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Mechanical stress induced by the polymerization of an active gel near a surface
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Actin flow in the cortical cytoskeleton underneath the cell membrane generates mechanical stresses that shape
the cell surface. We study this mechanism using a hydrodynamic model of a compressible active gel polymerizing
at the membrane and undergoing turnover. We determine how actin flow, density relaxation, and friction of actin
with the membrane generate stress on a corrugated membrane at the linear order in deformation. Analytical
solutions in limiting regimes, combined with finite element methods in the general case, provide a map of normal
and tangential stresses as functions of compressibility, interfacial friction, and actin turnover, and determine the
conditions under which actin polymerization can render the membrane linearly unstable. The nonlinear regime

is also briefly discussed.
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Cells continually sense and reshape themselves in response
to mechanical and geometrical features of their environment.
A central player in this mechanogeometrical response is the
actin cortex: a dynamic network of polymerizing filaments
that supports the plasma membrane and generates stresses
capable of deforming it [1]. A key question is how the cor-
tical flows arising from actin polymerization can transmit
normal and tangential forces to a curved membrane and how
such forces depend on the properties of the cortex coupled
to the geometry of the membrane. In a recent work [2],
we proposed a hydrodynamic theory for a freestanding vis-
cous and incompressible actin gel growing on a corrugated
membrane. Curvature sensitive actin nucleators such as BAR
domain proteins [3] modulate the local actin polymerization
rate in a curvature-dependent manner. This feedback destabi-
lizes a flat membrane when the curvature sensitivity of actin
polymerization exceeds a threshold. This work established
how curvature-dependent normal stress emerges from growth-
driven flow and may amplify geometric perturbations.

The analytical results reported in Ref. [2] relied on the
simplifying assumptions that the cortex can be treated as
an incompressible viscous fluid. The viscous assumption
is justified for phenomena involving timescales larger than
the viscoelastic relaxation time of the actin gel. However,
the incompressibility condition is more questionable. While
it allows for analytical progress, its relevance must be as-
sessed precisely, which is done in the present work. In the
incompressible limit, we have previously shown that force
transmission between the actin gel and the membrane is
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independent of the friction between the two materials, which
convert relative lateral movement into tangential (shear) stress
[2]. We show here that the gel stress on the membrane does de-
pend on friction for a compressible gel and we quantitatively
assess the importance of this parameter in the transmission
of polymerization stress and interface stability. In this work,
we focus on the activity stemming from polymerization and
turnover, and disregard other kinds of activity, such as the het-
erogeneous contractile activity generated by molecular motors
(myosin) that have also been shown to lead to large fluctua-
tions with complex dynamics [4].

I. MODEL

We describe a compressible, viscous actin gel that poly-
merizes against a corrugated membrane described by its
height u(x) compared to some reference (flat) plane. This
so-called Monge representation is appropriate for moderate
deformations that do not have overhangs. In what follows,
we mostly concentrate on small deformation ([Vu| <« 1) for
which any shape can be expanded in Fourier modes: u(x) =
» g uze'®. The actin network polymerizes at the membrane
interface and occupies the half-space z > 0. Actin monomers
are continuously added at the membrane at a rate charac-
terized by a polymerization velocity v,. Filament turnover
removes polymerized actin at a constant rate k; throughout
the gel layer. This situation is represented in Fig. 1.

A. Constitutive law and mass conservation

The actin density p and the velocity field v, in the presence
of turnover, satisfy the mass-conservation equation

dp+ V- (pv) =—kap. ey

We model the gel as a compressible Newtonian fluid satisfy-
ing the constitutive stress relation

o= (—P(p)+n,V -0 +n(Vv+ Vob). 2)
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FIG. 1. A viscous, compressible actin gel polymerizing on a
wavy membrane. Actin polymerizes at a speed v, at the membrane
and depolymerizes at a rate k, throughout the layer, resulting in an
actin density p decaying away from the membrane. This sets the
layer thickness .

Here, 1 and 7, are the shear and bulk viscosity, respectively,
and P(p) is the density-dependent gel pressure. For simplicity,
we assume that 7 is constant and disregard the contribution
of bulk viscosity (17, = 0) in the main text. The contribution
of n, to the various expressions for the stress is given in
Appendix A. At low Reynolds number and in the absence of
body forces, the local force balance reads

V.o=0. 3

For an incompressible gel, the pressure P acts as a La-
grange multiplier that enforces a constant gel density p = p*.
For a fully compressible gel, the pressure vanishes, and the
density can vary without mechanical consequences. The vis-
coelastic properties of actin gels in vitro have been extensively
characterized and are strongly influenced by the density and
flexibility of filaments and cross-linkers and their turnover
rate [1,5,6]. One can generally expect a short-time elastic
behavior with long-time viscous-elastic relaxation, with a
crossover influenced by the cross-linkers’ lifetime. However,
these studies on stabilized filaments do not recapitulate the
effect of turnover, which is central to the present study. Actin
turnover should lead to a compressible viscous fluid behavior
at long time [7] but also controls the thickness of the gel in our
case, where polymerization occurs at the membrane. In this
long-time regime, actin turnover, cross-link dynamics, and
related microscopic processes continuously rearrange actin
filaments and cross-link, so the density of actin can vary.
Local compression or dilution of the network will appear
in a coarse-grained level as a restoring stress that will be
proportional to the density deviating from the target value
p*, with proportionality coefficient x. Here, we adopt a linear
relationship between pressure and density:

P=x(p—p"), “

where x is a phenomenological gel bulk modulus. This
expression does not directly include viscoelastic relax-
ation. Therefore, the modulus x should be considered as
a phenomenological parameter that allows to continuously
extrapolate between the fully compressible (x =0) and
incompressible (y — o0) cases. For instance, both the com-
pressibility x and the target density p* would be influenced by
the presence of a uniform density of contractile units (molec-
ular motors) that tend to increase the actin density.

