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Signatures of the circular Unruh effect in electric and magnetic dipole transitions of multilevel atoms
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The circular Unruh effect is the excitation of a detector moving along a planar circular trajectory within
an electromagnetic vacuum. We demonstrate that the magnetic dipole transitions in an atom, acting as the
detector, dominate the electric dipole transitions. Our analysis of both free-space and cavity schemes shows
that the sensitivity to the circular Unruh effect can be maximized by balancing the minimization of mode volume
against the resulting decrease in mode density. Moreover, we propose a measurement scheme that uses the atom’s
multilevel structure to suppress the spontaneous emission rate, thereby enabling the experimental detection of
the circular Unruh effect.

DOI: 10.1103/6pz4-wncx

I. INTRODUCTION

Quantum field theory is usually formulated in inertial flat-
spacetime Minkowski reference frames [1]. In this setting,
the existence of a global, timelike Killing vector field is nec-
essary to define a unique vacuum state of a quantum field,
thereby providing a global definition of excitations that re-
mains invariant when transforming between inertial frames.
Consequently, each inertial flat-spacetime observer detects
the same Minkowski vacuum, encoding the zero-excitation
state [2,3].

However, for noninertial reference frames [2,3], arising,
e.g., from gravitational fields [4–6] or noninertial motion
[7–27], the number of excitations is generally not invariant
when transforming from one frame to another. A prominent
example of this phenomenon is the linear Unruh effect [7–13],
where the Minkowski vacuum appears as a thermal excited
state to an observer undergoing constant proper acceleration
a. As such, it has been shown that an accelerated detector, e.g.,
built from massive particles or atoms [9–13], interacting with
a quantized electromagnetic field measures a nonvanishing ex-
citation rate �lin ∝ {exp[�E/(kBTU)] − 1}−1, even if this field
is in its vacuum state in an inertial frame. Here, �E is the en-
ergy spacing of the two-level detector and TU = h̄a/(2πckB)
denotes the Unruh temperature, and kB the Boltzmann con-
stant.

In this work, we consider a multilevel atom measuring the
Unruh effect in circular setups [12–28], i.e., the circular Unruh
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effect. Here, instead of a linear acceleration, we consider
a rotating multilevel atom following a classical center-of-
mass trajectory, where the acceleration vector continuously
rotates while pointing toward the center of the circular path.
This atom acts as a detector for a quantized electromagnetic
background field in a vacuum state, which is defined in the
(inertial) laboratory frame. While in this frame an observer
would measure a vanishing number of excitations, in the
reference frame corotating with the atom, the field vacuum
appears as an excited state, resulting in a nonvanishing atomic
excitation rate.

In contrast to the linear Unruh effect, the excitation rate of
a circularly moving detector does not strictly assume the form
of a thermal spectrum [14,16,28]. More precisely, an effec-
tive temperature Teff(�E ) = �E/{kB ln[�−(�E )/�+(�E )]}
is often introduced via Einstein’s detailed-balance condition
comparing the excitation rate �+ and the spontaneous emis-
sion rate �− [13,25,29]. It has been shown [25,29] that the
effective temperature for circular motion, unlike for linear
acceleration, depends on the energy gap �E of the detector,
leading to conceptual challenges regarding the notion of a
detector-independent temperature. Therefore, the circular Un-
ruh effect cannot be connected to an acceleration-dependent,
but detector-independent, temperature in the same sense as the
usual Unruh effect. Instead, it should be understood in the
broader context of acceleration-induced quantum transitions
through noninertial motion.

So far, most discussions of the circular Unruh effect
[12–18,20–23,25–28] have focused either on electric dipole
interactions [19,22–25]—often simplified via scalar-field ap-
proximations [17,18,20,22,26,27] that neglect both the spatial
orientation of the atomic dipole and the full vector nature of
the field—or on the coupling between electron spin and the
electromagnetic vacuum [14,16,21]. In contrast, we present
a comprehensive framework that incorporates not only the
electric but also the magnetic dipole transitions of the multi-
level atom. By analyzing the spatial orientation of both matrix
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elements alongside the full vector structure of the field, we
uniquely capture the distinct contributions and interplay of
electric versus magnetic interactions in the circular Unruh
effect.

We model the atom as a three-level system consisting of a
ground state |g〉 and two excited states |e〉 and |m〉, with |g〉
coupled either to |e〉 or to |m〉 via electric or magnetic dipole
transition, respectively. The atomic center-of-mass motion is
treated classically, i.e., not quantized, with the atom following
a planar circular trajectory at a constant angular velocity α.

In the framework of this model, we obtain the transition
rate of the circular Unruh effect, i.e., the transition from |g〉 to
|e〉 or to |m〉, as well as the rate of spontaneous emission, as the
inverse process, i.e., the transition from |e〉 or |m〉 back to |g〉.
It turns out that, for both electric and magnetic transitions, the
spontaneous emission always dominates the circular Unruh
transition, regardless of whether the electromagnetic field is
given in free space or in a cylindrical cavity. To overcome
this problem and hence to detect the circular Unruh effect,
we propose a mitigation scheme that reduces the spontaneous
emission rate by a factor of 1/2, due to the constructive
interference [30]. In addition, to improve the feasibility of
the circular Unruh effect, the coupling between the atom and
the electromagnetic field needs to be increased. This can be
achieved by integrating our setup into a cylindrical cavity
and minimizing the mode volume, as the magnitude of the
atom-light interaction is inversely proportional to the mode
volume [31–33]. Taking the cavity as small as possible, while
ensuring that it is still large enough to avoid any Casimir-
Polder effects [34–36], a positive effective circular Unruh
transition rate only occurs for the magnetic dipole coupling
and a large angular velocity α compared to the corresponding
transition frequency. According to our study and the available
techniques to achieve large α, the magnetic dipole transitions
dominate when probing the circular Unruh effect.

