PHYSICAL REVIEW RESEARCH 8, 023166 (2026)

Inverse current in coupled transport: A quantum thermodynamic model
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The recent discovery of inverse current in coupled transport (ICC) in classical systems [Wang et al., Phys. Rev.
Lett. 124, 110607 (2020)]—where an induced current flows opposite to two mutually parallel thermodynamic
forces, yet remains consistent with the second law of thermodynamics—reveals a striking and counterintuitive
transport phenomenon. Using an exactly solvable model of strongly coupled quantum dots, we develop a ther-
modynamic framework to describe the ICC phenomenon at the quantum level. By systematically connecting the
microscopic and macroscopic formulations of the entropy production rate in terms of appropriate entropic biases
and entropic fluxes, our analysis identifies the conditions under which a genuine ICC effect can arise in quantum
thermal transport and highlights potential applications in autonomous quantum engines and refrigerators.

DOTI: 10.1103/6r7j-j3n1

I. INTRODUCTION

Force and flux are two central thermodynamic quantities,
interlinked through a cause-and-effect relationship. A thermo-
dynamic force (F) engenders a response in the form of a flux
(J) within the system, causing a departure from equilibrium.
For a single driving force, the resulting flux always aligns
with the direction of the applied force, establishing a new
equilibrium, consistent with the positive entropy production
rate ¥ = JF > 0 [1,2]. The situation changes significantly
in the presence of multiple force-flux pairs. For example, a
thermal (energy) force Fg and a particle force Fy can drive
both particle (Jx) and energy (Jg) currents. Consequently, the
rate of entropy production near equilibrium is expressed as
> = JgFs + JnFn, where Je(JN) is the thermodynamic flux
conjugate to the thermodynamic force Fg(Fy). This could
lead to the possibility of inverse current in coupled transport
(ICC) when both forces are mutually parallel, yet one of the
induced currents flows against both forces. Although the sign
of a current is a matter of convention, for ICC to occur, a cur-
rent must flow simultaneously against both mutually parallel
thermodynamic forces. Consequently, we set without loss any
generality, both Fg > 0 and Fy > Oin > = JeFe + JNFN, SO
that a negative current signals ICC [3]. An immediate conse-
quence is that simultaneous ICC in both fluxes is impossible,
as it would violate the second law of thermodynamics. This is
the result of Wang et al. [3], who recently demonstrated the
effect of ICC in classical systems. Although the phenomenon
appears highly counterintuitive, it is not forbidden, as long
as the overall entropy production rate remains non-negative.
Following the results of Wang et al. [3], multiple attempts
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have been made to extend the concept of the ICC to quantum
systems with coupled quantum dots (QDs) [4,5]. Although
Refs. [4,5] numerically obtained the ICC effect, a rigorous an-
alytical formulation in terms of well-defined thermodynamic
forces and their corresponding fluxes is still missing for such
coupled QD systems.

For this purpose, we propose an exactly solvable model
of coupled QDs to demonstrate the ICC effect. Though our
model is based on a three-terminal setup, we show that it
can be effectively reduced to a two-terminal configuration,
essential for uniquely identifying coupled transport driven
by pairs of thermodynamic forces and their conjugate fluxes
(see Fig. 3). However, the three-terminal structure remains
indispensable because the QDs are capacitively coupled. Con-
sequently, to generate both energy and particle currents within
a minimal setup, one of the QDs must be simultaneously
coupled to multiple thermal reservoirs. We further emphasize
that interdot interactions play a crucial role in establishing
ICC behavior under the near-equilibrium condition. Most im-
portantly, we derive the conditions for genuine ICC in both
energy and (spin-polarized) particle currents, fully consistent
with the second law of thermodynamics.

The structure of the paper is as follows: Section II outlines
our model based on coupled QDs and presents the system
dynamics. In Sec. III, we analyze steady-state currents and
examine entropy production, including both macroscopic and
microscopic expressions for the entropic forces and fluxes.
Section IV summarizes the differences between the ICC
phenomenon and the normal cross effects observed in con-
ventional QD thermoelectric setups. In Sec. V, we present our
results and discuss genuine ICC in energy and spin-polarized
particle currents. Finally, we conclude in Sec. VL.

II. MODEL AND SYSTEM DYNAMICS

Our model consists of two QDs that are strongly and ca-
pacitively coupled, labeled upper (QD,) and bottom (QDy),
as illustrated in Fig. 1(a). The dots interact via a long-range
Coulomb force [6-8], preventing particle exchange while
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FIG. 1. (a) Schematic diagram of the three-terminal Coulomb-
coupled QDs. The energy level diagram of the eigenstates of coupled
QDs for (b) k > 0 and (¢) k¥ < 0; |k| > &y, i.e., —k > &, > 0. For
specific values of bath parameters {8, u}, the above model reduces
to a coupled transport phenomenon with a pair of thermodynamic
forces (Fig. 3).

allowing energy exchange due to Coulomb interaction ().
Since interdot particle hopping is restricted, generating par-
ticle current requires at least one QD to be simultaneously
coupled to more than one reservoir [§—10]. We assume that
QDy, is tunnel coupled to two fermionic leads, labeled as /
(left) and r (right), respectively. The other dot, QD,, is tunnel
coupled to only a single reservoir, labeled as u. For spinless
electrons, interdot interaction is always positive; however, we
extend our analysis to spin-polarized [6,11] electrons, where
we assume that QDy, is coupled to spin-down (|) fermionic
reservoirs, and QDy, to spin-up (1) one [Fig. 1(a)]. The Hamil-
tonian of the coupled QD system is given by

HS = Sb/\/iyl + SUA/LW + KcMiMT + stftfiUlfT- (1)

In Eq. (1), &, >0 (¢ =u,b) denotes the single-particle
energy level of the ath QD, which are taken to be posi-
tive without loss of generality. Since the electron density in
the dots is low, the occupancy limits to either zero or one
[6,7,12,13]. Thus, eigenstates of QD are |0) and || )(|1)),
with energy eigenvalues 0 and &y (¢, ), respectively. The num-
ber operators are Ny, = de (b, and Ny = dj +dur, Where dl,
(dyo ) represent the electron creation and annihilation oper-
ators with spin o = {1, |}, obeying {dy., dg,g,} = S84a' S50
The spin-spin interaction term [14] in Eq. (1) is expressed as
o5, =1 —2MNyy and o}, = 2Ny — 1, where the spin oper-
ator o° satisfies the relations Glfl'“ = —1]}) and O’jTM\) =
+111).

With strong capacitive coupling [6,7,11], Hs is diagonal in
the tensor product eigenbasis of the individual QD number
operators. Thus, four eigenstates {|0), |{)} ® {|0), |1)} are
labeled by |A) = |00), |B) = || 0), |C) =10 1), and |D) =
[{1) with corresponding energies (g5, 1 = A, B, C,D):
ea=0, eg=¢y,, &ec=¢6y,, and ep=¢&,+&,+k
[Figs. 1(b) and 1(c)]. We assume, without loss of
generality, that e, <e¢g,. The total interaction, « =
ke — ks, can be either attractive (k <0) or repulsive
(k > 0), while «. and k, are both positive. If ¥ < 0 and
|k| > ey, the energy states |C) and |D) interchange their

positions [Fig. 1(c)]. Although an isolated electron produces
a repulsive Coulomb potential, if it is embedded in a medium
that flips the sign of its Coulomb potential, it could become
attractive to other electrons [15—18]. Hamo et al. [15] recently
demonstrated such attractions in a carbon-nanotube double
QD coupled to a charge qubit. In their setup, the double
QD and the qubit are fabricated on separate microchips
and aligned perpendicularly. When the qubit is brought
sufficiently close, it induces attraction between electrons
in the double QD. The oscillating polarization field of the
qubit “dresses” the electron potentials, favoring doubly
occupied states over singly occupied ones [15-18], as shown
in Fig. 1(c). Owing to its high degree of tunability, the above
platform is well suited for realizing ICC in coupled QDs, as
discussed in Sec. V.

