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Compressible Navier-Stokes flow in Schrodinger-type variables
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Fluid equations are nonlinear, dissipative, and non-Hamiltonian, which makes their relation to Schrodinger
evolution and quantum algorithms nontrivial. We derive an exact Eulerian Cole-Hopf-type reformulation of
isothermal compressible Navier-Stokes (NS) flow in Schrodinger-type amplitude variables. To our knowledge,
this gives the first exact Cole-Hopf-type Schrodinger-variable reformulation of compressible NS flow. In
two dimensions, a Helmholtz decomposition separates the velocity into compressive and vortical potentials,
whose logarithmic transforms yield two scalar imaginary-time Schrodinger-type equations with nonlinear self-
consistent potentials. We show that the mixed density-compressive amplitude ¥, = p*®'~2%  where p is the
density, © is the compressive amplitude, and o # 0, 1/2, satisfies a nonlinear Schrodinger-type equation with
a vector-potential-coupled Laplacian. The transformed system is exactly equivalent to compressible NS and is
nonlocal only through Helmholtz and Poisson projections. In three dimensions, the density-carrying equation re-
tains the same vector-potential-coupled structure, while the solenoidal sector admits a compressible analog
of Ohkitani’s [Phys. Rev. E 92, 033010 (2015)] incompressible NS Cole-Hopf formulation. Unlike unitary
hydrodynamic Schrodinger-flow representations, the present equations are imaginary-time heat or drift-diffusion
equations with self-consistent potentials, but they remain an exact change of variables for compressible NS. A
two-dimensional Kelvin-Helmholtz shear-layer calculation verifies the transformed equations against a direct
compressible NS simulation. The formulation exposes operator structures that may be useful for reduced flow

descriptions, quantum algorithms for operator evolution, and quantum partial differential equation solvers.

DOI: 10.1103/6gnr-vkx3

I. INTRODUCTION

The classical Cole-Hopf transformation linearizes the one-
dimensional viscous Burgers equation by writing u(x, ) =
—2v 9, InO(x, 1), where u is the flow velocity, x is position, ¢ is
time, v is the viscosity, and 6 is a scalar amplitude [1-3]. With
this substitution, the nonlinear advection term u 0,u is ab-
sorbed into the heat equation, equivalently an imaginary-time
Schrodinger-type equation, 9,0 = v 326, for the transformed
variable. This elegant transformation is special, since it
relies on potential flow and does not extend directly to
incompressible Navier-Stokes (NS) flow, where the nonlin-
ear advection term u - Vu is coupled to the pressure force
—V p. The pressure enforces the incompressibility constraint
V -u =0 through a nonlocal projection onto solenoidal,
or divergence-free, velocity fields. Ohkitani [4] emphasized
this nonlocal structure through alternative streamfunction and
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vorticity-based formulations, and later derived dynamical
equations for streamfunctions, vector potentials, and ve-
locity potentials [5]. These potential formulations provide
natural variables for Cole-Hopf-type logarithmic transforms,
even though they do not linearize the full incompressible
equations [6]. They also suggest a route for extending the
construction to compressible NS flow by reformulating the
dynamics in terms of wave-function-like amplitude variables
with heat- and Schrédinger-type structure.

For incompressible NS flow, Ohkitani [6] showed that a
streamfunction v in two dimensions, or a vector stream-
function ¥ in three dimensions with u =V x ¥, can
be transformed logarithmically into heat equations with
nonlinear self-consistent potential terms, or equivalently,
imaginary-time nonlinear Schrodinger equations. The result-
ing Feynman-Kac representation gives a regularity criterion
and makes the self-consistent potential a diagnostic for
localized structures with large vorticity gradients in two-
dimensional (2D) turbulence. Vanon and Ohkitani [7] applied
the same componentwise transform to three-dimensional (3D)
incompressible NS simulations, where the potential high-
lights vortex reconnection and regions of intense vorticity
interaction; they also derived an analogous construction for
incompressible magnetohydrodynamics (MHD). In this study,
we determine whether this framework can be extended from

Published by the American Physical Society
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incompressible to compressible isothermal NS flow, broad-
ening the applicability of these model reformulations to
the ubiquitous, highly compressible flows across the Uni-
verse [8,9] and in Appendix B we extend it to compressible
MHD [10].

The compressible case changes the problem in two es-
sential ways. First, the velocity u# has both compressive and
solenoidal components. In two dimensions, we write u =
V¢ + V-, where ¢ is the compressive potential, ¥ is the
streamfunction, and V* f = (9yf, —0.f) is the skew gradient.
Thus, a single solenoidal potential is no longer sufficient.
Second, the density p obeys a first-order continuity equa-
tion rather than a diffusion equation. In Appendix C, we show
that this imposes a restriction on direct transformations of
p into a Schrodinger equation for many choices of f(p).
Following Ohkitani’s incompressible Cole-Hopf analog [6],
we apply logarithmic transforms to both velocity potentials,
¢=—-2u.1n® and ¥ =2u,In E, where ® and E are the
compressive and solenoidal amplitudes and w,. and pu; set
their transform scales. To incorporate density, we introduce
the mixed amplitude ¥, = ,0"‘@1‘2"‘, with, whose powers are
chosen so that the compressive Laplacian terms cancel. Our
result is an exact Eulerian reformulation in terms of ®, &,
and V,, coupled nonlocally through Helmholtz and Poisson
projections in two and three dimensions. The ® and E sectors
retain heat or imaginary-time Schrodinger structure, while W,
satisfies a nonlinear Schrodinger-type equation with a vector-
potential-coupled Laplacian.

A second motivation comes from quantum and quantum-
inspired approaches to nonlinear partial differential equa-
tions (PDEs). Because quantum operations are linear and
quantum measurement returns limited classical informa-
tion, nonlinear field equations are often recast before either
evolution or readout, i.e., before extracting classical ob-
servables or statistics from the encoded quantum state.
Existing quantum-fluid work includes algorithms for targeted
fluid benchmarks and nonlinear dissipative systems [11-14],
quantum lattice-Boltzmann algorithms for streamfunction-
vorticity formulations of incompressible NS flow [15], hybrid
variational methods for nonlinear Schrodinger-Poisson dy-
namics [16], Madelung-type hydrodynamic reformulations,
including geometric studies of the Madelung transform
and quantum-walk implementations [17-19], and quantum-
inspired matrix-product-state compression of Vlasov-Poisson
dynamics [20]. Particularly, relevant to the present paper,
Meng and Yang [21] derive a hydrodynamic Schrédinger
equation (HSE) by generalizing the Madelung transform to
a two-component wave function for compressible or incom-
pressible flows with finite vorticity and dissipation. Their
quantum algorithm and turbulence tests focus on the in-
compressible Schrodinger flow, which resembles viscous
turbulence in some structures and statistics but is not an ex-
act NS reformulation. Closest in algebraic strategy, Uchida
et al. [22] use the Cole-Hopf transformation to map Burgers
turbulence to a heat equation for the transformed field, and
then extract selected velocity statistics from the quantum state
under a perturbative readout approximation. Complementary
hardware studies show that central moments and structure
functions of amplitude-encoded velocity fields can be mea-
sured without full state tomography [23]. At the same time,

detailed complexity comparisons for the heat equation show
that quantum advantage is task dependent and can disappear
once state preparation, error scaling, readout, and the best
classical algorithms are included [24]. Thus, the present trans-
formation should not be read as a quantum speedup claim.
Rather, we rewrite the compressible isothermal NS (and MHD
in Appendix B) equations as a coupled set of amplitude equa-
tions whose heat- and Schrodinger-type linear parts may be
able to benefit from quantum algorithms for operator evolu-
tion, while leaving nonlinear potentials, elliptic projections,
state preparation, and observable extraction as explicit chal-
lenges.