This article is structured as follows. In Sec. II, we introduce
our theoretical framework and present the analytical results
for the rates of the circular Unruh transition (direct process)
and spontaneous emission (inverse process) in free-field and
cavity setups. Based on the mitigation scheme, discussed in
Sec. III, we examine the efficiency of both processes depend-
ing on the type of atomic transition (electric versus magnetic)
and the cavity size. Our conclusion in Sec. IV is followed
by two appendices. Appendix A contains the detailed calcu-
lations of the transition rates in the free-space configuration,
while in Appendix B, we derive a condition for the minimum
radius of a cylindrical cavity required for an atom on a circular
trajectory to detect the circular Unruh effect.

II. CIRCULAR UNRUH EFFECT VIA ELECTRIC
AND MAGNETIC DIPOLE TRANSITIONS

An atom with multiple internal states [31–33,37] can en-
code signatures of its noninertial center-of-mass motion into
the transitions between these internal states. These transitions
are induced by the interaction of the electric or magnetic
dipole moments of the atom [31–33,37–44] with an external
electromagnetic field. In an interaction picture with respect
to the atom’s internal degrees of freedom, the corresponding

(a) (b)

FIG. 1. Two setups for detecting the circular Unruh effect using
multilevel atoms. Panel (a) shows the center-of-mass motion of an
atom (blue filled circle) confined to a circular trajectory of radius
r and angular velocity α in free space. The atom interacts with a
background electromagnetic field (red waves) in the vacuum state
|0〉. Panel (b) shows the center-of-mass motion of an atom confined
to a circular trajectory of radius r and angular velocity α inside a
cavity (two green plates) of length L and radius R. The atom interacts
with a background electromagnetic field (red waves) in the vacuum
state |0〉. To minimize the mode volume V = πR2L and thereby to
enhance the atom-light interaction, we consider a vanishingly small
length L → 0, while the radius is treated as infinitely large, R → ∞,
in order to satisfy the minimal radius condition found in Appendix B.

Hamiltonian [31–33,37–39,42,44] is given by

Ĥ (t ) = − e

m
p̂(t ) · Â(r, t ) + μ̂(t ) · B̂(r, t ). (1)

Here, Â(r, t ) and B̂(r, t ) = ∇ × Â(r, t ) are the quantized elec-
tromagnetic vector potential and the magnetic field, whereas
e and m denote the charge and the (reduced) mass of the
electron, respectively. Both Â(r, t ) and B̂(r, t ) are evaluated
at the classical center-of-mass trajectory r = rcl(t ).

Moreover, for an atom modeled by a three-level system,
the relative momentum and the magnetic dipole operators are
given by p̂(t ) = eiωegt peg |e〉 〈g| + e−iωegt p∗

eg |g〉 〈e| and μ̂(t ) =
eiωmgtμmg |m〉 〈g| + e−iωmgtμ∗

mg |g〉 〈m|, where ωig, with i = e
or i = m, is the transition frequency between the states |g〉
and |i〉. We consider only electric dipole transitions between
the states |g〉 and |e〉, and only magnetic dipole transitions
between the states |g〉 and |m〉.

Note that beyond the rotating-wave approximation
[31,32,37], the p̂ · Â coupling is not equivalent to the
well-known d̂ · Ê term, with d̂ and Ê being the elec-
tric dipole operator and the electric field, respectively. The
nonequivalence of these interaction terms originates from the
counterrotating terms, which are usually neglected and do not
require the resonance condition ω ≈ ωig for the frequency ω

of the electromagnetic field [45], provided that the atom is
truncated to an effective n-level system with finite n. Since
the Unruh effect is exactly induced by these counterrotating
terms, we use the p̂ · Â coupling given in Eq. (1).

For detecting the circular Unruh effect using multilevel
atoms, we consider two setups, shown in Fig. 1. In the first
one, denoted as free field and presented in Fig. 1(a), the atomic
center-of-mass moves on a planar circular trajectory

rcl(t ) = r[cos(αt ), sin(αt ), 0]T, (2)

of radius r with an angular velocity α. The confined atom
interacts with an external free-space electromagnetic field pre-
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pared in the vacuum state |0〉, defined in the inertial laboratory
frame.

In the second setup, denoted as a cavity setup and presented
in Fig. 1(b), the atomic center-of-mass follows the classical
trajectory given by Eq. (2) inside a cylindrical cavity of length
L and radius R [46,47]. Again, the trapped atom interacts with
an electromagnetic background field prepared in the vacuum
state |0〉.

The main idea for using a cavity originates from the fact
that the strength of the atom-light interaction scales with the
inverse 1/V of the mode volume V . As a result, by minimiz-
ing V , the transition rate � can be maximized. However, in
Appendix B, we show that the cylindrical cavity with radius
R can be effectively described as two infinitely large plates
for our purpose, i.e., R → ∞ in Fig. 1(b), so that we can
only minimize the mode volume V = πR2L by minimizing
the cavity length L.

A. Free-space electromagnetic field

The vector potential of the electromagnetic field without
boundary conditions in free space reads [31–33]

Â(r, t ) =
2∑

λ=1

∫
d3k

(2π )3/2
{Aλ(k)âλ(k)ei[k·r(t )−ω(k)t] + H.c.},

(3)

with the amplitude

Aλ(k) =
√

h̄

2ε0ω(k)
eλ(k) (4)

and the frequency ω(k) = ck. Here, ε0 is the vacuum per-
mittivity, and the vectors eλ(k), with λ ∈ {1, 2}, represent
the two possible polarizations. In addition, we define the
annihilation âλ(k) and the creation â†

λ(k) operators, obeying
the commutation relation [âλ(k), â†

λ′ (k′)] = δλλ′δ(k − k′) with
the Kronecker symbol δλλ′ and the Dirac delta distribution
δ(k − k′). Moreover, we define the electric and magnetic Rabi
coupling strengths [48]


e
λ(k) = −epeg · Aλ(k)

mh̄
≡ �e(k) · eλ(k), (5a)


m
λ (k) = iμmg · [k × Aλ(k)]

h̄
≡ �m(k) · k × eλ(k)

|k| , (5b)

quantifying the efficiency of the electric and magnetic transi-
tions, respectively. In the following, we restrict our treatment
to Rabi frequencies that are constant in time, which can be
achieved by aligning the dipole matrix elements along a cer-
tain quantization axis with a constant magnetic field.

