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Smallest quantum codes for amplitude-damping noise
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We describe the smallest quantum error correcting (QEC) code to correct for amplitude-damping (AD) noise,
namely, a three-qubit code that corrects all the single-qubit damping errors. We generalize this construction
to a family of codes that correct AD noise up to any fixed order of the damping strength. We underpin the
fundamental connection between the structure of our codes and the noise structure, via a relaxed form of the
Knill-Laflamme conditions, different from existing formulations of approximate QEC conditions. Although
the recovery procedure for this code is nondeterministic, our codes are optimal with respect to overheads and
outperform existing codes to tackle AD noise in terms of entanglement fidelity. This formulation of probabilistic

QEC further leads us to a family of quantum codes tailored to AD noise and also gives rise to a noise-adapted
quantum Hamming bound for AD noise. Finally, we construct a set of universal logical gates for the three-qubit
code, thus providing a potential pathway to fault tolerance via this class of codes.
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Introduction. Quantum error correction (QEC) [1] is in-
dispensable for achieving reliable quantum computing and to
scale up from the current generation of noisy intermediate-
scale quantum devices [2-4] to universal, fault-tolerant
quantum computers. QEC involves encoding a quantum sys-
tem into a proper subspace of a higher-dimensional Hilbert
space. The conventional approach to QEC relies on quantum
codes that are designed to correct for Pauli errors. Since the
Pauli matrices form an operator basis, these codes can correct
for arbitrary noise by linearity.

However, if the noise structure of the dominant noise af-
fecting the quantum hardware is known, one can leverage this
information to construct resource-efficient quantum codes that
are tailored to the noise [5]. For instance, while the conven-
tional approach requires five qubits to protect a single qubit
from arbitrary single-qubit errors, there exists a four-qubit ap-
proximate quantum code tailored to amplitude-damping (AD)
noise that can correct all damping errors up to single order [6].
Subsequently, several quantum codes adapted to amplitude-
damping noise have been constructed and identified, which
are all of length 4 or higher [7-11].

It can be argued, based on the structure of the amplitude-
damping channel, that the smallest quantum code to correct
all single-qubit amplitude-damping errors requires at least
three qubits [6]. However, no known three-qubit code has
yet been able to achieve this. In fact, the nonexistence of a
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three-qubit code that satisfies the standard Knill-Laflamme
conditions was proved in Ref. [12] using linear programming
bounds. In this Letter, we demonstrate a three-qubit code that
corrects for all the single-qubit amplitude-damping errors. We
further show that this three-qubit code satisfies a generalized
form of the well-known Knill-Laflamme conditions [13]. In
a departure from previous formulations of approximate QEC
[14,15], the algebraic conditions satisfied by our code al-
low for perfect, syndrome-based error detection but require a
nonunitary recovery operation. We show how such a recovery
scheme can be implemented in a probabilistic fashion with a
finite success probability. Our three-qubit QEC protocol thus
falls within the framework of probabilistic or postselected
quantum error correction [16-20], and extends it by providing
a structured, analytical recovery map. Finally, we show that
our three-qubit code achieves an entanglement fidelity higher
than the existing codes for single-qubit AD noise.
Preliminaries. Recall that a quantum channel is a com-
pletely positive trace-preserving (CPTP) map [21], whose
action is described by a set of Kraus operators. The qubit AD
noise channel .A comprises two Kraus operators [22], labeled
Ap and Ay, which correspond to the no-damping error and the
single-qubit damping error, respectively, as described below:

Ag=10) (0l + 1=y )1,  Ar=yI0)1]. D)

Under the action of the AD channel, the ground state of a
qubit remains unaffected, whereas the excited state decays
to the ground state with probability y. For multidimensional
systems with 7 parties, the Kraus operators take the form A;, ®
A, ®---®A; =A.., where the indices iy, i,...,i, €
{0, 1} for qubit systems. An error of the form 4, ;, ; is called
t-order error if iy + i, +-- -+, =1.

