated as an MINLP
[59,61-63]. To do this, binary variables y{7; € {0, 1}, £ €

{0, 1}, and Af]GT) € {0, 1} are introduced to have one-to-one

J

minimize
A xS
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APPENDIX B: ALGORITHM FOR SOLUTION METHOD

This Appendix details the algorithm executing the solu-
tion method for the auxiliary GDP given in Eq. (4). The

x; € R3, y;f; €{0,1}.

correspondences with the Boolean variables Yii.(T;), EijT), and
AG:

Yl.g.(T;) =True <= yijT) =1,

Ylﬁ) = False <— y,(JGT) =0,

EffT) = True <— Sl-(j(;) =1,

Ef]GT) = False <= éi(j(;) =0,

AfJGT) = True <= AEJGT) =1,

Al(]GT) = False <= ij(;T) =0.

It is straightforward to convert logic propositions into alge-
braic forms using binary variables, for example, the logic
constraint

vy (A1)
Geg
can be converted into
Z yng) =1. (A2)

Geg
Similarly, there are several ways such as big-M or hull refor-
mulation [63] to reformulate the disjunctions:

©)
Geg| di7 < lx; + AT — x;| < DS

Among them, the big-M approach converts the disjunctions
into

y,(jGT) di(jGT) < bxj +AT —xil, (A4)
I + AT — x| < DY + M (1 —y3), (A5)

where M is a huge constant. Accordingly, one of the reformu-
lations as an MINLP from the auxiliary GDP given in Eq. (4)
is as follows:

Vi e Z,VG € §),

Vi, j e VT € Z%),
(A6)
Vi, j € VT € 7*),

Vi, j € VT € Z3>,YG € G),

0<Ay <1,

(

algorithm is implemented in the software MARICI [78], which
is distributed under the MIT License.

The algorithm discussed in this Appendix is almost identi-
cal to that discussed in the previous studies [74,75]. However,
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Constrain the atomic environment of each atom

¢ A few kinds of atomic radii
¢ Feasible coordination numbers
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Memorize feasible and infeasible
local graphs with
their hash codes.

Subproblem Subproblem for
for continuous variables Boolean variables (1)
(Annealing) (Optimization)
s =
- > Hg
FEASIBLE y FEASIBLE y
Sphere packings Graph optimization \_/ Q \/
3 { {
0
NO Is feasible? Os Os Hg
(Boolean variables)
INFEASIBLE FEASIBLE
~ Q - o
Distortion of structure Subproblem , 1 , L
'y for continuous variables \D
Os
(Optimization)
Os Os Os
Delaunay reduction
of unit cell Os
7'y
INFEASIBLE FEASIBLE
\_/ \_/
Removal of infeasible ete...
chemical bonds Sphere packings
7'y
NO Is feasible? Output

/

optimal structure

FIG. 1. The flowchart of the algorithm executing the solution method for the auxiliary GDP given in Eq. (4). Crystal structures are drawn

by VESTA [84].

since the source code for MARICI is developed from scratch
to resolve the technical problems, the computational effi-
ciency is significantly improved. Besides, it is found that the
on-the-fly constraint consisting of the memories of the feasi-
ble and infeasible subgraphs also improves the efficiency for
finding the optimal solutions. The flowchart of the algorithm
is shown in Fig. 1. Two subproblems are iteratively solved to
optimize the continuous and Boolean variables with fixing the
other.