B. Boundary conditions

We denote by n, and ¢, the vectors normal and tan-
gent to the membrane surface, respectively (Fig. 1). We
assume that the actin gel polymerizes at its natural density;
p = p* at the membrane, located at z = u(x). Polymeriza-
tion generates a normal actin velocity v - n, = (v, + dv, +

ou//1+ (8,u)?), where dv, accounts for small, protein-
regulated local modulations of actin polymerization [2].

The interfacial mechanics includes a frictional coupling
between the gel and the membrane, (o -n,)-t, = &v -t,,
with & the actin-membrane friction coefficient.

In the incompressible limit, the gel velocity and therefore
the actin flux reach zero at a particular distance from the
surface, equal to hg = v,/k; for a flat surface, and modu-
lated periodically for a sinusoidal surface [2]. As there are
no sources of negative actin flux away from the membrane,
the surface where the flux vanishes defines the free surface of
the actin gel, beyond which the actin density must vanish. The
location of the free gel surface on a corrugated membrane is
fully determined by the conditions of vanishing normal flux
and vanishing normal and tangential stresses (see Ref. [2]).
The same approach is implemented here using the finite ele-
ment method (FEM).

C. Small deformation limit

The linear response of a viscous gel to membrane deforma-
tions can be obtained analytically with a linear expansion of
the velocity and density fields for small deformations (|Vu| <
1) around their values py(z) and vo = v e, corresponding to
a flat interface, first neglecting all terms of order O(Vul?):
v =19+ 6v, 0 =09+ 8d, p=py+ Sp. As said above, all
functions are expanded in Fourier modes assumed to vary
along x, e.g., v, = 6vx,qe""", etc. These modes are indepen-
dent at the linear order.

The normal and tangent vectors read

ny, ~ (_8)(“(1 €x + ez)v (5)

tn ~ (ex + Oxug €z). (6)

The projection of the Stokes equation along x and z and the
steady-state mass conservation read

—igx8p — 2¢*n8vy + nd8vy + ignd.Sv, =0,  (7)
—X3:8p — q*ndv, + 20d28v, + ignddv, =0,  (8)

iqpo8vx + pod:8v; + 8v,9;00 + 809 vo
+v03.80 = —kqdp. ©

Equations (7)—(9) define a linear problem for (§v, §p). Our
goal is to determine the normal stress components evaluated
on the membrane.

II. STEADY-STATE ACTIN LAYER

The steady-state density and velocity profiles and the as-
sociated membrane stress can be computed analytically in the
linear regime in the limit of infinite or vanishing compressibil-
ity: x = oo and x = 0. These limits provide explicit scaling
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laws for the normal membrane stress and serve as a bench-
mark for the the FEM simulations. For finite compressibility,
the density and the flow are coupled even at linear order,
preventing closed-form solutions. This motivates a numerical
exploration of the biologically relevant intermediate regime.

A. Incompressible limit

The case of an incompressible viscous actin gel was de-
rived in Ref. [2] and is merely recalled below. The density is
constant and equal to p*, and the velocity field away from
a flat surface is vy = v,(1 — z/hg)e;, where hy = v,/ky is
the gel thickness fixed by actin turnover. In that framework,
the normal stress exerted by a polymerizing actin layer on a
sinusoidal deformed membrane can be obtained analytically
and does not depend on the friction parameter £ at linear
order:

Oun,qg = —2nq(kqug + 8v, 4) tanh (ghp). (10)

In the absence of polymerization modulation (§v, = 0), the
normal stress exerted by the gel acts to reduce the membrane
deformations. It is negative (pushing) at the hills and positive
(pulling) at the valleys of the deformed membrane, stabilizing
the flat membrane shape. It exhibits two different scaling
laws depending on the ratio of gel thickness over deformation
length scale ghy:

q}llimo Omn, g = —2nkdh0q2uq ~ nv,Cy,

0—>

thimOO Onn, q = —2nkaquy. (11
0—>

The stress is proportional to the local membrane curvature
C, = —q*u, in the large wavelength limit and proportional
to |g|u, in the small wavelength limit. These two scaling
regimes arise because actin flow is modulated across the
entire gel thickness in thin layers (ghy < 1), whereas in
thick layers (gho > 1) it is confined to a boundary layer
of depth ~1/g. Both limits follow intuitively from the role
of incompressibility, which generates an isotropic negative
pressure—effectively a suction—throughout the gel, equal to
P = —2nk,; for a flat membrane [2]. The normal stress o,
vanishes because of the zero stress condition at the free sur-
face, but there is a tangential stress o,, = —P. On a curved
surface, the normal stress is essentially given by a Laplace
law: o0,, = —PIC,, where | ~ Min[hg, 1/q] is the thickness
over which the curvature is felt. This behavior, shown in
Fig. 2 (black curve), agrees with the numerical solution of
the equations using FEM (black dots in Fig. 2), described in
Appendix C, in the limit of small deformation.

