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Variational approach to the Fermi polaron problem in two dimensions
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We develop a non-Gaussian variational approach that enables us to study both equilibrium and far-from-
equilibrium physics of the two-dimensional Fermi polaron. This method provides an unbiased analysis of
the polaron-to-molecule phase transition without relying on truncations in the total number of particle-hole
excitations. Our results—which include the ground-state energy and quasiparticle residue—are in qualitative
agreement with the known Monte Carlo calculations. The main advantage of the non-Gaussian states compared
to conventional numerical methods is that they enable us to explore long-time polaron evolution and, in particular,
study various spectral properties accessible to both solid-state and ultracold atom experiments. We design two
types of radiofrequency spectroscopies to measure polaronic and molecular spectral functions. Depending on the
parameter regime, we find that these spectral functions and fermionic density profiles near the impurity either
display long-lived oscillations between the repulsive and attractive polaron branches or exhibit fast relaxational

dynamics to the molecular state.
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I. INTRODUCTION

Fermi polaron models correspond to a general class of
quantum many-body problems in which a single impurity
interacts with a bath of fermions. Historically, theoretical
work in this area started with the analysis of models with
infinitely heavy impurities, which exhibit a phenomenon of
orthogonality catastrophe [1]. The latter is an observation of
P. W. Anderson that even a weak impurity potential results in
the creation of an infinite number of low-energy particle-hole
excitations. Orthogonality catastrophe plays an important role
in several areas of physics, including x-ray scattering [2,3],
photoemission [4—6], transport in mesoscopic systems [7,8],
and radiofrequency (RF) and Rydberg spectroscopies in ultra-
cold atoms [9-12]. Dynamics in polaronic systems becomes
even richer when impurity particles are endowed with internal
degrees of freedom. The simplest example is adding spin
states to a localized impurity, corresponding to the Kondo
model. This class of systems exhibits such striking phenom-
ena as nonmonotonic temperature dependence of resistivity
in metals with magnetic impurities [13], formation of heavy
fermion materials [14], and even emergence of non-Fermi
liquid states [15,16].
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Another way of enriching impurity dynamics is to make
them mobile. Models of mobile Fermi polarons were first
considered in the context of He*/He® mixtures, ions in the
normal liquid of He?, and diffusion of muons in metals [17].
In comparison to the infinitely heavy impurity models, a
feature of such systems comes from the finite recoil energy
of the impurity particle. This appears as a constraint on the
scattering processes of the bath fermions and raises the ques-
tion of whether the states with and without the impurity-bath
coupling are orthogonal to each other. For infinitely heavy im-
purities, we have the orthogonality catastrophe, which means
that the two states are orthogonal, while for heavy but finite
mass impurities, the answer was argued to depend on dimen-
sionality [18]. In two- and three-dimensional systems, the two
states are expected to have a finite overlap, which in turn im-
plies a finite quasiparticle weight, whereas in one-dimensional
(1D) systems, the quasiparticle weight can be proven to vanish
[19,20].

It is interesting to note, however, that developing accurate
theoretical models for describing properties of mobile impu-
rities interacting with a Fermi bath remains a considerable
theoretical challenge. Earlier studies of mobile Fermi polarons
have been motivated by two primary considerations. On the
one hand, they provided a concrete example of the emergence
of friction in a purely quantum-mechanical system [21,22].
On the other hand, the issue of quasiparticle weight was
considered as a paradigmatic case study of the concept of
quasiparticles in strongly interacting Fermi systems.

Renewed interest in the study of Fermi polarons came with
the progress of experiments in the field of ultracold atoms.
These systems make it possible to realize Fermi polarons
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with different mass ratios of the impurity and bath particles
and tune impurity-bath interaction strength using magnetic
Feshbach resonances [9,10,23-31]. The tunability of micro-
scopic interactions brings a feature of the interplay of few- and
many-body aspects of the problem. In particular, Feshbach
resonance itself corresponds to the appearance of a bound
state in a two-body problem [32]. An interesting question
then is whether one finds a transition between molecular and
polaronic ground states in a many-body system. In the for-
mer case, the impurity atom makes a bound state with one
of the bath fermions, accompanied by the vanishing quasi-
particle weight. In the polaronic case, the impurity interacts
with many bath particles and forms a state that has finite
quasiparticle weight. In three-dimensional systems, there is
strong numerical [33,34] and experimental [9] evidence for
the polaron-to-molecule transition. Notably, one finds that in
the case of equal masses of impurity and bath particles, one
can obtain a good description of many-body polaronic states
by including only a single particle-hole excitation [35]. These
so-called Chevy ansatz (CA) wave functions work surpris-
ingly well even at unitarity when the scattering length diverges
[36,37]. In two-dimensional (2D) systems, analysis based on
CA suggested that the ground state should always be of the
polaronic type [38] (for equal masses of the impurity and bath
fermions). However, analysis that extended CA to include
two particle-hole excitations supported the existence of the
polaron-to-molecule transition [39-42].

The most recent addition to the experimental platforms for
exploring Fermi polarons utilizes excitons and electrons (or
holes) in transition metal dichalcogenides (TMDs) [43—48].
In contrast to traditional Si and GaAs semiconductors, TMDs
have a smaller dielectric constant and heavier electron mass,
resulting in much stronger binding energy and smaller size
of an exciton. For a broad range of electron densities used
in experiments, the size of excitons is much smaller than a
typical interelectron distance. Hence, excitons can be treated
as impurities when analyzing their interaction with electrons.
Furthermore, there is an effective Feshbach resonance be-
tween electrons and excitons, which manifests itself in the
repulsive and attractive branches in the absorption spectra.
These branches are strongly reminiscent of the Fermi polaron
spectra measured in two-dimensional systems of ultracold
fermions [43,49-51].

