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Emergent self-attention from astrocyte-gated associative memory dynamics
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We introduce a Hopfield-type associative memory in which effective connectivity is multiplicatively
modulated by astrocytic gains evolving under an entropy-regularized replicator equation. The coupled neuron-
astrocyte dynamics admit a Lyapunov function, ensuring global convergence. At fixed points, astrocytic gains
implement a softmax-normalized allocation over pattern similarity scores, yielding a mechanistic realization
of self-attention as emergent routing on the gain simplex. In regimes of high memory load and interference,
the model significantly improves retrieval accuracy relative to classical Hopfield dynamics and recent neuron-
astrocyte baselines. These results establish a dynamical systems framework linking glial modulation, competitive
resource allocation, and attentionlike computation.
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I. INTRODUCTION

Hopfield networks revolutionized our understanding of
how collective neuronal dynamics implement associative
memory with biological plausibility [1]. In their original for-
mulation, neurons evolve under Hebbian connectivity that
stores a finite set of patterns as energy minima. Although this
framework provided a foundational bridge between statistical
physics and neural computation, its practical applicability was
limited by low storage capacity and the proliferation of spuri-
ous attractors under high pattern load or correlation [2].

Interest resurged with generalized energy-based formu-
lations, dense associative memory and modern Hopfield
networks, that replace the quadratic Hebbian energy with
higher-order or exponential interaction terms, dramatically
expanding capacity and retrieval stability [3,4]. A key in-
sight from this line of work is that the fixed-point readout
of modern Hopfield networks is mathematically equivalent
to the scaled dot-product attention mechanism at the core of
transformer architectures [5,6]. This correspondence has re-
framed associative memory dynamics as a candidate substrate
for attention and contextual reasoning in both artificial and
biological systems.

Neuroscience has concurrently revealed that the brain’s
computational resources extend well beyond neurons. Astro-
cytes, glial cells long considered purely supportive, actively
regulate synaptic transmission, integrate signals across lo-
cal microcircuits, and contribute to memory-related plasticity
[7–12]. Through Ca2+ signaling, neurotransmitter uptake, and
connexin-mediated gap-junction coupling, astrocytes modu-
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late neuronal excitability and impose structured heterogeneity
in effective synaptic strengths [9,11,12]. Astrocytes have
also been implicated in controlling circuit-level dynamical
regimes, including the modulation of gamma-band syn-
chronization associated with memory processing [13–15].
Critically, astrocytes are now recognized as active participants
in memory encoding and consolidation: Recent experimen-
tal work demonstrates that astrocyte ensembles selectively
encode and stabilize salient experiences, with individual
astrocytes reactivated during memory retrieval undergoing
noradrenaline-dependent molecular tagging that promotes
consolidation of specific traces [16,17]. These findings extend
the classical engram framework [18] by assigning astrocytes a
mechanistic role in the selection and stabilization of memory
representations, motivating their inclusion in computational
models of associative memory.

Building on this foundation, recent theoretical work
has proposed that astrocytic modulation could implement
attentionlike computation by providing a flexible, content-
dependent reweighting of neuronal ensembles during retrieval
[19,20]. In this view, self-attention corresponds to a gain
reallocation across stored patterns driven by their relevance
to the current query state. However, a precise dynamical ac-
count of how softmax-normalized gains arise as an emergent,
self-organized property of neuron-astrocyte interaction, rather
than being imposed by architectural design, has remained
absent.

Here, we close this gap by introducing a Hopfield-type
associative memory in which effective connectivity is multi-
plicatively modulated by astrocytic gains that evolve on the
probability simplex under an entropy-regularized replicator
equation. The model does not aim to reproduce a specific mi-
croscopic astrocytic biochemical pathway, but instead treats
astrocytic modulation as a coarse-grained control variable
acting on memory-related synaptic pathways. The coupled
neuron-astrocyte system admits a Lyapunov function, ensur-
ing convergence to stationary points (equilibria) at which
gains implement a Gibbs-Boltzmann (softmax) allocation
over pattern similarity scores. The stationary readout is thus
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a convex combination of stored patterns with self-attention
weights—emerging purely from the competitive resource dy-
namics of glial modulation, without any explicit attention
mechanism being prescribed. Under high memory load and
pattern interference, this mechanism substantially improves
retrieval accuracy relative to classical Hopfield dynamics and
recent neuron-astrocyte baselines, establishing a dynamical
systems framework that links glial gain control, competitive
resource allocation, and the emergence of attentionlike com-
putation in neural circuits.

II. ASTROCYTE-GATED ASSOCIATIVE MEMORY

To ground the proposed astrocyte-neuron model, we begin
by recalling the continuous-time classical Hopfield network,
the minimal framework for associative memory. It is a class of
recurrent neural network in which we consider a population of
rate-based neurons evolving under a fully connected synaptic
matrix. One of the key properties of this framework is that
it can be derived from a Lyapunov function that guarantees
convergence, enabling a precise characterization of memory
retrieval as well as interference and capacity limits [1,2].
For these reasons, the Hopfield model provides a natural
substrate on which biologically motivated extensions can be
constructed. More precisely, we consider N rate units x(t ) ∈
RN with elementwise activation function φ(x) = tanh(σx) ∈
(−1, 1)N and synaptic weights W ∈ RN×N :

τxẋi = −xi +
∑

j

W i j φ(x j ), (1)

where τx is the neuronal rate time constant. It sets the intrinsic
timescale over which the firing-rate state x(t ) relaxes toward
the drive W φ(x) against the leak term. The synaptic matrix
W is constructed using Hebbian storage of K binary patterns
ξμ ∈ {−1, 1}N located at the vertices of the hypercube:

WH = 1

N

K∑
μ=1

ξ i
μξ j

μ. (2)

Alternatively, in matrix form we have WH = 1
N ��ᵀ, where

� ≡ (ξ1, . . . , ξK ) ∈ {−1, 1}N×K is a binary matrix where pat-
terns are stored as columns. Throughout the paper, we use
superscripts to label neurons and subscripts to label memory
patterns.