B. Fully compressible limit

The Stokes equation can be solved analytically for a fully
compressible actin gel (x = 0). The stress tensor [Eq. (2)]
now reads o = n(Vv + VoT) and mass conservation is given
by Eq. (1). The Stokes equation no longer depends on the den-
sity and we use the same boundary conditions as stated above.
At zeroth order (flat membrane), the force balance reduces to
9.0, = 2192v? = 0. Adding the condition of vanishing stress
far from the boundary (z — o0) leads to a constant velocity
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FIG. 2. Log-log plot of the normal stress for dv,, =0 as
a function of the dimensionless wave number § = ghy, in the
high gel-membrane friction limit (¢ = 10). In the incompressible
limit [Eq. (10), black], the stress exhibits two regimes controlled
by the nondimensional parameter ghy: a long wavelength scal-
ing, o, 4/2nks ~ §* for § < 1 and a short wavelength scaling,
Oun, q/2nka ~ G for G > 1. The crossover is highlighted by the black
vertical dashed line g = 1. In the fully compressible limit [Eq. (15),
gray], an additional friction controlled scale enters, £ = £hy/2n. As a
result, the curve follows the same scalings as the incompressible case
(~ §* and ~@), but the crossover is now located at § = %E . Dots are
the results of FEM numerics (Appendix C) in both cases.

v? = v, and a density that decays exponentially over the char-

acteristic length hy = v,,/k4, according to py = p*e~/Mh,

For the wavy membrane, we obtain the analytical expres-
sions of the normal and tangential stresses at first order in
[Vul:

(5, 2) = 46;%35 I (—upquyt (1 g2)
g ng(1 44 +EQ+ g, (12)

oux,2) = % ¢ v, (g2 — 48
+ 280, 42420 + £(1 + g2))). 13)

The normal stress calculated on the membrane surface
reads

2qn(qugvp§ +280p,4(qn +5)) g
4qn + 3¢ '

From this expression, we obtain the scaling for large and small
wavelength limits for §v, = 0:

O (X)]z=0 = — (14)

lim o, = —2pv,q%u, ~ nv,C,,

nales0 nn, q 3NMVpq Ug ™~ NVpLy

im0, g = —360,quq. (15)
nq/§—0o0

It is interesting to compare the normal stress for incom-
pressible and fully compressible gels [Eqs. (11) and (15)].
Both exhibit the same scalings in the small (0, 4 ~ qzuq)
and large (0, 4 ~ qu,) wavelength limits, but the crossover
wavelengths are distinct. It is set by actin turnover for in-
compressible gels (ghp ~ 1), and by the ratio of viscosity
to friction in the fully compressible case (gn/& ~ 1). Fur-
thermore, while the expressions only differ by a numerical
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FIG. 3. Comparison of FEM and analytical predicted stress ten-
sor component o..(z)/2nk, [corresponding to o,,, Eq. (12), at the
linear level] along the slice (black line) located at a minimum on the
membrane deformation (gx = m). We find near-perfect agreement
between the simulations and analytics. The parameters are chosen as
x/2nks =0, p* =1, Ehy/2n = 20, ghy = w. Numerical stability
is ensured by adding a small diffusive contribution to the transport
equations (see Appendix C) with D/ksh% = 0.01. All parameters are
nondimensional.

factor for small ¢, the stress from a fully compressible gel
varies linearly with the gel-membrane friction parameter &
for large ¢, and therefore vanishes in the case of perfect slip,
while the stress from an incompressible gel is independent of
friction for any value of ¢. Qualitatively, this difference stems
from the fact that in a compressible gel, if tangential flows
are not hindered by any friction, density can adjust freely
to prevent the existence of shear stress that could arise from
the gel flowing normally away from a corrugated membrane.
Finite friction resisting tangent slip is the only source of stress
transmission at the membrane. It does so through the bound-
ary force balance condition (o - n,,) - t,, = £v - t,,, leading to
Eq. (12).

The fully compressible case can be used to benchmark
the FEM solutions against the analytical solution in the limit
x — 0. The agreement is excellent, as shown in Fig. 3 for
the stress component o0,,(z) as a function of the distance from
the membrane. This quantity qualitatively shows the same
behavior as for the incompressible fluid (at high friction) with
achange of sign at gz = 1 [Eq. (12)] and an exponential decay
over 1/q if ghg > 1.

C. Finite compressibility

Obtaining a fully analytical solution of the first-order
equations [Egs. (7)—(9)] is challenging, because the linear
perturbations couple the flow and the density variations. The
pressurelike contribution —x (p — p*) is no longer uniform
and the viscous stresses inherit an explicit x dependence
through both v(x, z) and p(x, z). This dependence must be ¢/¢*
at the linear level. Consequently, even at first order in mem-
brane deformation (qu,; < 1), closed-form expressions are
not available. We therefore rely on FEM to obtain the stress,
velocity, and density fields and to explore the full (£, x) pa-
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FIG. 4. Stress distribution on the membrane as a function of
friction £ and compressibility x . The color scale indicates the magni-
tude of the stress variation over the phase space. The dimensionless
compressibility is § = x/(2nks) and the dimensionless friction is
& = £hy/2n. The two side plots show the stress as a function of the
friction for different values of the compressibility, ¥ = [0, 1, 5, 40],
and the stress as a function of the compressibility for different val-
ues of the friction parameters, £ =10,1,5,10]. Bold curves show
the incompressible [black, Eq. (10)] and fully compressible [gray,
Eq. (14)] limits at the linear level. Dashed lines are provided purely to
guide the eye between data points. Nonlinear effects are not apparent
in this plot. They are discussed in Appendix D and shown in Fig. 8.
Parameters: i, = 0.01, hog = 7.