The gain is not that the compressible equations become
linear. Rather, the transformation gives an exact operator de-
composition of the flow. It separates compressive, vortical,
and density-carrying degrees of freedom; identifies the scalar
and vector self-consistent potentials through which nonlinear
advection, pressure, and projection effects enter; and places
the leading linear pieces in heat- or drift-diffusion form.
This structure makes the nonlinear couplings explicit enough
to compare with incompressible Cole-Hopf analogs, to de-
fine possible reduced operators, and to isolate which terms
would have to be retained or approximated in any quantum or
quantum-inspired implementation.

The study is organized as follows. In Sec. II, we de-
velop the two-dimensional construction, beginning from the
standard compressible NS equations and ending with a
closed set of transformed amplitude equations. In Sec. III,
we give the three-dimensional analog, including the vector-
streamfunction formulation of the solenoidal sector. In
Sec. IV, we use a direct Kelvin-Helmholtz comparison as
a consistency check on the exact transformed equations. In
Sec. V, we discuss the limitations, extensions, reduced-model
possibilities, and quantum-computing relevance of the re-
formulation. In Appendix A, we relate our Leray-projector
formulation to the Green’s function operator used by Ohk-
itani [5]. in Appendix B, we derive a compressible MHD
extension. in Appendix C, we make the restriction on pure
density-only transforms explicit. In Appendix D, we show that
several broader transform classes do not give a single closed
second-order density equation.

II. TWO-DIMENSIONAL NAVIER-STOKES

A. Governing equations

We consider the two-dimensional isothermal (p = c?p)
compressible NS equations

%p+V-(pu)=0, (D

du+u-Vu=—c*Vinp+vAu+ (& +vIV(V -u), (2)

where ¢, is the isothermal sound speed, v is the shear vis-
cosity, and ¢ is the kinematic coefficient multiplying the
additional compressive viscous term. The isothermal pressure
term already appears as a gradient of In p, so it is useful to
make the logarithmic density a primary scalar variable, s =
In p. With this substitution, the continuity equation becomes
a transport equation with source —V - u. This source depends
only on the compressive component of the velocity, which we
represent by the scalar potential introduced below.

033383-2



COMPRESSIBLE NAVIER-STOKES FLOW IN ...

PHYSICAL REVIEW RESEARCH 8, 033383 (2026)

Throughout the two-dimensional derivation, we assume ei-
ther periodic boundary conditions, with zero-mean potentials
used to fix the inverse Laplacian, or sufficiently decay-
ing fields on R2. The Helmholtz potentials are therefore
understood modulo the usual constant freedoms. Nonlocal
scalar potentials are fixed by the corresponding Poisson
equations together with these conventions. The resulting zero-
mode choices do not affect the reconstructed velocity field, but
they fix the amplitudes used below.

B. Helmholtz decomposition
In two dimensions, we write the velocity as
u=Ve+Viy, V=@, -ay). Q)
Then,
Vou=A¢, o= —du =—AY. “4)
In terms of s, the continuity equation becomes

os+u-Vs=—-V.u=—-A¢p. 5)

C. Potential formulation of the momentum equation

Using the two-dimensional identity

2
" Vi v(%) tuto, ut=(cuu),  (©)

we rewrite Eq. (2) as

du + V<% + cfs) +uto =vAu+ (¢ +v)V(V -u).
(N
We define
F =u'o, 8)
and decompose F into gradient and skew-gradient parts,
F=V&; +Viy,, 9)
where
V.F = Adp, (10)
VL. F = AV, (11)
VY .F =93.F —,F. (12)

Projecting the momentum equation onto the gradient and
skew-gradient sectors gives
2
u
a0+ B s op =@ +o0AG, (13)

Y+ W =vAY. (14)

D. Logarithmic variables

We now introduce logarithmic amplitudes for the compres-
sive and vortical potentials,

¢ =—-2u.t, ¥=2ux, =IO, x=Ing, (15)
where
Ue =¢ +2v, u,is the solenoidal transform scale. (16)

One may specialize to the canonical choice u; = v, but we
keep the symbols distinct to avoid conflating the transform
normalization with the physical viscosity. Thus, u; normal-
izes x; it is not an additional physical transport coefficient.
The corresponding amplitudes are

®=¢, E=eé¢ 17)
The velocity becomes
u=—-2uNVt+2u,Viy. (18)
Its divergence is
V.u=-2uAr. (19)
Therefore, Eq. (5) becomes
os+u-Vs=2u.Ar. (20)

E. Compressive Schriodinger-type equation

Substituting ¢ = —2u.7 into Eq. (13) and using

30 =091, AO=0O(AT+ |V, 21
we find
30 = pn A0 + VO, (22)
with scalar potential
Vo = —2us VT - VEiy + “—§|VX|2 + C—§s+ ®r (23)
He 2pue 2

F. Vortical Schrodinger-type equation

Substituting ¢ = 2ux into Eq.
x =1In E, gives

(14), and then writing

0,2 = vAE + VgE, 24)
where
Vg = —;:fs —v|Vxl: (25)
G. The nonlocal forcing field
Since
w=—AY ==2uAx (26)
and
ut =2u. Vit +2u,Vy, 27
we have

F=u'o=—4u(A) (VT + V). (28)
We determine the nonlocal potentials from

Abr=V-F, AVp=-V!.F. (29)

H. Mixed density-compressive amplitude

We now seek an amplitude built from the density and com-
pressive potential that has a second-order Schrodinger-type
form. We choose the powers so that the explicit Az and |V 7 |?
terms cancel from the reaction coefficient. Consider

W, 5 = p*0F = *thT, (30)
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We write
Go.p = IV, g = as + Br, 31)
then
B +u-V)Wop =Wy 50 +u-V)gyp. (32)
Using Eq. (20) and
8T = U AT + pe VT + Vo, (33)
which follows from Eq. (22), we obtain
(0 +u-V)gup=0(,+u-V)s+ B0, +u-V)r
=2au.At+ B0t +u-Vr)
= weQa + B)AT + Bu V|
+BVo+u-Vr). (34)
On the other hand,
Vgup =aVs+ VT, Ag,p=aAs+ BAr, (35)
$O
AWap = Wo,5(Adap + Vdasl)
= U, g(aAs + BAT + a?|Vs|?
+ BVt +2aB Vs - V). (36)
Substituting Egs. (34) and (36) into Eq. (32) gives
O +u- V)W, =DAV, g+ Uy gpVa. g, (37)
with
Ua,pip = ieQa + B)AT + B VT
+ B(Vo +u-Vt)—D(aAs + BAT + o?|Vs|?
+ B Vz|* +2aB Vs - V). (38)

Choosing the coefficients so that the explicit At and |V|?
terms cancel yields

: 1
B=1-2a, Dazlf‘za, afs. (9
Thus, we define the mixed density-compressive amplitude
U, = p*e! 2, (40)
Equivalently,
W, = eotim20r, (41

For a fixed ®, any two choices «,a’ #0,1/2 are alge-
braically equivalent:

v, =wrregl-a/e, 42)

Thus, o does not introduce a physical field; it redistributes
density and compressive-potential information between ® and
W, . The restrictions o # 1/2 and o # 0 have different roles:
o # 1/2 keeps D, finite, while o # 0 is needed to reconstruct
s = In p from ® and W, . Its advection-diffusion equation is

0 +u- V)V, = DAY, + U, V,, (43)

with
2
el As — He
1 -2« 1 -2«
—2u,aVs -Vt + (1 =2a)(Vo +u - V). (44)

Us = |Vs|?

