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Detector of microwave photon pairs based on a Josephson photomultiplier
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We propose a viable design of a microwave two-photon threshold detector. In essence, the considered scheme
is an extension of the existing single-photon detector—a Josephson photomultiplier (JPM)—an absorbing
microwave detector based on a capacitively shunted rf superconducting quantum interference device (SQUID).
To implement a two-photon threshold detector, we utilize a dimer of resonators—two lumped-element resonators
interacting via an asymmetric dc SQUID, with one of the resonators capacitively coupled to the JPM. By
specific tuning of the resonator frequencies and the external flux through the dc SQUID coupler, we engineer a
nonperturbative two-photon coupling between the resonators. This coupling results in the coherent conversion
of a photon pair from one resonator into a single photon in another resonator, enabling selective response to
quantum states with at least two photons. We also consider an extended coupler design that allows on-demand
in situ switching of two-photon coupling. In addition, we propose the modified JPM design to improve its
performance. Our calculations demonstrate that, for realistic circuit parameters, we can achieve more than 99%
fidelity of photon pair detection in less than 50 ns. The considered scheme may serve as a building block for the

implementation of efficient photon-number-resolving detectors in circuit QED architecture.

DOLI: 10.1103/6p8x-snzm

I. INTRODUCTION

Being an essential instrument in the quantum optics tool-
box, the photodetector is extensively used in a variety of ap-
plications across the diverse domain of quantum technologies
[1-3]. In particular, photodetectors are used in quantum-state
engineering for the preparation of non-Gaussian states of
light [4-7]. They are also integral components required for
the implementation of linear optics approaches to quantum
computing [8,9], boson sampling [10-12], and quantum-key
distribution protocols [13,14]. However, these techniques are
well developed only for the infrared and visible-light domains
since there are several versatile realizations of highly efficient
photodetectors [1,15] operating in these spectral domains
such as single-photon avalanche photodiodes [16], transition-
edge sensors [17,18], and superconducting nanowire detectors
[3,19-21].

When it comes to the detection of microwave quanta, the
situation is drastically different. The energy of microwave
photons is 4-5 orders of magnitude lower than that of infrared
and visible-light photons, making the detection of microwave
photons a challenging problem. The successful solution of
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this problem could allow one to harness the potential of
the aforementioned quantum optics techniques in the mi-
crowave superconducting circuit QED architecture [22-24],
which has emerged as a highly promising hardware plat-
form for building various devices for quantum information
processing [25-27].

In addition, integrating on-chip microwave photodetectors
helps address the challenge of interfacing between different
temperature stages in circuit QED architecture—ranging from
millikelvin to room temperature [24]. Specifically, it could
eliminate the need for bulky cascades of amplifiers and non-
reciprocal elements [28,29], thereby improving the scalability
of superconducting circuit QED systems. This is essential
for the practical implementation of error-corrected quantum
computers.

A Josephson photomultiplier (JPM) [30-33] serves as an
example of such a detector. It features a simple on-chip design
with a small physical footprint. Technically, the JPM is a
phase qubit [34] operating as a narrowband absorbing detec-
tor. Thus, it is fully compatible with the other superconducting
circuit QED components.

Currently, two JPM designs are available. The first one
is a capacitively shunted current-biased Josephson junction
(CBJJ) [30,31]. The CBJJ has a washboard potential whose
tilt is adjusted so that there are only a couple of levels in
a local potential well, with the upper level close to the top
of the barrier. The probe photon with a frequency close to
the transition frequency between these states drives the JPM
to the upper level. The excitation then rapidly tunnels through
the barrier and “slides” down the washboard potential, result-
ing in a measurable voltage across the Josephson junction (JJ),
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which is interpreted as a “click” [35,36]. However, the switch
to the voltage state produces an outburst of quasiparticles
that hinders subsequent measurements, thereby reducing the
measurement repetition rate of this JPM design and limiting
its practical usability.

To address the limitations of the CBJJ-based scheme, an-
other JPM design was devised [32,33], which is based on a
capacitively shunted flux-biased rf superconducting quantum
interference device (SQUID) [37]. By adjusting the external
flux via the rf-SQUID loop, the JPM potential is set to a
highly asymmetric double-well configuration with a shallow
well containing only a few levels and a deep well containing
multiple levels. Each potential well corresponds to a macro-
scopically distinct flux state. An energy gap between the pair
of the lowest levels in the shallow well is tuned to match
the energy of the measured photons. Unlike the CBIJJ, in
the flux-biased JPM, the absorption of a photon does not
completely switch the JPM to the voltage state but leads to a
single interwell tunneling event accompanied by the flux-state
change. By determining the flux state of the JPM, one can in-
fer whether the photon was absorbed or not. In Refs. [32,33],
this type of JPM was used for high-fidelity dispersive readout
of a transmon qubit.

The JPM operates as a single-photon detector (SPD), gen-
erating a macroscopic “click” response upon the absorption
of a single photon per operating cycle. More specifically, the
JPM acts as a single-photon threshold detector, triggering the
response when there is at least one photon in the measured
electromagnetic mode. In this paper, we propose the extension
to the JPM that effectively transforms it into a two-photon
threshold detector—one that, within a single operating cycle,
absorbs a pair of photons and delivers a “click” only when
at least two photons are present in the measured mode. In
the dispersive qubit readout scheme with an absorbing pho-
todetector [38,39], a two-photon detector can provide higher
readout accuracy [40] compared to an SPD. In addition, due
to the pronounced selective response to quantum states con-
taining at least two photons, this detector can be employed
to keep a resonator mode state within the single-photon do-
main or to assess the fidelity of preparation of single-photon
states by determining the multiphoton contribution. Pairing
a two-photon threshold detector with an additional SPD can
provide limited photon-number resolution, enabling counting
up to three photons in a single measurement iteration. In a
sequential counting scheme [41], such an array detector could
provide faster counting and enhanced performance due to
fewer measurement iterations.

In Ref. [42], a feasible scheme of a two-photon detector
based on a CBJJ-type JPM was proposed. This scheme em-
ploys the anharmonicity of the JPM energy levels to engineer
a perturbative two-photon coupling between the JPM and
the resonator mode. However, this coupling is limited by the
rather weak anharmonicity of the JPM potential. For the JPM
parameters used in Ref. [42], one requires several millisec-
onds to detect a pair of photons with high fidelity, which limits
the practical use of such a detection scheme.

In this paper, we engineer a nonperturbative two-photon
interaction to implement fast high-fidelity two-photon detec-
tion. For this purpose, we harness the inherent nonlinearity of
a Josephson junction to implement an inductive-type nonlin-
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FIG. 1. (a) Generic scheme for detection of photon pairs using
a single SPD. The shaded square represents a nonlinear element that
mediates two-photon coupling. (b) Schematics of the potential circuit
QED setup implementing the considered approach to detection of
microwave photon pairs.

ear coupler [43—47] mediating the two-photon interaction. We
detail our design in the next section.

II. PRINCIPLE OF OPERATION AND SETUP

Let us first render the general idea underlying the con-
sidered design of a two-photon threshold detector without
specifying the concrete details of its realization. The scheme
we consider is shown in Fig. 1(a). To implement the
two-photon detector, we propose using an SPD and two
single-mode resonators referred to as the storage resonator
and the buffer resonator. The SPD is coupled to the buffer
resonator through a resonant single-photon interaction, which
converts a photon in the resonator mode into an excitation in
the SPD, triggering a “click.”

In addition to the SPD, the buffer resonator also inter-
acts with the storage resonator—whose photons we aim to
detect—through a nonlinear inductive coupler. The frequen-
cies of the resonators are tailored so that the frequency of
the buffer resonator is twice the frequency of the storage
resonator. This allows the nonlinear coupler to mediate the
resonant two-photon interaction, which leads to the coherent
conversion of a photon pair in the storage resonator into a
single photon in the buffer resonator, and vice versa. As a
result, the considered model system exhibits substantially dif-
ferent behavior when two or more photons are present in the
storage resonator than when it contains only one photon. In the
latter case, the buffer resonator remains in the vacuum state
and the SPD does not click [48]. On the contrary, when there
are at least two photons in the storage resonator, two-photon
coupling between the resonators leads to population of the
buffer resonator and, thus, the SPD can absorb a photon and
deliver a click.

Let us now outline the possible circuit QED implemen-
tation of the scheme described above. Figure 1(b) illustrates
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the proposed realization. The resonators are represented by
the lumped-element LC oscillators. This type of microwave
resonators offers a genuine single-mode behavior along with
a small physical footprint. The internal quality factors of state-
of-the-art lumped-element resonators can exceed 10° [49-51].
The resonators are bridged by a nonlinear coupler—either an
asymmetric dc SQUID or its double-loop extension BiSQUID
(see the details in Sec. III B). The latter offers additional
tunability through external magnetic fluxes. Note that, in con-
trast to, e.g., Ref. [43], which utilizes a flux-driven inductive
coupler, the considered scheme employs szatic fluxes similar
to Refs. [44,45].

The storage resonator can be coupled to control circuitry,
allowing manipulation of its quantum state. Alternatively, this
resonator can be coupled to other quantum systems. For ex-
ample, it can be dispersively coupled to a qubit and driven
by a classical tone to perform qubit readout. Another option
is to attach it to a waveguide for detecting itinerant photons
[52-54]. However, in what follows, we leave these external
elements beyond the scope, assuming that the quantum state
to be measured is already prepared in the storage resonator.
The buffer resonator is capacitively coupled to a flux-biased
JPM, which functions as an SPD.