1. Input data

When we choose the chemical compositions for crystal
structure prediction, we must assign an oxidation state to each

atom (we call a chemical element with an oxidation state
as “pseudoatom”). This is because oxidation states are used
for judging whether or not ionic bonds are creatable between
atoms as

qiq; <0,

) _ True,
J { otherwise. (B1)

ij | False,

The software MARICI supports the five kinds of G: The con-
straints I, C, E, I, and C, correspond to ionic bonds, covalent
bonds, electrostatic repulsions, ionic exclusive repulsions,
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and covalent exclusive repulsions, respectively. The remained
“creatabilities” Aff) are defined as follows:

«©) _ |False, giq; <O,
Aij " |True, otherwise, (B2)

&) _ |True, gqiq; > 0,
Aij " |False, otherwise, (B3)

a,) _ |True, gqiq; <O,
Aij " |False, otherwise, (B4
A = True. (BS)

tj

Recall that the feasible atomic environments of each atom are
determined by only the atomic radii and feasible coordination
numbers as given in Eq. (1). Since MARICI sets the exclusive
radii as

) — XR(C)y (B6)

with x = 1.3, the indispensable parameters to determine the
feasible atomic environments of each pseudoatom are given
by

(HO RO, (©) c© D R (D ) pE)

If you search only ionic crystal structures, the necessary pa-
rameters are as follows:

FD RD, D D RE),

2. Initial structure generation

An initial structure is randomly generated as follows: Let
(a, b, c,a, B, y) be the lattice parameters, and they are initial-
ized randomly under the condition of

n. B

where a is set to be 1. Next, lattice vectors (a;, a;, az) are
scaled to satisfy the condition of

M

b 4 py |
la; - (@, x a3)| |:Z 3”(Ri ) :| =0.7. (B8)

i=1

Finally, all the atoms are randomly distributed in the unit cell.

3. Subproblem for continous variables

The solution method consists of the two subproblems. One
of them is the optimization problem for continuous variables,
which is given in Eq. (7). The GDP can be reformulated as an

MINLP:

minimize |detA]|,
s Xi
. G) 4G
subject to yij) di(jT) < XijTs
G G
xir < Diip +M(1=y3),

G) _ (G (G)
dyjp =17+ 157,

(B9)

G) _ p(G) (G)
DijT =R +Rj )

xijT = |xj +AT — X;

)

0<A 'y <1,
AeR¥>,  x eR3.

The solution method for this problem is identical to that dis-
cussed in the previous study [74,75], but it is summarized to
present this article in a self-contained manner. The inequality
constraints are approximated by the hard-spherical penalty
potential as

df,G) <xp = UriliGn)(xG) = max [O, k, (df,G) — xg)],

Xy <D = U9 (x,) = max [0, kr (x5 — DE,G))],

max

where k, and k4 are common constants for repulsive and
attractive forces, respectively, and o is the abbreviated index
of ijT. Accordingly, the objective function of the subproblem
is approximated as

minimize H(X, A), (B10)

where H(X, A) is defined as

HX,A) =Y (U2 (x0) + U (x,)] + Pldet Al

min max
o,G

with X = (xy, ..., xn), N being the number of atoms per unit
cell, and P being the pressure. The continuous variables are
optimized by steepest-descent method as follows: Let Ax; and
Aa; be the displacements of x; and a;. They are calculated by

IH(X,A) IH(X,A)
Ax; = —§—— o

. (BID

’ i =

ox i
where the constants &; and ¢; are scaled to satisfy the condition
|Ax;| < Ax™),

|Aa;] < y Ax™, (B12)

with Ax™#) being the maximum displacement of atoms in sth
optimization step and y being a constant. Ax™# is calculated

as
Ax(max) s
(max) __ (max) S
Ax; = Ax, (A ) |
X0

(B13)

where S is the maximum steps of the steepest-descent method.
In this study, y is given by

y = 0.02, (B14)
and the force constants are set to be
P=10, k4 =300, k, =-100.0. (B15)
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When the continuous variables are annealed by this subprob-
lem, the parameters are given by

Ax (max)

S =25, = Ax{™ = 0.5. (B16)

It is important to note that in the annealing process, the tracers
of every pair of atoms are updated per 100 steps, the unit cell
is refined per 200 steps by using the software SPGLIB [87], and
a structure is randomly distorted largely per 2500 steps.