To absorb the advective derivative into a shifted Laplacian,
rewrite Eq. (43) as

o4V, =D, AV, —u-VV¥, + U, ¥,. 45)
We define
u
= — . 46
A, D, (46)

Then, 2D, A, = —u, and for any scalar f,
Do(V + A’ f = DuAf + 2DoAg - V f
+Du(V - Ag + [Au)f
=D, Af —u-Vf
+Do(V - Au + A (4])

Applying Eq. (47) to Eq. (45) gives the vector-potential-
coupled Schrodinger-type equation

H Wy = Do(V + AW, + VU, (48)
where
VW = U, — Dy(V - Ay + | AP = U, +1V u Jul®
o T “ ) 4D,
49)

Using Eq. (18), the vector potential is

s(1 = 2a)
A e ¢
He

Equations (48)-(50) are the vector-potential-coupled
Schrodinger-type equation for the transformed density
variable W,. The operator is analogous to the magnetic
Schrodinger operator, where a vector potential enters through
the shifted derivative in the Laplacian [25]. Here, however,
A, is a real self-consistent flow potential rather than
an imposed electromagnetic vector potential. It contains
both compressive and vortical contributions and is not
divergence-free in general. Consequently, D, (V + A, )? is a
real drift-diffusion operator and is generally not self-adjoint
under periodic or decaying boundary conditions; its formal
adjoint contains (V — A, )?. This distinction is important
when comparing the transformed density equation with
Hermitian magnetic Schrodinger operators.

A, = (1 —2a)Vt — (50)

I. Final coupled Eulerian system

We obtain a convenient nonlocal Eulerian closure by com-
bining the two scalar amplitudes ®, E with one selected
member of the transformed density family, denoted here by
W, where @ # 0 and o # 1/2,

3,0 = . AO + Vg0, (51)
38 =vAE + VgE, (52)
H Wy = Dy(V + Ay, + VI, (53)
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Here,
W, =p0'"2 p, =t
1 — 2«
(=2
A, = (1 —2myvr - WU Z20 g0 sy

c

and the effective potentials are

2 2
®
Vo= —2u, Ve -Vig + Bopwypp 4 S 51 28 (55
e 2pc 2pc
1

Vs = —5—Wp —v|Vxl’, (56)

2

v = - BE Ao By
@ = 2« 1— 2

—2u.a Vs - VT — u.At
—3uc(1 = 20) |V |> + 2us(1 = 2a) VT - VEy
n (I—Za)cf n 1 -2«
s
24k 2k

Dp. 57

We obtain the nonlocal quantities @ and Wy from Egs. (28)
and (29). We reconstruct the scalar fields as

t=In®, x=IhE,

s:lnp:i(ln\ya—(l —2a)t), «aF#0. (58)

We reconstruct the velocity from
u=—-2uVt+2uVty. (59)

In Appendix C, we make explicit why pure density-only trans-
forms do not close into a local Schrédinger-type equation for
the transform classes considered here. In Appendix D, we
show that broader density-compressive transform classes lead
to the same restriction.

III. THREE-DIMENSIONAL NAVIER-STOKES

A. Helmholtz decomposition in three dimensions

We now turn to a three-dimensional extension. We re-
place the scalar streamfunction used in two dimensions by a
divergence-free vector streamfunction, and the scalar vorticity
by the vorticity vector. We write the velocity in Helmholtz
form

u=Vo+Vxy, V-.¢¥=0, (60)
so that
V.u=A¢p, o=V xu=-Avy, 61)

where the second identity uses the Coulomb gauge. The
condition V - ¢ = 0 is a gauge choice for the vector stream-
function rather than an additional physical constraint, since
¥ — ¥ + Vgleaves V x ¥ unchanged. The continuity equa-
tion again becomes

ds+u-Vs=—Ag. (62)

B. Gradient projection and compressive amplitude

In three dimensions,

lu|?
u-Vu:VT —U X . (63)
We define
G=-uxo. (64)

We decompose G into gradient and solenoidal parts,
G=Vd5+VxYs V. .Ys=0. (65)

Projecting the momentum equation onto the gradient sector
gives

Jul?

o+ > + i+ P = peAp,  pe=¢+2v.  (66)

We set
¢ =-2ucrt, O=c¢, (67)
and denote the divergence-free part by
u,=Vxvy, V-u,=0. (68)
Then,
u=-2u.Vt + uy, (69)
and Eq. (62) becomes
os+u-Vs=2uAt. (70)

The same logarithmic calculation used in the two-dimensional
compressive sector yields

30 = u.A0 +ViYe, (71)
with
lu,> 2 dg

4 * 2 * 2

Ve = —Vr w4 (72)
C. Transformed density amplitude in three dimensions

The transformed density variable has the same density-
compressive form as in two dimensions:

qja = pa®l—2a — eas+(l—2a)r
He 1
Dy = ———, =. 73
—2a %72 73
The same cancellation mechanism as in two dimensions gives
(B +u- V)V, = DAY, + UPDY,, (74)
where
2
Ush = - BE A5 By
“ 1 —2a" 1—20[| d
—2pa Vs -V + (1 =2a0) (VS +u- V). (75)
Equivalently,
HWy =Dy AV, —u -V, +UCDw,. (76)
We introduce the effective vector potential
u 1 -2«
ACD = ——_ — (1 —20)V7 — 77
o D, ( a)Vt . u 77
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Then, the transformed density variable satisfies the three-
dimensional vector-potential-coupled Schrodinger-type equa-
tion

8 Wy = Do (V + ADD) Wy + V3w, (78)
with
1 Ju|?
VD = ygBh 4 vy — —— 79
: S ALy (79)
Using Eq. (69), this becomes
2
V(v’3d) —_ U _ KX v 2
“ 1—2a " 1—20{| d
—2u.a Vs - VT — u AT
—3ue(1 = 20)| V> + (1 —2a) VT - uy
1 —20)c? 1 —2a
+ ¢ )< s+ Dg. (80)

2pe 2pc
Thus, the transformed density equation has the same vector-
potential-coupled structure in three dimensions as in two
dimensions.