Finally, electron (fermionic) reservoirs are characterized
by temperature and chemical potential. The Hamiltonian for
the Ath spin-polarized bath with spin o = {1, |} is defined
as Hy = H}® = > (6] — o )cfmkc,\(,k, where €]7 is the
energy of the noninteracting electrons, u;, is the chemi-
cal potential, and c'(c) are creation (annihilation) operators,
obeying anticommutation relation [19-24]. Finally, QDs are
weakly coupled to the reservoirs, allowing sequential tunnel-
ing [6,7,13,25-27], where one QD interacts with one lead at
a time. The tunnel-coupled Hamiltonians characterized by the
coupling constants ¢ "“”\ are given by

MO hz PO oy 1O ],
uTu EZ t]le udeUT +[uTu*d‘ CuTk]a 2)

where H'TJU(F) and H;T“ describe the interaction between
QD, and QD, with reservoirs [(r) via | electrons and reser-
voir u via 1 electrons, respectively. Coulomb blockade and
the sequential tunneling approximation prohibit transitions
IB) <> |C) and |A) < |D), allowing four allowed transitions.
Reservoirs I, r control |A) <> |B), and |C) < |D), while u
governs |A) <> |C) and |B) <> |D) as designated in Figs.
1(b) and 1(c). The transition energies are defined as w;; =
g5 — &1, With waAB = &b, WAC = &4, WCD = & + K, and
wpp = &y + k [Figs. 1(b) and 1(c)].

The reduced state of the composite system is represented
by the density matrix ps(t) = Trg{pwt(?)}, where pu(?) is
the total density matrix of the system and bath combined.
Using strong-coupling formalism, the time evolution of pg(t)
is governed by the Lindblad master equation (LME) under
the Born, Markov, and Secular (BMS) approximations [8,28]
(Appendix A):

d
P = ;mpg(rn, A=1ru 3)

It is worth noting that the strong-coupling formalism pertains
to the interaction between QDs, while we still assume the
weak coupling between the system and its environment. This
validates the use of the BMS approximation to derive Eq. (3)
based on the eigenstates of Hg involving both QDs. Conse-
quently, the dissipation of each QD depends not only on its
bath coupling(s) but also on the interdot interactions, which
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FIG. 2. Schematic representation of the clockwise (left) and an-
ticlockwise (right) transition cycles, induced by energy flow from
one bath to another, associated with the particle exchange between
QDs and the coupled reservoirs. For the left (clockwise) cycle, the
transition starts from the state |A) = |00) (where both QDs are
vacant) to the state |B) = |10) (where the bottom QD is occupied),
with a net transition rate ngé (indicated above the arrow), induced
by both the / and r reservoirs. Next, the system transitions from
|B) = |10) to |D) = |11), where a spin-up electron enters the upper
QD from reservoir u with a net transition rate ngﬁ). The electron
then leaves the bottom QD to either the [ or r reservoir with rate
Fg)zc, changing the state from |D) = |11) to |C) = |01). Finally, the
cycle closes when the electron in the upper QD leaves with rate I'¢-, ,
changing the state from |C) = |01) back to |[A) = |00). A similar
sequence occurs for the right transition cycle, but in the reverse
direction. Finally, at steady state, all transition rates of the clockwise
(anticlockwise) cycles are equal to each other and represented by
'ey(T') [ef. Eq. (16)].

are crucial for accurately modeling heat flow across the entire
system [29]. The Lindblad superoperator £, [ps(¢)] in Eq. (3)
is defined as

»Ck[ps(t)] = Z {Vk(a)a)f;(a)a)[dgg(wa)psdaa(a)a)

{wg}>0

1 .
- E {05, doo (e )dolw (g )}:|
+ ya(wa) fi (wa)[dw (@e)Psd.ly (w4

1
~ 5l d;(,wa)dw(wa)}} } @

The bare electron transfer rate y; (w, ) between reservoir A
and QD,, is given by Fermi’s golden rule y) (wy) = Vo (@) =
27 Y, 12428 (we — €17), where @, is the energy associ-
ated with transitions between QD, and its coupled lead.
For simplicity, we write ;) (wb) = Y1) and y,(wy) = Vi,
where w, = {waR, ocp} and w, = {wac, wp}, for excita-
tion (particle is entering into the system), and similarly for
deexcitation (particle leaving the system) (Fig. 2) [10]. To
simplify calculations without relying on the specific ordering
of system eigenenergies, we define the Fermi distribution
function (FDF), f/\i(a),-1 §) governing transitions [i) — |J).
The “+” sign represents excitation (particle entering the sys-
tem), while “—” indicates deexcitation (particle leaving the
system) [10], which is explicitly evident from Fig. 2. This no-
tation is independent of eigenstate arrangements and satisfies

the relation [30]

PR R— 71
fiHwiz) =1— f; (051) = [H—exp(%)] , 5
BL)

where T, and u; are the temperature and chemical potential
of the Ath reservoir. From Fig. 2 and Eq. (4), the rate equa-
tions for occupation probabilities are

pa=-Tig —Tic. #8 =Ty~ Tgp,
pc =—T¢p +The. M =T¢h +Tgp. (6

where p3 =Y ;_, ., (11L:[ps(D)]]1) and rgjji = rﬁ + rgjf.
The net transition rate 'j3* mediated by reservoir A is ex-
pressed as

Niy =il =kiya —Kifes, (7
where
kﬁj]t = V)\f)ft(a)ﬁj), k.)UL]]IF = V)Lfi(wjﬁ). (8)
For fermionic reservoirs,
kij + k57 =n. ©

Assuming all y, are equal, we derive closed-form expres-
sions for steady-state energy and particle currents in the
following section. As a final remark, we emphasize that the
quantum master equations (3) and (4) reduce to a rate equa-
tion [Eq. (6)] that appears formally “classical,” yet retains
intrinsic quantum-mechanical content. This is evident from
the expressions for the net transition rates F]ﬁt, which de-
pend on the Fermi-Dirac statistics of the associated electron
reservoirs, the discrete energy levels of the coupled QDs,
and the nature of the interaction between the spin-polarized
electrons, which may be either attractive or repulsive. This has
deeper implications, which are further illustrated at the end of
Sec. III.

III. STEADY-STATE CURRENTS: ENTROPIC
REPRESENTATION

To derive the expressions for steady-state currents under
the grand canonical formalism, we consider the equilibrium
initial density operator of the system ps(0) as [8]

e~ BH—N)

Z(p.m)
where Z(B, it) = Tr[e P~ is the grand canonical par-
tition function and A" = A, + N4 being the total particle
number operator of the two QDs. The B and ji are the effec-
tive inverse temperature and chemical potential, 8 =Y,
and L = ), |, respectively. We assume that environmen-
tal interaction slightly perturbs the system from its initial
equilibrium state p5(0) = ps? to ps(¢), such that §p.(t) =
ps(t) — ps(0) = O(§), where & is a small expansion param-
eter. Following Ref. [8], equating the system von Neumann

entropy (times kg) with thermodynamic entropy near close to
equilibrium [31,32]

Ss(t) = —kgTrs[ps(t) In ps(1)], an

s = ps(0) = (10
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and retaining only terms that are first order in &, the expression
for AS; = Ss(t) — S(0) can be derived as [8]

AS(t) ~ —kpTr [(Sps(t)ln pfq]
= kpBTr,[8p5(1)H,] — kgBuTr[8ps(HON].  (12)

Comparing Eq. (12) and the first law of thermodynamics in
the presence of chemical work done, we identify change in
energy as AE = Tr[8ps(¢)H;] and change in particle number
as AN = Tr[8ps(t)N']. Noting that §p,(t) = ps(t) — ps(0),
and Hg, N are time-independent, the net energy flux (Jg) and
particle flux (Jy) are recognized as follows:

Je(t) = TrlpOH] = Y TrlLylpo()IH,,

A=a,b,r

> TRILlp@WL (3)

A=a,b,r

In(t) = Tr[ps(HON] =

where we use Eq. (3) for ps(¢). Identifying Jg) as the sum
of the contributions of energy (particle) flux associated with
all three reservoirs: Jg(t) = Y, Ji(t) and Jn(1) = Y, J5(1),
where JQ(N) is positive if energy (particle) current flows from
the reservoir A to the system, we obtain