To detect the Unruh effect, the Unruh transition rate �i
+ has

to supersede the corresponding spontaneous emission rate �i
−.

In the case of the Unruh effect, the atom is initially prepared
in its ground state |g〉 and then transitions to the excited
state |i〉. In the case of the spontaneous emission, being the
inverse process with respect to the Unruh transition, the atom
decays from the excited state |i〉 into the ground state |g〉. In
both cases, the electromagnetic field is initially in its vacuum
state |0〉, with âλ(k) |0〉 = 0, while its final state is the state
of a photon of arbitrary polarization and frequency. Thus,

the initial state of the whole atom-field system is given by
|�〉(U)

in = |g〉 ⊗ |0〉 for the Unruh effect and |� i〉(S)
in = |i〉 ⊗ |0〉

for the spontaneous emission process.
By using the first-order Dyson series [49], we derive in

Appendix A the analytical equations for �i
+, defined as the

probability Pi
+(T ) per interaction time T for the atom to be

found in the excited state |i〉 in the long-time limit T → ∞.
Similarly, we derive the relation for �i

−. They read

�i
± = 1

4πc

∞∑
n=�± ωig

α
�

[
ki,(±)

n

∣∣�i
(
ki,(±)

n

)∣∣]2

×
∫ 1

−1
dxJ2

n

(
rki,(±)

n

√
1 − x2

)
× [sin2(θ�i )(1 + x2) + 2 cos2(θ�i )(1 − x2)]

≡

⎧⎪⎪⎨
⎪⎪⎩

e2|peg|2ωeg

8π h̄ε0m2c3
�̃

(1)
± (α̃e, ṽ), for i = e,

|μmg|2ω3
mg

8π h̄ε0c5
�̃

(3)
± (α̃m, ṽ), for i = m,

(6)

where θ�i is the angle between the Rabi vector �i defined in
Eq. (5) and the z axis shown in Fig. 1, r is the radius of the
circle, and �x� denotes the least integer greater than or equal
to x. Here, the wave vector

ki,(±)
n = nα ∓ ωig

c
= ωig

c
(nα̃i ∓ 1) = ωig

c
k̃i,(±)

n (7)

is rewritten in terms of the dimensionless wave vector k̃i,(±)
n

and the dimensionless angular velocity α̃i = α/ωig.
In addition, we have introduced the dimensionless transi-

tion rates

�̃
( j)
± (α̃i, ṽ) =

∞∑
n=�±α̃−1

i �

[
k̃i,(±)

n

] j
∫ 1

−1
dxJ2

n

(
ṽ

α̃i
k̃i,(±)

n

√
1 − x2

)

× [sin2(θ�i )(1 + x2) + 2 cos2(θ�i )(1 − x2)],
(8)

with ṽ = v/c.
Since we consider only nonrelativistic velocities v � c, we

expand Eq. (8) in terms of ṽ up to the first nontrivial order,
obtaining

�̃
( j)
+ (α̃i, ṽ) ≈ 4

(
ni

min + 1
)[

4 + 3ni
min + ni

min cos(2θ�i )
]

(
2ni

min + 3
)
!

× (
ni

minα̃i − 1
) j+2ni

min

(
ṽ

α̃i

)2ni
min

, (9a)

�̃
( j)
− (α̃i, ṽ) ≈ 8

3
+ 7 + cos(2θ�i )

15

(
ṽ

α̃i

)2

×
{

(α̃i + 1)2+ j − (α̃i − 1)2+ j − 2, for α̃i < 1,

(α̃i + 1)2+ j − 2, for α̃i > 1,
(9b)

with j ∈ {1, 3} and ni
min = �α̃−1

i �.
Both transition rates, �̃( j)

+ and �̃
( j)
− , achieve their maximum

values for θ�i = 0 or θ�i = π and their minimal values for
θ�i = π/2. Moreover, the transition rates �̃

( j)
+ and �̃

( j)
− depend

polynomially on α̃i and grow with increasing α̃i. However, for
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FIG. 2. Ratio of the circular Unruh transition rate and the spontaneous emission rate via (a) electric and (b) magnetic dipole transitions
in an atom moving on a circle with radius r and angular velocity α (see Fig. 1). The left and right panels show the results for the free space
(�m

+/�m
−) and a cavity setup (Fm

+/Fm
− ) for distinct orbital velocities ṽ = αr/c. The ratios are plotted against the normalized angular velocities

α̃i = α/ωig, with ωig being the transition frequency between the states |g〉 and |i〉, where i ∈ {e, m}. Solid lines are obtained via numerical
simulations, while the dashed lines are given by Eqs. (6) and (9) or Eqs. (12) and (15). To achieve a positive effective Unruh transition rate
�i

eff = �i
+ − �i

−/2 or F i
eff = F i

+ − F i
−/2, both ratios �i

+/�i
− and F i

+/F i
− must exceed 1/2 (black dashed line).

all α̃i � 0, one can prove that �̃
( j)
+ < �̃

( j)
− , as shown in the left

panels of Fig. 2. Only for α̃i → ∞, we find �̃
( j)
+ /�̃

( j)
− → 1.

B. Cylindrical cavity

As already discussed in the previous section, the coupling
between the atom and the electromagnetic field is proportional
to the inverse mode volume 1/V . At the same time, minimiz-
ing the mode volume inherently decreases the mode density.
Consequently, maximizing the transition rate involves an in-
terplay between minimizing the mode volume and avoiding
an excessive reduction in the density of modes. The sym-
metry of the atomic center-of-mass motion in this setting
naturally suggests a cylindrical cavity geometry [46,47] of
radius R and length L. This geometry has previously been
considered [18,20,26] in the context of scalar models, where
the minimum radius requirement αR > c defines a threshold
necessary to satisfy the resonance condition for the counter-
rotating coupling. However, by taking into account the vector
and spatial structure of the electromagnetic field in the cavity
and by considering atoms coupled to the electromagnetic field
through a stationary dipole matrix element (in the laboratory
frame), we obtain in Appendix B the lower bound αR > c for

dipole matrix elements along the z direction, and

αR � 0.92 c, (10)

for dipole matrix elements in the xy plane. This is a conse-
quence of the stationary matrix elements rotating with respect
to the field modes.