In practical implementations, fabrication imperfections
may compromise the frequency matching condition required
for the resonators. Therefore, a certain degree of in situ tun-
ability of the resonators would be advantageous. Here, we
briefly outline some possible solutions that allow frequency
adjustment. Since the additional elements can potentially in-
troduce an extra decoherence and reduce photon lifetime in
the storage resonator, we assume it to be fixed-frequency
lumped-element LC oscillator. Therefore, we would consider
only the buffer resonator to be tunable. One approach to
frequency tuning involves shunting the fixed geometric in-
ductance of the buffer resonator with a tunable element that
alters the total inductance of the resonator, thereby enabling
in situ frequency adjustment. This tunable element can be
a dc SQUID [24,55], a voltage-controlled nanowire [56,57],
or a voltage-controlled JJ [58,59]. As long as only moderate
frequency variation is needed, the inductive energy of the
geometric inductance can remain dominant. This would en-
sure low sensitivity to fluctuations of the control flux or gate
voltage. Additionally, in the dc SQUID variant, introducing
asymmetry in the SQUID helps reduce sensitivity to flux noise
[55,60]. Another approach is to replace the fixed geometric
inductance with the tunable inductance realized by an array
of dc SQUIDs [61]. Alternatively, the buffer resonator can
be substituted with a flux-tunable split transmon [60,62] or
a voltage-controlled gatemon [58,63,64]. Keeping these mod-
ifications in mind, we omit them in this paper for the sake of
conciseness and focus on the fixed-frequency design shown in
Fig. 1(b).

In the considered setup, the rf-SQUID JPM serves as an
SPD. However, it is important to emphasize that the consid-
ered scheme for detecting pairs of microwave photons is also
compatible with the CBJJ-type JPMs, as well as with other
types of microwave SPDs that support capacitive coupling
to the lumped-element resonator, such as transmon-based
detectors [52,54,65,66]. This versatility is one of the key
advantages of the presented approach.

In the next two sections, we discuss the key elements of
the proposed detection scheme. In Sec. III, we provide a
detailed analysis of the SQUID-coupled resonator subsystem.
We outline the design and operation principle of the rf-SQUID
JPM in Sec. IV.

The remainder of the paper is organized as follows: In
Sec. V, we discuss the master equation describing the evo-
lution of the quantum state of the system under consideration.
The performance of the considered scheme is analyzed in
Sec. VI. We summarize our results in Sec. VII. Detailed
derivations are delegated to Appendixes.

III. TWO-PHOTON COUPLING

In this section, we elaborate on the implementation of a
tunable two-photon coupling between the resonators using a
nonlinear inductive coupler.

A. Asymmetric SQUID coupler

Consider two single-mode resonators that are inductively
coupled via an asymmetric dc SQUID threaded by the static
external flux ®.. The JJs comprising the coupler are charac-
terized by critical currents I; and a/j, where o > 0, and the
corresponding self-capacitances Cy and C. This “dimer” of
resonators is described by the Hamiltonian given by

b M

Here, I{Vr ; stands for the Hamiltonian of the jth resonator
expressed as

B = hogaia; —h Yy (-DV"G @l +apf, (@)
k=3

where operator &; annihilates a photon in the mode of the jth
resonator. Hereinafter, the indices j = 1, 2 correspond to the
storage and buffer resonators, respectively. The above Hamil-
tonian describes a quantum nonlinear oscillator of frequency

1
(,()szg 8ECjELja (3)

where Ec; and Ej ; are the capacitive and inductive energies of
the jth resonator renormalized due to the SQUID coupler. The
detailed derivation of the Hamiltonian (1) as well as the defi-
nitions of the renormalized energies are given in Appendix A.
The resonators acquire their nonlinearity from the cou-
pling SQUID, which is an inherently nonlinear element. The
strength of the kth-order nonlinearity is
EJC eff (pfpfj U
Gj= h 4)
where @,f; = REc j JE; j)l/ 4 is the characteristic magnitude
of the zero-point fluctuations of the condensate phase drop
over the jth resonator. The effective flux-dependent Josephson
energy of the coupler Ef  is determined as [60,67]

C C 2 q>C 2 o3 2 q)C
Efy =Ef (1 +a) [cos” | m— | +&*sin" (m— ), (5)
D D

where Ef = I;®(/2n is the Josephson energy of the junction
in the coupler, § = (1 — «)/(1 4+ «) with « being the ratio of
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the critical currents of the JJs in the coupling SQUID, and
@y = h/2e denotes the magnetic flux quantum.
The coefficient u; is determined as
_ _1\k/21)cosé,  forevenk,
ue = (=1) {sin 5, foroddk, ©)

where the ceiling function [k/27] denotes the lowest integer
greater than or equal to k/2. The equilibrium phase difference
over the coupler § is given by

S = mm _ Enin 9. (7)

Here, qu‘" and c/)m‘“ are the equilibrium phases of the two-
dimensional potential energy of the circuit (see Appendix A),
while the phase shift 9 is determined as

.o @ g
_na—}—arctan Etan<n3> . 3

0 0
The interaction between the resonators is covered by
A = —hg(a] — &))@ — &)
k-1

+AY Y gn@) +a) @+ @) )

k=2 I=1

The first term describes the static capacitive coupling of
strength
E¢

7nzpf1nzpf2» (10)
where n,r; = (E1j/32Ec;)"/* stands for the magnitude of
the zero-point fluctuations of the charge on jth resonator
capacitance and Ef is a capacitive coupling energy (see Ap-
pendix A). The sum in the bottom line of Eq. (9) represents
all the interactions stemming from the nonlinear inductance
of the coupler. Coupling strength g;_;; is determined as

g = (— 1)I+IEJeff (pZPtl‘prfZ .

B (k=D

In the further analysis, we assume that the couplings be-
tween the resonators are much weaker than their frequencies,
8er 18r—11]l K wo1, We2.

In the interaction Hamiltonian, the term o (&I + a )(&; +
a,) embodies the linear inductive coupling with strength
811 = Qypf1@opratia/Fi, which enables the single-photon ex-
change between the resonators. The higher-order terms (k >
3) in the Hamiltonian (9) describe various nondipolar inter-
actions that emerge from coupler nonlinearity. In particular,
terms (aI =gl » +H.c.) describe the degenerate k-wave
mixing correspondmg to the conversion of k — [ photons in
the storage resonator to / photons in the buffer resonator,
and vice versa. We can bolster up one of these processes to
make it dominant. By specifically tuning the frequencies of
the resonators, we bring one of the couplings resonant while
keeping the others strongly off-resonant. The system’s dynam-
ics are governed primarily by the resonant interaction, with the
off-resonant processes entering as perturbative corrections. As
outlined in Sec. II, the proposed two-photon detector scheme
requires a coupling that converts two photons in the storage
resonator to one photon in the buffer resonator being the dom-
inant interaction between the resonators. To implement such a
coupling regime, we adjust the frequencies of the resonators
to satisfy the two-photon resonance condition @, ~ wq3 /2.

8c =

an

Equations (6) and (11) suggest that by adjusting the coupler
bias to satisfy the condition

8 =%(n+ §)m,

one switches off all redundant even-order inductive couplings
in the Hamiltonian (9). In particular, the cross-Kerr-type in-
teractions aT(k Dg ik Dg ”aé, where k > 2 and 1 </ <k,
vanish in thlS regime. Some of these interactions induce
photon-number-dependent shifts in the resonator frequencies.
Since any information about the number of photons in the
measured state is a priori unavailable, these couplings can
deteriorate the detection efficiency, especially, for states with
a large number of photons.

In what follows, we assume the system is set in the regime
with vanishing even-order couplings determined by condition
(12). Then, we omit the off-resonant couplings in the inter-
action Hamiltonian (9). Treating these terms as perturbations
would lead to onset of cross-Kerr-type couplings and shifts in
the resonator frequencies [47]. However, since the couplings
between the resonators are assumed to be much weaker than
their resonance frequencies, the perturbative cross-Kerr-type
couplings and frequency shifts are negligible relative to the
dominant interactions, namely, the two-photon coupling be-
tween the resonators and the single-photon coupling between
the buffer resonator and the JPM. Among the remaining odd-
order resonant terms, we keep the lowest-order one assuming
that gazzpf ; < 1. This yields the interaction Hamiltonian

nez, (12)

ay —i—azal) (13)

which represents the dominant two-photon coupling with
strength

~ higx (]

lEJef‘f
2 h

Note that the analogous expression was derived in
Refs. [46,47] for the two-photon coupling strength between a
lumped-element LC oscillator and an 1f SQUID. To proceed,
similar to the interaction Hamiltonian, we keep only the
lowest-order nonlinear term in the resonator Hamiltonian (2),
which leads to

A ~ hwojdla; + (—1) hGs;(@]

821 = 5 Qg @upi2 SIS, 14)

4+ a;)’. (15)
Next, we diagonalize this HamlltomanA via the Schrieffer-
Wolff transformation [68-70]: H;; — H.; = UrTHr ;Ur. The
unitary operator U, is given by [41,71]

2 ~13

. a. -

O =exp|) Aj<-3—’+3a‘2a,+3a}—H.c.> ., (16)
j=1

where A; = G3;/w;, with A; < 1 for considered system
parameters Using the Baker—Campbell Hausdorff relation
e ABeA =B+ [B Al + 2,[[B A],A]+--- and keeping the
terms up to the first order in A j>one obtains

A ~ At A AT2A2
oy ~ hojdla; — hKal a3, a7

This expression corresponds to the Hamiltonian of the
self-Kerr nonlinear oscillator, where w; = w,; — 2K; is its
renormalized frequency, while K; stands for the self-Kerr
nonlinearity strength determined as K; = 30G3 i/ Woj-
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FIG. 2. (a) Dependence of the two-photon coupling strength
|g21] on the external flux @, via the coupler and the asymmetry
parameter «. Solid lines correspond to combinations of &, and
o providing the odd-parity coupling regime. Circles correspond to
vanishing Josephson coupling Ej.; = 0. Here, we set I§ = 50nA
(Ey/h =24.8 GHz). (b) Dependence of the two-photon coupling
strength |g;; | in the odd-parity coupling regime on the critical current
I§ for different values of . Parameters of the resonators used for
calculations are as follows: C;, = 1pF (E¢i1/h =19.4MHz), L, =
1nH (E.;/h = 163.2GHz), C, = 0.5pF (Ec2/h = 38.7MHz), and
L, =0.5nH (E»/h = 326.4 GHz).