rameter space. The full nondimensionalization, weak formula-
tion, and boundary condition implementation are provided in
Appendix C. In contrast, the zeroth-order problem is tractable
analytically. At this order, Eq. (8) and Eq. (9) are invariant
along x and Stokes equations reduce to a one-dimensional
problem. The membrane normal and tangent vectors reduce
ton, = e; andt,, = e, and the stress slip condition simplifies

to a vanishing stress ((o - 1,,) - t;y)|, =0 = §vs|;=0 = 0. At the
membrane, density satisfies po|; —o = p*, while in the mass
conservation law, the turnover k; is balanced by the advec-
tive flux set by the imposed normal polymerization velocity,
v|;—o-n, = v, (discussed in Appendix B and shown in
Fig. 7). The solution for the reference density profile and ve-
locity follows the same baseline procedure used in the “active
wetting layer” approach of Ref. [8]. Here, we do not analyze
the wetting transition, but rather use the flat state solution as
a reference state to study the shape instabilities of the mem-
brane: We perturb around this state, solve the resulting Stokes
problem, and compute the induced stresses on the membrane
that control the stability of the membrane corrugations.
Figure 4 shows the results of the FEM in the friction-
compressibility (£, x) parameter space for a given value of g.
The results smoothly interpolate between the fully compress-
ible [Eq. (14)] and incompressible [Eq. (10)] solutions. The
dimensionless compressibility ¥ = x/(2nk,) can be defined
from the equations. This can be understood as the inverse
of the product of a viscoelastic timescale obtained as the
ratio of shear viscosity over bulk compressibility, and the
actin turnover rate. As discussed above, the dimensionless
friction £ = £ho/2n compares the gel thickness with the typ-
ical friction length scale n/&. The relevance of the latter
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can be gathered from the analytical expression in the fully
compressible case [Eq. (15)], which shows that frictional ef-
fects are relevant for £ > G = ghy. Figure 4 shows that the
incompressible regime is approached for a dimension-
less compressibility ¥ = x/(2nky) =~ 40, for ghy >~ 1. Ap-
pendix D and Fig. 9 show that the effects of a finite compress-
ibility are more relevant for larger ¢, especially in the case of
small friction, where nonlinear effects become important.

III. COUPLING ACTIN AND MEMBRANE DYNAMICS

A hallmark of active cell mechanics is the existence of
feedback between local shape and active stress. At the cell
membrane, these feedbacks are often mediated by the recruit-
ment of curvature-sensitive proteins that affect actin dynamics
[3,9,10]. In Ref. [2], we showed that proteins such as I-Bar
domain proteins that enhance actin polymerization in mem-
brane regions curved away from an incompressible gel (x —
oo) may render the flat membrane linearly unstable if their
recruitment is fast enough. Here, we extend this analysis to
finite compressibility and we account for the effect of actin-
membrane friction.

Spatial variations of actin assembly at the membrane can
generate stresses, even in the absence of membrane cor-
rugations. This stress is finite even in the case of perfect
slip (§ = 0) and reads oy, 4 = —ngdv, , for a fully com-
pressible gel [Eq. (14)] and oy, 4 = —2ngdv, ,tanh ghg [Eq.
(10)] for an incompressible gel. If the modulation of actin
polymerization is controlled by curvature-sensitive proteins
that are fast to adjust to the local membrane shape, this
is captured at the linear level by a simple relationship be-
tween polymerization velocity and curvature: §v,(x) = aC =
—aq?u,, where o (of unit of m?/s) is the coupling strength
[2]. Unlike the stress induced by membrane corrugation at
uniform v, first term in Eq. (14), the stress generated by the
velocity modulations remains finite as & — 0. This is because
the stress is being transmitted at the membrane due to the
nonuniform boundary actin flow.

The resulting normal stress (denoted §o,,,) takes the fol-
lowing forms in the fully compressible and incompressible
limits:

__4gn+§)

4qn + 3§
80 = 2nag’ tanh qhouqei"". 17

x —>0: bou naq3uqeiqx, (16)

X —> 00:

Remarkably in the fully compressible limit, it is independent
of the actin turnover rate k; and shows little dependence on
friction (at most a numerical factor 3/4) and remains finite
even for & — 0.

To determine whether this mechanism mentioned above
can spontaneously deform the membrane, we couple the
actin-generated stresses with the membrane restoring forces
through a local force balance Y o; = 0,, + 0, =0. We
use Monge parametrization to describe the shape of the
membrane, u(x), and write the Helfrich free energy of the
membrane as [11]

K
Fitelfrich = / <§<v2u)2+g(w)2>d2x, (18)

Otot
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FIG. 5. Total stress (gel contribution and membrane restor-
ing forces) Gy = aw[)\z/yuq for a fully compressible gel [} =
0, Eq. (19)] in the absence of actin-membrane friction (€ =
0). The stress is shown as a function of § =g, where A =
Ak [y is the membrane characteristic length, for increasing values
of the curvature-polymerization coupling strength & = an/(yA) =
[0 (light gray), 2 (gray), 2.1 (black)]. The membrane is linearly un-
stable when the total stress is positive.

where k is the membrane bending rigidity and y is the
membrane tension. The membrane restoring stress is ob-
tained from the functional derivative, o, = 8Fyelfrich/Su =
—«kV*u + yV?u. In Fourier space, the membrane contribu-
tions become o, , = —(kq* + y4q*)u,, and the total normal
stress of the membrane for a compressible gel reads

Ups —2q0€(q77+§) _ 4 2
dqn + 3¢ (Kq" +vq~)uy.
(19)

Extension to finite compressibility is conceptually straight-
forward, but requires the use of the numerical results
discussed above and displayed in Fig. 4.

If « > 0, meaning that polymerization is promoted in
membrane regions curved away from the gel, curvature
modulation of actin polymerization introduces a positive con-
tribution to the membrane stress that can render the flat
membrane linearly unstable. In the frictionless limit, the force
balance equation can be written as %(&(AqP — ()Lq)4 —
(rg)*) = 0, where A = /k/y is the membrane’s character-
istic length scale and @ = na/(y1). One can easily show that
the total stress has the sign of the membrane deformation,
destabilizing the flat shape, for a range of wave numbers
centered around Aq = 1 if & > 2. Figure 5 illustrates the tran-
sition from a stable to an unstable membrane as the coupling
between polymerization and curvature, controlled by «, is
increased.