Moreover, working in the nonrelativistic regime defined by
v/c = αr/c � 1 yields the condition that the radius r of the
atom’s circular center-of-mass motion has to be much smaller
than the cavity radius R. This condition, in turn, implies that
the cavity is effectively unbounded in the radial direction,
such that R → ∞ can be effectively assumed. Therefore, it
is justified to reduce the treatment to the limiting case L → 0,
corresponding to two parallel, infinitely large plates separated
by a vanishingly small distance.

Infinitely large plates

The electromagnetic field in between two parallel, in-
finitely large plates can be derived from the free field, Eq. (3),
by replacing [31–33,37]∫

d3k

(2π )3/2
→

∞∑

=0

∫
d2k⊥

2π
√

L
(11)
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and discretizing the z component of the wave vector k =
(k⊥, 
π/L)T, with 
 ∈ N0.

Following the same approach as in the free-field case pre-
sented in Appendix A yields the analytical expressions

F i
± = 1

4cL
(1 + cos2 θ�i )

×
∞∑

n=�± ωig
α

�
ki,(±)
⊥,(n,
=0)

∣∣�i
(
ki,(±)
⊥(n,
=0)

)∣∣2
J2

n

[
rki,(±)

⊥,(n,
=0)

]

≡

⎧⎪⎪⎨
⎪⎪⎩

e2|peg|2
4h̄ε0m2c2L

F̃ (0)
± (α̃e, ṽ), for i = e,

|μmg|2ω2
mg

4h̄ε0c4L
F̃ (2)

± (α̃m, ṽ), for i = m,

(12)

for the rate F i
+ of the circular Unruh transition and the rate

F i
− of the inverse process, i.e., the spontaneous emission, in

the case of the cylindrical cavity. Here, the amplitude of the

transverse component of the wave vector

ki,(±)
⊥,(n,
) =

√(
nα ∓ ωig

c

)2

−
(


π

L

)2

(13)

has to be a real quantity, implying (nα ∓ ωig)/c � (
π )/L.
In the limit L → 0, we have n±,min(
 > 0) � n±,min(
 = 0).
Therefore, the modes with 
 = 0 are dominant and all modes
with 
 > 0 can be neglected, leading us to kz = 0 and k = k⊥.
Hence, the initially three-dimensional problem is reduced to
an effective two-dimensional setting.

In addition, we have introduced in Eq. (12) the dimension-
less transition rates

F̃ ( j′ )
± (α̃i, ṽ) = (1 + cos2 θ�i )

∞∑
n=�±α̃−1

i �

[
k̃i,(±)

n

] j′
J2

n

[
ṽ

α̃i
k̃i,(±)

n

]
,

(14)

where j′ ∈ {0, 2} is reduced by one compared to the free-field
setup of Sec. II A, since the cavity effectively reduces the k-
space dimensionality from three to two dimensions, and we
have again defined ni

min = �α̃−1
i �. As in Sec. II A, expanding

the result Eq. (14) in terms of ṽ up to the first nontrivial order
yields

F̃ ( j′ )
+ ≈ (1 + cos2 θ�i )

(
ni

minα̃i − 1
) j′+2ni

min

4
[(

ni
min

)
!
]2

(
ṽ

α̃i

)2ni
min

, (15a)

F̃ ( j′ )
− ≈ (1 + cos2 θ�i )

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 + ṽ2

4α̃2
i

[(α̃i + 1)2+ j′ − (α̃i − 1)2+ j′ − 2], for α̃i < 1,

1 + ṽ2

4α̃2
i

[(α̃i + 1)2+ j′ − 2], for α̃i > 1.

(15b)

As in the previous case of Sec. II A, the transition rates are
maximal for θ�i = 0 or θ�i = π and minimal for θ�i = π/2.
Moreover, the Unruh transition rate is always smaller than the
spontaneous emission rate, i.e., F̃ ( j′ )

+ < F̃ ( j′ )
− . Furthermore, in

the limit of large angular velocities, we obtain

lim
α̃e→∞

F̃ (0)
+

F̃ (0)
−

= ṽ2

4 + ṽ2
� 1

5
, (16a)

lim
α̃m→∞

F̃ (2)
+

F̃ (2)
−

= 1. (16b)

This result implies that in the cylindrical cavity setup and
for the electric dipole transitions, i = e or j′ = 0, it is not
possible to achieve positive effective Unruh transition rates,
even if we suppress the spontaneous emission by the miti-
gation scheme presented in Sec. III A. This assessment is a
direct consequence of the reduction from three to effectively
two dimensions in the case of the cylindrical cavity and the
corresponding decrease in the density of modes. Indeed, in
free space, the transition rates �e

± via electric dipole transi-
tions, given by Eq. (6) with i = e and Eq. (9) with j = 1,
are first-order polynomials in α as α → ∞. However, for the
cavity setup, the corresponding transition rates F e

±, given by

Eq. (12) with i = e and Eq. (15) with j′ = 0, are zeroth-order
polynomials in α as α → ∞.

An effective temperature defined via the detailed-balance
condition discussed in Sec. I would not only depend on the
energy gap h̄ωig, but also on the type of interaction (electric or
magnetic dipole transitions), in contrast to the usual Unruh
effect through linear accelerations. This assessment further
highlights the conceptual limitations of defining a temperature
in circular setups.

III. REALIZATION AND FEASIBILITY

As discussed before, the Unruh transition competes with
the spontaneous emission. According to the previous section,
it is not possible for the circular Unruh transition rate to
exceed the spontaneous emission rate in the free-field setup
and a cavity setup with (infinitely) large radius R. In this
section, we propose a suitable mitigation scheme to reduce
the spontaneous emission rate.