Dropping the irrelevant off-resonant terms, the transforma-
tion (16) leaves the interaction Hamiltonian (13) unchanged,
UJH™U, ~ H™. Putting all terms together, the effective
Hamiltonian describing the coupled resonators in the odd-
parity interaction regime reads as

o~ 1

2
j=

(wjala; — K;al?a%) + hga (0] ax + alay). (18)
1

Note that for our circuit parameters, the self-Kerr nonlin-
earities of the resonators are significantly weaker than the
two-photon coupling, i.e., K; < |g21].

Figure 2(a) demonstrates the dependence of the two-
photon coupling strength |g»;| on the coupler parameters:
SQUID asymmetry « and the external flux ®.. The solid lines
indicate the combination of parameters « and ®., for which
the odd-parity coupling regime is achieved. The results of cal-
culations shown in Fig. 2(b) suggest that stronger asymmetry

(lower «) of the coupling SQUID yields stronger two-photon
coupling. In the limiting case of a symmetric SQUID (¢ = 1),
the even-order couplings vanish for &, = (n + %)®0. How-
ever, the requisite two-photon coupling also vanishes for this
flux bias since the Josephson coupling zeroes, Ef 4 = 0.

B. BiSQUID coupler

Above, we have shown that the two-photon coupling re-
quired for implementing the two-photon detector considered
in Sec. II can be achieved by bridging the resonators via
the asymmetric dc SQUID. However, this design generally
does not have a knob to switch on/off the inductive cou-
pling between the resonators in sifu on demand, although this
feature may be beneficial for some applications. The only
way to completely switch off the dc SQUID coupler (i.e.,
ensure that both even- and odd-order couplings vanish) is
to make it symmetric, « = 1, as shown in Fig. 2(a). How-
ever, this configuration would restrict the desired functionality
of the coupler. Specifically, it would prevent achieving the
odd-parity coupling regime during detector operation. To
overcome this limitation, we introduce a simple modification
of the asymmetric SQUID coupler that addresses this issue,
namely, the replacement of the larger JJ (with the critical cur-
rent /) with a symmetric SQUID (composed of two JJs with
the critical current I§ /2) threaded by the external flux ®;. The
obtained BiSQUID [72], whose circuit diagram is shown in
Fig. 3(a), operates here essentially as an asymmetric SQUID
with tunable asymmetry. The analogous BiSQUID circuit
with individually controllable fluxes via its loops was experi-
mentally demonstrated in Refs. [73,74]. A similar double-loop
device was also implemented in Ref. [75].

Indeed, the introduced symmetric SQUID acts here
as a single JJ with a flux-tunable Josephson energy
EY cos(m®,/®g) [55,76]. Thus, the coupler asymmetry is
now controlled by the flux ®/. By adjusting this flux to satisty
d /Py = arccos(ar)/7, one sets the BiSQUID in the regime
of a symmetric SQUID whose Josephson energy can be ze-
roed by setting &, = £(n + %)CIDO - %d{’: This implies that
one can on demand switch off the inductive coupling mediated
by the BiSQUID, leaving only the coupling attributed to the
self-capacitances of the JJs. However, the capacitive coupling
is strongly off-resonant, so the resonators are essentially de-
coupled in this setting.

The effective Josephson energy of the considered
BiSQUID for the arbitrary values of fluxes &, and &, is
determined as

q)/
El g =E7 |:cos (n —C) + oz:|
o)

o, + 10/ o, + Lo
x | cos? (n#>+§zsin2 (7[# ,

0 g
(19)
where & is now defined as
¢/
cos(m=z) — o
£ = (+). (20)
cos (7 55) +«

033263-5



E. V. STOLYAROV AND R. A. BASKOV

PHYSICAL REVIEW RESEARCH 7, 033263 (2025)

@ X ) a =050 a=025
E5/2 s 0] ‘@ ‘\? ]
, =3
o ® 5 0.5 .
5
E 0.0+ . 45
'C_é —~
£ 051 . c
H 104 1 30 &
J ~1.0-05 0.0 05 1.0 -1.0-0.5 00 0.5 L0 =
External flux ®./®o g
) . @ 4, o
S 3 | 15 £
\\o ES 3 0.8 %
s T ] 3
w 2 5 2 064
2] o o
= 5 g 1 3 0
= o 044
£ 1 e D:‘E i
= S 0.2 2
i H 1
0 0.0 ' ' ' .
~1.0-05 0.0 05 1.0 20 40 60 80 100

External flux ®./®¢

FIG. 3. (a) Circuit diagram of the BiSQUID coupler. (b) Effective

Critical current I§ (nA)

Josephson energy E;.; of the BiSQUID as a function of the external

fluxes ®. and @, threading through its loops for & = 0.5. Empty circles mark Ey = 0. (c) Dependence of the two-photon coupling strength
|g21] on the external fluxes @, and @/, via the BiSQUID loops for the different values of « indicated above the corresponding plot. Solid lines
indicate the values of the external fluxes providing the odd-parity coupling. Stars mark the external fluxes providing the maximum two-photon
coupling in the odd-parity coupling regime. Circles correspond to the fluxes for which the Josephson coupling vanishes Ef = 0. Here, we set
I = 60nA (Ef /h = 29.8 GHz). (d) Dependence of the maximum two-photon coupling strength on the parameter o and the critical current j.
Stars correspond to the coupler parameters used in Fig. 3(c). Parameters of the resonators are the same as used in Fig. 2.

In the case of the BiSQUID coupler, the phase shift ¢ in
Eq. (AS) acquires the form
)] e

where & is given by Eq. (20). For &, = 0, Egs. (19) and (21)
reduce to Eqgs. (5) and (8), respectively, which describe the
asymmetric SQUID. Dependence of the effective Josephson
energy of the BiSQUID given by Eq. (19) on the external
fluxes threading via its loops is shown in Fig. 3(b).

Using the expressions for the effective Josephson energy
Ey . and the phase shift ¢ given by Egs. (19) and (21),
respectively, in Egs. (11), (6), and (A9), we determine the
couplings between the resonators bridged by the BiSQUID.
Figure 3(c) shows the dependence of the two-photon coupling
strength |g»;| on the external fluxes ®. and &/ threading via
the BiSQUID loops. The plot demonstrates that the BiSQUID
coupler allows the implementation of the odd-parity coupling
regime as well as the regime with all inductive couplings
switched off. For given values of « and 5, the maximum
two-photon coupling strength is achieved when & = 0. The
dependence of the maximum |g;| on the critical current Ij
and the parameter « is shown in Fig. 3(d).

. + 1@,
7 ——— + arctan
Dy
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IV. JOSEPHSON PHOTOMULTIPLIER

In this section, we discuss the design and the principle of
operation of the JPM, which serves as the SPD in our scheme
of detection of photon pairs outlined in Sec. II. Here, we also
provide the model describing the photomultiplier.

A. Generic scheme and operation principle

The JPM design under consideration consists of an rf-
SQUID loop shunted by a capacitance Cs. The rf SQUID
is composed of an inductance Lg, which corresponds to
the inductive energy Ef = Lg'(®o/27)% and a JJ. The
latter is characterized by the critical current Ig, which cor-
responds to the Josephson energy Ef = I§®(/2m, and the
self-capacitance Cj. The inductance comprising the rf SQUID
can be either a geometric inductance, as in Refs. [32,33], a
high-kinetic inductance superconducting nanowire [77,78], or
a chain of multiple JJs, similar to those routinely used in
fluxonium-type artificial atoms [79-81]. The rf-SQUID loop
of the JPM is threaded by the magnetic flux @, generated by
the external flux bias line (FBL).

The replacement of the JJ with a dc SQUID controlled via a
dedicated FBL [67] or with a gate-tunable JJ [58,59] provides
an additional means to manipulate the JPM frequency [82]. In
addition, the inductance can be made tunable by using either
an array of multiple dc SQUIDs [83] controlled by a common
FBL [84] or a gate-tunable kinetic inductance [85]. However,
for the sake of simplicity, we focus here on the scheme with a
single JJ and a static inductance, similar to that experimentally
demonstrated in Refs. [32,33]. Figure 4(a) shows the circuit
diagram of the considered JPM.

In the rf-SQUID-based photomultiplier, the shunting in-
ductance modulates the cosine-shaped potential of the JJ with
the quadratic term. The overall shape of the rf-SQUID po-
tential depends on the external flux threading its loop @y, and
the dimensionless parameter 8, = 2nIgLs /®g, which is often
referred to as the screening or hysteresis parameter [§6—89].
Note that in terms of the Josephson E{ and the inductive
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FIG. 4. (a) Lumped-element circuit diagram of the JPM represented by the flux-biased capacitively shunted rf SQUID. (b) Configurations
of the JPM potential for the different values of the bias flux ®,. (c) Close-up view of the region of the JPM potential [indicated by the dashed
square in panel (b) for &, = 0.6316d, in the vicinity of the shallow well for the highly asymmetric configuration with only two eigenlevels
localized in the left (shallow) well, while there are 94 eigenlevels localized in the right (deep) well. We demonstrate the JPM eigenlevels
and the square moduli of the corresponding wave functions. Note that in what follows (cf. Sec. IV C), we relabel the pair of eigenstates |93)
and |95) localized in the shallow well as |g) and |e), and the eigenlevel |96) localized in the deep well as |f). The JPM parameters used for

calculations are shown in Table I.

E} energies of the rf SQUID, it is conveniently expressed as
B = EY/E}.

To operate the rf SQUID as a JPM, its potential should hold
no more than two minima and transit between a double-well
and a single-well configuration [41] upon variation of the bias
flux @,,. This regime is achieved for 1 < 8, < 4.6 [90,91].
For B < 1, the potential has only one minimum for all &y,
whereas for §; > 4.6 it always exhibits at least two minima.
Figure 4(b) illustrates the effect of the external flux @, on the
shape of the JPM potential for g; = 2.3.