D. Solenoidal sector and vector-streamfunction transform

For incompressible three-dimensional flow, Ohkitani
showed that the solenoidal vector-potential equation can be
rewritten componentwise in Cole-Hopf form [6,7]. We write
the corresponding velocity potential as the vector stream-
function ¥, reserving A for the magnetic vector potential in
Appendix B. This construction builds on the earlier vector-
potential evolution equations for incompressible Euler and NS
flow [5]. We treat the compressible case by the same sequence
of steps after projecting the momentum equation onto its
solenoidal sector. We start from the compressible momentum
equation written in the form

2
ou + V(%) + chs +G = (u.—v)V(V -u)+vAu,

G=-uxw. (81)

We denote the Leray projector onto divergence-free vector
fields by IP. The projector is defined by [26]

PF =F —VA~Y(V.F), (82)

so V- (PF)=0 and F splits into a gradient part plus its
solenoidal projection. In Fourier variables,

PF(k) = <1 _k® k)f(k). (83)

k|

Applying P annihilates all gradient terms. Since Pu = u;,
PV(V -u) =0, and PAu = Aug, we obtain

dus + PG = vAu,. (84)

Using the Helmholtz decomposition G = Vg +V x Y,
the projected nonlinear term is PG = V x Y . Therefore,

ous; + VxYs =vAu,. (85)

Since u; =V x ¢, Eq. (85) determines the vector stream-
function only up to a gradient gauge. We now show that
one can choose this gauge, compatibly with the periodic or

decaying boundary conventions used to define the inverse
Laplacian, so that

Y +Ys=vAy, V-¥=0. (86)
Substituting u;, = V x ¢ into Eq. (85) gives
Vx@¥+Ys—vAy)=0. (87)

Thus, the residual is a pure gradient: there exists a scalar field
A such that

WY +Ys—vAYy =V (88)
We use the gauge transform ¢ — ¥ + Vg, with
0q —VAq = —A, (89)

which preserves u; = V x ¢ and removes the pure-gradient
residual. In this gauge A = 0, yielding Eq. (86). This evolution
preserves the Coulomb gauge: because V - Y ¢ = 0, taking the
divergence gives 0,(V - ¥) = vA(V - ). Thus, V - ¢y = O re-
mains true if imposed initially under the periodic or decaying
boundary conditions considered here. In the incompressible
limit, this reduces to Ohkitani’s vector-streamfunction equa-
tion. The forcing is determined by the full compressible field

u=-2uVt+V x 1y, 90)
w=V xu=—-Avy, On
G=—uxw. 92)

Substituting u = —2u,. V1 + u, gives the explicit split
G=—-u,xw+2u. V1t X @. 93)

The first term is the incompressible Ohkitani contribution,
while the second is the genuine compressible correction. Ac-
cordingly,

PG = P(—u; X @) +2u.P(Vt X w). 94)
Choosing V - Y = 0, we write
Yo=Y,+Y,, 95)
where

VxY;=P(—u; xw), VxY.=2u.P(Vt x o).

(96)
Equivalently,

Y, —AT'V x (—u; X ),
Y.=2u.A7'V x (VT x @), 97)

since Vx (PF)=V x F and V x (V xY) = —AY under
the Coulomb gauge. Thus, the compressible effect on the
solenoidal sector is encoded in the additional nonlocal term
Y .. Applying the componentwise Cole-Hopf transform

Yvi=klnv;, j=12,3, (98)
where k is a transform scale, gives
v = vVAD; + V,,(?;l)z?j (no summation), 99)
with
o) V|Vﬁj|2'

Y6 _
kel k 07

(100)
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This follows componentwise from

LB 1) V9|2
o 2% VI
9 @ 9; 97

(101)

J

after substituting v; = kln?}; into Eq. (86) and using
Alnd; = A /9, — |V19j|2/15‘}. The Coulomb-gauge con-
straint becomes

1
> —a0=0. (102)
=1 Vi

We summarize the coupled transformed system below.

E. Coupled transformed system in three dimensions

Collecting the preceding results, we write the compressible
analog of Ohkitani’s three-dimensional formulation as

30 = p.A0 + Ve, (103)
3V, = Dy(V + A) W, + V3D, (104)
;= vAY; + V39, j=1,2,3. (105
There is no summation over j in Eq. (105). Here,
|us|2 c? D
VS = -Vt - u; = : 106
© Y e o T (106)
1-2
ACD = (1 = 20) V7 — —— g, (107)
2pc
2
A I oy N i | VN
¢ 1 -2« 1 -2«

—2u.a Vs - VT — u.At
—3u.(1 =20)| V> + (1 —2a) VT - ug

(1—-2a)? 1-2a
+ =5+

o 0 Dg, (108)
and
Y5); V]2
Vil = -y (109)

We reconstruct the physical variables from

1
t=In0®, s=-n¥Y,—1-2a)t), p=¢', (110)
o

Yi=klnv;, wu,=Vxy, u=-2uVr+u, (111)

with the Coulomb-gauge constraint

S
> —o0;=0.
= Vi

These reconstruction formulas require o # 0 and o # 1/2.
Together, they give the coupled compressive-solenoidal-
density transformed system for the present Eulerian com-
pressible generalization.

(112)

IV. NUMERICAL VALIDATION

We validate the two-dimensional transformed system
[Egs. (51)—(53)] by evolving it alongside a direct simulation

of the compressible isothermal equations (1) and (2) on a dou-
bly periodic square domain (x, y) € [0, 27 1?. The calculations
use DEDALUS, an open-source parallel framework for solving
partial differential equations with spectral methods [27]. Here,
DEDALUS provides the Fourier discretization for the direct
simulation and the periodic Poisson solver used in the trans-
formed equations. The transformed state consists of ®, &, and
W, with &y and Wy obtained at each time by solving the

zero-mean Poisson problems in Eq. (29),
Abr=V-F, AVp=-V*.F. (113)

The physical variables are reconstructed pointwise from

t=In®, x=IhE,
1
s=—(n¥, — (1 —2a)t), p=¢, (114)
o
and
u=—-2uNVtr+2u,Vty. (115)

The logarithmic reconstruction requires positivity of the trans-
formed amplitudes; loss of positivity would signal either
numerical failure or departure from the regime in which the
amplitude variables are well conditioned.

The test problem is a smooth Kelvin-Helmholtz unsta-
ble shear layer, a standard instability (Kelvin-Helmholtz
instability; KHI) problem that has also been used to test
potential-based formulations of incompressible flow [5]. It is
a good test because it has analytical growth rate and gets into
nonlinear regime where the numerical methods are stringently
tested. The initial density is uniform, p(x, y, 0) = 1, and the
velocity is initialized as

ux(x,y,0) = Up[P(y) — (P)], (116)
uy(x, y, 0) = e sin(kx)E (), 117)
where
E(y) = e—[(}’—yl)/tfp]2 + e—[(y—yz)/dp]z’ (118)
PO) = tanh 22— —anh 2=22 1. (119)
Oy O

The parameters are y; = /2, v, =3n/2, k, =2, Uy =1,
and € = 0.5, with shear width o; = 0.03(27) and perturbation
width ¢, = 0.06(27). We report times in units of the KHI
shear time

Oy
th = U = 0.1885, (120)

0
which is the inverse peak shear of an isolated tanh layer
with the present normalization. The direct and transformed
systems are initialized from the same transformed state, so
the reconstructed fields [Eqs. (114) and (115)] and direct
physical variables agree to roundoff at ¢ /¢y, = 0.