A. Mitigation scheme

In order to find a positive effective Unruh transition
rate, which is defined as the difference between the Unruh

043029-5



JANSON, DI PUMPO, THOMA, AND EFREMOV PHYSICAL REVIEW RESEARCH 8, 043029 (2026)

FIG. 3. Scheme of the relevant internal-energy levels in a multi-
level atom with ground state |g〉 and two excited states |e〉 and |m〉,
being separated by the energy spacing �E = h̄ωig (with i ∈ {e, m})
and coupled via electric ( p̂, red) or magnetic (μ̂, green) dipole transi-
tions, together with an ancilla state |a〉. An external laser field (blue
wiggled lines) couples the ancilla state |a〉 to either |e〉 or |m〉 in
order to reduce the spontaneous emission rate [30], depending on
which of these excited states provides the dominant circular Unruh
coupling to the ground state |g〉. The (electric) Rabi frequency 
E is
assumed to be large enough compared to the spontaneous emission
rate �i

− of the state |i〉.

transition rate and the spontaneous emission rate, the former
must exceed the latter. Note that this scheme is still sensitive
to the circular Unruh effect by measuring the ground state
instead of the excited-state population. To achieve this goal,
we consider a laser field that couples the excited state |i〉 to
a third (ancilla) state |a〉 via electric dipole transitions with
a Rabi frequency 
E that is large enough compared to the
spontaneous emission rate �i

− of the state |i〉, as illustrated in
Fig. 3. Additionally, it is assumed that no dipole transitions are
allowed between the ancilla state |a〉 and the ground state |g〉.
Under these conditions, the spontaneous emission rates are
reduced by a factor of 1/2 [30]. As a result, using Eqs. (6) and
(12), the effective rates of the circular Unruh transition read

�i
eff = �i

+ − 1

2
�i

− =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e2|peg|2ωeg

8π h̄ε0m2c3
�̃

(1)
eff , for i = e,

|μmg|2ω3
mg

8π h̄ε0c5
�̃

(3)
eff , for i = m,

(17a)

F i
eff = F i

+ − 1

2
F i

− =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

e2|peg|2
4h̄ε0m2c2L

F̃ (0)
eff , for i = e,

|μmg|2ω2
mg

4h̄ε0c4L
F̃ (2)

eff , for i = m,

(17b)

with �̃
( j)
eff = �̃

( j)
+ − �̃

( j)
− /2 and F̃ ( j′ )

eff = F̃ ( j′ )
+ − F̃ ( j′ )

− /2.
In terms of the dimensionless transition rates, the condi-

tion for a positive effective Unruh transition rate is given by
�̃

( j)
+ /�̃

( j)
− > 1/2 or F̃ ( j′ )

+ /F̃ ( j′ )
− > 1/2. According to Eq. (16)

and Fig. 2, this requirement can be achieved for α̃i � 1 for
both electric and magnetic dipole transitions in free space, but
only for magnetic dipole transitions in the cavity setup with

two parallel infinitely large plates and small distance L. By
using Eqs. (9) and (15), we arrive at the expressions

�̃
(1)
eff (α̃e) = −4

3
+ [7 + cos(2θ�e )]

(
α̃e

30
− 3

10

)
ṽ2, (18a)

�̃
(3)
eff (α̃m) = −4

3
+ [7 + cos(2θ�m )]

×
(

α̃3
m

30
− α̃2

m

2
+ α̃m

3
− 1

)
ṽ2, (18b)

in the case of free space, and

F̃ (0)
eff (α̃e) = 0, (19a)

F̃ (2)
eff (α̃m) = 1 + cos2 θ�m

8

[−4 + (
α̃2

m − 12α̃m + 6
)
ṽ2

]
,

(19b)

in the case of the cavity setup for the dimensionless effective
rates, as α̃i → ∞. It is important to note that F̃ (0)

eff (α̃e) = 0
because F e

+ � F e
− for all α̃e, as shown in Fig. 2(a).

B. Electric versus magnetic dipole transitions

In both setups, the polynomial power in α̃m is 2 orders
higher than that of the polynomial in α̃e. In the cavity setup,
we immediately observe that the dominant coupling is given
by the magnetic dipole interaction. To compare the effective
transition rates for electric and magnetic dipole transitions in
the case of free fields, we define the ratio of the electric and the
magnetic dipole transition frequencies χ = ωeg/ωmg, leading
to the relation α̃m = χα̃e, and obtain the estimation

�e
eff

�m
eff

=
(

|deg|
|μmg|/c

)2

χ3 �̃
(1)
eff (α̃e, ṽ)

�̃
(3)
eff (χα̃e, ṽ)

�
(

|deg|
|μmg|/c

)2
[7 + cos(2θ�e )]3

7 + cos(2θ�m )

ṽ4

10 800
+ O

(
ṽ6

χ

)
.

(20)

Here, we have used Eqs. (17a) and (18), keeping only the
leading terms with respect to small ṽ and large χ . Addition-
ally, we have expressed e|peg|/m = ωeg|deg| in terms of the
well-known electric dipole matrix elements deg = 〈e| d̂ |g〉.

In the leading order, the estimation for the maximum of this
ratio is independent of χ . The ratio �e

eff/�
m
eff is plotted against

α̃e = α/ωeg in Fig. 4. Consequently, the magnetic dipole tran-
sitions are the most suitable for observing the circular Unruh
transition.

According to Eq. (18), the effective rates for both elec-
tric and magnetic transitions grow as α̃i increases. Therefore,
minimizing the transition frequency ωig is highly beneficial.
The lowest electric dipole transition frequencies are typically
between internal states separated by the Lamb shift, e.g.,
ωeg/2π ≈ 1 GHz for the 2s1/2 → 2p1/2 transition [50]. In
contrast, the hyperfine splitting for states coupled by magnetic
dipole transitions often falls in the megahertz range [51].