Motivated by these developments, we set ourselves a goal
of developing an efficient theoretical formalism for describing
Fermi polarons in 2D systems, both in and out of equilibrium.
The approach we choose here is based on the non-Gaussian
states (NGS) detailed in Ref. [52]. These variational states do
not rely on truncations in the number of particle-hole excita-
tions. As such, this approach provides an unbiased analysis
of the competition between polaronic and molecular states.
It also guarantees that in the limit of infinitely heavy im-
purities, our solution reduces to the exact one based on the
functional determinant approach [53-55]. Additional motiva-
tion to employ the non-Gaussian states is that they capture
remarkably well the physics of 1D Fermi polaron [20,56-62].
The main advantage of our method is the possibility of analyz-
ing nonequilibrium properties [54,55,61,63—71] of polaronic
systems, including various spectral functions. As part of our
analysis, we introduce here characteristics of Fermi-polaron

systems, namely, molecular residue and molecular spectral
function. These quantities provide a complementary perspec-
tive on the polaron-to-molecule transition. We discuss how
they can be measured in experiments with ultracold atoms.

This paper is organized as follows: In Sec. II, we in-
troduce the general non-Gaussian approach, which includes
the ground-state optimization via the imaginary-time evo-
lution, the study of the real-time dynamics by projecting
the Schrodinger equation on the variational manifold, and
the linear-response analysis by linearizing the equations of
motion around the ground-state configuration. In Sec. III, a
first-order polaron-to-molecule transition is identified, where
both the ground-state energy and single-particle residue are in
excellent agreement with those from CA and diagrammatic
Monte Carlo (DMC) calculations. Section IV is dedicated
to far-from-equilibrium dynamics of the polaronic system.
There, we compute various spectral properties and introduce
two types of RF spectroscopies to quantify the polaron-to-
molecule transition. The spectral functions exhibit distinctive
dynamical behaviors in the polaronic and molecular phases,
such as long-lived oscillations between the repulsive and at-
tractive polarons and fast relaxation to the molecular state
from different initial states. Finally, the main results are briefly
summarized in Sec. V.

II. FORMALISM

This section introduces the non-Gaussian formalism to
study the Fermi polaron in two spatial dimensions. In the
first subsection, we formulate the model of a single impurity
in the 2D Fermi gas and apply the Lee-Low-Pines (LLP)
transformation [72] that decouples the impurity from the
fermionic degrees of freedom. We then, in the second sub-
section, introduce the non-Gaussian variational states, which
allow us to investigate the ground-state properties and the
real-time dynamics. Up to this stage, our framework closely
follows that used in Ref. [20] to study the one-dimensional
Fermi polaron. The two-dimensional problem is much more
challenging due to the large number of the involved degrees
of freedom. Consequently, numerical simulations are limited
to small system sizes. To overcome this issue, in the third
subsection, we utilize the rotational symmetry of the problem,
which in turn allows us to efficiently model even relatively
large systems. The fourth subsection is dedicated to the linear
response theory within the formalism of the non-Gaussian
states.

A. Model
A single mobile impurity immersed in a 2D Fermi gas is
described via the following microscopic Hamiltonian:

H=H, +Himp+Hint, (1)

where

H, = b / d*x U (x) V¥ (x) 2)
Zmb
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represents the kinetic energy of the fermionic bath. The ki-
netic energy of the impurity is given by

Himp = — f d*x Wl OV Wiy (x). A3

Mimp

The contact interaction term reads
Hin = g / x VT OP ] ) Pimp(x), @)

where W(x) and W'(x) [Wimp(x) and ¥} (x)] denote the
fermionic (impurity) creation and annihilation operators,
respectively; they obey the fermionic anticommutation rela-
tions. Here, my, and miy,p are the fermion and impurity masses,
respectively. In the 2D gas, the attractive interaction strength
g is related to the 2D scattering length a,p via the Lippmann-

Schwinger equation:

1 1

1
¢ L2 |1(|2</;A Eg +k2/2m,)’

(&)

where Ep = 1/(2mya3y,) is the binding energy of the weakly
bound diatomic molecule, m; = myMminp/ (Mp + Miyp) denotes
the reduced mass, L is the linear system’s size, and k, is the
ultraviolet (UV) momentum cutoff. In momentum space, the
Hamiltonian reads

8
H = Z(%,kcick + Eimpfy fi) + 8 Z fe feraChep—q-
k k.p.q

(6)

where &q_p impx = k*/(2m,) and k = 27 (n,, n,)/L with in-
teger n, and n,.

We turn to discuss the LLP transformation Upjp =
e '@ Xim - which allows one to simplify the model by
eliminating the impurity degrees of freedom. This unitary
transformation relies on the very fact of the total momentum
conservation [Q, H] =0, where Qiot = Qimp + Qyp. Here,
Qimp =D Kk fkT fi and Qy, =), kcltck represent the mo-
menta of the impurity and the Fermi bath, respectively. We
also defined Ximp = [d2xx W (x)Wipp(x) to be the im-
purity position operator. Physicaﬁy, the LLP transformation
simply encodes the fact that the impurity momentum Qjp,, =
UJLthot UpLp can be reconstructed from the total momentum
Q¢ and the net momentum Qp of the host fermions. Un-
der the LLP transformation, the system is transformed into
the comoving frame of the impurity. The modified Hamil-
tonian Hyjp = UELPH UpLp in the single-impurity subspace
>k flj fx = 1 then reads

Hyp = Z(Sb,kcﬂCk + Eimp.k—Qy Sy fic)
k

+ % SRR eheq. 7
k P.q

We note that in the transformed frame, flf Jx commutes with
Hi1p; in other words, Qimp = Ko becomes an integral of mo-
tion in the comoving frame so that the LLP Hamiltonian can
be written as

§
Hyp = Z EokCpck + 2 chtcp + Eimp.Ky—Q,-  (8)
k k,p

We obtain that the impurity degrees of freedom are eliminated
at the price of introducing a nonlocal impurity-mediated in-
teraction between the fermions, encoded in the third term of

Eq. (8).