To probe the coupled resonator photons [see Fig. 1(b)],
the flux &y, is adjusted such that the JPM potential has an
asymmetric double-well configuration with just a few eigen-
states localized in a shallow well and multiple eigenstates
localized in the deep well. The energy gap between the two

TABLE I. Circuit parameters of the JPM and the corresponding
energies (given in frequency units) used for calculations.

Circuit parameters

JJ critical current I 2.5 uA
Inductance Ls 300 pH
Total capacitance® Cy 405 fF
Energies (in frequency units)

Josephson energy Ef/h 1243.4 GHz
Inductive energy ES/h 544.0 GHz
Capacitive energy ES/h 47.9 MHz

aTaking the JJ capacitance density of 50 fF/um? and its critical
current density of 1 uA/um?, we estimate the self-capacitance of the
JPM junction to be C{ ~ 125 fF.

lowest eigenstates localized in the shallow well is tuned to
be close to the energy of the resonator photon. In this case,
the photon induces the transition between these states. If the
upper eigenstate in the left well lies close to the top of the
potential barrier separating the wells, the excitation can relax
to the eigenstates in the deep well and then rapidly “fall” down
to the bottom eigenstate dissipating its energy [32,92]. The
described process entails a classically distinguishable change
of the flux state of the JPM, which is interpreted as a “click”
event. Thus, by reading the flux state of the JPM, one can infer
whether the JPM has “clicked,” i.e., absorbed a photon, or not.

There are several techniques for the readout of the JPM
flux state. Although we do not address any particular imple-
mentation of the JPM readout in our consideration, we briefly
outline these techniques for consistency. Transition from the
left well to the right well results in the change of the direction
of current circulating by the JPM loop that yields the change
of the magnetic flux field generated by the JPM. This change
of the JPM flux state can be detected by an external rf SQUID,
which is weakly coupled to the JPM [92]. Additionally, the
JPM flux state can be probed by ballistic fluxons propa-
gating through an underdamped Josephson transmission line
interfaced with single-flux quantum logic [93,94]. The flux
generated by the JPM induces a weak current in the Joseph-
son transmission line affecting the propagating fluxon, which
acquires a conditional time delay depending on the JPM flux
state [95,96]. By determining the delay of the fluxon using the
single-flux quantum logic, one infers the JPM state. Another
technique, demonstrated in Refs. [32,33], relies on the fact
that in the double-well configuration, each potential well is
characterized by a different plasma frequency. By probing
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the JPM with a weak microwave drive at a frequency corre-
sponding to the plasma frequency of the deep well, one can
determine whether the change of the JPM flux state occurred
with high (>99.9%) fidelity.

Noteworthy, even if the JPM has not absorbed a pho-
ton, there is still a nonzero probability that it will deliver a
“click.” Such false counts deteriorate the performance of the
photodetector. In particular, they reduce the resolution of the
photocounting schemes based on the repeated measurement
of the resonator mode by a single detector [41].

One of the mechanisms leading to false counts is the spon-
taneous relaxation from the bottom eigenstate in the shallow
well to the eigenstates in the deep well. We account for this
mechanism of false clicks as a coupling to the Ohmic bath
in the master equation analysis in Sec. V. Additionally, false
counts can also occur, for instance, due to thermal activation
[36,97,98] or nonequilibrium quasiparticles [99] spawned by
pair-breaking stray infrared light [100] or ionizing radiation
[101]. However, for conciseness, we do not include these
mechanisms in our analysis and leave their consideration for
future work.

B. Design modifications

To improve the performance of the JPM, in particular, to
reduce the false count rate, we propose some modifications
of its design compared to that demonstrated in Refs. [32,33].
The superfluous tunneling from the bottom eigenstate in the
left well can be suppressed by making the left well deeper,
thus making a potential barrier wider. However, this also
suppresses the requisite tunneling from the first excited state,
which results in a longer detection time, i.e., slower operation.
To overcome this trade-off between speed of operation and
false count rate, we exploit an eigenstate localized in the deep
well. We configure the JPM potential so that the left well
accommodates a pair of energy levels deep within the well,
reducing the false count rate. At the same time, we apply a
coherent drive tone to the transition between the upper energy
level in the left well and the upper level in the right well.
This ensures that when the JPM absorbs a photon from the
resonator mode, the drive induces a transition to the upper
eigenstate in the right (deep) well, and the excitation then
rapidly “rolls” down to the bottom of the deep well. This
approach is similar to that used in Ref. [102] for destructive
readout of a phase qubit. The discussed configuration of the
JPM eigenstates in the vicinity of the potential barrier is
shown in Fig. 4(c).

Following Ref. [41], we also propose to couple the JPM to
an additional dissipation channel—a long coplanar waveguide
terminated by an absorbing element, e.g., normal metal [103].
The waveguide is complemented by a side-coupled resonator
whose frequency corresponds to the operating frequency of
the JPM. The resonator functions as a band-stop filter [104],
suppressing the undesired relaxation of the lowest excited
state in the shallow well, which is induced by the attached
waveguide. Such an add-on to the JPM design is essentially
an engineered bath with a reduced density of electromagnetic
states near the operating frequency of the JPM. Moreover,
the proposed engineered bath functions as an “exhaust pipe,”
channeling the energy released during the JPM relaxation
out of the system. It prevents the JPM from heating up and

coherent drive

Var engineered bath
0 i Z\’\' :

Cz: —_ k)
R, 7 :
i ) R/
== (O X Lg ; o =
E; s
7777777777777 M

FIG. 5. Modified JPM design. The JPM couples to the engi-
neered bath represented by a waveguide of impedance Z,, terminated
by the resistive element R,,. The waveguide also couples to the filter
resonator of frequency w¢. The JPM is driven by the coherent tone of
frequency wy;.

mitigates the unwanted population of the resonator, to which
the JPM is coupled, by the photons generated in the process
of relaxation. The modifications of the JPM design are shown
in Fig. 5.

C. Model

Let us now proceed to elaborate on the photomultiplier
model. We start by considering an uncoupled JPM. We ob-
tain the JPM eigenenergies and eigenlevels by solving the
stationary Schrodinger equation. Then, using the results for
the uncoupled JPM, we address the case of a driven JPM
capacitively coupled to a resonator mode.

1. Uncoupled JPM

The rf-SQUID-based photomultiplier is described by the
classical Hamiltonian

Hy = 4E&n; + Uy, (22)

Here, we have introduced the reduced charge ny = Qq/2e,
where Qg4 corresponds to a charge accumulated on a JPM ca-
pacitance. The capacitive energy of the JPM is E& = €%/2Cy,
where Cy = Cs + Cji stands for its total capacitance. The JPM
potential energy reads as [32,82]

1, o\,
Ud = _EL ¢d — 27— — E] COS¢d, (23)
2 D

where ¢4 denotes the superconducting condensate phase drop
over the JJ in the JPM. The effect of the bias flux @}, on the
shape of the JPM potential is demonstrated in Fig. 4(b).

We determine the set of the JPM eigenstates {|1)} and the
corresponding eigenenergies {£; } by numerically solving the
stationary Schroédinger equation:

Lo +ug |¥ 'Z 24)
———+tu =¥,
2947 d |¥x Ao
where ¥, is the wave function of the eigenstate |A). Here,
ug = Uy/ SEéi and g, =&,/ SEéj are the unitless JPM potential
and the eigenenergy of the Ath eigenstate, respectively.

Next, we analyze the obtained JPM eigenstates to deter-
mine which eigenstates are localized in the left well, the right
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well, and above the potential barrier. Here, we assume the
double-well asymmetric configuration of the JPM potential
with the deeper right well. The eigenstate |A) belongs to a
set of superbarrier states if its eigenenergy &, exceeds the top
of the potential barrier &, > Uy(¢n); otherwise, this state is
localized in one of the potential wells. If the eigenenergy is
lower than the bottom of the left potential well, £, < Uy(¢y),
such a state is localized in the right well. Here, ¢~ denotes
the phase “coordinate” of the top of the barrier, i.e., the
local maximum of the JPM potential, while ¢ stands for
the “coordinate” of the bottom of the left (shallow) well. If
Ua(oy) < &, < Ug(¢n), then for this eigenstate we compute
the average of the JPM phase variable (¢q);. For (¢q)x < @n,
we conclude that such an eigenstate is localized in the left
well, while in the opposite case, it is localized in the right well.
Figure 4(c) shows the region of the JPM asymmetric potential
in the vicinity of the potential barrier. It demonstrates the
JPM eigenstates localized in the left (shallow) well, several
upper eigenstates of the right (deep) well, and two lowest
superbarrier eigenstates.

2. Driven JPM coupled to resonator

Now, let us consider a driven JPM coupled to a mode of the
buffer resonator via a shared capacitance Cg. In this case, the
JPM Hamiltonian reads as

Hy = Z &6 +h Z Z §2;.50 cos(wart Yoz,
Py

A ML

+h Z Z G}L)\/(CAI; — a2)61,

A ML

(25)

where we have introduced the operator 6;/; := |A’)(A|. The
upper line of Eq. (25) describes the JPM driven by the classi-
cal tone at frequency wq;, Where £2;;- is given by
~ ~ ’ Cx Vdr
§2550 = 27 (Alfg |2 )C,d Dy’
where 71 = —i19d/d¢q is the JPM reduced charge operator.
Magnitudes of the matrix elements of the reduced charge
operator for the JPM with parameters as in Fig. 4 are presented
in Fig. 6. Here, V, stands for the amplitude of the drive
voltage and C, is the coupling capacitance to the drive line as
shown in Fig. 5, while Cy denotes the JPM loaded capacitance.
Assuming that the coupling capacitances are small compared
to the JPM capacitance, Cg, Cy, C, < Cy4, We approximate
Cy ~ Cy+ Cg+ C, + C,, where C, is the coupling capaci-
tance to the “exhaust” waveguide (cf. Sec. IV B). Note that the
JPM eigenenergies are now determined from Eq. (24), with
ES = ¢%/2C, instead of EZ.