Another strategy to minimize transition frequencies is the
utilization of Rydberg atoms [52]. Since the energy spacing
scales with 1/n3 [52], electric transition frequencies for high
principal quantum numbers n reach the megahertz range,
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FIG. 4. Ratio �e
eff/�

m
eff of the effective rates of the circular Unruh

transition via electric �e
eff and magnetic �m

eff dipole transitions as the
function of the normalized angular velocity α̃e = α/ωeg, for the four
distinct scaled orbital velocities ṽ ∈ {0.025, 0.05, 0.075, 0.1}. Here,
we set χ = ωeg/ωmg = 103, |deg| = ea0, |μmg| = μB, θ�e = 0, and
θ�m = π/2. Solid lines are obtained using full numerical calculation,
while the dashed lines are given by Eqs. (17a) and (18). The dotted
lines mark the corresponding maximum values given by Eq. (20).

while magnetic dipole transition frequencies can drop in
the kilohertz range [53]. Thus, the ratio between the lowest
available electric and magnetic dipole transition frequencies
is approximately χ ≈ 103. However, when using Rydberg
atoms, one has to account for cascade effects, where the atom
decays into states lower than the designated ground state |g〉
[52]. While additional laser fields can be used to repump the
atoms back into the |g〉 state, the complexity of this setup
increases with n, as a higher quantum number necessitates a
greater number of repumping lasers.

C. Free-field versus cavity setup

In the previous section, we have shown that the relevant
coupling for measuring the circular Unruh effect is given by
the magnetic dipole interaction. In this section, our focus
relies on these transitions. The corresponding effective rates
�m

eff from Eq. (17a) and Fm
eff from Eq. (17b) of the circular

Unruh transition are plotted against α̃m = α/ωmg in Figs. 5(a)
and 5(b) for the free-field and the cavity setup, respectively.

Next, we compare these effective transition rates to each
other by considering their ratio

�m
eff

Fm
eff

= ωmg

c

L

2π

�̃
(3)
eff

F̃ (2)
eff

. (21)

Based on Eqs. (18) and (19), we conclude that this ratio
diverges as α̃m → ∞, as illustrated in Fig. 5(c). At first, the
free-field setup seems more efficient for observing the circular
Unruh transition as α̃m → ∞. However, since this ratio is
also a function of the cavity length L, minimizing L allows
one to find an interval [α̃m,min(L), α̃m,max(L)] for α̃m within
which �m

eff/Fm
eff < 1. Crucially, accessing such large values

of α̃m already poses an experimental challenge in practice,
as discussed in Sec. IV and Table I. In this case, the cavity
setup becomes the preferred scheme for measuring the cir-
cular Unruh effect at moderate values of α̃m. Note that the
minimal length L should be chosen such that no additional

FIG. 5. The effective circular Unruh transition rates via magnetic
dipole transitions in a (a) free-space and (b) cavity setup with L =
5 µm plotted against the normalized angular velocity α̃m = α/ωmg for
four distinct scaled orbital velocities ṽ ∈ {0.025, 0.05, 0.075, 0.1}.
Panel (c) shows the logarithm of the ratio �̃

(3)
eff /F̃

(2)
eff of the di-

mensionless effective transition rates. Solid lines are obtained via
full numerical calculations, while the dashed lines are given by
Eqs. (17a), (17b), (18), and (19). For all plots, we have used |μmg| =
μB and ωmg = 1 GHz.

surface effects become relevant, e.g., the Casimir-Polder force
[34,35]. As an example, in Fig. 5 we have chosen L = 5 µm.

IV. CONCLUSION

To summarize, we have investigated the feasibility of
detecting the circular Unruh effect for a multilevel atom fol-
lowing a planar circular trajectory coupled to a quantized
background electromagnetic field that is initially in its vacuum
state in an inertial laboratory frame. Our main focus lies on
comparing the electric and magnetic dipole transitions in free
space and in a cylindrical cavity. In both setups, free space and
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TABLE I. Physical platforms for measuring the circular Unruh
effect. The rows identify three circular setups with which an atom
can be confined to a planar circular trajectory; see Fig. 1, where the
typical experimental value of the angular velocity α is shown for
each setup. The columns present the characteristic frequencies of the
electric ωeg and magnetic ωmg dipole transitions in the atom or ion
prepared in the ground or Rydberg state, denoted as |g〉 in Fig. 3.
Various combinations of the circular setup and available internal
transitions are evaluated to determine whether the circular Unruh
effect can be observed, as marked by “+” or “−”.

Ground state Rydberg state

ωeg [50] ωmg [51] ωeg [52] ωmg [53]
Circular setup (∼GHz) (∼MHz) (∼MHz) (∼kHz)

Ring trap [54,55] − − − −
(α ∼ 1–50 Hz)

Penning trap [56,57] − − − −
(α ∼ kHz)

Nanoparticle [58] − + + +
(α ∼ GHz)

cavity, the circular Unruh transition rate achieves maximum
and minimum values if the dipole matrix element (electric
or magnetic), determined by the internal levels in the moving
atom, is parallel to or perpendicular to the rotation axis of the
atomic circular motion, respectively.

To achieve a positive effective Unruh transition rate and
enable its detection, we have proposed a mitigation scheme
that reduces the spontaneous emission rate by a factor of 1/2
and is based on measuring the ground-state rather than the
excited-state population. In the free-field setup, the effective
circular Unruh transition rate is shown to be positive when
the angular velocity is (much) larger than the corresponding
transition frequency α � ωig for both electric and magnetic
dipole transitions. However, in the cavity setup, this result
only applies to the magnetic dipole transitions. This is a direct
consequence of the reduction from three (free field) to effec-
tively two dimensions (cylindrical cavity) and the resulting
decrease in the density of modes.