2
Otot,q = —2q ugn

IV. NONLINEAR CONTRIBUTION OF THE STRESS

In the absence of friction (¢ = 0), the membrane stress
generated by a fully compressible gel vanishes at first order
in deformation and the stress is dominated by higher-order ef-
fects even in the limit of small deformation. While an arbitrary
membrane shape cannot be decomposed into independent
Fourier modes in this case, it is still possible and informative
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FIG. 6. Second-order stress for a fully compressible frictionless
gel (x =0, & = 0). The main plot shows the normal stress amplitude
Oun,q/21kq as a function of g at gx = 0 (mod 7); solid line shows
the analytical results and the data points denote the FEM results.
The inset shows the spatial stress distribution &, (x, z) for ghy = 27,
capturing the period doubling associated with the nonlinear effects.
Inset: u,/hy = 0.01.

to compute second-order effects for a sinusoidal membrane
shape. If x = 0, density variations decouple from the Stokes
equation. The perturbative approach described above may be
expanded to second order in the small quantity gu,. The first
order contribution, given by Eq. (14), follows the periodicity
of the membrane shape uqei"" The second-order contribu-
tion generates higher harmonics o u2¢*%*. In the absence of
polymerization modulation (v, = 0), the gel stress on the
membrane reads up to second order:

o () = _ 2¢%ugvpné cos(gx)
4gn + 3¢
8q*u? 2UpTl 2(2qn + &) cos(2gx) . 2q3u vné
(4qn + 35)(8qn + 35) 4qn + 38’
4q%u v né sin(gx) Yugv,n%E sin(2gx)
Ont (x) = -

4qn + 3§ (4qn +3£)(8qn +3§&)°

(20)

The most direct test of the second order expansion is the
frictionless limit when the first order vanishes and the stress
reduces to oy, = %(q%,,n)uflez"qx. The expression shows an
excellent match with the numerical results for small deforma-
tion in Fig. 6, both regarding the stress amplitude as a function
of ¢ and regarding the presence of second harmonics in the
stress distribution.

For a fully compressible gel, the second-order normal
stress is positive (pulling) both at the hills and at the valleys
of the deformation, destabilizing the former and stabilizing
the latter. While a detailed analysis of nonlinear effects is
challenging and will be the subject of a subsequent publica-
tion, one may already envision that nonlinear shape evolution
of a deformable membrane will involve amplification of the
deformed regions.

TABLE 1. Expected values for the physical parameters.

Parameter Value References
kq 0.1s7! [12,13]
vp 0.01 pm/s [14,15]
ho 0.1 um (derived) -

n 10*Pas [1,16]

X 1-10°Pa [5,6,17]
nmemb 107°-10"%Pams [1,18,19]
& 10°~10° Pas/m [18], see text
n/& 10-10°um Derived

V. NUMERICAL VALUES OF PARAMETERS

To estimate the relevance of the different regimes dis-
cussed in this paper in the context of a biological cell, the
important dimensionless parameters are the nondimensional
compressibility ¥ = x/(2nk,) and friction & = £ho/2n. The
relevance of friction also depends on the wave vector § = ghy.
Typical values of the different parameters from the literature
are reported in Table I. The compressibility can vary widely
depending on the experimental conditions, so that ¥ can po-
tentially cover a wide range of value ~10~*to 102, thereby
spanning the entire range from fully compressible to incom-
pressible gels. On the other hand, the dimensionless friction &
is expected to be rather small. The friction coefficient can be
estimated as the product of the membrane [(two-dimensional
(2D)] viscosity times the density of actin-membrane
linkers: & ~ nggmbpb, with p, 2~ 1/(10-100nm)?, yielding
£ ~ 107 to 10~2. This suggests that a full-slip approximation
is reasonable. In particular, the characteristic length scale de-
fined by the ratio of gel viscosity over gel-membrane friction
n/& ~ 10-103um is on the order of the cell size or larger. This
means that the scale of the stabilizing stress in the compress-
ible limit [Eq. (19)], which is set by the friction parameter, is
rather small (~&§v, < 10Pa).

VI. DISCUSSION

In this paper, we provide analytical expressions for the
stress exerted by an actin gel polymerizing on a corrugated
membrane. We extend earlier work [2], which demonstrated
that an incompressible gel may render a flat membrane
linearly unstable to spontaneous deformations, provided ap-
propriate feedback between local membrane curvature and
actin polymerization. Here, we show how the mechanical
properties of the actin gel, and in particular, its compressibility
and dynamical coupling with the membrane (friction), modify
this picture.

The mechanical stress exerted by the active gel on a cor-
rugated (sinusoidal) membrane can be decomposed into two
contributions, additive at the linear level in membrane defor-
mation. The first comes from the uniform growth of a gel
on a nonflat surface, and the second from the nonuniform
growth of a gel modulated by the local membrane curvature.
The latter is responsible for the instability and shows little
influence from the gel compressibility and gel-membrane fric-
tion in the range of friction expected in cellular systems and
if ghy 2 1. The former, which stabilizes the flat membrane
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shape at the linear level, is very much affected by the gel
compressibility. For an incompressible gel, depolymerization
in the bulk of the gel creates a suction effect that gives rise
to a tension in the direction parallel to the membrane. This
tension acts to suppress membrane undulations via a Laplace
pressurelike effect that does not rely on gel-membrane fric-
tion. As a consequence, the stabilizing and destabilizing stress
terms scale similarly with the gel mechanical properties [its
viscosity 1, Eq. (10)] and the existence of a range of unstable
wavelengths requires a rather strong coupling between gel
polymerization and local membrane curvature: §v,(q) > v,
[2]. For a fully compressible gel, the suction effect is absent,
and the scale of the stabilizing normal stress is controlled
by gel-membrane friction [Eq. (14)]. Compared to the in-
compressible case, the stabilizing term is potentially much
smaller and vanishes entirely in the absence of friction. The
instability is therefore only opposed by the mechanics of the
membrane [Eq. (19)] and can be expected to exist over a
broader range of wavelengths. Numerical estimates of typical
friction parameter values in the cellular context support the
concept of a curvature instability and spontaneous cellular
protrusions, driven by curvature-dependent modulation of the
polymerization dynamics of a compressible actin gel at the
cell membrane.