When the continuous variables are optimized by this sub-
problem, we make two steps composed of local and precise
structural optimization. In the former, the parameters are
given by

§=2000, Ax{™ =03, Ax™¥ =005 (B17)
and in the latter, they are given by
§=4000, Ax{™Y =0.1, Ax™ =0.005. (BIS)

Note that in the local optimization, if a structure is failed
to reach an optimal solution after the first 2000 steps, the
structure is optimized again after initializing Ax(™™), because
in some cases, all the interatomic distances cannot converge
into the feasible values at once.

When MARICI appraises the feasibility of the set of continu-
ous variables, MARICI allows the small error of the feasibilities
of interatomic distances as

(1= &) < |x; + AT — x;| <

(I+e)Dif.  (BL9)

J

where 0 < ¢ is a small value. When MARICI appraises the
inequality constraints after annealing, local optimization, and
precise optimization, ¢ is set to be

e=1.0, e&=0.1, &=0.05, (B20)

respectively.

After annealing, if all the logic constraints on Boolean
variables are feasible, MARICI checks the feasibilities of all
the interatomic distances with ¢ = 1.0. If they are optimal,
MARICT starts a local optimization. After that, if all the inter-
atomic distances are optimal with ¢ = 0.1, MARICI begins a
precise optimization. After that, if all the interatomic distances
are optimal with ¢ = 0.05, MARICI regards the structure as a
local optimum of the auxiliary GDP given in Eq. (4).

To reduce the computational cost, the criteria to track a pair
of atoms is given as follows:

0 < qiq; = t(R"” +RY), (B21)
0=qiq; = t(R + R, (B22)
0> giq; = t(r? +ri?), (B23)

where 7 is set to be 4.0.

4. Subproblem for Boolean variables

The other subproblem is the optimization problem for
Boolean variables given in Eq. (8). The GDP can also be
reformulated as an MINLP:

max1gnze Z Z Z yffT), (B24)
it i T GeB
subject to ML(y) = True, (B25)
> Vi <G Vi, j € T,VT € 23), (B26)
> vir = Vi, j € YT € Z7), (B27)
Geg
b +AT —x;| < (1 +&)(RO +RO) + M(1 —y3)  (Vi.j e VT € Z°), (B28)
EO <y <Ay (Vi, j € I,VT € Z*,YG € G), (B29)
z(,GT) €{0,1}. (B30)

Equation (B25) is the logic constraint consisting of the
memories of feasible and infeasible subgraphs, where y is
all the set of binary variables yl(]GT) Since this integer pro-
gramming is essentially the logic-based optimization under
the logic constraints, it is easy to solve as follows: First, if
a constraint G would be enforced between a pair of atoms,
the interatomic distance must be feasible with respect to G as
written in Eq. (B28). It is important to note that the maximum
atomic radius of each atom is finite only if G corresponds
to a chemical bond. Therefore, the inequality constraints of
Eq. (B28) implicitly limit the creatable chemical bonds. Sec-
ond, to maximize the total number of chemical bonds, each

(

atom should create as many creatable chemical bonds with
neighboring atoms as possible. However, each atom must
follow the constraint on the maximum coordination numbers
given in Eq. (B26) and the other logic constraints given in
Egs. (B27) and (B29). If the number of creatable chemi-
cal bonds is more than the maximum coordination number,
MARICI selects shorter chemical bonds as many as possible.
Finally, inappropriate chemical bonds are removed to satisfy
the constraint of Eq. (B25).

Two polyhedra can generally be linked by sharing a com-
mon vertex, a common edge, or a common face, but not
all of them are feasible if the central atoms must be far

033246-9



RYOTARO KOSHOIJI

PHYSICAL REVIEW RESEARCH 8, 033246 (2026)

TABLE 1. The definitions of pseudoatoms.