A. Astrocyte-gated retrieval as patternwise gain control

We extend the classical Hopfield rate dynamics by in-
troducing K astrocytic gain variables p = (p1, . . . , pK ) that
modulate the contribution of each stored pattern to the
synaptic matrix. The gains are constrained to the probability
simplex,

pμ � 0 (∀μ),
K∑

μ=1

pμ = 1, (3)

so modulation is non-negative and globally conserved. Note
that the p variables are a phenomenological pathway-level
gain and not a directly measurable astrocytic state, and that the
simplex constraint and entropic term as the minimal represen-

tation of finite shared modulatory resources and regularized
competitive allocation.

The resulting neuronal dynamics read

τxẋi = −xi +
N∑

j=1

W i j (p) φ(x j ), (4)

with effective synaptic matrix

W (p) ≡ K

N

K∑
μ=1

pμ ξμξᵀ
μ = K

N
� diag(p) �ᵀ. (5)

Thus, pμ acts as a multiplicative gain on the μth Hebbian
outer product. The classical Hopfield coupling is recovered
for uniform gains pμ = 1/K , for which W (p) = WH .

We model astrocytic modulation as an adaptive allocation
process governed by a softmax-regularized replicator flow
(hereafter “s-replicator”), which is the same flow described
in Ref. [21] under the name “adjusted replicator equation” in
the context of learning in games.

τp ṗμ = pμ

(
Fμ(x, pμ) −

K∑
ν=1

pνFν (x, pν )

)
, (6)

which preserves the simplex constraints. The fitness is defined
as

Fμ(x, pμ) ≡ fμ(x) − T ln pμ, T > 0, (7)

where

fμ(x) ≡ 1

2N

(
N∑

j=1

ξ j
μφ(x j )

)2

(8)

is the squared overlap with pattern μ and the logarithmic term
acts as an entropic (temperaturelike) regularizer that discour-
ages collapse of the gains onto a single pattern. Throughout,
we use the same neuronal nonlinearity as in the classical
model, φ(x j ) = tanh(σx j ) with σ > 0.

Note that at an interior fixed point of Eq. (6), the fitnesses
are equal:

Fμ(x, pμ) =
∑

ν

pνFν (x, p), ∀μ, pμ > 0.

This means that fμ(x) − T ln pμ is constant for all μ. How-
ever, since some overlaps fμ(x) are larger than others, pμ

compensates as

p∗
μ = exp( fμ(x)/T )∑

ν exp( fν (x)/T )
.

See Appendix A 1 a for more details of this derivation.
We study retrieval dynamics by initializing the neuronal

state x(0) as a corrupted version of one of the stored patterns.
Unless stated otherwise, the astrocytic gains are initialized
uniformly, pμ(0) = 1/K for all μ. During the dynamics,
Eq. (6) reallocates gain toward patterns with larger instanta-
neous overlap fμ(x), thereby reshaping the effective coupling
W (p) in Eq. (5). This positive feedback selectively amplifies
the synaptic contribution of the most compatible patterns and
suppresses competing ones, reducing interference and effec-
tively increasing the basin of attraction of the target memory.
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The biophysical motivation for Eqs. (4) and (6) is the
following. We view each stored pattern as an engramlike neu-
ronal ensemble and interpret the gain pμ as an effective proxy
for astrocyte-mediated modulation of the synaptic pathways
supporting that ensemble. Specifically, pμ summarizes (at a
coarse-grained level) how local astrocytic activity can bias
presynaptic release probability and thus rescale the effective
strength of the synapses recruited by pattern μ. The factor
pμ should therefore not be read as a literal cellular mech-
anism by which astrocytes identify a global memory label
μ. Rather, the microscopic picture is local: Nearby astrocytic
processes modulate synapse-level gains on coactive pathways.
Synapses repeatedly coactive during encoding define, in the
coarse-grained Hopfield description, an engramlike subnet-
work represented by the Hebbian outer product ξμξᵀ

μ . The
variable pμ is the average effective modulatory gain of this
subnetwork. Replicatorlike competition then arises only after
these local or pathway-level gains are normalized under a
finite modulatory budget.

This abstraction is inspired by evidence that synaptic ac-
tivity can evoke highly localized astrocytic Ca2+ signals in
perisynaptic microdomains adjacent to individual synapses
[22]. In several experimental settings, astrocytic Ca2+ ele-
vations have been reported to modulate presynaptic release
probability and thereby reshape effective synaptic transmis-
sion, consistent with an activity-dependent astrocytic gating
of synaptic pathways [23]. At the same time, the extent to
which Ca2+-dependent astrocytic signaling modulates exci-
tatory transmission and plasticity under baseline conditions
remains debated and depends on preparation and stimulation
regime [24]; accordingly, we treat pμ as a phenomenological
variable that aggregates multiple microscopic mechanisms
rather than as a direct readout of any single molecular
process.

Finally, we constrain the astrocytic gains to the simplex,
p ∈ �K−1, i.e., pμ � 0 and

∑K
μ=1 pμ = 1. In the model, this

implements a finite modulatory capacity: Increasing gain for
one pattern necessarily reduces the gain available to others,
thereby enforcing competitive allocation across pathways.
This is a deliberate modeling device that operationalizes re-
source limitation and homeostatic competition at the level
of pattern gains, rather than a claim that the brain explicitly
maintains a globally conserved scalar “budget” [25].

The neuron-astrocyte coupling is driven by a pattern-match
functional fμ(x), which quantifies how strongly the current
neuronal state expresses pattern μ (via its overlap with ξμ).
We map this match to a fitness Fμ(x, pμ) that controls the gain
dynamics: patterns with larger Fμ(x, pμ) are preferentially
upweighted by Eq. (6). The additional logarithmic term in
Fμ(x, pμ) acts as an entropic regularizer, penalizing highly
concentrated allocations and preventing winner-take-all be-
havior; consequently, the stationary distribution of gains is
softmaxlike, with sharpness set by the parameter T . Note
that the term stands for an entropylike homeostatic feedback
or diminishing-returns effect that opposes allocating nearly
all modulatory gain to one pathway; other convex satura-
tion mechanisms could produce related soft competition, but
the logarithmic choice yields a closed-form Gibbs-Boltzmann
fixed point and an analytically transparent Lyapunov
structure.