B. Non-Gaussian variational approach

To study the polaron physics, both in and out of equi-
librium, we employ the non-Gaussian family of variational
wave functions. Specifically, guided by the LLP transforma-
tion, we write the many-body polaronic state in the laboratory
frame as

|WK,) = ULe fig, 10)imp ® |Was). ©)

Implicit in Eq. (9) is that the state |Wgs) represents the
fermionic wave function in the comoving frame. We then
choose |Wgs) to be Gaussian [20,52]:

|Was) = Ugs|FS) = e e“'¢|FS), (10)

where |FS) describes the Fermi sea set by a Fermi momentum
kr. At this stage, our variational parameters are the global
phase 6 and Hermitian matrix £ written in the Dirac ba-
Sis ¢ = (Ck,, Cky» - - - » Cky )T, with N being the total number
of fermionic degrees of freedom. Here, c,, ..., ck, label
fermionic modes at discrete momentum points in k space.
We note that even though the wave function in the comoving
frame is factorizable between the impurity and host fermions,
it is highly entangled by Urrp when expressed in the labora-
tory frame [cf. Eq. (9)].

Any variational state applied to many-body problems rep-
resents some approximation. Given that often there are no
small parameters or exact solutions, it is crucial to test the
validity of any such variational approach. For the 1D Fermi
polaron, it was demonstrated in Ref. [20] that the non-
Gaussian states of the form (9) reproduce the exact Bethe
ansatz results, both in and out of equilibrium. The validity of
the non-Gaussian wave functions in the 2D polaron problem
is the subject of the next sections.

To optimize for the best variational wave function that
approximates the ground state, we employ the imaginary-time
dynamics. For now, instead of 6 and &, it is more convenient
to work with the covariance matrix

Ti; = (Wasle] ¢;|Was) = UTrsUT, an

where 'gg is the covariance matrix of the Fermi sea and U =
e’ . Then, the projection of the imaginary-time evolution onto
the tangential space of the variational manifold gives rise to
[52]

3T = —HyeD — THye + 20 Hye T (12)

Here, we employed Wick’s theorem to derive the mean-field
Hamiltonian

K K-k
(HME)kp = (2m - ”j >5kp + %
T imp

1
+ ——((Qv)as - kdip — k- Plegaas). (13)
mp
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For the imaginary-time evolution, the global phase 6 can be
chosen arbitrarily, and the variational energy

Ex, = Tr(Hmel") 4 5— (K(% +(Qv)Gs
1mp
- k- p<c,tcp>gs<c;ck>as) (14)
kp

decreases monotonically and reaches its ground-state value in
the limit T — oo.

The real-time equations of motion are derived from Dirac’s
variational principle, with the result [20]

U = —iHmrU, (15)

8,60 = Ex, — Tr(Hmel"). (16)

From this, one can get an equation solely on the covariance
matrix

i, = T'Hye — Hagel- (17)

This result could alternatively be derived from projecting the
Schrodinger equation onto the tangential space of the varia-
tional manifold [52].

As a remark, we note that during either the imaginary-time
or real-time evolution, the total number of fermions is con-
served d; ;Ny = 0 = d, ;Tr(I') = 0. This follows from the fact
that provided the initial state is pure, as encoded in I'> = T, it
will remain pure upon the evolution.

C. Rotational symmetry

Let us consider the situation with zero total momentum
Ky = 0, where the system is rotationally invariant. When per-
forming the LLP transformation for this case, we work with
continuous rather than discretized variables, as in Egs. (1)—(4).
The rotational symmetry implies that the covariance matrix
["pp (or any other observable) depends only on p, p/, and the
relative angle ¥ — ©¥', which allows us to write

1 9t
Tpy = ————= Y I e "7, 18
w00y WZ o (18)

In this expression, the radial momenta p and p’ in each of
the matrices I', , have been discretized with spacing 6. Here,
I"),; is understood as the following covariance matrix:
n  __ nt n

Iy = (Wasle, ¢y 1 Was), 19)
where ¢ oc [di? cpe™™” satisfing [c}, il =8y is the an-
nihilation operator in the angular momentum basis. The
imaginary-time equations of motion now read

81; = —[H”]TF" _ FIl[HIl]T 4 Q.Fn[Hn]TFn, (20)

where the mean-field Hamiltonian in the angular momentum
channel 7 is given by

n _p_zs ,_I_géprp,SO_ pp, (l—'n+1+rn71)
T T g 0T gy Ve T )
(2D

As encoded in the second term in Eq. (21), the impurity
induces a potential in the zero angular momentum channel
only—this is because we consider contact coupling. We note
that eventually the distribution of fermions for n # 0 becomes
affected via the interchannel scattering described by the third
term in Eq. (21). The real-time evolution for the unitary U" =
exp(i€™) in the channel » and the global phase 6 read

JU" = —iH"U", (22)
o0
830 =Ey— Y _ Tr(H'T'™), (23)
n=—00

where the energy functional E, for Ky = 0 depends on each
I'" and is expressed as

2
NP o, 8 0
B =2 T o 2 VPP Ty

1

/
D 2- pp' T, Tl (24)
ppn

The main result of this subsection is that the initial two-
dimensional problem reduces to simulating coupled one-
dimensional ones, which dramatically facilitates numerical
analyses of even relatively large systems. In practice, we in-
troduce a cutoff n, in angular momentum space such that the
covariance matrix for |n| > n, is replaced by the expectation
value for the filled Fermi sea I'} , = 8,0 (kr — p). The value
ny is determined by the numerical convergence of the results.
We remark that for the Gaussian state considered in this sub-
section, different angular momentum channels are decoupled,
and the particle number of each channel is individually con-
served, i.e., dmN)’! =d., Tr(I') =0.

D. Linear response formalism

One of the goals of this work is to provide a framework
capable of computing observables relevant for both solid-
state and ultracold atoms experiments. In this subsection, we
focus on linear-response probes, which in turn require care-
ful analysis of collective modes representing small-amplitude
fluctuations on top of a (momentum-dependent) ground state.
We remark that the fluctuation analysis within Gaussian states
for a bosonic system has been proven to be equivalent to the
generalized random phase approximation and successfully ap-
plied to reproduce the Goldstone zero mode, naturally without
imposing the Hugenholtz-Pines condition [73-75]. For the 1D
Fermi polaron, collective modes turned out to be crucial for
understanding even far-from-equilibrium properties [20].