Jet) = Tr[Lilp)IH],  J@t) = Tr[LilpIN]. (14)

The heat current is obtained as J§(t) = Ji (1) — 3. J5 (1),
which at steady state simplifies to J§ = Ji — i, J3. Here,
JE = Try[L5[pss]Hs] and J§ = Trg[£5[pss)N]. Using Eq. (4)
for the £;[ps], all three steady-state currents are given by

[33,34]
Z a).l]11 _]]11 ’

JE = Za)m

wn_n {w_un

JN_ZF ZFM,

w]]_l] {w_uu
JQ—Zw” w)T = Z(wﬂ wOThr,  (15)
w” wM

where we use the relation ' = —I‘;‘H_. The explicit expres-

sions for all three currents are given in Appendix B. At steady
state (p; = 0), the transition rates satisfy

l Ir—
FA{E = F]ﬁ) = Fﬁc = F(CA =TaBcpa =To,

F'yc =T¢h =Tpg = Tga = Tacoea =T, (16)
implying I'ry = —I'5 (Fig. 2). With the help of Eq. (15), one
can verify

Jg=elos+ (e + )y =«Tpy,

S =Ty +Thh =T +T =0, (17)
as QD, is coupled only to lead u, resulting in J = 0. This
gives Jg = Jg = kI'r). However, QD is coupled to leads [
and r, allowing steady-state (spin-polarized) particle flow be-

tween them. Conservation of total energy and particle currents
at steady state, Y, Jf =0and ), J§ = 0 gives

JE = —J =«To, Jh=—J. (18)

The explicit form of I'¢, is provided in Appendix C. Unlike
energy, heat current is not conserved, as Jé +Jo = Jé’ #
JI = —kTy,.

A. Entropy production rate: Entropic flux and bias

From Eq. (12), one can write [32]
AS(t) = X(t) + O(1), (19)

where X(¢) is the entropy production and ®(t) is the entropy
flux. The explicit forms of X(r) and the ®(r) are derived
following Ref. [8] (see Appendix D):

2(t) = kgTr[pioi (1) In{pror (1)}]

— kBTr|:,0t0t(t) In {ps(t) 1_[ p:q }i| ’

A

1) = ks y_To[{eo@) = p et (20)
A

where p;? and p; (1) are the equilibrium and near-equilibrium
density operators of reservoir A, respectively. In the grand
canonical ensemble, p;? is expressed as

g _ ¢ @1)

ot = :

YZBY
where Hj = H}” = 3 ,(}7 — 1, )¢l iCior and Z,(By) =
Trle ##3] is the grand canonical partition function. As a

result, ®(¢) is identified as the reversible heat exchanged with
the reservoir between some final and initial times:

(1) = —ks )_ B [(Hg), — (Hg)o] = ks Y _ B AQL(D),
Py A @)

where AQ;(t) = (H]Q)0 — <H1§>r and (H]Q), = Tr, [py (1) HL].
Thus, we rewrite Eq. (19) as

AS(1) = T() + ks Y frAQ4 (1), (23)
A

where we replace the second term by Eq. (22). Therefore,
the general definition of the entropy production rate can be
deduced from the above equation as follows:

. d d
20 = —HASO) —ks Y B~ (40,1}
A

d
= —HAS O} — ks ;ﬁugm. (24)

At steady state, the system’s entropy remains constant,
. dt{AS (t)} =0, and X reaches its minimum [8,32]. So,

Eq. (24) yields

S =—ks Yy Bl (25)
A

The above equation expresses the entropy production rate
in terms of the appropriate thermodynamic fluxes and the
corresponding temperatures of the various leads. Substituting
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J§ = Ji — wJ§ into Eq. (25), the entropy production rate for
our three-terminal system can be expressed as

Y = JEFE 4 JLFE + I Fs (26)

where J{ = 0, since the upper QD is connected to only one
lead [see also Eq. (17)]. In deriving Eq. (26), we have also
utilized the conservation laws for the energy and particle
currents: J + JL + J; = 0 and J} + J§; = 0. The conjugate
“forces” associated with the set of thermodynamic fluxes {J,
JE, J} in Eq. (26) are given by

]:S = kB(ﬂl - :314)7
Ft = kg(Br — Br)s
FN = kp(Brier — Biptr)- (27)

It is important to note that Eq. (26) is not a unique representa-
tion of the entropy production rate, because the three energy
fluxes are subject to one constraint arising from energy conser-
vation. Consequently, one may choose any two independent
energy fluxes (e.g., {J§, Jg} or {J”,J]f:} or {J’,Jé}) together
with one particle flux (either J or Ji), along with their
respective conjugate forces, to write the entropy production
rate. Therefore, there exist six equivalent representations of 3
that describe the same three-terminal system. The nonunique-
ness in defining the entropic forces and corresponding fluxes
does not signal any mathematical inconsistency; rather, it
is an inherent feature of a general three-terminal transport.
Although the form of energy biases depends on the choice
of the force-flux representation, all such representations are
thermodynamically equivalent and yield identical physical
predictions across the different permissible formulations of
entropy production rate. Therefore, without loss of generality,
we adopt one particular form of ¥ [cf. Eq. (26)] throughout
the remainder of this paper. If a different form of ¥, is cho-
sen, the parameter regimes for the occurrence of ICC or any
other thermodynamic effects in the corresponding entropy
production rate can be readily determined from the rela-
tion between {Ff, FE, F\} in the present formulation [cf.
Eq. (27)] and those in the alternative one. The quantities
{FE, FE, F{} defined in Eqgs. (26) and (27) should not be

J

confused with the real thermal and particle forces acting on
the system. They should instead be regarded as entropic en-
ergy and particle biases (i.e., energy and particle biases in
the entropy representation) that are conjugate to the complete
set of individual fluxes {Jf, JZ, J\}. In the case of coupled
transport involving a single pair of forces and fluxes, this cor-
respondence becomes unique, and the entropic biases reduce
to the real thermodynamic forces experienced by the system.

Before we analyze the coupled transport, let us first iden-
tify the microscopic descriptions of the above thermodynamic
quantities. The ideal starting point could be the entropy pro-
duction rate, which sets the connection between macroscopic
and microscopic thermodynamic frameworks [35]. So, rewrit-
ing the von Neumann entropy defined in Eq. (11):

Su(t) = —kp y_ pi()In ps (1), (28)

in terms of the microscopic populations of the different sys-
tem eigenstates, {p;} (I = A, B, C, D), we evaluate the time
evolution of the system’s entropy change as [35]

d PA PA
—AS(t) =kg [F’* In <—> + It In (-)
dt AB OB AB OB
u PB - PD
+F+ln<—>+r‘ ln<—>
BD "\ op DE N oc
— PD - oc
T In <—) + T In (—)} 29)
DC N oc CAT\ pa

where we use p;(t) from Eq. (6) (see Appendix E). We
emphasize that, since there are no off-diagonal (quantum co-
herence) elements in the reduced density matrix in Egs. (3)
and (4), the LME effectively reduces to a rate equation [cf.
Eq. (6)] expressed in terms of occupation probabilities. As
a result, the von Neumann entropy in Eq. (28) coincides
with the Shannon entropy within its diagonalized description.
Comparing the above equation with Eq. (19), we identify
the microscopic version of the entropy production rate and
entropy flux, as follows (Appendix E):

: _ K5 oA _ Kk pa _ kit oB
20 = ks[(kf(BpA ~ kgarm)In (k‘fm pB> + (Kygoa — kgyom) In (kf_B pB) + (kb s — Kpgep) In (k“f_m’ pD>
BA BA DB
k]lD;_(C PD

+ (ki op — K4 pe ln(
(kpc cpPC) K o

. kl+ kr+ ku+
(1) = _kg[rggB In (kgﬂs) LI (ﬂ) L% In (kﬂ
DB

r—
BA k]BA

r— r Sy OD u— u ke, pc
) + (kpcep — k@bp@ln( oL > + (kgarc — kAJ&:PA)ln( 4 )}

kep Ac K oA
ki, ki |y
- DC r— DC u— CA
) —+ F]D(C In <kl_+> =+ FDC In (kr—+) + F(CA In (ku—Jr)}
CD CD AC