Finally, we examine existing physical platforms for mea-
suring the circular Unruh effect and summarize the results
in Table I. The angular velocities so far achieved in ring
traps [54] range from 1 to 50 Hz [55]. Consequently, they do
not attain the angular velocities α � ωmg required to yield a
positive effective circular Unruh transition rate. In contrast to
ring traps for neutral atoms, Penning traps [56] using electrons
achieve angular velocities in the gigahertz range [57]. How-
ever, the mitigation scheme to suppress spontaneous emission
discussed in Sec. I requires a multilevel internal structure of
the detector, which necessitates the use of ions. This limits
the maximum magnetic field strength that can be applied to
confine the detector to a circular trajectory. Since the cyclotron
frequency scales with the inverse of the mass m−1, the angular
velocities achievable for hydrogenlike ions in Penning traps
(e.g., He+ at 5 G) are limited to the kilohertz range. This
regime might satisfy the condition α � ωmg only for magnetic
dipole transitions in Rydberg states of the ion. The highest
angular velocities achieved experimentally so far are in the

gigahertz regime, realized via nanoparticles [58]. As such,
they obey the condition α � ωmg for both Rydberg atoms
and states coupled via magnetic dipole transitions separated
by hyperfine splitting. Thus, the preferred setup would be a
quantum-classical hybrid scheme, in which an optically lev-
itated nanoparticle provides a planar circular trajectory for
an atom attached to it, and the electric and magnetic dipole
transitions of the atom are measured.
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APPENDIX A: FREE-SPACE UNRUH TRANSITION RATE
AND SPONTANEOUS EMISSION RATE

In this Appendix, we derive the analytical expressions for
the rate �i

+ of the circular Unruh transition and the spon-
taneous emission rate �i

− in the free-field setup via electric
(i = e) or magnetic (i = m) dipole interactions. In both cases,
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the electromagnetic field is initially prepared in the vacuum
state |0〉 defined in the laboratory reference frame. The Unruh
transition rate �i

+ is defined as the probability Pi
+(T ) per

interaction time T for the atom to transition from its internal
ground state |g〉 to the excited state |i〉, while emitting a photon
of arbitrary polarization and frequency in the long-time limit
T → ∞, corresponding to Fermi’s golden rule. The sponta-
neous emission rate �i

− is the inverse process, i.e., starting
from the excited state |i〉, the atom decays into its ground state
|g〉.

The probability to find the atom in the corresponding in-
ternal state and a photon with wave vector k and arbitrary
polarization is given by

Pi
±(k, T ) = 1

(2π )3

2∑
λ=1

∣∣∣∣
∫ T

0
dt 
i

λ(k)ei[ω±(k)t−k·r(t )]

∣∣∣∣
2

= 1

(2π )3
|T±(k, T )|2

2∑
λ=1

∣∣
i
λ(k)

∣∣2
, (A1)

with ωi
±(k) = ω(k) ± ωig and

T±(k, T ) ≡
∫ T

0
dt ei[ω±(k)t−k·r(t )], (A2)

where we have used the first-order term of the Dyson series
[49]. Hence, the probability per time T to find a photon with
|k| = k is given by integrating

Pi
±(k, T )

T
= k2

(2π )3

∫ π

0
dθk sin θk

∫ 2π

0
dϕk

Pi
±(k, T )

T

= k2

(2π )3

∫ π

0
dθk sin θk

∫ 2π

0
dϕk

|T±(k, T )|2
T

×
2∑

λ=1

∣∣
i
λ(k)

∣∣2
, (A3)

over the polar θk and the azimuthal ϕk angles of k.

1. Time integration

First, we evaluate the time integral given in Eq. (A2).
By using the expression of the wave vector k in spherical
coordinates,

k = k[sin θk cos ϕk, sin θk sin ϕk, cos θk]T, (A4)

and the center-of-mass position of the atom moving on a
circular trajectory with constant radius r and angular velocity
α,

r(t ) = r[cos(αt ), sin(αt ), 0]T, (A5)

we obtain the scalar product

k · r(t ) = rk sin θk cos(αt − ϕk). (A6)

Inserting this result into Eq. (A2) and integrating over t yields

T±(k, T ) =
∫ T

0
dt ei[ω±(k)t−rk sin θk cos(αt−ϕk )]

= T eiω±(k)T/2
∞∑

n=−∞
(−i)nJn(rk sin θk)

× ein(ϕk− 1
2 αT )sinc

{
[nα − ω±(k)]

T

2

}
, (A7)

where we have used the Jacobi-Anger expansion [59]

eiz cos φ =
∞∑

n=−∞
inJn(z)einφ (A8)

in terms of the Bessel functions of the first kind, Jn(z). Conse-
quently, this procedure results in

|T±(k, T )|2

=
∞∑

n,m=−∞
(−i)n−mei(n−m)(ϕk−αT/2)Jn(rk sin θk)Jm(rk sin θk)

× T 2sinc

{
[nα − ω±(k)]

T

2

}
sinc

{
[mα − ω±(k)]

T

2

}
.

(A9)

In the long-time limit, i.e., T → ∞, the representation

lim
T →∞

T sinc(xT ) = πδ(x)

of the Dirac delta function shows that m = n are the only
nonvanishing terms of the sum. Consequently, we obtain

lim
T →∞

|T±(k, T )|2
T

= lim
T →∞

∞∑
n=−∞

J2
n (rk sin θk)T sinc2

{
[nα − ω±(k)]

T

2

}

= 2π

c

∞∑
n=−∞

J2
n (rk sin θk)δ

(
k − nα ∓ ωeg

c

)
, (A10)

where we have used the representation

lim
T →∞

T sinc2(xT ) = πδ(x),

for the delta function.

2. Sum over polarizations and integration over azimuthal angle

Next, we calculate the sum over λ and the integral over
the azimuthal angle ϕk in Eq. (A3). The wave vector given by
Eq. (A4) defines the two possible polarization vectors

e1(k) = [cos θk cos ϕk, cos θk sin ϕk,− sin θk]T,(A11a)

e2(k) = [− sin ϕk, cos ϕk, 0]T, (A11b)

such that the vectors e1(k), e2(k), and k/|k| represent a right-
handed orthonormal basis in this ordered sequence.

Inserting Eq. (A11) into the definitions, Eq. (5), of the
Rabi coupling strengths and subsequent summation over both
polarizations yields

2∑
λ=1

∣∣
i
λ(k)

∣∣2 = ∣∣ − 
i
x(k) sin ϕk + 
i

y(k) cos ϕk

∣∣2

+ ∣∣ cos θk
[

i

x(k) cos ϕk + 
i
y(k) sin ϕk

]
− 
i

z(k) sin θk

∣∣2
. (A12)

According to Eq. (A10), the term |T±(k, T )|2/T is inde-
pendent of the azimuthal angle ϕk. This fact allows us to take
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this term from the integral over ϕk in Eq. (A3), to obtain

∫ 2π

0
dϕk

2∑
λ=1

∣∣
i
λ(k)

∣∣2

= π |�i(k)|2[sin2 θ�i (1 + cos2 θk) + 2 cos2 θ�i sin2 θk].
(A13)

Here, θ�i is the angle between the Rabi vector �i(k) and the
z axis, being the symmetry axis of the circular motion of the
atom as depicted in Fig. 1. This angle is independent of k; it,
in fact, corresponds to the angle between the matrix element
peg, or μmg, and the z axis, respectively.