The calculation used 1282 Fourier collocation points, ¢y =
Lv=5x10"%¢=5x10"2, 0 = 1/4, iy = 1, and a fixed
time step At =5 X 10~% = 2.65 x 1073¢,. The final time is
t/tsy = 10.00. The direct reference simulation was advanced
with the DEDALUS RK443 time stepper. The transformed
system [Egs. (51)—(53)] used an explicit RK4 update, with
nonlinear products evaluated on the 3/2-dealiased grid and
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TABLE 1. Relative-error diagnostics for the 128% Kelvin-
Helmholtz comparison. Times are reported in KHI shear units, t, =
o,/Up. The density and logarithmic density errors €, and ¢, are rela-
tive L? norms of prec — Pdir and Srec — Sair, respectively. The velocity
error €, is the relative L2 norm of |u,ec — tgic|.

t/kh ep €s €y

0.00 0 0 0

2.00 2.16 x 1077 2.41 x 107° 4.66 x 1078
4.00 6.62 x 1077 6.22 x 107° 1.58 x 1077
6.00 2.34 x 1076 1.94 x 1073 8.28 x 1077
8.00 421 x 1076 3.20 x 1073 2.43 x 107
10.00 1.05 x 1073 9.49 x 1073 5.42 x 107

DEDALUS Poisson-solver calls for the projected potentials
[Eq. (29)]. Each transformed right-hand side evaluation re-
quires two elliptic solver calls, one for &7 and one for V.
The RK4 update therefore uses eight periodic Poisson-solver
calls per transformed time step, in addition to the two one-
time Poisson-solver calls used to initialize T and x from the
physical velocity field. Thus, the errors below measure the
implemented side-by-side validation, including time stepper,
projection, and elliptic-solver errors, rather than a formal con-
vergence rate.

Table I gives the relative-error diagnostics. The errors in-
crease monotonically as the shear layers roll up, but remain
small through the final time. At ¢t /ty, = 10.00, the density and
velocity relative L? errors are 1.05 x 107> and 5.42 x 1079,
respectively. The logarithmic density error €; is larger than €,
as expected because s = In p weights fractional density dif-
ferences; even so, it remains below 10~*. These numbers are
not a convergence study, but they show that the implemented
transformed right-hand side Egs. (51)—(53), projection opera-
tions [Eq. (29)], and reconstruction formulas (114) and (115)
remain consistent with the direct simulation over several
turnover times.

Figure 1 gives a complementary visual check. The error
history in panel (a) shows no sudden loss of agreement or
positivity, and panels (b) and (c) show that the reconstructed

(a) error history

(b) reconstructed w

and direct vorticity fields have the same phase, layer thickness,
and extrema at the final time. This comparison is important
because small global L? errors alone could miss a coherent
phase shift of the rolled shear layers.

The amplitude variables remain positive throughout the
run, as required by the logarithmic reconstruction [Eqs. (114)
and (115)]. At the final time, min p.. = 0.829781,
min pgi; = 0.829784, min ©® = 1.53 x 10°, min E = 0.4687,
and minV¥, = 38.43. Figure 2 shows the same final
KHI state in both the ordinary fluid variables and the
logarithmic transformed variables. Here, t is proportional
to the compressive velocity potential, ¢ = —2u.7, so its
spatial structure reflects the irrotational part of the velocity
field. In contrast, In ¥, = as + (1 — 2a)t combines the
logarithmic density s = In p with the compressive potential.
The difference between the v and In W, panels therefore
shows how density fluctuations modulate the compressive
sector during the shear-layer roll-up. The comparison
illustrates what the transformation does geometrically:
x =InE carries the two vorticity-bearing shear layers,
while T = In® and In ¥, encode broader compressive and
density-coupled structure. Thus, the transformed variables
are not merely auxiliary numerical fields; they separate the
vortical, compressive, and density information that are mixed
together in (p, u).

In Fig. 3, we check the integrated quantities. The total
momentum components are

Pit) = /pu,- A, i=x.y. (121)

For periodic conservative compressible flow, these are the nat-
ural momentum diagnostics, and the components in Eq. (121)
remain close to their initial zero values in both evolutions:
over the saved snapshots, the maximum absolute drift is
3.3 x 10719 for the direct P,, 4.4 x 10~ for the reconstructed
P,, and below 6.0 x 10~!° and 2.6 x 10~ for the direct and
reconstructed P,, respectively.

The energy diagnostic requires a small distinction. Isother-

mal compressible flow does not conserve kinetic energy on
its own, because pressure work exchanges kinetic energy with

(c) direct w

1075

relative L2 error

4 4
2 2
0 0
—2 -2
—4 —4

t/tsh

FIG. 1. Kelvin-Helmholtz validation of the transformed system at 1282. Panel (a) shows the relative L? errors in the reconstructed density
p and velocity u compared with the direct compressible Navier-Stokes simulation. The errors grow smoothly through the shear-layer evolution
but remain at O(10~) or below at ¢ /t, = 10.00. Panels (b) and (c) compare the final reconstructed and direct vorticity fields, showing that the
two rolled shear layers and their peak vorticity amplitudes are recovered without visible phase drift.
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, (&) p—1 (b) w (c) uy
4 0.15
0.10
2
0.05
=1 0 0.00
[em}
, ~0.05
-2
—0.10
4 —0.15
(d) r— (1) () x=InE () InU, — (In¥,)
s al
8 0.4
2L AT B
CE 0.0
S F AT B
Q
A —0.4
AL K

FIG. 2. Final Kelvin-Helmholtz state in fluid and transformed variables at ¢ /¢, = 10.00. The top row shows the reconstructed physical
fields: The density perturbation p — I, the vorticity w, and the transverse velocity u,. The bottom row shows the logarithmic transformed
variables T =1n®, x =In &, and In ¥, with spatial means subtracted from 7 and In ¥,. The transformed fields separate different pieces
of the same flow: x tracks the two vorticity-bearing shear layers, while T and In ¥, carry the larger-scale compressive and density-coupled

structure.

compressive free energy. The density contribution below is the
standard relative pressure potential for barotropic compress-
ible flow [28]: it vanishes at the reference state p = 1 and,
for small density perturbations, is quadratic in p — 1. For pe-
riodic inviscid isothermal flow, the corresponding conserved
functional is

1
E@):/[§p|u|2+cf(plnp—p+1)] dA, (122)

where the second term is the isothermal internal/free-energy
density, normalized to vanish at p = 1. In the present viscous
calculation, the functional (122) is expected to decay rather

%102 (a) total momentum
S0 — I I I e I I B
= =
0 5'_'_'—'?\'_'—‘—'='=-..'—L.;_,'E
- Q -
3 = \ 7 3
3 -1 = \ / -
SY - \ 1 4 =
— _9o & \ / =
I - ! =
. = E / =
o -3 = \ / —
E-.- P, direct =#= P, direct \\ ,‘ E
—4 [=o- P, rec, -#- P, rec. R =
El v ri v Eva by byl
0 2 4 6 8 10

t/tsh

than remain constant. It decreases to E(¢)/E(0) = 0.9831
by t/tq, = 10.00. The direct and reconstructed normalized
energy histories differ by at most 2.9 x 107'°, providing an
additional global check that the transformed simulation fol-
lows the same dissipative evolution as the direct simulation.