ACKNOWLEDGMENT

This project has received funding from the European
Research Council (ERC) ERC-SyG (Grant Agreement No.
101071793).

K.M., D.W,, and P.S. designed the research. K.M. per-
formed the research and wrote the original draft. D.W.
and P.S. supervised the research. D.W. supervised numerical
method development. P.S. acquired funding. All authors have
reviewed and approved the paper.

DATA AVAILABILITY
FEM code is available on GitHub in Ref. [20].

APPENDIX A: CONTRIBUTION OF BULK VISCOSITY

In the main text, we set bulk viscosity 1, = 0 and model
the compressible actin gel with the constitutive law o =
—P(p)I + n(Vv + VuT). For completeness, we now con-
sider the general viscous constitutive relation as

o= (—P(o+nV -0 +nVo+ Vo). (Al

We solve the Stokes and mass-conservation equations with the
modified stress tensor for the fully compressible limit in the
same boundary conditions as in Sec. I A. The presence of 7,
affects the isotropic part of the viscous stress and enters the
solutions with a modified prefactor

2q2uqv,,r]2$ )
2gn(2n + np) + By + np)E’

the scaling with ¢ remains unchanged to Eq. (14). Introducing
the bulk viscosity changes only the prefactor of the stress,
~(n + np), but does not change the overall behavior of stress
and the way it depends in wavelength and also friction.

(A2)

Onn =

o.s—f

o.s—f

o.4—f xX=0

021

0 _
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FIG. 7. Compressible flow near a flat membrane:Velocity field
09(Z) (black) and density field po(Z) (gray) as a function of the
distance to the membrane z for different values of x = x/(2nky)
(with p* = 1). Lines represent analytical solutions and dots/squares
the corresponding finite element solutions.

APPENDIX B: GEL WITH FINITE COMPRESSIBILITY
GROWING ON A FLAT SURFACE

The density and velocity profiles of a gel with finite
compressibility growing on a flat surface constitute the
zeroth-order solution of our expansion and can be obtained an-
alytically in a way similar to the one proposed in Ref. [8]. All
the fields depend only on the distance z from the membrane.
The velocity field is purely normal, vy = vg(z)e, and the
density profile py(z) satisfies 9,(vopo) = —kqgpo0 and —9, Py +
znafvo =0, where Py = x(po — p*). At the membrane, z =
0, we impose the polymerization to be vy(0) = v, and den-
sity pg = p*. The analytical expressions are cumbersome
and not given explicitly here. The zeroth-order fields vy (z)
and py(z) are shown in Fig. 7, which compares the analyti-
cal solutions of the velocity and density profiles with finite
element simulations, for several values of compressibility
going from the fully compressible limit to the incompress-
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ible limit. The agreement is excellent over the full range of
parameter x.

APPENDIX C: FINITE ELEMENT METHOD
FOR COMPRESSIBLE FLOW

To explore the full (&, x) parameter space, we solve the
Stokes equation numerically using a finite element method.
To derive the nondimensional form of the Stokes equation and
the mass-conservation law, we introduce characteristic scales
that reflect the physical geometry and dynamical timescales of
the system. The characteristic stress/pressure scale ps = 2nky,
where 7 is the dynamic viscosity, the velocity scale v, = v,
with length scale hg, and the natural timescale that follows is
t; = 1/ky. In simulations, the wavelength of membrane corru-
gations is set by g = m 2w /L, withm € {0, 1,2, 3, ...} and
L, the simulation domain size in the x direction. Using these
definitions, the governing equations yield the nondimensional
form

—xVp+ iV +1iv(V.9) =0, (CI)
V. (p) —DV?*p+p =0, (C2)

where an additional diffusive contribution is included in
the mass-conservation law to enhance numerical stability of
the finite element discretization (discussed later in the text).
The dimensionless control parameters are D = D/ (kdhé) and
X = x/2nka).

The boundary conditions simplify accordingly. On the
membrane surface 92, the normal velocity is prescribed as

U, =0 -nlme, =1, (C3)

while the tangential component satisfies a Robin-type condi-
tion

U =0+ t|,mpq, = Ou/E, (C4)

with & = £hg/2n representing a dimensionless interfacial fric-
tion coefficient, where Ay is the actin cortex thickness.

1. Weak formulation

To derive the weak formulation, the Stokes equation (C1)
is multiplied by a vector-valued test function w € Vy and the
mass-conservation equation is multiplied by a scalar-valued
test function w; € Vs, where Vy and Vg denote the spaces of
vector- and scalar-valued test functions on 2. After integra-
tion by parts, the momentum balance yields

F, = /(V - §) - wdS (CS)
Q

:/(6-N)-wds—/&:7wds (C6)
90 Q
=0, (C7)

where N = —n denotes the outward-pointing normal on the
boundary and : denotes double tensor contraction. Trac-
tion boundary conditions are imposed naturally through the
boundary integral. On boundaries where zero traction is
prescribed, this contribution vanishes. It also vanishes on

Dirichlet segments, where the test function is chosen to van-
ish. The boundary integrals over the periodic boundary 92,
cancel in pairs since the solution and test functions coincide
on paired faces, while the outward normals have opposite
orientation. We impose zero stress at the free surface 02¢. As
a consequence, the only nonzero traction contribution arises
on 02,. Splitting the traction into normal and tangential
components gives

(6~N)-wds=—/

I

= —/ GppW, ds — / Gy w; ds,
92y, 0,

(C8)