In the LLP frame, the particle-hole excitation spectrum
can be analyzed via linearizing Eq. (17) around the ground-
state configuration, characterized by U, = exp(iEg) and I'y =
UgToU, gT . We note that the unitary U, diagonalizes the mean-

field Hamiltonian UgJr HwmrU, = d,. Small fluctuations § 8 are
encoded in the fermionic wave function as

ei@“ Eg Ceif?'l'a E¢ |FS> , (25)

where the particle-hole generator §E is an N x N Hermi-
tian matrix (N is the total number of single-particle modes
in the fermionic system). The corresponding unitary matrix
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becomes U = Uze®®. The gauge redundancy in §E can be
eliminated by requiring the nonvanishing fluctuation §I" =
=T~ —iU;‘[S =%, I*O]UgT of the covariance matrix. Since
the covariance matrix of the state |FS) composed of Ny
Ingxng
0
the off-diagonal form § E = (ng 505) withan Ny x (N — Ny)

matrix 6&. In terms of &, the fluctuation of the covariance

matrix reads
0 i6E*
ST =U? ul. 26
§ (—iSéT 0 ) 8 (26)

fermions is I'gg = ( g), the condition §I" # 0 imposes

Linearization of Eq. (17) results in
i0,08 = [dy, §8] — iU, SHUj, 27
where the fluctuation matrix §# describing particle-hole in-
teractions is given by
k-q k-p
§Hip = Skp Xq: —7 0Taq = =Tk (28)

Provided Ky = 0, following the preceding subsection, we
write §H as

Pdpp

2my
mp q,m,oc==x1

8Hpn,p’n’ = qsn’rH—a(Squ-‘rU.qm

pr
2mimp

Z 6rp’n’Jra,ptha . (29)
o=%l1

Equation (27) gives rise to a compact equation of mo-
tion id,vph = Mupn, Where vy, = (8, 86*). The spectrum
of collective modes is given by the eigenvalues of M;
linear-response observables also require the knowledge of the
eigenvectors of M. We finally remark that for Ko = 0, one
can write &, p,y = 8,y 8§ [L';', which further facilitates numeri-
cal evaluations. An example of analysis of collective modes is
discussed in Appendix B.

III. GROUND-STATE PROPERTIES

In this section, we primarily investigate the polaron-to-
molecule phase transition. We begin by exploring the full
polaron energy-momentum relation, being interested in arbi-
trary total momentum Kj. As such, the system is, in general,
not rotationally symmetric, and numerical simulations are
computationally expensive.

To facilitate the computations, we consider, for now, rather
heavy impurities, such as m;n, = Smy, allowing us to choose
a rather small UV cutoff the k5 because of relatively small
binding energy Ep—this energy decreases with increasing
the ratio miy/my [39]. For an infinitely massive impurity, a
two-body bound state exists for arbitrarily weak attraction,
such that the polaron-molecule transition occurs at Eg = 0.
For finite impurity mass, recoil effects introduce an additional
kinetic-energy cost that disfavors binding. As the impurity
mass decreases, this recoil energy becomes more significant,
and the transition shifts to larger values of Eg. Accordingly,
increasing the ratio m;np/my reduces the binding energy at the
transition point. This allows us to employ a relatively small
UV cutoff k,, since a smaller binding energy corresponds to

2 -2
a) 4p10 : : b) 4L
( ) (kpazp)™ o * °* o, ( )
o 11 ° o 3
3F w12 ] >o\ 2
13 4 — =g
14 - oo™ I 1.37
o 2F B a p ;:. 0
€9 v 15 25 1
= * ¢ =~
S . .
=gt ¢ o (©)
| o L A 0.4
2 &
Y
SN T 03 \
Y
. . ¥ N 0.2 — K =0
v v 0.1 — Ko = kg
v——7
-2 . L 0
0 0.5 1 1.5 1.1 1.2 13 14 15
Ko/kr (kpazp)™

FIG. 1. Polaron-to-molecule phase transition within the non-
Gaussian variational states. (a) Polaron energy-momentum relation
for various values of (krayp)~!: As this parameter is increased, we
observe that the minimum in the dispersion shifts from being located
at Ky =0 to Ky = kr, indicating a first-order polaron-to-molecule
transition. Here, Er = k2 /2my, is the Fermi energy. (b) This tran-
sition is predicted to occur at around (kpayp)~' = 1.37. (c) The
quasiparticle residue Z for K, = 0 remains finite as the transition
point is crossed; the residue for Ky = kr is close to zero. Parameters
used: Mimp = Smy, kn = S5kp, and 8, = 2m /L = kr /8.

a smaller characteristic momentum scale. If one is interested
solely in the case with Ky = 0, the polaronic properties can
be efficiently studied for arbitrary mass ratios using rotational
symmetry, as we discuss below.

Figure 1(a) shows the polaron energy-momentum relation
for various interaction strengths, as encoded in the dimension-
less parameter (kraxp)~'. We note that this dispersion Ek,
depends on Kj only (it does not depend on the direction of
Kj). Notably, for sufficiently strong interactions, the energy of
the state at Ky = kr becomes smaller than that at Ky = 0, indi-
cating a change in the nature of the ground state—this change
occurs at around (krpap)~™' = 1.37, as shown in Fig. 1(b). To
better understand this transition, we now consider the quasi-
particle residue defined as

Z = |(FS| fx, | Wk, ) I*- (30)

This expression can be understood as the overlap between the
noninteracting many-body state flzolFS) and the true ground
state |Wg,) with the impurity-bath interaction being switched
on. Within the non-Gaussian states, the polaron residue is
given by [20]

Z = |(FS|Wgs)|* = det (Iy 4+ 2I'gsI” — T = T'gs). (31)

Figure 1(c) shows the quasiparticle residues at Ky = 0 and
Ky = kr across the transition: While the former smoothly
decreases with (krazp)~' and remains finite at the transition
point, the latter is nearly zero. We remark that these results
agree with the studies in Refs. [41,42].