(30)

In Eq. (30), each term of the Schnakenberg entropy production rate 3 [35] has the form (a — b) In(} ), ensuring non-negativity
of the total entropy production rate. At steady state, this leads to (Appendix E)

. . k KL kih kK . k KL ki ko Kk
S(t) = — d(r) = Kro|:<?3> In <—AB BD DC ‘CA)} + (ol — (oo +/<)F]5,—C)[<?B> In (—M AB "CD D‘C)}

- u— 1.1 u r— 1,1 r -
k]BAk]D)]B kC+ D kAJ(rC k]D) C k(CJr]D) kAJEB k]BA
-+ - ki 5kga kpcken
+ (T — FDC)[kB(l +6)In (W) + kg6 In <k+—’—)] = JUFY + JLFL 4 I, 31)
BAT™AB CD™DC

023166-5



SHUVADIP GHOSH, NIKHIL GUPT, AND ARNAB GHOSH

PHYSICAL REVIEW RESEARCH 8, 023166 (2026)

where 6 = (%) is the scaled system parameter. The sign of
6 plays a crucial role in determining the ICC behavior in
energy and (spin-polarized) particle currents, as discussed in
Sec. V. From the above equation, all associated fluxes and
their conjugate forces (entropic bias) are identified as follows:

Jg=«To, Jo=(Th+Tep)
Ji = ey Tl + (ep + OTEL = endi + 4T, (32)
and
o« (*8\, (*KiskBnkpckea
‘FE = ? In k17 ku7 kl+ ku+
BATDBTCD TAC
= kg(Bi — Bu), (33a)
k koo kit ko k-
Fp= (2 ) ((elmicotec) @30
k kpckepKapKpa
kg N
= (Z ) (=) =ks(8 - B,). 33
(K>n(M) 5B — ) (33¢)

kr+ K= kr+ klf
Fo =kp(1+6)In <—kAB BA) — k6 In <—‘CD D‘C)

= 1.1+ K= k1+

BATAB DC™CD
=kp(1 +6)In M — kgd In N/ (33d)
= kg In(M) — enF = kg(Britr — Biiur), (33e)

where we have defined two important factors as follows:

KAk kpckep

Now, Eq. (32) is identical to Eq. (27). The equivalence be-
tween macroscopic and microscopic expressions of the above
entropic forces [cf. Eq. (33)] can be verified using Eq. (8) and
the corresponding FDFs. Equations (32) and (33) are the first
major results of our analysis that follow the linearity of the
underlying quantum master equation [cf. Eq. (6)]. Here, it is
useful to highlight a point that may at first appear paradoxical.
From Eq. (33), it might seem that although the microscopic
expressions of the entropic biases depend on the sign of
Kk, their macroscopic expressions are independent of it. This
arises because kn)\ﬂi [and consequently M and N in Eq. (34)]
depend on the sign of k via w;j, which appears in FDF [cf.
Eq. (8)]. Therefore, microscopically, depending on the sign
of k, the signs of kﬁ[ within the logarithm (or equivalently
M and N) adjust such that the same macroscopic entropic
bias emerges, irrespective of the nature of «. This freedom
in the microscopic realization of the entropic biases allows
us to establish the counterintuitive transport phenomenon of
ICC in nanoscale quantum setting with capacitively coupled
QDs, as considered in the following section. In this precise
microscopic sense, ICC in quantum systems is fundamen-
tally different from the classical ICC model put forward by
Wang et al. [3], where it originates from self-organization
within the system in response to the applied force. However,
from a thermodynamic perspective, the ICC phenomenon in
both classical and quantum systems exhibits the same rich-
ness: One induced current must flow against two mutually
parallel thermodynamic forces without violating the laws of
thermodynamics.

FIG. 3. (a) Coupled transport phenomena in QD thermoelectric
system. A three-terminal energy harvester based on capacitively cou-
pled QDs in a 2DEG setup, experimentally realized by Thierschmann
et al. [27], where a thermal bias between the upper and lower ter-
minals drives a current against a chemical potential bias. (b) QD
ICC effect as a kind of coupled transport phenomenon, where both
thermodynamic forces are mutually parallel to each other, in contrast
to the QD thermoelectric setup shown in Fig. 3(a).

IV. INVESTIGATING COUPLED TRANSPORT

Now, there are two effective approaches to establish our
three-terminal setup for a coupled transport with one energy
and one particle force. The third possibility, in which both
energy forces are present, could lead to anomalous energy
flow; this has been studied in recent work [36] and is therefore
not discussed in this paper.

A. B; = B, = B: QD thermoelectric setup

Once we set B, = B, = B, we can immediately identify
one energy force, F§¥, and one particle force, Fy, operat-
ing exactly as shown in Fig. 3(a). This is already evident
from Eq. (33). Under the above choice of parameters, one
of the entropic forces, Ff, becomes zero, and the remain-
ing two entropic biases unambiguously reduce to the energy
force Ff = kg(B — B.) and the particle force F{ = kgB(u, —
Wur), respectively, as depicted in Fig. 3(a). This configuration
is equivalent to the Sdnchez-Biittiker model [10], which is
widely used to study thermoelectric effects in coupled QD
systems [10-12,27,37,38], as well as various other quantum-
transport and thermal-rectification phenomena [7,30,39-43].

In this limit, Eq. (26) simplifies to

Y = JEFE 4 ILFR (35)

It is important to emphasize that although Eq. (26) is not,
in general, a unique representation of the entropy production
rate, once one of the entropic biases becomes zero (here,
FE =0), Eq. (26) describes coupled transport for physical
systems with well-defined thermodynamic forces.

However, the configuration shown in Fig. 3(a) cannot ex-
hibit ICC because an induced current cannot simultaneously
flow against both thermodynamic forces, Fj and F{, as they
are not mutually parallel. Nevertheless, the setup in Fig. 3(a)
can still operate as a thermoelectric engine or as a refrig-
erator. For example, when a particle current J{, induced by
the energy force Fy, flows against the particle force F{, the
device functions as an engine. In contrast, when an energy
current J§, induced by F{, flows against its conjugate force
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o, the device acts as a refrigerator. This behavior relies
on the well-known principle of thermodynamic cross effects
[6,10,11,27], where an applied force drives a current that can
oppose its conjugate force without violating the positivity of
the total entropy production rate. An analogous model, shown
in Fig. 3(a), was theoretically proposed by Sdnchez and Biit-
tiker [10] and experimentally realized by Thierschmann ef al.
[27] as a three-terminal energy harvester based on capacitively
coupled QDs in a two-dimensional electron gas (2DEG) setup.
In the experiment, a thermal bias of approximately 100 mK is
applied between the upper and lower terminals. As a result, a
current on the order of pA is measured in the lower terminals
against a chemical potential bias of approximately 10 uV. An
extension of this model in the presence of spin-bias voltages
has also been proposed by the present authors [6].

In contrast to the present case—where an induced current
can oppose only one thermodynamic force at a time (for
example, in a thermoelectric refrigerator, J opposes F§ while
J{ still aligns with F{, otherwise they will violate the second
law)—the configuration in Fig. 3(b) features mutually parallel
thermodynamic forces. In that scenario, a current can flow
against both forces while still satisfying 3 > 0. This is the
hallmark of the ICC effect proposed by Wang er al. [3] in
classical settings.

B. 8, = B, = B: QD ICC effect

If we set 8, = B, = B, this is equivalent to imposing that
the other entropic energy bias F§ is identically zero. Under
this choice, Eq. (25) simplifies to

S=IFARF > 0, (36)

where the two real thermodynamic forces are given by

7= ke(B — B,) and Ff = ks(Bus, — Buu), respectively
[Fig. 3(b)]. Without loss of any generality, if they are mutually
parallel with Fi > 0 and F{ > 0, either Jg or Jy can flow
opposite to both forces while the second flux compensates
for the resulting negative contribution, ensuring that the total
entropy production still satisfies ¥ > 0. As a result, Fig. 3(b)
represents the ideal configuration for achieving ICC as a
distinct thermodynamic phenomenon: A regime where one
current can flow against two mutually parallel thermodynamic
forces, without violating the laws of thermodynamics.