B. Analytic results

We now summarize three analytic results that organize the
theoretical picture and will be used throughout the remainder
of the paper. First, we show that the coupled neuron-astrocyte
dynamics admit a global Lyapunov function, so trajecto-
ries are dissipative and converge to the set of stationary
points rather than exhibiting sustained oscillations or chaos.
This structural result justifies focusing on equilibria. Sec-
ond, we characterize these equilibria explicitly via coupled
fixed-point equations for (x∗, p∗), which reveal how astrocytic
modulation implements a temperature-controlled, softmaxlike
allocation over patterns at stationarity. Finally, we connect the
framework back to the classical Hopfield model by identify-
ing limiting regimes in which the gain distribution becomes
uniform and the effective synaptic matrix reduces to WH .
Together, these three results provide (1) a convergence guar-
antee, (2) an interpretable description of the attractors, and
(3) a consistency link to the standard associative memory
baseline.

1. The system is a global gradient flow

A key property of the classical Hopfield network is the
existence of an energy (Lyapunov) function that decreases
along the trajectories, thus guaranteeing convergence of the
dynamics. Recently, Ref. [26] showed that the Hopfield model
is actually a gradient descent under a specified metric (see
Appendix A 1 b). Being a gradient descent is a stronger ge-
ometric statement than being Lyapunov, and in that sense,
our construction extends this geometric structure to the prod-
uct of neuronal states and simplex-valued gains. As shown
in Appendix A 1, our system can also be written as a gra-
dient flow whose energy is given by the following scalar
quantity:

L(x, p) = KT
∑

μ

pμ ln
pμ

πμ

− KT ln Z

+
N∑
i

xiφ(xi) − L(xi), (9)

where πμ = 1
Z e fμ(x)/T , with Z = ∑

μ e fμ(x)/T and L(xi) =
1
σ

ln cosh(σ xi ). The gradient-flow condition implies that this
quantity decreases along the trajectories:

d

dt
L(x, p; t ) = −‖∇L(x, p; t )‖2 � 0.

The potential is composed of a gain-dependent part that can
be written as a temperature-scaled KL (Kullback-Leibler)
divergence from the Gibbs distribution plus the correspond-
ing log-sum-exp free energy. Expanding the first term,
we get L(x, p) = −K〈p, f 〉 + KT 〈p, ln p〉 + [〈x, φ〉 − L(x)],
which also identifies −K〈p, f (x)〉 as the gain-weighted
Hebbian interaction, KT 〈p, ln p〉 as the entropic cost, and
〈x, φ(x)〉 − L(x) as the classical continuous-Hopfield acti-
vation contribution. Since L is nonincreasing and constant
only at stationary points, the long-time behavior is fully
determined by the coupled equilibria (x∗, p∗), which we
analyze next.
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2. Fixed-point analysis

The equilibrium (x∗, p∗) satisfies the coupled fixed-point
condition

x∗ = W (p∗) φ(x∗), (10)

p∗
μ = exp( fμ(x∗)/T )∑

ν exp( fν (x∗)/T )
= softmaxμ

(
fμ(x∗)

T

)
. (11)

This way, initializing the neuron states as a corrupted version
of one of the stored memories ξk , we say that retrieval is
successful when the activated state φ(x∗) has large overlap
with the target pattern ξk . In the next section, we define the
retrieval error, as a measure of the degree to which the fixed
point corresponds to the intended pattern.

This can be interpreted as a mixture of (rank 1) experts [27]
commonly expressed as x∗ = ∑

μ gμ(x∗)Eμ(φ(x∗)), where
the self-attention-like routing gμ(x) ≡ pμ emerges naturally
from the s-replicator and the experts are rank-1 matrices
Eμ(φ(x)) ≡ ξμξᵀ

μφ(x). In this interpretation, astrocytic modu-
lation provides the routing mechanism that selects the relevant
memory patterns in a context-dependent and dynamical
manner.

These equilibrium relations make clear that the model
reduces to the classical Hopfield network whenever
the gain distribution is forced to remain (or becomes)
uniform, which we discuss next through two limiting
regimes.

3. Recovering the classical Hopfield model

Our model recovers the classical associative memory in
two dynamical regimes. For the first case, we take the gain
timescale to be infinite τp → ∞ such that the astrocytic influ-
ence remains constant for all time ṗμ = 0 (see Appendix A 4).
Since the modulation is initialized uniformly pμ = 1/K , we
recover the classical Hopfield mechanism

τxẋ = −x + W (1/K )φ(x). (12)

This should be interpreted as the astrocytic processes being
frozen, in which case there may not be a modulatory influ-
ence on the neuron dynamics. The second limit in which
we recover the classical model is when we take T → ∞,
in which case the entropic term dominates and the only sta-
ble gain distribution is again uniform pμ = 1/K . In fact, if
we divide the astrocytic component of Eq. (6) by T , every-
thing is zero except for the logarithmic terms where we get
ln pμ = 〈ln p〉, forcing pμ = 1/K for all μ; since the gains
are initialized at pμ(0) = 1/K , they stay there for all time (see
Appendix A 4).

C. Simulation results

Our focus is on how two control knobs shape retrieval: (1)
the relative timescales of neuronal relaxation and astrocytic
routing, quantified by τx and τp, and (2) the selectivity param-
eter T , which sets the strength of entropic regularization in the
gain dynamics. Because our dynamics are a gradient flow on a
potential (Sec. II B), their convergence is guaranteed in princi-
ple; numerically, however, we observe a competition between
intrinsic convergence time and the finite simulation horizon

t f . We therefore report both end-point observables and em-
pirical convergence times to disentangle genuine failure from
slow convergence. We emphasize that these simulations are
intended as proof-of-principle demonstrations of dynamical
regimes controlled by (τx, τp, T ).