Symbol Feasible oxidation states Feasible atomic environment (#(©, R©), ¢© Cc© O RO O cO RE))
0 2 0, 0, 0, 0, 1.40, 1.40, 0, oo, 1.40)
Aa 1— (1.1, 1.3, 2, 2, 1.80, 1.80, 0, oo, 1.80)
Ab 2— (1.1, 1.3, 3, 3, 1.80, 1.80, 0, oo, 1.80)
Ea 14+, 24, 3+, 44, 5+, 6+ 0, 0, 0, 0, 0.30, 0.35, 4, 4, 1.40)
Eb 14, 24, 3+, 44, 5+, 6+ 0, 0, 0, 0, 0.30, 0.35, 4, 4, 1.60)
Ec 24 0, 0, 0, 0, 0.60, 0.60, 4, 4, 1.40)
Ed 24 0, 0, 0, 0, 0.60, 0.60, 5, 5, 1.40)
Ee 24 0, 0, 0, 0, 0.60, 0.60, 6, 6, 0.90)
Ef 14, 24, 3+, 44, 5+, 6+ 0, 0, 0, 0, 0.60, 0.60, 6, 6, 1.40)
Eg 14, 24, 3+, 44, 5+, 6+ 0, 0, 0, 0, 0.60, 0.60, 6, 6, 1.60)
Eh 44 0, 0, 0, 0, 0.60, 0.70, 6, 6, 1.40)
Ei 34 0, 0, 0, 0, 0.80, 1.00, 8, 8, 1.60)
Ej 1+ 0, 0, 0, 0, 0.80, 1.30, 8, 8, 1.80)
Ek 2+ ©, 0, 0, 0, 1.20, 1.40, 10, 10, 1.60)
El 1+, 24, 3+ ©, 0, 0, 0, 1.40, 1.40, 12, 12, 1.80)
Em 1+, 24, 3+ ©, 0, 0, 0, 140, 1.60, 12, 12, 1.80)
En 2+ 0, 0, 0, 0, 1.40, 1.60, 12, 7, 1.80)
Eo 2+ ©, 0, 0, 0, 1.40, 1.80, 12, 12, 1.80)

apart. Similarly, even if the coordination number is feasible,
a coordination polyhedron consisting of a different chemi-
cal composition is not necessarily feasible. Since Eq. (B25),
which is not easy to formulate, remembers not only all the
infeasible coordination polyhedra of each atom but also all
the infeasible linking of coordination polyhedra, we can easily
find them all in a structure. An infeasible coordination poly-
hedra or linking of them must be made feasible by randomly
removing chemical bonds that cause the infeasibility.

Technically, MARICI memorizes all the feasible and in-
feasible subgraphs corresponding to coordination polyhedra
of each atom or linking of coordination polyhedra. MARICI
uses the hash table to remember them all: The key is a sub-
graph, and the value is its feasibility. To define the equality
of subgraphs, atoms are sorted with respect to such as atomic
numbers and oxidation states when creating a subgraph. The
hash code can be generated from the collections of which
atoms are linked with each atom. Each time MARICI finds
a subgraph that is not memorized, MARICI extracts the sub-
structure corresponding to the subgraph to judge whether it is
feasible or not. Accordingly, the on-the-fly constraint given
in Eq. (B25) is regularly updated through crystal structure
prediction. The structural optimization for a substructure is
executed by the same method discussed in Appendix B 3. The
parameters for local optimization are given by

§=12000, Axy"™ =02,

Ax{™Y =0.1, (B31)

while those for precise optimization are given by

§=10000, Ax™ =0.1, Ax™ =0.001. (B32)
The feasible error ¢ is set to be 0.01. Note that a random
fluctuation is applied to the substructure before structural op-

timization, and the operation is repeated 5-10 times until a

feasible substructure is discovered. If it fails, the substructure
is regarded as infeasible.