The last term in Eq. (25) describes the capacitive cou-
pling between the JPM and the resonator. Here, G,, stands
for the coupling strength of |A) <> |A’) JPM transition to the
resonator mode. It is determined as

(26)

: ~ / Eg

G = —1ngpp(A|ig|A )E,

where E, is the energy of the capacitive coupling between
the JPM and the resonator. Assuming that Cg < G, one
has E, &~ 4¢>C/(C5Cy), where C} ~ C; + Cg stands for the
capacitance of the buffer resonator renormalized by both the
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FIG. 6. Magnitudes of the matrix elements |{)|7ig|A")| of the re-

duced charge operator. The bias flux is &, = 0.6316®P,. The rest of
the JPM parameters are as in Table 1.

92) [91) |97)

coupler self-capacitance (see Sec. III) and the coupling capac-
itance to the JPM.

In our analysis, we focus on the transitions occurring be-
tween the pair of eigenstates localized in the left well and
the uppermost eigenstate in the right well. In addition, we are
also interested in relaxation of these eigenstates to the lower
eigenstates in the right well. In what follows, for convenience,
we relabel the eigenstates localized in the left well as |g) and
|e) for the lower and upper states, respectively, while the upper
eigenstate in the deep well is denoted as |f). We assume that
transitions to the superbarrier eigenstates are suppressed due
to their strong detuning from both the resonator frequency
and the drive frequency, as shown in Fig. 7(a). Moreover, by
deliberately enhancing the relaxation of the JPM eigenstates
in the deep well, we increase the likelihood that excitation
in the eigenstate | f) will “roll” down to lower eigenstates in
the right well rather than jump to the superbarrier eigenstates.
Thus, for simplicity, in the Hamiltonian (25) we neglect the
terms involving the superbarrier eigenstates. Besides that, we
do not consider the population dynamics of the eigenstates
in the deep well [105]. Hence, we also drop all the terms
describing the transitions between the eigenstates localized in
the right well except for the transitions from the uppermost
eigenstate | f). Such a reduced description significantly abates
the numerical complexity of the problem while retaining the
essential features of the JPM state evolution. In the rotating-
wave approximation (RWA), the reduced JPM Hamiltonian is
given by

Ha X ©wgbee + hwg G — hG(a364 + Goglln)

+ihQ(G e — G, e, (28)

where w;;, = |&, — &y/|/h stands for the transition frequency
between the eigenstates |A') and |A). Hereafter, we also use the
shorthand notations G := |G| for the coupling strength of the
resonator mode to the |g) <> |e) transition and Q := [£2./]/2
for the drive strength.
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FIG. 7. (a) Arrangement of the JPM eigenstates close to the potential barrier separating the wells and the relaxation paths of the relevant
eigenstates |g), |e), and |f). Solid (dashed) arrows show spontaneous relaxation paths induced by the internal (external) bath. Relaxation of
the eigenstate |e) to the eigenstate |g) induced by the external bath is inhibited due to the Purcell filter. Thicker arrows indicate irreversible
transitions with higher rates (not to scale). The transition frequencies are given in units of 27 GHz. The JPM parameters are the same as in
Fig. 4. (b) Simplified model of the detector: Coupling to the mode of the buffer resonator entails coherent transitions between the eigenstates
|g) and |e), while the coherent drive induces transitions between the eigenstates |e) and | f). Multiple relaxation paths of the eigenstates |g), |e),
and | f) to the lower eigenstates localized in the deep well shown in Fig. 7(a) are replaced with the relaxation to the auxiliary fictitious state |s)

with rates y,, y., and y;, respectively.

V. MASTER EQUATION

To model the evolution of the entire system while account-
ing for incoherent processes, we employ the Lindblad master
equation

ap i, . .
— = —[p, Hsys] +D:p + Dyp.

= — 29
ot h 29
Here, 7:[53,5 is the Hamiltonian of the coupled resonator-JPM
system and the filter given by

Hays = o + Ha + T, (30)

where the first term describing the dimer of inductively cou-
pled resonators is given by Eq. (18), while the second term
modeling the driven JPM coupled to the buffer resonator is
expressed by Eq. (28). Note that the frequency of the buffer
resonator acquires an additional shift due to coupling to the
JPM. The last term in Eq. (30) describes the filter resonator
of frequency w¢ and reads as s = hw fTf, where f is the
annihilation operator of a photon in this resonator.

In the master equation (29), the terms D;p and Dyp de-
scribe the incoherent processes in the resonator dimer and the
JPM, respectively. The superoperator D; describing the losses
in the resonators is given by [107]

2
D, = Z r;D[a;],

j=1

(€29}

where D[e]p := ¢'pe — (878p + pe'e)/2 denotes the stan-
dard Lindbladian superoperator [108,109]. We denote the
single-photon loss rate of the jth resonator as I;.
Superoperator Dy attributed to the JPM is written as Dy =
Dj + D¢, where the first term describes the relaxation of the
JPM eigenstates, while the second term models their pure

dephasing. The dissipation superoperator Dg accounts for the
contributions from both the JPM internal dissipative bath and
the external engineered bath. It reads as (see Appendix B for
the detailed derivation)

Di = FegD[é\'ge] + D[\/ Kegage + \/K_ff]
+ (Ffe + Kfe)D[5ef] + (ng + ng)D[égf]

The terms in the upper line describe the relaxation of the
eigenstate |e) to the eigenstate |g). The first term corresponds
to relaxation due to the internal losses of the JPM, while the
second term describes relaxation to the engineered bath—
“exhaust” waveguide equipped with the band-stop filter. Here,
I, and «;; denote the relaxation rates of the eigenstate |A)
to the eigenstate |A’) due to internal and engineered losses,
respectively, while «; stands for the filter linewidth. In our
analysis, we assume that the JPM internal bath is Ohmic.
Thus, the internal relaxation rates are related as [110,111]

2

| Y
2 , (33)

r %

(AlAg|2)
(liglp')

Wy

D/

where &y <&, and £, < &,. For our model (see Ap-
pendix B), the relaxation rates due to coupling to the
waveguide obey the similar relationship as the internal re-
laxation rates, i.e., kv /Ky = /T e. The second line
in Eq. (32) describes relaxation of the eigenstate |f) to the
eigenstates |e) and |g). The bottom line in Eq. (32) describes
relaxation of the eigenstates |g), |e), and |f) to the lower
eigenstates localized in the right well, where y; = [+ is
the rotal relaxation rate of the eigenstate |A) (A € {g, e, f})
to the lower eigenstates localized in the right well, with
0, = > . Tav and @, = ), k. Here, the sum goes over
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TABLE II. Internal relaxation rates of the relevant JPM eigen-
states in units of the relaxation rate I',, of the eigenstate |e) to the
eigenstate |g). The JPM parameters are the same as those used in
Figs. 4(c) and 6.

ng/ Feg Ffe/ Feg f/‘/ Feg 1:‘e/ Feg l:‘g/ Feg
Kfg/Keg Ke/Keg Ry/ke Re/Keg Ro/Keg
0.0184 0.0458 121.56 0.4817 0.0007

the eigenstates localized in the right well whose eigenenergy
is lower than that of the eigenstate |A). Table II demonstrates
the relaxation rates of the eigenstates |g), |e), and |f) due
to internal (in units of I'y,) and engineered (in units of k)
losses.

Following Ref. [41], we introduce the auxiliary fictitious
state |s) in the dissipator (32) to simplify the representation
of the cascade of eigenstates in the right well [see Fig. 7(a)].
This substitution accounts for the relaxation pathways of the
eigenstates |g), |e), and |f). Similar approach was used in
Refs. [42,112,113] to describe CBJJ-based JPMs. Such an
approach significantly shrinks the Hilbert space of JPM states,
reducing the numerical complexity of the problem while re-
taining the relevant features of the JPM state evolution. This
allows us to model the JPM as a four-level system as shown
in Fig. 7(b).

We assume that the dominant mechanism of pure dephas-
ing is the Gaussian 1/ f noise in the external flux through the
JPM loop [114-116]. In this case, superoperator D:f describ-
ing the JPM pure dephasing reads as [117-119]

DY = 2I2t D[6..] + 2T}t D[67/], (34)
where I, denotes the pure dephasing rate of eigenstate |A)
with A € {e, f}. In Eq. (34), linear time dependence en-
sures the Gaussian decay law of the nondiagonal matrix
elements (coherences) of the density operator. Such a time
dependence is characteristic for the Gaussian 1/f noise
[114,120-124]. The dephasing rates are estimated as [ =
VG Ap|0w;e/dPy| (cf. Refs. [114,120-123]). Here, Ag is the
amplitude of the flux noise, typically ranging from 10=6® to
1073 dg [125-127]. Numerical factor ¢; is determined as ¢, ~
In(2.5161, /weyt), where @y stands for the low-frequency
cutoff of the noise spectrum, usually set at @, /2w = 1 Hz
[120-123]. For &, = 0.6316® and the JPM parameters pro-
vided in Table I, we estimate the pure dephasing rates of
eigenstates |e) and |f) tobe I, /2w ~ 1.3MHz and I'; /27 ~
30 MHz, respectively, for the noise amplitude Ay = 1070,

VI. PHOTODETECTOR PERFORMANCE

To characterize the ability of the considered detector to
distinguish a two-photon state from single-photon and vac-
uum states, we use the detection fidelity F that corresponds
to the probability of correct discrimination of a two-photon
state. Specifically, it should click when there are at least two
photons in the storage resonator and should not click when
there are fewer than two photons. This probability is given by

F = prPap + pi1(1 = Paj1) + po(1 — Pap), (35)

where p, is the probability of finding n photons in the input
state, i.e., the initial (at = 0) state of the storage resonator,
and Py, denotes the JPM click probability for the n-photon
Fock-state input. We assume that the probabilities of the
JPM click for the vacuum and single-photon inputs are equal,
(Pcl\l = Pcl|0) = Pc1\<2~ This follows from the fact that in both
cases the buffer resonator will be in the vacuum state, and the
nonzero probability of a false click arises from the relaxation
of the state |g) localized in the shallow well of the JPM poten-
tial to the states localized in the deep well. This assumption
allows us to rewrite Eq. (35) as

F =prPap + p<2(1 = Pyj<2),

where p_» = po + p; is the probability that initially there are
less than two photons in the storage resonator. Since we have
no prior information about the measured state, we assume that
there is an equal probability that the resonator is prepared in a
two-photon state and that the resonator is prepared in a state
with less than two photons, i.e., p» = p-» = 1/2. Under this
assumption, Eq. (36) acquires the form

1+ Pap — Pyj<2
—

This definition of fidelity is analogous to that used for quanti-
fying the efficiency of qubit readout (see, e.g., Ref. [128] and
references therein).