1. Dynamical analysis

In this first analysis, the goal is to understand the long-term
behavior of the system. To that end, we define two observ-
ables, one representative of the neuron component and the
other for the astrocytic gains. Our focus is on how two control
knobs shape retrieval: (1) the relative timescales of neuronal
relaxation and astrocytic routing, quantified by τx and τp,
and (2) the selectivity parameter T , which sets the strength
of entropic regularization in the gain dynamics. Because our
dynamics are Lyapunov (Sec. II B), convergence is guaranteed
in principle; numerically, however, we observe a competition
between intrinsic convergence time and the finite simulation
horizon t f . We therefore report both end-point observables
and empirical convergence times to disentangle genuine fail-
ure from slow convergence.

We simulate a network of N = 30 neurons storing K = 100
binary (overlapping) patterns {ξμ} via Eq. (5). To probe re-
trieval, we corrupt a reference memory ξ0 → ξ

η

0 by flipping n
randomly chosen entries, defining the noise level η := n/N =
0.2 (six flipped bits). We initialize the neuronal state with the
corrupted memory, x(ti) = ξ

η

0 (see Appendix A 5).
We quantify neuronal retrieval at t f using a soft Hamming

error,

Error = ε(t f ) := 1

2

N∑
i=1

∣∣ξ i
0 − φ(xi(t f ))

∣∣, (13)

which reduces to the standard Hamming distance when
φ(xi ) ∈ {−1, 1} and satisfies εsoft ∈ [0, N].

To quantify how concentrated the gain vector p(t f ) is over
memories, we compute its Shannon entropy H[p] and the
associated perplexity

P := exp(H[p]) = exp

⎛
⎝−

K∑
μ=1

pμ ln pμ

⎞
⎠. (14)

The reason for computing the perplexity instead of the entropy
is that it converts the entropy into an effective number of ac-
tive memory components. In particular, it satisfies P ∈ [1, K],
with P = 1 indicating near winner-take-all routing and P ≈ K
indicating near-uniform allocation. Unless stated otherwise,
we set τx = 1, τp = 1, and T = 0.01, and vary one parameter
at a time.

Varying astrocyte timescale τp (keeping τx = 1): Mecha-
nistically, τp controls how rapidly the routing weights pμ(t )
track the instantaneous overlaps fμ(x(t )); small τp yields fast
reweighting of W (p) toward the correct pattern, whereas large
τp delays this reshaping; i.e., τp parameter controls the gain
p(t ) response time (Fig. 1). If we let astrocytic modulation
be very fast (τp → 0), the gains quickly concentrate on the
most compatible memories, so the retrieval is fast and we
get both low error and low perplexity. As τp increases, we
see the gain adaptation become slower and the system needs
more time to route the right memory. With a fixed simulation
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FIG. 1. End-of-run retrieval error ε(t f ) and gain perplexity P(t f ) as functions of the astrocytic timescale τp (with τx = 1), together with
the corresponding convergence times. Solid lines show medians across trials; shaded bands denote percentile ranges (5, 95), (10, 90), (20, 80),
and (25, 75).

time, it looks like performance gets worse beyond τp ∼ 10,
but this behavior is explained simply because the simulation
is stopped before convergence. In the extreme τp → ∞ case,
since the modulation essentially becomes frozen, the classical
Hopfield regime is recovered, which performs poorly in this
high memory storage regime (see also Appendix A 4).

Varying neuron timescale τx (keeping τp = 1): τx controls
how fast neurons x(t ) relax (Fig. 2). Setting τx → 0, the
neuron relaxation is essentially instantaneous; this makes the
neuron configuration “commit” to an attractor too early, be-
fore the modulatory signal has time to reshape the landscape.
Then, the gain modifies the effective connectivity around
the wrong attractor, leading to high confidence (low per-
plexity) on the wrong memory. On the other hand, as we
increase τx, we see a decrease in the error as well as an
increase in perplexity. High perplexity here means that mul-
tiple patterns share similar overlap, so routing stays diffuse.
This seemingly paradoxical region happens because as the
neuron dynamics become slower, they do not have enough
time to break the symmetry between patterns with similar
fitness (see Appendix A 3). In fact, if we increase the time
limit, symmetry breaks and we get high pattern selectivity
again. If we keep increasing to τx → ∞, the convergence
time increases superlinearly and we see the error stay ex-
actly at ε(t f ) = 6 (in our simulations, this happens at τx ∼
102, simply because the simulation time is bounded) (see
Appendix A 4).

Varying temperature T (keeping τp = τx = 1): Thus, T
tunes a selectivity-robustness trade-off: Low T yields sharp
routing (small P) and effective interference suppression,
whereas high T enforces near-uniform gains and recovers
Hopfield-like behavior; i.e., temperature controls astrocyte

selectivity (Fig. 3). When T → 0, both error and perplexity
are low since the regularization effect is weak and becomes
highly selective. When T → ∞, the error increases because
the entropy dominates, meaning that p stays close to uni-
form and once again we recover the Hopfield regime (see
Appendix A 4).

2. Comparative retrieval performance

We benchmark retrieval performance against (1) the classi-
cal Hopfield network and (2) the neuron-astrocyte associative-
memory model of Kozachkov et al. [20] (see Fig. 4). To enable
a dense scan over memory load and corruption, we set N = 20
and vary the number of stored random binary patterns from
K = 2 to K = 200. For each (K, n) condition, we generate an
independent pattern matrix �, corrupt the target pattern ξ0 by
flipping n randomly chosen entries (equivalently, corruption
fraction η = n/N), and initialize the network as x(ti ) = ξ

(n)
0

(simulation protocol and model-specific parameters are re-
ported in Appendix A 5). All models are evaluated under the
same initialization and the same finite simulation horizon t f .

We quantify retrieval at time t f by binarizing the final state
and computing the Hamming error with respect to the target:

ε(t f ) = 1

2

N∑
i=1

∣∣ξ i
0 − sign(xi(t f ))

∣∣, (15)

so that ε ∈ [0, N] and ε = 0 indicates perfect retrieval. For
statistical stability, we repeat each condition 50 times with
independently sampled � and report the mean error.

Across the tested (K, n) grid, our model yields lower mean
retrieval error than both baselines, with the largest gains ap-
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FIG. 2. Final-time retrieval error ε(t f ) and gain perplexity P(t f ) as functions of the neuronal timescale τx (with τp = 1), together with the
corresponding convergence times. Solid lines show medians across trials; shaded bands denote percentile ranges (5, 95), (10, 90), (20, 80), and
(25,75).