A special case of ICC is pseudo-ICC, which occurs when
one of the forces is set to zero. For example, if Ff =0,
then the induced current J; may flow along or against JFJ
without affecting the nonnegativity of the entropy production
rate, i.e., ¥ =JLF, 2 0 [cf. Eq. (36)]. In such a situa-
tion, if J{ opposes FY, it signals ICC, and we refer to it
as “pseudo-ICC”—a precursor to genuine ICC, which is in
complete accordance with second law of thermodynamics
(see also Sec. V A). Following Wang et al. [3], here, we
must distinguish ICC from normal cross effects. For example,
ICC in the energy (particle) current is realized by Jgy, < 0
when both F} > 0 and F{, > 0 (see Fig. 4). In contrast, for
a conventional cross effect, /f and JF{ have opposite signs,
i.e., the two forces oppose each other. Then, the cross effect
in the energy current (characterized by JL < 0) is induced by
the particle force (characterized by F{; < 0), flow against the
energy force Ff > 0 (see Fig. 4). The same is true for the
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FIG. 4. Pictorial representation of various thermodynamic phe-
nomena governed by the entropy production rate ¥ = JEFE 4+ IWFR
[cf. Eq. (36)], i.e., normal cross effect (in green shaded region), ICC
(orange shaded region), pseudo-ICC, and Seebeck and Peltier effects
(gray shaded blocks along X and Y axis) that can be obtained.

particle current with Ji; < 0, when Ff < 0 but F{ > 0 (see
Fig. 4).

In summary, while Fig. 3(a) illustrates the conventional
thermoelectric effect, Fig. 3(b) captures the essence of ICC,
characterized by mutually parallel thermodynamic forces
[cf. Eq. (36)]. Moreover, any alternative formulation of the
entropy production rate involving two mutually parallel force-
flux pairs is isomorphic to Fig. 3(b) and Eq. (36). Thus, we
may drop (for convenience of the later sections, we still keep)
the superscripts in Eq. (36), while still capturing all possible
behaviors in the (Fg, Fn) plane, as summarized schematically
in Fig. 4. As shown there, ICC occurs in the first and third
quadrants, whereas cross effects arise in the second and fourth
quadrants.

In the following section, we analyze this reduced two-
force-flux setup as a prototype system to realize ICC. For
all numerical plots, we set the tunneling rates equal, y; =
¥r = Yu = ¥, and employ appropriately scaled dimensionless
forces and fluxes. All fluxes are expressed in units of Fzyz,
while the energy and particle forces are measured in units
of kg/(hy) and kg, respectively. Since the ICC appears only
in the first and third quadrants (Fig. 4), in the following we
may, without loss of generality, choose the scaled forces to be
non-negative and restrict our discussion to the first quadrant.

V. EXAMINING ICC: RESULTS AND DISCUSSION

As discussed in the previous section, considering f; =
Bu = B, we set the entropic bias Ff to zero. Now, from
Eq. (32), itis clear that to determine the currents J; = (I‘Xﬂ33 +
I'¢p) and Jf = enJi + kg, we need to understand the
signs of the rates F;ﬁ’s and Fa). To this end, we define two
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FIG. 5. Pseudo-ICC in Ji (bluegreen line) and J{ (red line)
against the thermodynamic forces (a) Fy while Ff =0 and (b)
Fi while F{, =0, respectively. For all cases, the (dashed) dot-
ted lines correspond to k = +1.5/y (k = —1.5Rhy), validating the
condition |k| > &,. Other system and bath parameters: ¢, = 1.0%y,
&u = 2.5hy, B, = 1/hy,and u, = 1.0hy.

variables:

def ry I+ def I+
X =T —T5 Y:=Tcp—Tcp- 37

In terms of which, the rates are given by
M =YX +Ty), T =1@-Ty, 38

and the currents are given by
, 1 . &b K
JN=§(X+))), JE=E(X+37)+§O?—FO)- (39)

Thus, by simply knowing the signs of X, )V, and I'(), we
can determine the sign of the particle current J{ and the
energy current JL. Now, the variables &', ) are directly re-
lated to M, N of Eq. (34). It is straightforward to show
that M = 1 and N' 2= 1 corresponds to X =0 and Y = 0,
respectively, whereas M = A = 1 implies X = ) = 0. The
determination of the sign of I', is little more involved and we
refer to Appendix F for details. This is our general recipe for
determining the signs of both energy and particle currents. As
a simple consistency check of the above procedure, we have
shown in Appendix F, when both forces are zero, both currents
vanish, as expected.

A. Pseudo-ICC

Now, we analyze pseudo-ICC in the energy and parti-
cle currents setting Ff = 0 and F{ = 0, respectively, since
pseudo-ICC serves as a precursor to genuine ICC.

1. Setting Ff, = 0: Pseudo-ICC in Jg

When Fy is the only nonzero force, the spin-polarized
particle current Jy; is always positive; while the energy current
JE remains positive for x > 0, but can change sign when
&p +« < 0 (Appendix F). A positive J; corresponds to a
cross effect, whereas a negative Jy; signals pseudo-ICC, since
the current flows against the nonconjugate particle force Fy.
Thus, genuine ICC can arise in the energy current within this
model [Fig. 5(a)].

2. Setting F{ = 0: Pseudo-ICC in J§

When F{ is the only driving force, the energy current
Ji remains positive [Fig. 5(b)]. For k¥ > 0, the particle cur-

rent J{ is also positive, indicating no ICC. However, when
ep +« <0, Ji may become positive or negative (Ap-
pendix F), enabling pseudo-ICC in the spin-polarized particle
current [Fig. 5(b)].

It follows from the above discussion that the occurrence
of negative cross effects provides a strong indication for the
emergence of a genuine ICC. As a result, an unconventional
Seebeck or unconventional Peltier effect where an induced
current flows against the existing thermodynamic force can
be regarded as manifestations of pseudo-ICC (see Ref. [44]
for further details). Nevertheless, this scenario does not cor-
respond to a true or genuine ICC, since the conjugate force
attributed to the current is absent. In this sense, the pseudo-
ICC regime serves as a precursor for the realization of genuine
ICC behavior. Achieving genuine ICC is therefore consider-
ably more challenging than observing pseudo-ICC, making it
a particularly counterintuitive and nontrivial manifestation of
coupled transport phenomena.

B. Genuine ICC: When both forces are nonzero

From the previous two cases, pseudo-ICC in both energy
and particle currents occurs only when ¢, + k < 0, i.e., with
negative «. Therefore, the search for genuine ICC is restricted
to the regime —k > &, > 0 (equivalently —1 < 6 < 0). Also,
without loss of generality—we focus only on the first quadrant
of Fig. 4, where both forces (Ff, F{) are positive and mutu-
ally parallel. Because « < 0, Eq. (33c) implies M > N. The
positivity of the particle force Y further requires M > 1,
which in turn yields X > 0. Imposing positivity of both forces
and using Eq. (33d), we obtain

(ep +1)In M < g, In N, (40)

which allows A to be either greater or less than unity,
ie., N 2 1, corresponding to Y =2 0. We therefore arrive at
two possible subcases: (1) M > 1, N'> 1 and 2) M > 1,
N < 1, which ultimately determine the conditions for achiev-
ing genuine ICC in J{ and J{, respectively.