APPENDIX C: CRYSTAL STRUCTURE PREDICTION

1. Prediction of experimentally known crystal structures

Table I lists the pseudoatoms defined by the feasible ox-
idation states, the feasible coordination numbers, and the
atomic radii. Note that both the feasible coordination num-
bers and atomic radii corresponding to covalent bonds are
meaningless when we search ionic crystal structures. Table 11
lists the results of the example prediction for the experimen-
tally known crystal structures, which shows that mathematical
crystal chemistry can find a wide variety of crystal structures.
It is important to emphasize that MARICI can design the crys-
tal structures of Zintl phases consisting of both the covalent
and ionic bonds. Besides, it is also important to note that
the number of local optima is much smaller than that of the
original continuous optimization problem for the Gibbs free
energy: In some cases, an experimentally known crystal struc-
ture is obtained as a unique optimal solution. These results
indicate that the optimal solutions of the GDP model represent
only the meaningful optimal solutions, which look promis-
ing as stable crystal structures, of the original optimization
problem.

There are two optimal solutions for EcEd,EiEk,O, but
both of them correspond to the YBa,Cu30O; structure; one
of the optimal solutions is a distorted YBa,Cu307 structure.
While Ec and Ed correspond to the coppers whose coordina-
tion numbers are four and five, respectively, the coordination
polyhedra are very similar; Ec creates a square and Ed cre-
ates a square pyramid. Then, YBa;Cu3 O structure should be
discovered as the optimal solution for Ec3EiEk,07, but it is
impossible for MARICI. This is due to the uniform definition
of the ionic exclusive radii 7% as given in Eq. (B6): If the
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TABLE II. The number of randomly generated initial structures depending on the chemical compositions are listed. The number of
discovered optimal solutions and the discovered experimentally known crystal structures are also listed.

Composition Number of initial structures Number of discovered solutions Experimental crystal structures
Ea,Ef,Og 1 x10° 13 Spinel
Ea,EfgO46 1 x10° 340 Spinel structure
B-Mg,SiO,
Ee4ELOy, 5% 103 4 Perovskite
BaNiO;
BaMnO;
Cs,NaCrOg
Eg,Ej,O4 3 x 104 a-pyrochlore
Eh,Ei, O, 1x10° 2 Pyroxene
Ec;Ef,ElO;, 1 x 10° 31 Quadruple perovskite
EaEf,ElO; 1 x 10° 1 YBaFe, O,
Ea,EfsEL,Oy4 3x10° 2 YBaFe,O-,
NaBe,;SbO,
Eb,Eg;ElO,4 2 x 10° 22 Jarosite without hydrogen
EcEd,EiEk, O, 1 x 10° 2 YBa,Cuz04
EngAag 5% 103 CaSi
Eo,Abg 2 % 10* 15 MgB,
ThSi,
AuBe;s

exclusive radii could be arranged depending on each pseu-
doatom, YBa,Cu30; structure would be discovered as the
optimal solution for Ec3EiEk,O;.

MARICI achieves high computational efficiency for design-
ing prototypes of crystal structures; for example, not only
simple ternary oxides such as normal spinel but also simple
quaternary oxides such as YBaFe4O; are discovered in about
one second by just using ten cores of Intel® Core™ Ultra
9 185H (2.30 GHz), 32 GB. Besides, all the optimal solu-
tion of Ee4El; O, corresponding to the experimentally known
crystal structures, which are Perovskite, BaNiO3;, BaMnOs,
and Cs,NaCrQg structures, are discovered in tens of seconds.
Furthermore, a-pyrochlore and pyroxene are discovered in
less than 30-60 s, where the flexible ionic radius of Ej in
the structure of «-pyrochlore demands larger computational
cost. The quadruple perovskite and YBa,Cu3O5 structures are
difficult to find due to the square coordinations of Ec: The
ionic radius of Ec is large enough to form octahedra as Ef
[74,75], but copper can create only four ionic bonds. It may
be important to note that the number of optimal solutions
for discovering the quadruple peroskite is much larger than
that in the previous study [75] due to larger ionic radius of
El Finally, it seems that crystal structure prediction of Zintl
phases generally demands larger computational costs than that
of ionic compounds.