A three-qubit code for amplitude-damping noise.
Consider the three-qubit code spanned by a pair of

Published by the American Physical Society


https://orcid.org/0000-0003-3442-6061
https://orcid.org/0000-0002-7653-3204
https://orcid.org/0000-0002-1774-3527
https://ror.org/03v0r5n49
https://ror.org/013meh722
https://crossmark.crossref.org/dialog/?doi=10.1103/6g5l-m4r1&domain=pdf&date_stamp=2026-07-10
https://doi.org/10.1103/6g5l-m4r1
https://creativecommons.org/licenses/by/4.0/

DUTTA, JAIN, AND MANDAYAM

PHYSICAL REVIEW RESEARCH 8, L032004 (2026)

permutation-invariant states, which serve as the logical
basis states,

1
NE]
The no-damping error Agyy acts on the code words as

3

Aooo [0) =/ 1=y 10L), Ao llz) =0 —y)2[1z). (3)

The single damping errors {A o, Ao10, Ago1 } map |0z) to |000)

|0L) = (/100) + 1010y + |001)),  [1.) =|111). )

up to a normalization factor of \/g , whereas |1,) is mapped
to the following states:

Ao |12) = /y(1 —y)|011),
Aoio |12) = /y(1 —y)[101),
Agor 112) = /y(1 —y)|110). 4

We see from Eqgs. (3) and (4) that the no-damping error and
the single-damping errors map the code words to orthogonal
states. Our recovery procedure, therefore, proceeds as follows:
We first perform a measurement described by the following
projectors:

Py = |100) (100] 4 |010) (010] + [001) (001] + |111) (111],
Py = |000) (000 + |110) (110] + [101) (101] + [011) (O11],

where P, is the projector on the codespace and corresponds
to no-damping error Agyy and P; is the projector on the sub-
space spanned by the action of the single-qubit errors on the
codespace.

If the measurement outcome corresponds to Py or P,
we apply appropriate recovery operators Ry, or R;, re-
spectively, defined as follows. The operator Ry = (1 —
¥)10L) (Op| + |12) (1] corrects for the distortion due to the
no-damping error Ag. The operator Ry = (1 — ) |0) (000| +
% [12) ((110] + (101] 4 (011]) corrects for all the single-
qubit damping errors.

One can construct a recovery channel R using the opera-
tors RyPy and R, P, to get an equivalent result; however, R is
not a CPTP map in the three-qubit Hilbert space. However, we
can add another ancilla qubit to construct a four-qubit CPTP
recovery map R4 with Kraus operators {RyPy ® I, RiP; ®
I,R® X}, where R = \/1 — PoR\RoPy — PiRIR, P;. We ini-
tialize the ancilla qubit in |0), which gives the input state
for the four-qubit recovery channel to be £(p) ® |0)(0|. After
the action of R4, the state becomes (R o £)(p) ® |0)(0] +
RE(PMRT ® |1)(1]. We can perform a postselection and choose
the instances only when the measurement outcome is |0). The
postselected state can be written as

(Ro&)p)
Tr{(R o E)(P)]’

and this can be achieved with a probability

p=

., 0
Psuceess = THl(R 0 E)(p)] = (1 — y>2(1 — y?sin® 5), (5)
where the input logical state is expressed as

6 w0
[¥rL) = cos 3 |02) + €' sin 3 [1.). (6)
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FIG. 1. Entanglement fidelity F., as a function of the damping
strength y for our proposed [3, 1] (in blue dashed) AD correcting
codes. The fidelities for the [4, 1] AD code [6] (in red dot-dashed),
the [5, 1, 3] stabilizer code [23] (in black dashed), and the bare qubit
(gray solid) are shown for comparison.

This means that the implementation will be successful for all
input states with a probability of at least 64% for a damping
strength y < 0.2. We discuss the implementation procedure
and the details of this calculation in Sec. B of Supplemental
Material [24].

We benchmark the performance of our [3, 1] code in terms
of the fidelity between the encoded and error-corrected states,
expressed as Fjy,, = (¥|pl¥r). The fidelity of preserving a
given input state using the three-qubit code is then given by

1+ y?%sin? (§)cos? (§)

1 + y2sin? (%)

Fiyn) = ™)
Equation (7) shows that the fidelity is independent of the
relative phase ¢. Also, for a fixed noise strength y, the fidelity
is minimum when 6 = m, that is, for the state |1.). We get
the worst-case fidelity of the [3, 1] code given in Eq. (2) by
substituting 6 = = in Eq. (7), that is,

1
142
The worst-case fidelity does not contain any first-order term in
y, which implies that our [3, 1] code can successfully correct
the AD noise up to first order in y. In other words, the three-
qubit code corrects all the single-qubit damping errors.