FIG. 3. Final-time retrieval error ε(t f ) and gain perplexity P(t f ) as functions of temperature T (with τx = τp = 1), together with the
corresponding convergence times. Solid lines show medians across trials; shaded bands denote percentile ranges (5, 95), (10, 90), (20, 80), and
(25,75).
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FIG. 4. Retrieval benchmark across models. Each heat map reports the mean Hamming retrieval error ε(t f ) (lighter indicates lower error)
as a function of memory load K (x axis) and corruption level n (y axis; number of flipped bits in the query pattern). Each entry is averaged over
50 independent random pattern realizations.

pearing at high memory loads where interference is strongest
(Fig. 4).

III. DISCUSSION

We introduced an astrocyte-gated extension of a Hopfield-
type associative memory in which astrocytic processes
allocate a finite modulatory capacity across stored patterns.
By dynamically reweighting pattern-specific contributions to
the effective connectivity, this additional degree of freedom
reduces interference during retrieval and enlarges the regime
in which accurate recall is achieved at high memory load.

We interpret each stored pattern as a memory-specific
(engramlike) neuronal ensemble and the gain variable pμ

as a coarse-grained proxy for the effective strength of
astrocyte-mediated modulation of the synaptic pathway sup-
porting pattern μ. This abstraction is motivated by the
tripartite-synapse framework, in which astrocytes integrate
local activity and can modulate synaptic efficacy through
Ca2+-dependent signaling and related pathways [7–12]. Im-
portantly, we do not interpret pμ as a direct readout of any
single molecular mechanism; rather, it summarizes pathway-
level modulation at the scale relevant for associative retrieval.

A central modeling assumption is the simplex constraint∑
μ pμ = 1, which enforces competitive allocation: Increas-

ing gain for one pathway necessarily reduces gain available
to others. This operationalizes finite modulatory capacity
(e.g., limited signaling/metabolic resources distributed across
microdomains) and homeostatic competition at the level of
pattern gains, without implying that the brain literally imple-
ments a globally conserved scalar “budget.”

Mechanistically, the gain dynamics implement state-
dependent competition. When the current neuronal state is
more compatible with pattern μ, the corresponding match
fμ(x) increases the fitness Fμ(x, pμ) and thereby upweights
pμ, which amplifies the μth contribution to W (p) while sup-
pressing competitors. The logarithmic term in Fμ(x, pμ) acts
as an entropic regularizer: It penalizes highly concentrated
allocations and discourages winner-take-all routing. In this
view, the temperature parameter T controls selectivity: Low
T yields sharp, concentrated routing, whereas high T enforces

broader, near-uniform modulation and recovers Hopfield-like
behavior. The joint neuron-astrocyte system remains Lya-
punov consistent (it admits a global Lyapunov function),
ensuring convergence of the coupled dynamics.

Modern Hopfield networks and related dense-memory
models achieve softmaxlike retrieval through neuronal en-
ergy descent shaped by higher-order or exponential storage
functions [3,4,6,19,20]. Our model produces a similar nor-
malized reweighting, but via a different mechanism: Normal-
ization arises from competitive dynamics on the gain simplex
(replicator-type routing) rather than being hardwired into the
neuronal energy landscape. In regimes where gains adapt
rapidly, the stationary allocation approaches

p∗
μ ∝ exp

(
fμ
T

)
,

so retrieval can be viewed as operating with a dynamically
reweighted subset of memories. Compared to the classical
Hopfield model, where high load is associated with numerous
spurious mixture states, our routing variable tends to concen-
trate weight on a small set of candidates under ambiguity,
consistent with the low-perplexity regimes observed in sim-
ulations.

In addition, the degree to which attentionlike structure is
explicit in our framework depends on the choice of pattern
score. While the main model uses a squared-overlap score
fμ(x) ∝ 〈ξμ, φ(x)〉2 [hence invariant under 〈ξμ, φ(x)〉 �→
−〈ξμ, φ(x)〉], one may alternatively define a linear-overlap
score fμ(x) = 〈ξμ, φ(x)〉. In this variant, the neuronal drive
becomes a linear combination of stored patterns weighted by
the gain vector; i.e., the update takes the form ẋ = −x + �p
(up to timescale factors), and in the fast-gain limit the station-
ary allocation becomes p∗ ∝ exp(�ᵀφ(x)/T ), yielding the
standard attention readout x ← � softmax(�ᵀφ(x)/T ) [5,6].
We do not analyze this variant further here; we include it
to emphasize that competitive routing on the gain simplex
can mechanistically reproduce attentionlike computation un-
der closely related definitions of pattern compatibility.

Numerically, this modulatory degree of freedom improves
retrieval accuracy across increasing memory load K and
increasing corruption level n (equivalently η = n/N), out-
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performing both the classical Hopfield model [1] and the
neuron-astrocyte associative-memory baseline [20] in the
tested regimes (Fig. 4). Intuitively, adaptive gain allocation
reshapes the effective connectivity (and hence the attractor
structure) during recall by amplifying task-relevant patterns
and suppressing competitors, in line with recent evidence that
stimulus-dependent modulation can improve robustness of
Hopfield-type retrieval [28]. This weighted Hebbian decom-
position is structurally related to the input-driven Hopfield
modulation of Ref. [28], where the weights of stored outer
products are determined by the external stimulus. Here, we in-
terpret the weights pμ(t ) as endogenous dynamical variables:
They are constrained to the simplex, evolve through entropy-
regularized replicator dynamics, and acquire a softmax fixed
point coupled to the current neural state.

The model also suggests qualitative dependencies that
could guide future theoretical and computational work. In
particular, changes in astrocytic kinetics or background modu-
latory tone would be expected to alter the sharpness of pattern
selection (captured here by T ), while retrieval speed and sta-
bility should depend on the ratio τp/τx, setting the competition
between routing and neuronal relaxation. More generally, the
framework highlights a route by which transient changes in
astrocyte-mediated signaling could bias recall without invok-
ing synaptic plasticity. A limitation of the present formulation
is that pμ aggregates multiple biophysical processes and
timescales into a single effective variable; identifying which
cellular mechanisms and dynamical regimes can realize com-
petitive allocation of this type remains an important direction
for future work and connects naturally to multitimescale the-
ories of memory stabilization [29].