(6-n)-wds
0Q,

with w, = w-n and w, = w -¢. The tangential traction is
replaced by &,, = £7,, consistent with the Robin condition
and the sign convention associated with the inward normal;
i.e., tangential flow causes friction in the direction of the flow.
The normal velocity v, = 1 is enforced weakly by means of
a pure penalty formulation. To this end, we add the boundary
functional

B . 2
— n — 1)7 ds, C9
A mm(v )~ ds (€9
whose first variation yields the additional contribution
. B
vpen = — (v, — DHw, ds. (C10)
A Jye

m

Here, A denotes the average mesh size and § > 0 controls
the strength of the enforcement. Combining all contributions
yields the weak form of the momentum balance:

F, = —f 6:des—/ 6w,,ds—/ Ev,wy ds
Q Q2 0y,

LB

0, — Dw, ds =0.
A Jaq,

(C11)

The weak formulation for the mass conservation follows from
applying the divergence theorem and integrating by parts.
After rearrangement, one obtains

F, :/V-(pa)wx dQ+f PWy dQ—/D(?zp)wx dQ
Q Q Q
=/,owsd§2+ (pv — DV p) - Nw;, ds
Q Q2

—/(,01')) -Vw, dQ—l—D/ Vo - Vw, dS. (C12)
Q Q

The boundary integrals over 02, vanish due to the same ar-
gument as mentioned above. We keep the term for the outflux
boundary (which means that we do not specify the outflux
here). On the membrane boundary 9€2,,, we enforce

plag, = P*, (C13)

through a Dirichlet boundary condition. Consequently, the test
function w; vanishes. Collecting all contributions leads to the
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final weak formulation,

(pv — DV p)-Nw, ds
99

—/(,01'))~wa dQ+D/ Vo -Vuw,dQ. (Cl4)
Q Q

Fp=/ o ws d2 +
Q

2. Free surface finite element procedure

The problem is formulated as a free-boundary problem:
The computational domain is not prescribed a priori but is
determined self-consistently from the deformation of the free
surface. The objective is to deform the domain iteratively
through several steps (labeled by n) until the free boundary
02 coincides with the interface defined by v.0 ~ 0. The
numerical procedure is as follows:

(1) The initial domain €2, has a flat top surface located
atz &~ 1. This choice is convenient but not unique. Above (be-
low) this height, the vertical velocity component is negative
(positive). The membrane boundary follows a fixed cosine
shape u(x) = cos(gx) independent of time.

(2) On the current domain £2,,, we solve the compressible
Stokes problem as stated before. The resulting velocity field v
at the free surface is used to construct a domain deformation
via harmonic extension [21,22]. Specifically, we solve

AVpgm =0, in€,, (C15)
Uharm = U, 0nd<2s ,, (C16)
Uharm =0, on an,n- (C17)

The harmonic field is then used to update the mesh by displac-
ing each vertex X; according to AX = ¥, harmAt, yielding the
new domain €2,41. The lateral boundaries remain fixed in the
x direction, so only vertical displacements are applied. The
pseudotime step At is chosen sufficiently small to avoid mesh
distortion.

(3) The procedure is repeated until convergence. The iter-
ation is terminated once the normal flux measure defined as

&= max |p(v - n)| (C18)

satisfies £ <10~® approximating the location of the free sur-
face. Note that the notion of a free surface is slightly different
for the fully compressible case (} = 0), for which the free
surface is located at Z — oo as the density is exponentially
decaying (compare Sec. I1IB).

3. Effect of diffusion

As mentioned before, diffusion is added to stabilize the
numerical scheme by damping out arising short-length-scale
oscillations. Based on the chosen scales, the diffusion constant
is D = Dhgv,. In order for diffusion to dampen potentially
occurring numerical oscillations at the mesh length scale /e
but not to influence our results at physically relevant length
scales Lphys, We impose Imesh S D/, < Lohys. The two rel-
evant physical length scales are the thickness of the actin
layer hy and the membrane corrugation wavelength set by 1/g4.

Hence, we obtain the following criterion:

i} _ ) 1
Lesh S D <« min| 1, - |. (C19)
q
Our choice of D = 10’2 fulfills this criterion with the smallest

mesh grid size of ™" =5 X 1073 and Gmin = 27/10.

mesh —

4. The incompressible limit in the FEM

In the large x limit, the equation of state P = x(p — p*)
enforces p >~ p*, so the model approaches incompressibility.
Numerically, this acts like a penalty formulation: Increasing
x improves enforcement of the constraint but makes the re-
covered pressure sensitive to the finite accuracy of the density
field. A residual density error ép, for example, from interpo-
lation or mesh-scale fluctuations, produces a pressure error
8P = x §p, which can contaminate the computed stresses
when y is large.

Since pressures and stresses are nondimensionalized by
2nky, and since the flat incompressible reference pressure
is of order Py = —2nky, the corresponding nondimensional
smooth pressure scale is || ~ 1. Therefore, a remaining
density fluctuation §p,, contaminates the computed stress
field if x|5p,| becomes comparable to unity. To estimate
when such mesh-scale density fluctuations are suppressed,
consider a perturbation 8o, with characteristic wavelength
£,,. In the density equation, diffusion contributes a residual
of order D §p,,/¢2, and therefore penalizes short-wavelength
fluctuations strongly. In contrast, the pressure perturbation
8P, = x §p, enters the compressible Stokes balance and in-
duces a velocity perturbation, which re-enters the density
equation through the transport term V - (pv). This pressure-
flow feedback contributes to the density residual with a scale
of order p;x §pm/n, where p; is the local smooth density.
Hence, diffusion robustly damps mesh-scale density fluctua-
tions when D/¢2 > p,x /1. In nondimensional variables, this
becomes ¥ < D/(ps2). This criterion should be understood
as a mesh-scale damping estimate, not as a sharp physical
transition. It states that a nonzero mesh-scale density fluc-
tuation should generate a sufficiently large residual that the
Newton solver cannot converge while retaining an appreciable
8P

With the values used in the simulations, D = 10~2 and
£, =5 x 1073, this gives the estimate ¥max ~ 400/ p,. Thus,
values such as y =5 to 20, which already approach the in-
compressible regime in our simulations, remain well below
this mesh-scale damping bound. Nevertheless, the pressure-
noise condition x|§p,| < 1 must also be checked, because
even very small density errors may generate stress errors of
physical magnitude when x is large. This distinction is im-
portant: Diffusion controls the amplitude of short-wavelength
density noise, whereas the equation of state determines how
any remaining density noise is amplified into pressure and
stress.