V. DISCUSSION AND CONCLUSION

The main result of this paper is an exact Eulerian
Cole-Hopf-type operator reformulation of the 2D and 3D
isothermal compressible Navier-Stokes equations and its
extension to MHD. To our knowledge, this is the first ex-
act Cole-Hopf-type Schrodinger-variable reformulation of

(b) total isothermal free energy

T T 1 T T 1 T T 1 T T 1 T T 1
1.000 | | | [ o direcIt_
: =M= rec. :
_ 0.995 f— —
B C _
S L ]
~ C ]
X 0.990 f— —
& - .
0.985 |— —
wll I
0 2 4 6 8 10
t/tsh

FIG. 3. Integral diagnostics for the same 128% Kelvin-Helmholtz comparison. Panel (a) shows the domain-integrated momenta P; =
f pu; dA for the direct and reconstructed states. Both components remain close to their initial values, with the small residuals shown on a

107° scale. Panel (b) shows the normalized isothermal free energy E =

viscosity, and the direct and reconstructed curves track the same decay.

Jlolul?/2 4 c2(plnp — p + 1)] dA. The energy decays because of
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TABLE II. Summary of the compressible NS transformation to imaginary-time Schrodinger-type amplitude equations. The table separates
the variables used in the closed two-dimensional system [Eqgs. (51)—(53)] from their three-dimensional analogs in Eqgs. (103)—(105), and lists
where the self-consistent potentials entering each transformed equation are defined.

Variable Physical content

Leading transformed equation

Explicit potentials and nonlocal input

2D/3D (® = e") Compressive potential
¢ = —2u.7, hence
V-u=-2u.Atin2D
[Eq. (19)]; the same relation

follows in 3D from Eq. (69)

2D: 3,0 =  A® + Vo® in Eq. (51)
3D: 3,0 = u A0 + V50 in Eq. (103)

Ve in Eq. (23) contains pressure cf_s,
vortical coupling through x, and ®;
V(ffd) in Eq. (72) replaces the vortical
scalar coupling by u; and uses ®g.
The nonlocal scalar potentials satisfy
Eq. (29).

2D scalar Scalar streamfunction 0,8 =vAE 4+ VzE in Eq. (52) Vg in Eq. (25) contains the projected
streamfunction ¥ = 2usx, hence vortical forcing Wy and
(E=eX) w=-2u;Ax logarithmic-gradient term |V x |2; Wg
is obtained with &5 from Egs. (28)
and (29).
3D vector Vector streamfunction Componentwise equation Vz;?;l) is defined in Eq. (100). It contains
streamfunction  wu, =V x ¢, withy; =klnd;; 0,0, = vAY; + Vlfid)t)_,- in Eq. (105) the projected solenoidal forcing (Y);,
;= evi®) in Coulomb gauge, @ = —AY ' where Y =Y, + Y, inEq. (95); Y, is
the incompressible-type contribution
and Y. is the compressible correction
driven by V, as in Egs. (96) and (97).
2D/3D Density-compressive amplitude,  2D: 9, W, = Do (V + A, ¥, + VW, in 2D uses A, in Eq. (50) and V. in
U, = p?@'"2  withs=1Inp = Eq. (53) Eq. (49); 3D uses AP in Eq. (77)

a InY, — (1 —2a)7].

3D: 9, ¥, = D, (V + ASD)Yy,
+ V3D, in Eq. (104)

and V.3 in Eq. (80). These
potentials contain density gradients,
pressure, compressive gradients,
solenoidal coupling, and the nonlocal
scalars @ or ®g.

compressible NS flow. In Sec. II, the system (51)—(53) gives
the closed transformed dynamics in terms of three ampli-
tudes:

(1) a scalar compressive amplitude ® satisfying the heat
or imaginary-time Schrodinger-type equation (51).

(2) a scalar vortical amplitude E satisfying the corre-
sponding Eq. (52).

(3) a scalar density-carrying amplitude W, satisfying
the vector-potential-coupled Schrédinger-type equation (53),
with effective vector potential A4, given by Eq. (50).

The density sector does not close as a pure density ampli-
tude; instead, the mixed amplitude ¥, = p“@l‘z"‘, with o #
0, 1/2, cancels the compressive Laplacian terms and closes
in the vector-potential-coupled form. The resulting system
is exact, but nonlocal: the Helmholtz decomposition and the
projected nonlinear forcing require Poisson-solver calls, with
the forcing potentials determined by Eq. (29). Table II sum-
marizes the bookkeeping used in this discussion. Its first two
columns identify the physical content of each amplitude, its
third column lists the corresponding transformed evolution
equation, and its final column locates the self-consistent po-
tentials that carry the nonlinear and nonlocal couplings. The
®, E, and W, rows give the closed 2D amplitude system,
while the ®, W,, and #; rows show how the same operator
structure extends to the 3D compressive, density-carrying, and
solenoidal sectors.

The Kelvin-Helmholtz calculation in Sec. IV validates this
transformed 2D system against a direct compressible NS sim-

ulation for the test considered here. At ¢/t = 10.00, the
reconstructed p and u differ from the direct fields by rel-
ative L? errors 1.05 x 107> and 5.42 x 107, respectively,
and the reconstructed vorticity field remains phase aligned
with the direct simulation (Fig. 1). The transformed fields in
Fig. 2 show how the logarithmic variables separate vortical,
compressive, and density-coupled structure. The amplitudes
satisfy ©, B, W, > 0 throughout the run, the direct and re-
constructed momenta P;(¢) agree to small absolute drift, and
the normalized isothermal free energies E(t)/E (0) differ by
at most 2.9 x 107! (Fig. 3). These diagnostics check the
implemented transformed right-hand side, nonlocal projec-
tions, and reconstruction formulas; they should not be read
as a convergence study or as evidence that the transformed
variables automatically improve numerical stability.

The construction has three immediate limitations. First,
the logarithmic reconstruction requires ©®, E, ¥, > 0, so
positivity must be monitored in any numerical use of the
transformed variables. Second, p cannot be represented by a
single pure density amplitude satisfying a closed second-order
Schrodinger-type equation within the local point-transform
classes considered here. We make this restriction explicit
in Appendix C and derive related transform classes in Ap-
pendix D. Third, we assume an isothermal equation of
state, p = c? p, which closes the mass-momentum system by
prescribing the pressure directly from p rather than by evolv-
ing an independent energy or entropy equation; extending
the formulation to fully adiabatic compressible flow would
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require transforming or evolving this additional thermody-
namic degree of freedom. Evolving the energy or entropy
equation would be necessary for any relativistic reformula-
tion, where the equation of state must keep the sound speed
causally bounded ¢, < ¢ by the speed of light, c.