1. ICC in energy current J,

Since both M, A > 1 (equivalently X, Y > 0), it follows
directly that J{; = %(X +Y) > 0.Fork < 0and Ff > 0, we
have I'¢;, > 0, which implies the sign of J{ is not guaranteed,
and the energy current may take either sign, J; 2 0. Genuine
ICC appears precisely when Jf < 0 [Fig. 6(a)], indicating
energy flow against both positive forces F; and F. Thus, our
present model can function as an autonomous thermoelectric
refrigerator [5], driving energy flux against thermal gradient
with a co-efficient of performance (COP) given by

_ b _

- grorr SR - r Tr
VNN YN

where ¢g is the COP of an ideal refrigerator, defined as {p =

Teod/(Thot — Teold)-

¢ ) < Crs (41)

2. ICC in particle current J§

In the second case, defined by M > 1 and N < 1 (ie,
X >0 and )Y <0), the particle current Jj; = %(X +))
can be either positive or negative, Ji; 2 0. Genuine ICC
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FIG. 6. Variation of (a) the spin-polarized particle current J§ and

(b) the energy current Jy; with both the thermodynamic forces for

k = —1.5hy. Genuine ICC for J{ occurs in the area above the white

dashed line in panel (a), while it occurs for J{; below the white dashed

line in panel (b). Other system and bath parameters: &, = 1.0/y,
&w = 2.5hy, B, = 1/hy,and u, = 1.0hy.

occurs when J{; < 0 [Fig. 6(b)], corresponding to particle flow
against both positive forces F{ and Ff.

Thus, our reduced three-terminal model can be imple-
mented as an autonomous (spin-thermoelectric) heat en-
gine [45], driving spin-polarized particle flux against the
particle force, under the influence of the nonconjugate energy
force Ff. The output power is defined as |(J{Fy/B)|, and the
device efficiency is given by

—JLFL by
= —r = T’C —_ "
BJg BJg

where ¢ = (Thot — Teold)/ Thot-

To summarize, a genuine ICC is achieved in both energy-
and spin-polarized particle currents when the two mutually
parallel forces F and F{ are positive. This allows the model

< e (42)

to function as both a spin-thermoelectric heat engine and a
refrigerator. The key takeaway from the present model is that
the condition —k > &, > 0 is essential for observing ICC in
energy and particle currents, representing the swapping of
energy levels between |0 1)(|C)) and || 1)(|D)). For x > 0,
the eigenstates are arranged in such a way [Fig. 1(b)] that the
particle (de)excitation implies energy (de)excitation. When
—k > &, > 0, however, the reordering of the eigenstates [Fig.
1(c)] creates an asymmetry between the particle and energy
exchange, namely, the particle excitation between |0 1) —
[{1) implies the energetic deexcitation and vice versa. It is
worth mentioning that Wang et al. [3] also identified analo-
gous symmetry breaking as a guiding factor for the emergence
of ICC in classical Hamiltonian systems. Thus, it is intuitively
evident that some form of symmetry breaking is necessary to
achieve inverse current in coupled quantum transport. In the
present model with double QDs, an attractive interdot (¢ < 0)
interaction [15,16] serves as the necessary criterion, while
—k > &, > 0acts as the sufficient condition for ICC by break-
ing the energy-particle exchange symmetry. Furthermore, the
present results validate the second law of thermodynamics by
ensuring that the two ICC regions do not overlap (Fig. 6).
Specifically, ICC in J{; occurs when both M, N are positive,
whereas for Ji, N must be negative, in accordance with the
sufficient criteria for genuine ICC. Thus, our analysis high-
lights ICC as a counterintuitive thermodynamic phenomenon
distinct from normal cross effect, and particularly significant
for coupled transport with two mutually parallel thermody-
namic forces.

VI. CONCLUSION

To conclude, identifying the correct entropic bias and its
conjugate fluxes in systems with multiple reservoirs is cru-
cial for comprehending complex thermodynamic phenomena.
Reducing the three-terminal model to a two-force transport
system clarifies the distinction between ICC and normal cross
effects, since the three-terminal case, with its nonphysical
entropic bias, obscures the unambiguous identification of
ICC. Above all, the present work develops a comprehensive
quantum thermodynamic framework for the ICC, where one
induced current flows counter to two mutually parallel ther-
modynamic forces in the system. Using a simple model of
Coulomb-coupled QDs, we investigate the intriguing inverse
current behavior in both energy and spin-polarized particle
currents under near-equilibrium conditions. Our study exam-
ines the entropy production rate at both macroscopic and
microscopic levels, leveraging the grand-canonical formalism
of the Lindblad master equation and Schnakenberg’s en-
tropy formulation. The linear structure of the quantum master
equation allows for exact analytical expressions for entropic
bias and entropic fluxes, incorporating macroscopic reservoir
parameters and microscopic system details. This approach
uniquely identifies all possible entropic force-flux pairs for
both general and coupled transport systems with mutually par-
allel forces, enabling a systematic exploration of genuine ICC
phenomena in energy and spin-polarized particle currents.

This could open potential applications for unconventional
autonomous nano-thermoelectric engines and refrigerators
based on the ICC effect in coupled QD systems. Notably,
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our analysis indicates that an autonomous QD refrigerator
or engine requires attractive interactions between QDs as a
necessary criterion [15—18] and highlights the possibility for
more versatile spin-thermoelectric devices compared to tradi-
tional designs, with the novelty rooted in the counterintuitive
thermodynamic behavior of inverse current. A similar concept
for an autonomous circular heat engine, inspired by the ICC
effect in classical systems [3], has already been recently pro-
posed by Benenti et al. [45]. We also believe our findings
will play a pivotal role in advancing ICC-assisted uncon-
ventional autonomous quantum thermal devices in the near
future.
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APPENDIX A: DERIVATION OF THE LINDBLAD
MASTER EQUATION

We are going to derive the master equation in the interaction picture for studying the dynamical evolution of the system due
to interaction with the reservoir through the exchange of both particles and energy. Let us start with the tunneling Hamiltonian,
which essentially signifies the interaction,

Hr = HV + HYY + HM, (A1)

where H DI signifies the interaction of QDy, with the reservoir /(r) through the exchange of spin-down electrons and similarly

H; utu signifies the interaction of QD, with the reservoir u through the exchange of spin-up electrons, which are given in Eq. (2).
To derive the master equation, we start with the von Neumann equation for the total density matrix py in the interaction picture

d i
Eplot = —£[HT(1‘), Prot ()] (A2)
Integrating the above equation and taking a trace over the bath degrees of freedom, one obtains
1 t
)= T / d'Try [ Hr (), Tt — 0, poc(e ], (A3)

where Tr; ,, refers to the trace over each bath degrees of freedom and Tr; ., { ptot ()} = ps(¢) denotes the reduced density operator
for the system. We also assume that Tr; . ,[Hr1(?), pi0r(0)] = 0. Under the Born-Markov approximation, the above equation can
be rewritten as [7,28,46]

(Ad)

bl = s Z/ 4t Ty [HE0), [HE = 1), 00 @ 01 ® pr @ pu]].

(in

where we use the following properties of the bath operators Tr{c,(#)py} =0 = Tr,\{ci(t)p)\} and Trlm{[H%(t),
[HY (t — 1), ps(t) ® p1 ® pr ® pu]l} = 034 # A's A, A’ = [, r,u. Now, in the above equation, we use the interaction picture
system and bath operators

Z e*iwﬁjt/ﬁda’

C()ﬁj>0

=Y e,

k

iHSt/hdae—iHst/h —

dy,(t) =¢ o =b,u,

lHBt/hC)LgleB[/ﬁ

o) =e (AS)

and their hermitian adjoints, where w; ; is defined as the transition energy for the transition between the system eigenstates |i)
and |j). Eliminating the high-frequency oscillating terms by the standard procedure of secular approximation, one can finally
derive the master equation in the following form:

ps(t) =Y Lalps(®)], (A6)
A
where the Lindblad operators £, [ps(t)] are given by
Lilp®] = > Gi(wa) [d (@a) 5o (W) — {ps, do(wq )dT(wa)}]
{@a}>0
; 1 .
+ gx(—ww[da (o) psdy (@q) — 5o d}(wy )da(wa)}]. (A7)
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In the above equation, we define the temperature-dependent bath spectral functions as

Gi(0e) = V(@) i (0g),  Gi(—wy) = Vi(@e) fr (@), (A8)

where y; (wy) is the bare electron transfer rate between the reservoir A and coupled QD,. The explicit forms in terms of
the system-reservoir coupling constants can be calculated using Fermi’s golden rule, as y;(wy) = ya(wy) =21 ), |t,§“|2
8wy — ek) where a)a represents the required amount of energy associated with the transition between QD, and its coupled
lead. The function f/\ (wj 3) represents the (FDF), which are obtained by tracmg over the bath density operator; for example,
f,\ (i) =Try, (ckcx p1) and f, (w;5) = Ty, (cxck p3.), where the bath operators ¢, and ¢; obey anticommutation relation and the
reservoir governs the transition between eigenstate |1) to |j), which costs w; ; amount of energy. The explicit expressions of the
FDFs for various transitions are mentioned in the main text.