Inserting Eqs. (A10) and (A13) into Eq. (A3) results in

lim
T →∞

Pi
±(k, T )

T
= 1

4πc

∞∑
n=−∞

k2|�i(k)|2δ
(

k − nα ∓ ωig

c

)

×
∫ π

0
dθk sin θkJ2

n (rk sin θk)

× [sin2 θ�i (1 + cos2 θk)

+ 2 cos2 θ�i sin2 θk]. (A14)

Thus, the total transition rates are given by

�i
± = lim

T →∞
Pi

±(T )

T
= lim

T →∞

∫ ∞

0
dk

Pi
±(k, T )

T

= 1

4πc

∞∑
n=�± ωig

α
�

[
ki,(±)

n

∣∣�i
(
ki,(±)

n

)∣∣]2

×
∫ 1

−1
dxJ2

n

(
rki,(±)

n

√
1 − x2

)
× [sin2 θ�i (1 + x2) + 2 cos2 θ�i (1 − x2)], (A15)

where ki,(±)
n = (nα ∓ ωig)/c.

APPENDIX B: MINIMAL RADIUS
IN CYLINDRICAL CAVITIES

In this Appendix, we derive a condition for the minimal
radius of a cylindrical cavity such that an atom trapped on a
circular trajectory can detect the circular Unruh effect. The
symmetry of a cavity of length L and radius R with symme-
try axis along the z axis requires the electromagnetic vector
potential in the form [46,47]

Â
(C)

(r, t ) =
∑
s,σ

[
A(C)

sσ (r) âsσ e−iωsσ t + H.c.
]
, (B1)

where the composed index s = (n, η, 
), with n ∈ Z, η ∈ N,
and 
 ∈ N0, labels the cylindrical cavity modes and σ ∈ {1, 2}
numerates the two possible polarizations.

The (discrete) frequencies are given by the dispersion rela-
tion

ωsσ = cksσ = c

√(χsσ

R

)2
+

(

π

L

)2

, (B2)

where χs1 ≡ χnη1 is the ηth root of the nth Bessel function of
the first kind Jn(x) [59], i.e., Jn(χnη1) = 0, whereas χs2 ≡ χnη2

is the ηth root of the derivative of the nth Bessel function of
the first kind J ′

n(x), i.e., J ′
n(χnη2) = 0.

The mode functions in Eq. (B1),

A(C)
s1 (r) =

√
h̄

2ωs1ε0
∇ × ∇ × ezψs1, (B3a)

A(C)
s2 (r) = i

√
h̄ωs2

2ε0
∇ × ezψs2, (B3b)

are defined in terms of the scalar mode functions

ψs1 = cs1Jn

(
χs1

r

R

)
einφ cos

(

π

z

L

)
, (B4a)

ψs2 = cs2Jn

(
χs2

r

R

)
einφ sin

(

π

z

L

)
, (B4b)

written in cylindrical coordinates (r, φ, z). The normalization
coefficients read

cs1 =
√

2c2

πLαs1χ
2
s1ω

2
s1

and cs2 =
√

2

πLαs2χ
2
s2ω

2
s2

, (B5)

with

αs1 = J2
n+1(χnη1) and αs2 = J2

n (χnη2)

[
1 − n2

χ2
nη2

]
. (B6)

Now, we consider an atom, which is initially prepared
in the ground state |g〉 and moves on a circular trajectory
with constant radius r and angular velocity α, (r, φ, z) =
(r0, αt, z0), while the electromagnetic field is initially pre-
pared in the vacuum state |0〉 in the laboratory reference
frame. The probability to find the atom in the excited state |i〉,
with i = e for electric and i = m for magnetic dipole coupling,
after the interaction time T is then given by the first order of
the Dyson series [49]

P(C)
i (T ) =

∑
sσ

∣∣∣∣∣〈sσ | ⊗ 〈i| 1

ih̄

∫ T/2

−T/2
dt Ĥ (t ) |g〉 ⊗ |0〉

∣∣∣∣∣
2

, (B7)

where the electromagnetic vector potential, Eq. (B1), or the
corresponding magnetic field B̂(r, t ) = ∇ × Â(r, t ), respec-
tively, are inserted into the Hamiltonian Ĥ (t ), Eq. (1). The
relevant term for this transition is exactly given by the coun-
terrotating term that is typically neglected in the rotating-wave
approximation [31–33,37].

In the case of constant (dipole) matrix elements peg =
(px, py, pz ) and μmg = (μx, μy, μz ) in the laboratory frame
basis, the transition rates consist of summands proportional to

T

2
sinc

[
T

2
(nα − ωig − ωsσ )

]
→ πδ(nα − ωig − ωsσ ), (B8)

for dipole matrix elements along z direction, and

T

2
sinc

{
T

2
[(n ± 1)α − ωig − ωsσ ]

}

→ πδ[(n ± 1)α − ωig − ωsσ ], (B9)
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for (dipole) matrix elements in the xy plane, in the long-time
limit T → ∞.

Equations (B8) and (B9) imply a minimal mode num-
ber nmin = �ωig/α� or nmin = �ωig/α ∓ 1�, respectively. Since
χnησ > n for all mode numbers (n, η, σ ) [59], we find
the condition αR > c for dipole matrix elements along
the z direction [26], but also the slightly relaxed lower

bound
αR

c
� χsσ

n ± 1 − ωig/α
>

χsσ

n + 1
� χ112

2
≈ 0.92, (B10)

for dipole matrix elements in the xy plane. This is a conse-
quence of the stationary matrix elements rotating with respect
to the field modes.
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