An important direction is to convert the proposed compet-
itive routing mechanism into a scalable machine learning ar-
chitecture, where p acts as a parametrized, context-dependent
gating distribution over memory components and T controls
gating entropy. This suggests lightweight mixture-of-experts
memories with explicit competition and separable routing and
state-update timescales (set by τp/τx). Developing stable, dif-
ferentiable implementations and benchmarking them on noisy
retrieval and continual-learning tasks are natural next steps.
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APPENDIX

For the reader’s convenience, we collect here the few def-
initions that are repeatedly used in the derivations below,
so the proofs can be followed without having to refer back
to the main text. In particular, the effective synaptic matrix
is W (p) = K

N � diag(p) �ᵀ = K
N

∑K
μ=1 pμ ξμξᵀ

μ . For the gain
dynamics, p ∈ �K−1 implies 1� ṗ = 0 (tangent-space con-
straint), and the projector acts on Tp�

K−1. In the gradient-flow
formulation, we use the Shahshahani (Fisher information)
metric on �K−1, G(p) = diag(1/p), and the diagonal metric
on neuronal preactivations, Hx = diag(φ′(x)) with φ′(x) =
σ sech2(σx) for φ(x) = tanh(σx).

1. Gradient-flow structure and Lyapunov function

Here, we show that the coupled dynamics in Eqs. (4) and
(6) admit a Lyapunov function and can be written as a gradient
flow on the product space. We divide the discussion into the
astrocyte domain and the neuron domain, where we derive
their respective potentials. Note that the coupled dynamics
occur in x, p ∈ RN × �K−1 and the metric (needed for the
gradient-flow result) is given by a block-diagonal (direct-sum)
metric

Gx,p = Hx ⊕ Gp.

This metric is composed of the astrocyte and neuron domain
metrics. The former is given by the Fisher information metric
(equivalently the Shahshahani metric), whose components are

gμμ′ (p) = δμμ′

pμ

,

so in matrix form G(p) = diag(1/p). The latter is given by

Hx = diag(φ′(x)),

where in our case φ′(x) = σ sech2(σx).

a. Astrocyte domain

For the astrocyte domain, we first show how the simplex
constraints are imposed via the orthogonal projection and then
we define the s-replicator potential. With this, we obtain the
ODE for the p variable and we discuss its fixed points.

Following Ref. [31], given that we have a differential 0-
form (or scalar potential) 
 : RK → R and a metric G(p), we
will define an ODE (ordinary differential equation) by com-
puting the gradient of the scalar potential, and then projecting
it onto the tangent space of the simplex ṗ ∈ Tp�

K−1 (i.e.,
1ᵀ ṗ = ∑K

μ ṗμ = 0).
In more detail, to compute the gradient, we get the 1-form

that lives in the cotangent space d
 ∈ T ∗
p R

K ; since the gra-
dient lives in the tangent space, using the sharp map musical
isomorphism #G : T ∗

p R
K → TpRK , the gradient becomes z =

G−1(p)d
(p), where z ∈ TpRK .
Now, we project the ambient/redundant coordinates onto

the simplex so that we can express the flow intrinsically in
the simplex. To compute the projection onto the tangent space
of the simplex Tp�

K−1 (since we want the evolution law of
the ODE to remain on the simplex), we use the orthogonal
projector map �G : TpRK → Tp�

K−1, which takes z to the
closest vector in Tp�

K−1. That is, given a vector z, we solve
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for �G(z) = arg min ṗ∈Tp�K−1 || ṗ − z||2G, which returns the vec-
tor in Tp�

K−1 satisfying the minimum distance condition.
Written in variational form

L( ṗ, λ) = 1
2 || ṗ − z||2G + λ1ᵀ ṗ,

its minimum corresponds to the projected vector. Thus, solv-
ing for the minimum condition ∇ṗL = 0 = G( ṗ − z) + λ1 =
0, we get that

ṗ = z + λG−11. (A1)

The condition of a tangent vector to the simplex is 1ᵀ ṗ = 0;
we obtain

λ = 1ᵀz

1ᵀG−11
, (A2)

where 1ᵀG−11 = ∑
i pi = 1. Plugging λ into Eq. (A1) and

using z = G−1d
,

ṗ = [I − G−111ᵀ]G−1d
,

and developing the expression, the ODE becomes

ṗ = (diag(p) − ppᵀ)d
. (A3)

Now that we have our gradient-flow ODE, we choose our 0-
form to be 
(p) = T DKL(p||π ), with π = 1

Z e
1
T f , such that


(p) = −〈p, F 〉 + T ln Z, (A4)

where F = f − T ln p and the differential is given by d
 =
T ln p + T 1 − f (where neither ln Z nor f depend on p).
Substituting into Eq. (A3), we can write the gradient flow as

ṗ = −(diag(p) − ppᵀ)(T ln p − f ), (A5)

where T 1 is proportional to 1 and (diag(p) − ppᵀ)1 = 0. We
refer to this equation as the s-replicator (for “soft” replicator),
as the entropic term T ln p prevents winner-take-all dynamics
for T > 0.

The fixed points of Eq. (A5) satisfy

0 = (diag(p) − ppᵀ)F,

where F = f − T ln p. One (degenerate) way to satisfy this
condition is to make (diag(p) − ppᵀ) = 0, where we get two
conditions: pμ = p2

μ and pμ pν = 0. It can only be satisfied
when p is a one-hot vector; thus, the solution lies on the
boundary (vertices) of the simplex. Solutions inside the sim-
plex (where pμ > 0 ∀μ) satisfy

diag(p)F = ppᵀF.

Expressing it elementwise, since pμ > 0, dividing by pμ,

0 = Fμ −
K∑
ν

pνFν, ∀μ,

using that Fμ = fμ − T ln pμ, and solving for pμ,

ln pμ = 1

T

[
fμ −

K∑
ν

pνFν

]
⇒ pμ = e

1
T [ fμ−∑K

ν pνFν].