Now, to derive the forms of the Lindbladians, we need to express the creation and the annihilation operators in terms of the
system eigenstates in the following forms:

> di(wn) = d}(waB) + di (ocp) = [BY(A| + [DNC|, D do(wp) = dy(wa) + dv(@pc) = [A)(B| + [C)(D],

{an} {wp}

> di(wy) = dj(wac) + d (D) = [CYA|+ D)(Bl, Y du(ws) = du(wca) + du(wpp) = |A)(C| + [B)(D]. (A9)
{wu} {ou}

So, the time evolution of the occupation probabilities, which are essentially the diagonal elements of the reduced density matrix

pii = (i]|ps(¢)|1), can be obtained using the LME [Eq. (A7)] as follows:

dpii
dt

= ({1OIi) = Y (1L [psO]IF). (A10)

A

pi =

APPENDIX B: EXPLICIT EXPRESSIONS OF VARIOUS CURRENTS

From Eq. (15), one can evaluate the explicit expressions of both energy and particle currents for each reservoir in the following
way:

‘IE = “’ABFAB + a)C]DF cp = 8bF + (ep + K)FC]D)’ J]f: = CUA]BFKEB + CUCDFHD = SbFr + (ep + K)FC]D)’

Ji = wacTyle + wBp Ty = eul'se 4+ (ea + T, K =Ths +Tdp. K =Tis+T¢p. =T + Tk
(BI)

Inserting the above relations, the expression of the heat current associated with each reservoir can be evaluated as

Jé = (&b — Ml)rfg[g + (6p + K — MI)F(IS]DV J(') = (& — Mr)FXB +(ep+x — lLr)FELD» Jé = (&4 — MM)F +(eutK— //Lu)rﬁgb

(B2)
APPENDIX C: EXPRESSION OF THE STEADY-STATE TRANSITION RATE
To determine the steady-state transition rate, we rewrite Egs. (6)—(8) as
PA 0
PB 0
M = , Cl
oC 0 (ChH
oD 1
subject to the condition ps + pg + pc + pp = 1, and
_fl+ _f1+ _fl+ f]17 +f1— fl+ 0
f1+ +fr1+ _flf _frl_ _fuZ+ 0 fuZ—
M= l 1+ l 2+ 2+ 1- - 2— |’ (€2)
fu 0 _fl - fr - fu fl + fr
1 1 1 1

where, for the sake of simplicity of our analysis, we assume that y; >~ y, =~ y,, = y. Solving Eq. (C1) with the above matrix M,
one can obtain the steady-state population {p;} in terms of which we can evaluate the explicit expression

I =—Ts = [ Ut (R = R+ 22 (B = D] = 2R f (2 - 1)}
o=—lo=vY 3FLF(fIF — f24) — 64 372 (f2 — f1F) )

(€3)

where we define fl'+(2+) f'+(2+) + flHen,
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APPENDIX D: NON-NEGATIVITY OF ENTROPY PRODUCTION RATE

One can evaluate the expression of the entropy production (X) from the entropy change of the system [AS; = S(¢) — Ss(0)],
which is defined as

AS(1) = —kpTrs[ps(t) In ps(1)] + kpTrs[ps(0) In ps(0)] = —kpTr[pwot (1) In ps(1)] + kpTr{ pror(0) In p5(0)]. (D)

We assume that the initial equilibrium state, py(0), does not display any entanglement or correlation between the system and
the environment. Therefore,

pt(0) = ps(0) [ T 5" (D2)
A

Inserting Eq. (D2) into Eq. (D1), we can continue as follows:

AS,(t) = —kyTrl pon(t) In ps(t)] + ks Trl pror (0) In pror(0)] — kg Y Tr[ pior (0) In 5]
A

= —kpTr |:;0t0t(t) In {ps(t) []e5 H + ks Tr[ piot (0) In pioe (0)] + ki Y T [{ o2 (8) — p5} In p5]. (D3)
A A

Again, p(t) and pi(0) are related through unitary evolution pu(t) = U Dot (MU, which implies Tr[ w0 (?) In por ()] =
Tr[pwi(0) In pio (0)]. Applying this relation in the above equation, the final expression of the entropy change of the system
can be calculated as

AS(1) = —kBTr[pmt ()In {ps(t) [ e ” + ks Trl pro (1) In proc ()] + kg Y T [{02(8) — p5} In p1]. (D4)
A A

The last term of the above equation can be identified as the entropy flow (®), representing the reversible contribution to the
system entropy change due to heat exchange with the reservoirs. A comparison of the above equation with Eq. (19) defines the
entropy production, representing the irreversible contribution to the entropy change of the system and the entropy flow as

2(:):kBTr[ptota)ln{pm(r)}]—kBTr[pmt(r)ln pso)]'[piq” o) =ks Y T [{o@) — oY mpf"]. (D)
A

A

The above expression of the entropy production can be expressed in terms of the relative entropy:

2(t) = D| par(t)] {ps(n I1 pqu, (D6)
A

where D[p||p’] is the quantum relative entropy between two density matrices p and p’, defined via

Dlpl|p'] :== Tr[pIn p] — Tr[pIn p']. (D7)

The non-negativity of relative entropy is affirmed, attaining a value of zero solely in the case of complete matrix identity. While
the non-negativity of entropy production does not imply the same for its rate, in the limit of large reservoirs, X(t) is expected to
converge to a convex, monotonically increasing function of time [31]. In the same limit, if the system dynamics are described
by a Markovian quantum Lindblad master equation, implying entropy production as a convex functional of the system density
matrix [28,31], the entropy production rate 3 (¢) would eventually be positive, only reaching zero for the equilibrium state.

APPENDIX E: DERIVATION OF THE MICROSCOPIC DEFINITION OF THE ENTROPY PRODUCTION RATE

Considering the von Neumann entropy defined as Ss(t) = —kg ) _; 03 (¢) In p; (¢), where p; signifies populations of the system
eigenstates (i = A, B, C, D), the change in the system entropy is given by

AS((t) = 8(t) — 8(0) = —kg Y _ pi (1) In pi (1) + kp Y _ pi (0) In p;(0). (E1)
i i
So, the time evolution of the entropy change can be evaluated as

d
TASO) = —ks D A O py() ks Y 4O Inpy(0) = —ks Y A Inpy(t) = —ks Y pnlnpy. (E2)
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Now, using Eq. (6) for p;, we recover Eq. (29):

d PA PA OB - PD _ PD _ oC
—AS(t) = kg| TlH In (—) +I* In (— +rétin| — ) +TheIn(— ) +TC In{— )+ In( — )|
™ B{ AR\ ps/ AT \es/) PP \ep ) T PC T e ) P e ) AT s

(E3)
By comparing the above equation with Eq. (19), we obtain Eq. (30) for the general expressions of (¢) and ®(r):
. kl+ kr+ ku+ kl—
$(1) = ky| Tl In < ;WPA> + FX’I'Bln( f}BpA) + T In ( IEDPB> + Tl In ( I}”fp””)
Kp A OB Kp A OB Kpp oD kepoc
kpc oD ke aPC
4+ T n <M) LT I ( ca
DC kC+]D) oC CA kA-E: PA
kit pa Kl pa kgD OB
= ks| (kipra — kg, om)In ( = ) + (Kygpa —Kgaps) In ( = ) + (kghoB — kppep) In ( = )
kBApB BAPB kDBlO]D)
ke D ki PD ki, pC
+ (k- pp — KA e ln<]D)(C >+ k. op — ki pc ln(]P(C )+ kK% pc — K4t pa ln< CA ) ,
(Ksero ~Keippe)In ({22 ) + (5crm —Keboc)In (2572 ) + (kEare — Kieon)n (20
. kl+ kr+ ku+ k17 K= K4
l AB r AB u BD - DC r— DC u— CA
BA BA DB CD CD AC
(E4)