In Sec. III, we show that the 3D transformed density
equation keeps the same vector-potential-coupled struc-
ture [Eq. (104)], once u is split into compressive and
solenoidal parts. As summarized in Table II, the 3D vector-
streamfunction amplitudes @; satisfy componentwise heat
or imaginary-time Schrodinger-type equations with multi-
plicative potentials Vf}j). The solenoidal sector follows the
vector-streamfunction strategy used for incompressible NS
flow by Ohkitani and by Vanon and Ohkitani [6,7], with an
additional nonlocal term Y. driven by Vt in Eq. (97). In
Appendix B, we show that the same projected-potential view-
point also extends to compressible isothermal MHD, where
the Lorentz force modifies the solenoidal velocity forcing and
the induction equation gives a companion magnetic-potential
transform. These 3D and MHD results therefore give formal
exact changes of variables for compressible systems, while
leaving open whether thevariables yield bounds, regularity
criteria, stable numerical schemes, or computational advan-
tages.

The transformed operators may also suggest reduced de-
scriptions of the flow. Each snapshot defines self-consistent
operators Lo = A+ Ve, Lz =vA+Vg, and Ly, =
Dy(V + Ay)* + V), associated with Eqs. (51)—(53), with
Vo, Vz, Ay, and Va(”) evaluated from the instantaneous recon-
structed solution. Their instantaneous eigenfunctions could be
tested as adaptive bases in the spirit of modal decompositions
and projection-based reduced-order models [29-31]. This is
only a possible use of the formulation: the operators are non-
linear functionals of the solution, Ly, need not be self-adjoint,
and it remains to determine whether such bases are more
compact or more informative than Fourier, proper orthogonal
decomposition, or other standard modal representations.

The same explicit potentials also suggest a way to build
controlled truncated models. The final column of Table II
separates the scalar multiplicative potentials, the vector-
potential-coupled density terms, and the nonlocal forcing
potentials. In 2D, the nonlinear couplings enter through Vg,
Vz, and Va(”), defined in Egs. (23), (25), and (49), through
the vector potential A, in Eq. (50), and through ®p, ¥r
from Egs. (28) and (29). In the original fluid variables, these
elliptic forcing potentials are the compressive and vortical
Helmholtz projections of F = u'w, the vorticity-coupled part
of nonlinear advection after the kinetic-energy gradient has
been separated. For example, setting ®r = Wp = 0, while
retaining the local pressure, density-gradient, and logarithmic-
gradient terms would define a nonlocal-forcing-free amplitude
model that tests how this advective vorticity force feeds
back on the transformed amplitudes. Retaining or suppressing
selected pieces of these potentials would break exact equiva-
lence to compressible NS, but it provides a systematic way to
isolate the nonlinear compressive, vortical, density-coupled,
and nonlocal projection effects.

For quantum-computing applications, this reformulation
should not be read as a quantum speedup claim. Rather,
it rewrites the compressible isothermal NS equations as

a coupled set of amplitude equations whose heat- and
Schrodinger-type linear parts may be able to benefit from
quantum algorithms for operator evolution, in the same
limited sense explored for transformed Burgers and heat-
equation problems [22,24]. The closest quantum-fluid com-
parison is the HSE of Meng and Yang [21]: their two-
component wave function gives a unitary Schrodinger-type
evolution and motivates a prediction-correction quantum al-
gorithm, whereas our logarithmic amplitudes give imaginary-
time heat or drift-diffusion equations with self-consistent
potentials. The tradeoff is also different. Their incompressible
Schrodinger flow is designed to resemble important struc-
tures of viscous turbulence; our construction remains exactly
equivalent to isothermal compressible NS, but only by re-
taining nonlocal Poisson projections, nonlinear potentials, and
positivity constraints. More broadly, the present variables sit
alongside quantum and quantum-inspired approaches based
on lattice-Boltzmann or flow-specific algorithms [15,32,33],
hydrodynamic or Madelung-type Schrodinger reformula-
tions [17,19,21], and variational or tensor-network repre-
sentations of nonlinear PDEs [16,20,34]. The remaining
obstacles are explicit: nonlinear self-consistent potentials, el-
liptic projections, positivity of logarithmic amplitudes, state
preparation, and observable extraction. Recent quantum-
hardware studies suggest that statistical quantities may be
more accessible readouts than full pointwise fields [22,23],
but determining whether these amplitude systems lead to
useful analysis, reduced models, improved algorithms, or
practical quantum implementations remains an open problem.
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APPENDIX A: EQUIVALENCE OF LERAY PROJECTION
AND GREEN-FUNCTION OPERATORS

We relate the Leray-projector formulation used in Sec. III
to Ohkitani’s Green-function operator 7. They are not differ-
ent reductions; rather, T is the explicit integral realization of
the projected nonlinear term after inverting curl and Lapla-
cian.

Let F be a sufficiently regular vector field on R*. The
Leray projection [26] is

PF =F — VA~ (V.F), (A1)

so V. (PF)=0. Choose Yr in the Coulomb gauge,
V .Y =0, and require

V xYp=PF. (A2)
Applying curl once more gives
Vx(VxYp)=V(V-Yp)— AYp
=—-AYp =V xPF)=V xF, (A3)
because curl annihilates gradients. Therefore,
Yr=—-A"'VxF. (A4)

Applying this identity to the vortical sector, the projected
equation

ous + PG =vAu;, u;,=V x ¥, (AS)
is equivalent, up to gauge, to
WV +Ys=vAY¥, Yo=—-A"'VxG. (A6
Hence,
Y =vAY + ATV xG. (A7)

We identify the Green-function operator associated with G as
TslGl=A"'V xG. (A8)

In the incompressible case, u =u;, =V x ¢ and G =
—u X ®. Then, Eq. (A7) becomes

oY =T,[Vyl+vAY,

T, VY]l = A7V x (—u x w), (A9)

which is Ohkitani’s vector-potential equation written in the
present ¥ notation. Ohkitani’s operator T [V ] is the explicit
principal-value kernel representation of T',[V¥].

In the compressible case,

u=-2puVit+u, G=-u,xw+2u.Vt X o,

(A10)
so the Green-function operator splits as
To=T,{VY]+Tr,¥], (A11)
with
T [t,¥]=2u.A7'V x (V1 x w). (A12)

Thus, the Leray-projector formulation in Sec. III and Ohki-
tani’s T-operator formulation are equivalent descriptions of
the same solenoidal dynamics. Our compressible generaliza-
tion leaves the operator structure unchanged and adds the
Green-function term driven by V.