To improve our scheme for larger values of x, we refor-
mulate the compressible problem by keeping the pressure as a
variable and deriving the density from it:

P

p=—+p (C20)
X
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B Scheme 1: p as a variable

=~ ® Scheme 2: P as a variable
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FIG. 8. Numerical FEM results for the normal stress as a func-
tion of the friction parameter for the full range of compressibility
X, using the two numerical schemes described in the text. In order
to suppress residual density fluctuations in the large x regime, the
diffusion coefficient was increased to D = 0.1. As the compressibil-
ity x increases, the numerical solutions converge toward the bold
red curve that corresponds to the analytical incompressible predic-
tion including both first- and second-order contributions. Parameters:
x =10, 1, 5,20, 100, 500, 800], ghy = 7.

This strongly reduces the amplification of residual density
errors for large j and allows stable asymptotic numerical ex-
ploration of the incompressible limit as shown in Fig. 8. In the
weak form, this reformulation modified the density in favor
of the pressure variable as in Eq. (C20) and the governing
equations becomes

Fp:fpwsd9+/)'(p*wsdQ—/f_’T%szdQ
Q Q Q
—)‘(f,o*i-szdQ+Df VPV, dQ
Q Q

+ 5 (p*v-N)w;ds + (Pv — DVP) - Nwds.
99, a9,

(C21)

We observe that increasing jy drives the stress toward the
analytical incompressible limit, including also the nonlinear
corrections. This second scheme (P as a variable) suffers from
the same limitation for small ¥ as the first scheme (o as a
variable) for large j, so a proper numerical exploration of the
full range of ¥ from zero to infinity needs to combine both
schemes. Figure 8 shows such an exploration, insisting on the
important requisite that both schemes give the same results for
intermediate y values.

APPENDIX D: ADDITIONAL RESULTS FOR FINITE
COMPRESSIBILITY

Figure 4 shows how the stress from a gel with fi-
nite compressibility extrapolates smoothly between the fully
compressible and incompressible solutions as ¥ = x/(2nks)
increases, for a given value of the wave vector g. When the
friction coefficient is small, the fully compressible stress is
dominated by second-order contributions [Eq. (20)]. In order

v
.
o

1072 107 100 100 qho
FIG. 9. The curves include the nonlinear contributions for the
incompressible and fully compressible cases. It is followed by
the numerical results in the regime where the nonlinear effects
become non-negligible for small friction value. Derivation of non-
linear terms: see Sec. IV. Parameters used: u,/hy = 0.01, Ehg/2n =
0.01, x/(2nks) = [0, 1,5, 100]. Nonlinear effects are expected to
dominate when > > & /iy >~ 1 [Eq. (20)].

to properly compare the incompressible and fully compress-
ible cases, we performed the same second-order expansion
for the incompressible limit as described in Sec. IV in the
fully compressible case. The equivalent of Eq. (20) for in-
compressible gel is very lengthy and not given explicitly
here. It exhibits a similar scaling o ¢’u;. Figure 9 displays
the analytical expressions for the incompressible and fully
compressible stresses as a function of ¢, together with the
numerical simulations using FEM for varying compressibility.
This shows that finite-compressibility effects become more
apparent at large wave vectors ghy > 1.

APPENDIX E: FINITE COMPRESSIBILITY AND
CURVATURE-DEPENDENT POLYMERIZATION

In order to illustrate the case of the finite compressibility
and curvature-polymerization coupling, we show in Fig. 10
the “steady state” of actin configuration for a given membrane
shape, for a fixed membrane configuration consisting of a
single Fourier mode. The plots show the velocity and density
profiles of actin along the direction z normal to the membrane
at position gx = 7 (a valley of the membrane profile). The
distributions of total stress o, in the x—z plane is shown as an
inset, and the distribution of density and velocity in the x—z
plane are shown underneath.

The left panel of Fig. 10 shows the cases without coupling
between local curvature and actin polymerization (§v, = 0)
and the right panel with coupling (6v, # 0). In both cases, the
actin velocity decays from its membrane value to zero at the
free boundary, while the actin density decays in an exponential
fashion to a minimum value at the free surface. These plots are
qualitatively similar to the case of a flat membrane (Fig. 7).
This important difference in the stress o,,, promotes the flat
membrane state (it pulls on the membrane valleys) for uni-
form polymerization (§v, = 0), while it promotes membrane
deformations (it pushes on the valleys for the chosen pa-
rameters) with polymerization-curvature coupling. Note also
that the free surface is much more deformed under curvature-
modulated polymerization than for uniform polymerization.
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FIG. 10. Left: Steady-state solution of a compressible gel on a corrugated membrane for uniform polymerization (60, = 0). Right: Same
plots in the presence of curvature-dependent polymerization (60, = 0.09). The membrane shape, actin density, velocity, and normal stress are

shown. The parameters are ¥ =5, £ =0.01, § ==, i, =0.01, v, =1, p* = 1.
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