We also study the performance of our code using the en-
tanglement fidelity

7= Wl(Ro E) @ DUrp) (¥pD) [¥p)
t— )
T TR o &) @ (1Y) (Y]
where [y,) is the purification of the logical maximally
mixed state, given by [¥,) = %(lOL) [0) + |1.) [1)). The op-
timal recovery for the well-known [4, 1] code [6] subject
to AD noise achieves an entanglement fidelity féﬁgu ~ 1 -
1.25y% + O(y?) [25], whereas our three-qubit code yields a

higher entanglement fidelity Foyi'! = 152 = 1 — 0.5y% +

O(y?). Figure 1 compares the entanglement fidelity of our
[3, 1] code with the [5, 1, 3] code [26] and the [4, 1] code
[6]. In Sec. E of Supplemental Material [24], we demonstrate

=1-y>+ 0.

A worst-case —
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FIG. 2. Representation of the action of noise on the code words.
Different sets of errors £@ map the logical states |n; ) to different
error subspaces S that are orthogonal to each other.

that the entanglement fidelity of our three-qubit code remains
robust against minor experimental inaccuracies in estimating
the damping strength of the AD channel. Finally, we note
that the permutation-invariant structure of the three-qubit code
leads to a transversal logical Rz(0) gate, thus making the
non-Clifford 7' gate transversal. In fact, we obtain a universal
set of logical gates for the three-qubit code, as discussed in
Sec. H of Supplemental Material [24].

The probabilistic QEC framework. Although the three-
qubit code defined in Eq. (2) does not satisfy the Knill-
Laflamme conditions, it does achieve good fidelity in the
presence of AD noise, by leveraging the orthogonality of the
different error subspaces in the three-qubit space. This natu-
rally leads to the question as to whether there exist algebraic
conditions that capture the behavior of the [3, 1] code in the
presence of AD noise.

Given the Kraus operators {E;} of a noise channel &, con-
sider a grouping of the Kraus operators into sets based on
their actions on the logical states. Specifically, we form sets
EW =(E{®}™_ such that the noisy states corresponding to
different error sets £@ do not overlap. In other words, for
each logical state i), the states {E® |ir)}!_ (written up to
appropriate normalization factors) are orthogonal to the set
of states {E? | j.) %_, forall i # j and a # b. Formally, we
define subspaces S\“ spanned by the states {E? |iz)}"_, and
impose the constraint that these should be mutually nonover-
lapping. Some states in the set {E'? lir)}_, can be linearly
dependent, so the dimension of the subspace Si(“) is at most
n,. If there are w such groups of Kraus operators, the full
Hilbert space contains g* . such subspaces as shown in Fig. 2.
With this structure in mind, we can now state a set of sufficient
conditions for probabilistic QEC, satisfied by the three-qubit
code in Eq. (2).

Theorem 1. Consider an [n, k], quantum code with logical

k— . .
states {|1'L)};’:0l and a noise channel £ with Kraus operators
{E(@}, such that

(L ENTEP L) =0, Ym, p,

m

when i # jora # b,

Na
> GLIEWTE® i) = x{', Ya.i. p,

m=1

®)

where x/ is a nonzero scalar depending on i and «, then there
exists a probabilistic recovery operation that perfectly corrects
all the errors in the set {E@)}.

Proof. The proof is constructive. Any logical quantum state
can be expressed as a superposition of the code words as
[Y) =Y. Bxlxr). The noisy state after the action of the
noise channel £ is given by

HEARED S A

w,p
= CER ) (v BT
ﬂxﬁy P XL)\YL P .

pw.Xy

We perform a projective measurement with the operators
{Pi,Py, ..., Py, Py =1—3"_ P}, where P, is the pro-
jector onto S@ = @, S\, the error subspace resulting from
the action of the errors in the set £ on the codespace. A
measurement outcome corresponding to P, suggests that the
quantum state is affected by one of the errors in the set £,
We abort the protocol if we get an outcome corresponding
to P, 1.