These findings suggest the following physical picture. For
weak and moderate interactions, the ground state is polaronic,
it corresponds to the solution with Ky = 0, and it has finite
quasiparticle weight [Fig. 2(b)]. For stronger interactions, the
system exhibits a first-order phase transition into a molecular
state, associated with the solution with Ky = kr and vanishing
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(@ oo——m———T————T1 71—
i = NGS: polaron ]
0.4F = NGS: molecule 7
i ® DMC: polaron ]
0.2 A DMC: molecule .

- = CA: one particle-hole 1
—-— CA: two particle-holes 1

(E — Eps + Eg)/EF
o
T

PolaronEF( // © \\) MoIecuIeEF< //

® k0 @—kr

FIG. 2. Comparison to the existing methods. (a) Energies of the
polaronic and molecular states as a function of (krpaop)~! for the case
of equal masses mip, = ny. The polaron-to-molecule transition point
within the NGS approach is around (krap)™' = 2.2. For compari-
son, we also show the known results from DMC [76] and CA with
one and two particle-hole excitations [40]. Here, Efs is the energy
of the filled Fermi sea. Parameters used: ky = 20kz, &, = kr /40,
and n, = 8. (b) Schematic of the polaronic state Ky = (0, 0): The
impurity (red ball) has on average zero momentum and is coupled
to particle-hole excitations (shown with arrows) of the Fermi sea
(fermions are shown as blue balls). (¢c) Schematic of the molecular
state Ky = (kr, 0): The mobile impurity with momentum around
(kr, 0) binds to the fermionic atom that has momentum (—kz, 0);
the resulting molecule on average has zero momentum and weakly
interacts with the rest of the Fermi sea.

quasiparticle residue Z = 0. In this regime, we find that for
Ky = (kr, 0), the fermion occupation at (—kg, Q) is essen-
tially zero, indicating that this fermion has been removed
from the Fermi sea to form a bound state with the impurity
particle, so that the resulting molecule approximately has zero
net momentum [Fig. 2(c)]. We finally remark that if one would
have limited the analysis only to the Ky = 0 sector, instead of
an abrupt transition, one would find a smooth crossover with
gradual suppression of the quasiparticle weight.

When investigating the polaron-to-molecule transition for
lighter impurities, such as m;y, = my, the binding energy Ep
becomes large, requiring a larger UV cutoff k, and making
computations too expensive. We now argue that rotational
symmetry can be naturally used to overcome this difficulty.
The analysis of the polaronic state is immediately simpli-
fied because this state corresponds to Ky = (0, 0), where the
system is already rotationally invariant. For the molecular

Molecular Molecular
(@) 1 (b) 1
+ ky = 40kp, ky = 205,
" ® kp = 20kg, kp = 406,
081 ® ky = 40kp, kp = 4065, 4 08}
—f) > 0,5, > 0
061\, 1 Polaronic ] m0-6 [ Molecular
N
0.4,
4 0‘2 k
3 4
0 n n
4 1 2 3 4

(kpazp)™*

FIG. 3. Various residues and their convergence with varying the
UV cutoff k, and the linear system’s size encoded in §,. Solid lines
denote the extrapolation to the continuum limit Kk, — oo and §, —
0. Parameters are the same as in Fig. 2.

state, we have Ky = (kr, 0) and, thus, rotational symmetry
is broken. To restore this symmetry in our variational ansatz,
we employ the following method: Instead of working with N
fermions in the sector Ky = (kg, 0), we add one more extra
fermion and work in the sector Ky = (0, 0). In other words,
to describe the molecular state, from now on we will use the
following variational wave function:

[WNGs' ) = UL f,_o| Wt ) (32)

where |\Ilgg+1) is chosen to be a Gaussian state for Ny + 1
fermions. This insight comes from our previous observation
that the impurity tends to bind one of the Fermi surface
fermions [see Fig. 2(c)]. Thus, the newly introduced fermion
fills the hole in the disturbed Fermi sea and makes the total
momentum of the enlarged system zero. One can alternatively
view the simplified molecular state in the spirit of Yosida’s
ansatz [77], where one has a Fermi sea of Ny fermions, and
the impurity and extra bath fermion form a bound state with
zero net momentum. In this molecule, both the impurity and
extra fermion have to be outside the Fermi sea because their
momenta should be opposite, but the extra fermion is excluded
from the Fermi sea by the Pauli principle. We emphasize that
our variational state goes beyond this simple ansatz because
we take into account particle-hole excitations of the Fermi sea
arising from the nonzero impurity-bath coupling.

Figure 2(a) shows the energies of polaronic and molecular
states as functions of (kpasp)~! for Mimp = M. We find that
our non-Gaussian variational approach quantitatively agrees
with the known results from the CA [40] and DMC calcu-
lations [76]. Our method is particularly accurate at capturing
the molecular branch, confirming the validity of the simplified
molecular ansatz |\nggl). The polaron-to-molecule transi-
tion is predicted to occur around (krap)~! = 2.2. Across
the transition point, the polaronic residue Z remains finite
[inset of Fig. 3(a)], but the molecular one is essentially
zero [Fig. 3(a)]. Accurate analysis of the convergence of our
results with the UV cutoff k, and the parameter 6, that en-
codes the linear system’s size indicates that indeed, in the
limit kK, — oo and §, — 0, the molecular residue approaches
zero for (kpaxp)™! > 2.2 [see the solid line in Fig. 3(a)].
For (kpasp)~! < 2.2, the ground state is polaronic, and, as
such, the molecular state corresponds to some excited state.
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Since the size of this molecule becomes more extensive as
(kraap)~! is decreased, accurate computation of the residue
Z for small (krasp)™! requires a smaller infrared cutoff §,,.
Finally, we finish this section by introducing two more
“molecular residues” that help characterize the molecular
state better. Since the quasiparticle residue is close to being
one in the polaronic phase and vanishes in the molecular
phase, the molecular residues should display the opposite
behavior. Motivated by this, we introduce the first one as
Zy = (W | WGP where (W) = 3, ot el fTJES)
encodes the Yosida’s ansatz. Optimization of the varia-
tional parameters gives goﬁl o —1/(k> + a2D kF) We define

the second residue as Zg = |(\I/B|\Ilgg;1)|2, where |Wg) =

Z|k|> i <p£cl fik |FS) with the parameters (pf given by
o = : 1
KT LVN —1/(2md%) = Simpk — €0k

Here, N' = m?a% /[ (1 + k#a%)] is a normalization constant.
The residue ZB is useful because it can be measured with
ultracold atom experiments, as we elaborate in the next sec-
tion. We also postpone the discussion of the newly introduced
length ay to the next section but will assume here that it is
much smaller than the Fermi wavelength. We only emphasize
here that ay is different from the scattering length a;p.