(A6)

Imposing
∑K

μ pμ = 1 gives

1 = e− 1
T

∑K
ν pνFν

K∑
μ

e
1
T fμ,

where taking logarithms, we can identify
∑

ν pνFν =
T ln

∑
μ e

1
T fμ and we can recognize that the partition function

Z = ∑
μ e

1
T fμ . Finally, we can rewrite Eq. (A6) as

pμ = 1
Z e

1
T fμ , (A7)

where in vector form p∗ = softmax( 1
T f ∗).

b. Neuron domain

Here, we provide a derivation of the classical Hopfield
dynamics starting from the energy. We see that the metric
Hx = diag(φ′(x)) emerges as a natural choice. The Hopfield
model energy [1] is a scalar function E : RN → R expressed
as

E (x) = −1

2

N∑
i j

φ(xi )W i jφ(x j ) +
N∑
i

[xiφ(xi ) − L(xi )],

(A8)

where L(xi ) = ∫ xi

φ(u)du and φ(x) = tanh(k x); thus,
L(xi ) = 1

k ln cosh(σ xi ). It can be shown that this potential
induces a global gradient flow similarly to Ref. [26]. To
show this, we compute the differential of the energy
dE = ∑

i
∂E
∂xi dxi lying in dE ∈ T ∗

x R
N and convert it to a

gradient flow using the sharp map just like before using the
metric Hx = diag(φ′). Differentiating the first term E1, we get

∂xk E1 = −
∑

i j

[∂xk φ(xi)W i jφ(x j ) + φ(xi )W i j∂xk φ(x j )]

= −
∑

i

φ(xi)W kiφ′(xk ), (A9)

where we have assumed that W = W ᵀ. For the second term
E2, we get

∂xk E2 = xkφ′(xk ). (A10)

Combining both terms,

∂xk E =
[

xk −
∑

i

W ikφ(xi )

]
φ′(xk )

or in vector form

dE = diag(φ′)[x − W φ].

Taking the sharp map #H : T ∗
x R

N → TxRN , we get ẋ =
−H−1dE , where the metric necessarily becomes

Hx = diag(φ′(x)).

Note that 1/φ′(x) > 0 since in our case φ′ = sech2. Because
Hx is diagonal, it also satisfies hx(u, u) = 0 if u = 0 and
hx(u, v) = hx(v, u) for all x. This is exactly the same as Ref.
[26] up to the change of variable z = φ(x), where z is their
dynamical variable; this way, ż = φ′(φ−1(z))[φ−1(z) − W z] is
exactly φ′ẋ = φ′[x − W φ].
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c. Joint potential

Finally, we can combine the parts to define the joint poten-
tial function L : RN × �K → R for the whole system from
which we can derive the dynamics as a gradient flow. We
define it as

L(x, p) = −KT ln Z + KT DKL(p||π ) + [〈x, φ〉 − L(x)],

which combines the two potentials we have described so
far. From Eq. (A4), we know that T DKL(p||π ) = −〈p, F 〉 +
T ln Z and we can express it like

L(x, p) = −K〈p, f 〉 + KT 〈p, ln p〉 + [〈x, φ〉 − L(x)],

where fμ = 1
2N (

∑
i ξ

i
μφi )2. In this form, the interaction term

〈p, f 〉 = 1
2N

∑
μ pμ〈ξμ, φ〉2 is in direct analogy to 1

2φW φ =
1

2N

∑
μ〈ξμ, φ〉2 of Eq. (A8), where now each term comes

multiplied by the modulation pμ. The second term is the
astrocytic regularization and the last one is the neuron acti-
vation term. From this potential, we can derive the dynamics
of our system by taking the differential living in dL(x, p) ∈
T ∗

x,p(RN × �K−1) such that

dL(x, p) =
N∑
i

∂L
∂xi

dxi +
K∑
μ

∂L
∂ pμ

d pμ. (A11)

For the ∂pL(x, p) term, it is exactly the same as in Eq. (A5).
For the first derivative, we have the interaction and activation
terms. The activation term is exactly the same as in Eq. (A10),
and for the interaction term we have

K∂xk 〈p, f 〉 = K

N

K∑
μ

N∑
i

pμξ i
μξ k

μφ(xi )φ′(xk ),

where in vector form K
N

∑
μ ξ k

μ pμ〈ξμ, φ(x)〉φ′(xk ) =
diag(φ′)W (p)φ(x), where we define the weight matrix
as

W (p) = K

N
�ᵀdiag(p)�.

Putting everything together, the two terms of Eq. (A11) be-
come

∂xL(x, p) = diag(φ′)[x − W (p)φ], (A12)

∂pL(x, p) = K (T ln p + T 1 − f ). (A13)

Finally, to get the gradient flow, the metric of the whole space
is the direct sum M(x, p) = H (x) ⊕ G(p) and the orthogonal
projection acts only on the astrocyte subspace; thus, � = I ⊕
�G = I ⊕ (I − G−11ᵀ1G−1). The natural gradient descent of
L(x, p) can finally be expressed as(

τxẋ
τp ṗ

)
= −

(
I 0
0 �G

)(
H−1 0

0 G−1

)(
∂xL(x, z)
∂pL(x, p)

)
.

Thus, the dynamics are as intended:

τxẋ = −x + W (p)φ(x), (A14)

τp ṗ = (diag(p) − ppᵀ)( f − T ln p), (A15)

where we renormalize the time constant τp/K → τp. This
completes the proof that the system is a gradient flow by
construction.

2. Dynamical analysis of the system

Now that we have defined the evolution of the system, we
can explore both its symmetries and its long-term behavior in
different parameter regimes to better understand its dynamics.