Upon detecting an error in the set £@, the postmeasure-
ment state, up to some normalization constant, is given by

PEWLIWLIP = 3 BuBIE i) (| ET.

D:X,y

€))

We now define the recovery operators associated with the
error set £@ as

g -1 Na

Ro=1a Y —lihin] 3 B,
m=1

im0 Xi

(10)

where 1, is chosen such that the largest eigenvalue of R R, is
1. Note that the operators {R,P,}"_, form a trace nonincreas-
ing quantum channel R. After the action of R,, the state in
Eq. (9) becomes

R.P.E(VL) (YL DP.R]

=Y alBB; D

DX,y i,j,m,r

x EfTED|jL) (el

1
———— i) (i | ETE @ |xp ) (v |
X "or

an

We now use the conditions in Eq. (8) and rewrite the recovered
state in Eq. (11) as

RoPE(YLYWLDPR] = [hal*nal W) (Y,

where 7, is the number of operators in the set £@. The
probability of successfully implementing the recovery R is
given by Tr[R o E(|y.) (YD =D, |Aa|*14, as explained in

12)
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Sec. B of Supplemental Material [24]. Thus, we have a re-
covery channel R that can correct for the noise channel £
with probability Y ", |Aa|*n4, if the code words satisfy the
conditions in Eq. (8). |

We note here a few facts related to our probabilistic quan-
tum error correction (PQEC) conditions:

(1) The probability of successfully implementing the re-
covery is independent of the encoded state for the set of
correctable errors, as shown above. However, when uncor-
rectable errors that do not satisfy the PQEC conditions are
taken into account—such as second-order and third-order
damping errors for the [3, 1] code—we get a state-dependent
expression for the success probability, as seen in Eq. (5).

(2) We can prove a weaker form of the QEC condition in
Theorem 1, which relaxes the requirement that the subspaces
Si(“) be mutually orthogonal. This is shown in Sec. G of the
Supplemental Material [24].

(3) The [4, 1] code for AD noise satisfies the AQEC con-
ditions in Eq. (8). However, the [3, 1] code performs better
than the [4, 1] code with probabilistic recovery, as shown in
Sec. C of Supplemental Material [24].

A family of quantum codes for AD noise. We now use the
PQEC conditions in Eq. (8) to construct a family of quantum
codes that can correct for AD noise using permutation-
invariant quantum states. An n-qubit permutation-invariant
quantum state with excitation number e is defined as

1) ® [x2) @ -+ @ [xn) -

1
In, e)pis=——= Z
\/6 X1,%2,...,%,€{0,1}

Xi x4 Fx,=e

13)

We construct a family of [2¥(t + 1) — 1, k] codes encoding k
logical qubits and correcting AD errors up to order 7, whose
logical states are constructed by the n-qubit permutation-
invariant states given in Eq. (13). The logical state [iy) is
given by

lir) = |n, (t + 1)decimal(i) + ¢)pis , (14)

where i is an n-bit binary string and decimal(i) is the decimal
number corresponding to the string i. This family of codes is
nonadditive in nature and lacks a stabilizer description. Note
that our codes differ from the permutation-invariant codes
delineated in Ref. [27], as all the code words of our codes
have distinct excitation numbers.

The minimum number of qubits required to encode k
qubits using the code in Eq. (14) is i, = 25 + 1) — 1, as
explained in Sec. D 1 of Supplemental Material [24]. Our con-
struction thus leads to a family of [2(t + 1) — 1, k] quantum
codes, which satisfy the PQEC conditions in Eq. (8), for all the
AD Kraus operators defined in Eq. (1) with damping strength
up to O(y"). We state this result formally here and refer to
Sec. D 1 of Supplemental Material [24] for the detailed proof.

Lemma 1. The quantum code given in Eq. (14) satisfies
the error correction conditions in Eq. (8) for the amplitude-
damping channel with damping strength up to order ¢, when
the Kraus operators are grouped according to their order in
terms of the damping strength y.