We observe that the states |Wp ) can be written as
[Wpm) = ULLpr|0)imp ® |‘~TIB,M), with the Gaussian states
|Wp,u) given by

> e

K|>kp

(33)

|Upp) = Ml IFS). (34)

The molecular residues Zp j; are then computed through the
corresponding covariance matrices I'g ) as

Zpm = |(Vpm|Wgs)|* = det (Iy + 2Ty — T — T ).
35)

Figure 3(b) shows the dependence of the two residues on
(krazp)~'. Both of them approach one in the molecular phase.
Physically, deep inside the molecular phase, the impurity and
one bath fermion form a tight bare bound state, that in turn
creates a scattering potential to the rest of the bath parti-
cles. Close to the phase transition, the bath fermions start to
strongly affect the structure of the bound state, resulting in,
for instance, a small overlap |(lI!B|\IJNGs )|. For the residue
Zy, we find that even though the parameters ¢}/ are being
optimized, Z), ~ 0.8 is still smaller than one in the molecular
phase. We attribute this deviation to the fact that the Yosida’s
ansatz, in contrast to the non-Gaussian wave function, does
not take into account the backreaction from the Fermi sea on
the formation of the molecular bound state.

IV. DYNAMICAL PROPERTIES

Having established the reliability of the non-Gaussian ap-
proach to the ground-state properties of 2D Fermi polaron,
we move on to discuss dynamics. We remark that accurate
analysis of out-of-equilibrium properties represents one of the
main advantages of our method compared to, for instance,
DMC. Here, we first discuss possible cold-atom experiments

BEC of X-molecules

() ()'000000000@'

—&—11n . o _R_F_—'—_ —e )
RF @ FRF : (
—@—1r0 ® ——1c)

FIG. 4. Possible cold-atom setups. In the platform of panel (a),
we assume that the impurity atom (red ball) has two hyperfine states
|f, 1) and | f, |). Initially, the impurity is prepared in |f, | ), which
is not interacting with the fermionic bath (represented with blue
balls). By applying a weak RF pulse, one drives a transition into
|f, 1), which interacts strongly with the Fermi sea. This protocol
gives access to the polaronic spectral properties. The setup of panel
(b) is different. Here, we consider the initial state to be a Fermi
sea of ¢ fermions and a BEC of X molecules that are composed
of atoms f and b (gray balls). Now, we assume that |c) and |b) are
two hyperfine states, which are then coupled by a weak RF pulse.
Such an RF pulse breaks a “gray-red” X molecule and leaves behind
one strongly interacting “red” f fermion and an additional “blue”
majority ¢ fermion. These “red” and additional “blue” fermions are
created as a pair with a wave function set by the wave function of
the original X molecule. As such, this protocol gives access to the
molecular spectral properties.

that enable one to measure polaronic and molecular spectral
functions, in particular, to probe the residues Z and Zg. We
then analyze these polaronic and molecular spectral properties
separately in the following subsections.

A. Cold-atom platforms

We begin by discussing the conventional experimental pro-
tocol for measuring polaronic spectral properties [Fig. 4(a)].
We will assume that the impurity atom has two hyperfine
states, one of which |f, |) is not coupled to the ¢ fermions,
while the other |f, 1) strongly interacts with the bath. The
system is initially prepared in |f, |) ® |FS), which is then
driven into |Wy) = |f, 1) ® |FS) by a weak RF pulse. Then,
Ramsey interferometry enables one to probe the dynamical
overlap function S(t) = €' (Wy| exp(—iHt)| o), where Egg
is the total energy of the Fermi sea. The impurity spec-
tral function A(w), also accessible with RF spectroscopy, is
given by

A(w) = —Re / Oodt e S(t). (36)
0

We remark that while we discuss here the setup to probe
correlations when the total momentum is zero Ky = 0, it can
be extended to explore Ky # 0 (see Ref. [20] for a related
discussion).

The protocol to measure molecular properties is different
[Fig. 4(b)]. We now choose the initial state to be a Fermi
sea of ¢ atoms and a Bose-Einstein condensate (BEC) of X
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molecules, composed of |f) and |b) atoms. In contrast to the
previous setup, here |b) and |c) are assumed to be two hyper-
fine states. As we demonstrate in Appendix by performing
adiabatic elimination of b fermions, a weak RF pulse is then
described via

QRF e—iwt
Hpp = ——

P — o fl +He (37
|k\§a§l X imp,k b,k

Here, Ex = —1/(2m;a%) is the binding energy of an X
molecule and ay is the corresponding scattering length as-
sumed to be much smaller than the Fermi wavelength axkr <
1. The effective coupling Qg is proportional to +/Nx and
the intensity of the pulse, with Ny being the total number
of X molecules. One can view such an RF pulse as if it
substitutes a b atom in a tightly bound X molecule with a
¢ atom. The corresponding dynamical overlap is given by
Sp(t) = e/ ErsTERD (Wy| exp(—iHt)|Wp), where the state |Wp)
has been defined in the previous section [cf. Eq. (33)]. The
molecular spectral function Ag(w) is then defined as

1 o ;
Ap(w) = —Ref dt " Sp(t). (38)
0 0
Having introduced all the relevant dynamical quantities, we
turn to explore them in the next subsections.