The probability the JPM has clicked after photon capture
time #. for the n-photon (where n > 2) input state is deter-
mined as [41]

(36)

F= (37)

(38)

where 0 < n < 1 is the phenomenological parameter model-
ing the efficiency of the JPM flux-state readout. By py, (1), we
denote the system density operator at time ¢ for the n-photon
input state. For determining the density operator Py, (¢), we
solve the Lindblad master equation (29) numerically using
QuantumOptics.jl [129]—the versatile quantum optics toolkit
for JULIA [130]. For simulations, we assume that initially the
state of the system is separable with the two-photon Fock
state of the storage resonator, the vacuum state of the buffer
resonator, and the JPM residing in its eigenstate |g), i.e.,
Py (0) = 12)1(2] ® 10)2(0] ® |g)(gl, where |n) ; denotes the n-
photon Fock state of the jth resonator.

If the input state contains less than two photons, the buffer
resonator remains in the vacuum state, and the JPM can de-
liver a click only due to relaxation of the eigenstate |g) to
the lower eigenstates localized in the deep well. The Lindblad
master equation (29) with the dissipator (32) suggests that in
this case, the (false) click probability is given by [41,42]

Pcl\n>2 =n Tr[:aln) (tcpt)6ss]v

Pajca =1 (1 =77, (39)

The expression in parentheses corresponds to the probability
of spontaneous relaxation of the eigenstate |g) to the fictitious
state |s) over the photon capture time #cp;.

Figure 8 aggregates the results that demonstrate the de-
pendence of the detection fidelity on the characteristics of
the setup. Figure 8(a) demonstrates the dependence on the
coupler and drive parameters. Computations reveal that for
given values of the photon capture time 7., the JPM-resonator
coupling strength G, and the relaxation rates I'p, and kg,
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FIG. 8. Effect of system settings on detection fidelity. (a) Dependence of the detection fidelity F on the two-photon coupling strength
|g21| and drive strength . For calculations, here we set the rates I',,/27 = 1 MHz and «,/2m = 1 MHz, while the photon capture time is
tepe = 50 ns. Star marks the maximum fidelity .. (b) Effect of the JPM relaxation on Fi.x for 7, = 50 ns. (c) Dependence of Fp, on the
photon capture time f for «,.,/2r = 3 MHz. The remaining setup parameters used for calculations are discussed in Sec. VL.

there exists a combination of the JPM drive strength € and
the two-photon coupling strength |g,;| that maximizes the
detection fidelity. This dependence of the fidelity on the setup
parameters reflects the complex interplay of the key processes
in the system under consideration. Let us elucidate this result
qualitatively. On the one hand, too weak two-photon cou-
pling between the resonators would yield slow conversion
of a photon pair from the storage resonator into a single
photon in the buffer resonator, making the reference capture
time insufficient. On the other hand, making this coupling
too strong would cause the photon in the buffer resonator
more likely to be converted back into a pair of photons in
the storage resonator rather than excite the JPM, which slows
down detection. For a drive that is too weak, excitation in the
eigenstate |e) is more likely to decay to the eigenstate |g),
emitting a photon back into the buffer resonator, rather than
transitioning to | f) and subsequently cascading down to the
lowest eigenstates in the right well, which would produce a
click. Conversely, with excessively strong driving, excitation
in the eigenstate |f) is more likely to transition back to the
eigenstate |e) rather than begin relaxing to the lower eigen-
states in the right well. Both of these scenarios deteriorate
detection fidelity.

Figure 8(b) illustrates the effect of an external engineered
bath on the maximum detection fidelity. In general, the intro-
duction of engineered decay enhances the detector’s efficiency
as intended (see Sec. IV B). However, if the relaxation rate
becomes too large, the false count rate [see Eq. (39)] over-
powers the positive effect. The results also indicate that when
the decay rate to the waveguide is slow, increasing the JPM

internal losses improves detection fidelity by accelerating re-
laxation to the eigenstates in the right well. Conversely, for
faster engineered decay, higher internal losses lead to reduced
fidelity.

The dependence of the maximum fidelity on the photon
capture time is shown in Fig. 8(c). The results indicate that
an initial increase of the photon capture time 7. rapidly en-
hances maximum fidelity. However, beyond a certain point,
the fidelity gradually declines as 7., continues to increase.
This behavior arises because, at this stage, a further increase
of . no longer affects the probability of a correct click Pypp,
while it increases the probability of an erroneous click Py <2,
as described by Eq. (39). Consequently, the detection fidelity
decreases, as follows from Eq. (37).

For simulations in Fig. 8, we assume the resonant regime
of operation 2w| = w; = wg,. For the resonator-JPM coupling
strength, we choose a reasonable value of G/2m = 50 MHz.
In all calculations, we set kit = 100k, which ensures effective
suppression of unwanted relaxation of the eigenstate |e) to
the eigenstate |g) due to emission into the waveguide. The
efficiency of the JPM flux-state readout is set as n = 99.5%,
which is consistent with Refs. [32,33] reporting readout effi-
ciency over 99.9%. We set the single-photon loss rate of the
storage resonator to be I; /2w = 10kHz, corresponding to the
internal quality factor of about 5 x 103 for the frequency near
2w x 5GHz. Lumped-element resonators with even higher
quality factors were demonstrated in experiment (see, e.g.,
Refs. [49-51]). For the buffer resonator, we set higher loss
rate I',/2m = 100kHz to account for the effect of tunable
elements discussed in Sec. II. For the resonator frequency near
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TABLE III. Sample sets of the simulation parameters that ensure
detection fidelity exceeding 99% for the photon capture time up to
50 ns.

Parameter Value

Set A Set B
G/2m 50.0 MHz 60.0 MHz
g1 /27 20.4 MHz 24.4 MHz
w /27 5.379 GHz
K, /2m7 2774 kHz 396.9 kHz
/2= 10.0 kHz 2.0 kHz
wy /2w 10.758 GHz
K, /2 138.7 kHz 198.5 kHz
/27 100.0 kHz 20.0 kHz
Wge /27 10.758 GHz
war /27 3.566 GHz
Q)2 220.6 MHz 188.2 MHz
[ /2m 1.0 MHz 0.1 MHz
Keg/ 2T 4.0 MHz 5.0 MHz
n 99.5% 99.9%
fept 50 ns 30 ns
F 99.24% 99.79%

2 x 10 GHz, this corresponds to the internal quality factor of
about 10°.

Furthermore, we assume the internal relaxation rate of the
JPM excited eigenstate |e) to be I',p/27 < 2MHz, which
corresponds to the internal Q factor >5 x 10* for the JPM
operating frequency we consider. Note that in the experiment
[32], the loss rate I'gg &~ 27r x 15MHz for the flux-biased
JPM is significantly higher than the values used in our cal-
culations. Such high internal losses were necessary therein to
ensure rapid relaxation to the bottom of the right well after
photon absorption. On the contrary, for the considered design
with an engineered bath, it is beneficial to use a high-Q JPM
for achieving high detection fidelity. We anticipate that with
different materials such as tantalum [131-133] and refined
fabrication techniques [132,134], it is possible to considerably
reduce the JPM internal losses and achieve the values we used
in the simulations.

In the choice of simulation parameters, we are constrained
by the validity criteria of the RWA used in deriving the effec-
tive Hamiltonian of the system in Eq. (30). Thus, the strength
of the two-photon coupling should be small compared to the
resonator frequencies, i.e., |g21| < wi, w,, while the JPM-
resonator coupling should satisfy G < @3, wg.. The drive tone
should be strongly off-resonant for the |g) <> |e) transition;
therefore, its strength should be much weaker than the de-
tuning A = w,, — w.r between the frequencies of |g) < |e)
and |e) <> |f) transitions, i.e., |¥,| < A. On the other hand,
the drive strength for the |e) <> | f) transition should be weak
compared to the transition frequency, 2 < w.r. Moreover,
coupling between the mode of the buffer resonator and the
target |e) <> | f) transition should be strongly off-resonant as
well with |G| < A.

To sum up the quantitative analysis of the performance
of the considered detection scheme, we present Table III,
demonstrating two sets (A and B) of the simulation parameters
with photon capture time up to 50 ns, for which the detection

fidelity exceeds 99%. Among the two, set A constitutes a more
moderate selection of parameters based on those used for
obtaining data for Fig. 8. Compared to set A, set B represents
a more optimistic estimate with better JPM readout efficiency,
five times higher resonator quality factors, and an order of
magnitude improvement in the JPM internal loss rate. In addi-
tion, we also choose a slightly stronger coupling between the
JPM and the buffer resonator. These improvements allow one
to expect higher fidelity for an even shorter photon capture
time compared to set A. In both sets, the values of the two-
photon coupling and drive strengths correspond to those that
maximize fidelity.

VII. SUMMARY AND OUTLOOK

To summarize, we have theoretically demonstrated a feasi-
ble circuit QED design of a microwave two-photon threshold
detector. The proposed scheme effectively transforms a flux-
biased JPM, operating as a single-photon threshold detector,
into a detector with two-photon threshold. Our design incor-
porates an auxiliary resonant two-photon conversion process
mediated by a nonlinear inductive coupler. Additionally,
an appropriate choice of the coupler flux bias enables the
suppression of superfluous linear inductive and cross-Kerr
couplings between the resonators. To improve the detector
performance, we introduced several modifications to the JPM
design. First, we reduced the false count rate by deepening
the left well. Second, we applied a resonant drive tone to the
transition between the upper eigenstates in the left and right
wells to maintain a high photon absorption rate. Furthermore,
to accelerate JPM relaxation to its global energy minimum
and mitigate setup heating, we proposed coupling the JPM to
an engineered bath—a waveguide with a band-stop filter. The
filter effectively suppresses emission into the waveguide at the
JPM operating frequency.