Furthermore, for a fixed k, the damping strength ¢ up to
which the logical qubits are protected is asymptotically linear

in the total number of physical qubits n. Therefore, the AD
analog (¢t/n) of relative distance (d/n) is constant for this
family of codes. For example, we obtain a [5, 1] quantum code
that can correct up to the second order of the damping noise
as the span of the code words,

1
02) = ——(]11000) + [10100) -+ [10010) + |10001)

V10
+101100) + [01010) -+ [01001) + |00110) + [00101)
1+100011)), [1;) = |11111).

A detailed comparison of the performance of our [3, 1] and
[5, 1] codes against other codes in the literature is shown
in Fig. S3(a) of Supplemental Material [24]. A few sample
combinations of (n, k, t) where a code from our family with n
physical qubits can protect k logical qubits from AD noise up
to order ¢ include (3, 1, 1), (5, 1, 2), (7, 2, 1), (7, 1, 3), (11, 2,
2), and (15, 3, 1).

Although the encoding rate of our code decreases exponen-
tially with an increase in the number of logical qubits k for a
fixed number of physical qubits n and order of correction #,
they achieve the optimal rate possible when encoding a single
qubit, that is, k = 1. We can also construct bosonic codes
for the AD noise that satisfy the PQEC conditions in Eq. (8)
as discussed in Sec. F of Supplemental Material [24]. These
codes can potentially be used in photonic/optical platforms to
protect against photon loss.

A noise-adapted Hamming bound. The smallest number of
qubits required to protect logical qubits from Pauli errors on
a certain number of physical qubits is given by the quantum
Hamming bound [26]. Here, we obtain a noise-adapted Ham-
ming bound, which quantifies the minimum number of qubits
needed to protect the logical qubits from amplitude-damping
noise of order ¢, based on the PQEC conditions in Eq. (8).

Lemma 2. An [n, k] quantum code satisfies the PQEC con-
ditions in Eq. (8) for amplitude-damping noise of order ¢ if and
only if

k>3 (’Z) (15)
i=0

The family of [2(t + 1) —1,k] qubit codes defined in
Eq. (14) is thus optimal for k = 1.

A more general noise-adapted Hamming bound for the
case of qudit (d > 2) amplitude-damping noise is stated and
proven in Sec. D 2 of Supplemental Material [24] and Eq. (15)
is obtained as a special case. Proof of optimality of the family
of [2¢ + 1, 1] codes can be found in Sec. D 3 of Supplemental
Material [24].

Conclusions. We have demonstrated the existence of a
three-qubit code that can correct for first-order amplitude-
damping noise, by going beyond the current framework of
approximate quantum error correction. This code works by
grouping the set of correctable errors in such a way that
distinct error subsets can be distinguished by unique pro-
jective measurements. The nonunitary action of the errors
makes the recovery protocol probabilistic, but we show that
this protocol can be implemented with a finite probability
of success. Notably, our three-qubit code has now been suc-
cessfully implemented in an IBMQ processor with breakeven

L032004-4
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performance, thus marking the first demonstration of noise-
adapted quantum error correction on a publicly accessible
quantum hardware [28].

Our generalized PQEC conditions lead to a family of
quantum codes that encode logical states into permutation-
invariant states with different excitation numbers. These codes
exhibit superior performance against AD noise compared to
all existing quantum codes in terms of entanglement fidelity.
Our approach also enables us to write down a noise-adapted
quantum Hamming bound that is tailored for AD noise.

The PQEC framework presented here can be used to find
efficient quantum codes when the dominant noise process of
the hardware is known and has a nonunitary structure. An
immediate line of investigation would be to find efficient
noise-adapted quantum codes for other physically motivated
nonunitary noise processes, such as photon loss and gener-
alized AD noise. Unlike other noise-adapted quantum codes
for AD noise [6,11], the codes presented here do not have
any stabilizer structure, and hence fall under the family of
nonadditive codes.

Investigating fault tolerance aspects of such families of
codes is another interesting direction for future research.
Our construction of a universal set of logical gates for the

three-qubit AD code is a first step in this direction. The fact
that these are nonstabilizer, nonadditive codes leads to novel
and interesting constructions for the logical gates, as exem-
plified by the transversal T gate. Investigating whether these
logical gates can lead to fault-tolerant gadgets and evaluating
a threshold along the lines of Refs. [29,30] is left for future
work.
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