B. Polaronic spectral properties

In the comoving LLP frame, the dynamical overlap reads
S(t) = (FS|Wy(t)), where |Wo(t)) = exp(—iHyypt)|FS)—this
latter state is obtained via the real-time equations of motion
detailed in Sec. II. Within the non-Gaussian states, S(¢) is
computed through 6 and U as

S@t) = e O EsD det {Iy — [Ty — U()ITfs ) (39)

We begin by considering (krap)~! = 1, in which case the
ground state is polaronic. Figure 5(a) shows the dynamics
of Re S(¢) and |S(¢)| that display damped oscillatory behav-
ior. At long times, |S(¢)| approaches a finite value, which is
nothing but the quasiparticle residue Z. The spectral function
A(w) is shown in Fig. 5(b). We find that the ground-state
energy, as determined by the position of the sharp peak in
A(w) (attractive polaron), and the corresponding oscillator
strength are in agreement with the energy and quasiparticle
residue calculations in Figs. 2 and 3. The additional hump
in A(w) for @ > 0 (repulsive polaron) occurs due to the fact
that the initial state has a finite overlap with the continuum
of particle-hole excitations—the position and width of this
hump determine the frequency and decay rate of [S(z)| at
initial times. Figure 5(c) shows the dynamics of the real-space
fermionic density. Upon the abrupt creation of the impurity at
t = 0, the density near the impurity initially exhibits profound
oscillations but then reaches a steady state at longer times.

We turn to consider the case with (kpasp)™' = 4, char-
acterized by the ground state being molecular. To properly
account for the finite-momentum nature of the molecular state,
here we follow the previous section and consider Ny + 1
fermions. Figure 5(e) shows the spectral function .A(w), which
displays two sharp peaks at w ~ 1.57EFr and w ~ —31.1Ep
corresponding to the energies of the repulsive and attrac-

Polaronic G.S.: (kpap)™t =1 Molecular G.S.: (kpazp)™t = 4
@ : ‘ ( F 2D) ‘ (d) \ ( ('F ZD)' W
0.5
v 0
-0.5
N
1 —‘Re(S)
0 5 10 15 20 25 0 5 10 15 20 25
tEp tEq
(B) g4 (e)
0.3
0 0.2
S
0.1
0 !
-10 0 10 20 30 40 —-40 -30 -20 -10 0 10
w/Ep w/Ep
2
1

10 0 1 2 3 4
tEp tEg

FIG. 5. Polaronic spectral properties. Left and right panels corre-
spond to the cases with the ground state being polaronic (kpayp)™' =
1 and with it being molecular (kra,p)~' = 4, respectively. Panels
(c) and (f) display the evolution of the real-space density §p(r, ) =
p(r,t) — p(r, 0) (this quantity has the unit of k%). Parameters used:
Mimp = Ny, kA = 20k1:, Sp = k[: /40, and np = 8.

tive polarons, respectively, in agreement with the results of
Ref. [64]. There is an additional tiny peak at w ~ —32.5Ep,
which emerges due to the finite size effects and vanishes
in the thermodynamic limit. As we discuss in the following
subsection, this tiny peak corresponds to the energy of the
molecular state. The time-dependent overlap function S(¢)
exhibits long-lived oscillations shown in Fig. 5(d), which can
be understood as arising from quantum beatings between the
attractive and repulsive polarons. We note that the initial state
|[Wo(t = 0)) = |FS) has finite overlaps with both of these po-
laron branches. As |Wy(¢)) propagates in time, parts of the
wave function corresponding to the two polarons evolve with
different energies, and since the system seems to never relax
to the molecular ground state locally [Fig. 5(d)], it results
in long-lived oscillations of the fermionic density near the
impurity, as illustrated in Fig. 5(f).

C. Molecular spectral properties

Here, we do a similar analysis as in the preceding
subsection, but now consider the experimental protocol
in Fig. 4(b) that enables one to probe molecular spec-
tral properties. In the laboratory frame, we consider the
initial state |Wz(t = 0)) = 3"\, @EcLf (|FS), which de-
scribes a deeply bound molecule created on top of the

023071-8



VARIATIONAL APPROACH TO THE FERMI POLARON ...

PHYSICAL REVIEW RESEARCH 8, 023071 (2026)

Polaronic G.S.: (krazp) ™t =1 ) Molecular G.S.: (kpazp)™! = 4
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FIG. 6. The same as in Fig. 5, except here we show molecular
spectral properties. Here, we fix (krax)™! = 4.

Fermi sea. The corresponding dynamical overlap function
in the comoving frame becomes Sz(t) = (Vp(t = 0)| ¥z (1)),
where |Up(t)) = exp(—iHp1pt)|Wp(t =0)) and |Wp(t =
0)) = Z|k|>kF <plfclt|FS) is the initial molecule state in the
LLP frame [cf. Eq. (34)]. Hereafter, for concreteness, we
focus on the case (kray)~! = 4. The dynamical overlap func-
tion Sp(t) is calculated analytically

Sp(t) = e CO=ESHEID get {TIy — [Iy — U(IT;}.  (40)

Implicit in the discussion below is that the bath is composed
of Ny + 1 fermions.

We first discuss the polaronic regime (krap)~' = 1—the
results of our simulations are summarized in Fig. 6 (left
panels). We find that the frequency of the sharp peak in
the molecular spectral function Ag(w) [Fig. 6(b)] is w ~
—2.07EF, in good agreement with the ground-state energy
Egs ~ —2.09Er of Ny + 1 fermions in the total momentum
sector Ky = 0. Our results suggest that the initial tight bound
state [Wg(t = 0)) has a finite overlap ~0.3 with the ground
state—this is indicated by the steady-state value of |Sp(?)|
[Fig. 6(a)]. The long tail in Ag(w) also implies that the state
|Pp(t = 0)) has a substantial spectral weight associated with
the continuum of particle-hole excitations of the Fermi sea.

Deep in the molecular phase, (kpasp)~' = 4 [right panels
in Fig. 6], the initial two-body bound state on top of the
the undisturbed Fermi sea quickly relaxes to the true molec-
ular ground state. The sharp peak in the spectral function
Ap(w) [Fig. 6(e)] is at w ~ —32.5EF, which is exactly the
molecular ground-state energy. At long times, |Sp(¢)| ~ 0.8

[Fig. 6(d)]—this value agrees with the analysis in Fig. 3(b) of
the molecular residues.