We derived the master equation governing the dynamics
of the model system. As a figure of merit, characterizing
the efficiency of the considered scheme, we used detection
fidelity—the probability of correct discrimination of the two-
photon input state from the single-photon and vacuum states.
By analyzing the system’s state evolution, we determined the
click probability that allowed us to calculate the detection
fidelity and study its dependence on the system parameters.
The results of calculations suggest that detection fidelity ex-
ceeding 99% can be achieved for setup parameters accessible
for current circuit QED technologies.

Although we put forward a rather specific design of a two-
photon detector, which is built around the SPD represented by
a flux-biased JPM, we emphasize that the considered scheme
is compatible with other types of SPDs that support strong
capacitive coupling to a resonator mode. In particular, instead
of the flux-biased JPM design, one can use a CBJJ-based
JPM. In addition, transmon-based SPDs [52,54,65,66], ultra-
sensitive microwave bolometers [135,136], and calorimeters
[137] can be utilized as well. Moreover, a promising design
of a microwave SPD utilizing criticality-enhanced sensing in
the Kerr Josephson parametric amplifier was experimentally
demonstrated in Ref. [138].

Let us now briefly outline an extension of the considered
detection scheme. In Ref. [41], an approach for achieving
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limited photon-number resolution with just one JPM was
considered. It relies on repeated measurements of a resonator
mode by a flux-biased JPM. To speed up counting and im-
prove photon-number resolution, one can use several JPMs,
or other SPDs, simultaneously probing the same mode. In this
case, one can resolve up to MN; photons in M measurement
iterations, where N; is the number of JPMs (SPDs). This
arrangement is a circuit QED analog of an array (or click)
detector (see, e.g., Refs. [139,140] and references therein)
widely used in quantum optics. Elaborating this idea even
further, one can construct a click detector consisting of one
JPM operating as an SPD and one or several JPMs working
as two-photon detectors. Such a hybrid detector allows one to
count resonator photons up to M (2N, + 1) in M measurement
cycles, where N, is the number of JPMs operating in the
two-photon regime. To achieve the same resolution with this
detector, one would require N, less JPMs than for the click
detector composed solely of the JPMs operating as SPDs,
which relieves the hardware requirements for implementing
a microwave photon-number-resolving detector.

The concept of transforming an SPD into a multiphoton
threshold detector can be extended even further. Since such
a detector would rely on higher-order interaction processes,
it requires careful consideration of zero-point phase fluc-
tuations, higher-order nonlinearities, resonator frequencies,
and other parameters to ensure that the desired multiphoton
conversion dominates without simultaneously activating un-
wanted processes. Several proposals have aimed at isolating
specific multiphoton interactions as dominant by cascading
lower-order nonlinear processes or applying a coherent drive
[141,142]. By utilizing coherent multiphoton conversion pro-
cesses beyond the proposed two-photon interactions, it is, in
principle, possible to design a multiphoton threshold detec-
tor. In this scenario, a click detector composed of threshold
detectors for different photon numbers would offer improved
photon-number resolution while reducing the number of re-
quired measurements.
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APPENDIX A: DERIVATION OF THE HAMILTONIAN FOR
RESONATORS COUPLED VIA BiSQUID

Here, we provide derivation of the quantum Hamiltonian in
Eq. (A10) describing a circuit comprised by two single-mode
resonators inductively coupled via the BiSQUID (or asym-
metric dc SQUID). The diagram of this circuit is demonstrated
in Fig. 9. We start by writing down the Lagrangian of the
circuit L,;, which is given by [143-145]

CeH? ES 0
+212 4 I cos 271—2
2 14+ 8 (O

CeH? E¢ 6
+—ﬂ 13 Jr—ﬂJ cos<zncp—3>,

2 T 1+p 0 Al

where the first term corresponds to the Lagrangian of the
resonators with @; being the flux drop over the jth resonator
capacitance (j € {1,2}). The next two terms describe the
“black sheep” junction of the BiSQUID, where 6, is the flux
drop across this JJ with C;; being its self-capacitance. The
last two lines in Eq. (A1) describe, depending on the value
of B, either a larger junction of the asymmetric SQUID or a
flux-biased symmetric SQUID loop of the BiSQUID. Here,
we have introduced the binary parameter 8 € {0, 1} to set the
coupler type we are using: the asymmetric SQUID (8 = 0) or
the BiSQUID (8 = 1).
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Using the fluxoid quantization condition [55,76,145], one
obtains 9| = & — P,,6, =0, — .,and 65 = 6, — CD/C. Sub-
stituting these relationships in Eq. (A1) yields

_i[(c +C)d? <I>§:|

2L;
.. Ny o, — P,
—ch)lq)2+EJeffCOS 27TT_79[1 ) (A2)
0

where C. = C;; + (1 + B)Cy denotes the total capacitance of
the coupler. We consider the external fluxes that thread the
coupler to be constant. In practice, however, we have to turn
the fluxes on and off. The assumption of constant fluxes im-
plies that they are switched adiabatically, i.e., on timescales
much longer than the inverse of the lowest characteristic fre-
quency in the system, which, in our case, is the frequency of
the storage resonator. This requirement ensures that excitation
of spurious photons in the resonators is avoided. Given the
gigahertz operating frequencies of the circuit QED systems,
the external fluxes can be switched within a few nanoseconds.
The effective Josephson energy of the coupler Ef‘eff and the
phase shift ¥4 are given by Eqs. (19) and (21), where @, is
replaced with S&/.

Performing the Legendre transform [146], one obtains the
classical Hamiltonian of the circuit:

2
H, = ZQ}CDJ — Ly,
Jj=1

where Q; = 3L,,/d®; denotes the generalized momentum
corresponding in this case to the charge accumulated on the
Jjth resonator capacitance. These charges are determined as

01\ _ (G +C —C. \ (%
Q2 N —C. G+ C D, )"

Substituting Eq. (A2) into Eq. (A3) along with expressing
voltage drops @; in terms of Q; using Eq. (A4), and then in-
troducing the reduced charge and flux variables n; = Q;/(2¢)
and ¢; = 2n®; /Py, one arrives at the circuit Hamiltonian
given by

(A3)

(A4)

2

) 2 1 2
= Z 4ECjnj + EELj(pj

+ Eining — Ej 4 cos(¢1 — ¢ — Up).

The expression in parentheses represents the total electro-
magnetic energy of the jth resonator. We have introduced
the unitless charge and flux variables n; = Q;/2e and ¢; =
27 ®;/Pg. Here, Q; is the charge accumulated on the capac-
itance of the jth resonator, while ®; is the flux drop across
the corresponding resonator related to the voltage drop V; on
its capacitance as CID = V; [143-145]. Thus, n; is the number
of Cooper pairs on the ]th resonator capacitance, while ¢;
is interpreted as the gauge-invariant condensate phase drop
across this resonator.

In Eq. (AS), Ecj = eZ/ZC‘j and E;; = Lj_l(<l>0/2ﬂ)2 are
the renormalized capacitive and bare inductive energies of the
Jjth resonator, respectively. Here, L; is the bare inductance
of the jth resonator and C ; denotes its loaded capacitance

(A5)

determined as

~ GG, ~ GG
C=C+ 2 !

Grc “Tetata
where C; stands for the jth resonator bare capacitance and
C. = Cy + C; is the total capacitance of the coupler. Typ-
ically, the coupler capacitance is small compared to the
resonator capacitances, C. < Cy, C,, which yields an approx-
imation C'j ~Cj+C.

The terms in the second line of Eq. (AS5) describe the
capacitive and inductive couplings between the resonators,
mediated by the asymmetric SQUID coupler. The former is
attributed to the capacitances of the coupler’s JJs with E¢
being the capacitive coupling energy given by

_ 42 2 Ce
a6 + 6! +C;1) CiG’

, (A6)

C

(A7)

where the approximation holds in the regime of small coupler
capacitance, as realized in the system under consideration. For
the latter, E} . is the effective Josephson energy of the coupler
given by Eq. (5). The coupler-specific phase shift g appear-
ing in the last term of the Hamiltonian (AS) is expressed by
Eq. (8) for the case of the asymmetric SQUID coupler (8 = 0)
and by Eq. (21) for the BiSQUID coupler (8 = 1). Note that
in the main text, we drop the subscript 8 for brevity.

The inductive terms in Eq. (AS) constitute the potential
energy U (¢, ¢,) of the circuit [143,144]:

1 2 2 [

Ulgr,¢2) = 5 D Erjo] — Efur cos(dr — d2 — Vp). (A8)
j=1
Typically, the inductive energies of the resonators dominate
their capacitive energies Er; > Ec;. The mechanical analogy
for this regime is a heavy particle trapped in a deep potential
well, oscillating near its equilibrium point, which corresponds
to the local minimum of the potential energy U (¢, ¢,). In our
further analysis, we consider the circuit parameters for which
the inductive energies of the resonators exceed the Josephson
coupling energy Er; > E . In this case, the potential energy
of the circuit U(¢;, ¢,) has a single minimum, whose posi-
tion (¢, ¢in) is found by solving a set of transcendental
equations:

En¢P™ — Ef oy sin (¢ T — g —0p) =

E ¢mm + ES .. sin( min __ ¢m1n —_9 ) 0. (A9)
L2 J eff B) =

Up to a factor of 27 /Py, the above equations manifest the
Kirchhoff’s current law [145,147]. For the case when the
external flux equals an integer or half-integer multiple of the
flux quantum, i.e., ®./Py = n/2 with n € Z, Eq. (A9) yields

™" = 0, which coincides with the case of the inductively
uncoupled resonators Ef = 0. However, when the inductive
coupling is on, £ > 0, and ®. /Py # n/2, the position of the
potential minimum shifts compared to that for the uncoupled
regime, as illustrated in Fig. 10.