2. Exhaustive search for crystal structures

This work shortly reports the result of exhaustive search
for crystal structures. More detailed results will be given in
future works. We focus on the two chemical systems: One is
Ea/Ef/El/, 02~ and the other is Eb/Eg/Em/,02~, where the

feasible chemical compositions are constrained as follows:

1< pg<o6,

1<r<3,

pk+ql+rm—2ne{0,1},
<k+1l+m4+n<25,

1 I m m
S<y <7
Kkl
Accordingly, we obtain 3055 kinds of chemical compositions
per each chemical system. The numbers of randomly gener-
ated initial structures are listed in Table III. If we remove the
optimal solutions whose space group numbers are between
1 and 9, the numbers of the discovered optimal solutions
of EaJEffEl,, 02~ and Eb/Eg/Em/,02 are 4227 and 689,
respectively.

Among the 230 kinds of space groups, some of them
are not commonly realized by experimentally known crystal
structures, while some of the others such as Fm3m (No. 225)
are very popular. On the other hand, through this exhausive

(ChH

TABLE III. The number of randomly generated initial structures
depending on the number of atoms per unit cell.

Number of atoms per unit cell Number of initial structure

1-10 1x10*
11-15 5x10*
16-20 1x10°
21-25 2x10°
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FIG. 2. The prototypes of crystal structures designed by MARICI. Crystal structures are drawn by OpenMX Viewer [86]. (a) The optimal
solution of EbEgEm,Os. It belongs to the space group of Ccc2 (No. 37). (b) The optimal solution of Eb,EgEmO,. It belongs to the space
group of Pccm (No. 49). (c) The optimal solution of Eb,EgEmO,. It belongs to the space group of P4 (No. 75). (d) The optimal solution of
EbsEg,EmOs. It belongs to the space group of /4 (No. 79). (e) The optimal solution of Ea,EfsEl,O4. It belongs to the space group of R3m
(No. 166). It corresponds to the crystal structure of Ba,Cr;O14. (f) The optimal solution of Eb,Eg,EmO;;. It belongs to the space group of
R32 (No. 155). It does not correspond to any experimentally known crystal structures, but it is similar to the crystal structure of BaNb,V,0y;.
(g) The optimal solution of EaEf,El;0;. It belongs to the space group of P3m1 (No. 164). It does not correspond to any experimentally known
crystal structures, but it is similar to the crystal structure of BaV,Zn;0,0H,. (h) The optimal solution of Ea;EfElO;. It belongs to the space
group of P63mc (No. 186). It does not correspond to any experimentally known crystal structures, but it is similar to the crystal structure of

NaBe,SbO;, which is the optimal solution of Ea,EfgEl,O,4.

search for crystal structures, MARICI finds many prototypes of
crystal structures belonging the space groups with a smaller
occurrence in nature: Figures 2(a)-2(d) show the optimal
solutions of EbEgEm,0s, Eb,EgEmO,, Eb,EgEmO,, and
EbsEg,EmO3, respectively, which belong to the space groups
of Ccc2 (No. 37), Pccm (No. 49), P4 (No. 75), and /4 (No.
79), respectively. They do not correspond to any experimen-
tally known crystal structures.

MARICI successfully designs the structures corresponding
to the experimentally known complex crystal structures such
as Bap,Cr;014, which is the optimal solution of Ea;EfsEl1,014
shown in Fig. 2(e). Besides, MARICI also designs many un-
known structures whose existence in nature would not be
surprising; for example, Figs. 2(f)-2(h) show the optimal

solutions of Eb,Eg,EmO;;, EaEf,El30;;, and Ea;EfEIO;,
respectively, which belong to the space groups of R32
(No. 155), P3m1 (No. 164), and P63mc (No. 186), re-
spectively. They do not correspond to any experimentally
known crystal structures, but they are similar to the crystal
structures of BaNb,V,0,;, BaV,Zn30,90H,, and NaBe;SbO-,
respectively.

These results show promise for the computational discov-
ery of unknown inorganic compounds based on mathematical
crystal chemistry. While the theory cannot assume the suit-
able assignments of chemical elements to each atom site, the
algorithm is useful to scan the coordination space as a pre-
processor before evaluating formation enthalpies by ab initio
simulations.
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