Finally, in both regimes, we find that the density profiles
[Figs. 6(c) and 6(f)] show rapid relaxational dynamics.

V. SUMMARY AND OUTLOOK

In this paper, we analyzed both the ground-state and
dynamical properties of Fermi polarons in two spatial di-
mensions using a family of non-Gaussian variational wave
functions. We showed that this class of states captures the
polaron-to-molecule transition that emerges as one increases
the attractive interaction strength. Energies of both polaronic
and molecular states, as well as the transition point, are in
good agreement with the known Monte Carlo simulations.
Our theory, in contrast to conventional numerical methods, en-
ables efficient computation of the polaronic spectral functions,
accessible with RF spectroscopy. In addition to the com-
monly discussed quasiparticle spectral function and residue,
we introduced molecular spectral function and residue that
help characterize better the nature of the molecular state. We
discussed how these molecular properties could be measured
with RF-like experiments, where we proposed the initial state
to contain a BEC of tightlybound molecules.

While the analysis in our paper focused on systems of
ultracold atoms, we expect that our results will be relevant
for exciton-electron mixtures in TMD materials. In particular,
we anticipate that the proposed experimental protocol for the
molecular spectral properties can be realized in bilayer TMDs.
Indeed, interlayer excitons are relatively long-lived and can
be used to achieve BEC states. Terahertz pulses can then be
used to convert these interlayer excitons into intralayer ones,
demonstrate the existence of Feshbach resonances, and probe
the molecular spectral function [51,78].

The variational framework developed here is not restricted
to the present problem and admits several natural extensions.
Our ansatz can be straightforwardly generalized to long-range
impurity-fermion interactions by appropriately modifying the
interaction terms in the Hamiltonian. It can also be extended to
self-consistently study impurities in reservoirs with BCS pair-
ing correlations, by introducing pairing terms and accounting
for reservoir fermion correlations. These extensions illustrate
the flexibility of our method in addressing a variety of inter-
action settings in condensed-matter systems. Finally, although
our current framework focuses on the nonequilibrium dynam-
ics of Fermi polarons in a closed system, it provides a starting
point that may be further developed to describe open-system
dynamics. A systematic investigation along this direction is
left for future work.
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APPENDIX A: EFFECTIVE RF HAMILTONIAN
FOR THE MOLECULAR SPECTRAL FUNCTION

Following the setup in Fig. 4(b) of the main text, here we
derive an effective Hamiltonian that describes the correspond-
ing RF pulse. In the rotating frame, the system’s Hamiltonian
is given by H = Hy + V, where

Hy =Y [(enk — @ — A)cyex + Exbybi + eimpicfy fil

k
+ ExX, Xo (A1)
and
V=> (aXof T bl +He)+ 1) (cib+He).  (A2)
k k

Here, o is the frequency of the RF pulse, bx (b:;) is the annihi-
lation (creation) operator of the fermion » with momentum
k and dispersion & = ey, and A is the energy difference
between the states b and c. For the BEC of X molecules, we
consider the mode Xy with zero total momentum k = 0 only;
it has binding energy Ex. The first term in Eq. (A2) describes
that an X molecule can recombine into a pair of atoms f and
b with the transition amplitude gk, and vice versa. The second
term in Eq. (A2) encodes the RF pulse that couples the states
|b) and |c).

We now use the Schrieffer-Wolff transformation [79] to
eliminate V and obtain the effective Hamiltonian H' = H, +
[V, §1/2, where the generating operator

S=—y — (e Xof bl —Hc.
— Cimpk ¥ & — Ex (gx Of_k k )
A T
-y _ (cfby —H.c.) (A3)
k Eb,k — &k — W — A

satisfies [Hy, S]+ V = 0. In the explicit form, the effective
interaction Vo = H' — Hy reads

Vg S A0 (gxel fT, +He)
eff ) — Cipk ¥ 5 — Ey 8kCxJ _k .C.
1 A(Xo) -
- Hec.
+22k:8b!k—g‘k—a)—A(gkaf_k+ C)
gk |*(Xo)® : ;
+ 5y ek A ' bib— 1
; Simp,k + &k — Ex ol b=

(A4)

+> »

¥ F
= CCk—bbk,
X sb,k—sk—a)—A(k k )

(arb. units)
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FIG. 7. Density of states v(w) of collective modes for various in-
teraction strengths. Parameters used: Ko = 0, kp = 106, kx = 10kp,
and n, = 10.

where the operator X is replaced by its expectation value (Xy)
set by the BEC of X molecules. Among the four terms appear-
ing in Eq. (A4), the last two are unimportant as they give small
modifications to the dispersion relations. The second term is
expected to be negligible, if one assumes |A| > |w|, |Ex]|,
while the first one describes the RF perturbation. In the origi-
nal frame, this latter contribution becomes

1 A{Xo)
Hgp=2 ) ————
2 4~ eimpk + &k — Ex

(e gxey fT, + He).

(AS5)
The transition amplitude g can be approximated as a con-
stant, provided that it varies slowly in the range |k| < a;l.

APPENDIX B: DOS OF COLLECTIVE MODES

Collective modes in the 1D Fermi polaron proved par-
ticularly important because they help understand not only
equilibrium but also far-from-equilibrium phenomena, such
as the quantum flutter [20]. Motivated by this and following
Sec. II D, here we compute the density of states (DOS) v(w) =
>, 8(w — w,) of collective modes in the 2D polaron problem
(w, labels energies of the excitations). Figure 7 shows the
result of such an analysis.

We do not find any particular features in v(w), such as
a sharp peak that could resemble the quantum flutter. What
is surprising is that DOSs for notably different interaction
strengths look similar, which could be because we restrict our
analysis to the momentum sector Ky = 0. It could also be that
far-from-equilibrium dynamics in the 2D Fermi polaron are
very different from the 1D case. We leave the analysis for
generic total momenta Ky # 0 to future work.
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