Following the standard quantization approach for the elec-
trical circuits [24,143-145], we proceed to the quantum
Hamiltonian of the system by promoting charge n; and flux
¢; variables to the noncommuting quantum operators obeying
the commutation relation [Q/Sj, m) =18;,, where j, I € {1, 2}.
Next, it is convenient to formally represent the flux operator
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Flux variable ¢2
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FIG. 10. Potential energy of the resonator dimer for (left plot)
o, =0 and (right plot) &, = ¥(/4. Circles indicate the potential
energy minima. Lines of equal energy are shown in solid color.
Parameters of the circuit are as follows: « = 0.4, E;; /Ef = 1.5, and
Epi/Ep, =2.

as qu = d);“i“ + @; with j € {1, 2}. Using this representation
in the quantized version of the system Hamiltonian (AS5), and
expanding the cosine term into a Taylor series around the
potential minimum, while taking into account Eq. (A9), we
obtain the Hamiltonian

2

. g 1.

A, =) <4Ec,ﬁ§ + EEL,@?) + ES iy
j=1

R e o,
+ Ej 12 — Ejeqr Z F((pl - @), (A10)

k=30

Here, we have rearranged the terms and introduced the no-
tation Ep; = Epj — Ej 4u, for the renormalized inductive
energy of the jth resonator.

To proceed, we express the charge and the flux opera-
tors of the resonators via the bosonic ladder operators as
Ay = —ing;(a) — a;) and ; = @pr; (@} + a)). Plugging the
definitions of the operators 72; and @; in terms of the ladder
operators into the Hamiltonian (A10) and rearranging the
terms, one obtains Eq. (1).

APPENDIX B: DERIVATION OF THE JPM DISSIPATOR

In this Appendix, we provide the Hamiltonian that models
the JPM dissipation. This Hamiltonian is then used to derive
the Lindbladian dissipator given by Eq. (32).

1. JPM bath Hamiltonian

In this Appendix, we discuss the model of the JPM dis-
sipation. We model this process by coupling the JPM to two
uncorrelated bosonic baths, where one is responsible for the
internal JPM losses, while the other represents the effect of the
engineered electromagnetic environment coupled to the JPM,
as described in Sec. IV B. The Hamiltonian describing these
baths and their interactions with the JPM reads as

Hy, = Hy, + Hep. BD

In the RWA, the Hamiltonian of the internal dissipative bath
is given by [108]

A o0 AL A
Hy, = h/ dvvb!b,
0

o0
+ h/ dv Z Z By (V)b 635 + 6310by),  (B2)
0

A€E M <A

where for the sake of brevity, we have introduced a notation
E = {g, e, f}, while the notation ) _,, _, implies that sum goes
over the eigenstates A’ satisfying & < &,. The first term
models the bath of independent bosonic modes with b, being
the annihilation operator of an excitation in the mode with fre-
quency v. The second term describes the coupling between the
bath and the JPM, where B, () denotes the coupling strength
of the |A) <> |A') transition to the bath mode with frequency
v. For the Ohmic bath and assuming that kg 7y < #iv, one has
By (v) o< /VI(AAg|2)| [24].

The Hamiltonian for the external engineered bath is ex-
pressed as

o0 [o.¢]
H., = h/ dvvd o, + hf dvF ()@ f + fTiv,)
0 0

o0
+h/ dv )Y W 0)(@]63 + 8i0y), (B3)
0

A€E V<)

where the upper line describes the “exhaust” waveguide cou-
pled to the filter resonator. The operator W, annihilates an
excitation in the waveguide mode of frequency v, and F(v)
stands for the coupling strength between the filter resonator
and the waveguide mode. The bottom line describes the ca-
pacitive coupling of the waveguide to the JPM, where W, (v)
is the strength of capacitive coupling between the waveg-
uide mode of frequency v and the transition |A") <> |A). Far
from the waveguide cutoff frequency [148,149], the JPM-
waveguide coupling is well approximated by [24]

Zy C v
Wi (V) & [(A|Ag M) = 25 [ —| B4
ha (V) &~ [(A|Ag] H‘/Zd Cd’/zn (B4)

where Z,, and Z4 are the waveguide and the JPM impedance,
respectively, while C is the coupling capacitance of the JPM
to the waveguide and Cjy is the JPM loaded capacitance.

2. Lindblad master equation

As a first step in the derivation of the master equation, we
consider the incoherent dynamics between the JPM and the
external engineered bath described by the Hamiltonian

Hay =) &6 + Hep (BS)
AeE
which can be split into the diagonal part
N “ o0
Hy = Zsﬂm + e fTf + hf dvvid! i, (B6)
LeE 0

containing a bare Hamiltonian for the JPM, the filter res-
onator, and the “exhaust” waveguide, and the interaction part
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given by
A o0 A
B = h/ dvF (W)@ f + fTi,)
0

oo
[0 3 W)@l + 6. B7)
0

AEE XM <A

To obtain the master equation, it is useful to switch to
the interaction picture by applying the time-dependent uni-
tary transformation U, HywU; — iU, Uy — Hi(t) with U; =
exp (iHyt ), where the transformed Hamiltonian is given by

00
HI(I) = Fl/ dv Z Z[ei("*ww)’ﬁ):ﬁk/)\(v) +H.c.].

0 AEE M<h
(B8)
For the sake of brevity, we introduce the operators
. Win (V)63 for |g) < |e),
2}\)\’ (U) = . ~ (B9)
Wee(V)Gge + F(v)f, for|g) <> |e),

DI M ATy At

AEE M <A HeEE pW'<p

where we accounted for the effect of the band-stop filter,
which interferes with the |g) <> |e) transition due to the prox-
imity of the frequencies w,, ~ ws.

Next, we define the density operator of the JPM-
waveguide-filter system as Qqwr(t) = 04r(?) ® 0w(0), where
Oar represents the joint density operator for the JPM and
the filter resonator, and 9,, denotes the waveguide density
operator, assuming Born approximation, i.e., the waveguide
eigenstates remain unchanged due to relatively weak coupling
to the JPM and the filter [109,150]. In this case, the Markovian
master equation for the density operator of the JPM-filter
subsystem in the interaction picture is given by [109]

30ar(t L (). (A
ng;( ) _ _;/0 dt Try[Ai1(t), [Hi(t — 1), Oawt ()]],

(B10)

where we utilize the standard assumption that 94¢(#) does not
depend on the past history of the density operator and apply
the trace over the waveguide operators.

Substituting H(¢) from Eq. (B8) into Eq. (B10), we rewrite
the master equation as [151]

x [elV o) i @u =0T (@, 00 ) (8,0 (D0ar £ (V) — S0 S (1)dar)

+ e T O T (D, ] 0w ) (B, (D00 £ (v) = £ () £ (0)0ar) + Heel. (B11)

For deriving the above expression, we used that for a thermal bath Trw(ﬁ)zﬁ)vf,bw) = Trw(ﬁ)I Wy Pw)8(v — V') and performed
the respective integration over v'. To further simplify the expression, we perform the remaining integration and introduce the
notation ng, (v) := Try (], py) corresponding to the average number of thermal photons in the waveguide mode of frequency

v > 0 [152]. This leads us to the following result:
0 Dat
ot

LEE M <A UEE p'<p

Fr Y DN O (@) + DRET (@) pat Enie (@) = (5] (@) S (@), Par).

LEE M <A UEE n'<p

where {A, B} = AB + BA denotes the anticommutator. For the
derivation, we employed an expression

N .

' 1

/ dr e _ TV — ) £ ————
i (v —wu)

and omitted the second term. This term contributes to the
bath-induced Lamb shift, which can be neglected since
it is much smaller than the JPM transition frequencies
[151,153].

If the system lacks processes with closely spaced tran-
sition energies, then, in the spirit of the RWA approxima-
tion, the dynamics will be dominated by processes where
Wy = wyy. Fast oscillating terms with |w,,r — o] >
(W, (@ )W,5 (wyi)|, meaning they vary much faster than
the characteristic timescales of system evolution, can there-
fore be neglected [109]. Then, the expression in Eq. (B12)

=7y Y Y3 OO (@302 8 (030 par 5 (@330) = {E e (@32) S, (@30, par)

(B12)

(

reduces to

|g)1e)

Z Z Ko (N (@3.0)+1)D[ 03,104t

AEE M<A

d0ar
ot

g} =le)

+ Z Z Ko (W )D[0 10ar

AEE A <A
+ (nth(wge)‘i‘l)D[«/Kegage+\/K_ff]@df

+ 1 (@ )DL RegOeg+/r f1oar,  (B13)
where the decay rates for the JPM and the filter resonator are
Ky = 27T|WMr(a)Mr)|2 and kf = 271|F(a)ge)|2, respectively.
The first two terms represent incoherent processes in the JPM
attributed to the engineered bath, excluding the |g) <> |e) tran-
sition, which is described separately by terms that account for
interference with the band-stop filter.
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Analogous to the effect of the external bath on the JPM,
the same approach applies to the incoherent dynamics in-
duced by the internal bath, yielding the decay rates I';;, =
27 | By (wy)]? [see Eq. (B2)] for the corresponding transi-
tions. Since two baths are uncorrelated, we can write down
the dissipation superoperator for the joint density operator of
the JPM and the filter

Dy = TeeDI6¢] + DLy/Kegbe + ki f]
1)~ e)

+ Z Z (F)L)Lf =+ K)\)J)D[O-)\)\’]v

A€E M<h

(B14)

where ny, (w;,/) is assumed to be zero.

Focusing on the dynamics of the |g), |e), and |f)
eigenstates of the JPM, where decay to any other eigen-
state localized in the right well corresponds to a “click”
event, the superoperator in Eq. (B14) can be simplified
to Eq. (32). This reduction is achieved by introducing an
auxiliary fictitious state |s) (see Sec. V) that accounts for
the relaxation of the eigenstate A € {g, e, f} to the eigen-
states localized in the right well with an effective rate

Ya =2 (Dox + ko).
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