There is no net entropy change in the system at the steady state, which reduces Eq. (31) for the form of the entropy production
rate:

. . kit Kt kit ki,
$(t) = —b(t) = k| Tl In (ﬁ) + T In (i_B> + T In (—IE‘P ) +TpeIn (—?F)
k]BA k]BA k]D)]B kCD

e K-
r— DC u— CA
'+FDCIH<EﬂT>'+FCAIH<EET)}
CD AC
kl+ K4t K= K
Ir AB u BD Ir— DC u— CA
ZM{U$m(P_)+W%m<H>+Wmm<gr>+mmm<gr>
BA DB CD AC

k-t k17 K= k1+
+ kg |:Ff§]'3 In (A_B—]?f) +ThcIn <%>
kg Kyp kepkpe

kl+ K4t k17 ke K+ k17 kK= kl+ k.t klf
:@Qm«J&@LMﬂﬁ>+@@$_F&)m<MBM)+@qkm(DCCDMBM>

= pu—1,1 u r— 1.1 r— 1.1 r -
kpakppkcpKac kpaky'p kiakiskenKpe
k kl+ Kt k17 K4 k Ko kl+ k-E k17
—oro| (4 ) (IR | e - et (2 m (28R
k kgakpekepkac k kpckepKapkea
Kt ki Kk ki
+ (I — Fbc)[kg(l + 9)ln< AB ?ﬁ) + kgb In <M> . (E5)
KgaKag kepkpe

APPENDIX F: DETERMINATION OF THE SIGN OF T';, FROM P Q~! AND CRITERIA OF PSEUDO-ICC
1. Expression of P Q!
From Eq. (33a), the condition F§ = 0 implies

N N
kaBk]BDk]‘IlD(CkCA -1 (F1)
ke ko ke k' -
BA“DB“CD“AC
We can rewrite the above condition as
ab+y 1+ p.ab—y.r— + 1-ab+y.at 1 ab—
(kA]B k]BDk]aIlDCk(CA> _ (klaBAkleB k(?:DkE»C) (F2)
b—1,r— 1.ab+1.1+ - — 1.ab—p.a— rab+ [°
k]aBA kD]BkZ:DkAC kj‘wk]aBA k]?)«:k(aCD
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The right-hand side (rhs) of the above equation can be expressed as

a+ p.ab+j,a+ 1.ab—

ths = k]BAkA]B k(C]Dk]D)(C
- K2 kab—ka— kab+
ABTBA "DC™CD

) GEE) | L+ (/D)
1+ (kga/kia) | | 1+ (e /Kpe)

One can determine the sign of I'ry from PO~

-1
] =PQo . (F3)

2. Determination of the sign of T';, from P Q!
When, P = Q, applying Eq. (F3) to Eq. (F2), we find the left-hand side (lhs) of Eq. (F2) as

b+, 1 b—1,r—
- K-k gabtyrt -
BA "DBTCDAC
which can be rewritten as
KagPa | (Kepos | (kpcep | (kearc
ab— r— ab+ —+ =1 (F5)
k]EA OB Kpp oD kCDPC kA(CpA

To satisfy this condition at the steady state, following Eq. (16), each term within the parentheses must be equal to 1. When
combined with Eq. (7), this in turn leads to I'ry = I's = 0.
On the other hand, following the same procedure, we can verify that for PQ~! = 1, we have

ab. I ab— r—
kAEpA k]B+D LB k]D)(C LD k((jAIO(C > 1. (F6)
kab— K= kab+ kr+ <

BA PB DB LD cpPC ACPA

At steady state, when each term in parentheses is the same, the application of Egs. (7) and (16) yields the result 'y < 0.

a. Consistency check: zero force-zero current

As a simple consistency check, let us consider the trivial case where both forces vanish, (Fg, /() = 0. In this limit, both
currents (Jg, J{) must be zero.

This is evident since Ff;, = 0, Eq. (33c) gives M = N. Likewise, F}; = 0 implies M = 1 from Eq. (33e). Thus, the condition
(F&, FL) = 0 is equivalent to M = N =1, and hence X = Y = 0. Similarly, for Fi =0, the Fermi functions further imply
PQ~! = 1, consistent with M = 1. This yields Iz, = 0.

Therefore, ¥ = Y = I'r;, = 0 and Eq. (38) gives Ff&a =T 8]—@ = 0. So, both currents (Jg, J{) vanish, as expected.

b. Setting Fi = 0: pseudo-ICC in Ji

In this case, Ff; = 0 and FY, > 0. From Eq. (33c), the condition 7 = 0 implies M = N, while Eq. (33¢) shows that 7§ > 0
requires M > 1. Thus, we obtain M = N > 1, which means X > 0 and ) > 0, and consequently J};, = %(X + ) > 0. This
agrees with the non-negativity of the entropy production rate, ¥ = JLFK- Hence, the spin-polarized particle current remains
positive [dotted red line in Fig. 5(a)].

Since the particle current is positive in this case, the energy current satisfies J; > KFE'_D [cf. Eq. (32)]. With Ff =0 and
M > 1, it follows that T'sy < 0 for « = 0, which in turn implies [cf. Eq. (38)] that l"aj) > 0 for ¥ > 0, and Fa) = 0 for
k < 0. Thus, for ¥ > 0, we immediately obtain J; > 0, while for k < 0 we must examine two subcases: (1) &, +« > 0 and (2)
&+ Kk < 0.

(1) For case (1), it is straightforward to show that J§ = eI} + (g + )¢ > 0, when I'yy) > 0, and that J; > « 'y >
0, when I'¢y < 0.

(2) In contrast, for case (2), J; can be either positive or negative [cf. Eq. (32)], indicating the possibility of pseudo-ICC in Jg
[dashed blue-green line Fig. 5(a)].

c. Setting F{, = 0: pseudo-ICC in J§

In this case, F{ = 0 and F{ > 0. From Eq. (33e), these conditions immediately give M > 1. Moreover, using 7 = 0 in
Eq. (33d), we obtain

(ep + k) In M =gy In N. (F7)

Substituting M > 1 into this relation leads to different outcomes depending on the sign of «, as summarized below:
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(1) For ¥ > 0 and case (1) with ¥ < 0, but &, + k > 0, Eq. (F7) gives A > 1. Thus, the microscopic condition becomes
M > 1and N > 1, which implies X > 0 and Y > 0 [cf. Eq. (37)], leading to J{; = %(X +)) > 0.

(2) In contrast, for case (2) (i.e., &, + k < 0), Eq. (F7) yields N < 1. Here, the eigenstates |C) and |D) flip together, giving
M >1and N < 1, and hence X > 0 and Y < 0. Consequently, J§ = $(X + )) = 0, meaning the spin-polarized particle
current can be positive or negative, depending on the balance between the positive X’ and negative ). This allows for pseudo-ICC

in JY; [dashed red line in Fig. 5(b)].

Again, since Ff > 0 and M > 1, it follows that 'ty < 0 for ¥ 2 0, leading to the following casewise outcomes:

(1) For k > 0: The particle current is positive, allowing us to rewrite the energy current as Ji > KFgD. Because X > 0 and
Y > 0, Eq. (38) gives 'y > 0 (as Ty < 0). Hence, J, > k¢ > 0.

(2) Case (1): ep + « > 0 with k < 0: Here, l"gD 2 0 (because I';y > 0 and Y > 0). Consequently, J; = 8bl“Xi§ + (ep +
K)TE > 0, whenever 'y > 0, and J, > «T¢ > 0, when 'ty < 0.

(3) Case(2):ep + Kk <0:With['¢y > 0, X > 0,and Y < 0, Eq. (38) yields I"XB >0,

(b + TG > 0.

Iy < 0. Therefore, Ji, = &Iy +
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