APPENDIX B: COMPRESSIBLE MHD EXTENSION

Vanon and Ohkitani give the incompressible MHD ana-
log of the vector-potential Cole-Hopf formulation in their
Appendix [7]. Here, we derive the corresponding compress-
ible isothermal system. We use units in which the magnetic
permeability is one and write

ap+V-(pu)=0, B
ou—+u-Vu = —C?Vs +vAu+ (¢ +v)V(V-u) (B2)

+e'J x B, (B3)
3B =V x (u x B) + nAB, (B4)
V.B=0, (B5)

where s = In p, B is the magnetic field, J =V x B, and 7
is the magnetic diffusivity. The induction equation is equiva-
lently

B+u-VB=B-Vu—BV -u+nAB, (B6)
using V- B = 0.
As in Sec. 111, let
u=-2uVt+u,, u,=V x4y,
V-¥y=0, pu.=2¢+2v, (B7)
and introduce a magnetic vector potential
B=V xA, V-A=0. (B8)

Then, @ =V xu =—Ay and J = —AA. We define the
Lorentz acceleration and the total nongradient forcing in the
velocity equation by

L=e¢"JxB, K=-uxo-L. B9
Using u - Vu = V(|u>/2) —u x @, the momentum equa-
tion becomes

2
du + V(% + cfs) +K = (e —v)V(V -u) + vAu.

(B10)
We decompose K into gradient and solenoidal parts,

K=Vox+PK, PK=VxYg, V. -Yg=0. (Bll)

Equivalently,
Yx=—-A"'V xK. (B12)
The gradient projection gives
|u|2 2 T
0+ - FCls+ P = ueAp. $=-2ut, O=¢,
(B13)
hence
30 = u.A0 + VMo, (B14)
with
u ~|2 6'2, (I)K
YD) _ gy DG Pk s
© Ape  2pe 2pe
Thus, the density-carrying amplitude
¢ 1
Vo =p 0" D=t a#s. (BIO)
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obeys the same vector-potential-coupled form as in the hydro-
dynamic case,

9 W, = Dy(V + AMID) g, 4 yeMIDy, - (B]7)
where
(MHD) 1 — 2a
.Aa =({1—-2a)Vt — U (B18)

2ue

and V,("MHD) follows from Eq. (80) after replacing ®¢ with
Pk.
The solenoidal velocity projection gives

dus + PK = vAug, (B19)

or, after the same gauge choice used in Sec. III,
Y+ Y =vAY. (B20)

With the componentwise logarithmic transform
Y =klnv;, j=1,2,3, (B21)

we obtain
Ay = vAD; + Vi,

Vo = —% —v |V1;;"|2, (B22)

with no summation over j, and the Coulomb constraint be-
comes

3
1
Z?ajﬁj =0. (B23)
=17
We now transform the induction equation. We define
W =u x B. (B24)

Since ;B =V x W +1nAB and B =V x A, the magnetic
vector potential satisfies
A =PW +nAA =W + Sy + nAA, (B25)
where
Sy =—-VAT(V-W) (B26)

is the gradient term that enforces the Coulomb gauge. We set

Aj=LInM;, j=1,23. (B27)
Then,
3;Mj = nAMj + H;MHD)MJ',
Wi+ GSw); VM,
(MHD) _ "j J J
J
again with no summation over j, and
21
> Hjaj/\/tj =0. (B29)

Jj=1

We therefore obtain the transformed compressible MHD
system as the coupled set (B14), (B17), (B22), and (B28),

together with the nonlocal definitions of ®g, Yk, and Sy. We
reconstruct the physical variables from

1
t=In0®, s=-(n¥Y,—1-2a)1), p=2¢, (B30
o

Wj:kll'll?j, Ajzgll'l./\/lj,

u=-2uVt+Vxy, B=VxA. (B31)

The density reconstruction requires o # 0. The incompress-
ible limit s =0, t =0, and p = 1 reduces K to —u X @ —
J x B, so Egs. (B20) and (B25) recover the velocity- and
magnetic-potential structure used by Vanon and Ohkitani.

APPENDIX C: RESTRICTION ON A PURE DENSITY
SCHRODINGER REDUCTION

It is natural to ask whether the pure density amplitude

Ry = p® (ChH

can itself satisfy a closed Schrodinger-type equation. From the
continuity equation,

Ry +u-VRy =20u.(AT)R,. (C2)

Using Eq. (18), this becomes

Ry +21usVEx - VRy = 2. VT - VRy + 20t (AT)R,.
(C3)
Thus, a first-order compressive transport term remains. More
generally, for any smooth local point transform of the density
alone,

Ry, =Y =F(p), (CH
the continuity equation gives
R, +u-VRy =218 (s)(AT)R,. (C5)

This evolution generates no Laplacian of R,: every density-
only point transform remains a first-order transport-reaction
equation. Consequently, a closed Schrddinger-type equa-
tion for a pure density variable cannot arise from a pointwise
reparametrization of p alone.

We then enlarge the ansatz to a local mixed transform

U, 5= e8P (C6)
A direct calculation gives
O +u-V)W,p5 =DAW, 3+ U, p.p¥, s, (CT)
with
Ugpip = 1e(28 () + BIAT + e pIVT|?
+B(Vo +u-Vt)—D((s)As + BAT
+(g"(5) + DIV + B2 Ve
+2Bg(s)Vs-Vr1). (C8)

Requiring a constant diffusion coefficient D and cancellation
of the explicit At and |Vt|? terms gives

DB =pe, 28()+p=1 (€9

Hence, ¢/(s) must be constant, so g(s) = as + const, and
therefore

B=1-2a. (C10)
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Thus, the family W, = p“®'~2¢ already exhausts the local
separable transforms of the form e#®)*#7 with constant diffu-
sion and exact elimination of the t-Laplacian terms.

APPENDIX D: REMARKS ON OTHER
TRANSFORM CLASSES

We also tested broader transform classes to check whether
the density restriction can be avoided.

1. Local transforms involving gradients

First, consider a scalar transform that depends locally on
the fields and their first spatial derivatives,

O=F(s,1,%x, Vs, VT, V). DD
The key differentiated variables obey
(& +u-V)Vs=2u.VAT — (Vu) Vs, (D2)
VT = ucVAT + V(| VT* + Vo), (D3)
1
Vx =vVAx — 5 VY. (D4)

s

Hence, any nontrivial dependence on Vs, Vt, or Vx in-
troduces third-order derivatives such as VAt or VAy.
Therefore, this local scalar gradient transform does not close
to a second-order Schrodinger-type equation unless the gradi-
ent dependence is absent.

2. Fixed spatial nonlocal transforms

Let K be a time-independent spatial operator, e.g., A~!,
VA~ or (—A)~2, and define
QK = KRg,

R, = F(p). (D5)

Using Eq. (C5), we find

00k +u-VQOx =[u-V,KIR, + 2 -K(g (s)AT Ry).
(D6)
The transformed equation acquires the nonlocal commutator
[u - V, K], which vanishes only in very special flows. Thus, a
fixed nonlocal spatial transform does not naturally produce a
local Schrodinger-type operator.

3. Auxiliary-field and doubled-amplitude formulations

Finally, we can write an exact doubled Schrodinger-type
formulation. For any o # %, we define the partner amplitudes

\Ila — Ioot®l—20t’ lel—o[ — pl—a®20{—l. (D7)
Their product recovers the density exactly
=YV 4. (D8)

Moreover, each partner satisfies an equation of the form (48),
with parameters

Di_o = =Dy, Al—ut = _Aa (D9)

Thus, the continuity sector admits an exact doubled vector-
potential-coupled Schrédinger representation, although not a
single pure density-carrying one.
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