3. Symmetry remarks

a. Z2 invariance of the squared-overlap score

In the main model, the pattern score is a squared over-
lap, fμ(x) ∝ 〈ξμ, φ(x)〉2. Consequently, the gain dynamics are
invariant under the sign flip 〈ξμ, φ(x)〉 �→ −〈ξμ, φ(x)〉. Equiv-
alently, defining mμ(x) ≡ 〈ξμ, φ(x)〉, the gain update depends
only on m2

μ and cannot distinguish mμ from −mμ. More gen-
erally, if two patterns satisfy fμ(x) = fρ (x) at a given state, the
gain update has no instantaneous preference between them.

b. Symmetry breaking by neuronal dynamics

Even with the squared-overlap score, degeneracies such as
fμ(x) = fρ (x) are typically lifted by the neuronal evolution.
To see this, consider the early-time dynamics with uniform
gains p = 1/K , for which

τxẋi = −xi + 1

N

K∑
μ=1

ξ i
μ mμ, mμ ≡

N∑
j=1

ξ j
μ φ(x j ).

Differentiating mμ gives ṁμ = ∑
i ξ

i
μ φ′(xi )ẋi; hence,

τxṁμ = −
N∑

i=1

ξ i
μ φ′(xi )xi + 1

N

K∑
ν=1

mν

N∑
i=1

ξ i
μ φ′(xi )ξ i

ν .

Taking the difference between two overlaps yields

τx�ṁ = −
N∑

i=1

�ξ i φ′(xi)xi + 1

N

K∑
ν=1

mν

N∑
i=1

�ξ i φ′(xi )ξ i
ν,

(A16)

where �ṁ = ṁμ − ṁρ and �ξ i = ξ i
μ − ξ i

ρ . Except for non-
generic trajectories where the right-hand side vanishes
identically, �ṁ �= 0 and the degeneracy is broken over time.
Since ḟμ = (mμ/N )ṁμ, this induces a gain reweighting in the
astrocytic dynamics. In practice, this mechanism implies that
equal-fitness ties are generically transient and are resolved as
x(t ) evolves away from the initialization.

4. Fixed points of the system

Given the system dynamics of Eq. (A14), fixed-point con-
ditions are

x∗ = W (p∗)φ(x∗), (A17)

p∗ = softmax

(
f (x∗)

T

)
, (A18)

where the second equation comes from Eq. (A7). Plugging the
second equation into the first, it can be rewritten as a single
equation on the x domain. In this general regime, there are no
analytic solutions, but we can see how the system behaves in
different regimes: Either hold the temperature fixed and take
asymptotic limits of the time constants or instead fix the time
constants and examine the temperature limits.
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Case τp → 0: In this case, we instantly get p∗
μ =

softmax( 1
2NT 〈ξμ, φ(x)〉2), so the evolution is written as

τx
dx

dt
= −x + W (p) φ(x).

This corresponds to a biased Hopfield network in which every
memory is weighted by p∗

μ like W = ∑
μ p∗

μξμξᵀ
μ . Since p∗

μ

is highly heterogeneous when |〈ξμ, φ〉| is high, we are biasing
the Hopfield evolution matrix toward those patterns that are
more likely to contain the pattern we are searching for.

Case τp → ∞: If we take τp → ∞, the astrocytic mod-
ulation is frozen: ṗ = 0; that is, p(t ) = p̄ is constant. Since
the astrocytic influence is initialized by the uniform vector
p = 1/K , we recover the classical Hopfield dynamics

τxẋ = −x + W ( p̄) φ(x), (A19)

where diag( p̄) = diag(1/K ) and thus τxẋ = −αx + W φ(x).
Case τx → 0: In this case, the neurons evolve instanta-

neously to their fixed point x∗ = W (p)φ(x∗). This way, we
have

τp ṗ = (diag(p) − ppᵀ)( f − T ln p),

where fμ = 1
2NT 〈ξμ, φ(x∗)〉2 is a transcendental function that

depends also on p. Since the initial condition for the modu-
lation equation is the uniform p = 1/K , the neurons’ initial
configuration is already at a fixed point of the classical Hop-
field dynamic x∗ = W (1/K )φ(x∗). For a sufficiently large
number of patterns, the initial fixed point will likely be a spu-
rious minimum. This means, in the very first instants of time,
since x(t0) = x∗, the fitness f (x∗) of astrocytic modulation
will select those patterns that are the most similar to the φ(x∗)
configuration, which can be arbitrarily far from x0 and thus
even becoming detrimental for retrieval.

Case τx → ∞: In this limit, the neuron evolution is given
by ẋ = 0, meaning that x(t ) is constant it cannot evolve, so
we stay forever in the initial condition even if the astrocyte
dynamics converge to a fixed point in the p domain.

Case T → ∞: Keeping now the timescales constant, in
this regime, the regularization effect on the s-replicator is so
strong that the system stays in the p = 1/K solution. Taking
the astrocyte component, we can rearrange for the temperature

to obtain

τp

T

d pμ

dt
= 1

T
pμ

(
fμ −

∑
ν

pν fν

)

− pμ

(
ln pμ −

∑
ν

pν ln pν

)
.

Taking T → ∞, we see that ln pμ = 〈ln p〉, where we are
forced into a maximum entropy distribution. This way we
recover the classical Hopfield model.

Case T → 0: Similarly, rearranging for temperature, if we
take T → 0, the dynamics become

τp
d pμ

dt
= pμ

(
fμ −

∑
ν

pν fν

)
,

in which case there is no regularization. The fixed points of
the system are given by

x∗ = 1
α
�diag(p∗)�ᵀφ(x∗), (A20)

p∗ = 1M(x∗ )

|M(x∗)| , (A21)

where M(x) is the set of pμ elements that satisfy M(x∗) =
arg maxμ fμ(x∗) and 1M(x∗ ) ∈ {0, 1}K . Note that M(x∗) will
generally have a single element unless in the contrived case
discussed before in Eq. (A16).

5. Simulations details

To integrate Eq. (6), we use an explicit Euler method. Tra-
jectories are computed for 10/dt time steps, with dt = 0.001,
using smaller steps for small parameter value regimes (i.e.,
if α is the parameter, then dt = α × 0.05 if α � 0.01). For
statistically significant results, we run 50 simulations with
different random pattern matrices � for every different pa-
rameter configuration. The observables are computed using
the values of the last configuration values x(t f ), p(t f ). To plot
the percentile bands, we have smoothed out noise using a 1D
Gaussian filter for better visualization.
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